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Hydrodynamic Limit for the Ginzburg-Landau V¢

Interface Model with a Conservation Law

By Takao NISHIKAWA

Abstract. Hydrodynamic limit for the Ginzburg-Landau V¢ in-
terface model was established in [5] under the periodic boundary con-
ditions. This paper extends their results to the modified dynamics
which preserve the total volume of each microscopic phase. Nonlinear
partial differential equation of fourth order

% — _A[div{(Vo)(Vh(t,0)}], 0T =[0,1)% ¢>0

is derived as the macroscopic equation, where o = o(u) is the surface
tension of the surface with tilt v € R?. The main tool is H ~2-method,
which is a modification of H~!-method used in [5]. The Gibbs mea-
sures associated with the dynamics are characterized.

1. Introduction

The Ginzburg-Landau V¢ interface model determines stochastic dynam-
ics for a discretized hypersurface separating two microscopic phases embed-
ded in the d + 1 dimensional space. The position of the hypersurface is
described by height variables ¢ = {¢(z); x € I'} measured from a fixed d
dimensional hyperplane I'. The hyperplane I' is discretized and considered
asI'=7Z% or I' = I'y := (Z/NZ)? when we introduce periodic boundary
conditions.

Once an interface energy (Hamiltonian) is admitted to ¢ by the formula

(1) H@)=5 3 V(6@ - o),

z,yel,
lz—y|=1
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the dynamics of the interface can be introduced by means of the Langevin
equation

(1.2) din(z) = —%(@) dt +v2dw,(x), weT,

where {w¢(x); x € T'} is the family of independent one dimensional Brown-
ian motions. Funaki and Spohn [5] discussed the large scale hydrodynamic
behavior of the dynamics governed by (1.2) with periodic boundary condi-
tions, namely, by taking I' = I'y.

Another dynamics can be associated with the Hamiltonian H by con-
sidering the equation

(1.3) doi(x) = A%(qﬁt) dt + vV —2Adw(x), x €T,

where A is the discrete Laplacian, see below. The dynamics determined by
(1.3) have a different feature from those governed by (1.2). Indeed, (1.3)
preserves the total volume ) ¢¢(z) of the phase under the interface, al-
though (1.2) doesn’t have such conservation law. Hohenberg and Halperin
[7] called the equation (1.2) model A and (1.3) model B, and studied qual-
itative difference between these two models. The models corresponding to
(1.2) and (1.3) in the particles’ systems are the Glauber dynamics and the
Kawasaki dynamics, respectively. The aim of this paper is to investigate
the hydrodynamic limit of the dynamics determined by (1.3).

From the point of view of the theory of the interfaces, the equation (1.3)
serves as a model of the so-called surface diffusion, which is a model of
the interface for binary arroys, see Spohn [10]. The mass of each arroy is
conserved so that the particles (atoms of each arroy) move around on the
surface separating two phases. To formulate such phenomena microscop-
ically, the integer-valued height variables are introduced by counting the
number of atoms of one type piled up over the fixed hyperplane I'. The
model studied in this paper is a continuous analog of such SOS type model,
although the spatial structure is kept to be discrete.

Now, it is the position to formulate our problem more precisely. We take
I' = I'y and consider the dynamics of the interface ¢ which are governed
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by the stochastic differential equation (SDE)

(14)  dgu(z) = Y {Uy(d) = Us(r)} dt + V2din(z), €Ty,

yel'n,
|[z—y|=1

where {w;(x); x € I'yv} is the family of Gaussian processes with mean 0 and
covariance structure

(1.5) Elw(x)ws(y)] = —Ary (z,y)t A s.

The function U(¢) is defined by

(1.6) Un(9) = > V'(¢(x) — ¢(y))

yel'n,
|z—y|=1

from a potential V' : R — R satisfying the conditions (V1)-(V3) stated

below and Ar, (x,y) is the kernel of the discrete Laplacian Ar, on I'y
determined by

(Ary¥)(z) = Y Ary(z,9)(y)
yel'y

= Y Wy -v@)} ¢eR™ zely.

yGI‘N,|m—y|=1

The equation (1.4) is the same as (1.3), but written in more accurate man-
ner. Under the dynamics (1.4), the total volume ) . ¢¢(z) is conserved
in ¢ as we have already pointed out. From the microscopic dynamics deter-
mined by (1.4) by changing scales in space and time properly, we shall derive
a fourth order nonlinear partial differential equation (PDE) of parabolic type
which describes macroscopic phenomena.

We assume the following conditions on the potential V:

(V1) (smoothness) V € C?(R).
(V2) (symmetry) V(n)=V(-n), neR,

(V3) (strict convexity) There exist two constants 0 < ciy,c- < 00
such that ¢ < V”(n) < ¢y for all np € R.
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These assumptions guarantee that the equation (1.4) on I'y and also on an
infinite lattice Z¢ have strong solutions (see Section 2.2) and the method of
energy estimates works (see Section 5.1).

We introduce the macroscopic height processes from microscopic ones
as follows:

(1.7) Z N7 nay ()1 paynany(0), 0 €T

zel'ny

where T¢ = [0,1)? stands for the d-dimensional unit torus and B(,a) =
Hizl[ﬂa —a/2,0, + a/2) denotes a box in T? with center 6 = (6,)%_, and
side length a > 0. We note that the diffusive scaling is not appropriate for
(1.4) and, indeed, another scaling should be introduced: the factor N for
the spatial scaling, while N4 for the time scaling.

Moreover, we assume the following conditions on the initial data ¢g of

(1.4):
(I1) There exists hg € L?(T?) such that A}im E|hN(0) - hol|3-1 1) =0,
see Section 4.2 for the definition of the H~!-norm || - || y-1 L(Td)-

(I2) The sequence {h" (0)} satisfies JsvlgiEHhN(O)H%Q(Td) < 00.
Now, we state the main theorem of this article:

THEOREM 1.1. Assume (V1)-(V3),(11) and (12). Then, for everyt >
0, hN(t) converges as N — oo to h(t) which is the unique weak solution of

the PDE

%h(t 0) = —A[div{(Vo)(Th(t,0)) }

d d
0? 0 do
=-> —§ v T¢
72 895{8%( h(te))}, T t>0

with initial data ho, where Vh = (0h/004)%_,. The function o = o(u) is
the surface tension of the surface with tilt u € R?, see Section 3.3. More
precisely, for every t > 0,

(1.8)

(1-9) A}i_I}lOOEHhN(t) - h(t)H?q—l(Td) = 0.
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We shall treat not only the height variables ¢ but also the gradient fields
to study the associated Gibbs measures, and to establish the local equilib-
rium similarly to [5]. The gradient fields on I'y and Z¢ together with their
time evolutions will be introduced in Section 2. In Section 3, we character-
ize the family of all shift-invariant Gibbs measures for the gradient fields.
The method of energy estimates used by [5] doesn’t seem to work straight-
forwardly for this purpose. We therefore use another method: comparison
between our dynamics and non-conservative dynamics studied in [5]. The
local equilibrium is shown in Section 5 for the coupling of the stochastic
dynamics with the discretization of the PDE (1.8). To do this, we study
PDE (1.8) and its discretization in Section 4. After these preparations, we
prove Theorem 1.1 in Section 6. Finally in Section 7, we give some remarks
to our results.

2. Dynamics

In this section, we introduce the dynamics of the height variables on the
infinite lattice Z¢ and those for the corresponding gradient (height differ-
ence) fields.

2.1. Basic Notations

Let (Z%)* be the set of all directed bonds b = (z,v), =,y € Z%, |z —y| = 1
in Z%, and let Iy be the set of those consisting of sites of I'y. The bond
b = (z,y) is directed from y to . We write 2, = z and y, = y for b = (x,y).
The bond —b means the bond b reversely directed, that is —b = (yp, xp).
The bond b is called positively directed if (zp — yp) - €q > 0 holds for every
1 < a < d, where e, are unit vectors of direction « in Z%. We denote the
bond (eq, 0) by e, again if it doesn’t cause any confusion. For every subset
A of Z%, we denote the set of all directed bonds touching A by A*, that is

A ={be (29* x, € A or y, € A}.

For ¢ = {3(x); x € Z%} € RZd, the gradient V and the discrete Lapla-
cian A are defined by

Vy(b) = p(x) —e(y), b= (z,y) € (Z%)",
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Ay = > {vy) —¢@)}, zeZd

yEZdvkLl_y‘:l

respectively. We denote the kernel of A by A(z,y). We can define operators
Vr, on the torus I'y and V on the domains A C 7% with Iy and A* in
place of (Z4)*, respectively. And the operators Ar,, and A, are defined by

Arytry (@)= > {or,(y) —vry(@)}, zely,

Anga(@) = D {daly) —¢al@)}, zeA

y€A7|I7y|:1

for Yry = {¢ry(x); x € Ty} € R'Y and ¢p = {¢a(z); 2 € A} € RY,
respectively. In the case without confusion, we omit noting the domains Iy
and A.

A sequence of bonds C = {b1,...,b,} is called a chain connecting from
y to z, x,y € 74, if yp, =y, oo, = Ypy, 1 <0 <n—1and zp, = x. The
chain C is called a closed loop if x,, = y1. A plaquette is a closed loop
P ={b1,...,bs} such that {zp,,...,xp, } consists of four distinct points.

Now, let X be the family of all € RZY" which satisfy the plaquette
condition:

(P1) n(b) = —n(=b), be (29"
(P2) For any plaquette P, >, »7(b) = 0 holds.

We note that the gradient field n € RZ)" defined by n(b) = Vo(b), b €
(Zd)* from the height variable ¢ € RZ always satisfies the plaquette condi-
tion. Similarly, let X+ be the set of all n € RI'N which satisfy the plaquette

condition. Let L2 be the set of all n € RZ)" such that

iz = > Ind)Pe "l < 0.
be (Z4)*
We denote &, = X N L2 equipped with the norm | - |,..
2.2. Dynamics on the Infinite Lattice

The SDE (1.4) determines dynamics on the periodic cubic lattice T'y.
The corresponding dynamics for ¢; = {¢¢(z); = € Z¢} € RZ" on the infinite
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lattice Z¢ can be introduced by the SDE
(21)  déu(w) = Y {Uy(¢) = Uslen)} dt + V2diy(z), €27,

yeZ,
lz—yl=1

where the process {w;(r); € Z?} and the function U,(¢) are defined sim-
ilarly as before, i.e., {@w(x)} is the family of Gaussian processes with mean
0 and covariance structure (1.5) with A(x,y) in place of Ar, (z,y) and

Un(9) = > V'(é(z) = ).
yeZd,|z—y|=1
Note that U,(¢) can be regarded as a function of V¢ = {V¢(b); b € (Z4)*}
and we denote it by U,(V), namely,
Ux(Ve):= > V'(Ve(b)
be(Z4)*, zpy=x

Then, the first term in the right hand side of (2.1) can be rewritten
as {AU.(V¢i)}(xz). The corresponding dynamics for gradient fields 7, =
{ne(b); b e (Z4)*} € RZ)" are determined by the SDE

(2.2) dne(b) = VAU. () (b) dt + v2d (Vi) (b), b e (ZY*.

We summarize the relationship between the two dynamics for the height
field ¢ and the gradient field 1. The potential V satisfies the conditions
(V1)-(V3).

PROPOSITION 2.1.
(1) If ¢ is the solution of (2.1), ny := V¢ satisfies the equation (2.2).

(ii) Assume that ny is the solution of (2.2) and ¢y is constructed from n,
and ¢o(0) by

or(x) = ¢1(0) + Z ne(b),

bECo.
61(0) = 60(0) + /0 AT (n2)(0) ds - v/2iy(0),

where Co 5 s an arbitrary chain connecting 0 and x. Then ¢ is well-
defined and satisfies the equation (2.1).
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Since the proof is straightforward, it is omitted.

PROPOSITION 2.2.  For every n € X.,r > 0, the SDE (2.2) has a
unique X,-valued continuous solution n; starting at ng = n.

PROOF. We can easily see that the drift term of the SDE is globally
Lipschitz continuous on X,.. Hence, the conclusion can be shown by using
standard arguments. []

3. Gibbs Measures

In this section, we focus on Gibbs measures associated with the dynamics
(2.2) of the gradient field n;. At first, we discuss the identification of them.
[5] treated similar problem for non-conservative system and characterized all
equilibrium states of the dynamics due to the method of energy estimates.
Our method is different. We compare our dynamics with those studied by
[5]. After that, in Section 3.3, we summarize known results on the surface
tension o = o(u) introduced by Gibbs measures, which will be useful in the
subsequent sections.

3.1. Definition and Notation

Let P(X) be the set of all probability measures on X and let Pa(X) be
those u € P(X) satisfying E#[|n(b)|?] < oo for each b € (Z4)*. The measure
w € Pa(X) is sometimes called tempered.

We introduce the canonical Gibbs measure associated with our model.
Recall that the dynamics (2.1), for instance considered on the torus I'y (i.e.
the dynamics (1.4)), conserve the total volume > . ¢:(z). For every
€€ X and A € Z¢ (i.e. finite subset of Z%), the space of gradient fields on
A* with given boundary condition ¢ is defined by

Xgee = O)yerms 1V EE XS () = Y mué(d) ¢

beA* beA*

where ZQ)GF means the sum over all positively directed bonds b in A* and
the configuration 7 Vv & is defined by

n(b), be A

(nv &) = £0), be(F)c.
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The quantity Z;eF xpn(b) corresponds to Y . ¢(x) for the associated
height field ¢. The uniform measure on the affine space Xﬁg is denoted by
vp¢- Then, the finite volume canonical Gibbs measure ip ¢ € P(Xg ) is
defined by

pag(dn) = Z g exp (—Ha(n)) vag(dn),

where Hp is the restriction of the Hamiltonian H to the finite set A, that
is,

(3.1) Ha(n) == Y V(n(b))

beA*

for n € RA™ and Zp ¢ is the normalizing constant. The probability mea-
sure u € P(X) is called a canonical Gibbs measure if it satisfies the DLR
equations

p(|Fa)(E) = pae(s), prae.,

where F is the o-field generated by {n(b); be (F)C} and Y, = zo1(b).
We denote by G the family of all shift-invariant canonical Gibbs measures
i € P2(X) and by extG those p € G which are ergodic with respect to shifts.
Moreover, for each u = (us)l_; € R? we denote by (extG), the family of
all © € extG having mean u, i.e., E#[n(eq)] = ua, a0 =1,... ,d.

Similarly, we define Gibbs measures without conservation law, see [5].
We call them grand-canonical Gibbs measures. Namely, first define the
finite volume grand-canonical Gibbs measure M(/J\,g € P(X%7 f) by

(3.2) pie(dn) = (Z3 ¢) " exp (—Ha(n)) v} ¢ (dn),
where VR,g is the uniform measure on the affine space
X e = {0)yezmi nV E € XY

and Z9 ¢ is the normalizing constant. Then, p € P(X) is called a grand-
canonical Gibbs measure if it satisfies another DLR equations

(3-3) PCIFR)E) = pa (), pni-ae.,
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where F} is the o-field generated by {n(b);b € (F)c} We denote by

GY the family of all shift-invariant grand-canonical Gibbs measures u° €
P5(X) and by extG? those ¥ € G which are ergodic with respect to shifts.
Moreover, for each u € R we denote by (extG?), the family of all u° € extG°
having mean u.

The main result in this section is the following.

THEOREM 3.1.  For every u € R?, (extG), = (extG"), holds. In par-
ticular, 1, € (extG), ezxists uniquely.

The theorem tells that the factor of the conserved quantity de A= Zp1 (D)
doesn’t make an apparent contribution. This is because we only discuss the
class of shift-invariant canonical Gibbs measures.

3.2. Comparison with Non-Conservative Dynamics

To prove the uniqueness of tempered shift-invariant and ergodic canoni-
cal Gibbs measure with assigned mean wu, it is helpful to compare the dynam-
ics determined by (2.2) with non-conservative one studied in [5]. Such idea
was used by [9]. We shall prove that the tempered shift-invariant canonical
Gibbs measure is reversible under the non-conservative dynamics and then
apply the result of [5].

Let R? be the family of all shift-invariant p € P2(X) which are reversible
under the dynamics governed by the SDE

(3.4) dnl(b) = =VU.())(b) dt + V2d (Vwy) (b), b e (Zh)*,

where {w;(x); € Z4} is the family of independent one dimensional Brow-
nian motions. We can define extR? and (extR?),, in a similar way to extG°
and (extG"), respectively. Then, we have the following proposition.

PROPOSITION 3.2. G C R holds.
Assuming Proposition 3.2, we prove Theorem 3.1.

PrROOF OF THEOREM 3.1. From Theorems 2.1, 3.1 and 3.2 of [5],
(extR?), = (extG"), holds and these sets consist of a single element p.
On the other hand, one can easily show that 0 € (extG), because a grand-
canonical Gibbs measure is also a canonical Gibbs measure by definition.
We therefore get the conclusion from Proposition 3.2. [
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We are going to prove Proposition 3.2.

PrROOF OF PROPOSITION 3.2. We introduce the local version of the
SDE (3.4): For £ € X and A € Z%, let %< be the solution of the SDE

(

dng™ 4 (b) = = U, (™) (@) 1 (w3) dt -
+ Uy, (M) (o)1 () dt - b € A7,
(3.5) N + V2V (),
™ (b) = €(b), bg A%, 1> 0
no ™ (b) = &(b), be (z9),

\

where wi*(z) = 1zepwi(x). We denote the generators (acting on the class

of “nice” functions) for the processes determined by (3.5) and (3.4) by LY
and L%, respectively. For the details, see Section 4 of [5].

Forl € N, let A; = [~1,1]?NZ< be a cube of side length 2/+1 with (outer)
boundary 0A; = {z = (z1,...,24); |ra| =1+ 1 for some 1 < a < d}. Let
Chaeo(X) be the family of all functions F' on X of the forms F(n) =
F ({n(b)},cx=) for some A € Z¢ and F € C§° (RA*). The (minimal) set A
is called the support of F for F' € C° ((X).

Choose A; as A. Using the Dirichlet form given in Section 4.2 of [5], it
holds that every F,G € CfX, 0( ) whose supports are included by A;_; and

(ZbeA* xpn(b))-measurable function J

/XO JFL} GdMAE_/O JGLYF dy ¢

F,s
We therefore obtain that
| FLiGdume= [ GLiFdun
V5= ¢ X5w e

holds. Noting that LVF = L%F holds, we get for p € G

EF [FLOG| = E* [E*[FLOG|FA)(¢)]
= E" [E*[FLYG|FA)(©)]
= E* [EF¢[FLYG]
= EM [EF[GLYF)
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= F" [GLOF].

This shows the reversibility of the generator L° under ;. Hence we conclude
the proof of Proposition 3.2. [

REMARK 3.1. It seems difficult to extend the coupling argument used
for the proof of Proposition 2.1 of [5] directly to our model. Such argu-
ment could characterize all stationary measures of the dynamics (3.4). The
statement of Theorem 3.1 is weaker, since it only characterizes the class of
associated Gibbs measures. However, for the proof of the hydrodynamic
limit (i.e. Theorem 1.1), the result of Theorem 3.1 is sufficient if one uses
the method of [6].

3.3. Surface Tension

Here, we summarize the known results on the surface tension o = o(u)
determined from the potential V. Recall that the finite volume surface
tension oy, = oa, (1), u € R is defined by

(3.6) on(u) == — [N T log Z8 ¢

where ZR ¢ is the normalizing constant appearing in (3.2) and &, is deter-
mined as follows:

U, Tp — Yp = €a;
&u(b) = {
—Uq, Tp — Yp = —€q
for 1 <a<d.
ProprosITION 3.3 ([4] and [5]).
(i) The following limit exists:

o(u) = llir?o o, (u).

(ii) o € CYR?) and there ewists a constant Cy > 0 such that for all
U,V € R¢
lo(w)] < CL(1 + [ul),
Vo (u) = Vo (v)] < Cilu =],
u-Vo(u) > c_|u* -1,

where c_ is the constant appearing in the assumption (V3).
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(iii) The function o is strictly convex in the sense that there exist constants
Cs,C5 > 0 such that

Colu —v|* < (Vo(u) — Vo(v)) - (u—v) < Czlu —v|*

(iv) The following identities hold for the Gibbs measure p, appearing in
Theorem 3.1:

(a) E"[V'(n(ea))] = Vao(u) (= 00/0ua).

(b) FHu

4. Estimates for Partial Differential Equation

In this section, we introduce the discretization for the PDE (1.8) and
derive various uniform estimates.

4.1. Discretization Scheme
We define the finite difference operators by

N F(0) = N(f(0+ea/N) - (0)),
VN* f(0)=—N(f ()—f( —ea/N)),

d
divy g(0) = = > VE*ga(0)
a=1
An[f(6) = divy VY f(6),
for f: T? - R, g = (ga)1<a<a : T¢ = R4 1 < o < d and 0 € T?. With
these notations the discretized PDE of (1.8) reads
0

1) il (:0) = AN (RN () (0)

— _Ay [divN{(vo—)(vNﬁN(t))}} @), 0eTe
The equation (4.1) will be solved with the initial data given by

R (0) = N / ho(6') d,
[0~
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where [f]y denotes the box with center in T4, := {6 € T% N6 € 'y} and
side length 1/N containing 6 € T¢ and hy € L?(T¢) as in the assumption
(I1). We note that the assumption (I1) implies

(4.2) sup ||7Lév||L2(Td) < 00.
N>1

Since the initial data h) is a step function, the solution A% (¢,0) is also a
step function over T?, that is,

(4.3) AN (t,0) = AN (t, (0] )
holds, where [f]x denotes the center of [0] x5

4.2. Notations and Definition

We will consider the PDE (1.8) and its discretization (4.1) in the Sobolev
space H™1(T9). Let @ be the space C*®(T%) with the usual topology and
let %’ be the dual space of 9. We denote the duality relation between %’
and 9 by (-, -)g. For m € N, the Sobolev space H~™(T?) is defined by

H™™T) = S h € D; hllg-mrey = sup  |gr(h, J)g| < oo
Here, || - || ggm ey is the usual H™-norm, i.e.,
1B s= 3 [ 107 0)2 a0,
lyI<m
where the summation is taken over all multi-indices v = (y1,...,74) €

(NU {0})? satisfying || := Zfij:l Yo < m and 97 is a differential operator
defined by

omn oVd
o0 T HPva”
We easily see that H~1(T%) is the Hilbert space with the inner product

o7 =

o (h1, Wi)gg (ha, Wi)g, hi,hy € H™H(T?),

(h1, ho)p Z
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where {\; > 0; i € N} is an increasing sequence of eigenvalues of continuum
Laplacian —A on T? and {¥;; i € N} is a family of the corresponding
eigenfunctions which consist of complete orthonormal system of L?(T%).
We note that Ay =0, 1 =1 and ); > 0 for ¢ > 2. Moreover, we can take
another inner product:

1
(h1, ho) H-1(Td) = Z )\— (h1, Wi)gar (b, Yi)g
i=2
+ gy (h1, O1)ggr (ha, U1)g, hi,hy € HH(TY).

We can obtain (-,-)g-1(mey and ((-,) y-1(1ey are equivalent. For h €
H~Y(T9), we denote (hyh) g1 (1ay and (h, h) g-1¢1ey by |[Allg-1(T2) and
A0l -1 ey, respectively. Formally, || - [|g—1(1e) and || - || z—1(Te) are writ-
ten as follows:

sy = [ 1060 (7= 2)7h(6) o,
Aoy = [ (1(6) = (1) (=) (= () (0)d0 + (1),

where (h)(= g/(h,¥1)g) is the average of h over T? that is, (h) =

Jpa B(6) d6

We need to state the discretized H~!-norm. For step functions h{Y, h)’
with mesh size 1/N (i.e. hl¥ satisfies h)¥(0) = RN ([0]n) for i = 1,2), we
define (Y, hY') 1 v and (hY, h)) 1 n respectively by

(Y 1) N = N"T2 N ¢ (2) (I — N?Ary) ' (),

zel'ny

(Y BN -1 o= N7 37 (d1(2) = (d1)w) (~N?Ary) !

zel'ny

x (g2 — (p2)n) (2)
+ N 2721 N {(2) N,

where ¢; and ¢, are corresponding microscopic height variables, that is,
¢i(z) = hN(z/N) for x € Ty, i = 1,2 and (p)y = Y zery P(z) is the
average of ¢ € RI'N. Here, we note that the inverse operator (—APN)_l
acting on R~ is defined only for height variables with average 0. For a step
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function A with mesh size 1/N we denote (h™,h™)_; y and (A™,AV) 1 y
by [[hY|-1.n and ||hV]|-1 v, respectively. We can see that these norms as
well as ||hV]| - 114y are mutually equivalent uniformly in N, i.e.,

cal PN -r v < IANl-in < ol BN,
cs || 1n < RN -1 omay < eall B[22,

hold for every N > 0 and every step function h"¥ with the mesh size 1/N
with constants c3, ¢4 > 0 independent of V.

4.3. Uniform L? bound for {VA"}

To guarantee the uniform integrability of the function w - Vo(u) with
respect to coupled measure pY in (5.8), we need several uniform moment
estimates for the solution ™ (t) of (4.1).

We introduce several notations. For 1 < p < oo and step functions AV
with mesh size 1/N, define [|[VNAN| 1, cpay and [|[VVVNRN]| 1o ey by

||thN||I[7/p(’]I‘d) Z ||thN||Lp 'H‘d

IV RN oy = Z IV E BN oy
a,8=1

respectively. Similarly as above, we define [|[VVAY|_1 v by

d
IV =D IV RN, N

a=1

To simplify notations, we sometimes omit the domain T¢.

THEOREM 4.1. The following estimates hold for the solution h™(t) of
(4.1):

(i) sup sup [N (1)[|z2 < oo
N>10<t<T

T
(ii) Sup/ VYV (1)]|2. dt < oo.
N>1Jo
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T —
(i) For somep >2, sup / IVNRN (1)]1%, dt < .
N>1Jo

ProOF. Differentiating [|n™ (t)
constant in ¢, we get from (4.1)

“‘31 n in t and noting that (RN (1)) is

% [»Y (t)H|2_L N =2N"1 > BNt 2 /N) divy Vo (VVRN (1)) (z/N)
zel'y
= 2N~ 3" VNaN(t,2/N) - Vo (VRN (t,2/N))
zel'ny

< =20, |[VVEN (1) 3 -

We have used (iii) of Proposition 3.3 and Vo (0) = 0 in the last line. Inte-
grating in ¢, we obtain

@8 O,y 20 [ IR ds < YO, -

It therefore follows from (I1) that

4.5 N
(4.5) sup sup [P0,y < o0
and
T - 2
(4.6) sup/ HVNhN(t)HL2 dt < oo.
N>1Jo
Similarly as above, differentiating H!VgﬁN(t)Hﬁl N int,

d - 2
AL

=2N"4 ) VRN (t, 2/N)VY divy Vo (VRN (1)) (2/N)

zel'n

=—2N"1 )" Zv VNN (t, 2 /N)VEV 50 (VVRN () (2 /N)
zel'y f=1
= 2N~ N " AVVEN (¢, (@ + ea) /N) = VRN (£, 2/N) }

aceFN
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AVe(VVRN (¢, (2 + ea)/N)) — Vo (VNRN (t,2/N))}
< 20, N2 ST VYRV (¢, (@ + ea) /N) = VRN (t,2/N) [
zel'n
d
=202 ) [VNVERN )
B=1

Integrating both sides in ¢ and summing up in «, we get

— t — —
[T, + 2, [ 1979 R @) s < [T,

By !HVNhN“‘Z_I ~ = IAY]|32 and (4.2), we obtain (i) and (i).
For (iii), applying discretized version of Theorem 4.17 of [1],

2 2 2 \1/4 1/2
VRN < B (VYT BY + I9YBY + 1BN 7)) BN
and ab < aP/p+b?/qif a,b>0and 1/p+1/q =1, we get
r . rp/4
[V¥RN [, < K7p = (VN VVRN |, + VYR + ([AN 7 )
+ K|

for r > 0. For every 2 < r < 4, choose 1 < p < 2 such that rp = 4 and take
hN = AN (t) in the above estimate. Then, integrating its both sides in t, we
obtain

T
/0 [VNRN ()| dt

T
<kt [ (VRO + 9RO + RV O)

rq/2
+ Kr¢~lT ( sup HhN(t)HL2> .
0<t<T

Using (i), (ii) and (4.5), we get

T
(4.7) sup / IVYEY ()]}, di < oo
N>1J0
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for every 2 < r < 4. Now,we use the discretized version of Sobolev’s lemma
stated in the proof of Proposition 1.4 of [5], that is,

(4.8) Y2 < CAVY YT + 1Y172)

holds for every step function f~ with mesh size 1/N and for some constant
C > 0 which is independent of N. Here, 2* is the Sobolev’s conjugate of
2 which is defined by 2* = 2d/(d — 2) if d > 3, 2* is an arbitrary number
larger than 1if d =2 and 2* = c0 if d = 1. If d = 1, choose p = 5/2. Then,
since

AN < 1N oo LFN 12
holds, by Holder’s inequality and (4.8) we get
Nz N T Nz N 2 1 T NI N 2p—2
[ R O < § [ @R [ R0 a

_ 1 /T _
<50 [ AT R @I+ IR 01) s § [ 9ROt

[\Dll—‘

0

Combining (ii), (4.2) and (4.7), the case of d = 1 is shown. Next, we consider
the case d > 2. By Holder’s inequality, we get

(4.9) 1Y ze < IFY 2T 1N I e

for 2 < p < 2* and 7 € (0,1) such that 1/p = (1 — 7)/2 + 7/2*. Choosing
p=3—-2/2">27=1/p,r =2p—2 < 4 and combining (4.8) and (4.9)
for fN = VNN we get

IVNRN L, < [VVRN PG VRN |
< [IVVRN|[72 + OV RN |2, + VY RN |2,)

and therefore, by (ii), (4.2) and (4.7), we have shown (iii) in the case of
d>2.0

4.4. Existence and Uniqueness for Partial Differential Equation

In this section, we establish existence and uniqueness for the PDE (1.8).
We introduce a triple of separable Hilbert spacesV C H = H* C V* by H =
H~(T%) with inner product (-, -) gr-1(1ay, V = H*(T?) and V* = H~*(T?).
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These spaces are equipped with their norms denoted by || - || -1 (1a), || - [lv
and || - ||y, respectively. We denote the duality relation between V' and V*

by v (-, -)v+ such that v(f, g)v+ = (f, 9) gr-1(ma) if g € H1(T?).
The nonlinear fourth order differential operator A : V' — V* is defined

by
(4.10) A(h) := —A[div{(Vo)(Vh)}].

for h € V*(T%).
We call h(t) a (weak) solution of (1.8) with initial data hg € L?(T?) if
h(t) € D and

t
h(t) = h(0) +/ A(h(s))ds, inV*
0
holds for a.e.t € [0,T], where
D = C([0,T], H(T%)) n L*([0, T}, H' (T?)).
Let us first discuss the uniqueness of the solution.

THEOREM 4.2. The solution of the PDE (1.8) with the initial data hy €
H_I(Td) is unique if it exists. Moreover, there are constants K, Ko > 0
such that the solution satisfies the following inequality:

T
(4.11) OiggTWh()IHH Td)+K1/ P12 gy dt < Ko o717y -

PROOF. Assume that h(t) and h(t) are two solutions of (1.8) with
initial data hg and hg respectively. Noting (h(t)) and (h(t)) are constants
in t, we obtain

[0 -0l = o - o,

—2/ /Td{w 5,0) — Vi(s,0))
AV (Vh(s,0)) — Vo(Vh(s,0))} dbds

< Jro -0,
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t
20 [
0 JTd

where (5 is the constant appearing in (iii) of Proposition 3.3. In the third
inequality, we have used (iii) of Proposition 3.3. Now, we note that the
Laplacian A on T¢ has a spectral gap ¢ > 0, that is, for every f € H'(T9)

(4.12) clf = (A2 IV = (N2 = IV £]2

and therefore

. 2
Vh(s,0) — Vh(s,0)| dbds,

(4.13) cl 72 < IVFIZ: + e(f)*.

Letting f = h(s) — h(s), we conclude

(a.19 s [ln w0}, +minte. e [ ine — il a

~ 2
< (1 + CCQ) ‘Hho — hOH‘Hfl .

This shows the uniqueness of the solution of the PDE (1.8). Since h(t) = 0
is the solution of the PDE (1.8), we obtain (4.11) by letting h(t) = 0. O

We discuss the convergence of solutions A (t) of the discretized PDE
(4.1) to the solution A(t) of the PDE (1.8). The following theorem guaran-
tees for the existence of the solution of (1.8), too.

THEOREM 4.3. The sequence of solutions {h™¥(t)} of the discretized
PDE (4.1) with initial data hi) converges to the unique solution of PDE
(1.8) with initial data ho in H~'(T%) strongly. Namely,

(4.15) lim ||RN(t) — h(t) || g1 = 0
N—oo

holds for every t > 0.

PROOF. Step 1: We recall the statement of Theorem 4.1:

T
sup BV + [ IV @ de < C.
0<t<T 0
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where C' is a constant independent of V.
Step 2: Let {N} C N be an arbitrary sequence such that

AN (t) — h(t) weakly in L2([0,T7], L ( 1),
VIR () — g(t)  weakly in L2([0, T, (L?(T9))%),
AN(BN(t)) — A(t) weakly in L%([0,T],V?*),
WN(T) — h(T) weakly in L*(T?),

for some h(t), g(t), A(t) and h(T) as N — oo, where AN is same as in
(4.1). However, we easily see that g(t) = Vh(t) holds for a.e.t. Hence
h(t) € HY(T?) a.e.t and h € L%([0,T], H'(T%)). Moreover, using the integral
form of the discretized PDE (4.1) and letting N — oo, we obtain

T
W(T) = ho +/ A(s)ds, in V"
0
and for a.e.t,
— t -
h(t) = ho +/ A(s)ds, in V™.
0

We can therefore take the continuous modification of h and denote it by h
again. Then, from

N 2 N2 T N NN
@16) RO,y = IR I =2 [ (0. A B )
we get
(4.17) A - = Ihol -+ +2 /0 (), A(t))v- dt.

Step 3: Let y(¢,6) € C*>([0,T] x T%) and y™(t,0) := N4 fm (t,0")do'.
Then, by convexity of o,

T
0 2/0 (RN () =™ (1), AN (RN () = AN (™ (6) )1 dt
T T
:/0 <<hN(t)vAN(hN(t))>>—1,Ndt/0 (™ (), AN (RN (2))) -1, dt
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4 TN N/ N T N N/ N
—/0 (r™(2), A" (y™ (1)) -5 dt+/0 {y™ (6), A% (y™ (1) )1, dt
=N Iy -1y + Il
For I}, from (4.16) and (4.17) we obtain

(4.18) liminf 1" > {H\h( W1 = llholl -1} = / (h(t), A(t)) v~ dt.
For I}V, since y € C*([0,T] x T?) and therefore

(™ (@), AN (RN ()15 —v (y(t), AV (R (2)))v-

holds with €(N) > 0 which goes to 0 as N — oo, we obtain

< ¢(N)

T —
(4.19) lim I —/0 v{(y(t), A(t)) v~ dt.

N—oo

Next, we note that I3 and I} are represented as follows:

d T B
B=y /0 (VYRN (1), Voo (WVyN (1)) o dt,

d T
n=3 /0 (TN (1), Voo (VYN (1)) .z dt,

where (-, )2 is the inner product of the space L?(T%). Then, since for every
1 < a<d, Voo(VVyN(t)) conveges to Vo (Vy(t)) strongly in L*(T) as
N — 00, we get

N—oo

d T B
(4.20) lim I — Z /0 (Vah(t), Voo (Vy(1)) 2 dt

T
_ /0 v (h(), A(y(D))v- dt

and

(4.21) Jim 7 _Z/ Vay(t), Vao (Vy(t))) 2 dt
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T
- /0 vy (), Aly(t)))v- dt.

From (4.18)-(4.21), we conclude

T — —_
(4.22) 0> /0 v (h() — y(t), A(t) — A(y(t)))v- dt.

Now, since C°°([0, T x T¢) is densely embedded in L?([0, T], H'(T%)), we get
(4.22) for every y(t) € L%([0,T), H'(T%)) also. Letting y(t) = h(t) — \z(t)
for x € L2([0,T], H'(T%)) and X > 0,

T —_ —
0> )\/0 P (t), A(t) — AG(E) — Aa(t)))v- di.

Dividing A\ and letting A — 0, we get

T — —
0> /0 v{(z(t), A(t) — A(h(t)))v- dt.

Since x(t) is arbitrary, we conclude A(t) = A(h(t)) a.e.t. This shows that
h(t) is the solution of (1.8).

Step 4: From (i) of Theorem 4.1, the sequence {h™V(¢)} is strongly relative
compact in H~1(T%). Using this fact, we can conclude that {h"(¢)} con-
verges to h(t) strongly in H=1(T9) as N — oco. O

5. Local Equilibrium

In this section, we establish the local equilibrium (Proposition 5.3) for
the dynamics of the gradient field associated with the height process ¢(t) =
{¢1(x); x € 'y} determined by (1.4).

5.1. Uniform L?-bounds
Let ,uiv be the distribution of 7, = V¢, on Ay and let Avr (i) be its
space-time average over [0, N*T| x T'y:

N4T
Avr(u)(dn) = N=1 37 (NAT) ! /0 1 o 7 (dn) dt,
IEFN
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where 7, is the spatial shift by  on I'y. We define the probability measure
UN € 'P(Xp}fv) by

pun(dn) = Zy" exp(—Hry (n)) v (dn),

where vy is the uniform measure on XF*N and Zy is the normalizing con-
stant.

To obtain the uniform L2-bounds on the measures Avy(uY) € P (X ),
we use the coupling method as in Section 4 of [5]. We assume that two
initial data ¢g and 550 are given and let ¢; and quSt be the corresponding two
solutions of SDE (1.4) on I'y with common Gaussian process. We denote
the macroscopic fields which come from ¢; and ¢Et by scaling in space and
time by AV (t,0) and hN (¢, 0), respectively.

PROPOSITION 5.1.

(i) We have

slrw-iol, < el o-ol,

(ii) Assume the condition (I1) on the distribution b’ of ¢o. Then,

sup EAVT(“N)[n(b)2] < oo, be(zhH*.
N>1

(iii) Moreover, assume

(5.1) sup E# | N4 Z n(b)?| < oo.
Nzl ber™
N
Then,
(5.2) sup B[N Z n(b)?| < oo, T >0,
N>1,0<t<T bers,

(53)  sup N'E||RN (N4 =N (O)||, y <00, >0,
N>1 ’



506 Takao NISHIKAWA

PROOF. Let hN(t,0) = hN(t,0) — hN(t,0), ¢y = ¢y — ¢ and 7y = V.
Then,

By integrating both sides in s, we get

[l , - lioll,

a4
ds

NG, = NS s OV (s (8) = Vs 0)

N

(5.4) Nt
_ N /0 S A0V (1:(6)) — V' (s b)) } ds.

bel'y,

Now, we take a special initial data for g%oz Let 7jo be an Ay -valued random
variable distributed under uy and let qgo be defined by

beCo,x

where Cp . is a chain in I'}; connecting from 0 to z. Then, for every b € I'},

BN b)) < 2a) NS (v " w2
yery 0

N4T .
<d N Y (NAT) ! /0 E[(Vé(v))?) dt

bery,

d
+2d71 ) T EFN[n(ea)?].

a=1

In the second inequality, we have used that uy is the stationary measure of
V¢, which is shift-invariant. However, (5.4) implies that

it /0 N4Tb§ (Vi(b)? dt < ! ]HEN(O)H)Q_LNa

where c_ is the constant appearing in the assumption (V3). Therefore, we
get

B ) <2 o

o,
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d
124713 B n(ea)?.

a=1

By the assumption (I2), we have supys; EH]hN(O)HELN < 00. Therefore,
the statement (ii) is shown, once one proves supys; E||hY (0)|H2_1 N < oo.
We choose the chain Cp, as follows: First we connect 0 and (21,0,...,0)
through changing only the first coordinate one by one. Next, we connect
(21,0,0,...,0) and (z1,x2,0,...,0) through changing the second coordi-
nate, and so on. With this choice, we obtain

plrol, <slolf, =5 ¥ ()]
’ z€l N
2
< NS e [N )
zely beCo.x
<dANTTENT N B (b))

xel'y bGCO,x
d
< CZ EHN [n(ea)2] .
a=1

Since the right hand side is bounded in N, we have shown (ii).
Applying Itd’s formula to Zber}*\, nt(b)?, we get

ELY m®)? <E|Y n®)? +C/0tE > {ns(v)’ +1}| ds

bely, bely, bely,

for some C' > 0 independent of N. Now, we have used that V' is linearly
growing. Multiplying both sides with N~¢ and using Gronwall’s lemma, we
obtain (5.2). Applying It6’s formula also to ||hY (N~4t) — hN(O)WZ_LN, we
get

t
E RN (N4 - N )2,y < € /0 (EIRY (Ns) — WV O)2 1y

+NTIE ST {ny(b)* + 1} ds
bel's,
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for some C’ > 0 independent of N. Multiplying both sides with N* and
using Gronwall’s lemma again, we obtain (5.3). [

5.2. The Generator and Dirichlet Form
We define the differential operators 9, for z € Z¢ acting on CZ_(X) by

0
o— Y L
be(Z3)* ,zp=x an(b)

For x € I'yy, we can regard 0, as an operator acting on Cg(){[‘;ﬂv). We define
the differential operator Ly acting on C’g(é’(p}«v) by

Iy=-4Y 0, (Aryd) (@) +2 Y (AFNU.(n)> ().
$€FN Z‘GFN
Then, Ly is the generator of the dynamics governed by SDE

(5.5) dny(b) = VA, U.(n)(b) dt + V2d(Viy)(b), beTy.

Note that 7 is the gradient fields associated with ¢; on I'y determined by
the SDE (1.4). For A € Z%, we define the differential operator L by

La=—430,(8p0) () +23 (AAU(n)> ().

zEA TEA

Then, Ly is the generator corresponding to the SDE

g (b) = AN () () 1a () dt N
— ANT.() (o) La (o) dt - b € A%,
(5.6) +V2d(Val)(b),
nt (b) = €(b), be A, t>0
o (b) = £(b), be (29,

where the processes {w;*(z); = € Z%} is defined as follows: {w}*(z); z € A}
is the family of Gaussian processes with mean 0 and covariance structure
(1.5) with Ap(z,y) in place of Ary (z,y) and wi(z) = 0if x ¢ A. The
dynamics 771fX £ determined by (5.6) is the gradient fields of the solution ¢i\,¢
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of the following SDE, which is the local version of (2.1):

A (x) = ANU(P) (@) di + VBdir (z), « € A,
(5.7) ¢ (x) = é(x), v g A >0
2 (b) = é(x), zeZd

with V¢ = &. Here, we note that the boundary condition £ is contained in
the space X5+ ¢ and £ does not appear in the generator Ly .
Noting that the dynamics governed by (5.7) is ergodic on the affine space

{¢ ERY D g(x) = Z&(z)} ,

TEA €A

we can see that the dynamics governed by (5.6) on Xz . is also ergodic.
Moreover, we can see that its unique stationary measure is pp ¢. Similarly,
the dynamics governed by (2.2) on I'}y is ergodic and its unique stationary
measure is uy. Performing integration by parts, Dirichlet forms of these
dynamics are given by

/ FLNGd,U,N
X

*
N

4 Y [P (an0)@G ey, PG € G,

zel'ny

/ FLAGd,uAg
X

A* g

13 [ @FH@0)@G dune, .G € Gl )
AR g

TEA

respectively. For v € P(Ar ), let In(v) be the entropy production defined
by

In(v) = —4/X VINLN fxdun,

*
N

where fy(n) =dv/duy.
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5.3. Local Equilibrium
Here, we shall prove the following lemma. Note that we can regard
Y e P(&rs,) as an element of P(X) by extending periodically.

LEMMA 5.2. Assume that the sequence of measures {ji" € P(&r+,)} is
tight in P(X) and satisfies

lim N~ %Iy (") = 0.

N—oo

Then, every limit point u of {iV € P(Xry,)} is a canonical Gibbs measure.

PRrROOF. We introduce the entropy production on infinite lattice. For
p € P(X) and A € Z%, we define I (v) by

Iy(v) = 4 /X VNI Fx dp,

where f = dv/dp|r and p = po. We obtain

L
Ip ( = sup { / i du u is positive, ]—"A—*—measurable}
X
L
< sup {—/ At du u is positive on A+ }
X U N
Al
—In(f )
Y

Therefore, by assumption, limpy_.o 5 (ZY)

semicontinuity of I, that

= 0. This implies, using lower

Iz(v) < %nianA(gN) =0

for every limit point v of {fi"}. Now, for Fr=-measurable ¢ € C? ,(X), we
get

Laydyr
X

Lt fa du‘
X
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= 4[> [ {09} {(An0)(2) fa} dus

€A X

< 2\/22/)( (000} {(An0) (2)00} dv x /Tn(0) = 0.

This shows that v| Fiw Is stationary measure of Ly which is the generator
for the SDE (5.6) when the boundary condition ¢ is fixed. Since the unique
stationary measure of this dynamics is the finite volume Gibbs measure fi ¢,
decomposing v with respect to boundary conditions and assigning conserved
quantity, we get DLR equations for v,

v(:|Fa) = pae(s), v-a.el.

This shows that v is a Gibbs measure. [J

5.4. Coupled Local Equilibrium
We define the probability measure p (dn du) on s, ¥ R? by

t
6:8) o ndn) =7 [ NS by, 7o(dn) ds.

zel'ny

where u™(s,2) = VNN (s,2/N). This means that we have coupled the
distribution of stochastic dynamics and the solution of the discretized PDE.
Theorem 4.1 and Proposition 5.1 show that there exists p > 2 such that

(5.9) sup / (n()? + [ul"}p (dy du) < .
N>1,be(Z4)*

Therefore, the sequence {p” (dndu)} is tight and we can choose a subse-
quence N” — oo from an arbitrary sequence N’ — oo such that p?V" con-
verges weakly to some p on X x R? as N — oo.

To characterize the limit p, we impose the following entropy bound on
the initial distribution p’ of ¢p:

(5.10) lim N~ Hy(ud) = 0.

N—o00
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We first prove the main theorem assuming (5.10) and remove it later. Here,
Hy(v) denotes the relative entropy of v € P(ATs ) with respect to uy, that
is,

Hy(v) :/fNIngNdMNa
where fy = dv/duy.

PROPOSITION 5.3.  Under the condition (5.10), for every limit point
p(dndu) of {pN (dndu)}, there exists A(dv du) € P(R? x RY) such that p is
represented as

p(dndu) = /R to(dn) X (dv du).

We can obtain Proposition 5.3 in a quite parallel manner to the proof
of Theorem 4.1 of [5] under the conditions (5.9) and (5.10). Hence, we omit
the proof.

6. The Proof of Main Theorem

We shall prove Theorem 1.1 first under the condition (5.10) on the en-
tropy. Then, we remove it. The assumption (I12) is necessary only for the
second step.

6.1. Derivation of PDE (1.8)
We assume under the condition (5.10). From
B (E) = B no < 200 (0 = BV O
20BN () — B2
and Theorem 4.3, the proof of Theorem 1.1 is completed once we can prove

that the first term of the right hand side tends to 0 as N — oo. Moreover,
by the uniform equivalence of || - || g—1(e) and ||| _; v, this follows from

(6.1) lim E ||V () — BN @), =0.

N—o0
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Using [t6’s formula, we get

B[nN () HLI,N
= E[[n7(0) = N (0)[|Z, 5
+ 2E/ > (NN () — hV(s,2/N))
x {=NU,(¢)) — VV*Vo(VNRN (s,2/N))(2)} ds + 2t
= B[[n7(0) = M (0)[|Z, y

+ 2/0 (va(s) +Ié\7(s) +Iév(s) +Iiv(s)) ds,

where IV (s), 1 < < 4 are given by

- > Zvaqb Vadh () +

:BGFNa 1

d
LY(s)= Y > VahM(s,a/N)V'(Vasy (2)),

JTGFN a=1

d
=Y > Vst (@)Vao (VRN (s,2/N)),

zel'y a=1
d
) == 3 S UNEN (s,0/N)Vao (VYR (s,2/N)),
zel'y a=1

respectively. Using p~ (dndu) introduced in Section 5.4, we can rewrite
these terms as follows:

LN _ e W (n(es)) — N u
[ eas= =30 [ eV ntea)) <1} p¥tan ),
" d
| Bwas - '3 [ eV atea)) 0¥ ),
t d
[ B s =S [ nea)Vartw)p (dndu),
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/0 IN(s)ds = —t;/ o Voo (u) p (dn du).

Recall that we chose the subsequence N” — oo from an arbitrary sequence
N’ — oo such that pV" converges to some p. Now, since

u- Vo(u)[”? < C(lulP +1),
1(ea)Vao(w)]? < C (14 [u” + n(eq)]?)
V' (n(ea))ual”? < € (1 + [ul” + In(ea)]?)

forp > 2,qg=2p/(2+ p) > 1 and some constant C' > 0, the integrands of
IV, IV I} are uniformly integrable with respect to the probability measures
{p™} because of (5.9). Moreover, Proposition 5.3 gives the representation
of the limit p in term of A(dv du). Hence, by Proposition 3.3, we obtain

t
lim 1Y (s)ds = 2t/ u - Vo (v) Mdv du),
0 R2d

t
lim N (s)ds = 2t/ v - Vo (u) Mdv du),
0 R2d

t
lim N (s)ds = —Qt/ u - Vo(u) Adv du).
R2d

N"—o00 Jg
For I}V, since nV'(n) > c_n* > 0, we get
limsup/ IN(s)ds < 2752/ u - Vo (u) Mdv du)
N"—00 JO xRd

by applying Fatou’s lemma. Summarizing these results and from the as-
sumption (I1), we get

timsup 5 | (1) - RN

< lim sup E |HhN —h

ims O

e /R (u—v) (Volu) - Vo(v)) Advdu)
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We have used the convexity of the surface tension ¢. Since the subsequence
N’ is arbitrary, we obtain without choosing subsequences

lim E || (t)

N—o00

HLLN =0.

This shows (6.1) and therefore the conclusion of Theorem 1.1.

6.2. Removal of the Entropy Bound

We have proved Theorem 1.1 under the entropy bound (5.10). Here, we
are going to remove it.

We take 0 < a < 1 as an approximation parameter. Let

@)= — Y Gy weTw,

‘ [Va] | yE:erA[Na]

and ¢¢ be the solution of the SDE (1.4) with the initial data ¢§. We define
the corresponding macroscopic field h™V:* by

(6.2) WY 0) = D N %y (3) gy (0), 0 €T

.’BEFN

Here, note that h™*(0,0) = h™(0,-) x 1*(0) with *(u) = a=%1_1 1)(u/a),
u € R?. We denote by uiv’a the distribution of V¢f.

LEMMA 6.1. Assume (I1) and (12). Then, for fired 0 < a < 1,

(1) uév’a satisfies (5.1).
(ii) Fort > 0, (I1) holds with ,uiv’a and ho * ¥® in place of p¥ and ho,

respectively.

We can prove this lemma quite similarly to Lemma 5.1 of [5] by replacing
L?-norm with H~'-norm and using Proposition 5.1. Hence, we omit the
proof.

LEMMA 6.2. Suppose that the sequence {l’} satisfies (I1) and (5.1).
Then, fort > 0 there exists a constant C > 0 such that

(6.3) Hy(u) < CN<.
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Since the proof runs quite parallel to the argument in [8], we omit the
proof. In the proof, we have used the bound (5.1).

Lemmas 6.1 and 6.2 imply the entropy bound (5.10) and (I1) for
{//1\7’“; N > 1} with hg % ¢* in place of hy. Therefore, we can apply the
results obtained in the last section and we conclude

lim B[Nt + N~*) — h(t)||%-1 =0,
N—o00

where h® is the solution of PDE (1.8) with the initial data hg * % Let
RN (t) be the macroscopic field obtained from the solution of the SDE (1.4)
on I'y with Gaussian process {w:(x) := W, y-1(x) — Wy-41(z)} and initial

data ¢g. Here, we note that A" and h"V have the same distributions. Then,
using (i) of Proposition 5.1 we obtain
E|[n™e(t + N~ = Y (1)1
(6:4) < BRYNTY = RN O)F
< 2B[|hNANTY) = hN(0)[[F -1 + 2B (0) = kY (0) 7
The first term on the right hand side of (6.4) goes to 0 as N — oo for fixed
a > 0 by (iii) of Proposition 5.1. The second term tends to 0 as N — oo

and then a — 0 by (ii) of Lemma 6.1. By (4.14) of Theorem 4.2, we get the
conclusion.

7. Concluding Remarks

(i) The total surface tension of the macroscopic hypersurface h € C'*(T)
is defined by

S(h) = /T o (Vh(6)) do.

Its (formal) functional derivative is then given by

0%

in the sense that

v = g (= (50),)
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holds for every g € C*(T?). As explained in [5], the macroscopic equation
derived from the microscopic dynamics determined by (1.2) is the gradient
flow which relaxes the total energy X:

oh 0%

ot bh(0)

In our case, the basic (Riemannian) structure should be introduced to the
space of heights based on the H '-inner product. Accordingly, the func-
tional derivative of ¥ would be changed into

6% :
m = A[div{(Vo)(Vh(0))}],
since we have
d 8%
£2(h + €g) T (E,g> L

where (f,g)g-1 = ((=A)7'f,9) 2. In terms of the functional derivative in
this sense, the PDE (1.8) can be written as

oh 6%

ot Sh(9)
(ii) The microscopic dynamics determined by the SDE (1.4) preserve the
total volume so that the macroscopic equation (1.8) also has the same prop-
erty. In particular, as the time ¢ goes to oo, the solution h(t) of the PDE
(1.8) tends to the minimizer of the total surface tension X(h) in the class of
all h’s satisfying the condition [p, h(0)df = c(= [pu ho(0)df). Under the
periodic boundary conditions, however, the minimizer h is simply a con-
stant function. Moreover, although the microscopic dynamics studied by [5]
have no conservation law, the corresponding macroscopic PDE preserves the
total volume if one imposes the periodic boundary conditions. To observe
the apparent differences between these two PDEs, it is required to discuss
the problems in a bounded domain in R% imposing proper boundary con-
ditions. The corresponding static problem was studied by [4], which gave
the mathematical foundation to the derivation of the Wulff shapes from the
V ¢-interface model.
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(iii) [2] investigated the problem of the hydrodynamic limit and derived the
nonlinear fourth order PDE as the macroscopic equation. In the case of
d = 1 the microscopic dynamics studied by that paper are the same as the
gradient fields associated with ¢; on I'y determined by SDE (1.4). However,
if d > 2, our model is quite different from [2]. Indeed, the Gibbs measures of
their model are product measures, while the Gibbs measures of our model
have long-range correlations.
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