Short time asymptotic behavior and large deviations
for Brownian motion

on scale irregular Sierpinski gaskets
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Notation

Let n € {2,3}".
e F: The scale irregular Sierpinski gasket with respect to 7.

e Fp : The set of vertices of a unit equilateral triangle in R2.

o b(2) =2, b(3) =3, t(2) =5, ¢(3) = 90/7.

o Bu(n) = [[6(m), Tu(n) = [ t(m)-

1=1 .=l

n _ logTw(n)
* %)= 10 B ()

e X : Brownian motion on F.

e d, : The metric on a scale irregular Sierpinski gasket with respect to 7.
o W=inf{t >0: X, € Fy\ {Xo}}.

e 7 : The expectation with respect to P;’ .

* g(s,m) = Eglexp(—sW)].

o U(s,&) : The definition of ¥ is in (2.3.2).

o U(2,6) = supofzs — U(s,6)), € € (2,3}

o {2,3} ={ne{2,3}N:z € F} for each z € R2

e« 0, = C,([0,1] = R?) = {w e C(10,1] - R?) : w(0) = z}.

o 1 =C,([0,1] — F") = {w e C([0,1] — F") : w(0) = z}.

i
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NOTATION

o If—gl,= Sup dy(f(t), g(t)) for each f,g € Q.

|f —gll = sup |f(t) — g(¢)| for each f,g € Q,.
0<t<1

B(f,r)={w e Q,:||f —w| < r} for each f € Q,, > 0.

Bp(f,r) ={we Qy: |f(k/m) —w(k/m)| < 1,1 <k <m} foreach f € Q,, r > 0.

PJ.: The law of X (e - ) starting from z.

€ (n) = Bn(n)2/Ta(n).

1,(6,6) = /01 Drolt)" (

o¢)

z

Dy (t)

,f) dt ¢ € Q7 and ¢ is absolutely continuous,

otherwise
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7505 ) ORMENHEEICET 2RERIE A STbRTNS. —F4, 75 %
IV OFRHTHRITZEEIC D W TR, W %E 5 NEIRZ R > TV, R EFEIPTZE
d 1980 FRTHB. MmATOrRy NT—J DHEE, 50N R/RENREL T
<HT W0 7z disordered media (BH2R) OHEZHCHLEZERLDICLTH
NED EVISWRPYHEEFRICLIVITON TWEOEEIKEE LT, 7575 )V 28R
ROMEFI EEZBCWHNE DX S ITEE, BT 200 &N BT EEICED
MEFRSVRD . WODNEDRMMNE TSI ZNDO ETHHFHEEZEHRTHERT
RN, TOHEDL I U THERER THREHEKZHETITNELI WA —DDX
SREETH o2, HEERROMFREREILT 57 F )N O LICHEBEEZHBRTZ 2 L1
Ko T DB DMERZFK ATz, Sierpinski gasket (LATF SG & HEL) EFINBRE
W77 525 ) D _ETD Brown BEN DAL & Z DM % §H~ 7z Goldstein [G], Kusuoka
[Kus], Barlow-Perkins [BP] IZ & 2R/ Y 7 O —FIZ K DEHZEMFE & W 2
%. [BP] TId Sierpinski gasket FF D DL p(z,y) ITBL TRO K 5 72 KBHEI 7R
{ﬁﬂng{ﬂﬁféf—jl—-if:: FEED r,yc F,0<t<oo ITHRLT

— T — y| dw—1
cit ds/2 exp <— CQ(_l vl )1/( ‘)) < pi(z,y)

t
L r—y dw dy—1
< cst ds/?exp(—a;(' t | )/( ))’

ZZTdy, = 2df/ds =logh/log2 =12.32193..., £/ dy =log3/log2 =1.58496... &
NI A RIVTRIT, dg = 2log3/log5 = 1.36521... AT MIVRIT EMFTNBIEET
H5. c e ity ﬂ%ﬁf—ﬁf;ﬁ?ﬁ(fﬁ%% Z OFME TS T A BFEAM & T
N, dy, = 2 @c&%f)\:@%@ Gauss BFHHTH D, d, > 2 THD T &I, REFHEEICH
WTHRLT NS < D EFBL T VWS, FHBORRNZEZL TW5. [G], [Kus], [BP]
TOMRBREIL SG ITEDNW TV K577 57 ED random walk D 24— )U&RERIZ
L BIFEARILBBEE L THRR SN TN S, £ D%, Kigami [Ki], Fukushima-Shima
[FS] 5iT& > T Dirichlet TERDOEHN T 527 )V EOBITICBNWTREFATH S Z

ENBHSNERDEITENT TO—F DX =T &35 7. Dirichlet B EITE A
IR ERTERINLERMHR2ZRERXD 1 DO IATHD, ERICHANSNDDIT H
N HHEZEM LD L2 ZREOHENZ W, BETIIT 575 )V EOIBUEBREO#ERIZ
Dirichlet B Z WS HENER E/2>TWS. SG D LD Brown EE DENTHIFESEE
WRUERICEEL KIZEE N, BVRESEBIOZEEH N I—7 Uy REMTOZTNEE S
SEBROTHEEETHIENDNOTE. TDHE, SSLITHKER TS IIID EITHR
WM EIN, TOMBINEATETNS.

FDEIRTSIVIND—DELTEER 3?@5@%% & 72 % Scale irregular Sierpinski
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gasket EIFIIN 2 KD LD Brown EENZ DWT 1992 4E12 Hambly [Ham] Ic&k > T
WRMTONZ. ZORBIZZEMIC R TIEd 20358272 B THELE 220 S K
TSGITHN (BTN TIED2N) LOHEENBZETINTHDEVND T ENTES. 1997
£ Barlow-Hambly [BH] Id Dirichlet 3% f\2 T SISG @ _kiZ Brown E&h 2 L7
DERZITH U THH T AR 23 % 5 2 72 (155R).

012 BRI SEE)

PRREZER O L ITILBE AR I NS &, IKBBREOHE EZDOR—2 Lo TnE%E
FOMHE & OBIRNER DM RO —D L85, 1967 £D Varadhan [V1] 12X 2 H DN
ZOSENTT, U= S E M O EOBEE pM (z,y) D t — 0 TORD K S 72T
BEE 520 FBD v,y e M ITRLT

| du (2, y)?
| 2
CZTdy BRU—TVHEBETHS. T0%, ZOBBIIRL DR THEIN—RIL S
NTH D, Hino-Ramirez [HR] (T & o> THBLGBAEIMFFTH D £ D Dirichlet XL D E
5 IRI)IVF—RIE LTINS © ONEZEMORIE & M#ElE Th 2B AR Nz,
C DFERIBARRITTERKITTZBDTHRILL, FEL < —ATH 5. Kumagai [Kum] 1Z
SG @ _E® Brown BB BHZIZ DWW TRIRDFHIIOVNTERZI T (0.1.1) OELD
BEMEELRNWI EERL, KOKEEEE: £80 2,y F LT |

Tim ((%)"z)l/(dw_l) log P2y, (2, y) = ~d(z,y)! (d‘”‘”G( d(; y)) (0.1.2)

ZZTdidSG DELEDOEAFDHEEETHD, 2z € [2/5,1] €L T G & Brown EED,
&% hitting time DT 7T AEBNSENNZEBDON Dy > RIVERELTHRES
G(5s/2) = G(s) ZWi7= T IE DR LB TH D EHK TIZ/2N. Euclid Z2R0 Brown
EEZ2IICD &L THARS < OILBGRTENSED Hino-Ramirez IZX 2REICEENS
7%, SG @D Brown BB L TIZZ ® Dirichlet R & D EE 2 THILF—HIE L
EZEHORENRER TH 5 Z & Kusuoka [Kusl] IKKDRINTH D EFELOHREITIX
ALV, ZORRERIDIENWI SADOETEHET 57 7 )VIZDNTHRINTND.

yn&tlogp{”(x, y) = — (0.1.1)

0.1.3 HEFBEOKXKRERRE

BT B B AREEE L 115 T RS WA E T, EREMFI DT DREEZ DT
DIERA] (KEDER), ZDFEHNSD NS FTHUTDWT ORI (POERRER) DX
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KEROMREBDFENED “RER THIZOWTOEAITH S, ZHUIRDELDIT
RN S ND T EMNLY. T TIBEBEZEM E IREL TERS. [: E — [0, 00] I3 F¥5E
HETdH % & = rate function EIFIEN, SSIEBD L>0ICHLT {pe E: I(p) < L}
MANT b D EE good rate function EMFIENS. E O EOBIEDHE {Q.}eso 7 rate
function ] TRREFREZMLT EIIMEROMES CCE & BEA GITHLT

_QQWS@%RMQM,@ﬁwm&MS—Eﬂ@ (0.1.3)
MO DIETHS. TNMWLILL TWD & &, D ORITHT 2WHEREENTDWNT
ROBERBENRADPHEIALT S, CNRRFEFRBICBIT2ROEELERDO—DOTH
D Varadhan OFFEEL THSNTWS: FEOFRERGREK ¢ FE >R IZHLT

lin%elog E9[e®/¢] = sup{®(z) — I(z)}. (0.1.4)
€ z€E

T exponentially tight 72BIEDE {Q o B> T, FEOH FELREK ¢: £ - R
IR LT (0.1.4) OELOBRAEFET 5 & F good rate function 1 W&o TRIRER
H (0.1.3) MDD, T 2T {Qc}es0 B exponentially tight THB E1L, FEED o > 0
LT NI MRE K, CED®H>T

lim Sélp elog Q[K¢] < —a
LIRBZETH5.
LUF CIIMERBRITN T 5 KR ZFEIC DWW THBICHR NS, 1966 412 Schilder [Sc]
WE2—271Uy RZEMO LD Brown E& B IR LU TROKXREREEZIEHAL~. P, &
C.([0,1] — R%) = {¢ € C([0,1] — R%) : $(0) = 2} D Wiener FIELTS. F£EDEH
#£E 0 CC(0,1] - RY) LBES Gzl T |

. < Tim i . < .
érelgl((ﬁ) < llrgglfelog P,[B.. € G, 111’£1_§(1)1p610g P,[B. € (C] < dl)lélgl(qb)

=izl
I(6) = %/01 /() "dt <¢ € {/01 f&)dt - f e LA(o, 1])} @t%)
00 (TofDEE).

ZDOEEI Brown EENCET 2 1 DOKRREEETH Y, ZHUT Strassen DBIEE
EEARBOEAEHENED, BEMSHEREBL TR0 RITILEBREO KR
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EFEEZEILCAVSNEVT2BEREE TEHS. COFBEOERIITNL O
HS5NTWDA Varadhan [V] 12K 2 EE O ERHIEHLESE) (0.1.1) DS W= HENH
5Z&%&IAMLTHL. Ben-Arous & Kumagai [BK] I& (0.1.2) 85X 51T
e 2 EMB RO FIEEAWT Sierpinski gasket F @ _E® Brown E& X 12 LT
Schilder BORRERHEDER TV, LTFTOL S kR EBZ. 2 c F ELTR, %
Ce([0,1] = F) ={¢ € C([0,1] = F): ¢(0) =z} DEDRIEELL, ¢,, = (2/5)"2 &F
5. EBOBES CCC(0,1] - F), BEE G & 2e[2/5,1] IcdLT

- qlsgg I(¢) < h,?lg.}f 61/(dw Ulog P,[X,

lim sup el/(d'” Ylog P,[X., .. € C] < — inf I(¢).
n—0 . ’ ¢eC

€ G,

€n,z*

=770

1 - . .
b(t))*e/ DG (i) dt (¢ WHERERED L )
P pAC) ) (o mERO LE)

o0 o (ZOMD E =),

ZZT ¢(t) = limy, d(¢(s), (t))/|s — t|. TFUZ SG D LTI Schilder BD AR FE
Fe— 0IDWTIHRIZILAVD, & 2 IOV THl 6,, Tn — oo £ 3 & XTI
VT BHIEEERLTWS. ¥512 [BK] TIEZOREDND—DELTSCE ®_ED Brown
EEND /N Z DEFE)IN Strassen BEEABOZERI 22T EHRLTVWS, 757%))
DEORREFRBIZOVWTIE, BOHOAREFEZ2ERLLZ [BaK] © LDEWY
T A%ZH oz HK] E01d 5. GBI THEON S FiEld, EAWICE OERETOF M E
FIRT2HDTHY [V] EABOHERTHLENZD.

0.2 AR I@Mﬁ

AFX T3 Scale irregular Sierpinski gasket (BLFTlid SISG & H&E ) ® _E® Brown
TEEN D BUZ IS 5 SE R T 258), Schilder A@jﬁf%?ﬁk?blf%g—géﬁaf:.

0.2.1 Scale irregular Sierpinski gasket D#RK & BIHDIER

I ZTRELEEAZAD SISG IKDWTiRS. —f#d SISG DWW T [BH] 2%
BOZE ARYTIRETOBREZRDBEMIGES THRREN—BRDBEIZTH L THIHE
BOEHEEHT D ENTES.



viil | | | RO

Scale irregular Sierpinski gasket DR
K2 XH2=ARO—LORERESEILZHO EMED= ﬁ%@@&&%ﬁ%tb
T (b(2),m(2)) = (2, 3) (b(3),m(3)) = (3,6) &T 5. Fo = {a1,a9,a3} & R? DIE=
ABOERORALTD. LEL =0 &35, &i (1 <i<m2) KHLTES
! 2. r2 _, R2 %

- | zpf) (z) = b—(1§5(x —a;) + a;
KK TERT 5. BN Tag,a5,a6 EEZAFROELOFHRELT, & i (1<i<m(3)
ICHLT B y® R2 5 R? %

w0 = g le—a) +a

TEETS. e {2,3)Y % environment EMERZ EI2T 5. BICETORDM 2 T
& 5K D73 environment ZRKFD 2, ETDRDMN 3 TH3XD72 environment %
KFD 3, TRIZEILTD. FED ke NITHUTHE : {2,3)Y - {2,3) 2
T =1k, 1 € {2,3N EEDB. EEBCR? & a=23I1C%LT

m(a)

'B)= | 4,"(B)
, j=1
ZLT
@%”)(B) = M) o... o Pl (B).
E95. LEDHEFDS & /
| U @9 (o)
DEAE % environment 1 123 % scale irregular Sierpinski gasket F7 EIERZ &12T 5

(K 3). F? |38 ¥ @ Sierpinski gasket SG( ) (K1 DOFE) THD F? 132 DEM SG(3)
(l1@E)T®%

21 21

(a) mn =2 | | (b) mn =23
2: FY
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CLH . v :
EX n OBBEEEW? = {(w,...,wy) : 1 < w; < m(mn),1 <i<n} &EL.
we WNZHLT

Uy = 1/’1(07;17’) 0.re0 ng;nn). | (0.2.1)
EEWD, Fl = Upewntbu(Fo) £T 5. TIHBE Yy (Fo) 2 n-cells EMEER. 2,y NEDHIT
MU n-cell ITADTWBEZIZRD {z,y} 2B EHRBRT I EITELH>T E? O EITHAIR
TITDEEEERTDILENTES. 2 HN2DEIICHETS. V22 K2 () D
D 0 HFED simple random walk &L Y3 Z& K 2 (b) O LD 0 HFED simple random
walk &5 5. Y2 {21, 20} “"ERAICBEZET 2RI W(Y2), Y3 W {21, 20} “RONTE]
ET LRz W(Y3) 2N LTS TDEE SG(2) D time scaling factor £(2)
Z 0 HFEDY? 2 {2, 20} “BANTEFET DR D Eo[W (Y?)] TEET 5. SG(3)
@ time scaling factor ¢(3) IZDWTHRIRIZEFRT 5. simple random walk D)L a7
MEFEoZBEERFELD t(2) =5, t(3) =90/7 2155,

V.
WY
V-V-V-V-V-Y
V. V. V. V.
VY. V-V V-V V.V,
V‘IY »v"v v"v, ba A4
VYV VIV VIV VYV VY VVYY

84

V. A4
V.V, VY.
V.

VYV
VYV VYV VVVVVVVV-V

3:n=1{3,22333,...} &n={22323,2..} ®SISG

TSRV ONDOEBEAETS. & ne NIKHLT B, : {2,31Y — (0,00),
M, : {2,31 = (0,00) Z LTI, : {2,3}N — (0,00) &

Bolin) = Mofrn) = Tol) = 1. o

Bn(n) = Hb(ﬂ-zn)’ Mn(n) = Hm(ﬂ-in)’ Tn(n) = Ht(ﬂm) (022)

i=1 =1



X . AF DR
Lo TEETS. 72 di(n) & d'(n), € {23}, neN % |

v log Bn(n) i1 log b(min)’ log T (n i1 log t(mn)
. i=1 ’ , 1=1

TEHTS. FBED neNITHLT

_log t(3)‘
~ logh(3)

_ logt(2)
~ logh(2)

THdIEITHEER. d2 =logt(2)/logh(2), d3 = log t(3)/logh(3) &£H<.

Fn D EDRERE & RIEE | ‘

Fr OEDT S THEBEE p,(z,y) TRI ZEIKTDE F7 QR d, TROXS 2 HEE
ERDODDEERTDHILEMNTES [BH: FEDOn>1 & x,ye ENITHLT

=2.321928..., d3(n) = 2.324660.. . ..

dy(n)

dy(z,y) = Bu(n) " pu(z, y)
THY, BBEK ¢ >0 DB TEBED o,y € F1 K LT
|z —y| < dy(z,y) < clz -y ’ (0.2.3)

WEROND. £eKEM B,y(n)™ THB F7" O/N=ZABICHE M,(n) 2525L5
R OSSR JRRIE 40 BB |

4% D ST ' ,

% ne{2,3N T LT L2(F", u") £ ® Dirichlet ERZEEZET % Z EMNTE Dirichlet
HROEMRK D Feller ILHGEBRE (X, t >0, P1, x € F") NEETZZENbMNS. T
n% F1 OL® Brown BB LRI EIZT 5. [BH] KK 2#RERRS. 5 € {2,3}N,
" m,neNIZHLT '

Fo(m,n) = inf{j > 0 : Tyuys(n)/ By (n) = Tu(n)/ Bm(n)}
ETB. CDEERAED IO,

Theorem 0.2.1. Barlow-Hambly (1997)
ne{2,3N &9%.

(a) PP p7 WCBL Tl RS MR R p] (2, y) 2HFD.
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(b) n € {2, 3}N ‘:J: ‘5721/) C1,C2,C3,Cy 733‘%9‘(‘/}(%%7{:@_ 'EZ%@ TS Fn, t e [0, 1]
B Brn(n) ™! < dy(2,y) < Bnoa ()™, Ta(n) ™! St < T ()™ BT EE

_‘ ] d,(z, d?, (m+k) /(D (mk) -1
o5t dz(n)/zexp(_c4( n y)t ) Vb me) >) < o, y)
d,(z, y) %R ) (m+k>—1))

< clt_dz‘l(")/2 exp < — 02( "

PERIL. 72720 k = ky(m, n).

0.2.2 ARXTEONERER - BEOGEMEHELS

AL THRONHEREBRD DIV ONELEEHETS. ETHRICT S LIER
£0:{2,3N = {2,3N & mbn =man,n € {2,3}N TEHETS. LEBDLkeZ T
SHUTal: {2,3)2 = {2,3} £ 05:{2,3)2 — {2,3)2 & N OE& L FRICEETS. B
HLOBNMNRNE S IEEODFET Z 2EB L THICH, 1, EB LT3, £z
HFne{2,3NITHLUTBI% 0:[0,1] x {2,3} =R % ' .

o(u, k) = Eglu® )]

TEHEL, h:[0,1] x {2,3} — [0,00) %

SD(% k)

wh®)
TEHTSH. ZITE] P T HIEEEET. BOICKFOMICROEREZS
A%.0>0I1ZMLTDs={2eC:Re(z) > -6} &BX.

h(u, k) = —log

Theorem 0.2.2. RZM/ZIRIM g: D, x {2,3}N — C W2 E—DHEHET 3.

(a) g(z,m) = so(g(Z/Ti(n),én)mm), g(0,m) =1, ¢'(0,n)=-1,
(b) g(z,n) 3% ne {2,3N iIZx LT D, TIEHI.
(c) g: D.x {2,3}N - C bi@ﬁ.

(022) EFRKIZ B, - {2,3}* SR & T, {23} >R Z n >0 ITHLT

B = {[[or-0) ", a0 ={[[tr0)}



T | AT ORES:

n>1I1ILT
B,(§) = (Pf) T,(§) = TL(P¢),

TELTS. ZITP: {23} — {2 3N 1% mP(€) = m€, € €{2,3}%, ke N TEH
SNBHEERT. £ di(n), £€{2,3}5,necZ % n>1ITHLT d&(n) = dié(n),
n>0I12W¥LT
log T (§)
ds,(—n) =
| ) = tog Bule)
TERTS. B¥g EAWTEE U :[0,00) x {2,3}* — [0,00) ZRTEHT 2 :

U(s,€) = —log g(s, P(€)) + > Fi(s, ). (0.2.4)
. k=0
ZZT F:[0,00) x {2,3}% = [0,00), k >0 13

Fk(S,f)‘—‘B k(E)h ( (s/T—(o—1)(€), P(07%E)), m_k€), k>1,

1
(3 5) ( 06) ( ( (5))’7706)

TH5. BICK € € {2,3)% 104 L T U O Legendre Z5H T* : (0, 00) x {2, 3}% — (0, 00)

T (2,6) = sup{¥(s,€) - z5)
TEETS. U IROWEE . |
Theorem 0.2.3. (1) o* @ (0,00) x {2,3}* — (0,00) ILHEHE.
(2) Rzl T ERK c, c" >0MH>T, EEBED2>0 & €€ {2,3}2 1T/ T
| e VEMD < g (5 £) < @M=
BERDIID. 2T 1% Ba(€)/Ta(€) < 2 < Bua(€)/Tur(€) % i 3565
(3) EED £ (2,3 & 250 KHLT

) - {Bn@)w*(Tn(&)z/Bn(a,ena mz1ozE), o

B (§)U*(Tn(§)2/Bn(€),6"71€) (n<0 DEF)
ANPRAL.
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& e {23 KELT x, € {23)% % k> 1 ITHLT moxy = menm, k < 0 1CH LT
Xy =2 ERZBHDET D, ZDEEEH U 2F > TR OER BN EE 2 XD &
HNTHRNRD Z EMTES. |

Theorem 0.2.4. fEED I 2/ MEE K C (0,00) IZHLT

(/-l;:((z)) )ll/(d?u (n)-1)

lim sup sup
=0 e {2,3}N z,yeFn
zeEK

log s, (2,)

Tn(n)

4+ dy(z, y)@*(%—(—z’—y),ﬁnxn)’ =0.

RDOFBRINIZIZBITHES.
Corollary 0.2.5. € {2,3}N &5%. {0"x}nen @ EBSIF {07 X }ren DY & € {2, 3}F
PR 2 & &

1/(d% (ng)—1)
i (Bnk(n)> K

MROTD. ZONKIEr,ye F7 & 2 K KL T—HETH 5.

z
Y = — l——
longnE (n) (LII, y) dn (.’l?, y)\ll <d'r; (CE, y) ) 50)

Ty, () ©
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Chapter 1
Introduction

Fractals are ideal examples of the disordered media. We cannot define differential cal-
culus on fractals because of the lack of smoothness. So a big problem is how to ana-
lyze diffusion phenomena in a rigorous way. Probabilists try to solve the problem by
-constructing a diffusion processes on fractal. The first work was the construction of
Brownian motion on the Sierpinski gasket done by Goldstein [G] and Kusuoka [Kus].
Then Barlow-Perkins [BP] shows the existence of the transition probability density of
Brownian Motion and the estimation for them on the Sierpinski gasket. Let F be the
Sierpinski gasket on R? with an intrinsic geodesic metric d, called a shortest path metric.
There exist constants 1,60 >0 such that if x,y € F and ¢t > 0 then

o Az )™ 1
(- gy

P(x y)_mexp n

with a lower bound of the same form but different constants, where d,, = 2.321928. .
is the walk dimension and d; = 1.365212. .. is the spectral dimension of F.

‘Since in this paper we study Varadhan type short time asymptotic estimates of
heat kernels and Schilder type large deviation for Brownian motion on scale irregular
Sierpinski gasket, We look back on the history concerning them a little. Varadhan’s
result [V1] is famous about the study of short time asymptotic behav1or of heat kernel
pM(z,y) on Rlemanman manifold M:

p(z,y)
2 b

where p is Riemannian metric. Since then, we have tried generalization of this result’

limtlogp," (,y) =

in various direction. In particular the result by Hino and Ramirez [HR] is remarkably

1



2 CHAPTER 1. INTRODUCTION

general. However, many diffusions on fractals are not contained in the framework of
[HR]. Kumagai [Kum] gives that Varadhan’s type formula for short time asymptotic
with respect to the transition probability density p:(z,y) of Brownian Motion on the
Sierpinski gasket: for z,y € F and z € [2/5, 1], ‘

, 2\ N 1/(dw—1) B 2
s ((3))" " gt = 406 (25,

where d is an intrinsic geodesic metric called a shortest path metric on the Sierpin--
ski gasket and G is the same periodic non-constant positive continuous function with
G(5s/2) = G(s). This G is defined as a Legendre transform of some limiting function
of a Laplace transform of some hittin_g time of Brownian motion. Also Kumagai shows
that

lim H (¢)¢"/ @~V log py(z, y)

does not exist for any choice of bounded functions H. Schilder [Sc| surveys on large
deviations for Brownian motion B in RY. Let P, be Wiener measures starting  on
C([0,1] = R9). For any closed set C C C([0,1] — R?) and open set G,

. <Timi
qlsrelgl(¢) < hrerilglfelog P,[B.. € G]

li | Be. < —inf I(¢),
im sup elog P,[B.. € C] < Jnf, (¢)

e—0

where

| 1 /1 o o .
- @' (t)|=dt if ¢ is absolutely continuous,
I(¢)=12Jo ll © | | | (1.0.1)
00 ,

otherwise.

On the other hand, Ben-Arous and Kumagai [BK] study about large deviation on the ‘
path space of the Sierpinski gasket. Let Cx([O, 1] - F)={weC(0,1]] = F) : w(0) =
x} with uniformly continuous topology. Let X be Brownian motion on F. Then the
following holds. For each z € [2/5, 1], closed set C and open set G C C,([0,1] — F),

— inf I, ,(¢) <liminf e)/(*~log P,[X

Inf €eG, (1.0.2)

€n,z*

lim sup e/ {** Y log P,[X,,,. € C] < — élélg Izv,z(¢).

n—0



Here €. = (2/5)"z and {I,.}.c[2/5/1] is a sequence of rate functions defined as follows
for each ¢ € C,([0,1] — F),

X _
D(t)%/ DG ( ad > dt if ¢ is absolutely continuous,
,:(¢) = J, pete D) a

00 otherwise,

where Dg(t) = lim,—d(¢(s), $(t))/|s — t| for ¢ € [0,1]. This result tells us that the
classical Schilder-type large deviation does not hold when € — 0.

AAADAM LD

Figure 1.1: The standard Sierpinski gasket SG(2) and a variant SG(3)

Barlow-Hambly [BH] introduced scale irregular Sierpinski gaskets and showed the
existence of Brownian Motion on them and that of the transition probability density.
They also gave the estimation for transition probability density functions as we will state
in subsection 2.1.2. In the present paper, we study short time asymptotic'behaviors
for them and large deviations on the path space of scale irregular Sierpinski gaskets.
However we are obtaining only a weak result of large deviation at present. Instead, we
show the one corresponding to Varadhan’s theorem. This theorem for the case Sierpinski
gasket is the following: ® : C,([0,1] — F) — R be a bounded continuous function. Then

) B / D(wle,, - o
i o/ Viog B [exp (P52 ) = wup (@(0) - Luto))
= €nz $€Cs([0,1]-F)
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The above result is immediately obtained from (1.0.2) by general argument of large
deviation theory. See chapter 4 in [DZ] for example. Note that our settings are not
contained in a general frame of large deviation theory.
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Chapter 2

Short time asymptotic behavior

2.1 Transition dénsity estimates for Brownian mo-

tion on scale irregular Sierpinski gaskets

2.1.1 Scale irregular Sierpinski gaskets

We describe the construction of the simplest scale irregular Sierpinski gaskets. This
paper is restricted to the situation, see [BH] for a more detail account of the. general
setting. We set (b(?),m(Z)) = (2,3) and (b(3),m(3)) = (3,6). Note that b(i) and m(:)
are the length and mass scaling factors on SG(7) for ¢ = 2, 3, see Figure 1.1. Let a; =0
and Fy = {a1, a2, as} be the set of vertices of a unit equilateral triangle in R2. We define
wz@) : R? — R? by |

%{2) (z) = le)(x —a;) +a; foreach 1<i<m(2).

Let ag4, as, ag be the midpoints of the 3 sides of Fy and define wi(g) :R? > R2by

wi(?’) (z) = @(x —a;) +a; foreach 1<1i<m(3).
We call € {2, 3} an environment. In particular we denote the element in {2, 3} whose
all components are 2 (resp. 3) by 2 (resp. 3). Define the projection 7, : {2,3}N — {2, 3}
by mxn = ni,n € {2, 3} for each k € N and the left shift operator 6 : {2,3}N — {2, 3}N
by m0n = T, € {2,331,k € N. We denote by X, an element of {2, 3}% such that

5



6 ‘ CHAPTER 2. SHORT TIME ASYMPTOTIC BEHAVIOR

TeXn = Mk if k£ € N and mx, = 2 otherwise for n € {2,3}Y. For B C R? set

m(a)

®@(B) = | J ¢{”(B) for each a=2,3 (2.1.1)
j=1

and
O (B) = dMM o...0 ™M (B).

Then the scale irregular Sierpinski gasket F associated with the environment sequence
n is defined by the closure of

U o0 (Fo).
n=1

Note that F? is the standard Sierpinski gasket SG(2) and F3 is a variant SG(3), see
Figure 1.1 . We write W7 = {(w1,...,wy) : 1<w< m(mn),1 < i < n} for the set of
words of length n. For w € W)! we define '

Yo = VM oo wf;;“"’- - (2.1.2)

w1

We define F}! = Uy, ety (Fo), and call sets of the form 4, (Fy) n-cells for w € W7. We
define a natural graph structure on F)! by letting {x,y} be an edge if and only if z,y
both belong to the small n-cell. This graph is connected. Write p,(z,y) for the graph
distance in F7. '

21
by bs
0 b ) 0 b bs 292
(a) mn =2 (b) mn =3

Figure 2.1: FY

Let F} be as in Figure 2.1. Also let Y2 be a simple random walk on Figure 2.1
(a), starting at 0 and Y3 a simple random walk on Figure 2.1 (b), starting at 0. Then
the time scaling factor ¢(2) associated SG(2) is defined by the expectation of the first
hitting time to {2, 2,} by Y2 starting 0. The time scaling factor #(3) associated SG(3)
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is defined similarly. By easy calculations we see that t(2) = 5 and ¢(3) = 90/7. Let
B, : {2,3}N — [1,00), M, : {2,3}N — [1,00) and Ty, : {2,3}" — [1,00) be given by
Bo(n) = Mo(n) = To(n) = 1 and

n n n

Ba(n) = [ b(min), Mo (n) = [Imn), Tuln) = [TtGn) (2~71~3)

=1 =1 . i=1

for each n € N.

V.¥.

DAL
V-
V-V-V:-V-V:
V- V.
) V-V

AAAA
V-V NNV

Figure 2.2: The scale irregular Sierpinski gasket about n = {3,2,2,3,3,---}

In [BH], Barlow-Hambly have defined a metric d,, on F"? which have following prop-
erties:

dn(z,y) = Bp(n) ' pu(z,y) forall z,y € F and n > 0. (2.1.4)
There exists a constant ¢ > 0 such that (2.1.5)

e —y| <dy(x,y) < clx —y| for any z,y € F".
n

Let B"(z,r) = {y € F": d(z,y) < r} for each n € {2,3}, z € F" and r > 0. There is
a natural ‘flat’ measure " on F" which is characterized by the property that it assigns
mass M, (n)~! to each triangle in F" of side B,(n)~!. In addition the following property
is stated in [BH]: there are constants c, ¢’ such that if 1/B,(n) < r < 1/B,_1(n), then

drli® < p(B(z,r)) < e, z € FT. (2.1.6)
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We now define the approximate walk and spectral dimensions by

1 Tn TL_ 1 n '(l_ i
7 () = 108 (m) Dy logt(mn) . . 5log M, (n) _ 221_1 log m(m;n)

= = n ) ds n)= n) n

log B(n) S, logblmm) ) = FlogT() ~ 2 Son Togt(mn)
for each n € {2,3}" and n € N. Note that
2y _ log t(2) _ logt(3)

w(n) log b(2) ~ logb(3)

for each n € N. We set d2 = logt(2)/logh(2) and d2 = logt(3)/logb(3). It is easy
to see that we have d2 < d7(n) < d3 for each n € {2,3}" and n € N. Let k,(n,m),
n € {2,3}N, m,n € N be given by

Bo(m,n) = inf(j > 0: Ty (0)/ Brosy(n) 2 Ta(m)/Bu(m)}.  (21.7)

= 2.321928..., d3(n) = 2.324660. . ..

2.1.2 Dirichlet form and Brownian motion

We now construct a Dirichlet form €7 on L2(F", u). See [BH] for details. Note that as
F} is a discrete set, the space C'(F}7) of continuous functions on F}! is just the space of
all functions on F7. For f € C(Fp) define

&o(f0) =5 3 (F@) ~ FW))lo(a) — o(v))

z7y€F'0

Set r(a) = t(a)/m(a). We call r(a) the resistance scaling factor of SG(a). Set
R'n(n) = HT(WW),
‘ i=1

EXf,9) = Raln) Y Eolf o Yugothu).

weWw,!

The choice of R,,(n) above ensures that Dirichlet forms £? have the decimation property

€1 1(9,9) =mf{E]: flm_ =g} forge C(FL,).

This property implies that if f : "7 — R then &7(f|pn, f|ry) is non decreasing in n.
This enables us to define a limit bilinear form (£7, F) by

Fr={feC(F: lim EI(f,f) < oo},

and

E(f,8) = m ENf f),  feF.
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Theorem 2.1.1. (Theorem 3.3 in [BH]) |

(a) The bilinear form (£7, F7) is a regulalf local Dirichlet form on L2(F", ,u,")..

(b) There is a constant ¢ > 0 such that |f(x) — f(y)]> < c&(f, f) for all f € Fn.

Let {P/}:>0 be the semigroup of Markov operators associated with the Dirichlet
form (E7,F") on L2(F, u"). As (E",F7) is regular and local, there exists a Feller
diffusion (X, ¢ > 0, PJ, = € F") with semigroup {Ptﬁ}tzo, which is called Brownian
motion on F7 in [BH]. Besides they remark that G} = [e*P/'dt has a bounded
symmetric density u} (z,y) with respect to u” and u}(z, -) is continuous for each = € F".
They proved the following. |

" Theorem 2.1.2. Let n e {2,3}".

a) P! has a continuous transition probability density p}(x,y) with respect to u".
t E t

(b) There exist constants ci,c2,c3,¢4 (not depending on n € {2,3}N) such that if
Bm,(n)—l < dn(x, y) < Bm—l(n)_lf Tn(n)—l <t< Tn—l(n)—l; then

d ) dzj(m_l—k) i m -
et~ /2 o ( e n(® y)t )@ 1)) < 2z, )

. d ’ w(m+k')
< Clt—d’;(n)/z exp ( _ 62( n(flf,yzt

)

)1/(dZ(m+k)—1))

where k = k,(m,n).

2.2 Properties of moment generating function of W

For Brownian motion X. on F", define the stopping times S* and SF by S* = S} =
inf{t >0:X; € F]'} and

Sf =inf{t > S, : X, € F]\ {Xg }} for ieN,

These are the times of the successive visits to F}' by X.. Also for X, let W=inf{t >0:
X: € Fg\ {Xo}}. Let Y;"i = Xgm, then Y™ is a simple random walk on F}]. Similarly
define stopping times S*(Y™), SF(Y™), i € N and W(Y™) by SF(Y™) = SE(Y™) =
inf{n € Zy : Y* € EJ}, SH(Y™) = inf{n > S, (Y™) : Y,* € FY\ {Yep m}} for
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i € Nand W(Y™) = inf{n € Z; : Y» € FJ \ {YJ"}}. Let us define the probability
generating function of W (Y) with respect to Py, ¢ : [0,1] x {2,3} — R by

o(u, i) = Eglu™ ],
Note that 77 relates to only 7.

Remark 2.2.1. By easy calculations we have

u? u?(u + 6)

9) = d o(u,3) = .
P2 =15, od v(w3) = s seu 06

Also let f,(u,7) be a probability generating function of W (Y™) with respect to Pyl
Falu,m) = Egu™ ).
Since we have W(Y") = ,ZV;(fl)(S,%(Y") — S;_,(Y™)) with PJ-probability 1 and
Eg[us;(i’.”)—s;_l(w)] — Egn[usg(Y"‘l)—sg_l(Y"*l)] = fo_1(u,6n)

for each k € N , we have
fulu,m) = @(fn-1(u, On), m1n). (2.2.1)
Lemma 2.2.1. [t follows that EJ[W (Y™)] = T,(n) and

Eq ”[W Y2
7Tz+177 z+1(77)

E"[W(Y” 2] — Z
for each m € {2,3}N and n € N.

Proof. By (2.2.1), we see that f)(u,n) = f/_;(u, Gn)w’(fn;l(u, 0n),mn) for all n €
{2,3}N and n € N. Letting u = 1, it follows that

fa(Lin) = EJIW(Y™)] = t(mn) Eg" W (Y 71)].
Inductively we ébtain EJIW(Y™)] = T,(n). Similarly we have
FALm) = £ (1, 6m)! (Lmm) + fi (1, 60)%" (1, ma)
for ali n € {2,3}N and n > 2. From this we obtain

E§W (")) = t(mun) Eg"[W (Y ™)%] + T () EG W (V1)7]
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for all n € {2,3}Y and n > 2. By easy inductive argument, we have

n—1 o
EQW (Y™ = Y Ti(n)Tamima (6702 Eg "W (Y1)
i=0 - ,
The relation Tp,—;—1(6**'n) = T, (n) /Tiz1(n) implies our assertion. O

We have the following theorem in [BH]. |

Theorem 2.2.2. (i) EJ[W] =1 for alln € {2,3}". (i) W(Y")/Tu(n) = W Pl-a.s.
for each n € {2,3}" and sup,c oz EGIIW (Y")/To(n) = W] -0 asn—oco. -

Proof. All but the uniformity in L*-convergence are stated in [BH]. Since we see that
{W(Y"™)/Th(n)}nen is the martingale relative to o-algebra generated W(Y")/T,(n) as
the proof of Theorem 8.2 in [H], for any m > n |
W(Y.m) w2 wym)2 WYy
7 _ — g 7
Iy~ ey ) = Blger] - Blger]
“n 1 m-1 /
_Z EO [I/VY)]<C 1 c (1_ 1 )

t(misan)Tipa(n) ~ ; H2)? T H(2)n ¢(2)mn

by Lemma 2.2.1, where ¢ = max, ¢ s Eg[W(Y')?] < oo. This implies the uniformity

in L2-convergence. ' O
- In addition we define functions g(z, 1), gn(2z,m) : {z € C: Re(z) > 0} x{2,3}N - C,
n=20,1,2,... to be

)
Tn(n)

Lemma 2.2.3. For alln € {2, 3N, s> 0 andn > i,

gn(z,m) = Egv[e‘xp ( - )] and g(z,7) = Eglexp(—2W)].

In+1(T1(n)s,m) = @(gn(s, 0m), mn). (2:22)
Proof. We see that | |
g (Tin)sm) = foss (50 (= 7 5m5).7)
= so(fn(exp (- ﬁ), o), 7?1?7) = @(gn(s, o), mn)

from (2.2.1). This completes the proof. ’ O
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Let Gn(s,n) = —loggn(s,n) for s > 0 and n € {2,3}". Noting that o(u,mn) =
91(=T1(n) logu, n) for all u € (0,1] and n € {2,3}", by Lemma 2.2.3 we have

Gni1(s,m) =G1(T1(77)G (Tl( ) 9"7) ) (2:2.3)

for all n-€ {2,3}", s > 0 and n > 1. The function G1(-,7) is extensible to a holomorphic
function in a neighborhood of the origin. Let B(0,8) = {#z € C : |2| < 6} for § > 0.
By easy calculation we have G1(0,7)=0, G7(0,n) = 1. Therefore there are ¢, > 0 and
M > 0 such that

|G1(2,m)| < M|z| for any z € B(0,¢) and n € {2,3}".

Constants €y and M are not depending on 1 € {2,3}", because G; depend on mn =
m € {2,3} only. Let Ds = {z € C: Re(z) > —¢} for § > 0. We can show the following
in the same way as Proposition 3.7 of [Kus].

Proposition 2.2.4. Let ¢ = (&/2) A (1/(2M)). Then for each n € N, there are
holomorphic functions Hy(z,n) defined in B(0, €1) such that ’

Gn(z,m) = 2(1+ Ha(z,m))," |Hu(z,n)| < 2M|2| for any n € {2,3}".
In particular for e; = €1 /4

sup  |gn(—€2,m)| V [g(—€2,m)| < o0.
ne{2,3}N,neN
Proof. We will prove this by induction. Assume that our assertion is true for n. Then
we see that

TGy on)| = (1 [Fa 5 00)])

2M|z| 2Me;

1
T(n)) =a (1+ Tl(n))

<z |(1+ m)

)

S —0(1 + S €0
2

for z € B(0,¢€;). Thus

Hn+l(Z7 77)
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is well defined for z € B(0, ;). Therefore it is easy to see that Gpy1(-,7) is extensible
to a holomorphic function in B(0, ¢;) for each n € {2, 3} and

z

Gn-i—l(Z? 77) = Gl (Tl(n)Gn (Tl(n) ’ 97]) ) 77) = Z(]- + Hn—f—l(zv 77))
for all z € B(0,€;) by (2.2.3). Also since 2M|z| < 1 for 2 € B(0, ¢;), we obtain

‘IHn+1(z’ 77)[
2M|z| 2M |z| 4
= Ti(n) Ti(n) JMel < M'Z|(T1(n)

This completes the induction. In particular we have

+(1+

+1) < 2M|z|.

~

sup  gn(—2e2,m) =  sup  Egfexp(2eW(Y")/T(n))] < oo,
neN,ne{2,3}N neN,ne{2,3}N -
where €, = €;/4. So the sequence {exp(eaW (Y™)/Tp(n))}, is uniformly integrable.
By the way we have already known that W(Y™)/T,(n) — W almost surely as n — oo
from Theorem 2.2.2. These imply sup, ¢ sy Eglexp(e2WW)] < oco. This completes our
assertion. . O

Let € = €5/4. Then we have the following lemma.

Lemma 2.2.5. (1) Functions gn(-,n) : D — C is holomorphic for each n € N,
n € {2,3} and g, : D, x {2,3} — C is continuous for each n € N.

(2) For each compact set K C D,

sup lg(z,m) — gn(z,m)] = 0 as n — oo.
z€K,ne{2,3}N : ' ‘

In particular from (1) and (2), g(-,n) : D, — C is holomorphic for each 1 € {2, 3N
and g : D, x {2,3}N — C is continuous. '

Proof. (1) It is easy to see that g,(-,n) : D. — C is holomorphic for each n € N,
n € {2,3} from Proposition 2.2.4. Also noting that g,(z,7) relates to only first n

components of 7, the continuity of g, is obvious.
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(2) Since there is a constant ¢ = c(¢) > 0 such that

: w
o) ~aneml < B[ [ sexp(aar]

)
< |z|E¢ [exp (EW +€

wW(ym) w(y™m)
7 )W - T
W(y™r) 2] 1/2

T(n)

}

< |z|cEq HW -

for all z € D, by the Schwarz inequality and Proposition 2.2.4, Theorem 2.2.2 (ii) implies
our assertion. O

Corollary 2.2.6. ¢ : D, x {2,3}N — C is continuous for each k > 1, where gt¥)
denotes k-th derivative of g(z,m) with respect to z. '

Proof. Since g% (z,n) : D, x {2,3}N — C is continuous for each n, k € N, Lemma 2.2.5
and Cauchy’s theorem imply our assertion. _ : O

Theorem 2.2.7. The moment-generating function g : D¢ X {2,3}N — C satisfies fol-
lowing properties:

(a) g(z,n) = @(9(2/T1(n),0n), mn), ¢(0,n)=1, ¢'(0,n) =-1,
(b) g(z,m) is holomorphic in D, fof each n € {2,3}N,
(c) g: D¢ x {2,3}N — C is continuous.
Moreover g(z,n) is the unique solution of} functional equation (a) satisfying (b) and (c).

Proof. Since (2.2.2) holds for s € D, continuity of (-, m1n) and Lemma 2.2.5 (2) imply
(a). (b) and (c) are obvious from Lemma 2.2.5.

Next we prove the uniqueness. Though we follow the proof of Theorem 8.2 in [H], we
need some improvements. Let U;(z,7n) and Us(z,n) be functions satisfying (a), (b) and
(c). We choose €; > 0 such that €; < e. By assumption for any n € {2,3}" there are
ar(n), bx(n) € C,k > 2 such that

‘Ul(z, n)=1-—z+ Zak(n)zk and Us(z,n)=1-z + Zbk(n)zk
' k=2 k=2
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for any z € B(0,¢;). Setting M;(r) = sup{|Ui(z,n)| : |2| = r,n € {2,3}} for i = 1,2

and r > 0, we have
' < M2(€1)

. el
Note that by the continuity of U; and U,, M; and M, exist. Define the function + :
D, x {2,3}N = C by

|an(n)] <

o0

zn—zZak — be(n k=2,

Then since there is a constant ¢ = c(el) such that

1 M (e Ms(e
e ?Z(! 11} | 2“>1)|z|“<c|z|z]—]
k=

ne{2,3}N

we get lim, o Sup,c (o 3 [’y( n)| = 0 for all z € B(0,¢;). From the definition ~(z,7)
note that Uy(z,n) — Us(z,m) = 27(2,m). By the way there are constants so = so(e1) > 0
and ¢ = ¢/(e;) such that | ~

) o

sup  |Ui(s,n)| <1—s+ sc<1

ne{2,3}N,i=1,2 . €1 — S8

~for any s > 0 with s < sp. Also we have |¢'(z, mn)| < Ti(n) for z € B(0,1). Therefore
since

Ty (n)sy(T1(n)s, n)] : |
= Iw(Ul(Sﬁn),m(n)) — @(Ua(s,0n), m1(n))| < Ti(n)]s(s, 0n)]

for any s < so and n € {2 3N from (a), we get |y(s,n)| < |v(s/Ti(n),0n)|. Hence we

obtain
(sl < Jim (7=, 0m) = 0 forall < so and € {2,3}"
Uniqueness theorem implies our assertion. : U

Lemma 2.2.8. [t follows that

B (n)
4(%) " <l ) < uB O

for allm € {2,3}N and u € [0,1].
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Proof. The definition of f,(u,n) implies f,(u,n) > FJ[W(Y") = B,(n)ju?™ . Also
from W (Y™) > B,(n) with P§-probability 1, we obtain f,(u,n) < uB+®. Also the other
inequality follows from FJ[W (Y™) = B,(n)] = (1/4)8™-1, O

Lemma 2.2.9. There exist constants c,c’ > 0 such that
exp(—csl/‘w”(")) <g(s,m) < exp(—c’sl/dz’("))
for anyn € {2,3}Y, n >0, s € [Tn(n), Tora(n)].

Proof. We follow the argument of Proposition 3.2 in [Kumi].
(i) Proof of the lower bounds: By Jensen’s inequality g(s,n) = EJ[e™*"] > e~* for all
n € {2,3}N and s € [0, 00). We can choose ¢ > 0 such that

e > e > 4exp(—cs/%) for any s € [1,£(3)].
Hence we obtain
g(8:7) > €7° > dexp(—cs'/%) > dexp(—cst/® ™)

for alln > 1, 7,7 € {2,3}, s € [1,£(3)]. Therefore by using Lemma 2.2.8 and Theorem
2.2.7 (a) we get

9(Tn(n)s,m) = fulg(s,0™n),n) > 4(@)&(0)

> 4 exp(—eB(n)s ) = dexp(c(T, (7)) /)
for any s € [1,¢(3)], n € {2,3}N. Thus we see that
g(s,m) > dexp(—cst/% ™)

for any 1 € {2,3}" and s € [T,(n), Tns1(n)]-

ii) Proof of the upper bounds: It is easy to see that sup, .y 3w g(1,7) < 1 by Theorem
i n€{2,3}

2.2.7 (c¢). So there exists ¢ > 0 such that

9(s,m) < exp(—Ct(3)/%) < exp(~sV )

for any s € [1,#(3)] and 7 € {2,3}". So we have

9(s,M) < eXp(—c’sl/d?v) < exp(_c’sl/dﬁ(n))
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for any 7,7 € {2,3}N, s € [1,¢(3)]. Therefore by using Lemma 2.2.8 and Theorem 2.2.7
(a),

9(Tu(n)sm) = falg(s,0™n),n) < g(s, o™n)B»0)
< exp(—¢'By(n)s" ™) = exp(~c' (T, (n)s) /%)

for any s € [1,¢(3)]. As a result we deduce that
9(s,m) < exp(—dsMB)
for any n € {2,3}" and s € [T,,(n), Tny1(n)]. This completes the proof of lemma. O

Lemma 2.2.10. 2-th derivative of —logg(s,n) is strictly negative for all s € (0,00)
and n € {2,3}N.

Proof. First, we have

d2
@( —logg(s,n))

_ EQ[W exp(—sW)]* — Eglexp(—sW)]| Eg[W? exp(—sW)]
g(s,m)?

for each n € {2,3}N. By the Schwarz inequality for each s € (0, )

E§[W exp(—sW)]* < Eglexp(—sW )| E[W? exp(—sW)]

with equality if and only if W exp(—sW/2) = cexp(—sW/2) Pj-a.s. with some constant
c=c(s). But as W is not a constant Pj-a.s. we have our assertion. O

2.3 Properties of V(s,§)

First we define 7% : {2,3}% — {2,3} for each k € Z and 07 : {2,3}2 — {2,3}% in the
same manner as 7, and 6. When there is no possibility confusion, we simply write 6
(resp. ) in place of 07 (resp. 7Z). Also in like manner (2.1.3) let B_,, : {2,3}% — R,
and T, : {2,3}2 — R be given by

n

Bal® = {[[or-9} " and 70 = { [[ttr)}

1=0 1=0
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for each n > 0 and
Bn(§) = Bn(P§) and Ty(§) = To(P€) for each n>1,

where P : {2,3}% — {2,3}" is the projection defined by mP(§) = mi, € € {2,3}%,
keN. | |

From the definition of ¢(u, m1n), we have ¢(u, mn) = Py [W (Y}) = b(myn)|ub™m +
> ebmmys1 Fo W(Y1) = jlul. Let us define h: [0,1] x {2,3} — [0, 00) by

p(u, k)

h(u, k) = —log WO

Note that A(-,k) : [0,1] — [0,00) is continuous for each k € {2,3} and there exist
constants ¢, ¢ > 0 such that

0<h(u,k)<c and —c<h'(uk)<—¢ (2.3.1)

for any u € [0,1] and k € {2,3} by the definition.
By using Theorem 2.2.7 fepeatedly, we have

_ . on Bn(n) - — B h Tn(n) ek
9(Tn(n)s,n) = g(s,6™n) " [ exp (= Br-1(n) (g(Tk(n)s, 1), 7))

k=1

for all n € {2,3}"N, s € [0,00) and n € N. Here we define L, : [0,00) x {2, 3} — [0, c0)
by v

| _ logg(Ta(n)s,n)
bl = =75 )
1

= —logg(s,0™n) +

Bn(n) k=1 Tk(n)
= —logg(s,0™) + Bnl(n) _ By—1(n) (9(%2238, 6*n), mn)
| =1 1 n
b(%n)h(g(s,t9 1), ™)
= —logg(s,6™) + mh(g(s, "), mo(6"x0)

n—1
S

" (n—k)gn n
+kz=;B—(n—k)(9 n)h(g(T (n—k—1) (9"‘ ) 0~ 9 n)?ﬂ—(n——k)(e ,'7)))
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_ L.
| b(mo(6"xn))

+ B—j(”ﬂﬁ@(ﬁ)‘(waQ‘jenﬂ)vﬂ—j(Q"n)))

1 n n
Wh(g(s, 0™n), mo(6 Xn))

+ Z B_j(0"x)h (g

= —logg(s, ™) + h(g(s, ™), mo(0"xy))

fuuy

<.
Il

< —logg(s,6™n) +

S ,
—,0770"x,), m_; (6"
T @) X))
Note that Ly,(s,7) is a concave function with respect to s for each n € {2,3}N and
n € N. In the case n = 2 ( i.e. usual Sierpinski gasket) lim, .. L,(s,2) exists for
all s > 0. But lim,_.o Ln(s,7) does not necessarily exist for general n € {2,3}N. Let
Fy, : [0,00) x {2,3}2 — [0, 0) for k > 0 be given by

Fk(s>§) = B—k(g)h’(g(s/T—(k—l)(g)’ P(e—kg))’ﬂ-—kg)’ k>1

and .
Fo(s, &) = —=h(g(s, P(£)), m€).

| o6:6) = g Moo POLTD.

By (2.3.1), we see that SUDcig o) ec(2,3)z 2oneo Fk(5,E) < 00. So we can define the
function ¥ : [0, 00) x {2,3}% — [0, 00) to be '

o0

U(s,€) = —logg(s, P(€)) + Y _ Fi(s,€). (232)

k=0

Also we have

i) = -t
o h,(g(r(:;)_(é_)’P(e—kg)),w_kf)Eé’(@‘kﬁ) (W exp(—f(iz/—)@j)]
foreach £>1 and
Fy(5,€) =~z (o0, P(E)) o) S © W exp(=sW)].
By Lemma 2.2.9 and the Schwarz inequality, there are constants ¢, ¢’ > 0 such that
Eé;(a—kg) (W exp(~ i_(% ] < Eéf(o—ké) W2 EéD(e-kg) [exp(—%g)_ 2

< cexp(—c (£(2)*s)/%) ©(23.3)
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for any s > 0 and k > K, where K = K(s) is a non-negative integer with ¢(2 ) s> 1.
For each sp € (0,00), let (a,b) C (0,00) be an open interval contamlng the point so.
Then from (2.3.1) and (2 3.3), we see that '

> 1R, O < &3 (RD) exp(—(1(2)"0) /%) < o0

k=K k=K 3

for any s € (a,b). So since U(s,§) is differentiable with respect to s for each £ € {2, 3}%,
we obtain ‘

e e 90 PE) < /(s
(s, &) = g(S’P(g))-I—;Fk(,ﬁ). » (2.3.4)

V(s, &) has following properties and approximates Ly(s,7) in the following sense.
Lemma 2.3.1. (1) ¥ : [0,00) x {2,3}% — [0, c0) is continuous.
(2) It follows that

sup |Ln(s, P(§)) — ¥(s,0%¢)] = 0 as n — oo.
5€[0,00),6€{2,3}2

(3) The function ¥ satisfies the following functional equation:
W(Tl(f)&g) = Bl(f)\I/(S, 95) and ‘I/(O,g) =0
for all s € [0,00) and & € {2, 3}Z.

Proof. (1) From Theorem 2.2.7 (c), it suffices to show the continuity of the second
term of the right hand side of (2.3.2). It is easy to see that F : [0,00) x {2,3} — [0, 00)
is continuous by Theorem 2.2.7 (c) and continuity of h(-, m_;€) for each £ > 0. Since by
- (2.3.1) there is some constant ¢ > 0 such that

c
sup ’Z (s,€) — szs§‘<ch k+1:\ b
s€[0,00) 1 kem+1
¢e{2,3)*
for any m € N, the partial sum Y ;" Fy(s,&) converges uniformly with respect to

s €1]0,00) and € € {2,3}% as m — oo. This implies our assertion.



2.3. PROPERTIES OF ¥(S,¢) 21

(2) By easy consideration, we have B_(,_)(0"€) = Bj_1(£)/Bn(£), T-(n-t-1)(07€) =
T(€)/Th(§), T—(n-i)0™¢ = m PE and P(9n§) = §"(P¢). These imply that
(

Bal®), O yipe)
Bag (g get PE) mle)

forrallkENWithl_{kSn-land

Fn—k(sa ené-) =

Fo(s,0"€) = h(g(s, 0" PE), m PE).

b(mn PE)
Therefore it follows that

log g(Tn(£)s, P§)
Bn(£)

— (s, eng)] = ‘ i Fi(s, 9”5){ < b(; n
k=n '

for some constant ¢ > 0 by (2.3.1).

(3) By simple calculations we deduce that

By(£)Fu(s, 06) = Fo_1(Ty(€)s, &) for all k € N,
B1(§)(—log g(s, P(6€)) + Fo(s, 0€)) = —log g(T1(€)s, P(£)),

where we use Theorem 2.2.7 (a) in the second equation. This implies our assertion. [

Next we state some properties of W'.
Lemma 2.3.2. (1) ¥ : (0,00) x {2,3}* — (0, 00) is continuous.
(2) W'(s,€) is strictly decreasing with respec;c to s € (0, 00) for each & € {2,3}2.
(3) It follows that |

min U'(s,§) > 00 as s|0 and max ¥'(s, 0 as s — oo.
(i, V(s 6) ! (ax V(s §) = -
Proof. (1) This is the same as that of Lemma 2.3.1 except for obvious modifications.
(2) Let n be an element of {2, 3} whose the first component ;7 is m_z£. Then note
that by Holder’s inequality v

h(g(s/T-(e-1)(€), P(07°€)), 7€)

= —log B [Eég(e"kf) [exp (- sW )]W(Yl)—b(mn)]

T_(5-1)(&)
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is a concave function with respect to s > 0 for each k > 1, £ € {2, 3}%. Hence the second
term in the right hand side of (2.3.4) is monotone decreasing with respect to s for each
¢ € {2,3}%. By Lemma 2.2.10 the first term in the right hand side of (2.3.4) is strictly
monotone decreasing. This implies our assertion.

(3) Fix € € {2,3}%. As we stated above, the first term in the right hand side of (2.3.4)
is strictly monotone decreasing. We assume that this term converges to ¢ >0 as s — oo.
Then by easy calculation there is a constant ¢ such that —logg(s, P(€)) > ¢'s for large
enough s which contradicts Lemma 2.2.9. So the first term in the right hand side of
(2.3.4) converges to 0 as s — oo. Also by (2.3.1) and Monotone convergence theorem
we see that

s o) s S Bl gy AW
;Fk(s’f)zc;i(k-n(ﬁ)% 7 el T—(k—l)(ﬁ))] .

“as s | 0. Similarly we have

M8

Fi(5,§) =0 as s — o0

k=1

by (2.3.1) and Lebesgue convergence theorem. As a result we have ¥'(s,&) — oo as
s 0and ¥'(s,£) — 0 as s — oo for each £ € {2,3}%. Since ¥'(+, §) is strictly monotone

decreasing from (2), Dini’s theorem implies our assertion. (I

From Lemma 2.3.2 (2), ¥'(+, £) is strictly decreasing for each & € {2, 3}%. Therefore
U'(-,€) has the inverse function (¥')~1(-, &) for each £ € {2, 3}Z.

Lemma 2.3.3. (1) For each compact set K C (0,00) there exists a compact set
K, C (0,00) such that »
U @)K, c K. (2.3.5)

€e{2,3)2

(2) ()1 : (0,00) x {2,3}% — (0, 00) is continuous.

Proof. (1) Let us denote by K the left hand side of (2.3.5). Assume that inf Ky = 0.
Then there is a,, € K, such that 0 < a,, < 1/n for each n € N. Further for each a, there
exist &" € {2,3}% and 2, € K such that ¥'(a,, &™) = 2, € K. This contradicts Lemma
2.3.2 (3). Next assume that sup Ky = co. Then there exist b, € K, and &" € {2,3}2
such that b, > n and ¥'(b,, ") € K for each n € N. This contradicts Lemma 2.3.2 (3).
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(2) It is obvious that (¥')7!(-,&) : (0,00) — R is continuous for each ¢ € {2,3}%. By
Lemma 2.3.2 (1), U/(s, &) converges to ¥'(s, §) pointwise as ' — £ for each s € (0, 00).
So does the inverse function. Since (¥')~*(:,€) is monotone decreasing, this convergence

is compact uniform on (0, 00). This completes our assertion. O

_ Define the Legendre transform ¥*(z, £) by \IJ*(z &) = supg.o{¥(s,&)—2zs} for 2 > 0
and ¢ € {2,3}%. Since we have

(2, ) = sup{W(T3(€)s,€) — 2T (€)s} |
= sup{B(OU(5,00) ~ BiE)F (225 = BV (5 25,06)

by Lemma 2.3.1 (5), the function U* satisfies the following functional equation:

v (?j((g €)= Bi(€)U" (2, 06).

From T_,, (&) = Tpy1(0~ ™€) and B_,,(€) = By1(~ V€)1, we obtain
T | BT (Tn(©)2/Bal€),677) i n<0
for all €€ {2,3}% and z > 0. Let d5,(n), £ € {2,3}%, n € Z be given by

) = Jos T_n(8)
log B_(§)

(2.3.6)

dS(n) =dl%(n)ifn>1 and d&5(-n if n>0.

Then we have the following.
Lemma 2.3.4. (1) U* : (0,00) x {2,3}% — (0, 00) is continuous.
(2) There exist constants ¢, ¢’ > 0 such that
| e VMY < g7 (5 £) < ¢z HEm-D)

for any z > 0 and £ € {2,3}%, where n is an integer with B,(§)/T,(¢) < z <

~1(8)/ T (8)-
(3) For any a > 0

im sup  sup |z1U*(1/21,§) — 229" (1/19,6)| = 0.
6—0 §€{2 3}2 3|?1 m2€(|0 fg]
r1—22|<
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Proof. (1) Since W'(-,£) is strictly decreasing for each £ € {2,3}%, (¥')71(2,€) is a
unique point such that ¥*(z,&) = ¥((¥')7(z,&), &) — 2(V')~1(z,€) for each 2 € (0, 0),
¢ € {2,3}%. By Lemma 2.3.1 (1) and Lemma 2.3.3 (2), ¥ : [0,00) x {2,3}% — [0, 00)
and (¥')7!: (0,00) x {2,3}% — (0, 00) are continuous. These imply our assertion.

(2) Since supgeo sz ¥*(1,€) < oo, from (2.3.6) there is a constant ¢’ > 0 such that

Bn(€)

* - S (n)—
€) = Ba(§) sup WH(1,€) < ¢z M

(2, €) < \IJ(
£e{2,3}2

for any n € Z, £ € {2,3}F and z € [Bn(£)/Tn(€), Bp_1(€)/Tp_1(€)). The lower bound is
proved in exactly the same way. "
(3) For any € > 0 there is dg = do(€) > 0 such that if z;, 2o < &y then

sup |z19*(1/x1,&) — 2 ¥*(1/29,8)| < e
¢e{2,3}%

from (2). Let K = [6o/2,a]. By (1) there is 6; = &;(¢, K) > 0 such that

sup  sup |z U (1/21,8) — 2207 (1/20,6)| < €
ee23)" mmel
T1—T2

for all § < &;. So if § < dg/2 A &y then

sup  sup [z UF(1/21,€) — 22U (1/30,§)| <€
£e{2,3}2 Tl,wze(l(),aé]
r1—x2|<

This completes the proof. S O

2.4 Hitting time and distance

In this section we shall prove the following proposition.
Proposition 2.4.1. The following holds

i log E[exp(—T5(n)sTy)]
1m sup sup
" e (2,3 dy (2200 log g(T(n)s,m)

se

- dn(xa y) =0

for any &y > 0 and compact set K C (0,00), where 7, = inf{t > 0: X, = y}.
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In the case n = 2, this proposition corresponds Lemma 3.4 in [Kum|. We make some
preparations to prove this proposition. As the following lemma is standard, we omit the
proof.

Lemma 2.4.2. (1) It follows that EJ[u"] = EJ[EguSt]W&™M] for all n € {2,3},
n>1andu € [0,1].

(2) It follows that Eg[usd] = ENEJuST S0 for alln € {2,3}N, n>1, z € F and
u € [0,1]. '
(3) It follows that ENuS"™™] = ENEIuSIO™S 0N for all g € {2,3}Y, n > 1,
z € F] and u € [0,1].
Let ¢1 = max,e (s maxgepn EJ[SO(Y)].
Lemma 2.4.3. It follows that A
EMuSYM) > EluV O ™Me * (2.4.1)
foranyn € {2,3}N, neN, z € F? and u € [0,1].

Proof. Let 21,2, € Fy and b, € FJ be as in Figure 2.1. Then By Jensen’s inequality

- we have
B e v B S <y < 1S 0) (2.4.2)

for all n € {2,3}", z € F{ and u € [0, 1]. Thus by Lemma 2.4.2 (3) we see that
E} [uS°0Me = B [ER[uSi0r)s o] |
1 1 : . )

< BI[EuSIOM)S O] = B St (2.4.3)
foralln e {2, 3N, z € F/', m € Nand u € [0,1]. Now we will prove (2.4.1) by induction
on n. Assume that our assertion is true for n — 1. Then we have

CENuSIMe < BST) (2.4.4)

for any n € {2, 3}N and z € F. Note that S}(Y™) is the first hitting time of by, by under
Fj. Hence by (2.4.3) and (2.4.4) we obtain '

O(yn " aliun 0o
EMuS"®M] = Z Eg[l{xsl(jn)=y}‘us (v, )]E;’[us ()]
yeCl(a:)
> E’? [usl(Yﬂ)]Eg [USO(Y")]Cl > Eg[us%(y‘n)]cl E;’ [uSO(Y.")]cl
= 1D, ‘ L > | y
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for all z € F!'\ F{', where Ci(z) is the 1-cell which contains z. Note that this is true
for all z € FY from (2.4.3). On the other hand by the strong Markov property

Eglu™ ™) = Effu®iC) B [w2™] < EJuStO) By [uS M),
where 71 5(Y") = inf{i € N: Y* € {21, 2} }. This implies (2.4.1) is true for n. O
Next we prove the continuous version of Lemma 2.4.3.
Lemma 2.4.4. It holds that
E'uS] > EXu )™ for allne {2,3}N, 2 € F" andu € [0 1].

Proof. Firstly from Lemma (2.4.2) (1), (2) and Lemma (2.4.3) we see that

)" = BB < BB = BI] (2.45)
forallne{2,3}N, neN, z e FJ andu € [0,1]. Next ;vve consider in case x € F"\ F1.
We have by the strong Markov property ' ’

Bl = ZE” 1B e 2 BB (246)

for all n € N, where {w}, w}, w}} is the boundary of n-complex which contains . Since

Pllim, . S™ = 0] = 1, the Dominated Convergence Theorem implies our assertion. [

Let n € {2,3}" and remind the function
wl(eg) = [ e lwy) diy (5,,9) € (0,00) X I x
0

Lemma 2.4.5. (1) Let n € {2,3}N. It follows that

ui(z,y)
ul(z, x)

where T, = inf{t > 0: X; = y}.

E7 [e‘”y]

forall z,y € F" and s >0,

(2) There exist constants ¢,c’ > 0 such that

Ma(n)
Tn(n)

for anyn € {2,3}N, z € F" and s > 1, where n is a positive integer T,,(n) < s <
Try1(n)-

<wui(z,z) <c
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Proof. (1) This follows from Lemma 3.4.2, Theorem 3.6.3 and Theorem 3.6.5 in [MR].
(2) Firstly We shall prove the lower bounds. The function p}(x,z) is decreasing in ¢
for each € F" ( this is a general fact about symmetric processes). So

1/s
ul(x, ) > / e *'p}(z, z)dt > >
0

By Lemma 5.1 in [BH] we have the lower bounds.

Next we shall prove the upper bounds. From the proof of Lemma 4.1 in [BH] there
exists ¢; > 0 such that p}(z,y) < a1 My(n) if 1/Thi1(n) <t < 1/Th(n) and p}(z,v) < 1
if 1 <t. We divide u](z, z) into three parts:

& Y Ti() ,
)= [ ey, o

§=0 1/Tj41(n)

. 1/Tj(n) oo
+ > / e~ *p} (z, z)dt + / ~'p} (z, z)dt.
j=n+1 1/ Tit1(n) 1

Clearly the third part is smaller than c¢;/7,(n). In the first part there is a constant
¢ > 0 such that

n YT n_oar |
/ . e py(z, x)dt < Z MJ—(n)(@—S/TjH(n) — e~s/Ti(m)
j=0 Y 1/Tj+1(n) ; s

Mn(n)

< Ma(n) 5~ Mi(m) _
= T

= Toln) 2= Ma(n)

=

for any n € {2,3}, z € F", s > 1 and n € N with T,,(n) < s < Tp;1(n). Finally we
estimate the second term. Note that e=s/Ti+1(0) < =s/tB)TiM)  Since e~ 2/tB) — ¢=2 <

(1 —1/t(3))x for all x > 0, there are constants c3,cy > 0 such that

x© 1/T;(n) _ © AL M.
j—n+1 1/Tj41(n) jent1 TI (77) n(Tl)

for any n € {2,3}N, z € F", s > 1 and n € N with T;,(n) < s < T,41(n). This completes
our assertion. O

By using above Lemma 2.4.5 (1) and (2) there is a constant C' > 0 such that

ul(z,y) _ dully,z) _
ud(z,z) = cui(y,y)

E[exp(—s7,)] = CENexp(—s72)] (2.4.7)
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for any n € {2, 3}N,k z,y € F"and s > 1.

Proof of Proposition 2.4.1.
Let 7 € {2,3}", m € N and a shortest F/2-path be m = {zg,--- ,7;} connecting z(= o)
and y(= x;) for each z,y € F;l. Then

E] [eXP(—STQ)l{XSIT =ock,1§k§l}]
!

< Bllexp(-s7,)] < B[ exp(~s (87 — 57,))]

i=1
By Theorem 2.2.7 (1) and Lemma 2.4.2 (1) we see that
v S m . m _eQm ’
9y @) = BB [ exp(-s5T)] (248)

for all n € {2,3}", m > 1 and s > 0. Hence we get

(5) a(7yrom) < Brlespl=sm)) < o (7 6m0)
Substituting T, (n)s for s, we get
c \ 1 ‘
log (T (n)s/ (), 07) 56+ )
log Eexp(—T,(n)s7,)] > dﬁ(]j’ 0 \ (2.49)

~ Bn(n)log g(Tn(n)s/Tm(n), 6™n)

where c is the constant in (2.1.5). Note that d,(z,y) = /By (n). In particular consid-
ering in the case z,y € Fy, we have ’

) log g(T,
lim sup sup og 9(Tn(n)s,n)

-1/ =0 (2410
N0 pef2,3}N seK ’B n)log g(Tn(n )S/T (n ) n) ( )
for each m € N. By adding (2.4.9) and (2.4.10) we see that

log E[exp(—T,(n)s7,)]
log g(T(n)s,m)

lim sup sup
" ne{2,3)N v ye Py,
seK

- d,,(x,y)’: 0 (2.4.11)

for each m € N. Next we consider in the the case z,y € F7\ E. Let A, () be a
m-complex which contains z. For any dy > 0 there exists M = M(dp) € N such that if
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m > M then A, (z) N An(y) = ¢ for any z,y € F"\ F! with d,(z,y) > 6. By (2.4.7)
and the strong Markov property we have

2
Elfexp(—sm,)] = 3 Ellexp(~s85) Lixpmsyy| Bl [exp(—s7,)]
= 0

> = Z Ellexp(—sSy" )1{Xsm—zm}]Eg[eXp(_STzF)]
1=0

1
5 exp(— sSS”)]Eg[exp( sSg )]mmE m[exp(—STsz)]

for all n € {2,3}N, z € F" and s > 1, where 0A,,(z) = {27, 2", 25"}, 0Am(y) =
{wi, w, w}. In the same way we have

EMexp(—sT7y,)] < Cmax Eg;;n lexp(—s7;m)]
17]

for all n € {2,3}N, x € F" and s > 1. By the way we have

log E3fexp(—sS3")] _ log Eflexp(=sS5")] _
] 1

S5
log g(s/Tm(n),0m™n)  log Eglexp(—sST™)] —

for alln € {2,3}N, z € F",;m € N and s > 0 from (2.4.8) and Lemma 2.4.4. Therefore
we get '

log C N max; ; log Eyym[exp(—Tn(n)s7:m)]
Bn(n) log g(Tu(n)s/Tm(n),6™n) ~ Bm(n Tiog 9T ()3 Ton (1), 67
log Elexp(=Tn(n)s7)]
= Bn(n)log g(Tn(n)s/Tm(n),0™n)
min; ; log E;), m[exp(=Th (n)sTzm)] — log C 2¢,

B () 108 6(Tn (1) T (0), 071) " Bl

for all n € {2,3}, m > M, z,y € F"\ E? with d,(z,y) > 6, s € K and n € N with
Ta(n)s > 1. Since sup,eqo ayn SUP, yepn SUP; j [dn(T,y) — dy(2", w]")| — 0 as m — oo,
from (2.4.10) and (2.4.11) we have completed the proof.

Define the function k%¥(s,n) : [0,00) x {2,3} — R by

log El[exp(—T5(n)71ys)]
"= B,(n)
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for each z,y € F" and n € N. Set cx = SUD,cx nef2,31% nen | Ln(s,m)| for a compact set
K  (0,00). Then Theorem 2.2.7 (c) implies 0 < cx < oco. For any € > 0 there exists
N = N(e, K) € N such that if n > N then |

ko
sup sup _n__(f_’_n_)_ — dn(x, y) < __6__
ne{2s  sek | Ln(s,m) CK
. d’l(x7y)260

from Lemma 2.4.1. Therefore we deduce that -

lim sup sup |kpY(s,&) —dy(z,y)Ln(s,€)| =0 (2.4.12)
n—oo 7]6{2,3}N seK
) dn(z,y)Z‘sO

for any compact set K C (0, oo)
- Lemma 2.4.6. It follows that

lim sup  sup |k2Y(5,1) — dy(z,y)¥(s,0™X,)] = 0
T ne{23}N | seK
d"](x7y)260

for each compact set K C (0, 00) and 6 > 0. |
Proof. Note that

|kz’y(8) 77) - dﬂ(xa y)\I](S, 6nXﬂ)|
< |k2¥(s,m) — dy(z,y) Ln(s,n)| + dn(z, y)|Ln(s,n) — U(s, 0" xn)|

for all n € {2,3}", 2,y € F". n € N and s > 0. By using Lemma 2.3.1 (2) and (2.4.12)
we have completed the proof. O

2.5 Short time asymptotic behavior

First we prove the following.

Lemma 2.5.1. Let K be a compact set on (0,00). There exists a compact set I' =
I'(K) C (0, 00) such that

U*(z,€) = sup{U(s,&) — zs} forany z€ K and &€ {2,3}%
sel .
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Proof. (¥')7!(z,£) is a unique point such that

U*(2,€) = T((T) 7 (2,€),€) — 2(¥) 7 (2,6)

for each z € (0, 00), £ € {2,3}% by Lemma 2.3.2 (2). Now 2 € K is bounded from above
and below. Hence Lemma 2.3.3 (2) implies our assertion. O

Proposition 2.5.2. It follows that

) ,
lim sup  sup log P, <

=00 e (9 3N dyy (2,y) 260 | Bn (1)
. zeK .

for any compact set K C (0,00), do > 0.

Proof. We follow the proof of Large deviation in VII.3. of [E].
(i) From Chebyshev’s inequality we have

Pi[r, < Bn(”)z] < B[S Bas=Ta()] _ oBa(n)(sz=H5" 5:1)

Tn(n)

for all p € {2,3}, s >0, 2 >0, 7,y € F" and n € N. We can choose a compact set
I'(K, do) C (0, 00) such that '

z oz
A ,0"xn ) = sup Y(s,0"x,) — ——S 2.5.1

(dﬂ(xa y) 77) - s€l(K,d0) { ( "7) dn(l’, y) } ( )
for any n € {2,3}", z,y € F" with d,(z,y) > &, n € N and z € K from Lemma 2.5.1.
By Lemma 2.4.6 for any € > 0 there exists N = N(¢,I'(K, do), do) such that if n > N
then ' ‘

1 " B (n) Y pe) e
B0 log P} [Ty < T.(n) z] < —(dp(z,y)U(s,0"xy) — 28) +

for any n € {2,3}N, s e (K, &), z € K, z,y € F"with d,(z,y) > do. Since s € T'(K, &)
is arbitrary, (2.5.1) implies that for any € > 0 if n > N then

log P;’ [Ty < Ba(n) z] < —dn(é:, y)U* (ﬂi—-—— 9")(7,) +e
n

Bn(n) Tn(n) z,y)’

for any n € {2,3}N, z € K, z,y € F" with d,(z,y) > do.
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(i) Without loss of generality, we can assume that K is a closed interval [p,q] for
p,q € (0,00) with p < ¢g. Let Q?™Y be the distribution function of T, (n)7,/By(n) under
P]. Define probability measures |

sz,,f,y (’U) _ eXp(_Bn (n)tv)

= z dQ*¥(v) for each t > 0.
(B m) )

To simplify the notation, we will drop the subscript z,y,n and refer to Q¥ (resp.

oY) as Qn (resp. Qny). By virtue of continuity of U*, for any € > 0 we can choose

~e > 0 such that p > 27, and

Lok Z—Ye o . z n
sup sup |¥ ( 0" x ) -V (——-———,9 X )l < e (2.5.2)
ne{2,3}N dy (z,y)>do dn(xa y) ! . dﬂ (CC, y) ?
z€K,neN

Let us abbreviate z — 7. by z,.. Then we have

Qn[(()) Z]] > Qn[(z’)’e - Ba e + ﬂ)]
Zye T8

= exp(~Bamk¥(e) [ exp(Bu(n)t0)dQuslo)
. 2ye—0
for all n € {2,3}, z,y € F", 2 € K and § > 0 with § < 7. If v is a point in
(2y. — B, 2y, + B), then tz, —tf < tv for all t > 0. Hence we have

log Qu[(0, )] = — Ba(n)k2¥(t, n)

+ B, (n)(tzy. — tB) + 10g Qn (2. — B, 2. + B)]-

Set Kc = [p — 7e,¢ — 7. Note that 2, € [p—,q— 7] and K¢ C [p/2,q] for small
enough € > 0. Then we can choose a compact set I'( K, dp) C (0, 00) such that

2 2
U (—2— 0"y, ) = sup <U(s,0",) — —L—s
(G £ sem}igo){ 00 = 3oy}

for any n € {2,3}N, z,y € F" with d,(z,y) > 0o, n € N and z € K from Lemma
2.5.1. Let t = t(n, 2,9, 2y,n) = (V) Yz, /dy(z,y),0™x,) > 0 for each n € {2,3}",
z,y € F" with d,(z,y) > &, n € N and 2, € K.. Note that z,, = dy(z,y)V'(t,0"xy)
and t € [(K.,,&). Also. there exists a compact set C' C (0, 00) such that ['(K, &) C C
for small enough ¢ > 0. From (2.5.2) and Lemma 2.4.6, for any € > 0 there exists
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Ny = Ni(T'(Ke, dp), do, €) such that if n > N7 then

10g Qul(0,2]) _ 108 Qual(zs = B2+ A o (rowry v L 4\
Br(n) B (n) 2 (kn ) 7gf) Bt

> — sup {dy(z,y)¥(s,0"xy) — 24,5} — ft —¢€ (2.5.3)
s€(Ke,b0) '

2 —dy (o, 9) 0 (o ') = Bt = e+ 1)e

dn(z,

for any n € {2,3}", z,y € F" with d,(z,y) > &, 2 € K and S > 0 with B < 7., where
c is the constant in (2.1.5). Now we consider Qy,+[(2y. — 8, 2y, + 5)]. Let us fix a € > 0.
First, we have \ ‘

Qni[{v €[0,00) : [v — 2| > B}]

_ / Q) + / d0na(v)
{v<zy -8} {v>2y.+8}

< exp(=BB,m9)( [ exp(=5Ba(n)(v — 2,))dQns(v)
[ epleBam o - 2.0)du0)).

By the way for s > 0 we ’have
1 o0 '
—— 1o / exp(—Bn(n)s(v — 2,,.))dQn(v) -
B o8 | ew(-Bunsto — £))dQulr)

= —(kpU(t+s,m) — kYt ) — dy(z,9) T (2, 0"xg)s).- (2.5.4)\

Let sp € (0,minI'(K,dp)/2) and K 5, = [minI'(K,dy) — so, max (K, do) + So] D
['(Ke, o). Then by easy calculations we see that

Ut +s,60"x,) — U (t,0"xy) — ¥'(t,0"x,)s]| ,
<s sup ¥ (u, &) — ¥'(v,6)]

uVEK 50,|u—v|<s
¢e{2,3)”

for any t € T'(K,,dp), s < so. Let 7(s),s < so denote the right hand side of above
inequality. Then from Lemma 2.4.6 for any ¢ > 0 there exists Ny = Ny(Kcs,, 6o, €)
such that if n > N, then ' ’

K2V (t+ 5,1m) — k2Y(t,n) — dy(@, y) T’ (¢, 0"Xy)s]
< |k2Y(t+ s,m) — dp(@, y)U(t +5,0"x,) — (k¥ (t,n) — dn(z, y)V(t,0"xy))|
+dy(z, Y) [Tt + 5,0™xn) — U(t,0"x,) — U'(¢,60"xy,)s| < 2 4 cr(s)
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for any t € I'(K,, &), s < so, n € {2,3}" and z,y € F" with d,,(a:, y) > . Hence by
adding (2.5.4) we obtain |

1 oo

sup sup ——log / exp(—Bn(n)s(v — z,.))dQn+(v) < 2€' + cr(s)

{23 dyey)zso  Bn(n) 7 Jo | |
2EKLtET (K 00)

for any s < sg and n > N,. By replacing s with —s (s > 0), we deduce the following in
exactly the same way. For any € > 0 there exists N3 = N3(K¢g,, o, €') > 0 such that if
n > N3 then - '

1 o
sup sup — log/ exp(Bn(n)s(v — 2,))dQp:(v) < 2€' + cr(s)
ne23)" d@y)2i  DBaln) 7 Jo
2€K,tel(Ke,d0)

for any s < sg and n > Nz. Therefore it follows that fof any € > 0 there is
Ny(K 50,00, €) = Nao(Ke s, 00, €) V N3(Ke s, 00, €) such that if n > Ny then

sup sup B;log Qnil{v € [0,00) : [v — 2z, | > B}]
ne(23  dy(ay)>do Bn(1)
ze K te'(K,d00)

' log 2
B(n) |
for any 8 > 0 with 8 < . and s < sp. From Lemma 2.3.2 (1) for any 8 > 0 with 8 < 7.
there exist € = €¢/(8) > 0, s1 = s1(f8) > 0,8 = §(B) > 0, N; = N5 (K605 %, 8) > 0 such
that if n > N then —3s; +2¢ +cr(s1)+log2/B,(n) < —4. Consequently for any 3 > 0
with 8 < 7y, there is § = §() > 0 such that
sup sup  Qni[{v €[0,00) : [v =2y, | > B}] < exp(—0By(n))

ne{2,3}N  dy(z,y)>do
zeK,tel'(K.,60)

< —Bs+2€ +cr(s) +

for any n > Ny(Ks,,00,€(08)) V N5(Kes,, 00, 3). Therefore for any ¢’ > 0 there exists
Ns = Ng(€", K, 55, 90, 3) such that if n > Ng then

inf inf 1 . — 0, /Bp(n) > —¢€".
776?21,3}N dn(ai,lzlz)Z(So 08 Qnel(#. = B 2+ B)l/ Baln) ‘
2€ Kt (Ke,80)

As a result for any €,€” > 0, § <, there is N = N(e,€”, 5,00, K) = N1 V Ng such that
if n > N then ' :
log @n[(0, z]]
———= 4 d(x, \I/*(—,an) . > —ft—(c+1)e—¢"
Bn_("?) ( y) d(ac, y) n ﬁ ( )
for any n € {2,3}Y, z € K, x,y € F" with dn(a:,y) > 8. (i) and (ii) imply our
assertion. O

z



2.5. SHORT TIME ASYMPTOTIC BEHAVIOR . 35

From this proposition we have the following.

Proposition 2.5.3. It follows that

1
lim sup sup —logpnn (z,y)
" e {23 o) 260 Bn(n) " 2
zeK" .

+d,(z,y)T* (m, 9”)@,) ’ =0

for any compact set K C (0,00) and &y > 0.

Proof. We follow the proof of Theorem 1.2 in [Kum]. Let A7(y) = mino<s<: p;_,(v, )
for each n € {2,3}, ¢t <1 and y € F". By Theorem 2.1.2, there exists [ = [; s € N such
that c3/(t — 8)%2 02 < pl (y,y) < c1/(t — s)# /2. Then we have

. C3 n ' C1
td2/2 <Al < d3/2

(2.5.5)

for all n € {2,3}N, ¢t < 1 and y € F", where d2/2 = logm(2)/logt(2) and d3/2 =
log m(3)/ log¢(3). This follows because d2/2 < d1(1)/2 < d3/2 < 1 and (¢t — s)&/2 <
(t—s)ED/2 < (t—s)%/2 for all p € {2,3}N, I € N and s,t with 0 < s < ¢t < 1. Since
pl(z,y) = [ pi_s(y,y)Pllr, € ds|, we see that p(z,y) > A}(y)PI[r, < t]. Note that
by (2.5.5)

1 .
log A% . (y ’ = 0.
ERORL TR

Hence for any € > 0 there exists a N = N(e, K, §p) such that if n > N then

lim sup sup
" ne{2,3)N 2€KyeF

B () %8P hatn, (5:0) + (2, y)@*(m, 0"xn) > —e (2.5.6)
for any n € {2,3}", z € K and z,y € F" with d,(z,y) > § by Proposition 2.5.2.

Next let D;(y) = {C : C is an l-complex which contains y} and D} (y) = D;(y) U{C : C
is an l-complex which connected to D;(y)} for each y € F7 and I € N. Note that
there is 4o > 0 such that supyemm eni{p € F" : pis the boundary of Dj(y)} < io.
Denote bi(y),i € N the boundary of D}(y) for each y € F" and | € N . There exists
L = L(6) € N such that min; dy(z,b]'(y)) > 6/2 and z ¢ D (y) for any n € {2,3}",
z,y € F" with d,(z,y) > 8 . Letting M] (y) = max;o<e<:P;s(b](v),y), there is
to = to(L) > 0 such that sup,crs3yn SUPo<i<s, M7 ,(y) < 1 by using Theorem 2.1.2. By



36 CHAPTER 2. SHORT TIME ASYMPTOTIC BEHAVIOR

the way since
ptxy<2/ptsb]‘ [TbL)EdS]

< M7, (y)io max Pllmye(, <],

there exists N = N(L, K) such that if n > N then
| B (n)
logp% . (z z
f;n(g)) ( y) Tn(lrl) ]
for any n € {2,3}N, z,y € F" with d,(z, y) > 6o and z € K. By virtue of Proposition
2.5.2 for any € > 0 there ex1sts N' = N'(¢, L, 6y, K) such that if n > N’ then

1 . Bn(n)
Bt log P} [TbL < .00 z] |
< (e W (e ) s

foranyn€{23} z,y € F" with d,(z,y) > & z<zoandz€K Since we have

sup  sup |dy(2,y) — dy(2,bi(y))| < sup  sup dy(y, bi(y)) — 0
ne{2,3}N z,yeFn,i ne{2,3}N yeFm i
as | — oo, Lemma 2.3.4 (1) implies that for any ¢ > 0 there is L1 = L1(¢,00, K) € N

such that ,
dy (2, b2 () O (e ) — (2, )T (07 )| < £
(o Y (s 80) — da(e ) () | < 5

for any n € {2,3}", z,y € F" with d,(z,y) > 6y, 2 € K,i <ipandn € N. As a
consequence for any € > 0 there exists N = N(LV Ly, K)V N'(e, L V L', o, K) such -
that if n > N” then / k ‘

L logp% .y (,y) + dy(z,y)T* (—Z— " x ) <e (2.5.7)
|  Ba(n) CUEG: dy(z,y) " )~
for any n € {2,3}, z,y € F" with d,(z,y) > & and z € K. (2.5.6) and (2.5.7) imply

our assertion. - d

Theorem 2.5.4. There exists a continuous function U* : (0,00) x {2,3}2 — (0,00)
such that

lim sup sup

1ng3n(n) ( y)
P00 pe{2,3}N z,yeF"
zeK

Tn(’?)

(?:ég; ) 1/(di (n)—1)

z

+ dy(z, y) U (m,

9%,)} 0

for any compact set K C (0, 00).
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Proof. Recall that the upper bound of the heat kernel of Theorem 2.1.2 (b) is written
in the following form (4.21) in [BH]. There exist constants cj,co > 0 such that if

1/Bm(n) < dy(z,y) <1/Bpn-1(n),1/Ta(n) <t <1/Tn-1(n) then

Bm+k (m n)('r])
z,y) < M, ex (—c—"——~l——— ) - (2.5.8
e e O, (258)
Because of this we have ;
' 1 log(cl + Ml(n z 17)) C2 Bm-l-k (m,l(n,z n))(n)
=~ 10g b, (7,y) < e — L ;
Bo() 8Pz, (1Y) B.(n) Ban) Buln)

where m € N with 1/B,(n) < dy(2,y) < 1/Bm1(n), | = U(n, 2,1) € N with 1/Tj(n) <
B,(n)z/T.(n) < 1/T;-1(n). There exists a constant ¢ = ¢(K) € Z, such that
Bote()/Tnie(n) < Ba(n)z/Tu(n) for any z € K C (0,00). Then we have Tj_1(n) <
Tn+e(n)/Bnye(n). Since if m > 4 then ¢(3) = 90/7 < 2* = b(2)* < Byy(n), we see that

Tinzn() _ Titnz-1(m)t(3) < Tote(n)
Bm(n) Bm(n) - Bn+c(n)

for any n € {2,3}N, n € N, 2 € K and m > 4. Recalling the definition (2.1.7) of k,, we
deduce k,(m,l(n, z,m)) +m < n+ c. Thus we obtain

<

sup L sup Brpt i, t(n,z,m)) (1)

ne{2,3}N B (n) m>M,zek Bp(n)

<

for any M > 4, n > 1. By the way from Lemma 2.3.4 (1) for any € > 0 we choose
M=M(e,K)>4,6§=06(, K) >0and N = N(e¢, K) € N such that

z €
sup sup d x,y)‘lf*(—,(?"x ) < =,
ne{2,3}N dy(z,y)<é,neEN n( dn(x, y) 7 3

b 3 ¢ ]- + M n,z
( )M < € and sup og(cs lnz)
b(2) 3 ne{2,3N,ze Kn>N Bn(n)

Co <

¢
3

As a result for any € > 0 there are do(e, K) = 6(¢, K) Ab(3) ™ MX) and N = N(¢, K) > 0
such that |

] _
sup  sup log 'k (2, y) + dy(, y)‘I’*(—,H"x )’ <e
nE(23)" dy(29)<bo Bn(n) =" 73 ! dy(z,y)" " "

zZE

for any n > N. By adding Proposition 2.5.3 this completes the proof. O
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Let us state some corollaries.

~ Corollary 2.5.5. Letn € {2,3}N. If a subsequence {Gnkxn}keN of {6"xn}nen converges
to & € {2,3}% as k — oo, then |

lim (Bnk (n) ) 1/(d (nk)—1)

log p' = (&),
Tnk (77) ngBn! (n) (:B7 y) dT] (.’L‘, y) <dn (x’ y) ) €0)

k—oo Ty () z

This convergence is uniform with respect to z,y € F" and z € K.

Proof. Let n € {2,3}N. For any € > 0 there is §, > 0 such that

V4
sup d (.’E, y)‘I[* (_—.760) <
dy(z,y)<b0,2€K K dn(xa y)

¢e{2,3)" '

€
2

from Lemma 2.3.4 (2). Therefore we get

vdn(ma y)v* (mﬂ"kxn) - dn(%y)‘p*(ma&)‘ =0 |

lim  sup
k=00 g yeFn 2e K

from Lemma 2.3.4 (1). This implies our assertion. O

Corollary 2.5.6. Let K C (0,00) be a compact set. There exists a function V, :
(0,00) x {2,3}% — (0,00) for each z € K and constants ¢ = ¢(K),c = /(K) > 0 such
that ¢ < V,(s,€) < ¢ for all s € (0,00), € € {2,3}%, z € K and ‘

lim sup sup
00 pe{2,3}N z,yeFn
’ zeK

(Bn(n))l/(dl’u(n)—l)
T (n)
zZ

6" xn 6™ xn
oy (z, )% " m) =Dy ( 2 gny )’ -0,
7]( ’ ) dn(l', y) n ‘

log pgn(n) B (x, y) .

Tn(n)

where m = my p, , » 1S an integer with
B0/ T(6"Xs) < #/3(2,9) < Brvos (0°%:)/ Tn1(6").
Proof. For each 2 € K we define V; : (0,00) x {2,3}% — (0, oo) by
V,(t, &) = tl/(dsu(m);‘l)\lj*(t, 5)2—1/(d§u(m)—1),

where m is an integer with Bm(ﬁ)/Tm(g) <t < Bp-1(€)/Tn-1(€). Then Lemma, 2.3.4

implies our assertion. O
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Finally we state the other co;:ollary. Let G : (0,00) x {2,3}* — (0, 00) be given by
G(s, &) = 81/(d§u(m)—1)\y*(3’5)

where B (€)/Tm(€) < 8 < Bm1(€)/Tr-1(€). Then there exist constants ¢, ¢ > 0 such
that ¢ < G(s,€) < ¢ for any s € (0,0), £ € {2,3}% by Lemma 2.3.4 (2). Then we have
the following. :

Corollary 2.5.7. It follows that

(/@ =D Jog pl(z, y)

lim sup sup
=0 nef2 3N ayeFn

t

Xn Xn
() ST (m)‘l)G(—,x )’ =0,
() &)

where m = My 5, 15 an integer with

Br(xn)/Tm(Xn) < t/dn(x,y) < Brn-1(xy)/Tm-1(Xn)-

" Proof. For any € > 0, §o > 0 there exists N = N (e, do, K) > 0 such that if n > N then

1
sup sup l Bl )logpﬁ’gn(n)z(x,y) +dy(z,y)| <€
ne{2,3}N dn(;if)fzdo \If*(z/d,,(x, y),@”xn) n\7 Tn(m)

by Propos‘ition 2.5.3, where K = [1,¢(3)/b(3)]. Let n = n(n,t) be an integer satisfying
Ba(n)/To(n) < t < Bn_1(n)/Ta-1(n) for each n € {2,3}Y and ¢ > 0. Note that setting
z = z(n,t) = tThmy(N)/Bnmy(n), we have z € K. Since we see that inf,eqo5m n(n, t) >
n(3,t) > N for small enough ¢ > 0, it follows that

1
w (t/dn(xa Y), Xn)

lim sup sup
=0 ne {23}V dy(e,y)200

log p{ (z,y) + dy(z,y)| =0

for any &y > 0 from (2.3.6). By the definition G we can easily see that

lim sup sup |tV (4" (m)=1) log pi (z,v)

=0 776{273}N d77 (x1y)250

Xn XN t
+d(z,y) @ (m)—l)G( X )1 -0
77( ) v dn(fL’, y) UNE

for any 8 > 0, where m = my;,, is an integer with B, (xy)/Tm(Xn) < t/dy(z,y) <
Brn1(Xn)/ Trm—1(Xn)- ‘
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Next we consider when z and y are near enough. If B,,,(n)™! < d,(z,y) < Bpm-1(n)™*

and Tj(n)™! < ¢t < Tj_1(n)~', by (2.5.8) and Theorem 2.1.2 (2) there exist constants
c1,co > 0 such that ’

Bm-l—kn(m,l) (77)
Bum(n)

It is enough to prove that for any e there is a positive constant dg = do(€) < 1 such that

dn(l
logp{(z,y) <logey — 82( ) logt — ¢y

sup sup /(57 (n)=1) M <€, (2.5.9)
ne{2,31V  t<do Bp(n)
d”] (zvy)<60

where n is an integer with By, (Xy)/Tn(Xy) < t/dy(z,y) < Bn-1(xy)/Tn-1(xn)- Forc € N
with (b(2)/t(2))¢ < 1/t(3), we choose &y = do(€, c) > 0 such that

¢ t(3) 1/(d3-1) 1/y(dﬁ,—1)-|-1
Now there are following three cases : (i) d,(z,y) >t and m < I, (ii) dy(z,y) > t and
m > 1, (iil) d,(z,y) < ¢t and m > I. Since k,(m,l) = 0 in case (ii) and (iii), it is easy
to see that (2.5.9) holds. So we consider the case (i). In this case since n-€ N, we have
By (Xy) = Bn(n) and Ty, (xy,) = Tn(n). From the definition of ¢ we see that

Bn+0(77) Bn(n) b(2)c 1 15 Bm(n)
Tore(n) = To() 12 = 13) dolzr9) = Tiln)

This implies m + k,(m, 1) < n+c. Since (B,(n)/Tn(n)) @M=D = 1/B,(n) we obtain

(1/(@5 ()-1) Bt () (1) (t(3) B(n) 0) Y(@()=1) By (mt) (1)
Bn(n) 7 \b(3) Tn(n) Bp(n)

t(3) \1/(a2~1) c1/(d3 —1)+1 Btk (m) (1)
< b(3)°(—= R AT “mrin\m) AT -
B % Brien) = ¢

for anybn € {2,3}N, t < 8y, and d(z,y) < do. This completes our assertion. d

\



Chapter 3
Large Deviation

In this chapter we study large deviations for Brownian motion on the scale irregular
Sierpinski gasket in the short time limit. Let {2,3}Y = {n € {2,3}: z € F"} for each
z € R%. We fix some point = € R? such that {2,3}} is not empty through this chapter.

3.1 Preparations

We define some notations. For n € {2,3} let Q7 = C,([0,1] — F") = {w € C([0,1] —
F) : w(0) = z} and Q, = C,([0,1] —» R?) = {w € C([0,1] — R?) : w(0) = z}. For
wy,wy € QF, define |lwy — wally = supgci<y dy(wi(t),ws(t)). Also define [jwy — wsy| =
SUPg<s<; |wWi(t) —wa(t)] for wi, ws € Q. The space (] is metric spaée with [| - ||, for each
n € {2,3}Y and so is space Q, with || - ||. Note that || - ||, and || - || are equivalent from
(2.1.5). For ¢ € QI we say ¢ is absolutely continuous if for each € > 0, there exists § > 0
such that Y 0, dy(¢(t:), #(ti-1)) < € for any n and any disjoint collection of intervals
{(ti—1, %)} in [0, 1] whose lengths satisfy >, (t; —t;— 1) < 8. Tt can be proved by routine
arguments that if ¢ is absolutely continuous, then D,@(t) = lims_, d,(#(s), #(t))/|s —t|
exists almost everywhere in [0, 1] and D,¢ € L'([0,1], d¢) for each n € {2, 3} with and
¢ € Q. Define I7, : Qp x {2,3}* — [0, 00] by |

‘ 1 . ' ‘
D,¢(t)¥* ,§> dt ¢ € Q1 and ¢ is absolutely continuous,
B0 = | o PO (7w

00 | : otherwise

41
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for each z > 0, n € {2,3}}. For each n ¢ {2,3}) and z > 0, define I7 (¢,£) = oo for
any € € {2,3}” and ¢ € Q,. Note that if ¢ € C,([0,1] — R?) satisfies I7,(¢, &) < oo
for some n € {2,3}Y, £ € {2,3}% and z > 0 then z € F" and ¢ € C,([0,1] — F7). The
following lemma is an easy consequence of Lemma 2.3.4 (2).

Lemma 3.1.1. Let K C (0,00) be a compact set. There ezist constants ¢ = ¢(K),d =

d(K) > 0 such that
' £ 3 1 ] .
c/ Dyg(t)®m/@tm=Dgr < 17 (¢,6) < ¢ / Dy b(t)5 )/ (m)=1) gy
0 0

for any n € {2,3}, ¢ € C,([0,1] — F7), £ € {2,3}? and z € K where m is an integer
With B(€)/Ta(€) < 2/ Dy(t) < Brns(€)/ Trnr (€).

/

Remark 3.1.1. Let K C (0,00) be a compact set. There exist constants ¢ = ¢(K),c' =
d(K) > 0 such that ‘ *

. 1 1 1
c / T, (€)dt < / Dy ()% m/ (@m0 gy < / T, (€)dt
0 0 0

for anyn € {2,3}], ¢ € C,([0,1] — F"), z € K and € € {2,3}? where m is an integer
with Bin(€)/Tn(€) < 2/Dy(t) < Brn-1(8)/Tn-1(§)-

3.2 Geodesic path and properties of I,

The following result is fundamental.

Proposition 3.2.1. Let n € {2,3}Y. For each y,2 € F" and o, 8 € [0,1], there exists
a geodesic path ¥(t) € Q1 a <t < [ such that Y(a) =y, P(8) = z and

B [t — s

ib(a),6(8)) = 5=

dn(?b Z)
for any s,t € [a, f].

Proof. For Lemma 3.1 in [B], it is enough to show that the metric space (F",d,) has
the midpoint property: for each y,z € F", there exists v € F" such that d,(y,v) =
dn(v, 2) = dy(y, 2)/2. But this is obvious by the method of constructions of d,,. O
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Let 0 =ty < t; <ty <--- <ty =1 be some time points. We denote by A this
partition of the interval [0, 1]. For ¢ € Q7, we set [T ¢ = {¢(t0), d(t1),- -+ , d(tm)}. Also
define A¢ € Q7 by taking points {w(t;)} and joining the successive ones by geodesic
with natural parameterization. If there are more than one geodesics between two points,
it is not important which one is chosen. Thus A¢ is piecewise geodesic and A¢(t;) =
#(t;) (0 < j < m). Then we have the following.

Lemma 3.2.2. (1) For each £ € {2,3}%, n € {2,3}}, &,8€[0,1], 2> 0 and a,b €
F"_ it holds that :
. 2(8—a)
n =
o LL68) = dyfaOT Cr dy(a,b) €)
¢(0¢) a,p(8)=b
where the infimum s attained by the geodesic path Y € Q1 which satisfies

(), 0(0) = L= (a)

(2) For each € € {2,3}%, n € {2,3} and 2z > 0 it holds that

m Z(ti - ti—l)
U = E 1 Ti-) V| =
d)(gﬁnf Zf (9,6). - dn (@i, Ti-1) <dn($i,$i—1) ’§>,

i=1,....m '
where xo =z, T; € F’7, 1 <i < m. In particular for ¢ € C,([0,1] — F"),
I3.(A¢,§) = inf 17 (A, §) < I].(¢,6),

v(ty)=6(t)
i=1,...,

where A\ is the partition tg =0 < t; < -+ < tp, = 1.

Proof. This can be proved in the same way as [BK] Lemma 3.2. Note that (2) is an
obvious extension of (1). For (1) it is enough to prove for the case @ = 0, § =1 as
otherwise the infimum is attained by the path which does not move in the intervals
[0,a] and [B,1]. Now for each ¢ € C,([0,1] — F") which is absolutely continuous, set

Ly(8) = [y Dyé(t)dt. Then

.00 = [ Do né( )’5> 1) [0 (g €) Dot 2.5
2 L) <Ln1(¢ / Do) e 5) (¢)‘I’*<L,j¢y5>

)
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Here we use Jensen’s inequality in the first inequality and the second inequality is
because Ly(¢) > dy(a,b) and ¥* is monotone decreasing. As U* is strictly convex, the
equalities hold if and only if D, ¢ =constant and L,(¢) = dy(a,b). That is the geodesic
with natural parametrization. We thus obtain the result. ]

Using the results as m =2, 0 =tg < t; = o < ty = 3 we see that

zZQ

dy(¢(a), z)

12.6,€) > dy(6(0), 2) " &) bdo(9(0), 6(B)Y (AL D)

dn(¢(a), 9(0))
(3.2.1)

for n € {2,3} and ¢ € C,([0,1] — F7).

Lemma 3.2.3. For evéry N > 0 and compact set K C (0, 00), the function family

D= |J {¢e%:I.¢<N}c (J
‘ 2€K, €e{2,3)2 ne{2 3N
7]6{2,3}N )

1S equi-continuous.

Proof. Let ¢ € D. Then there are n € {2,3}, € € {2,3}%, 2 > 0 such that ¢ €
Co([0,1] — F") and I} .(#,€) < N. Let n be an integer with

By(§) z(B—a) < B,-1(§)
To(§) ~ dn(d(a), ¢(B)) ~ Tn-1(§)

for each a, 3 € [0,1], ¢ € D, z € K, n € {2,3} and € € {2,3}%. Then we have

<

(2(8—a))/EE-D (g, €)

d&(n)/(dS, (n)—1 2(B—a) \VEm-)__ (B —a)
> dy(¢(a), $(8)) %W/ () )(dn(qs(a),qs(g))) v <dn(¢(a),¢(ﬁ))’§>

from (3.2.1). By using (2.1.5) and Lemma 2.3.4 (2), there is a constant ¢ = ¢(N, K)
such that | |

6(cr) — (B)] < dy(d(r), $(B)) < c(B—a)"/%
for f — a sﬁﬂiciently small. : O

Let B(f,r) ={w € Qy : ||f —w| <} for each f € Q,. Also define Cs = {¢ € Q :
¢ — || < 6 for some 3 € C} = Uyeo B, 8) for C € Q, and § > 0.
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Lemma 3.2.4. (1) The function I7 (-,€) : Qg — [0,00] is lower semi-continuous for
each n € {2,3}N, 2 € K and € € {2,3}2. Further, for every N > 0 the set
{¢ € Co([0,1] = R?) : I7 ($,£) < N} is compact for each n € {2,3}Y, 2 > 0 and
¢ e {2,3}2.

(2) If C is closed subset in §2,, then

" — inf I"
i inf I} (9,6 érelglx,z(¢7§)

for eachn € {2,3}, £ € {2,3}% and z € K.

Proof. (1) Since I, = oo for n ¢ {2,3}}, we can assume that n € {2,3}). For the
lower semi-continuity, it is enough to show that if I (¢m,§) < N and ||¢m — 6| — 0,
then I77 (¢,€) < N. First note that there is a constant ¢ > 0 such that

1
/ Dyén(t)/ @Dt < 1 +/ Dy () %/ @Dt <1+ cI? (¢, €) < 1+cN
0 {Dnon(t)>1} :

by Lemma 3.1.1. Now we proof that ¢ € F" is absolutely continuous. Let {(a;, b;)}™,
be a collection of mutually disjoint intervals in [0, 1]. Then by Holder’s inequality

S (bma5), (1) |
=1 '
gzn:/biD,,d)m(t)dtgzn:{(/bipn(ﬁm a3 /(d% 1) g ) lb—all/d"’}v
i=1 "% =1 Y4
(5 e
- ([ Dipater &) T (S ) " < (S - )
=1

where ¢ = 1+cN. Hence ¢ is absolutely continuous. Next letting f,(z, &) = 20*(2/z,€) =
sup,.o{z (s, &) — zs}, it it obvious that fz (z,€) is monotone increasing, strictly convex

by easy calculation. Note that I, fo f2(Dpoé(t),€)dt . By Jensen’s inequality
dy(Pm(t + 1), P (1)) /Hh ds
< D —

t+h

< £.(Dydmls), / £.(Dym(s), £)ds

t
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Hence we have

/Ol—hfz (d,,(gbm(t + h), ¢m(1))

R0, )

1 1-h t+h 1 1-h h
<) [ Do oas =g [ [ r (.

1 h 1-h N h
- —/ ds [ Fu(Dydmls +1),€)dt < —/ ds= N
h 0 0 h 0

Hence by Fatou’s lemma we have

1-h 1-h ‘
[ (AR, ) e [ (St 0000 3

By Fatou’s Lemma again, let h — 0 to get Ig,z(¢, €) < N, completing the proof of
the lower semi-continuity. Next Lemma 3.2.3 shows that {¢ € Q, : I} (¢,£) < N} is
uniformly bounded and equi-continuous for each n € {2,3}, 2 > 0 and £ € {2,3}%. As
it is closed by lower semi-continuity of I7] (-,£), the compactness follows Ascoli-Arzéla’s
theorem. ‘ |
(2) Note that infgec; 177 (¢, €) is decreasing with respect to 6. So we see that

" < inf I7 .
lim Jélcf I7 (¢, 5‘) < égglx,z(¢> £)

Let A = lims oinfgec; I ,(4,€). If A = oo then infyec I7 (¢4,€) = oo. Assume that
A < oo. Since there exists ¢s € Cs such that I} (¢5,&) — A, the family {¢s} C QF is
equi-continuous from Lemma 3.2.3. Hence Ascoh—Arzela’s theorem implies that there is
~ a convergent subsequence {@s, }neny With the limit ¢0 It is clear ¢g € C. By the lower
semi-continuity of I7] (-, &),

77 > m
lim inf I7.(¢,€) 2 inf I].(4,€).

This completes the proof. ' O

From above lemma, I (-,&) is a rate function for each ne{2,3N, 2> 0and € € {2,3}2.
For m e Ny let A, : 0 =ty < t; < ty--+ < t,, = 1 be an equally spaced partition,
ie. t; = j/m(0 < j < m). Also Let P]  be the law for X*(e - ) where X* is the
process stating z. We can regard {P}], : € > 0,7 € {2,3}"} as the family of measures on
(94, B(2)), where B(Q) is Borel o-field on §,. For simplicity, we sometimes denote

P! as P! Set €2(n) = Bn(n)z/Tn(n). Then we have the following.

€ z,e5(n)”



3.2. GEODESIC PATH AND PROPERTIES OF Iy , 47

Lemma 3.2.5. For every § > 0 and compact set K C (0, 00)

fim sup pslog P2 [[lo(ei(n) ) = Awlesn) - )l > 6] = —oo.

n€{2 3N

In particular

lim su
=00 peN, z%K By (n)
ne{2,3N

Proof. Let n € {2,3}], w € Q7 and | € N. Since w(t;) = Aw(t;) for j =0,...,1 and
Aw is piecewise geodesic,

tog P2[lw(es(n) - ) — Aws(ezln) )l 2 6] = -

dy(Lqw(t), Aiw(ty)) < dp(Dw(tirn), Diw(ts)) ,
= dp(w(tjsr),w(t;)) < sup  dy(w(t),w(ty)).

1 <t<tji1

for t in (tj,¢;41). Therefore we have
sup dy(w(t),Aw(t)) = sup  sup d,(w(t), Aw(t))
0<t<1 0<j<I-1;<t<t;41

< sup  sup  (dy(w(t),w(ty) + dn(Duw(ty), Aw(t)))

0<j<l-1¢;<t<tj41

<2 sup sup dy(w(t),w(t;)).
0<j<l-1t;<t<tj41

For § > 0 we choose m € N such that § > 2/2™ > 2/B,(n). By Lemma 4.4 in [BH], we
see that

ke [”“’ = Awlly 2 5] <Pl []]w — Ally > L]

Bm(n)
- P4l g o) £00) 2 5] < A mp s re006)> 5
Z [ (o) > anm)] <PL[ sw dfolt) (0) 2 an(n)]
=[P" [ostil,ﬁn)/l dp(w(t),w(0)) > an(n)] < clexp ( ~ c'BB%k(In(;?))

where k' = ky(m,n’), ' = n'(n,2,1,n) with 1/Tw(n) < €,(n)/l < 1/Tw-1(n) and ‘c,-
¢ > 0 are constants in Lemma 4.4 in [BH] . Therefore we have

< log(enl)  cBmyw(n)
Bu(n)  Bm(n)Ba(n)’

log P! [||w Awl|, > (5] (3.2.2)

1
By(n)
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Next let l H3)\J
, j
= = 1 > N .
¢ = Oy = max{j 2 0 S max K (b(3)) }
Note that
log ! — log(3™ max K) l t(3)\ Cm.t
Cmi > , —1 and > 3.2.3
1= Tlogt(3) — log b(3) W B < (b(3)) (3:23)

for all n € {2,3}Y and 2 € K. Also Since the definition of n’ yields v
Tow(n) > Tn(n) ! > Tn(n) (t(g))c S Toic(n) _ Tt (n+c-m) (1)
Bun(n) ~ Bu(n) 2Bm(n) ~ Ba(n) \b(B3)/ ~ Buio(n)  Bmitnto-m)(n)

by adding the definition of ¥’ = k,(m, n’), we get n+Cy,;—m < k’. Hence By, (n)/Bn(n) >

Bnic(n)/Bn(n) > b(2)€. So we obtain

Y

, log(cl) d c
su lo Pji[w—llw >5]§ sup ( — b(3 )
i By e Ta Il — Al =0l = o (B )~ B
ne{2,3}" ne{2,3}" .
C/
<1 - b(3)Cm
by (3.2.2). Then (3.2.3) implies our assertion. ' ~ O

From Corollary 2.5.5, Lemma 3.2.2, 3.2.4 and 3.2.5 , we can deduce the following
theorem in exactly the same way as [V] or [BK].

Theorem 3.2.6. Let n € {2,3}. Let C C Q7 be closed and G C Q7 open. If there
exists a sequence {n;}32, C N such that 0™y — &, then

[ <Tim oz
‘ ;22 I7 (#,&) _hlzn inf log P]w(e;, - ) € G,

hff;l.}p m log Pxn[w(enk )el] <~ éfelg, IQ,Z(QS) £o)-

3.3 Upper bound

First, we prove the following.
Lemma 3.3.1. Let K C (0,00) be a compact set, m € N and A be the partition
0=ty <ty <ty <ty =1. Foranye>0 there is N = N(e,m, K) € N such that

1 . , i
B(n) log PMw(ex(n) - ) € [Ia'A4] < e — inf ezt 4 13,:(6,0"xn)

for alln > N, n € {2,3}Y, 2 € K and measurable set A C {z} x (R*)™.
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Proof. It is enough to consider the case in which 1 € {2,3}Y. Let € {2,3}Y and
A’ C (R)™ be A = {z} x A". First we have

Pllw(en(n) - ) €la Al = fA’n(Fn)m Hﬁlp"(ei(n)(t —tj-1),Uj- 1>yJ) 7(dy;)

< pl (AN (FM™) sup Hp (t5 = tj-1)s Yi-1,¥5),

(15 ym)€AN(EN)™ 52

where yo = z. Note that u? (A’ N (F")™) < pl ((F")™ ) = " (F")™ < 1. By Theorem
2.5.4 and Lemma 3.2.2 (2), for € > 0 there exists N > 0 such that

logP[w(e;(n) - ) € [Ta Al

Ba(n)
1 m
< sup log p"(€Z(n)(t; — tj—1), Yj—1,Y;)
Bn('n) (yl, ym)eAln(Fn)m Z n ’ J J ) J J
' “ 2(t; —tj_1)
< — inf dn(yi_1, ~‘Il*(4,9" )—I—me
T e ym)eA'm(F")m; nl5-1:83) doy1,7) "

for all n > N, n € {2,3}Y, z € K and measurable set A C {z} x (R%)™. This implies

our assertion. O

Let
Fox = {C’ €B(y): sup inf I7 (¢,€) < oz}

€e{2,3}2, 2K PEC
ne{2, 3}§

for each compact set K C (0,00) and a > 0.

Proposition 3.3.2. Let 6 > 0, a > 0 and K C (0, o0) be a compact set. For any € > 0
there is N = N(e, 0, a, K) such that

log P7w(e (n) - — i .n s g
By s Flwlen(n) - ) € Ol < e — inf [7.(6,6"x)

foralln> N, z€e K, n€{2,3}N and C € F, k.

Proof. It is enough to consider the case in which n e {23}, Let IM(w,€) =
inf g g-wj<s 17 ,(4,€). Tw e C then 1w, €) > infyec, 17 (¢, €) for any € e {2,3}2
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and therefore
<P"[ﬂ{f’7’ W) 2 inf I2.(6,69%,)]
10, n, J : Ui J _
< Palo - 2l 2 01+ B[ () {12800 0x) 2 0k 126,07, | — D] < 6]

j=1
<Pl [||w YN 5] +PL [ﬁ {120, 07%,) = inf 12,9, 9%)}]

j=1
for any [ € N. Let
C=({we: I (Dw, 07x,) > Jnf I.(¢, #xn)}
=1

= ﬂ{w € Qz : Zdﬂ(w(ti)aw(tz—l))‘lj*(dn(i((t;)_’fj(_tjil)) 79jX7l) Z ;élcf'.s I:;Z,z(¢7 HjXﬂ)} )

and

o0 l
s« % ti t
Aﬁ,z = m{y € {z} x (R*)™ : Zdn(yi,yi_l)\lf (g 9’)@,) > mf 17 (6,67 xy)}
7j=1 i=1 d (yuyl ) ¢eC,
for any n € {2,3}), 2 € K and [ € N, where t; = i/l, i = 0,1,...,1. Then we have
Cy, = H;} Al . There is L = L() € N such that

1
——log PL[||lw — Arw]|| > 6] < —«
S log Pl — Al 2 4
for alln € N, z € K and n € {2,3}N by Lemma 3.2.5. .For any ¢ > 0 there is
N = N(¢, L) € N such that

log 2
og<

log FZ[Csy ]< Ba(n) 2

— inf I7 " d
¢ércl,#z z,z(¢? Xﬂ) an

1
By(n) 2

for all n > N, n € {2,3}" and 2z € K by Lemma 3.3.1. Hence we have

| log 2 1

By (n) Bn(n) Bu(n)
€

£+ (5 o) Vi

log PL[C] < + log PL[Cy,] V =——=log PL[l|lw — Arwl| > 4]

1
By.(n)
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for all n > N, n € {2,3}Y and z € K because

¢iélcfé Ig,z(¢7 enXﬂ) S ¢éré£;:z Ig,z (¢a enXﬂ)

for all n > N, n € {2,3}) and 2z € K. By the way for C € F, x

€ € ’ €
o<l - —a< = —i n n < - — n m
a > 2 a > 2 nggglx’Z(¢’9 Xn) =9 (;g:a Ix,z(¢’9 Xﬂ)
for alln > N, n € {2,3}] and z € K. This completes the proof. a

~ Also we obtain the following.

Proposition 3.3.3. Let K C (0,00) be a compact set. For any C € B(Q,) and § > 0

. ;
limsup  sup {B 0 log PJw(eZ - ) € C] +¢iélcf*5 17 (9, 9")(,7)} <0.

n—oo ne{2,3}N,zeK

Proof. This can be proved in exactly the same way as Theorem 3.3.2. O

3.4 Exponentially tightness

Let K C (0,00) be a compact set. First, we prove the following.

Lemma 3.4.1. The family of probability measures on (£, B(Q)), { Pze%(n) in €
{2,3N.neN,z e K} is tight. ‘ }

Proof. It is enough to show that

lim sup P". [su d (w(s), w(t >€]=‘O
pm S0 Fecm |, 592 n(w(s),w(t))
776{2»3}N |s—~[;|<5

for any € > 0. Since

Pm,[ sup dy(w(s),w(t)) > e] < Pg[ sup dp(w(s),w(t)) > e]
=5 o)

for each 0 < € <1 and n € {2,3}", it is enough to show that

llsir% sup P;][ sup dp(w(s),w(t)) > e] =0 (3.4.1)
e s |
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for any € > 0. Let us take n = ns € N such that n = max{m € N:§ < 1/m}. Also Let
A;=1Ti/n,(i+2)/n] for i =0,...,n — 2. Note that if s,¢ € [0, 1] with |s — ¢| < §, then

|s —t| < 1/n and s,t € A; for some ¢ = 0,...,n — 2. Hence we see that
L, .
, { sup dp(w(s),w(t)) > e} C U { sup  dp(w(s),w(t)) > (—:}.
> 0<s,t<1 i—0 s,tEA;
[s—t|<d - |s—t|<1l/n
Since

sup dy(w(s), w(t))
s,tEA;

< sup dy(1(s),0(i/n)) + Sup dy(w(i/n), w(t)) < 2 sup do(w(i/m) (),

we have

PI[ sup do(wo(s), w(®) > ] < P2[ sup_do(wi/n), wls) > ]

S, tEA;

=E] [P)Zi/n[ sﬁp dn(w(O),w(s);> %j] < sup Pg[ sup dp(w(0),w(s)) > E]

0<s<2
for each i = 0,...,n — 2. So by Lemma 4.4 in [BH] we get

P sup dy(w(s),w(t)) > €] < cexp(— c'(ed?ﬂn)l/(-dﬁ"l))
s,tEA;
for all 7 € {2, 3} and small enough € > 0 and § > 0 with e%n; > 1, where ¢, ¢’ > 0 are

constants in Lemma 4.4 in [BH]. Therefore we obtain

Pg[ sup dp(w(s),w(t)) > e] <c(n—1)exp (- C/(Gdan)l/(d?u—l))
([)SS,Tﬁl ‘
s—t|<d

for all n € {2,3}"N. Letting § — 0, we obtain (3.4.1). O

Proposition 3.4.2. The family of probability measures {Pg,ez(n) :n € {2,3N,n €
N,z € K} is exponentially tight. That is, for every L < oo, there exists a compact set

H = H(L) C Qg such that

lim sup

log PMw(€e(n) - ) € H] < —L.
N0 pe{2,3N zeK By(n) | ‘
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Proof. We follow the proof of Lemma 2.6 in [LS]. Let {w;,? € N} be a countable dense
set in C,([0,1] — R?). For each k € N, we have Uien Bwi, 1/k) = C4([0,1] — R?). Fix
M > 0and k € N. Setting I' = Temx = Upeqozp ceomnzoexi® € Ut I7,(¢,6) <
2kM}, this is relatively compact from Lemma 3.2.3. Hence there exists a finite open
covering ‘

-k 1
T c|JB(ws, =),
=1

where ng, = ng prx € N and {w; }ieny C Q. Let

ng 1 ng 9
= = B is T ) T = T == B 1y 7 )
Sk = Sk,M,K z:LJ1 (w k) k ke, M, K lzLJl (w k) |
Then for §, = 1/k > 0,
(Tlg)gk C S,? , (3.4.2)

In fact if f € Uw/eT,g B(w', 0k), there exists w’ € T¢ such that f € B(w’, ;). Hence we
have

2

: 1
1F = will = llw: =l = [l = £ > = =

1_1
ko k
for all ¢ with 1 < ¢ < n. This implies (3.4.2). For any € > 0 there is N = N(k, M, K)
such that '
1
7; C < o n n

Bn(n) log Pen[Tk] — ¢léle,§ Iz,z((b? 0 Xﬂ) t€
for alln > N, n € {2,3}" and 2z € K by Proposition 3.3.3. Since

2M < fuf I2.(6,6"x) < inf I2.(6,6"x)

6 C

ese z,z

for all n € {2,3}N, n € N and z € K, we see that
1
———log PL[T¢] < —2kM + e.
By ¢l
Hence if we take e = kM, .
PITE] < e
foralln > N, n e {2,3}Y and 2 € K. We can find a larger finite union

2

mg,
Up = U mx = U B(w;, E)

i=1
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with my = mg x> ny such that
PA[UF] < emt0r

forall n € N, n € {2,3} and 2 € K by Lemma 3.4.1. The set H = Nie, U is totally
‘bounded and closed, and hence is compact. Furthermore,

© o o~ Mb(2)" o~ Mb(2)"
M [re] _ pT nirrel —
PRIHY = P2 | UT| < X PAIVE = T < ==
k=1 k=1
foralln € N, n € {2,3}N and 2 € K. This completés the proof of proposition. O

3.5 Lower bound

Let Bm(f,r) ={w € Q: lw(k/m) — f(k/m)| < r,1 <k <m} and B,(f,7) = {w €
Qy : lw(k/m) — f(k/m)) <r 1<k <m} for each m € Nand f € Q,. First we prove
the following. '

Lemma 3.5.1. Letr > 6 >0, € N and K C (0,00) be a compact set. For any e > 0
there is N = N(e,r,0,l,K) € N

57 OB PG ) € BUA] 2 ~I2,(6.07) — ¢

foralln > N, ne {2,3}Y, 2 € K, fEQx and ¢ € Bi(f,7 — d).

Proof. This is obvious for n ¢ {2,3}. Let n € {2,3}, f € Q, and § < r. Note
that if B;(f,r—0)N QZ is empty set, infyep,(s,r—s) [ ,(#,0™Xy) = 0o by the definition of
I-function. We assume that B;(f,7 —§)NQ7 is not empty. For any g € By(f,r—48)NQ7
and 0 < ¢’ < 6, we have : :

. .
P%[Bl(ﬁ )] = P%[Bl(gadl)] = / HP"(GZ(ﬂ)/lyyj—l,yj)#(dyj)
Ay(g,8)N(FM! 524
l

> 17(Ag, &) O (FT) inf [T €/t yima,u)

(w1,-v) €AL(.0)NEFEN! 7y
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where yo = z and A;(g,d’) is the set {y € (R?)" : |y; — g(j/1)| < & for j=1,---,1}.
From Theorem 2.5.4, for any € > 0 there is Ny = Ni(e, 7, 6,1, K) € N such that

log p/' (Ai(g,0") N (F"))
- Bn(n)
z/l

— sup Zd (yj-1,y;)¥ (m’enxn>

(y,-m)eAi(9,8') 55

—le

fm) log PL[By(f, )] >

foralln > Ny, ne{2,3}), & <6, 2€ K, f € Q, and g € B(f,7 — §) N Q7. Moreover
by Lemma 2.3.4 (3), there is 8y = do(¢, 6,1, K) < § A 1 such that then

log 4 (Au(g, 8) N (F7)') e
By(n)

=35~/ (g7 )

foralln > Ny, ne {230, 2 € K, f € Q, and g € Bi(f,r — 6) N Q. Since the third
term of right hand side in (3.5.1) equals 177 (Aig,0™xy), (3.5.1) implies

Bn('rl) log [Bl(fa )] =

(3.5.1)

log 11} (A(g, do) N (FM)) n
Bn(n) log PG% [Bl(fa T)] > l Bn(n) — 2le — I;:],z(ga 0 Xﬂ)

from Lemma 3.2.2 (2). By the way we have

log 1/ (Ai(h, &) N (F™)}') > log ¢’ +1 7:((33)) log d

for allp € {2,3}N and h € Q7 by (2.1.6). Therefore any € > 0 there is Ny = Ny(€,1,09) €
N such that

Bn(n) log [Bl(fa )] > _(2l + 1)6 - Ig,z(g’ ean) ’

foralln > N;VINy, i € {2,3}5, z€ K, f e Qyand g € B(f,r—0)NQ2. This completes
the proof. : | O

Let C, C C,([0,1] — F") C C,([0,1] — R?) for each n € {2,3}". Supposed that

U C, is equi-continuous. (3.5.2)
776{273}N

Note that C;, is empty set for n ¢ {2, 3}}.
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Lemma 3.5.2. Let r > § > 0 be sufficiently small.

(i) For eachl € N, n € {2,3}N and f € QI there is ¢ = én 11 € Bi(f,r)\ B(f,r +
8)) N QI such that '
sup D,o(t) < 2cl

0<t<1
where c is the constant in (2.1.5).

(ii) For eachn € {2,3}}, f € Cy, there is ¢ = ¢, s € B(f,r — &) such that

sup Dyo(t) < cm
0<t<1

where c is the constant in (2.1.5) and the constant m is independent of n € {2,3},
fed,.

Proof. (i) Letl € N,n € {2,3}ll and f € Q7. We choose some 1nteger ko € {0, 1 =
1}. Note that there is a € Fy = {a1, as, az} such that

(1 () 0) > e 19),

where c is the constant in (2.1.5). Recall that Fj is the set of vertices of a unit equilateral
triangle in R2. Let B"(f,7) = {w € Q! : |lw — fll, < r} and B, (f,r) = {w € Q1 :
dp(w(k/m), f(k/m)) < r,1 < k < m} for each n € {2,3}], f € Q7 and m € N. For
any r € F", 1 < k <[ with d,(f(k/l),zx) < r, We consider the following piecewise
geodesic path ¢ € B} (f,r)\ B(f,c(r + 8)) such that

’ k04—1/2)

$(k/l) =z, 1<k <1 and ¢( a.

By easy calculations we obtain D,¢(t) < 2cl from (2.1.5). Since ¢ € B} (f,7)\B"(f, c(r+
8)) € By(f,r)\ B(f,r + ), this completes the proof. :
(ii) Let n € {2,3}) and f € C,. We can choose m = m(r,§) € N (not depending
onn € {2,3}, f € C,) such that d,(f(s), f(t)) < (r — §)/2 for all s,t € [0,1] with
|s —t| <1/m. Let ¢ = A, f. That is,

1+1 7 1+1

d (), 0(0)) = S ap (2, Ly, L cgem g < EEL

1/m m m m m
fori=0,1,...,m — 1. Note that supy<;<; Dp¥(t) < cm from (2.1.5). Since (i/m) =
f(i/m) for i =0,1,...,m, we have

dy(F(),9(5)) < dol0(s), B(ifm) + dy(£(i/m), £(s) < 7 — 6
for any s € [i/m, (i+1)/m]. As B"(f,r—6) C B(f,r—46), this implies our assertion. [
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Set Ki(f,r,6) = Bi(f,r)\ B(f,7 +6) for f € Q,.

Lemma 3.5.3. Let r > 0, § > 0 and K C (0,00) be a compact set. For any M > 0,
there are L = L(M, K,5) € N and N = N(L,r) € N

1
——log Plw(€(n) - ) € Ki(f,r,0)] < —M 3.5.3
B %8 w(ez(n) - ) € Ki(f,r,0)] (3.5.3)
foralln> N, ne{2,3}N, feC, and z € K.

Proof. (3.5.3) is obvious for n ¢ {2,3}). So we consider the case in which n € {2, 3}}.
By Lemma 3.5.2 (1), we see that Ki(f,r,0) N Q2 # 0 for all n € {2,3}], fe Cp, I €N
and

sup  sup inf  I7 (¢,0™x,) < o0 (3.5.4)

3WN  feCn ¢EK(f,r,0)
ne{Z3): fK neN

for each | € N. There is L = L(8) € N
)
£ - )] <
for all n € {2,3}}, f € Cp, 1 > L and |s — t| < 1/l with s,¢ € [0,1]. Note that if
w € Ki(f,1,8)5/a N Q0 then w € (By(f,r +/4) \ B(f,r +35/4)) N Q1. Let t; = j/l,
j=0,1,...1. Then for every j it follows that |w(t;) — f(¢;)| < r + /4. By the way we
can choose j € N and s € (¢;,t;41) such that

wity) = FE)l <+ 0/4, fwltinn) = flt)l <7 +0/4, wls) = f(s)| =r+35/4
from [lw— f|| > r +38/4. Therefore as [w(t;) = f(s)| < |w(t;) = F(t)] + |f(t;) = f ()] S
r 4 6/2, we obtain
do(w(s), (1)) > [wls) ~ (1)) = (o) — F(s)] ~ 1£(s) — wlt)] = 2.

Hence
‘ : ' 2(s — t;) ‘
1N (w,0™xy,) > dy(w(s),w(t;))T* I 0"y
N ( 77) 77( ( ) (] (dn(w(s),w(tj)) 71)
0 * 4Z(tj+1 _tj) n _ 4 * n
> qu (TR ) = v (55, 07%)
by Lemma 3.2.2. For any M > 0 there is L = L(M, ¢, K) such that

L22w,0%) 2 i\l'*(ééﬁ ) - ige{zg}z \Ij*( 2,5) =M1
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for all n € {2,3}Y, f € Cp, w € Ki(f,7,6)5/4 N Q0 and 2 € K from Lemma 2.3.4
(2). Note that this is trivial for w ¢ Q7. Since K(f,r,d) is closed subset, there is
N = N(L,r,4,K) such that

1
——log PLIKL(f,r,0)] <1-— inf  I7 (w,6"
B,(n) g FalKr(fir 9) SR L(frd)sja ( _ Xn)

foralln > N, n € {2,3}), f € C,, 2 € K from (3.5.4) and Theorem 3.3.2. As a

consequence it follows that

] ;
B0 log PLIKL(f,1,0)] <M

forallm > N,ne{2,3}, feC,and z€ K. ' O

Prdposition 3.5.4. Letr > 6 > 0 and K C (0,00) be a compact set. For any € > 0
there is N = N(e,r,6,K) € N

log Pl{w(ey(n) - ) € B(f,7)] 2 —I] (¢, 6"xn) — € (3.5.5)

1
By (n)
for alln> N, ne{2,3}N, 2 c K, f€C, and ¢ € B(f,r —9).
Proof. (3.5.5) is obvious for n ¢ {2,3}Y. So we consider the case in which n € {2, 3}

only. First note that PL[K(f,7,0)] < PL[Bi(f,7)] for all I € N and there is some
constant ¢ > 0 such that

Cinf 17 (6,67, < inf 7 (6,0"x,) <
sepitd 5 L2x(@0"xn) < Inf L7 (6,0%x) < c

for all ne{2,3}),2€K, feC, le€NandneN by Lemma 3.5.2 (2). Therefore for
any € > 0 there is M = M (e) > 0 such that

] n n —
exp (,_nf I].(6,6"x) — M) <e

for all n € {2,3}), 2 € K, f € C), | € Nand n € N. For this M, there are L =
L(M,6,K) € Nand N = N(L,r,4,K) € N such that

PLIKL(f,r, )Y/B0
€n r < . I'r] en o M 1 <
P!% [BL(f7 T)]l/Bn(n) S exXp (1 + ¢€Bi1(1]£7”—5) x,z(¢7 Xn) ( + )) €
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foralln > N,ne {2,3}}, z € K, f € Cy, ¢ € Br(f,r—6) by Lemma 3.5.1 and Lemma
3.5.3. In other words for any € > 0, there are L = L(¢,d, K) and N = N(L, 7,6, K) such

that 1K, 5)]1/3()
Pe,ﬁ Ky f’Ta i \

L-e<lo h e <! (3.5.6)
for alln > N, n € {2,3}], z€ K and f € C,. Since PL[B(f,r +6)] > PL[BL(f,7)] -
PL[BL(f,7)\ B(f,r + )], we see that
1 1
log PL[B(f,r+0)] > log (PL[Br(f,r)] — PL[KL(f, T, 6
S o PLB(.r+ )] 2 5 log (PAIB(for)] - PAIKL(f7. )

> log (PLIBL(f, )"/ — PL[Ky(f,r,8)]/5)
1 p% [KL(f, T, 5)]1/Bn(n)
B (n) P&[BL(f, r)]H/Bn() )
where we use a¢ = (b+ (a — b)) < b+ (a — b)¢ for a,b > 0,a > b0 <e < 1. Asa
consequence, for any € > 0 there is N; = Ni(L,r, 6, K) such that

> log P2, [By(f, )] +1log (1 -

log PL[B(f, 7 +0)] = =17 (6,0"xy) — €

Bn(n)
for all n > Ny, n € {2,3}}), z € K, f € Cy and ¢ € Br(f,r — §). Since B(f,r =) C
Br(f,r —9), this implies our assertion. , O

Also we have the following.

Proposition 3.5.5. Let K C (0,00) be a compact set. For anyr >0, >0 withr > ¢
and f € €, »
1 .
liminf  inf {—-10 Plw(é - )€ B(f,r)]+ inf I7 (¢, 0" }zo.
n—>£ 776{2,1;}}5,261( Bn(n) g [W(en ) (f )] 9eB(fir=0) = (¢ X")

Proof. This can be proved in the same way as Proposition 3.5.4. (]

3.6 Varadhan’s theorem

In this section let fix a compact set K C (0,00). Let ® : C,([0,1] — F") — R be any
, _
continuous function. We denote by EPeo or ET% the expectation with respect to the

measure P

ez (1) Assume further either the tail condition

lim limsup  sup log Efm [exp(Bn(n)@(w))1{q>(w)2M}] =—0o0 (3.6.1)

M- pno00 176{2,3}N,Z€K Bn(’r])
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or the following moment condition for some v>1

1
limsup  sup
n—co nef23),zex Bn(1)

log Efam [exp(YBn(n)®(w))] < oo. - (3.6.2)

Lemma 3.6.1. Condition (3.6.2) implies the tail condition (3.6.1).

Proof. This can be proved in the same way as Lemma 4.3.8 of [DZ]. For n € N, define
Y, (w) = exp(Bp(n)(®(w) — M)) and let v > 1 be the constant given in the moment
condition (3.6.2). Then

n n
e—Bn(ﬂ)ME'Pef, [eXP(Bn(n)@(w))l{@(w)ZM}] = E’Pﬁzn [Ynl{YnZI}] .
< EP&[Y)] = e B M BPG [exp (B, (1) B (w))].

Therefore

. 1 n
limsup——— sup log E < [exp(Bn(1)®(w))1{aw)>mm3]
n—00 n(n) ne{2,3N

1 o
< —(y—1)M +limsup sup ———log B [exp(Ba(n)(w))]
n—oo ne{2,3}N Bn(n)
The right side of this inequality is finite by the moment condition (3.6.2). In the limit
M — o0, it yields the tail condition (3.6.1). O

‘Proposition 3.6.2. If® : Qw — R is a continuous function for which the tail condition
(3.6.1) holds, then

| 1 , |
limsup sup {—10g B [exp(By(n)®)] — sup (B(¢) — IZ,Z(%G"Xn))} <0.
n—so pe(2)t \ Ba(1) Vel
zeK ‘

Proof. Consider first a function ® bounded above. Set

.= sup (D(¢) — I (¥, 0"xy))
veQ,

for each n € N, z > 0, n € {2,3}) and define

= |J {®eQ:Iwo<spd@)+ swp |0.[}
cc{2,3)2 2K PEQ meN,ne{2,3}
ne{2,3}"
We use same notation  to express a constant function starting = on {2,. Note that
—00 < ®(z) <0, < supyeq, P(¥) < oo for all m € N, 2 € K and 5 € {2,3};". Then
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I is relatively compact by Lemma 3.2.3. Given € > 0, there are N = N () eN,r; >0
and w; € C,([0,1] — R?),1 < i < N such that

‘N
Tc UB(wi;ri) and sup |®(f)—P(g9)| <e
i=1 f,9€B(widrs)

for all 1 < i < N, where B(w,7) = {w' € Q, : ||w —w]|| < r} for each w € Q, and r > 0.
In other words it follows that

d(w)< inf B(f)+e (3.6.3)
feB(wi,4r;)

for any w € B(w;, 47;). Set r = minj<;<y 7; and

N N N

F = (U B(w,-, 27’@))6 = ﬂ B(wi, 2Ti)c C ﬂ B(wi, 'I"i)c c TI¢.
=1 =1 =1

From Proposition 3.3.3, there is N; = Nj(e) € N such that

PA[Blws 2r)] < exp (= Ba(o)(_int  I2.(4,0"x0) = €))

forall 1 <7< N and
n _ : n n _ !
PAIF] < exp (= Ba(n)( inf I2.(6,6"x;) — <))

for all n > Ny, n € {2,3}) and 2 € K. Recall that Cjs = UgpecB(¥,9) for C C Qy,
6 > 0. Since F, C NN, B(w;, ;)¢ C T¢, we have ‘

inf I7 (1,€) > sup [®()|+  sup  [] | > sup |@(¥)| + |47, .|
YEF YEQy neN,ne{2,3}N ’z/;eaz\

for all € € {2,3}%, n € {2,3}}, z € K and m € N. Hence it follows that

< inf " _ |
®w) < inf I.(4,€) — ||
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forallw € F,, n € {2, 3}5, z € K and m € N. Therefore by this and (3.6.3), we obtain

E%[exp(B, ]<ZE % [exp(Ba(n)®), Bz, 2r1)] + B [exp(Bo(1)®), F]

<> exp (Bun)(__inf () +¢)) P (Blai,2n)

weB(wi,4ri)

+exp (Ba(n)( inf L2.(6,0"xy) = €1.]) ) PAIF]
N |
< Zexp (Bn(n)( inf  P(w)+ 2 —
i=1

inf I7 o
wEB(w; 4r;) - x,z(w’ Xn)))

¢€§(wz,47”z)

+exp (Ba(n)(e = |67..1))

X (i exp (Bn(n)( inf ®(w)— _inf

i=1 (JJEE‘((JJ@,‘lTi) ¢€§(wz =4Ti)

+exp (Ba(n)(—¢ — €1, - £2..)))

IZ,Z(’w? enxﬂ) - ez,z))

for all n > Ny, n € {2,3} and 2 € K. Note that

inf  ®w)— _inf I (¥,0"x,) <

wEB(ws,4r;) YEB (ws,4r;)

fup ((I)WJ) - I:Z,z(¢7 enX"l)) < g:’z,z

1/163(0-’1',47%')
So this proves that

1 U] ! . :
limsup sup {=——log B4 [exp(Ba(n)@)] — sup (0(v) — L.(4,0"x,)) } < 2€.
n—00  pc{2,3} n(n) i

PYEQ:
ze€K

To treat the general case, set ®p(w) = ®(w) A M. Since we have

E"% [exp(Bu(n)®())Lis(w)<an]

< B4 [exp(Bn(1)® (W) 1iaw)<ary + exp(Bn(n)M)1(sw)sm]

< B [exp(Ba ()@ (w))],
it follows that

By.(n)

1 ] 1 P |
(Bn(T/) 1ogE £ [exp(Bn(n)@(w))1{<1>(w)2M}]> \Y% (mlogE ”[GXP(Bn(n)(I)M(uJ))]).

1 Pn 10g2
log E" < [exp(Bn(n)®)] <
o o B (B (1))
_|_
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Hence for any € > there is N = N(e, M) such that if n > N then

Bnl(n) log EFe lexp(Bn(n)®)] — 5;%((1)(@/1) — 17,(4, 0"Xy))

1 Pl _ | _qm n,
B(n) log £ < [exp(Bn(n)®)] sup (@ (%) Ix,z(w, 0"Xn))
1

(5 oy 08 B exp (B ()8 (1) Lincorzan] ~ sup (B (1) ~ L0, 7x0))

<

IN

x

! Fa yl Con
\/(Bn(n) log E" < [exp(Bn (1)@ (w))] —igslz)x(q)M(w —I7,(4,8 Xn)))

<e
for all n € {2,3}} and z € K, where we use the tail condition (3.6.1). O

Next we prepare two easy lemmas for the lower bound.

Lemma 3.6.3. If ®:Q, — R is contz’nuoué, then

- inf  sup (®(¥) - I (¥,§)) > —o0.
£e{2,3}%,2€K ¢eQ,
ne{2,3}y

Proof. We consider the function z : [0,1] — F" such that z(¢) = z. It follows that

sup (®(v) — I7,(¥,8) = @(z) — I] ,(z,§) = (z) > —o0

for any n € {2,3}Y, € € {2,3}% and 2 € K. This implies our assertion. O

Lemma 3.6.4. Let C C Q, be closed set and @ : Q, — [—00, 00| be bounded above and
upper semi-continuous function. Then there is 1hy € C such that ®(ihg) — I (Yo, &) =
suPyec(®(W) — I7 (1, £)) for each n € {2, 3N, 2> 0 and € € {2,3}2.

Proof. This lemma is obvious for n ¢ {2,3}). Let n € {2,3}), 2 > 0 and £ € {2, 3}
If supyec(®(¥) — I7,(,§)) = —oo, then ®(w) — I} (w,§) = —oo for every we C.
Assume that supyeo(®(¥) — I7,(¥,§)) > —oo. For any m € N, there is ¢, € C
such that supyec(®(¥) — I7,(1,€)) < ®(¥m) — ] ,(¥m, &) + 1/m. Since {¢m}men is
equi-continuous by Lemma 3.2.3 and C is closed, there is a convergent subsequence
{®¥m, }ren with the limit ¢y € C. The upper semi-continuity of ®(-) — 17 (-, §) implies
our assertion. O
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Then Wé have the following.

Proposition 3.6.5. If ® : (), — R is bounded continuous, it follows thdt

. . . ]. P77

liminf inf log E" =& [exp (B, (n)®)] — sup (®(¢) — I} (¢, 6" > 0.

mint inf {5 log Bt exp(B(n)@)] ~ sup (206) ~ I2.(6,0°X,) }
z€K

Proof. There is a function f* € Q, such that Sup«npeaz(q)(lb) — [;I,z(/d)’ ")) = B(f7%)

— I (f1*,60™x,) for each n € {2,3}}, n € N and z € K by Lemma 3.6.4. Also there is

some constant ¢ > 0 such that o :

sup I7 (f7*,0"xy) < sup ®(fP*)+c< o0

ne{2,3" ne{2,3}N
ze K,neN zeK,neN

by Lemma 3.6.3. Note that {fg»Z}neN,ng C Q7 for each n € {2,3}. The set E =
{fr7 e Q, :n € N,npe {23} 2 € K} is equi-continuous from Lemma 3.2.3. Hence
since E is compact, for any € > 0 there is § = §(e) > 0 such that

inf & > O(f1%)
L aw)+e = a(f7)

for all n € {2,3}), 2 € K and n € N. Therefore we have

5oy o8 B exp(Bu(n))] - sup (90) ~ L1, 0",)}

By (n)

> 5 B B ep(B(n)®) : B2, 0)] ~ (@A) = (2% 07%,)
> Bnl(n) log B [exp(Ba(m)®@) : B(f2*,8)] = (B(f7%) = I1(f2%,6"X))
> B:(n) log P[B(f7%,0)] + ®(f1%) — (@(f1%) — I1(£1*,6"xy)) — €
= 5 B PAIBU 8 + L1 07xs) ¢

for all n € {2,3}Y, 2 € K and n € N. Considering the set {f?*},en.cx to be the set
C, in (3.5.2) for each n € {2, 3}, there is N = N(e) such that :

log P%[B( E0)] + inf I7 (%, 0"xy) > —¢

1
Bn(n) weB(f17.6/2)

foralln > N,n € {2,3} and 2 € K by Prdposition 3.5.4. This completes the proof. [
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Now the following theorem is an easy consequence of Proposition 3.6.2 and Propo-
sition 3.6.5.

N

Theorem 3.6.6. Let ® : Q, — R a bounded continuous function. Then

) ;
lim  sup |—— log B = exp(Bn(n)®)] — sup (B(¥) — I, (s, 0"xy,))| = 0.
N0 ne{2,3}N,2eK By(n) PEQ, ’

The rate function []] , changes with n as seen in Proposition 3.3.3 and Proposition
3.5.5. This fact becomes a trouble, then we obtain only weak large deviations stated
above. However we show that {P} o Xe%tn)‘}ne{g,g}xu,ze Knen 1S an exponentially tight
family of probability measure on C,([0,1] — R?) and satisfies Varadhan’s theorem.
Hence we can expect that better large deviations hold though our settings is not included '
in general framework. Also we think that we should examine the behavior of I (¢,¢)

with respect to & more in detail because this often causes the problem.
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