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Global Fuchsian Cauchy Problem

By Hideshi YAMANE

Abstract. We show the unique solvability of a Fuchsian Cauchy
problem in the space of entire functions. As immediate corollaries,
we give some injectivity and bijectivity results for a class of partial
differential operators on the space of entire functions of exponential

type.
1. Introduction

First let us review some known results on a noncharacteristic Cauchy
problem in which the coeflicients of the operator and the data are all entire.
The uniqueness of the solution is trivial and one tries to prove the existence
of an entire solution.

As [2] showed by using a classical result due to Bieberbach, such a
solution does not always exist; a solution exists near the initial surface
but in some cases it is impossible to extend it to the whole space.

Several authors have given sufficient conditions on the operator for the
existence of an entire solution. For example, [4] proved the following result
(see also [5] for a proof based on majorant functions).

In C; x CZ, let us consider the Cauchy problem

m
DPu(t,r) = 3. 3 aglt, ) DM DPu(t, ) + v(t, z),
(*) 0=18|<t

DMu(0,z) = wy(zr) (0<A<m—1),

where agg(t,x) is entire. Moreover, if |3| = ¢, it has the form ags(t,x) =
2 jy|<e Qe (t) 2 with entire functions agg. (t).

THEOREM (Persson). For any entire functions v(t,x) and wy(z), the
Cauchy problem (%) has a (unique) entire solution u(t,x).
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148 Hideshi YAMANE

On the other hand, [1] studied a characteristic Cauchy problem for local
holomorphic functions.

In the present paper we treat a characteristic Cauchy problem for entire
functions. Moreover, in §5. we prove some injectivity and bijectivity results
for a class of partial differential operators on the space of entire functions
of exponential type.

2. Statement of Main Result

We will consider a Fuchsian Cauchy problem for entire functions in C; x
Clo=(x1,...,2p).

Let P = P(t,x, Dy, D,) be a linear partial differential operator of order
m with entire coefficients. Here Dy = 9/0t and D, = (Dy,...,D,) =
(0/0x1,...,0/0xy,). We assume that P has the following form:

P(t,x,Dy, Dy) = "D/ + apt™ "D ooy DI
m—1 finite ]
+> > > traup(x)DID]

J=0 |B]=m—j k=a(j)

m—1
+3 > t*Uas(t,2) DI DL,
§=0 || <m—j—1

where 0 < m/ < m, a(j) = max{0,j — (m —m/) + 1}, DS = D/ ... pbn,
and |5| = 01 + -+ - + Bn. Here we assume that

® ap—j(j=1,...,m) is a constant,

e a;;3(x) is a polynomial in x of degree < m —j —1 (if j = m — 1, then
ajrg is a constant),

e a;jg(t,x) is entire in C; x C.

Obviously P is a Fuchsian operator of weight m —m/ in the sense of [1].
We call the ordinary differential operator

Pro(t, Dy) = t™ D" + a1 t™ 71D 4y DT

the Fuchsian principal part of P.
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The characteristic polynomial associated with P is
C\) = t M Pt
= MA=1)--A=—m+1)+ap1AX(A—=1)---(A—m+2)
+o At e AA=1) - (A =m+m + 1)
and its roots, called the characteristic roots, are denoted by
)\17---7)\m’7)\m’—|—1 :07/\m’+2 = 17---7)\771 :m—m'— 1.

Our main result is

THEOREM 1. If C(\) # 0 for any integer X > m — m/, then for any
entire function f(t,x) in C; x CZ and entire functions fy(z) (0 < A <
m—m/—1) in CZ, the following Cauchy problem has a unique entire solution
u(t,x):

(1) Pu=f, DMu(0,z) = fa(z) (0<A<m—m/—1).

REMARK. If m = m/, we impose no initial condition: the equation
Pu = f has a unique solution u.

3. Integral Operators

In this section we follow [1]. See also [9].
Assume that m = m’ and that Re A\, < 0 for all r. If g(¢) is entire, then

v(t) = Higl(t)
= / Sl_kl_l...s;n)‘mflg(sl...Smt)dsl...dsm
[0,1]™

gives the unique entire solution to Pp,v = g.
We see that there exists a positive constant C' independent of g and ¢
such that

[H{g](t)| < C|S|1§|)t| l9(T)]-

We will need other estimates on H|[g]. Set Hy[g] = g and
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for k = 1,2,...,m. It is trivial that H, = H and that |Hg[g](t)

|
Ck sup |g(7)|, where Cj is a positive constant independent of g and
I7I<[¢]
By the repeated application of the formula ¢tD;Hy[g] = A\ Hylg] + Hi—1]9]
(k=1,2,...,m), we find that

<
t.

|(¢tDy) H[g)()] < C" sup |g(r)] (j=0,1,...,m),

ITI<l¢|

where C' is a positive constant independent of g and .
Since (Dyt)? is a linear combination of 1,¢Dy, ..., (tD;)?, we obtain

PROPOSITION 1. There exists a positive constant A independent of g
and t such that

(Dt Hlg)(t)] < A sup |g(r)] (j=0,1,...,m).

ITI<It|

Set for £ > 1,
Gulgl(t) = [ glor--sit)dsy-dsefor g =g(0).

Then it is easy to see that

Gy=Gio---0Gy, Gyo Dt =identity.
—_———

£ factors

Hence Gyo (Dyt)* = identity, (Dst)? = Gy o (Dst)™. Moreover we have

P
LEMMA 1. If|g(t)] < Z Cplt|P, where p e N ={0,1,2,...} and Cp >
p=0
0 for all p, then we have
[t
(p+1)*

Gelglt) <D Cp
p=0

PROOF.  [Gelg](1)] < g Cp fi dsy -+~ Jo dse {sf -~ st} . O
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4. Proof of Theorem 1

First we will prove Theorem 1 in the weight 0 case. In other words we
assume that m = m/. In this case we impose no initial condition.
For r > 0 and R > 1, set

B(r)y={teC;|t| <r}, D(R) ={z € C" ax |zj| < R}.
7j=1,...,n

The distance from = € D(R) to the boundary of D(R) is denoted by dr(x)
and we have dr(x) = 'Hllin (R —|zj|). It is easy to see that
j= n

. Nt

(2) dr(z) ~R as R — o0

uniformly on any bounded subset of C}.
When f and u are expressed in the form f(t,z) = Y32, fr(z)th,
u(t, r) = 332 o ux(z)t*, we have the following recurrence relation:

C(O)uo(z) = fo(x)
A-1

CNup(z) = falz)+ Z PY(z,Dy)u,(x), A=1,2,...,
v=0
for some differential operator P (z, D,). By the assumption C(\) # 0, we
can find a unique holomorphic function uy(x) for all A.

Next assume that Re\, < h € Zy ={1,2,...} for r = 1,...,m. Obvi-
ously Q = t~"Pt" is an m-th order Fuchsian operator of weight 0. We denote
its characteristic roots by u,. Then we have u, = A\, — h and Re u, < 0 for
all 7. Put u(t,x) = i;é uy(2)t) + t'v(t, z). Then we have

h—1
P(t"v)=f—-P (Z uA(m)t)‘> ,

A=0

which is equivalent to the equation

h—1
Qu=t" {f - P (Z u,\(a:)t)‘> } .

A=0

The right hand side, which we denote by g(¢, x), is a known entire function.
We have only to solve Qv = g. So we may assume from the beginning that
all the characteristic roots of P have a negative real part.
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We have
m—1 k ]
Pp—P =Y {> t"Py(x,D;) + tS;(t,z, Dy) }(Dit)’.
j=0 k=1

Here k is a positive integer and

Pjp(z, D) = Y

|lal=m—j

where Pjio(z) is a polynomial in x of degree < m — j — 1. Notice that Pj,
has no lower order terms. The operator S; has entire coefficients, commutes
with ¢ and is of order <m — 5 — 1.
Set ‘ Tnax deg Pjro(z) = dj, <m —j—1and S = {(j,k); Pjr # 0}.
a|l=m—j

Obviously S is a finite set.
We are going to prove

THEOREM 2. There exists a positive constant C independent of R such
that Pu = f has a unique holomorphic solution in the open set

Qp = {(t,x) € B(R)x D(R);te () B(CR—djk/’de(x)W—j)/k)} .
(4,k)eS

By (2), any bounded subset of C; x C? is contained in Qg for a suffi-
ciently large R. Therefore Theorem 1 (weight 0 case) is a direct consequence
of Theorem 2.

Our equation Pu = f is equivalent to the following differential-integral
equation:

H\|f+ Z{Zt ik (x, D) + £S5 (t, 2, D) (Dt u

7=0 k=1

Here H is the integral operator introduced in §3. Define a sequence of
functions {u,(t,z)}, by

UOZO,

m—1 k
Hf+ Z{Ztkljjk+t5j}(Dtt)jup] for p>0.

j=0 k=1

Up+1 =
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The solution w will be obtained as v = lim,u,. We set v, =
(Dgt)™ (up+1 — up), which satisfies for p > 0,

vpy1 = (Dyt)™H Z{Zt ik (@, Dy) + tS(t, ©, Dy) } G [vp)
7=0 k=1
To show the existence of the limit u = lim, up, it is enough to prove the
convergence of >_ vp.
Now we fix R > 1. Then we have

< B )] < 7 20
in B(R) x D(R) for some positive constants Cy r and C . As a matter
of fact, the functions f and vy are bounded in B(R) x D(R). We have
introduced a negative power of dr(z) in order to employ Lemmas 3 and 4
below.

LEMMA 2. Assume that a holomorphic function g(x) in D(R) satisfies
lg(z)| < 25, Cudg(x)~t, where £ € Zy and Cy >0 for £ =1,... L. Then
we have

l
1D;g(x)| < e(f+1)Y " Codp(x)
=1
forze D(R),j=1,2,...,n

PrROOF. We may assume that j = 1. We have
1 9(y,z")
3 D d
3) o) = 5§ S

where ' = (1‘2,...,1‘71) and I'; C C, is a circle defined by I'y = {y €
Cyily — x| =dr(x)/({+1)}. If y € Ty, then (y,2') € D(R) and

1 /
d N>d ——d =——d
r(y,2") > dr(z) 71 r() 71 r(),
from which we deduce
Z —
14
4 nNE< Cy(——)~td ¢
) o)) < 30 i) (o)
2
< eZngR($) ¢
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By (3) and (4), we obtain the desired estimate. [J
In the situation of Lemma 2, we have the following two lemmas:

LEMMA 3. If || =m — j, then

0
|D%g(z)| < ™+ 1)y Y Codp(x) =9,
=1

Here we employ the Pochhammer symbol: (A)p, = A(A+1)---(A+n—1).
PrOOF. Use Lemma 2 repeatedly. [

LEMMA 4. If|a| <m —j—1, then

3
(5) ID%(@)] < (eR)™ (€ + Vm—jordr(@) ")) Cudp(z)™,
=1

4
6) [D%(x)] < (eR)™ '+ 1)m—jrdr(x) "V Crdr(x)~
(=1

PROOF. By using Lemma 2 and the inequality dr(z) < R, we have

[D%g(x)]

IN

el ‘(E—i-l ‘ |dR e |ZngR

IN

em—j—l(g+ )m—jfldR(x) e[ +m— JdR(x)—(m—j)

l
X Z ngR(i) ¢
=1

l
< (A D)o R dp(2) "D N Cudp(z) 7,
/=1

from which we obtain (5). Similarly we can prove (6) in the following way:

ID%g(z)] < e+ 1)y dr(z)” |ZCZdR
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emfjfl (E—i— 1)m_j_1dR(x)ﬂaHmfldR(x)f(mfl)

IN

l
X Z ngR(x)_g
/=1

l
em_l(g-i- 1)m_j_1R_|a|+m_1dR((L')_(m_l) ZC’ng(x)_g. ]
(=1

IN

PROPOSITION 2. There exists a constant Cr > 0 such that

£}
(7) |vp(t, )| < C?IW
for (t,z) € B(R) x D(R) and p > 0.

PROOF. The case p = 0 has already been proved. Assume that (7) is
true for p. Then by Lemma 1 we have

S
(p+ 1) dp(z)mP+!

(8) |G jlop] (8, )] <

for (t,x) € B(R) x D(R).
We can write

3
St Py +tS;=t Y ajalt,z)DS,
k=1

la|<m—j

where ajo(t, ) is entire. Put Crjo = sup  |aja(t, z)|, then Lemma 3,
B(R)xD(R)

(8) and (5) imply that

crtt [t

. D ) . om—j .
|a]OéDm Gm—] [UPH < CRJOée (mp + 2)m—J (p + l)mfj dR(x)mermfjJrl

if |a] =m — j, and that

oy 1]
(p + 1)77 dg(x)mrtm—i+1

|00 D3 Gm—jlvpl| < Crja(eR)™(mp + 2)m—;j

if o <m—j—1.
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Set
Cpr = max {em_j > . Crja+(eR)™ ) CRjOé} .
J A .
|o|l=m—j || <m—j—1

It is independent of p.
We have for all j,

k
)i [P+
Fp 159G (| < cnen TP D |
|t‘p+1

< ! ~p+1 m pm—1
CRCR (m + ].) R —dR(x)m(p+1)+1 .
Induction proceeds because of Proposition 1, if C'r is sufficiently large.
The proof of Proposition 2 is now complete. [

The proposition above is proved in [1] in a slightly different formulation.
It is good enough to prove local existence, but it is not sufficient to show
our global result because of the dependence of C'r on R. So we give the
following Lemma 5 and Proposition 3.

LEMMA 5. Let I be a finite subset of {(a,b) € Z%r;a > p, b < mp} for
p € Zy. Assume that

w(t,z)| < > C |t|a
z) Wb dp ()b
(a,b)el

holds for (t,z) € B(R) x D(R). Then there exist positive constants C](-llc),

independent of R and p, and Cg(‘?z} independent of p (but dependent on R),
such that

(9) [t Pipo(, Do) G [w] (t, )|
dik |4k a
< G di - bz)elc de 2N
(10) [£5;(t, 2, D )G —jlw](t, )]
< CJ(,Q);dR m—1 Z Cab (t| b+1°

(a,b)el
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for all (t,z) € B(R) x D(R).

PrOOF. By Lemmas 1 and 3, we have, if |a] =m — j,

_j(mp +2)m— J s
DSG_i[w](t, x)| < e Cuwb .
’ x ][ ]( )| — (a%:el (Cl + 1) d ( )m7]+b+1
(mp + 2)m—; |t]a
< oA oy
>~ m j+b+1"°
<p +1 (a,b)erl !
Recall that Pj,(x, D,) = Z x) Dy and that deg Pjio < dj. There
lo|l=m—j
exists a constant C'(Pj) > 0 such that Z 31(11% | Pjra(z)| < C(Pj),) R%*
o] =m—j
for all R > 1. Therefore we have
| Pjie(@, Dg) Grm—j[w](t, )|
dip m—j (MP+2)m—j It
< CO(Pjp)R%%e ”z;;““'EZ Cab g aym =571
(a,b)el

Then (9) follows from the fact that (mp + 2)pm—;/(p + 1)™ 7 < (m +1)™
Next, by Lemma 1 and (6), we have, if |a| <m —j — 1,

| D3 G w](t, )]

Z (eR)mfl (mp + 2)m*j'*1 C b
(a,b)el (a+1)m=3 ¢

_ +2)m7'71 |t‘a
< (eR)™ 1 (mp J C, .
S T e P e

L
dp(2) =D+

IA

The operator S;(t,z, D;) can be expressed as

Sj(t,x,Dx) = Z Sja(t,x)Dg,
lal<m—j—1
where Sjo(t, ) is entire. Set C(S;, R) = Z sup  |Sja(t, x)l.
‘algm_j_lB(R)XD(R)
Then
’Sj(t’x7D1>G [ ](t m)’
m—1 (P + 2)m—j—1 lt\“
< C(S5;,R)(eR) pr1m > Cab =1+ (6+1) "
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The estimate (10) is a consequence of the inequality

(mp + 2)m_j_1 < 1 ) (mp + 2)m—'j—1
(p+1)m7  “p+1 (p+1)mi-l

<= -(m+1)"h 0O

==

m—1
PutCg=A (mz)mxs C](k), Cg) =A Z 03(,21257 where A is the one in Propo-
§=0

sition 1. Notice that Cg is independent of R.
Fix temporarily a positive integer ¢ > 1. We have

PROPOSITION 3. Ifp > q, we have

it < o5 3 EEE G el
P ST T g dp(a)m o dp(a)yma]

for (t,z) € B(R) x D(R).

PROOF. The case p = ¢ is included in (7).
Assume that the estimate holds for p. It can be written in the following
form:

£l
op(t2)] < D Cig}di)b-&-l’
(a,b)el,

where I, is a finite subset of {(a,b) € Zi;a > p, b < mp} and C’ii)} is a
positive constant. By using Lemma 5 and Proposition 1, we obtain

[vp+1(t, )|
- ((a%:escjk # +§ CJ("Z%#J““)
< X g
: (CS (J.% . df:?;k)'ﬁ: + 5';2) E id ) (abzelp ci d|t|b+1

Hence induction proceeds. [
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Set C' = min{1, (3 CscardS)~1}. It is independent of ¢ and R.
Ift e m(j,k)eS B(CR—djk/de(_r)(m—j)/k’)’ then Rdjk’t’k/dR(J})m_j <C
for all (j,k) € S and

(11) Cs > (e < %

For ¢ =1,2,...,let Qpr, C C; x C} be the intersection of

Qp = {(t,x) € B(R)x D(R);te () B(CR—djk/de(x)<m—j>/k)}
(j,k)eS

and

wrg = {(t,x> € B(R) x D(R); |1 < q@)dmmm—l} .
3CH
Then we have

PROPOSITION 4.  The series 3, vp is convergent in Qg q.

PrOOF. We have only to prove the convergence of >
we have

p>q Up- In Qg4,
Rdjk t k 0(2) t
s 2 g (z)u—f . d (L)‘m—
(j.k)ES R q R

2
I < g
By using Proposition 3, we obtain

2\ P4 |t]q
q+1

The convergence of ) - v, follows immediately. [

P>q

Since Uy2 wr,q = B(R)x D(R), we have ;2 g, = Q2g. So Theorem 2
is a consequence of Proposition 4.

Last of all, let us prove Theorem 1 in the case of positive weight. We
look for w in the form

m—m/—1

u(t,z) = 3 % Fu@)E 4 4 (7).
A=0 :
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The initial condition is satisfied. The equation Pu = f is equivalent to

m—m'—1
Pm—my = f— P{ Z %f)\(x)tA} ,

A=0

of which the right hand side is a known entire function. It is easy to see that
v can be obtained by applying the result of the weight 0 case to pgm—m’,

5. Entire Functions of Exponential Type

In this section we investigate the action of a class of partial differential
operators on entire functions of exponential type. The operators to be
studied are the Laplace transform of some Fuchsian operators.

Let H(C™*!) be the space of entire functions in C"*! = C; x C7. Its
dual, the space of analytic functionals, is denoted by H’(C"*!). An element
f(t, z) of H(C™*!) is said to be of exponential type if and only if there exists
a positive constant C' such that for all (¢,z) € C"*!,

[f(t.2)] < Cexp(Cl(t2))),  [(t,2)] = ([t + 5y Jay[*) /2.

We denote the space of such functions by Exp(C"*1!). It is known (see [3]
for example) that the Laplace transformation maps H'(C"*!) bijectively
onto Exp(C"*1),

Consider the following partial differential operator Q(t,x, Dy, D,) with
polynomial coefficients:

Q(t,z, Dy, Dy) = tmD;”'Jram PIDI T gyt
finite

+ Z Z Z 'z BDtaJkﬂ(D)

J=0 |B|l=m—j k=a(j)

m—1 )
+3 S 72’ DiYays(Dy, D).
J=0 |B|[<m—j—1

Here 0 < m/ <m, a(j) = max{0,j — (m —m') + 1} and
® ap_j(j=1,2,...,m) is a constant,

e ajrp(&) is a polynomial in § = (&,...,&,) of degree < m — j — 1 (if
j =m — 1, then a3 is a constant),
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o a;3(7,£) is a polynomial in 7 and £ of arbitrary degree.

Moreover we assume that for any integer A > m — m/,

AA=1)---A=—m+1D)+ap1AXA—1)---(A—m+2)
+ort ame A = 1) (A =m+m' +1) #0.

In this situation we have

THEOREM 3. (i) The operator Q is injective on Exp(C™t1).
(i) If m = m/, then Q maps Exp(C"*1) bijectively onto itself.

Proor. Consider the following Fuchsian partial differential operator
P of weight m — m/ with polynomial coefficients:

P(t,z,Dy,Dy) = t"' DI+ ap 1 t™ "D 4 gy DI
m—1 finite )
+> > > ttaus(x)DID]

J=0 |Bl=m—j k=a(j)

m—1
+> ) t*Ua;s(t, x) DI D
J=0 |B|l<m—j-1

By Theorem 1 it induces a continuous surjection from H(C"*!) onto itself
and its transpose !P : H'(C™"*1) — H/(C"!) is an injection. By using the
Laplace transformation we get (i).

If m = m/, then P induces a topological automorphism of H(C"*!) and
tP is a bijection. [

Example. Let us consider the operator @) = D{ + DFDS + D™ in
C?2. (It is the Laplace transform of the transpose of t/ 4 tfz¢ + DI"t™ ) We
assume that 0 < m/ <m, k> 1.

By Theorem 3, the operator @ is injective on Exp(C?). If m = m/, it
maps Exp(C?) bijectively onto itself.

On the other hand, it is known that Q is mnot injective on H(C?) if
j > max(k + ¢,m'). More precisely, the Cauchy problem for @ with the
noncharacteristic initial hypersurface ¢ = 0 has a unique solution in H(C?);
see [4] Theorem 3 or [5] Théoreme 3.1 for the precise statement.



162

Hideshi YAMANE

The injectivity of @ on Exp(C?) implies that the (noncharacteristic)

Cauchy problem for ) does not always have a solution in that space. How-

ever, it has a unique solution in the space of functions of exponential type
of higher order. This fact is included in [5] Théoreme 2.5. See also [6]
Corollary 4 for a result on operators with constant coefficients.
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