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Solvability of a Class of Differential Equations
in the Sheaf of Microfunctions
with Holomorphic Parameters

By Shota FUNAKOSHI

Abstract. The aim of this paper is to give results of solvability
of a class of differential equations in the framework of microfunctions
with holomorphic parameters. In particular we study transversally
elliptic operators and other related operators.

1. Introduction

We study solvability of some class of differential equations in the sheaf of
2-analytic functions, that is, microfunctions with holomorphic parameters.
In particular we treat transversally elliptic operators and other related oper-
ators, which are difficult to study in the former theory of second microlocal
analysis.

The theory of the second microlocalization is a very useful method in
studying solutions of linear partial differential equations in various situa-
tions. M. Kashiwara has constructed the sheaf C‘Q/ of 2-microfunctions by
applying the microlocalization functor to the sheaf of rings Ox of holomor-
phic functions twice. Refer to Kashiwara-Laurent [8] for details.

Since this sheaf is larger than the decomposition of second microlo-
cal singularities of microfunctions, Kataoka-Tose [12] and Kataoka-Okada-
Tose [11] gave each definition of a new subsheaf of C3 what is called the
sheaf of small 2-microfunctions. By introducing a bimicrolocalization func-
tor, Schapira-Takeuchi [16] constructed later the same sheaf. In [2] the
author also gave elementary reconstruction of the sheaf 5‘2/ of small 2-
microfunctions based on the idea of K. Kataoka. Using our construction
of 5‘2/, we reached a result of the theorem of supports, that is, we gave
a simple sufficient condition under which a solution complex with coeffi-
cients in C~‘2/ vanishes locally in the derived category. Our construction of
5‘2/ enabled us to estimate the support of solution complexes.
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Let M be an open subset of R™ with coordinates x = (z1,...,z,), X
a complex neighborhood of M in C" with coordinates z = (z1,...,2n),
and T, X the conormal bundle of M in the cotangent vector bundle T*X
of X. We take coordinates of T3, X (~ /—1T*M) as (z,v/—1¢ - dx) with
E=(&,...,&) € R". Let V and X be the following regular involutive and
Lagrangian submanifolds of 1%, X respectively:

V={(e.V It dr) e T X6 = - = €aa =0},
5 ={(e.V g dr) € Ty Xi61 =+ = &uy =20 = 0},

where T35, X = Ti;X \ M. Then we write 2 = (2/,2,), £ = (£,&,), etc.
Let P be a differential operator with analytic coefficients defined on M.
Let po = (20, vV—1& - dz) be a point of X with o(P)(p,) = 0, where o(P)
denotes the principal symbol of P. Assume P is transversally elliptic in a
neighborhood of p., that is, P satisfies:

o (P) (2, V=1€/IEN)] ~ (lza| + 1€/ I€])'

for some positive integer I. Then Grigis-Schapira-Sjostrand [4] has given
a theorem on the propagation of analytic singularities for this operator P
along the bicharacteristic leaf of V' passing through ps.

On the other hand, we assume:

o (P) (@, V=1E/IED] ~ (lzal® + [¢/I€])’

for some positive integers k and [ in a neighborhood of p,. Then the author
has proved in [2] unique solvability in C?/ for this operator P. This result
was obtained by using our elementary construction of C~‘2/ and the estimate
of the support of solution complexes with coefficients in 5‘2/. In this case, the
structure of solutions of Pu = f in the sheaf Cy; of Sato microfunctions is
reduced to that in the sheaf A%, of 2-analytic functions. Therefore our result
implies the above theorem due to Grigis-Schapira-Sjostrand [4] because any
section of A%/ has the property of the uniqueness of analytic continuation
along the bicharacteristic leaves of V. The principal symbol of P studied in
[2] is written as:

!

o(P)(w,€) = Y aalz,E)(E) (wn)*"
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in a neighborhood of z, € M. Here a,(z,&) are real analytic functions and
homogeneous in £ of degree m — ||, a = (¢/, ) = (a1, ..., ) € N, and
la] = a1 4+ + ap.

As for the property of solvability for those operators, our previous result
of [2] is not sufficient. Funakoshi-Kataoka [3] proved solvability for similar
operators by using the theory of the Szegd kernel. Wakabayashi [20] also
proved local solvability of micro-hyperbolic operators and some second order
operators in a different way.

Let po = (70, v/ —1& - dx) be any point of X. In connection with those
operators we consider the following differential operator of order m with
analytic coefficients defined on M:

P(x, Dy, 2nDs,) = Y a(z) DS (20 Da, ),

laf<m

where Dy = D" ... Dy, Dj = D,; = 0/0x;. One makes the hypothesis:

a(o,...,0,m) (xo) 7& 0.

Then we have:

2 2 R
Ker('AV ? AV)po - CY|X7P0 )

where Y = {z € X;z, = 0}, and C£I§|  is the sheaf defined by Sato-Kawai-
Kashiwara [15]. And furthermore, one makes the hypothesis:

A(m,0,...,0) (Io) ?é 0.

Then we get results of solvability of Pu = f in A%/ at p, on some suitable
condition of f € A%,.

In this paper, we show these theorems in the following way. For the
theorem of the kernel of P, we continue analytically a defining function of a
2-analytic function by means of the Cauchy-Kowalewski theorem. For the
theorem of solvability, we turn a defining function of a 2-analytic function
into the form of integral representation by means of the Fourier transforma-
tion. This is easier to deal with than the original form. For that purpose
one extends a domain of the defining function by using the method due to
Hormander [5] so that some growth condition holds. Next, regarding the
variable of integration as a parameter, we consider the differential equation
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with the parameter. Then we get a real solution by superposing a solution
with respect to the parameter in the end. At this time, the solution with the
parameter needs to be infra-exponential, that is, slowly increasing. For this
purpose we find out an approximate solution and estimate the remainder
by means of majorant series in the Cauchy-Kowalewski theorem with the
parameter.

We give the plan of this paper.

Section 2 is preliminaries of subsequent sections. We review the theory of
2-microlocal analysis, some results about transversally elliptic operators, L?
estimates and existence theorems for the d operator due to Hérmander [5],
etc.

In Section 3, we give the theorem of solvability of Pu = f in .A%/. We
also give the theorem of the kernel of P: A2, — A%

In Section 4, we give the proof of the main theorem of solvability, which
is decomposed into several steps.

I would like to express my gratitude to Professor Kiyoomi Kataoka for
guidance, encouragement and very valuable suggestions.

2. Preliminaries

2.1. 2-microlocal analysis

Let M be an open subset of R™ with coordinates x = (z1,...,z,) and
X a complex neighborhood of M in C" with coordinates z = (z1,. .., zn).
One denotes by Ox the sheaf of rings of holomorphic functions on X. Let
(2,¢) be the associated coordinates on T*X with z = z + /1y, ( =
€+ v/—1n. Then (x,v/—1¢ - dx) denotes a point of a conormal bundle
Ty X (~ /—1T*M) with £ = (&,...,&,) € R™. Let V be the following
regular involutive submanifold of 1%, X:

V:{(x,\/—_lf-dx)GT]*\}X;&:---:fd:O} 1<d<n),

where T3, X = T5 X \ M. We put = (2/,2") with 2/ = (21,...,2q),

2 = (xge1,. . xn), 2= (2, 2") with 2/ = (21,...,24), 2" = (zax1, -+, 2n),

a'nd€ = (5,76”) with fl = (517 s 7§d)7 5” = (gd-i-lv cee aén) We set, moreover,
N = {zEX;Imz"zO},
V =TyvX.
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This space V is called a partial complexification of V. Tt is equipped with
the sheaf

Cyp = un(Ox)[n —d]

of microfunctions with holomorphic parameters z’, where py denotes the
functor of Sato’s microlocalization along N. Refer to Kashiwara-Schapira [9,
10]. And furthermore, we set

Y:{ZGX;z“:O},

and the sheaf Cgl%  of microfunctions on a complex submanifold Y
CYix = my (Ox)[n — dl.

M. Kashiwara constructed the sheaf C‘Z/ of 2-microfunctions along V' on T{}f/
by

Ct = v (Cy)ld).
We also define
AY =Cylv,
Bi = RIv(Cy)ld] = CY v
We call .A%/ the sheaf of 2-analytic functions along V and B% the sheaf of

2-hyperfunctions along V. Note that these complexes Cy, Cg@‘ x5 C‘2/ and B‘Q/

are concentrated in degree 0.
Concerning C‘Q,, there are fundamental exact sequences on V:

(2.1) 0— .A%/ — B‘Q/ — Tys (C‘2f|T‘jf/> — 0,
(2.2) 0 — Curly — B%.

Here 7y is the restriction of the projection my : T{'}f/ — V to T{}f/, and

Crr(= pam(Ox)[n]) is the sheaf of Sato microfunctions on M constructed in

Sato-Kawai-Kashiwara [15]. We note that the inclusion Cas|y < B is not

surjective. Refer to Kataoka-Okada-Tose [11] for a counter-example.
Moreover there exists the canonical spectrum map

Spiy: my B — Ciy
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on T{}f/ By using Sp%, we define

SSY(u) = supp (Spi (u))

for u € B%. This subset SS¥ (u) is called the second singular spectrum of u
along V.

Refer to Kashiwara-Laurent [8] for more details.

The exact sequence (2.1) shows that CZ gives second microlocal analytic
singularities for sections of 612/. This sheaf C‘Q/ is, however, too large to
study microfunction solutions of a class of differential equations because
the inclusion in (2.2) is not surjective.

[e]
For this reason Kataoka-Tose [12] constructed the subsheaf CZ of C‘Q/\T‘j‘;
satisfying the exact sequence

o

(2.3) 0— A} — Cyly — 7vC& — 0

by using the comonoidal transformation. Kataoka-Okada-Tose [11] also con-
structed C‘Q, as the image sheaf of the morphism

iyt (Carlv) — C¥ L v

to have the same exact sequence as (2.3). Schapira-Takeuchi [16] con-
structed later the same sheaf

Cun = pun(Ox)[n]

by using the functor psn of Schapira-Takeuchi’s bimicrolocalization. Refer
also to Takeuchi [19] for details.

Also, the author has given in [2] elementary reconstruction of CZ based
on the idea of K. Kataoka in order to show the theorem of supports. One
sets
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for ¢ > 0, where (Im2', &) =TImz; - & + - + Im 24 - §;. We identify
{(z', " & -1 da") € Téf(, Imz' = 0}
with T{;f/ through the correspondence
(2,8, vV—=1€" - da") —— (x,v/—=1&" - da" ,/—1€" - da').

We denote by p the projection X — X and by 7 the inclusion T{}f/ — Téf( .

DEFINITION 2.1. One sets

C} = limH" (i o RT, (p™'Ox))

Cc

where ¢ tends to +o0o. One calls CN‘Q/ the sheaf of small 2-microfunctions
along V.

Then we have the essential exact sequence:
(2.4) 0 — A2 — Cuyly — 7yCe — 0.
We take the following regular involutive submanifold of 7™ X:
vC= {(Z,C-dz) eT*X;g:--.zgd:o} (1<d<n),

where T*°X = T*X \ X. We put ¢ = (¢/,¢") with ¢’ = ((,..., (),
¢" = (Cgq1,--.,Cn). For this space, one sets V€ C T%(X x X) as in Lau-
rent [13]. We note that VC and T{j@f/(c are complexifications of V' and T{;V
respectively.

We denote by Dx the sheaf of rings of finite-order holomorphic differ-
ential operators on X. We also denote by E£x the sheaf of rings of mi-
crodifferential operators and by S‘Q/C the sheaf of rings of 2-microdifferential
operators. We denote, moreover, by o(P) (resp. oyc(P)) the principal
symbol of a microdifferential (resp. 2-microdifferential) operator P. We can
regard a microdifferential operator P as a 2-microdifferential operator in a
neighborhood of a point of Ve

EX‘V(C ;) D‘Q/C = 5‘2/((:“/@.
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For this operator P, oyc(P) is the lowest degree term of the Taylor expan-
sion of o(P) along VC:

a(P)(z,0) = Y aal(z¢"){",
lo|>m
oyc(P)(z, (", 2") = Z aa(z, ¢

|al=m

Let U be an open subset of T{jcf/c. Then, for a 2-microdifferential operator
P € &2c(U), P is invertible on U if and only if oyc(P) # 0 on U.

Let M be a coherent Ex-module defined in a neighborhood of a point
of V. One says that M is partially elliptic along V if:

Chic(M)NTHV = 0.

Here the subset Ch%/(c(./\/l) of T{;@VC is the microcharacteristic variety of
M along VC. Next let P be a microdifferential operator defined in a neigh-
borhood of a point of V', which is partially elliptic along V. Since this
operator P induces an isomorphism P: C‘Q, = C‘Z/, any microfunction (or
any 2-hyperfunction) solution of the equation Pu = 0 always belongs to
A2

Refer to Laurent [13] and Bony-Schapira [1] for more details.

Let M be an arbitrary coherent Dx-module, and we denote by char(M)
the characteristic variety of M. Assume d 4 1 = n, that is to say, a regular
involutive submanifold V is defined by & = --- = §,-1 = 0. In this case,
the author has obtained an estimate of the support of solution complexes
with coefficients in C3.

THEOREM 2.2. Let qo = (o, v/ —1dxp,/—1n) - dx’) be a point of
TVV. Then we have

RHompy (M,CE),, =0
if there exists a positive constant 6 such that
{2, (€ + V=Ten) - de! & (6 + V=T d2g) € T7X;

|z — x| + |0 —ni] < 6, |Imz,|+ €] < 55} N char(M) =0
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for any € with 0 < e < 6.

In the proof of Theorem 2.2, we have made use of our construction of CN‘Q/
and the method of micro-support due to Kashiwara-Schapira [9, 10]. Refer
to [2] for the proof of Theorem 2.2.

2.2. Transversally elliptic operators
We review in this subsection some results on transversally elliptic oper-
ators. Let X' C V be the following Lagrangian submanifold of Ty, X:

EZ{($7\/—_1§'d$)GTE\ZX;&=”'=€d=$d+1:”'=$n=0}.

Let P be a differential operator with analytic coefficients defined on M.
Let po = (%0, vV—1& - dx) be a point of X' with o(P)(p,) = 0, where o(P)
denotes the principal symbol of P.

THEOREM 2.3 (Grigis-Schapira-Sjostrand [4]). Let I'y be the bicharac-
teristic leaf of V passing through p,. We suppose that for some positive
integer |

(2.5) o (P)(z, vV=1€/[€])] ~ (|2"| + |€']/I€])’

in a neighborhood W of po such that Iy N W is connected. If u is a distri-
bution defined on M, such that Iy N WF,(Pu) = 0, then either Ty "W C
WF,(u) or

ToNW N WF,(u) = 0.

The operator which satisfies (2.5) is called transversally elliptic in a
neighborhood of p,. Refer also to Sjostrand [17, 18].

On the other hand, we consider a case where d + 1 = n, that is, V' and
Y are defined respectively by {1 = - =&, 1 =0and § = - =§,1 =
xn, = 0. In this case the author has proved in [2] unique solvability in C~‘2/
for some class of partial differential operators by using Theorem 2.2.

THEOREM 2.4. One sets M = Dx/DxP. We suppose that for some
positive integers k and |

o (P)(x, V=1€/[€])] ~ (lal” + [€|/1€])'
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in a neighborhood of p,. Then for any qo € fr;l(po), one has

RHomp, (M,CE),, = 0.

In the situation of Theorem 2.4, we can get the following isomorphism
in a neighborhood of p, € ¥ in V by the fundamental exact sequence (2.4):

RHomp, (M, A3) —= RHomp, (M,Cur|v).

This shows that the structure of solutions of Pu = f in Cp|y has been
reduced to that in A%/. Hence, any microfunction solution of Pu = 0 always
belongs to A%/. Since any section of A%/ has the property of the uniqueness
of analytic continuation along the bicharacteristic leaves of V', we find that
Theorem 2.4 implies Theorem 2.3.

Note that the principal symbol of P in Theorem 2.4 is written:

in a neighborhood of z, € M. Here a,(z,&) are real analytic functions and
homogeneous in £ of degree m — ||, a = (¢, ) = (a1, ..., ) € N, and
la] = a1 4+ -+ ap.

2.3. L? estimates and existence theorems for the 0 operator

Let €2 be an open set in C™ and ¢ a real-valued continuous function in
Q. Recall the L?(Q, ¢) space of Hérmander, that is, f € L?(£2,¢) if and
only if

2 . 2 —
1912 = [ IfPe s av <.
Here the symbol dV is the standard Euclidean volume form on C™:
dV =dV(z) = (dzy ANdyr) A -+ A (dzy, A dyy,).

This is a subspace of the space L?((2,loc) of functions in Q which are locally
square integrable with respect to the Lebesgue measure, and it is clear that
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every function in L?(€,loc) belongs to L?(Q2, ¢) for some ¢. By L?p,q)(Q7 ®)

we denote the space of forms of type (p, q) with coefficients in L?(£2, ¢),

F= 3" S frgddt naz,

=p |JI=q

where 3 means that the summation is performed only over strictly in-
creasing multi-indices. We set

I = Z,\fu
T

2

I

and
/
112 = / eeav = S 2.
1,J

Note that L%(€, ¢) is a Hilbert space with this norm. Similarly one defines
the space L%p q)(Q, loc).
The following theorem is of fundamental importance.

THEOREM 2.5 (Hormander [5]). Let Q2 be a pseudoconvex open set in

C™ and ¢ any plurisubharmonic function in Q. For every g € L%p q+1)(Q’ ®)
with 0g = 0 there is a solution u € L%p q)(Q,loc) of the equation Ou = g

such that

/|u|26_‘p(1+|z|2)_2dvg/ lg|?e™% aV.
Q Q

3. Solvability in the Sheaf of Microfunctions with Holomorphic
Parameters

In this section, we give the theorem of solvability of some class of differ-
ential equations in the sheaf of 2-analytic functions, that is, microfunctions
with holomorphic parameters. In Theorems 2.3 and 2.4, we have seen the
propagation of analytic singularities for each operator along the bicharac-
teristic leaves of the regular involutive submanifold. However, they are not
sufficient to get results of solvability for these operators.
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Assume d 4+ 1 = n in the notation of the previous subsections. We shall
use the following notation. Let M be an open subset of R” with coordinates

x = (x1,...,25), X a complex neighborhood of M in C™ with coordinates
z=1(z1,...,2n), and Y = {z € Xz, = 0}. The letter N denotes the set
of non-negative integers. We write |a| = a1 + -+ + an, a!l = a1!...apl,

Dy = D" ...Dgn, and Dj = Dy, = 0/0x; for a = (a1, ...,a5) € N Let
V and X be the following regular involutive and Lagrangian submanifolds
of Ty, X respectively:

Vz{(x,\/—_lg.d:c)eT’;&X;gl:...:&ﬂ:O},
2= {(e VIt dn) € T X6 = = Eur =2, = 0},

where T3, X = T, X \ M. So, we put « = (2/,x,) with 2’ = (21,...,2,_1),
Z = (zlazn) with 2/ = (217"'7277,—1)7 f = (5/7571) with 6/ = (517"‘7571—1)7

and o = (/, o) with o/ = (v, ..., p-1).
Let p, be any point of X, and let p, = (zo, vV—1& - dx), x5 = (2,0) =
(o1, 3 Topn—1,0), & = (0,&.n). In connection with the transversally

elliptic operator in Subsection 2.2, we consider the following differential
operator of order m with analytic coefficients defined on M:

(3.1) P(2, Dy, 2 Da,) = > () DY (2n Dy, )"

laj<m

Assume P is the restriction to M of a holomorphic differential operator of
order m defined on X:

P(zaDz’vanzn) = Z aa(z)D?’/(anZn)an'

|laj<m

Note that

o(P)(2¢) = Y aa(2)C' ()",

laf=m

UVC(P)(Za Cns Z/*) = @(o,...,0,m) (Z)(ann)m

provided a(q,....0,m) (xo) # 0. Hence, one cannot apply Bony-Schapira’s the-
ory to this operator, since P is not partially elliptic along V. See Subsec-
tion 2.1 and Bony-Schapira [1].
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Now recall that A} = Cy |y = H'(un(Ox))|v and that

(32) A%/’po = Hé(OX)mo
~ limO (D}~ x U,)/O(D}).
r>0

Here we have set the closed subset Z C X, the open polydisc Df C CF and
the open subset U, C C respectively by:

Z ={z € X;Im(& nzn) <0},
fo:{zECk;|zj—scoyj| <r,j=1,...,k},
Ur ={zn € C;|zy| < 7, Im(& n2) > 0}

for k <n and r > 0. Then any germ f(z) € A%, is obtained as boundary
value of a holomorphic function:

(3-3) f(@) = bpn-1,, (F(2)),

where F(z2) € O(D* 1 x U,.) for some r > 0.
Recall, moreover, the sheaf Cg  of microfunctions on Y defined by:

ng = H'(uy(Ox)). The stalk of C&\X at po € X' is also written:

(34) Cg‘Xﬂ?o = ]i)nHér (OX)-TO
r>0

~ lmO(D; " % V;)/O(D}).

r>0

Here we have set the closed subset Z, C X and the open subset V, C C
respectively by:

Zy ={z € X;Im(& n2n) < —7|Re(&onzn)l},

Ve, = {Zn e C; |Zn’ <, Im(fO,nzn) > _T’ Re(&),nzn”}'

Also any germ f(x) € Cg »po 18 Obtained as boundary value of a holomor-
phic function:

f(x) = ng—1er(F(z)),

where F(z) € O(D*1 x V) for some r > 0.
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It is clear by the definitions that there exists the exact sequence on X
concerning these sheaves:

00— C%X‘Z — Ap s
Now one makes the hypothesis:
(3.5) a,....0,m)(Zs) # 0.
We can prove the following theorem of the kernel of P: A3, — A%
THEOREM 3.1.  Assume (3.5) for the differential operator (3.1). Then:

Ker (A, & AL )ps C C%%X?po .

PROOF. We can suppose from the beginning that x, =0, & = (0, ...,
0,1). The 2-analytic function u € Ker(A% - A%, is written as boundary

value of a holomorphic function:

u(r) = ng}*l U, (U(2)),

where U(z) € O(D?! x U,) for some small r > 0. Then one has by the
assumption

P(z, Dy, 2n Dy, )u(z) = bpn-1,; (P(2, Dy, 20Dz, )U(2)) =0

in the space A%, ,po- Therefore the holomorphic function

(3.6) F(z):=P(2,D,2,D,,)U(z)
can be also an element of O(D}) for a sufficiently small r; > 0 by the
isomorphisms in (3.2). We can assume that a(,_. om)(2) = 1 from the
hypothesis (3.5) in advance.

One introduces the new local coordinates (z',w) = (z1, ..., 2p—1,w) with

1 3
w = log z,, —57 < arg z, < 3™
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By this local coordinate system, our differential equation (3.6) is turned
into:

P2, €Y, Dy, Dy,)U(Z e") = F(7,e")

on the unbounded domain {(2’,w); 2’ € D! Rew < logry,0 < Imw < 7},
where the operator P is written as:

P(Z,¢",Dy,Dy) = Y aa(, ") DY DY,

la[<m

Consider the Cauchy problem:

(3.7) {P(Z/’ e, Dy, Dy)V (' w) = F(2/,e"),

D&V:D%,U when w =w,, 0 < j<m
for any fixed w, € C with Rew, < logr; — 1, 0 < Imw, < 7. Set:

Quo,r = {(z,0) € T 21| + - + [zn1| + [w — wo| < 7},
Qwo,L,T = {(Z/,’LU> € (Cn; ’21’ + -+ ‘Zn_ly + L”LU — wo] < T‘},
O ={ ¢ cn L |21 4+ -+ |zn—1] < r}.

Note that aq(2,e") € O(Qu,r), F(2,e”) € O(Qu.r ), and that
DU e, € O(€;,). By the Cauchy-Kowalewski theorem, there exists
a unique solution V' (2’,w) of the Cauchy problem (3.7) that is holomorphic
at (z/,w) = (0,w,). Moreover, this solution V(z’,w) is holomorphic on
Quo, L, where L is a constant with L > 1. Note that we can choose the
constant L independent of w,, because there exists a constant M such that

‘a&(zla ew)’ S M

for any w,, (2/,w) € Qwo’rﬂ7 and any . See Oshima-Komatsu [14] for the
detailed way to choose the constant L.
Then U(2',e") extends holomorphically to the domain

{(z',w) ceC" 7 ¢ fo;l,Rew <logri —1,-6 <Imw < 7T+6}

through the unique solution V' (2’, w) of the Cauchy problem (3.7), where r9
and ¢ are sufficiently small positive constants. By using the original system
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of local coordinates, the function U(z) is holomorphic on D! x V., for a
small r3 > 0. Hence one obtains

R
u(zx) = bD;L;leTS (U(z)) = bD;LSAXst (U(z)) € CY\Xapo
by the isomorphisms in (3.4). O

Now one makes the hypothesis:

(3.8) {a(m,o,...,O) (z0) # 0,
a(o,...,0,m) (-750) 75 0.

One can obtain the following theorem on the solvability for the operator
P: .A%/ — .A%/.

THEOREM 3.2. Assume (3.8) for the differential operator (3.1). We
assume, furthermore, a germ [ € A%,,po represented by (3.3) satisfies the

following growth condition. There exist positive constants p < 1, C such
that

(3.9) |F(2)| < C|Imz,|P, ze€ D' xU,.
Then we can find a solution u € .A%/,po of Pu=f.

REMARK 3.3. Assume the real analytic functions a, in (3.1) are con-
stants on M for any «, and the complex constants a, are not all equal
to 0. In this case, for any given f € .A%/,po there exists a solution u €
A2, of Pu = f. Indeed, we can suppose po = (0,v/—1dz,) and set
u="bpn-1,y; (U), f=0bpn-1,y (F) for some r > 0. It suffices to consider
the differential equation:

(3.10) P(Dz’7anzn)U(z) = F(Z)

on the complex domain D*~! x U,.. By using the system of local coordinates
(2/,w) in the proof of Theorem 3.1, (3.10) is reduced to the differential
equation:

(3.11) P(D,,D,)U(Z,e") = F(7,e")
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with constant coefficients on {(2/,w);2" € D71 Rew < logr,0 < Imw <
m}. Note that this unbounded domain is C convex (i.e. the intersection of
this open set and L is a connected and simply connected open subset of
L for every affine complex line L). Therefore the equation (3.11) can be
solved globally. Refer to Hormander [6] for the notion of C convexity and
global existence theorems for analytic differential equations with constant
coefficients.

REMARK 3.4. For similar microdifferential equations, we cannot prove
solvability by using the method of Section 4.

4. Proof of the Main Theorem

4.1. Integral representation of holomorphic functions

In order to show the existence of solutions in Theorem 3.2, we will make
the following steps. First, we turn holomorphic functions into the form of
integral representation which is easy to deal with by means of Fourier trans-
formation. Secondly, regarding the variable of integration as a parameter,
we solve the differential equation with the parameter. Then we get a real
solution by superposing a solution with respect to the parameter. At this
time, we have to find a infra-exponential solution with the parameter. For
that purpose, we construct an approximate solution with infra-exponential
growth order. Thirdly, we estimate the remainder by means of majorant
series in the Cauchy-Kowalewski theorem with the parameter.

Now we can suppose zo = 0, & = (0,...,0,1), and po = (0,/—1dzy,).
Set:

UX =P\ {2, € C;|z,| <7, Imz, <0}.

Note that the open set (D?~1 x U*®)u D" C C"~! x P! is a Stein manifold.
Therefore one can find functions F, € O(D?" ! x U®) and Fy € O(DP)
such that F = F, — Fy in D! x U, and Fy,(2',00) = 0 by the solvability
of the first Cousin problem. Then one obtains:

f(z) = bpﬁfler(F(Z)) = bDﬁfleT(FOO(Z))

by the isomorphisms in (3.2). In this way it is enough to consider Fy, €
O(D1 x UX) which satisfies Fi(2/,00) = 0 instead of F.
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Next, choose the system of local coordinates (2/,w) = (21,...,2p-1,w)
with

w=logz,, 0<argz,<m,

and set w = u + v/—1v. We choose a C*°-function ¥: R — R such that
0 <) <1forvelR, (v)=0forv < and P(v) =1 for v > 7 — bo,
where 6, > 0 is a small constant. Using this function, we define:

0
I
for 0 < v < 7. We can consider G(z’,w) as a C*°-function on D?~! x C by
setting G(2/,w) =0 for Imw € R\ (0, 7).

Gl 0) = (Pl )(0) = & FaolZ, e (0)

LEMMA 4.1. Let q be a positive constant with 0 < p < q < 1, and set
o(u) = —2qu. Then G(2',w) € L>(D' ! x C,p) by shrinking D*~', that
18, one has

/ ) |G, w)[Pe ™ aV (7, w) < co.
D} ' xC

PROOF. Because of the fact that F,, € O(D! ! x U®) and that
Foo(2',00) = 0, there exists a constant C; such that one has the inequality

|Foo(2)] < Chlza|™' for 2/ e DML |z, > 1.
Then we have the inequality:
(4.1) |Fro(2,e)| < Crem B for 2/ e D! Rew > 1.

On the other hand, by the condition (3.9) and the fact that F' = F, — Fp,
there exists Cy > 0 such that

(4.2) |Fao (2, €®)] < ColIme®| 7P < Cy(eR*¥sin 6,) P = Cye PReW

for 2/ € D! Rew < —1, 6 < Imw < 7 — &, where we set C3 =
Cy(sin 65)P. Therefore we obtain

(4.3) / G w)2e2 qV (<, w)
Dt xC

<’

/ (2, €®)2e=2) qV (<, w).
DU {weCibo <v<m—6o}
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Here we set C' = 1/4 maxs, <o<m—éo W/(U)‘Q-

(4.1) and (4.2),

We get by the inequalities in

C2e20-av if 4> 1
C2e2a—rlvif gy < —1.

(2, )20 < {

Therefore one can find that the integral in the right-hand side of (4.3) is
convergent. []

By Lemma 4.1, we can apply Theorem 2.5 due to Hormander [5]

to G(2,w)dw € L? (D" ! x C,¢), that is to say, there is a solution
(0,1)\Fr v

H(',w) € L*(D* ! x C,loc) of the equation OH = G dw such that

/ HPe? (14 |(,w)[2) 2 av < / G2 av.

DIk C D txC

In fact, H € L?>(D ! x C, ®), where ®(2', w) := p(u) +2log(1 + | (2, w)|?).
Set:

V={weC;0<Imw < 7},
Vi ={w € C;Imw > 0},
Vo ={we CImw < 7},

and
Fi (2 w) = Foo(#, €)(1 = 1 (v) + H(2', w),
F_(Z w) = Fo (7, ")y (v) — H(Z ,w).
We find immediately that F.. € O(D?~! x V) and that
Foo(,e") = Fy (2, w) + F_(¢,w) for (2, w)e D 'xV.
Indeed, one obtains on D"~ ! x Vi:

= 0

O(Fy) = —(Fs(1 —%))dw+ 0H = —G dw + 0H = 0,

I(F.) =

ow
ai(Foow)du‘)—éH:de—éHzo.
w
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We study values of the holomorphic functions Fy as |w| — oco. Let

Vis ={w e C;Imw > 6},
Vos={w e C;Imw < 7w — 6}

for 6 > 0, and set m, =r/2 > 0.

PROPOSITION 4.2.  For any small positive § there exists a positive con-
stant Cs such that one has

(4.4) |Fe (2 w)| < Cs |we™ |
Jor (2/,w) € D1 x Vi with |w| > 1.
ProoF. First, one has

F+|D?’1><V+§/2 € LQ(D:}_I X V+6/27(I>)a

Flppta, , € L2DI 5 Vg, @),

r

Indeed, we have the fact that H € L2(D?~! x Vg /2, ®) and the inequalities

/ |Foo(1 — )2 ®dV
Dy % Vs

<

/ |Foo|?e™%dV < oo,
DIt {weCé/2<v<n—60}

/ Foip2e® dV
D;’}71 ><V_§/2

<

/ |Fyo|?e % dV < oo
Dr U {weCbo<v<m—§/2}
in the same way as in the proof of Lemma 4.1.
Choose any point (2}, w,) € D;‘l_l x Vis. Since F. is holomorphic on
D1 x Vi, we have

1

Fi(2l,we) = / Fy(Z,w)dV (¢, w),
(20 00) = B 000:872) Vs £V (E )
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where we set the open ball:
B((26,wo),6/2) = {(2',w) € C™ (', w) — (25, wo)| < 8/2}.
Note that B((2},ws),6/2) C D' x Vys/5. Then we have the inequalities:

| Fae (25, wo)
1 / —3/2, 8/
< File e’ dVv
vol(B((26,ws),6/2)) J B((w0),6/2) =

1 1/2
< Fil2e®dv
~ vol(B((2},ws),6/2)) </B((zé,,wo),5/2) - )

1/2
X ( / e® dV)
B((z6,w0),6/2)

®/2

1

< n
= vol(B((2, w,),6/2))/2 HFHDT "X Vis /o Sup €

® B((24,ws),6/2)

From these inequalities and the fact that e®/2 = e=%%(1 +|(2/,w)|?), we can
get the required inequality (4.4). OJ

Now, we define the following holomorphic functions on D?~! x V,:

!

+(Z/7 w) = equ+(z’, UI),

F (7 w)=e WF_( mi—w).

COROLLARY 4.3. For any small positive 6 there exists a positive con-
stant Cs such that one has

(4.5) ’Fi(z/,w)’ < Cs ‘wz}
Jor (z/,w) € DIt x Vi with |w| > 1.

This corollary shows that the holomorphic function Fy is slowly increas-
ing with respect to w. Therefore, the boundary value

ng—lx‘q (Fi(2/7 w))
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represents a slowly increasing Fourier hyperfunction with respect to the
variable w. Refer to Kaneko [7] for the notion of Fourier hyperfunctions.
We introduce the Fourier transformation of bpn-1 (F1) with respect to

w in the following way. First we decompose Fy by using

ew
ale) =1

1
xa(w) = 5 e

into the form of:

Fi (2 w) = x1(w)Fe (2, w) + xa(w) Fe (2, w).

Then we define

(4.6) Gij(Z,¢) = / e_iwcxj(w)Fi(z',w) du

Im w=v

for an arbitrary fixed v with 0 < v <7 and j=1,2. Set ( =&+ +/—1n and
define the open subsets:

W={CeC;—1<Im¢<1}\[0,+00),
Wi={CeC0<Im¢ <1},
W_={¢(eC;—1<Im( < 0}.

LEMMA 4.4. In the preceding situation, the integral transform (4.6) is
independent of the choice of Imw = v in the path of integration as long as
0 <v < mw. We have, moreover,

Gy € O(Dﬁl_l X W_),
G4g € O(Dfl_l X W+).

PrOOF. One considers the case of G41. It is all the same to another
case. Choose any positive constants ¢i, ¢o and c3 with —1 < —cy < —c3 < 0.
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Let (2/,¢) be any point of D! x W_ with [¢] < 1, =1 < —ca <n < —¢3 <
0. Then one has

ey (w) Fu (2, w))
< eWMTUeU ] 4 e¥(cos v + isinw)| 7! ’Fi(z’, u+ w)’

e—cgu+61v| sinv\_l ’Fi(zl,u + ZU)’ if u > 0

6(1—02)u+clv(1 _ ’COS U|)_1 ‘Fi(zl, u 4+ w)‘ if u <0.

On the other hand, there exists a positive constant C, depending on the
path of integration Imw = v such that |Fi (2, u + iv)| < Cylul? for |u| > 1
by Corollary 4.3. Therefore the integral in (4.6) converges uniformly on
every compact subset of D"~ x W_. Thus one has G4, € O(D! x W_).

It is easy to verify the independence of the integral transform from the
choice of v in the path of integration by virtue of Cauchy’s integral theorem
and Corollary 4.3.

From this lemma, we can introduce the Fourier transformation:
Foppty, (Fr) = bppay (Gi1) + bty (Ga),

]:bD,(L71><V+ <F_> = bD;LleW_ (G—l) + bD;?leWJ,_ (G—Q).

Using the holomorphic functions G+, one defines

Gi2(2/,¢)  on DP~tx W,

G:t(z 7C) = {_G:tl(Z/aC) on D;Ll—l < W_.

Note that the function Fy is holomorphic not only on D=1 x V but also
on D! x V,, and that Fy satisfies the growth condition (4.5) in Corol-
lary 4.3. In this special situation we can claim the following proposition on
the holomorphic function G4.

PROPOSITION 4.5.  The holomorphic function Gi(2',{) can be ex-
tended to a function in O(DI~1 x W).

PrOOF. We make use of the following function:

Hio(2,¢)  on DIl x Wy

Hy(2, ) =
+(2.0) {—Hﬂ(z’,g) on DL x W,
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where one sets

Hy;(#,¢) = / e_iwcxj(w)Fi(z’, w)(w + i)_4 du

Im w=v

for an arbitrary fixed v with 0 < v < m. We find immediately that

Hiq € O(D;};l X W,),
Hyo € O(DP! x W4 )

and that Hy; are independent of the choice of v as long as 0 < v < m,
similarly as in Lemma 4.4. Note that there is the relation between G+ and
Hy on DIt x (WeUWC):

(4.7) (D¢ + 1) Hy(2,¢) = G(#,¢).

The holomorphic functions H4 ; have finite boundary values at any point
of D?l_l x R:

Hyq(2,6) = W_liafélﬂg Hi(2,Q)

B / e " x1(w) Fe (2, w)(w + i)~ du,
Imw=v
I ’ BT H /
+2(2',€) i +2(2',¢)

_ / e~ o (w) Fi (2, w) (w + 1)~ du.
Imw=v

For each fixed { € R, Hy;(#,€) is holomorphic on DZ?;I. Furthermore,
the functions —Hy; and Hio have the same boundary values at (2/,§) €
Dt x R with € < 0. We have indeed on D! x R

(4.8)  Hil(#,6) + Hia(#, ) = / ey (o w)(w + 8)~ du

Im w=v

= 6“5/ e MR (2 w)(w + 1) " du.
Imw=v

Since the function Fi(z',w)(w + i)~* in (4.8) is holomorphic not only on
D=1 x V but also on D?~! x V., we can choose an arbitrary v in the path
of integration as long as v > 0. By using the estimation in Corollary 4.3,
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there exists a positive constant C' such that we have the inequalities for
v > 1t

e’ / e MR (2 w)(w + i) "t du
Im w=v

o0
< 6”5/ ‘Fi(z/,u+iv)(u+iv~l—i)_4‘ du

o
Sevg/ Clu + iv|*|u + v + |~ du
— 00
[e%s} 2 2
§C6”§/ %du
oo (U2 +v2)

> 1
< Ce”g/ du.
- oo 1+ u?

Therefore one obtains
Hii(2,8) + Hio(2',€) =0 for £<0,

since v is arbitrary as long as v > 0 in the preceding inequalities. Thus
the function Hy is holomorphic on D! x (W, U W_) and extended to a
continuous function on D’ﬁl_l x W. Then we find that H4 is holomorphic on
Dfl_l x W. We find, furthermore, that G4 can be extended to a holomorphic
function on the domain D}"~! x W through the relation (4.7). O

Now we consider values of the holomorphic function G4 as Re { — +o0.
We can show that G+ possesses infra-exponential growth order as Re { — oo
and decreases exponentially as Re( — —oo.

PROPOSITION 4.6. For any compact subset K of (—1,0) U (0,1) and
any positive € there exists a positive constant Ck . such that one has

(4.9) |GL(?, Q)| < CxefRe¢

for 2/ € D', Re( >0, Im( € K.

Proor. It is enough to prove this proposition for 0 < € < w. Choose
the path of integration Imw = ¢ in (4.6), and let 71, 73 be positive constants
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satisfying 0 < m < |n| <m2 < 1 for any n € K. Then one has:

e~ Wo vy (w)Fy (2, w)’ du

|G1(2',€)| S/

Imw=e¢

00
_ / punet
—00

Let u, be a sufficiently large constant. We decompose this integral into

x1(u 4+ ie)Fy (2, u + zs)‘ du.

integrals over intervals (—o0o, —uo|, [—Uo, U] and [u, 00). By Corollary 4.3
the first part is as follows:

—Uo ~
(4.10) / eUTTEC U1 + e¥(cos e 4 isine)| L [Fiu(2,u + ie)| du

—0o0

e
< eag/ e=m)u(1 — | cose|) 1 Celul? du,
—00

where C; is a positive constant depending on . The second estimation is
as follows:

Uo
(4.11) / euntes

—Uo

x1(u +ie)Fy (2 u + za)‘ du

< Qugetotet max _
|u|§uo,z’€fo1

x1(u 4+ ie) Fy (2, u + 15)‘ .
Also the third estimation is as follows:
o0
(4.12) / eUTTEE U |1 + e%(cose + ising)| ™! ‘Fi(z’, u+ zs)) du
Uo -
< 655/ e MY sine| " CL|ul? du.
Uo

Then by summing up the right-hand sides of (4.10), (4.11) and (4.12), we
can get the required inequality (4.9) for Im{ < 0. It is all the same for
Im¢ > 0.0

PROPOSITION 4.7. For any compact subset K of (—1,1) and any pos-
itive € there exists a positive constant C}(ﬁ such that one has

IG1 (2, Q)| < Cf eI ReC



Solvability of a Class of Differential Equations 441
for 2 € DI Re¢ < —1,Im(¢ € K.

Proor. We use the function Hi in the proof of Proposition 4.5. It
is enough to show this proposition for 0 < ¢ < w. Choose the path of
integration Imw = 7 — ¢ in the definition of H4;. Then one has:

Xl(w)Fi(z',w)(w+i)‘4‘ du

|Hia (2, Q)] < / e e

Imw=mr—e¢

o0
= / e (mE)Eeu ] 4 e¥(— cose 4 isine)| 7!
—00

w |Fe(e uti(m —e))(u+i(m—e+ 1))—4( du.

In exactly the same way as in the proof of Proposition 4.6, we decompose
this integral into integrals over intervals (—o0, —uo], [—uo,us] and [ue, 00)
for a sufficiently large constant u,. The integral over (—oo, —uo] is less than
or equal to:

(4.13) e<H>f/ "(1 = [ cosel) " Culul 2 du,

where C. is a positive constant depending on . The integrals over [—u., uo)
and [uo,00) are not greater than

(4.14) QuoeteT(me)e max x1(w)Fe (2, w)(w + i)™
lu|<uo,v=m—¢, Z’GDI.LI_I
and
o
(4.15) e(”_g)g/ |sine| ' CL|u| ™2 du
Uo

respectively. Then by summing up (4.13), (4.14), (4.15), and estimating
H_,5 in like manner, one has the following estimate. There exists a positive
constant C’ such that we have

(4.16) |Hy(2',¢)] < Cle(m=e)Re¢

for 2/ € D1, Re( <0, =1 <Im(¢ < 1.
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Let p be a positive constant which satisfies |n| +4p < 1 for all n € K.
Choose any point (z}, () with 2, € D~ Re(, < —1, Im(, € K, and let
(o =& + vV —1no. Then we have by Cauchy’s inequalities:

(D + DG < (07 +1) s [H2(0.0)1

Hence we have by the relation (4.7) and the inequality (4.16):

G (25, Co)| = [(De + 1) He (24, G|

_ 4
<(p7'+1) sup [Hi(2,0)
[—Co|<4p

_ 4
S (p 1 + 1) sup |H:|:(Z,7C)‘
Z'eDP Y, [E—E€o|<dp, In|<1

< (p—l + 1)4 026(71’—5)(504-4/))'
Thus we set C . = (p~t+ 1)ACLet(m2) > 0. O

We have constructed the holomorphic function G4 from Fy by using
the Fourier transformation with the estimation of Propositions 4.6 and 4.7.
Now we shall restore G+ to the original holomorphic function Fi by using
Fourier’s inversion formula.

Set the infinite path

(t—1)+i/2, t>1
¢ =) = 1/2e07Am 0 1<t <]
—(t+1)—i/2, t< 1.

Figure 1 shows the infinite path ~.

PROPOSITION 4.8. For (2/,w) € D=t x V, one has

Fuldw) = oo [ @GO
Y



// ‘
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Then:
T (TG (2 €+ i) ) (u)
= e F (Fu (0t ) e (2w + i) (6)) ()
= xj(w)Fe (', w).

Here F,, denotes the Fourier transformation, and }'g ! the inverse transfor-
mation. Therefore for any point (', w) € D! x Vit follows that:
- 1 .
@ e = o [ e g
27 Jtm¢=n,

Note that the integral in (4.17) converges. Indeed, when we choose
positive constants €1, €5 with 0 < &1 < Imw, 0 < g9 < m —Im w, there exist
positive constants Cg,, C’éz such that

6iw(£+iﬁj)Gij(zl,€ + ZT]J)

e~ (Wt o ef18 = O emuni—(v=e)é if Re¢ >0
e~ +) 1 e(m=e2)€ = Cf eunit(T—v=e2)¢ if Re( < —1

by the estimates of Propositions 4.6 and 4.7.
Therefore by (4.17):

Fi(Zw) = x1(w)Fe (2, w) + xo(w)Fe(2',w)
1 - 1 ;
— o [ e de g [ a0

27 Jtm ¢=m 27 St ¢=
We can deform the path of integration into «, since the integration as Re { —
—oo can be neglected by the exponential decay of the integrand that we
have proved in Proposition 4.7. Then we can get the required integral
representation of the holomorphic function Fy. [J

By Proposition 4.8 and the definition of F4, it follows that

1 .
EL( ) = o [ @GO de
Y

1

—quw I s - w( !
e F_(Z,mi— w) 27r/76 G_(2',¢)dc,
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that is,
1 (i—q)w
Fi( = or /. e G(2,¢) d¢,
1 (z{—i—q (mi—w) /
F( = o ). G_(2,¢)d¢

for (2/,w) € DI~ x V. Then we reach a conclusion of the following repre-
sentation through the variable z, in the first situation.

COROLLARY 4.9. One has Fo(2) = Fi(2/,1og z,,) + F_ (2, log z,,) with

Fulelogza) = 5 [ ()96, de
(4.18) | !
=/ )

F_(¢,logz,) = e(CHDT (2 VTG (2, ¢) dC

for 2 € DI, 0 < arg z, < .

4.2. Solutions of infra-exponential type
In this subsection, regarding the variable of integration as a parameter,
we construct an approximate solution with infra-exponential growth order.
We may assume from the beginning that the holomorphic differential
operator P(z, D/, z, D, ) satisfies

AUm.0,...,0)(2) # 0,
(4.19) {a .

on the open polydisc D}' by the hypothesis (3.8).
By Corollary 4.9, our differential equation is turned into:

Puy(2) = bpp 1, (Fy(/ 10g 20))
Pu_(z) = bD;}l_l XUy, (F_(2,log zp))

at po = (0,v/—1dx,) € X with the integral representation (4.18). It suffices
to consider the differential equation on the complex domain DZ};I x Uy,

P(2,D,, 2, D, Uy (2) = Fr(2',log 2,).
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Of course it is enough to show the existence of a holomorphic solution U4 (z)
on a smaller domain Df,*l x Uy for 0 < v’ < ryq.

Now in order to study the existence of U4 (z), we consider the differential
equations with a parameter ¢ on D,’}fl X Up,:
(4'20) P(Zv D, ZnDZn)U+(Zv C) = (Zn)igqu+ (Zlv C)»
(4.21) P(2,D., 2, D, Y U_(2,¢) = e=SHD™ (2 )76~ 9G_ (2, ().

Here the parameter ( ranges through the path . Note that these equations
are equivalent to:

(4.22) P(z,D.,2,D., +i¢ — q)U+(z,¢) = G+ (2, ),
where we set

Jr(z’ C) = (Zn)7i<+qU+(Zv C)v
(2,¢) = T (2,) U _(2,(),

LEMMA 4.10. For any ¢ € C the differential operator P(z, D, z, D, +
i¢ — q) is written as:

(4.23) P(2,D.r,2,Dz, +iC — q) = Y _(£C) Pj(z, D2),
7=0

where the P;’s are holomorphic differential operators of order m — j defined
on D}

Pi(z,D:) = Y al(2)Dg.

laf<m—j

PROOF. It is easy to verify that

P(z,D,,z,D,, £i( —q) = Z a0 (2) DS (znD., +i¢ — q)*"

la<m

=Y Y @ieeDs,

|a|<m 0<j<m—]al
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where af,(z) € O(D"). Thus we get the required equation (4.23). O

From the condition (4.19) it follows that
m—1
P(2,D., 2, Dz, £iC — q) = (£0)™ + Y (£() P;(z, D).
7=0
One has a solution

Us2) = o [ UsQ)dc
v

if we can find a solution Uy (z,() and this integral is convergent. Then it
suffices to show the existence of a solution U (z,() of infra-exponential type
with respect to ¢ on the path v, so we study the differential equation (4.22)
with the parameter (.

By the differential equation (4.22) one has formally:

k
o] m—1
Us(2,¢) = ()Y | = Y (£ Pi(2,D.) | G=(Z,0),
k=0 7=0

but in general this inﬁnitg sum is divergent. So we introduce another mod-
ified function instead of Uy. Let A be a sufficiently large constant. We set
Wo =W and Wi, = {( € W;Re( > Ak} for k € N\ {0}. Then we define:

(4.24) Ui1(2,Q)

k
o] m—1
S xw (O | = D (EO)TTPi(2, D) | Ga(2,¢)
k=0 7=0

for (z,¢) € D} x W, where xy, is the characteristic function of W:

1 ifCEWk

XWk(C):{O lfCQWk

We find immediately that the function Uy is well-defined, since the sum in
(4.24) is locally finite on D} x W. The function Uy;(z,() is holomorphic
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in Dy for each fixed ¢ € W. We can claim that U, is the function of
infra-exponential type as Re( — oo. Set ro = r1/2.

ProprosITION 4.11.  For any positive € there exists a positive constant
M. such that one has

(4.25) |U11(2,¢)| < MoefRe¢
for z € D}, and ¢ on the path .
PROOF. First choose a positive constant M such that
}aﬂ ‘<M for j, o ze€D.

Let ¢ be any point on the path v with Re¢ > 1, and p = r;/(8k) > 0 for
k € N\ {0}. Then we have by Cauchy’s inequalities:

m—1

max —Z (£¢)"™Pj(2,D.)G+(#,C)
zeD7y, —0
J
< > lPTM max [DEGL(Z, Q)]
. . zeD
0<j<m—1, |a|<m—j T2
<mM Y [¢7medleb alpTil max |GL(Z, Q)
zeD}
‘a‘gm r2+p
Similarly, we have for £ € N\ {0}:
m—1 k
P xwi (€) (£CY " Pi(2,D.) | Gx(2,¢)

k
< xw (Q) [ md > j¢|mmatlel glp, lol (8l

laj<m

< | mM Z A~ max{lel 1} g1y ~lel(gg)lel max |G(2, Q)|

laj<m
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k
<A mM Y alr I8N ) sup G2, Q).

la]<m ZeDr

At the definition of Uy we take a sufficiently large constant A so that
we have:

k
B = ZA_k mM Z alry~lelglal < 00.
|a|<m
Then we get the following inequalities:
[ee] m—1 K
U1 (2, Q1 < X7 D ewi () | = D (£ Pi(2,D2) | G(2,¢)
k=0 Jj=0
<B; sup [Gx(,0)|
2eDr 1

for z € Dy, and ¢ on the path v with Re{ > 1. From these inequalities and
Proposition 4.6, we obtain the required inequality (4.25). [J

Needless to say, the function Uy, is not a solution of (4.22), but it gives
sufficient approximation of solutions of (4.22) in the following sense. By its
construction, we have:

P(z,Dy,2z,D,, £i¢ — q)U+1(z,()

— @om + S0P . | Unn(2.0)
=0

k

[e%e) m—1
= xwi(O) [ = D (£)TPi(2,D.) | Gx(2.Q)
k= 7=0
[e'e) m—1 kt1
=D x| =D (TP, D) | G(2,Q)
k=0 7=0
k
[e'e) m—1
D xw o (O [ =D ()T Pi(2,D.) | G1(2,0).
k=1 7=0
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Setting:

(4.26) G+o(z,Q)
k

(O | = Y E)TR D) | G0,

3
L

o

=
Il

1

<
Il
o

one has the equation on D}’ x W:
(4.27) P(z,D,, 20D, £i¢ — qQ)Ux1(z,¢) = G (7', () — Go(2, ).

Here the error G+o(z, ¢) is also a holomorphic function in D} for each fixed
¢ € W, since the sum in (4.26) is locally finite on D}’ x W. Then one can
claim that G is exponentially decreasing as Re { — o0.

PROPOSITION 4.12. There exist positive constants 61 and My such that
one has

(4.28) |G:|:0(Z, C)| < ]\416_(51 Re¢
for z € Dy, and ¢ on the path -y.

PrOOF. In exactly the same way as in the proof of Proposition 4.11,
we estimate G1o(z,(). Similarly, we define a positive constant M. Let ¢
be any point on the path v with Re¢ > A, and p = r1/(8(k — 1)) > 0 for
k € N\ {0,1}. Then we have for k € N\ {0,1}:

k
m—1
ma X 2w (€) (£ ™"Pj(z, D) | Gx(#,¢)
z ]:O
k
< xwyw, (Q) | mM > ¢ metleb oty Tl gk — 1))l
|a|<m
x max |G(, Q)
zeDrsz
k
< xwy o (AT [ md D alry o8l sup G+(2, Q)]
la|<m Z’EDfl_
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Hence we also obtain the following estimates:

(4.29)  [Gzxo(2, Q)]

[e¢) m—1 b
<D xwis (¢ (£C) T Pi(2,D.) | Gx(2',¢)
k=2 7=0
< 6—261 Re{€261 Re( sup ‘Gi(zl, C)|
z’eD?l_l
k
0
X ZXWk,l\Wk(C)Aik mM Z a!rlf‘a‘8‘°‘|
k=2 al<m
<e PR qup [Gi(Z, Q)
z’EDlLfl

(0.]
X Ze%lAkA_k mM Z alry~lelglel

la|<m

for any positive 8.
We have set the constant A so that

A 'mM Z alry~lelglel < 1

la|<m

in the proof of Proposition 4.11. So we choose a sufficiently small 6; > 0 so
that the following geometric series converges:

(430) By = 26261AkA—k: mM Z Oé!’r‘l_la|8|a| < c0.

la|<m

On the other hand, by Proposition 4.6 there exists a positive constant Cs,
such that one has

(4.31) |G(2,¢)| < Cs, e B¢ for 2 e Dt
By (4.29), (4.30), and (4.31), we obtain the inequality
|Go(2. Q)| < BaCyy e 1te¢

for z € D)}, and ¢ on the path v with Re{ > A. Then setting a constant
M, such that M; > ByCs,, we obtain the required inequality (4.28). [J
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4.3. The Cauchy-Kowalewski theorem with a parameter

In this subsection, we estimate the remainder by means of majorant
series in the Cauchy-Kowalewski theorem with a parameter.

In Subsection 4.2, we have considered the differential equation (4.22)
with the parameter (, and constructed the approximate solution Uy; of
infra-exponential type with respect to (. Now we show the existence of
exponentially decreasing solutions of the differential equation

P(Z,_DZ/,Zn_DZn + 7’C - q)U:I:O(Zvc) = G:tO(ZvC)

by using the classical Cauchy-Kowalewski theorem with a parameter. One
sets:

Uy = Uso + Ugy.

At that time we find immediately that U is a solution of infra-exponential
type of (4.22) by the results in the preceding subsection.
First of all set:

Q- ={2€C 21| + |22+ + |2n] <71},
Qr, ={2€C" Liz1| + |22| + - + |2z0| <71}

for r > 0, L > 1. Note that the differential operator

m

P(2,D.1, 24D, +iC — q) = > (£()'P;(2, D)

7=0
= > Y (#2)27a)(2)D?

la<m 0<j<m—|af

is defined on Q, and Gi(z,{) € O(Q,,) for each fixed ( € W. Here we
have set r; = r/2, ro = r1/2 in the previous subsections. Note, moreover,
that the principal symbol of P(z, D,/ 2, D, +i( — q) does not depend on
the parameter (.

By the condition (4.19), we may assume from the beginning that

a((]m,O,...,O)(Z) = Q(m,,..0)(2) = 1.
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Consider the Cauchy problem:

(4.32) { (Z7 z" Z n ZC Q)UZIZO G:I:O

DglUio =0 when 21 =0, 5 <m.

ProOPOSITION 4.13. There exists L > 1 such that the Cauchy prob-
lem (4.32) has a unique solution Urg € O(Qr,r,) for any ¢ on the path ~.
Moreover, there exist r3 > 0, My > 0, 62 > 0 such that for any z € Qp, .,
any ¢, we have

Uso(2,¢)| < Moe™®ReC.

PRrROOF. We make use of majorant series in the same way as in Oshima-
Komatsu [14]. We consider power series of z for each fixed ¢ on the path ~,
where |¢| > 1/2.

To begin with, the Cauchy problem (4.32) has a unique power series
solution at z = 0. It is easy to verify this fact: if

Uto = Z u+a(C)z” = Z uta(Q)z1 . 2"

aeNr a=(a1,...,an)ENP

is a solution, we find that uy,(¢) = 0 for a; < m—1 by the Cauchy boundary
conditions in (4.32). And furthermore, we compare the both sides of the
differential equation in (4.32) for a; > m. We find easily that the coefficient
of 2{"7™25% ... 2% in the left-hand side is aj (a1 — 1) ... (g —m+1)us4 ()
and the remainder which depends only on wg(() with 8 = (B1,...,8n),
B1 < a; —1, |8 <|a|. Thus we can fix the coefficients uy,(¢) uniquely in
turn.

Next, we show that the power series solution U4g is holomorphic in €, ;.
for some L > 1 by the method of majorant series. We set

s=Lzi+2+-+2z

for L > 1, and construct a majorant series V (s, () of Uto(z,() as a power
series of z for each (.
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There exist positive constants My, M, 61 such that for any j and any

My
1—ry—1s’
M1€_61 Re(
1

277l (2) <

Gio(z,() < )

0(2,¢) < 4 — R
Indeed, the functions 2 7ak(z) = 3 5 aiy ﬁzﬁ are holpmorphic in D7, so we
can choose a positive constant My such that [277a}(z)| < My on D}, for
any j and any . Then by Cauchy’s inequalities, we have |a’, 5l < Mayr, 18l
and hence

My

2774l (2) < .
a(2) (l—rl_lzl)...(l—rl_lzn)

It is all the same to this case for G1o(z,() by using the estimate in Propo-
sition 4.12.

Note the way to set the coefficients u+,(¢) and the equation

D2V (s,¢) = L™ DI*IV (s, ().

Then, if a power series V (s, () satisfies:

M —1)!
LDV > 2 <(m+" )
S

o m—1mym
e ) R

1—7’1_

m—1

My (m—k+1)(k+n—1)
* 1—ri—ts kz—o El(n —1)!

x |2¢|™ "k L* DFV

(4.33)

M1€_61 Re(

+ 1—ryls’

V>0,

it follows that Uio(z,() < V (s,() for each fixed .
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And furthermore, if power series Wi(s,¢) (k=0,...,m — 1) satisfy:

Mo M-
LD W1 > 2—j”sDSWm_l

1-— (& 1
—1
MgMg e M16_51 Re¢
. —_— 2C|\W; _—,
(4.34) + 1—ri—1s kz—o [2C[W + 1—ry~1s

D Wi, > |2¢| W1 (k=0,...,m—2),
\Wk>>0 (k=0,...,m—1),

then there exists a power series V (s, () which satisfies (4.33) and
(4.35) 26" FTDEV (5,0) < LT Wi(s,€) < Wik(s, €)

for any k. Here we define:

(m—k+1)(k+n—1)!
0<k<m El(n —1)!

Indeed, we find that for any non-negative integer j > m and power series
Wi(s,¢) which satisfy (4.34),

(the coefficient of s7~* in [2¢|™* "I DFV/ (s, C))

m—k—1
= G k:|)2C| G ey x (the coefficient of §77™ in D™V (s, 0))
j—k)...(j —m

and

<the coefficient of s7~* in L1=™W(s, C))
2
“(G-k)...(j—m+1)
X (the coefficient of s7~™ in Ll_mDsz_l(s, C)) .

Set:

L = max{2M;Ms3, 1},



456 Shota FUNAKOSHI

and consider the following ordinary differential equation:

MoMs \ "' [ MoM
DW= (L-—223 25 ml2c|w
1—7r;71s 1—7r171s
(436) M —61Re(
2 (- M2M3)y2g|W>,
1—7r9~ts
W (0,¢) =0.

The functions a, b defined respectively by:

MyMs \ "'/ MyMs

a(s,¢) = (L - m) (mm + (L — M2M3)> 12¢],
M2M3 -1 M16—51 Re¢

b(s, Q) =L - 1—ri—1s 1—rois

are holomorphic in D,, := {s € C;|s| < ra} for each fixed ¢, since one has:

Mo M3
1—r71s

Mo Ms
1-— 7’171’!“2

=2MoMs < L, s€ DTQ.

Moreover, it is clear that a(s,¢) > 0, b(s,() > 0 as the Taylor series at
s = 0. Therefore there exists a unique power series solution of (4.36) so
that W(s,¢) > 0.

On the other hand, the solution of (4.36) is written concretely as:

W (s,C) = exp ( /O (55, 0) dSQ) /0 " b(s1, ) exp (— /0 " (52, 0) dSQ) ds1

= /s b(s1,() exp (/8 a(s2,() d52> dsi, s € D,,.
0 S1

Then it follows that W (s, () € O(D,,) for each fixed (.
For the solution W (s, (), we set:
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Then the power series W (s, () satisfy (4.34). Indeed, one has:

M2M3 MQM

LDW = ———D, 28 )2
1—r71s W+ 1-— r1*15m| <w
M —61 Re(
+ 167,1 + (L — MaMs)|2¢|W
1—7r97ts
My M. My M: Mye—81ReC
> 2—_31D5W+ 2—_31m|2C|W+ L° 1.
1—7r17ts 1—ri='s 1—1r9~'s
MyMs \ !
DWW > (L - 2—_31> (L — My Ms3)[2¢|W
1—7r1~ts
> [2¢|W.

From (4.35), we can obtain for each fixed (:
(4.37) Uxo(z,¢) < V(s,¢) < W(s, ()
and

W(Lz1 +2z2+ -+ zp, C) € O(QLﬂ"z)’
Uso(z,¢) € O(QLyry )

Finally we estimate the solution Uig(z,() by using the majorant series
W (s, (), that is to say, we show the exponential decay of Urg(z,() as Re{ —
00. Set:

MyMs \ ™' [ MM
My, = sup (L— 2 ) (—2 S m o+ (L—MQMg)) :
€D,y /> 1—7r17's 1—r17's
MoMs \~' M
Ms = sup (L_l—r_ls) 1—ry~ls|’
SEDTQ/Q 1 2

Then by the definitions of the functions a, b, one has the following inequal-
ities for s € D,., /:

la(s, Q)| < My4|2(],
[b(s, )| < Mse™ 1 Rec,
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Choose a constant rz with 0 < r3 < min{ry/2,61/(2M4)}. Then we have
for s € D,,:

wisol< | \b(sl,orexp( ra<82,<>|-rdsz|) dsi|

< / Msze™ 1 ReCexp </ My|2¢] - |d52|> |ds1|
0 S1

< 7‘3M5€751 Re C6T3M4|2C\

S 7”3M563T3M4€_(61_2T3M4) Re C

We set My = rgMse33Ms > 0, §, = § — 2r3My > 0. Thus we obtain
from (4.37) for z € Qp, ,,:

Uso(2, Q)] < luzal¢)="

< W(Llz1| + |z2| + - + |zn], Q)
S M()e_&QReC.

This completes the proof of Proposition 4.13. [J

REMARK 4.14. In the situation of Proposition 4.13, we can choose the
constant L independent of the parameter { because the principal symbol
of P(z,D,,2z,D,, £1i( — q) does not depend on (. So the domain € ,, in
which the solution is holomorphic does not shrink as Re { — oo.

As the corollary of Propositions 4.11 and 4.13, we can get the following
result of the existence of solutions of (4.22) with infra-exponential growth
order.

COROLLARY 4.15.  There exists r4 > 0 such that for any ¢ on the path
7, the differential equation (4.22) has a solution Ux € O(D}) with the
following estimate. For any € > 0 there exists a constant Mc > 0 such that
one has

Ge,)| < MR

for any z € D, any ¢ on the path ~.

T4
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PROOF. We set rqy = r3/(nL) > 0 and Uy (z,¢) = Uso(z,¢) +Ux1(2, )
for z € D7, ( on the path . From the equations (4.27) and (4.32) it follows
that Uy is a solution of (4.22). We also get the estimate of infra-exponential
type by Propositions 4.11 and 4.13. [

REMARK 4.16. Our construction of the solution Ui has made it possi-
ble to get the results in Corollary 4.15. If we consider (4.22) and the Cauchy
boundary conditions directly, we cannot find a solution of infra-exponential
type. For this reason one has reduced G4+ to G4y which is exponentially
decreasing, and considered the Cauchy problem (4.32).

Finally we define the following holomorphic functions on D;L;l x U, for
each fixed ¢ on the path ~:

Ut (2,0) = (290 (2,0),
U_(2,¢) = el=CHD7 (2, =40 (2, ),
where 0 < argz, < m. Then we have the differential equations (4.20) and

(4.21) on D! x U,,, as we considered in the preceding subsection.
One defines for z € D71 x Uy,

Us(z) = %/Ui(va) d¢
Y
= [ Ui

LEMMA 4.17. The function Uy(z,((t))C'(t) is integrable over R for
each z € D'~ x Uy,. Moreover, it follows that Us(z) € O(Dt x Uy,).

PROOF. First, note that the functions G4o(z, ¢(t)) and Uy (z, ((t)) are
measurable with respect to ¢ € R for each z € DZ?;I x Upr,. All coefficients
of the Taylor series of Gi:

Gio =Y gxal(C(t))2"

are measurable functions, too. Therefore we also find that Uyg(z,((t))
is measurable with respect to t € R from its construction in the Cauchy
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problem (4.32). Thus U (z,((t)) and Ux(z,((t)) are measurable functions
for each fixed z € D7t x U,,.

Secondly, by Corollary 4.15, for any € > 0 there exists M, > 0 such that
one has:

U+<Z, c)

S ME€_2 log |2n|—(arg zn—¢) Re<7

’U+(Z, C)’ < eRe((i¢—q) log zn)

’U_ (27 C)’ < eRe((—C+iq)7r+(—iC—q) log z,)

0-(2,0)
<M e—2log|zn|—(7r—argzn—s)Re§
= 3 .
Let z be any point of DQ;l x Uy, such that 2e < argz, < 7™ — 2¢, € < |zy].

Then we find that Uy (z,{(t))(’(¢) is integrable over R for each z from the
estimate:

M56_210g€_€(t_1), t>1
Ut (2,¢(1))C ()] <  7/aMem2losstm/2 1 <t <1
]\456—2logs—‘,—s(t—‘,—l)7 t< —1.

Furthermore, the function U4 (z) is holomorphic in D! x Uy, because the
integral

| el a

—00

is locally finite on D7, x U,,. O

By using the holomorphic function Uy (z), we can now obtain a solution
in Theorem 3.2.

Integrate the both sides of (4.20) and (4.21) over the path «. By Corol-
lary 4.9 and Lemma 4.17, we have on DZ};l X Up,:

P(z,D.1, 2, D, Uy (z) = Fr(2,log z,,).
Then we define the elements of A%, :

us(2) = byt (U(2))
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and
u(z) = ug(z) + u—(z).
Thus one obtains at po:

P(z, Dy, xp,D,, )u(x)
= P(x, Dy, 2y Dy, us(z) + P(x, Dy, 2y Dy, Ju— ()
=bpn-iy,, (Fy (7, log z,)) + bDa—lem(F,(z/,log Zn))
= b[)ﬁ;leM (Foo(2))

= f(@).

This completes the proof of Theorem 3.2.
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