J. Math. Sci. Univ. Tokyo
7 (2000), 463-486.

A Limit Formula for a Class of Gibbs Measures

with Long Range Pair Interactions

By Taizo CHIYONOBU

Abstract. Let X;, i =1,2,... be real-valued i.i.d. variables with
a compactly supported density. Under certain assumptions on V, we
give an asymptotic evaluation of E[exp(—% ZZj:l V(X;, X;))] up to
the factor (1 + o(1)). As an application of this result, we prove a limit
formula for a class of Gibbs measures with long range pair interactions.

1. Introduction

Let P, be the probability measure on R" given by

1

1] & S
(1.1) Py (dt) = il Z log |ti—tj|_1+nzt? dt
n i,j=1 =1
i#]

Here dt = dtidty---dt, and Z, is the normalizing constant. In [J],
K. Johansson showed the following asymptotic formula:

(1.2) nll%o%log/em <Zg(ti)) Py(dt) = /g(t)uo(dt)

for every good test function g. Here pg is the semi-circle distribution, which
minimizes the functional

T = | [ vistutasa(a
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of all the probability measures on R, where

1
V(s,t) =log|s —t| 7t + 5(32 +t%).
Based on this result, in [J], not only the logarithmic asymptotics but the
limiting value of

(1.3) /R exp (ng)) P,(dt),

up to the factor (1+0(1)) is also derived. Altohough the method employed
in the article is based on the theory of the orthogonal functions and is quite
analytic, the results seems to have the strong connection with the large
deviation principle for P, established by G. Ben Arous and A. Guionnet
[BG].

In this context, the objective of the present article is to evaluate the
integral (1.3) up to the factor (1 + o(1)) for

1 1

Pn(dt) = Z_ Y _§

n
> Vit ty) | dtadty - - dty,
ij=1

in the case V has a good regularity, applying the ideas and techniques in
the probability theory. Since first initiated by [KT] and [B], many results
have been obtained on the precise estimate of Laplace-type integrals based
on the principle of large deviation and have been applied to study some
limiting behavior of the Gibbs measures with the mean field interactions.
However, since the interaction in P, is not of ordinary large deviation order,
the method using the large deviation principle is not applicable here.

Now let us state the precise setting. Let I = [0,1] C R and M (I) be
the space of the probability measures on I. Let V' be a real-valued functional
on I x I, for which we assume the following conditions:

(V.1) Vs, t) =V(t,s) for all (s,t) e I x1I.
(V.2) Thereis an o € (0,1] and a C' > 0 such that

Vi(s,t) =V (s,t)] < Cls—§|" forall (s,s,t)elxIxI.
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(V.3) There is only one pg € M1(I) which minimizes the real-valued func-
tional

T = [ [ Vs utas)ntar
on Mi(I), i.e., there is only one py € M;i(I) such that
Jluol = inf{J[u], pe Mi(I)}.

(V.4) po(dt) is mutually absolutely continuous with respect to dt and the
Radon-Nikodym derivative satisfies that

fio(dt)
dt

dt
> ¢y, on I for some ¢,, > 0 and /log 'uocgt )uo(dt) < 0.
I

For this po let L3(po) = {f € L*(po); /f(t),uo(dt) = O} with the norm

I
|- [|£2(up)> and let Vo(s,t) = V(s,t) — Jluo] on I x I. Then, in view of
(V.1), (V.2) and (V.3), we are able to define a non-negative, symmetric
and compact operator Vp on L3(ug) given by

(1.4) (1, Vo) 12 ) = /1 /I Vo(s, t)u(s)o(t) o (ds) o (dt)

for all u,v € L(uo). Let {\x k=12 and {¢g}r=12. . be its eigenvalues and
eigenfunctions.
We further assume the following;:
(V.5) Vp is strictly positive, i.e., \p > 0 for all & > 1.
(V.6)
Z)\p<oo for some p<l-i.
k 3 a+l
k=1
with the exponent o appeard in (V.2) and
(V.7)
1-p
sup \,> sup |¢x(t)| < oo.
k>1 tel
(V.8)
po(dt) at)

§o(+) = log 7(') - /Ilog %Mo(dt) € H;.
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(NI

Here, H; is defined to be the domain of the operator V,
equipped with the norm

on L%(MO)v

lgllen = 11Vo

1
“ 9113 o)-

For each n € N, define
1 n
(1.5) Zn —/-~-/exp = Z V(tit) | dtrdty---dt,
I I 2 ij=1
and define a probability measure on I®" by
1 1 <
(1.6) Po(dt) = exp | -2 > Vitinty) | dirdty - - dty.
n ij=1

Here, dt stands for dtidts - - - dt,,.
Our main theorems are the following:

THEOREM 1. Under the assmption (V.1)-(V.7), we have

1 dt 1, -1
o = exp (— g2l = [ 105 ") + J1Vy Pl

A{det(I +nVp)}~2(1 + o(1))

as n — oo. Here, det(I + nVp) is the determinant of the operator I + nVj
on L3 (o).

THEOREM 2. Under the assmption (V.1)-(V.7), for any f € Hy,

[ ew | s | Patay
j=1

1 1 1 1
—exp (1 [ S0m0ld0) + (V5 60V g — 517 1 )
-(1+0(1))
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as n — oQ.

REMARK. (i) By (V.6), Vj is of trace class, and so det(I + nVp) exists.

Moreover, under the assumption (V.6), {det(I + nVo)}’% converges to 0
slower than exp(—c - nP) for any positive constant c.
(ii) The method we adopt to prove the theorems is not applicable in the case
I consisits of isolated points, say I = {—1,1}. The sample path regularity
of the Gaussian process II, which has mean 0 and Vj as its covariance, plays
the crucial role in the proof.

The organization of this article is as follows. In the next section we
intruduce the Gaussian process and give some useful formulas for later
use. In section 3, we study the asymptotic behavior of logdet(I + nlp).
With these preliminaries, in section 4 and 5, we show Theorem(5.6). After
this theorem is established, we show Theorem 1 and Theorem 2 rather
straightforwardly in section 6 and 7. We sketch an example of V' in section 8.

2. Preliminary Results 1

Let H_; be the completion of L3(p0) with respect to the norm

1
11—y = IVE* fll 22 o)

then, by (V.5), H; is a dense subspace of L2(u0) and so is L3(po) in H_1.
Note that VO_1 : Hi — H_, is an isometric isomorphism. The mapping
i:H_y— Hiy={veHj, (v,1) =0} defined by

(W), £) = (VEu Ve 2 ) pag

is also an isometric isomorphism, and thus we identify v € H_; with i(v) €
Hi .

For any w:t € I — w; € R, let || - ||g be the Holder norm of w, i.e.,
|ws — wy

2.1 w||g = sup
(2.1 Jwlls = sup S

and let
WP ={weC); |w|s< oo}



468 Taizo CHIYONOBU

Then, in view of (V.1), (V.2) and (V.5), there is a unique Gaussian measure
IT on W#, for any 8 < 5, for which

EMw =0, tel

and
EMwg - wy] = Vo(s,t) s, tel

hold. This is showed by applying the result of Ciesielski([C]) of the path
regularity the Gaussian processes. Moreover, since

(/stﬂa(ds)>2] _ /I/I%(s,t)ug(ds)uo(dt)
=0,

EH

we see that
(2.2) H(wemﬂ@):L

where

Who = {w e WP, /ws,uo(ds) = 0} .

1

Accordingly, the following Landau-Shepp-Fernique-type estimate holds. We
refer to [Kuo] for its proof.

PROPOSITION (2.3). For any 3 < §, there is a constant ¢ = cg > 0
such that
EY [ ecllvllz ] < 00.

As an application of this proposition, we have the following estimate,
which will be useful in the coming sections.

COROLLARY (2.4). For any 8 < 5, there is a constant c = cg > 0 and
C = Cg > 0 such that for all v > 0,

2

M(w € WP |jwllg>r)<C-e™ .
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Now observe that, for all f € L3(uo),

E" “W’fﬁ%wo)

2

} = (VoS )22 (o) -

Thus, we can define (w,v) € L2(WA9) for all v € H_; and we have
1

(2.5) E [exp (+/—=1(w,v))] = exp (—5 <V,VOU>> .

For each t = (t1,t2,...) € I®*® and n € N, we denote by p,(t) the proba-
bility measure on I given by

1 n
pn(t)(dy) = — > 6, (dy)
j=1
and by 7,(t) the signed measure on I given by
n(£)(dy) = n(pn(t) — o)

Notice that, since
o0
sup [[6:l[7 , = sup > Ak ¢r(t)? < oo,
tel tel 1

by virtue of (V.6) and (V.7), we see that p, € H_y and 0, € H_1. As a
result of (2.5), we have the following.

LEMMA (2.6). Forallv e H_y,

(2.7) /1 e <—

:/ I (dw) exp(\/—_1<w,l/>) F(w)"
W0

() = v Vo) — ) >) en

DO | =
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where

(2.8) Flw) = /1 exp (/" Tuwr) po(dt).

PROOF. By (2.5) and Fubini’s theorem,

/1®" exp (—% (nn(t) — v, Vo(nn(t) — v) >> #%zm(dt)
pine) [ ndwyexp (V=T (w0 - )
W80
Mdw) exp (=T (w.) [ @ty exp (/=T wma(0))

= /W,a,o II(dw) exp (\/—_1 (w,v >) F(w)™.
where

F(w) = /Iexp (—vV=1(w,é — po)) po(dt) = /Iexp (—v/=1wy) po(dt).

The last equality comes from (2.2). O
3. Preliminary Results II

In this section we investigate the behavior of det(I 4+ nVp) under our
assumptions. In the remainder of this article, we write a, < b,, if the two
positive sequences {a,} and {b,} satisfy that lim,_ a,/b, = 0.

For any p € (0,1), we define

positive, symmetric and compact
operator with the eigenvalues

LP =V :L3(uo) — LE(io) : A1 = A2 >+ >0 satisfying

oo
Z )\i < 00.
k=1
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For any V € [P with the eigenvalues \;y > X2 > .-+ > 0, let N()\) =
“k; \x > A}, where #{A} stands for the number of the elements of the set
A.

LEMMA (3.1). IfV € P, then N(\) < \™P as A — 0.

PrROOF. Let )

f(t):m

on (0,00) and ¢ : (0,00) — (0,00) be given by
g(t) =L -1 +(1 =€) Xg

if t = 0(k—1)+ ¢k for some k € N and 0 < ¢ < 1. Then, by the assumption

)\k<kl—l/pask:—>oo,andsos(t)=%—>0ast—>oo.

Let f~(\) = AP and g~ '()\) = max{s : g(s) = A} for A > 0. Then

g =g P TN

and so .
i 9
A=0 f71H(X)
which completes the proof noting N()) and g~!()\) have the same order as
A— 0.0

=0,

LEMMA (3.2). For everyV € P and n € N,

n
14+n)\

Al
logdet(I +nV) = / NM\)dX.
0

Proor. For each € > 0, let k. denote the smallest integer k£ such that
Me < €. Then

ke

logdet({ +nV) = Z log(1+n\;) = ;ir%z log(1+n \g)
k=1 k=1
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and

ke A1
Zlog(1+n>\k) = —/ log(1+n X )N(d))
k=1 &

n
14+n\

:l%ﬂ1+nfﬂV&)+l/h N,

By Lemma(3.1),
log(14+ne)N(e) =ne-N(e)(1 +0(1)) < ne'™?

as € — 0 and thus
lin%log(l +ne)N(e) =0,
E—

from which (3.2) follows. O
PROPOSITION (3.3). Forany0<p<1,if Ve P, then
logdet( +nV) < n?

as n — Q.

A1
Proor. For any 6 > 0, / d ) is bounded in n, whereas
[

14+n)\

5
lim / n d )\ = oo. Thus, noting that N()\) is decreasing in ),
n—oo Jq 14+n\

=0.

A1 n A1 n
/‘ N / d
(34)  lim £ _1FnA < lim £o_1F7A

5 = )
n—00 n n—00 n
N()d d
/0 14+n)\ ()\) A /0 1+n)\ A

Moreover, by Lemma(3.1), for every small { > 0, there is a 6 > 0 such that
N(\) < ¢-X7Pforall ) €]0,6], and thus

(35) t£1+ M YA < C/ ﬁ?i

AP
< p d).
_C7lA T A
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Hence, by (3.4) and (3.5),

A1 n d »
N
/0 N (A<

as n — 0o, and thus the Proposition follows from Lemma(3.2). O
4. Evaluation of the Integral (2.7), I

For each n € N, define ¢, and d,, by
(4.1) ¢, = n= T {log det(I—i—nVo)}% and d, = ni-{log det(I—I—nVO)}%.
By assumption (V.6), we are able to pick a 3 < 5 such that Vy € £P for some
p<i- 25% By (V.6) and Proposition (3.3), we see that logdet(I +nVy) <

nP, and thus we see easily that lim, ., ¢, =0, limy,_, d,, = 00,

(4.2)  logdet(I +nVp) <nc2 <nP and logdet(I +nVp) < d2 < nP.

Note also that, since p < % : %,
_A'_i _1
(4.3) lim n-c, - dy” =0,

n—oo

For every n € N, let

Ty = {weWo w0, < en and Jwls < do}

LEMMA (4.4). For the choice of {c,} and {d,} given by (4.1),

(4.5) lim n - sup /|wt|3,u0(dt) =0

and

(4.6) lim 7 - sup </|wt|2u0(dt)>2 ~0.

n—oo wel'yn
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PRrROOF. Recall that the Holder norm || - || is defined in (2.1). The
following interpolation inequality holds: there is a C' > 0 such that for all
g € L§(no) N WP,

1
2 2B+1
lglloe < € { 191730y - Nalls 77

We refer to [T] for the proof. Thus, for all w € T',,,

n- / il ro(dt) < nllwlloc / w0l dt)
I
1

o428 _1
< Cn-c BT g2

and so, by (4.3), (4.5) follows. Also, since nc2 < nP, for every w € I,

2
n- </ \wt|2,uo(dt)> < nch < n*1

and thus (4.6) follows noting that p < 1. O
Now recall that ' : W59 — C is defined by (2.8).

LEMMA (4.7).

i "o (Glwlly) 1| =
Jim sup ()" exp (5l - 1] =0

PRrROOF. Since

1
e VTlT _ <1 —/ =1z — §x2>

for all z € R, it follows that

(45) P - (1= Sl )| < [ loPptan
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and thus
1
(4.9) P(w) =11 < gholgg + [ loruodt

for all w € WA, By (4.9) and Lemma(4.4), |F(w)—1| < 1/2 forallw € T,
for sufficiently large n. Note also that for any z € C safisfying |z —1| < 1/2,

(4.10) |Logz — (2 — 1)| < |z — 1%

Here, Log z is the principal value of log z. Thus, by (4.8) and (4.10),

1
Log F(w) + 5[0,y < [Log F(w) — (F(w) ~ 1)

1 2
[P = 1)+ Gl

< |F(w) — 112 + /1 jn[ o ().
Thus, by (4.5), (4.6) and (4.9),

=0,

lim n - sup
n—oo wel'y

L2
Log F(w) + §H7~UHL3(M)

from which the assertion follows immediately. [

LEMMA (4.11). For allv € H_4,

(4.12) EY [exp V=1(w,v))exp (—%Hw”%auo)) ;w E Fn}

— {det(I +nVp)} 2 (1 + o(1)).

PRrROOF. First, notice that if a positive sequence {a,,} satisfies that
log det(I +nVh) < an,

then X
e @ < {det(I +nVpy)} 2
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for any constant ¢ > 0. Thus, by (4.2), we see that

2
I n 2 . n-c;
B [exp (=Sl )+ 1002300y 2 n] < exp (— S )

< {det(I + nVO)}*%

as n — o0o. Also, by Corollary(2.4) and (4.2),

n
B |exp (=5 il g Il = d| < T(Julls > do)

< {det(I +nVp)} 2.
Thus,

n _1
(4.13)  EU [exp <—§||w||%g(uo)); w e Q\ T < {det(I +nVp)} 2

as n — 00.
Now, recall {¢y}r=12,.. be the eigenfunctions of Vj corresponding to the
eigenvalues {\; }x=1,2,... Notice that, for all v € H_j,

Z)\k|<ya¢k>|2 < o0
k=1

and (n)\x+1)"' < 1 for all n and k and lim, .o (n )z +1)"' = 0 for all
k > 1 by (V.5). Hence, by virtue of the bounded convergence theorem, we

obtain
lim ( (I+nVp) v, Vor) = lim > (n X\ +1)"" N (v, 01) =0
and so

(4.14) Bl [exp (\/—_1<w, 1/>) exp (—gHwH%g(“O))]
= {det(I—i—nVO)}_% exp (—% ( (I 4nVp) v, Vo) )

= {det(I +nVp)}"2(1 + o(1))
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as n — oco. Hence, the Lemma follows from (4.13) and (4.14). O

PROPOSITION (4.15). For allv € H_y,
E"[ exp (/=1 (w,v)) F(w)", we T, | = {det(I +nVp)} 2 (1 +o(1))

as n — 0.

PrOOF. For each n € N, let

n n
G(w) = F(w)™ - exp (5”“’”%3(#0)) -1

for all w € I',,. Then,

E"[ exp (V—1(w,v)) F(w)"; we Ty ]
B [exp (/=T (w.v)) exp (=3 w2y, )+ we Tl
B [exp (V=T {w,v)) Guw) exp (5l ) s w e D)
B oxp (/=T (w,v)) exp (~§llwllZy,,) ) : w € Dl

< sup |Gn(w)]- B [eXp (_%”w'@%wo)) ; we Fn} |
wel, BT [exp (/=T (w, ) exp (=5 wllZ ) : w e Tl

-1

Thus, by Lemma(4.7) and Lemma(4.11), we see

E" exp (\/—_1<w,u>) Fw)"; wel,]
—gh [exp /=T (w,v)) exp (—gllwlligw)) L w e rn} (1+ o(1))

and so the Proposition follows from Lemma(4.11). OJ
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5. Evaluation of the Integral (2.7), II

LEMMA (5.1). For any 8 < 5, there is a constant ¢ > 0 and C' > 0
such that

m2T
I1 (w e WP |F(w)|>1-7 and |lwl20.0) >\ 5 )

2
c
< Coxp (~5)
forall0 <7< 1.

Proor. For j = 0,1,2,...,15, let I; = UX___[(2m + L)7, (2m +
]%l)w). Then I;’s are disjoint and U}iolj =R. For each w € W70 let g; =
po(t;we € I;). Since Z}io g; = 1, there is at least one jy € {0,1,2,...,15}
such that 9;, > 16

Let 7 > 0. If w € W20 satisfies that ||w||s < -, then,

s
8T
olts we € la.a+7/8) ) = ¢ - [tiwn € [a,a+7/8) = ¢ 7

in the case the path w passes [a,a+ 7/8), i.e., there are tg,t; € I such that
wy, = a and wy, = a + 7/8. Here, ¢,, is the one given in the assumption
(V.4).

Noting this let us assume that w € W0 satisfies |w| > Z and
|lwllg < 78r . Then, inevitably w € W#? passes the interval [0,7/2] or
[—7/2,0]. Thus there is at least one I such that dis({j,,I;,) > % and

8
0j, > ¢y, - T Therefore,

? ://eﬁ(ws_wt)uo(ds)uo(dt)
//COS — wy) pro(ds) po(dt)

—20j, 9]1) + 205, 05, cos( 8)

<1 —2c¢,, (1 - COS(%)) . 1l6

and thus
|F(w)|<1-C-71
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where C' = 20 (1 — cos(Z)) < 1.
Hence, if |w[joc > 7/2 and [F(w)| > 1 — 7, then |wls > 7 - %ﬁ, and
thus, applying Corollary(2.4), for 0 < 7 < 1,

(5.2) 1 (w e WA |F(w)| >1—7 and [w]e > g)

' c
0.
gn<wewﬁ , kung—ﬁ> <Coep (5.

where ¢’ =Z-C and ¢ = ¢z - C™.
Next, let us assume that w € W50 satisfies |F(w)| > 1 —7 and ||w|s <

5. Then, since

2 5
cosr <1— —x

T2

for all x € [—m, 7],

2
F)l<1- 2 / / (w — ws) g0 (ds)o (dt)
™ JrJr
1= 55 [ luPuolde)
- 7T2 7 t IU’O .
Thus, if [F(w)] > 1 -7 and |[w[/s < 5, then

’7'['27'

[ uwiPuoan) < 77
I

and thus

(5.3) H(w e WP IF(w)| > 1 -7, ||w]e < g and

w2T
lwll 22 (0) > N ) =0.

Hence, by (5.2) and (5.3), we have proved Lemma(5.1). O

PROPOSITION (5.4). Asn — oo,

E[ |F(w)|™; w e Q\ Tyl < {det(I +nVp)} 2.
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PROOF. Note that

EN[|F(w)]", W] L2 > €]

1
— /0 P (w; [P(w)] € dr, w30 > )

1
Zn/O (1= 7)" " (w; [F(w)] > 1 =7, w3 > cn)dr.

Let t,, = 2 , where ¢, is the one defined by (4.1), and we apply Lemma(5.1)
to obtain,

tn
/0 (1= 1) Ml [Fw)] > 1= 7, [l 3) > en)d

ln
n—1 c
SC/O (I—=7)"""exp <_TTﬁ> dr
B C

= (n— D)1/

(n—1)1/(+28) ¢, n—1
| (-7 )
1)26/(1420)
- exp dr

(n—1)—F"+p _ 1)
SC/ exp( (n—1)% T—%)aﬁ
0 T

SC’/OleXp(—(n—l) (T—i—Tﬂ))dT

for sufficiently large n. Here,

A= inf (74 5)
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23
1426

plying s = 7/(n — 1)/(420) to the inequality (1 — s)"~! < e~ (»=1s for all
s<landn € N.Sincep < 1 < 3, logdet(I+nVp) < (n—1)P < (n—1)%
and so

is a positive constant and 3’ = The second inequality comes by ap-

e~ A=D" L fqet(1 + nVp)) 3.
Also,

1 1
/ (L= )" M [F(w)] 21— 7, [l 130 > n)dr < / (1) ldr
tn tn

<(L—t,)" !
< ¢~ (=Ditn
By the choice of {t,},
e~ ("=t < Ldet (I + nVO)}_%.
and thus
(55)  EIF@)"; [wllig) > en] < {det(Z +nVp)} 2.

On the other hand, since |F(w)| < 1, by Corollary(2.4),

(5.6) BN [F(w)["; |lwlip > dn] < T [Jwllg > du )
< {det(I +nVp)} 2.

as n — o0o. Thus the proposition follows from (5.5) and (5.6). O

Before we close this section we summarize what we have established so
far. By Proposition(4.15) and Proposition(5.4), along with Lemma(2.6), we
obtain the following.

THEOREM (5.7). Forallve H_y,

[ (=5 (m0 = v Volna(0 =) ) (@t

— {det(T +nVp)} 2(1+ o(1)).
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6. Proof of Theorem 1

Let A be the set of bounded measurable functions on /. Then by (V.3),
we see that for any h € L&(uo) N A,

d
0= J[MQ + th/j,()”t 0

// s, t)po(ds)h(t)po(dl).

Since LZ(uo) N A is dense in L3(uo), we see that there exists a \ € R for
which

(6.1) /V(s,t)uo(ds) .

I

Integrating the both sides of the above identity by ug, we obtain
(6.2) Jlpol = X

Thus, by (6.1) and (6.2), we see that Vj defined in the Introduction satisfies
that

/1 V(s )uo(ds) = 0

and so the operator V; defined by (1.4) is an operator on L3(u). Moreover,
by (6.1), we have

Ju] = J{juo) = / / Vo(s,£) (1 — 10)(ds) (1 — o) ()

for all p € Mi(I), and thus

63)  n2(Jpa()] - Jluo]) / / Vo (5, )11 (t)(ds)m (8) (dF)
m(t), Vo (1))
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Now, noting (V.4), we have

1
Zy, :/ exp (——n2J[pn(t)]> dty -+ - dt,
[(Xm 2

1 Mo
- ——n2J[pn E log 6" (dt),
/mexp( n”J [pn( )uo (dt)

and thus, by (6.3),

(6.4) exp (%nQJ[uo] +n/jlog Moc(l;’lt) ,ug(dt)> Zn
= [ e (=520l 0] - )
~n [ 108 2 (5 6) = o)) ) )
= [ e (= 0. Vo (6)) — (oo (0))) (1)
— e (5 (V5 0o} )

e (= )+ 0 ol (0) + 60 ) )
[®n

_1
Here, Vy '¢p € H_y and (V; &, &) = |V} 2501@3(%) by (V.8). Therefore,
Theorem 1 follows from Theorem(5.7). O

7. Proof of Theorem 2
In view of (6.4), we observe

P, (dt) = % exp ( ; (M (L), Vo (t) ) — (o, mn (L) >> po" (dt)

2= [ e (=5 0. Vom(0) ~ (. 0) ) ")
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By Theorem(5.7),

Z! =exp <% <V071§0;§0 >>
e (—% () + Vi 60, Vo(nm () + Vi 160) >) K (dt)

—exp (5 (V5 e €0}) {det(7 +n1)} 41+ (1)

and, for any f € Hy,

[ e (—g (at). Vora(8)) — (€0 — Fum(t) >) W™ (dt)
—exp <% (Vo' (& =), 60 — f>>
. /Iv®n exp(—% <77n(§) + Vo_l(f() - f)u
Vol () + Vi (6o — 1)) >)u§"<dz>

—exp (5 (V5760 — £).&0— 1) ) fden(T + Vo)) 31+ o(0).

Hence

exp <—n /1 fduo> /1 L, oxp (Z f(tj)) P (dt)

Jj=1

:/m exp( (f,m(t)) )Pa(dt)
:ZL’Q e <_% (1 (), Vora(t)) — (&0 = fn(t) >> Hg " (dt)

—exp (5 (V5 (60— o0 £ 5 (Vi o) ) (14 o1,

This completes the proof. [
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8. An Example

Assume that v : R — R satisfies that
(i) v(t) =v(t+1) and v(t) = v(—t) for allt € R..
(ii) v is 6 times differentiable and v(®) € C(R).
(iii) v is positive-definite.
Then, V : I x I — R given by

V(s,t) =v(t —s)

satisfies the assumptions (V.1) to (V.8) with uo(dt) = dt and o = 1.
We briefly check this. Let {\x}xrez be the Fourier coefficients of v, i.e.,

1/2
Ak = / 2R =1ty (1) dt.
~1/2

Since v is real-valued and v(t) = v(—t), \x € R and A\_ = )\ for all k € Z.
For all probability measure on I,

2

T =14+2> / eI (dt)
k=1 I

and thus po(dt) = dt is the only probability measure which minimizes J.
By (ii) and by the standard theory of Fourier analysis, we have

(0.9}
SR A < oo,
k=1

and so by Holder’s inequality,
11426

[e’s) 1 [e%e) Wlms e’} 12 12426
Z )\ng& < Z 12 )\Z . Z k11125 < 00
k=1

k=1 k=1

if 6 < % Thus, this V satisfies the assumptions.
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