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Spherical Functions with Respect to the Semisimple
Symmetric Pair (Sp(2,R),SL(2,R) x SL(2,R))

By Tomonori MORIYAMA

Abstract. Let m be a generalized principal series representation
with respect to the Jacobi parabolic subgroup or a large discrete series
representation of G = Sp(2,R). A spherical function is the image of a
K-finite vector by the intertwining operator from 7 to the representation
induced from an irreducible unitary representation of SL(2,R)? in G.
We obtain differential equations for the spherical functions except for a
few cases. We write down the solutions of these differential equations
by means of the Gaussian hypergeometric functions.

§0. Introduction

The theory of spherical functions on reductive groups over local fields
frequently appears in the arithmetic and the analytic theory of automor-
phic forms. Corresponding to the various aspects of the theory of automor-
phic forms, we have to consider not only usual but also various generalized
spherical functions. For example, Whittaker functions have been studied by
many authors. On the other hand, Murase and Sugano[7][8][9] introduce a
new kind of spherical functions on reductive groups over p-adic fields called
Shintani functions and apply them to automorphic L-functions. The pur-
pose of this paper is to investigate an archimedean analogue of Shintani
functions for the reductive group Sp(2,R).

Let us explain general frameworks of this problem. Let G be a real
reductive group. Let K be a fixed maximal compact subgroup of G and R a
closed subgroup of G. For an irreducible smooth representation (n, V,,) of R,
we form a C*>°-induced representation C* -Ind% () with the representation
space

CP(R\G) :={F : G — V| C*-class, F(rg) = n(r)F(g) ¥(r,g) € R x G},
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on which G acts by the right translation. Denote by 7° the underlying
(g, K)-module of a smooth representation 7 of G. For a standard repre-
sentation m of G, we consider the space of algebraic intertwining opera-
tors Hom(g,K)(WO,Q‘;O(R\G)O). Let (17,W;) be a K-type of m. For & €
Homy ) (7%, C7°(R\G)?) and a specification of K-type i € Homg (7, ),
the composite ® o ¢ can be considered as a V;, ® W*-valued function on G.
We call this function the spherical function of type (m,n, 7). We consider
the following problems:

(1) Under what assumptions on the pair (G, R), is the dimension m(m,n)
of the intertwining space Homgy o) (n°, e (R\Q)?) finite ?

(2) What kind of functions appear as the spherical functions of type
(m,m,7) 7

Many studies suggest that the problem (1) is closely related with the ge-
ometry of the homogeneous space R\G. Among them when R is reductive,
a general results due to Bien, Kobayashi, and Oshima [1,Theorem (5.1)] as-
serts that the existence of an open P’-orbit on G/P is a sufficient condition
for the finiteness of m(m,n) for an irreducible admissible representations 7
(resp. n) of G (resp. of R). Here we denote by P (resp. by P’) a minimal
parabolic subgroup of G (resp. of R). Further, some examples suggest that
m(m,n) is likely to have a small upper bound with respect to = and n when
the compact forms (G¢, R¢) have multiplicity-free property. On the prob-
lem (2), Hirano[3](resp. Tsuzuki[11][12]) obtained a general result for the
pair (GL(2,R),GL(1,R) x GL(1,R)) (resp. (U(n,1),U(1) x U(n — 1,1))
and there appear Gaussian hypergeometric functions in both cases.

In this paper, we discuss these problems for the semisimple symmetric

pair (G, R) = (Sp(2,R), SL(2,R)?). Here Sp(2,R) stands for the real sym-
plectic group of rank 2 (matrix size 4). Our main results are the following:
(1) Suppose that 7 is either a generalized principal series representation of
G induced from the parabolic subgroup corresponding to the long root(the
Jacobi parabolic subgroup) or a large discrete series representation of G
and 7 is a (limit of) discrete series representation of R. Then we have an
inequality m(m,n) < 1 (cf. Corollary(6.7)).
(2) Suppose m and 71 belong to the same classes as in (1). Then the ra-
dial parts of spherical functions attached to (m,n) can be written in terms
of Gaussian hypergeometric functions, or rational functions of exponential
functions (cf. Theorem (6.1),(6.2),(6.3),(6.4)).
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The organizations of this paper is as follows. In §1 we introduce and
fix some notation about Lie groups and Lie algebras. In §2 we recall the
representation theory of G, R, and K = U(2) needed later. In §3 we define
the spherical functions of type (m, 7, 7), where 7 is a smooth representation
of G, n is a smooth representation of R, 7 is a K-type of m. We discuss the
restriction of the spherical functions to a split torus A, which contains a
complete representative of the double coset space R\G/K. In §4 we con-
struct systems of differential equations satisfied by the spherical functions
using two kinds of differential operators. One of them is shift operators,
which are defined by means of the Schmid operator, and the other is the
Casimir operator. In §5 we reduce the above differential equations to more
suitable ones for our purpose. In §6, by investigating these differential
equations, we prove our main results mentioned above.

I would like to express my profound gratitude to Professor Takayuki
Oda for his constant encouragement and much valuable advice. 1 would
also thank the referee for pointing out some mistakes of the manuscript.

§1. Basic Notation

1.1 Lie groups, Lie algebras and a root system
Put 0 I
o 2
J = (_I2 0 ) € M(4,R),
where [ is the identity matrix of size 2. The symplectic group G :=
Sp(2,R) is given by

Let us consider two commutative involutions 6, o of G:

0:Gog—1tgted,
1 1

-1 -1

c:G>¢g— €q.

Put
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g := Lie(G), t:=Lie(K), t:=Lie(R).

The fixed point set by the Cartan involution 8 determines a maximal com-
pact subgroup K of G, which is given by

A B
K= {(—B A) € Sp(2,R)|A, B € M(Q,R)}.
It is isomorphic to the unitary group
U2):={g € GL(2,C)|'gg = I},

via a homomorphism
A B
u: K> — A++V—-1B € U(2).
-B A
It is easily checked that

_ _ A B t _ t _
E—{X— (_B A) |A,B € M(2,R),’A = —A, B—B}.

The (—1)-eigenspace p of 0 is
p={Xeglf(X)=-X}
= {(A B ) |A,B ¢ M(Z,R),tA—A,tB—B},

B -A

which gives a Cartan decomposition g = €& p. The derivative of the iso-
morphism wu, which is also denoted by u, is given by

A B
u:t>s <—B A) — A+ +V—1B € u(2).
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The subgroup R is isomorphic to SL(2,R) x SL(2,R). We take a basis
of t¢ as follows:

0 0]—i 0 0 00 0
[0 0o o o [0 0]0 i
=157 00 0] 2=l 0 o]0 o0 |

0 00 0O 0 |0 0

1 0] i o0 0 0]0 O
. 1o o]0 o0 . 1o 1|0 i
M5l 0 [ =1 0 | =510 010 0 |
0 0|0 0 0 i |0 -1
1 0] —i o0 0 0 |0 0
1|l 0o o]0 o ~ 10 1|0 i
Mol ™= 0 =1 0] ™ T30 00 o0
0O 0|0 0 0 —i |0 —1

We denote the (—1)-eigenspace of o by g.
The simple Lie algebra g has a compact Cartan subalgebra b := RT} &
RT5, where

T1 =V —1k‘1, T2 = \/—1]{32.

We note that b is a compact Cartan subalgebra of t, too. Let 31, 32 € hc™* be
the dual basis of k1, ko. We define the set of integral weights by Z31 @® Z35.
For each 3 € b, set

95 = {X € gc|[H, X] = B(H)X,VH € bc}.
Then the root system A(gc, hc) given by

A(gc, be) = {£2061, 12062, (81 £ 52)}-

We fix a positive system AT of A as

AT = {201, b1 + 2,202, b1 — B2}
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For each positive root 3, the root space gg is spanned by Xz as follows:

1 0] i 0 0 1 ‘ 0 i

0 0|0 o0 1 0] i 0
Xeo=|%"01=1 o | *aev=|7o 510 =1 |

0o 0lo o i 0 -1 0

0 0l0 o0 0 1 ‘ 0 —

0 1|0 i 1 0| -i o0
Xo=|75"010 0 |° Xe-u=|"0 T T0 1

0 i |0 -1 i 0 l-1 o0

For each negative root —(, the root space g(EB is spanned by the root vector
X*ﬁ =X 3- Set

pé = CX(2,O) ) CX(I,l) & CX(0,2)7

and
pe = CX(p0) & CX(1,-1) & CX(,—2).

Then pc = pt @ pe. For each root 3 = b1 + bofe = (b1, b2), we put
18]l = /b3 + b3. Since the set of compact positive roots is Af = {8 —
B2}, the set of dominant integral weights with respect to Al is given by
{()\1,)\2”)\1‘ € Z, )\1 > )\2}.

If we put
i
H, = 1 — | and a:= exp(tHy),
-
then a := RH; is a maximal abelian subspace in p N q. Define a vector

subgroup A of G by A := {a;|t € R}. In order to state the next lemma (a
generalized Cartan decomposition) we introduce some notation.

NOTATION. Set

1 1 1 1
t) = - 1 t) = - —
(t) 2(cosh2t +1), () 2(cosh2t

1),
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and define tc-valued functions £+, M*, and A on R by

£ = c(t)ynf — s(t)nd,
ME = s(t)nF — c(t)nF,
N :=tanht-k; — cotht - ko.

LeMMmA (1.1). For anyt € R*, we have
gc = Ad(a_¢)rc + ac + fc.
To be more precise, each root vector Xg is decomposed as below:

Xp Ad(a_¢) - 27 —tanh 2t - X,
X)) = Ad(a—t) - (=N) + Hy — 2coth 2t - ko,
X2 =Ad(a—y) - (—2M7T) —tanh 2¢ - Y,

(1)
(2)
(3)
(4) X(_Q’O) = Ad(a—y) - 2L +tanh2t-Y,
(5)
(6)
(7)

X(—l,—l) = Ad(a_t) N + Hy + 2coth 2t - ks,
X(O,—Q) = Ad(a_t) : (—2./\/1_) + tanh 2t - X,
X1,-1), X(=1,1) € .

Here we write

1 (0 1 —1 (0
X::§X(1,71):U ((O O>)’ YIZ7X(7171):“ (<1

The proof is direct computations.

1.2 The Jacobi parabolic subgroup

133

We fix a maximal parabolic subgroup Pj; corresponding to the long root

of the Cs-type root system, the Jacobi parabolic subgroup of G, as follows :

Py .= eG

* X | X ¥
* O % *

S OO *
* O ¥ *
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The Langlands decomposition Py = Mj;A;Nj of Pj is given by

- \eE{il},(Z Z)ESL(Z,R) ,

Ay = {diag(t,1,t"1,1)|t € Rso},

and

Ny .= xe

1 % | * x
0 1 |x 0
0 0|1 O
0 * 1

0

Here diag(ai, a9, as,as) denotes the diagonal matrix whose (i,7)-compo-
nents are given by a;. Put ay :=Lie(A4).

§2. Representations of K, R and G

In this section we collect some basic facts about the representations of
K,R and G. In §2.1 and §2.2, we describe all the irreducible unitary rep-
resentationsof K and R, respectively. In §2.3 we recall the generalized
principal series representations and the discrete series representations of G.

2.1 Irreducible K-modules

For our later computation, we recall some of the results about the
representation theory of K. Since K is isomorphic to the unitary group
U(2) of degree 2, the irreducible finite-dimensional representations of K
are parametrized by the set of their highest weights relative to A:

{A= 01+ Xafa = (A, X2) € 9% | N € Z, A = o}

For each dominant integral weight A = (A1, A2), we set d = dy = A1 — Xo(=>
0). Then the degree of the representation (7, W)) associated to A is d + 1.
We can take a basis {wy|0 < k < d} in W), so that the representation of £c
associated to 7 is given by

Ta(k1)wy, = (k + A2)wy;
T)\(kig)wk = (—k‘ + Al)wk;
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™A X)wr, = (k + 1) wiy1;
T)\(Y)wk = (d +1— k)wk,1 = {d — (k — 1)}wk,1.

We call this basis the standard basis of 7. If we want to refer explicitly
to the dominant weight A, we denote wy by w,;\.

The vector space pc becomes a K-module via the adjoint representation
of K. It is easily checked that ]J(JCr = W(2,0) and the correspondence of the
bases is given by

(X(0,2)» X(1,1), X(2,0)) = (wo, w1, w2).

Similarly for pg, we have pr = Wy _9) and the correspondence of the bases
is given by
(X(=2,0), X(=1,-1)s X(0,-2)) = (w0, —w1,w3).

Let us consider the tensor products Wy ® p%.

LEMMA (2.1). (i) The tensor product Wy ® p& has the decomposition
into irreducible factors as

Wini+2.22) @ Woni+10041) © Wi not2)  0f A1 > Ag,

Wy ©pd = { :
U W) ifA = .

Here we understand Wy, »,) = 0 for A1 < Aq.
(ii) The tensor product Wy @ ps has the decomposition into irreducible
factors as

Winine-2) @ Wi —1a0-1) © Win—20,)  0f A1 > Ao,

Wi®pc = { :
C U W) if\ = .

Here we understand Wy, »,) =0 for A1 < Aq.

Let P, pPeve™ and P%"" be the projectors from W) ® p[g to factors
Wini+2.22)s Win+1,00+41) and Wiy, \, 40y, respectively. Also denote the pro-
jectors from W) @ pe to factors Wiy, x,—2), Wix,—1,0,—1) and Wy, _2 5,y by
the same symbols P“P, Pev¢" and P9 respectively. We will write these
projectors explicitly in the next lemma.
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LEMMA (2.2). (i) Set p = (A1 + 2,2) or (A1, A2 —2). Then, up to
scalar multiple, the projector PYP is given by

(k+2)(k+1) ,

PY(w} @ wy) = R T (0 <k <d);

P (wp @wy) = (k+1)(d+1— k), | (0 <k <d);
d+1—k)(d+2—k

P @) = UFLZREH2ZZR) g <)

2

(ii) Set v = (M + L, A2 + 1) or (A1 — 1,Aa — 1). Then, up to scalar
multiple, the projector P®Y°™ is given by

P (wp @ wa) = (k + 1wl (0 < k < d);
P (wp @ wy) = (d — 2k)wy (0 <k <d);
P (wp @ wo) = —(d + 1 — k)wh_, (0<k<ad).

(iii) Set m = (A1, \a+2) or (A —2,A2). Then, up to scalar multiple, the
projector P¥U™ is given by

P () @ wy) = wl (0<k<d)
Py @ wy) = 2w, (0<k<a);
P (4 @ wp) = wi_, (0<k<d).

Here we understand that wy,, or wj is zero for k <0, or k> d, or k> d;.

The proof of the above lemmas is easy. It is enough to find out the
highest weight vectors in W;JX)p% corresponding to the direct factors W,, W,
and Wi, respectively. The other vectors can be obtained by operating Y.

2.2 Unitary representations of R

Since R is identified with SL(2,R) x SL(2,R), each irreducible unitary
representation 7 can be written uniquely of the form n = n X ny, where
n;(i = 1,2) is an irreducible unitary representation of SL(2,R). So, we have
only to recall the irreducible unitary representations of SL(2,R). Here we
describe them infinitesimally (see HOWE AND TAN [4, Ch.III, p.100]).
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As a maximal compact subgroup of SL(2,R), we take K’ := SO(2).
Define a basis {k,n™,n~} of s((2,C) by

_ (0 + oLl S B
k'_(i 0)’ " "2(@ —1)’ " '_2<—i —1>'

We introduce some sl(2, C)-modules:
(1) Lowest weight module V, (1 € C):  V, has a basis of k-eigen vectors
{vili = 0,1,2,...} such that

kv = (u+2i)v;, ntv;=vi01, nv=—i(p+i—1)v_q.

ighest weight module V S : I/, has a basis of k-eigen vectors
(2) High ight module V,,(n € C):  V, hasab f k-eig
{vili =0,—1,-2,...} such that

kv = (u+2i)v;, ntv=—i(p+i+ Dveg, n v =uv1.
(3)S*T(s € C): ST has a basis of k-eigen vectors {v;|i € Z} such that

. S . _ S .
kv, = 2iv;, ntv; = (—5 +i)vip1, nv = (—5 — 4)vi—1.
(4)S* (s € C): S% has a basis of k-eigen vectors {v;|i € Z} such that
—s+1 —-s—1

kv; = (20 + Vv, nho = (

+ i)Ui+1, n v; = ( — i)vi_l.

2

We call the basis {v;} introduced above the standard basis.

2

THEOREM (2.3 Unitary dual of SL(2,R)). Suppose that (n, V) is an ir-
reducible unitary representation of SL(2,R), then the sl(2, C)-module struc-
ture of the space 1/;70 of K'-finite vectors in V; is equivalent to one of the
following:

(1) Trivial representation 1.

(2) ( Limits of ) discrete series representation V; (1 € {1,2,...,}) or Vi (I €
{=1,-2,...,}). In this case we write n = Dy, and call | the Blattner pa-
rameter of Dj.

(3) Principal series representations S~ for t € Rug or ST~ fort €
R~q. In this case we write n = P~1Fib+ op p=1tit—,

(4) Complementary series representations S>* for s € (—1,0). In this case
we write n = P51,

We denote by R the set of equivalent classes of irreducible unitary rep-
resentations of R.
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2.3 The standard representations of GG

In this subsection we review some facts on standard representations of
G.
2.3.1  The generalized principal series representations

A discrete series representation o of the semisimple part M of Py is of
the form o = e X D)(|A| > 2), where € : {+1} — C* is a character, D) is
a discrete series representation of SL(2,R) with the Blattner parameter A
(see §2.2). For an element of v; € a’j¢, let exp(vy) : Ay 3 ay — af € C*
be the corresponding character of A ;. Define a representation o @ vy of Py
by

o®@vy(ps) =o(my)ay, for p;=myamse P;=M;A;N;.

Then the generalized principal series representation 7(o,vy) of G is de-
fined as the induced representation C'*° —Inng (c® (vyg+py)) of G with the
representation space

C™-Ind% (o & (v + pJ))
= {F : G C V,|F(myam,g) = o(my)a”’ 7 F(g),
Y(my,az,ny,9) € My x Ay x Ny x G},

on which G acts by right translation.
We describe the K-types of the generalized principal series representa-
tions w(o, vy).

PROPOSITION (2.4). Let w(o,vy) be the generalized principal series
representationof G- with o = (€, D)) and v; € ajjc. Then for a dominant
integral weight q = (q1,q2) € ZP2%(q1 > q2), the irreducible representation
T(qi,q2) Of K occurs in w(o,vy) with multiplicity

[w(o,v1) : 7]
=t{m € Z|lm =X\ (mod 2),sgn(\)m > |\,
(~1)PFET =€ o <m < 1}

In particular,
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(1) when € = (—=1)* and X > 2, then each of Tgq) (@ € Z,q = A
(mod 2), ¢ = ) or 754 (¢ € Z, ¢ = A (mod 2), A > q) occurs in w(o,vy)
with multiplicity one.

(2) when € = (=) ! and A > 2, then each of Tlgq-1) (@ € Z, ¢ = A
(mod 2), ¢ = ) or 75 4-1)(¢ € Z, ¢ = A (mod 2), A > ¢ — 1) occurs in
(o, vy) with multiplicity one.

Proor. Consider the restriction of o to K N Mj:

O"KHMJ: Z [0 w|w.

WEWJ

Here [0 : w] is the multiplicity of w in o|xnn,. Since K N My = {£1} x
SO(2), any w € K/OT{] is specified by its value w(y) at v :=
diag(—1,1,—1,1) and the restriction w|go(2). We define a character x,(m €
Z) of SO(2) by

Xm(r9) = exp(im@),
with 79 € SO(2) being the rotation with angle 8. Then the K-type theorem
for Dy (see §2.2) implies that the multiplicity of w = (w(7), Xm) is given by

| | { 1, ifm =X (mod 2),sgn(A)m > |A\,w(y) = e,
7-wl= 0, otherwise.

~

The Frobenius reciprocity implies that the multiplicity of 7 = 7(4, 4,y € K

in w(o,vy) is given by

q1,92

[w(ovs) it =Y lolknmy, @l [Tlxnu, © w].
wEK/ﬂMJ

Since the irreducible decomposition of 74, 4.,)|knn, is given by

q1+q2—m
)

T(Q17Q2)’KOMJ = ®Q2<M<Q1((_1) Xm)s

together with the above formula of [0 : w], we have the former part of the
proposition. The latter part of the proposition is a direct consequence of
the former. OJ
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2.3.2  The large discrete series representations

In this subsection we review the Harish-Chandra parametrization of the
discrete series representations in our case G = Sp(2,R) (cf, KnaPP, [5,
Ch. VII]). Consider a compact Cartan subgroup exp(h) of G corresponding
to h. Then the characters of exp(h) are given by

cos 6 sin 64

cos 09 sin 69

exp(h) 3

—sin 6, cos 64

—sin @9 cos Oy

— exp{—v—1(m161 + mabs)} € C*.

Here mi, ms are some integers. The integral structure determined by the
derivation of these characters coincides with what we introduced in §1. In
order to parametrize the representations of discrete series of Sp(2,R), we
first enumerate all the positive systems containing AF. There are four such
positive systems:

(1) A[+ = {(17 -1 7(270)7 (17 1)7 (O>2>}3

(2) A7y ={(1,-1),(0,-2),(2,0), (1, 1) };

(3) Afrr = {(1,-1),(-1,-1),(0,-2),(2,0)};
(4) Afy ={(1,-1),(=2,0),(-1,-1),(0,-2)}.

Let J be a variable running over the set of indices {I,11,111,1V}. Then
we write AT = A%\ A} for the set of non-compact positive roots. For
each index J, define a subset =; of dominant weights by

(1]

g = {A= (A, A2)[(A, B) >0, VB € AT}

Then the set U?;I Zj gives the Harish-Chandra parametrization of the
discrete series for Sp(2,R). Let mp be the discrete representation of G
associated to A € Z;. The Blattner parameter A, of ma is given by
Amin = N — pe,g + pn,7, where p.j or p,;is a half of the sum of com-
pact positive roots or non-compact positive roots, respectively. The highest
weights of the K-types of mp|x are of the form

Amin + Z MaQ with my € Z>o.

+
OLEAJYTL
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Furthermore, 7, . occurs in m|x with multiplicity one, and we call it the

min

minimal K-type of mp. A discrete series representation 7, is called large if
its Harish-Chandra parameter A belongs to Z;; U Zjy;.

DEFINITION (2.5). (1) We refer, in this paper, the generalized principal
series representations m = (o, vy) with o = (€, D))(A > 2)(§2.3.1) and the
large discrete series representations m = mA(A € Zr7) (§2.3.2) of G as the
half-size standard representations of G.

(2) We define the corner K-type T of a half-size standard representation
of G by

TN if 1 =n(o,vy), 0 = (Dy,e€), e = (—1)"
T:= T(AA—1)s ifm= 7T(U, VJ), o = (D/\7€)a €= (‘UAH?
TAmin? if m=my (AEEH).

REMARK. (1) The rather unfamiliar terminology “half size” standard
representations is due to the fact that Bernstein degree of these representa-
tions are the half of the order of the Weyl group of G. We notice that the
“shapes” of the K-types of these two kinds of representations are the same.
(2) The contragredient representation of 7((e, Dy),vy) is w((—€, D_)), —vy).
(3) The contragredient representation of my with A = (A1, Ag) € Zjy is ma~
with A* = (—=Ag, —A1) € Ejyy.

§3. Spherical Functions
3.1 Definition of spherical functions

For (n,V,) € R, we define a C*-induced module C* -Ind%(n) with the
representation space

CP(R\G) :=={F : G — V| C*-class, F(rg) = n(r)F(g) ¥(r,g) € R x G}
on which G acts by the right translation. For a smooth representation 7 of
R and a finite-dimensional K-module (7, W7), we denote by CS (R\G/K)

the space of C*°-functions F': G — V,, ® W} with the property

F(rgk) = (n(r)@ (k) "")F(g)  (r.g,k) € Rx G x K,
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where (7%, W) stands for the contragredient representation of (7, W;). For
a stnadard representation 7 of G and a K-equivariant map i : 7 — 7|, we
define a C-linear map

i : Homg ro) (°, C’,‘;O(R\G)O) — Homg (1, C;°(R\G)) = C)7 (R\G/K),

by the pullback via i. Here 7% or C’;;O(R\G)O stands for the underlying
(g, K)-module of 7 or Cp°(R\G), respectively. We call the image of i* the
spherical functions of type (w,n, 7). The main purpose of this paper is to
compute the A-radial part of the spherical functions when 7 is a half-size
standard representation and 7 is its corner K-type (see Definition (2.5)).
We should note that if 7 is irreducible, then the above map ¢* is injective.

3.2 Some consequences from structure theory

We recall some structure theory of semisimple symmetric spaces, by
which we can regard the spherical functions as C'*°-functions of one real
variable.

PROPOSITION (3.1). Let R, A, and K be as in §1.
(i) The multiplication map ® : R x A x K > (r,a,k) — rak € G is a
C>®-surjection, and reqular at (r,a,k) if and only if a # 1.
(ii) The fiber of ¢ above g = rak is given by as follows:

(1) @ g)={(I"'1,lk)l € RNK} ifa=1,
(2) @ '(g) ={(r1"",lal" ", Ik)|l € N (a)} if a # 1.

PrROOF. See Theorem 9 and Theorem 10 of ROSSMANN [10]. OJ

Let Cp% (A) be the space of V;, @ Wr-valued C*°-functions satisfying the
following conditions (a), (b) and (c¢):

(a) n(m) @ 7% (m)¢(ar) = ¢(ar) for any m € Zpnk (a).

(b) n(m”) @ 7% (m")¢(ar) = ¢(a—)

for a non trivial representative m%of Wrnr(a) = {£1}.
(c) n(r) @ 7*(r)p(e) = ¢(e) for any r € RN K.
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PROPOSITION (3.2). The restriction map
resy : )5 (R\G/K) — C%.(A)
1 a linear injection.

Proor. This follows from Proposition (3.1). O

Owing to Proposition (3.2), we can regard a spherical function F(g) of
type (m,m, 7) as a function ¢ = res4(F') on A. In what follows, we frequently
write ¢(t) instead of ¢(a;). For any C-linear map

A= G (R\G/K) — G5 (R\G/K),

there exists a C-linear map p(A) : C77.(A) — €<, (A) such that res |40 A =
p(A) ores|, and call p(A) the A-radial part of A.
If Cp<.(A) = 0, there is no non-zero spherical functions.

ASSUMPTION (3.3).  Hereafter, we (tacitly) assume that Cp<.(A) # {0}.
84. Differential Operators and Differential Equations

In this section, we construct systems of differential equations for spher-
ical functions and calculate their radial parts.

4.1 Differential operators

Here we introduce two kinds of differential operators, that is, shift op-
erators and the Casimir operator.
4.1.1  Shift operators

Before introducing shift operators, we recall the definition of the Schmid
operators. Let g = €@ p be the Cartan decomposition of g in §1, and Ad =
Ad |y the adjoint representation of K on pc. Then we have a canonical co-

variant differential operator V. from CpS (R\G/K) to Cp% g« (R\G/K) :

V.F=Y R Fo X, FeChRG/K)

7
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where (X;); is any fixed orthonormal basis of p with respect to the Killing
form B of g, and

RxF(g) = L(FetX)lmo (1€ G.X €9)

We call this differential operator V. the Schmid operator.

Let P : W} ®pc — W be the projection to an irreducible component
W7 of the K-module W} ® pc. We define a V,, ® W -valued function F' €
C’;’f’_r,(R\G /K) by F' := P.(V,.F). We prove the following key proposition.

PROPOSITION (4.1). For a spherical function F of type (mw,n,7), the
Vi, @ W7 -valued function F' is also a spherical function of type (w,n,7").

ProOOF. By the definition of the spherical functions, F' can be written

as
d

F= Z O (wy,) ® wy,
k=0
where ® € Homq o) (7, Cp°(R\G)), {wy} is a basis of 7, {w}} is the dual
basis of {wy}. Then we have

d

=> Y Rx,®(wy) @ wi ® X;
k=0 <

—ZZ(IJ Dwy) @ wy, @ X;.
k=0 1

On the other hand, we can identify p¢. with pc by means of the Killing form
B:

§:pcd X —Exepe, Ex(Y)=B(X)Y) (forany X,Y € pc).

We notice that (i) {&x, ® wi, € pi @ Wi} is the dual basis of {X; ® w} €
pc ® W*}, and (ii) the natural map

pe@W.3¢x @w— m(X)w € 7|k,
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is a K-equivariant map from Ad* ® 7 to 7|x. Therefore, considering the
complete reducibility of finite-dimensional K-modules, we obtain the asser-
tion. [J

We compute the A-radial part p(V;) of V. As an orthonormal basis of
p, we take

o
{emtons+xo. exs-x0) 15eat],

with some constant C' > 0 depending on the Killing form. Then

oV, F=C Y |BIPRx,F®X_3+C > |BI°Rx_,F @ X5.
BeAt BeAL

We write

VIF=C Y |BIPRx,F@X_3, V;F=C > |BI°Rx_,F® X
BeEAS BeEAS

We put

— . pdown — — .

D, =P OV(/\’)\_2)OV()\’>\) :

Coion (B\G/K) — Cr o 5oy (R\G/K);

E :=P""o V(*)W\fl) : C’;f()\’Afl)(R\G/K) — C;’O(Afly)\ﬁ) (R\G/K).
We call these differential operators Dy and E, the shift operators.
4.1.2 The Casimir operator

The Casimir element L of g¢ is up to constant given by

L =2k} + 2k3 — 8k1 — 4k + 2X(5.0) - X(_20)
+2X(0,2) - X(0,-2) + X(1,1) - X(=1,-1) = X1,-1) - X(=1,0)-

We can extend the action Ry (Y € gc) of gc on C75 (R\G/K) to the uni-

T

versal enveloping algebra U(gc) of gc. In particular, the action Ry, of the
Casimir element L is defined, which we call the Casimir operator.
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4.2 Differential equations

We are going to write abstractly the differential equations satisfied by the
spherical functions in terms of the differential operators constructed above.
We begin with the case of the generalized principal series representations.

THEOREM (4.2). Letw = 7(o,vy) be a generalized principal series rep-
resentation with o = (Dy,€). (i) If e = (—1)%, then the spherical functions
F of type (m,m,7(xx)) satisfies

(a-1): Dy F =0,
(a-2):  RpF={2v2+2(A—1)?2 - 10}F.

(i) If € = (—1) 1, then the spherical functions F of type (7,1, T(aa=1))
satisfies

(b-1):  EyF=0,
(b-2):  RpF ={2v;>+2(\ — 1)? — 10} F.

Here we identify vy € o with its value at diag(1,0,—-1,0) € a;c.

ProOOF. From the irreducible decomposition of 7|k as a K-module
(Proposition (2.4)) and Proposition (4.1), we have the equations (a-1) and
(b-1). We will prove (a-2) and (b-2). We denote the infinitesimal character
of ™ by xx. As in the proof of Proposition (4.1), we write F' as

F =Y &(uw) ®uj,
0

d
where ® € Homq ) (7", Cp°(R\G)?), {wy} is a basis of 7, {w}} is the dual
basis of {wy}. Then we have

On the other hand, the value x.(L) of the infinitesimal character x, of 7 at
L is equal to 202 +2(X —1)? — 10 (see MIYAZAKI AND ODA, [6, Proposition
(7.2)(7.3)]). Hence (a-2) and (b-2) are proved. [J
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The next theorem characterizes the spherical functions for the discrete
series representations. This is a special case of a general result of YA-
MASHITA [13].

THEOREM (4.3). (i) Let m = mp be a discrete series representation with
A € Ej5,7 = 1) the minimal K-type of w. We define a differential operator
Dy, which we also call the shift operator, by

Dy : C%(R\G/K) 3 F = P\(V,F) € 5, . (R\G/K),

where Py s the projection to the second component 7= := @,BEA}' W;‘fﬂ
of W.* @ pc = EBBGALL Wiis @ @ﬁeAL Wi_g- Then the restriction to
the minimal K-type Ty induces an isomorphism

i* : Homq ) (7%, C?(R\G)O) = ker(Dy).

(ii) If the Harish-Chandra parameter A belongs to =, the differential equa-
tion DyF = 0 is equivalent to the system:

(c-1):  P™WmoV F =0
(c-2) : piovn o G F = 0;
(c-3) : P oVTF = 0.

ProOOF. (i) By the same reason as Theorem (4.1), the image of the
restriction map ¢* is annihilated by D,. The injectivity is remarked earlier
in §3.1. Since the Blattner parameters of the contragredient representations
my of ma (A € Eyp) are far from the wall (see [13, Definition (1.7)]), the
image of i* coincides with ker(D,)[13, Theorem (2.4)]. (ii) This follows
from the definition of the differential operator Dy. [

4.3 The radial part of the Schmid operator
We begin with calculating the A-radial parts p(Ry) of the actions Ry
of Y € gc on Cp%(R\G/K).

T

PROPOSITION (4.4). For ¢ € Cp%.(A), we have

(p(Biy)@) (8) = =77 (k1)@ (1),
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(p(Rx_0)0) (1) = {20(£7) = tanh 2 - (V) } (1),
((Rx ., ))8) (1) = L 4 (V) — 2coth 2t - (ko) } (1),
p(Rx_)9) (8) = {~20(M") ~ tanh 2t - 7*(X)} (1),

(t

We can deduce these formulae from the generalized Cartan decomposi-
tion (Lemma (1.1)) and the following lemma.

LEMMA (4.5). Let U = Ad(a_y)(X1 - Xo--- X)) - H* - Y1 - Ya--- Y, be
an element of U(gc), where X; € tc,m € Zxo and Y; € tc. Then for
F e Cp%.(R\G/K) we have

[RuF(ar) =

n(X1) on(Xz)o---on(X;)o
o (=77(Y2)) o (=7 (V1)) F(a).

This lemma can be proved by direct computation.

PROPOSITION (4.6). We have the following formulae for the A-radial
parts of VT and V™ :

(i) (Vo
= 4{2n(L") + tanh 2¢(7* ® Ad)(X)}¢ @ X(_2)
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d
+ Z{E —n(N) +2coth2t((7* @ Ad)(k2) + 1) +4tanh2t}p ® Xy _y)
+4{—2n(M™) + tanh 2t(7* @ Ad)(Y)}¢ ® X(0,-2);

(i) p(V7)o
= 4{2n(L") — tanh 2t(7* ® Ad)(Y)}¢ ® X(2,0)

+ 2{(% + n(N) — 2coth 2t((7" @ Ad)(kg) — 1) + 4tanh 2t) } @ X4 5)
+4{=2n(M7) — tanh 2¢(7* ® Ad)(X)}¢ ® X(0,2)-

PrOOF. (i) It is easy to see that

THX)P® X(90) = (T" @A) (X)P ® X(_90) — ¢ ®[X, X(_2)]
= (T"@Ad)(X)9® X(90) + 0@ X(1,1)

Similarly we have

T (ko) @ X(—1,-1) = (7" @ Ad)(k2)¢ ® X(_1,_1) + ¢ ® X(_1 1),
T (YY) ® X(g,—2) = (7" @ Ad)(Y)p ® X(9,—2) + & ® X(_1,_1)-

From these formulae and Proposition (4.4), we can compute p(V'). The
computation of p(V7™) is quite similar. [J

4.4 The radial parts of the shift operators
In order to write the radial parts of the shift operators, it is better to
introduce a "macro symbol” C'y, which is given by

Cy :=n(N) + 2\ coth 2¢.

We represent the spherical function ¢(© Cr(A) as

d
6@(a) = 3" ¢ (@)w”,
k=0
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with respect to the standard basis {w,io)} of the representation 7 of K.
Then we can write down explicitly the differential equations (a-1), (b-1),
(c-1), (c-2) and (c-3) arising from the shift operators in terms of the coeffi-

cient functions ¢l(€0). The computation is divided according to the dimension
d of the corner K-type 7.

PROPOSITION (4.7 one-dimensional case). Set T = 75 ). The equation
(a-1) is equivalent to

d d
(A-1): {(+Crat+4tanh 2t)(a+CA)+8n(£‘-M_+M‘-,/:‘)}d)(()o) =

Proor. We put ¢V := p(V7)p®, ¢@ .= pdown(pv-)pl)) =
p(D;)¢(O). We define V,-valued C°°-functions qﬁ,(cl)(k: =0,1,2), and gb(()Q)
on A by

V)= Y o @uw, ¢@(a) =6 (@)uwl?,

0<k<2
where {w,(cl),O < k < 2}or {wéz)} is the standard basis of Wy_) _y) or
Wi x1_n. Firstly we compute g5, (" and ¢5". By Lemma (2.2)(iii),
we have
600 Xz = 00wl 60Xy =6l 6V Xan = .

From these formulae we obtain

d
—+n(N)+2X coth 2¢) g)wp 8n(M™) é)w(() ),

o) = 8n(L7)op wy ) 22

In other words, we have

d
05 =8n(L7)ep"s 91 = 2( +n(N) + 2Acoth 20) ("
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Using these formulae and Lemma (2.2)(i) we conclude that

d d
¢é2) = —8{8n(L~ .M—)+(%—|—C,\_1+4 tanh 2t)(E+C>\)+877(M_ ‘ﬁ_)}ﬂ%())‘

Thus the proposition follows. [

PROPOSITION (4.8 two-dimensional case). Set 7 = 7y x_1)- The equa-
tion (b-1) is equivalent to the system:

d
(B-1) : (% + Cx—1 + 2tanh 2t) (()0) + 477(./\/1_)¢§0) — 0
d
(B-2):  ang(L7)gf - (7 + Ca+2tanh 2t)¢\") = 0.

Proor. Put ¢ = p(E)\)¢® = P (p(V7)p®). By Lemma
(2.2)(ii), we have

Peven(¢(0) ® X(2,0)) _ QS(()O)’LU?);
Peven(¢(0) ® X(l,l)) _ (Z)(()O)w(()l) _ gO)wg);
Pen(6® @ X)) = 91 ug,

where {w,(cl)\k‘ = 0,1} is the standard basis of W(_y19 _»41). By virtue of
these formulae and Proposition (4.6)(ii) , we get

o) = 4{2n(L7) — tanh 2t(r* © Ad)(Y)}oi wl
n 2{(% +n(N) — 2coth 2¢((7* ® Ad) (k) — 1) + 4 tanh 2t)}
()~ 6Oul)
+ 4{—2n(M™) — tanh 2t(7* ® Ad) (X)}(—¢§O)w(()l))
= sn(£7)o i) — dtanh 2t ()
N 2{% + () = 2coth2t(1 — A) + 4 tanh 2t} 60wl

_ 2{% + n(N) — 2coth 2¢(—\) + 4 tanh 2t}¢50)w:(11)
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+8p(M )V wh? + dtanh 2 ¢V wV.
This proves our assertion. [

PROPOSITION (4.9 (d + 1)-dimensional case (d > 4)). Set T = T(y, a,)
such that d = Ay — Ao = 4. Then we have the following:
(i) The equation (c-1) is equivalent to the system:

d
(C—l)k : ( )¢k+2 (dt + Ck-‘:-)\g-i-l + (d + 2) tanh 2t)¢l(£|)—1

—mL ) =0 (0<k<d-2).
(ii) The equation (c-2) is equivalent to the system:

(C2): 2L, + (5 -

MM =0 (0<k<d—2)

Chkirp+1 + (d+ 2) tanh 2t)¢k+1

(iii) The equation (c-3) is equivalent to the system:

(C-3)y = 4(d — E)p(M )G, + (d — 2k) (5 d | Chir, + 2 tanh 26)¢”

dt
+4kn(L)Y, =0 (0<k<d)

PrROOF. We prove (ii) only. The proofs of (i) and (iii) are similar. Set
p) = pdown(p(V1))p(®). From Lemma (2.2)(ii), we have

d
plovn (0 X(—20)) = Z ¢l(cO)wl(clj2;
Pdown(¢(0) -1 71) ZQ% wk 13

Pdown(¢(0) ® X(07_2)) _ Z ¢](<;O)w](gl)7
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where {w,(j)yo < k < d—2} is the standard basis of W(_y,_ ). Combin-
ing these formulae with Proposition (4.6)(i) we have

d

6M = 4{2n(LY) + tanh 2¢(7* © Ad)(X)}Y oV w,)
k=0

20— (N) + 2coth 26((r* @ Ad)(ks) + 1) + 4 tanh 21}
d
o207 w)
k=0
+ 4{—2n(M™) + tanh 2¢(7* @ Ad)( Z (Z)k wk

[8n(LT) ,(Co)w,gl)z + 4(k — 1) tanh 2¢ ¢l(€o)w,(€121

I
M~

k=0
—1—4{%— (N)+2€0th2t( k— )\2)+4tanh2t}q§k wk 1
— 8p(MM) D) +4(d — k — 1) tanh 26V wV, |

d—2
= ct TR d + 2) tanh 2¢)¢\")
- { ( )¢k—|—2+ (dt k+/\2+1+( + )tan t)¢k+1

k=0

8n(M)o bl

This proves (ii). O

4.5 The radial part of the Casimir operator
We are going to write down the differential equations arising from the

Casimir operator in terms of the coefficient functions gb,(go).

PROPOSITION (4.10). (i) If T = 7(5 x), then the equation (a-2) is equiv-
alent to (A-2) below:

d d
{(a —Ch_ 1+4tanh2t)(ﬁ +C)y)

F8n(LT L7+ M M) +4X2 — 120100 = o (L)
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(ii) If 7 = 7\ a—1), then the equation (b-2) is equivalent to the system:

d d
(B-3) : {(E —Ch2+ 2tanh2t)(a + Cy_1 + 2tanh 2t)

F 8Lt LT M MT)
L AN2 8\ — 6}@580) —4tanh2t-n(Lt + Mf)ﬁzﬁo) = xr(L) (()O);

d d
(B-4) : {(% —Ch1 + 2tanh2t)(% + C)\ + 2 tanh 2t)

+8n(L™ - LT+ M M)
4422 = 8A — 6}¢\” + 4tanh 2t - (L™ + M) = (L),

PROOF. Our first task is to express the Casimir element as a linear
combination of such elements as Ad(a—¢)(Uy) - H" - U2 (Uy € U(re), m €
Z=0,Us € U(tc)). Using Proposition (1.1)(the generalized Cartan decom-
position), we have

X,0X(20) = (2Ad(a—¢)L" —tanh 2t - X)(2Ad(a—¢)L™ + tanh 2t -Y)
= 4Ad(a_y)(LT - L) —2tanh 2t X - (Ad(a_)L7)
+ 2tanh 2t(Ad(a_¢)L") - Y —tanh®2t X - Y
=4Ad(a_¢)(LT - L)+ 2tanh 2t(Ad(a_¢)LT) - Y
—tanh®2t X .Y
— tanh 2¢{2(Ad(a—¢)L7) - X + [X, X(_g,0) — tanh 2t - Y]}
=4Ad(a_y)(LT- L)+ 2tanh 2t(Ad(a_)LT) - YV
—tanh?2t X - Y
—tanh 2t{2(Ad(a—)L7) - X — X(_1,_1) — tanh 2¢(ky — k2)}.

Similarly we have

X(0,2X(0,—2) = 4Ad(a_ ) (M - M7) — 2tanh 2t(Ad(a_y )M ™) - X
—tanh?2tY - X
+ tanh 2¢{2 Ad(a_ )M~ - Y + X(_; _1) — tanh 2¢(k1 — k2)};
XanX(-1,-1) = — Ad(a—)(N?) + Hf — 4coth® 2t - k3
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—4coth2t(Ad(a_¢)N) - ko + 2k1 + 2ks + 2 coth 2t - Hy.
Getting these formulae together, we obtain
L = 2k? 4 2k3 — 6k + 6ky — 4coth? 2t - k3 — 2tanh?2t(X - Y + YV - X)
+4X Y + Ad(a—y)(8LT - L7 +8MT - M™ — N? +4tanh 2t - N)
tanh 2¢ _ _
g Ad(a) (] —ny) Y — Ad(a-)(ny —nf) - X)}

— 4 coth2t Ad(a_¢)N - ko + H? + (4tanh 2t + 2 coth 2t) Hj.

+4

Now we can compute the A-radial parts of the Casimir operator by using
Lemma (4.5). O

85. Reduction of Differential Equations

In this section we reduce the systems of differential equations constructed
in the previous section to suitable ones for our later computations in §6.

5.1 The one-dimensional case
First we treat the case of one-dimensional corner K-types.

PROPOSITION (5.1). The system of differential equations (A-1) (A-2)
18 equivalent to the system:

d Ch.1 .. d
A-3): — + 2tanh 2¢ — — + 2tanh 2t
(A-3) {(dt +etan cosh2t>(dt +2tan O

8 _ _
+ C(t)(COSh 2t77(”fn1 +nyn3) + 2N —v7))

165() & vy ,(0) _
cosh 2t77(n1 ny )ty =0,

d Ch.1 .. d
A-4): — + 2tanh 2¢ — + 2tanh 2t
( ) {(dt +etan + cosh2t>(dt +2tan O

8 _ _
+ S(t)(cosh 2tﬁ(”1 ”;r + ”;nQ ) — 2(>‘2 - V?]))

16¢(t) — _\y,0) _
cosh 2t77(n1 ny ) ey = 0.

PrOOF. To get (A-3) or (A-4) from (A-1) and (A-2), it is enough to
compute s(t) (A-1) +c(t) (A-2) or ¢(t) (A-1) +s(t) (A-2), respectively. The
converse implication is now trivial. [J
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5.2 The two-dimensional case
Next we proceed to the case of two-dimensional corner K-types.

PROPOSITION (5.2).  Suppose that ¢(0) € Cpo (A) satisfies the system
of the differential equation (B-1),(B-2),(B-3), and (B-4). Then we have
the following formulae from (B-5) to (B-8).

d Cr_2 ., d
B-5): — tanh 2¢ — 2tanh 2t
(B-5) {(dt + 3tan cosh2t)(dt + 2tanh 2t + C\_1)
-8 0
elt) (g nni iy —nynd) + 20 = 1) = 205) )6

4 d )
h2t -2 h
+ cosh2t(dt + Cy + tanh 2¢ tanh ¢)n(n] )qb =0,

d
(B-6) : {(E + 3tanh 2t +
O(—2
+ s )(Cosh2t
4 d
+ C\_1 + tanh 2t + 2 tanht)n (nl_)(p(()o) =0,

cosh2t(dt
o d Ch1 ., d
(B-7) : {(dt + 3tanh 2t sh2t)(dt + 2tanh 2t + C))

8 _
e —n(nynf = nfny) +2(4 1) = 23)}4”

4 d ©0) _
+cosh2t(dt+c/\ 1 + tanh 2t + 2 coth t)n(ng )¢y’ = 0,
Cr—2

d
B-8) : h2
(B-8) {(d + 3tanh 2t + sh2t)(dt

Ch_1 d
2 h2
cosh 2t)(dt +2tanh 2t + C))

n(nynt —niny) — 200 — 1)? +203) 16"

+ 2tanh 2t + C'_ 1)

8
+ S(t)(cosh 2t77(”;r“1 nyng ) —2(\— 1)% + 2”3)}¢§)0)
4 d (0) _
Cosh2t(dt + C) + tanh 2¢ — 2 coth t)n(ny )¢y = 0.

Proor. Computing 4n(L*) - (B-2) — (B-3) (resp. 4n(M™) - (B-1)—
(B-4)), we obtain the following equation (B-9) (resp. (B-10)):

(B-9) : {(% — Cy—2 +2tanh 273)(% + Cy_1 + 2tanh 2t)

(=8LY LT+ 8MT M) +4X2 — 8) — 6 — xo (L)}
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A (L 4 0y + 2tanh2e) — tanh 2t (Lt + M)} = 0;

dt

(B-10) : {(% — Ch—1 + 2tanh 273)(% + O\ + 2tanh 2t)
F (8L - LT = 8MT M) +4X2 — 8X — 6 — yo (L) }4”

- 4{77(M+)( d + C—1 + 2tanh 2t) — tanh 2t n(L~ + M~ )}qﬁ(()o).

Now it is easy to check that

(B-5) = s(t)(% + Cy + 2tanh 2t — 2 tanh t) (B-1) —c(t) (B-9);

(B-6) = c(t)(jt + C_1 + 2tanh 2¢ + 2 tanh t) (B-2) +s(t) (B-10);
(B-7) = s(t)(% + Cy_1 + 2tanh 2¢ + 2 coth £) (B-2) +¢(t) (B-10);
(B-8) = c(t)(% + Oy + 2tanh 2t — 2 coth t) (B-1) —s(t) (B-9) . 0

5.3 The (d + 1)-dimensional case (d > 4)
Finally we treat the case of the large discrete series representations.

ProposITION (5.3). The system of the differential equations
(C-D)ocred—2> (C-3)gcreq is equivalent to the system of differential equations
(C-4)oched—1: (C-5)ocpea—y below: (C-4), (-1 <k <d—2):

d
An(M )¢k+2 (d + Ciirp+1 + 2(k + 2) tanh 2t)¢k+1

(C-5)q (L <k < d):

d
(% + Chtr, +2(d — k + 1) tanh 2t)¢](€0) —4n(L )¢k 1=

Proor. We have only to check

NN
NN
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and  (C-4)y = (C-3)y,  (C5) = (C-3),. O

PROPOSITION (5.4).  Suppose that ¢\O) € Cro(A) satisfies the systems
of differential equations (C‘l)ogkgd—zv (C—Z)nggd_% and (C—S)nggd.
Then the following formulae from (C-6), to (C-11) hold.

2 d C _
(C-6)pcpeq: ——=n(nF)6” + (o= + (d+ 2) tanh 2t — —2t221y4(0)

cosh 2¢ dt cosh 2¢
* cosh 2t n(ns )(bk 27

(C-T)ocpeds * CO;hQQt (ng )di)y + (jt + (d + 2) tanh 2t + C’”f;)%l
+ Cogthn(nl) v = =0,

4 Cro—1,,d
(C-8) .{(dt + (d+2)tanh 2t Coth%)(dt + 2tanh 2t + C),)
8c(t) . _
cosh2t M2 }%
d C)\Q_l tanh 2¢ 1y . (0)
+ 4{S(t)(dt +(d+2) tanh 2t cosh 2t cosh 2t }77(”1 )1
8e(t) 1 _\ () _
COSh Ztn(nl n2 )¢2 - 07
(C-9) -{(d + (d+2) tanh 2t + Ot )(d +2tanh 2t + Oy, )
e : cosh2t” " dt & M
85() o tn=11
cosh 2t7}(n2 2 )}¢d

d Ch, -1 tanh 2t
—4{c(t)(— d 4+ 2) tanh 2t L —
{el )(dt +(d+2)tan + cosh 275) cosh 2t

()oY,

8s(t) . . ©
cosh 2tﬁ(”1 N9 )¢ =0,
(0-10)-{(1+(d+2)tanh2t— Crn Oty d g a2t + )
W cosh 2t dt M
8c(t)
cosh2t n(n 1n1)}¢d

Ch -1 tanh 2t

4+ +(0)
cosh Qt) cosh 2t $n(n3)9a"

+ 4{3(t)(% + (d + 2) tanh 2t —
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n 8c(t)
cosh 2t

(C-11) - {(;t (d+2) tanh 2t +

n(nyng)eyy =0

CAz 1.,d
2 tanh 2¢
th2t)(dt+ anh 2t + )

8
cozl(l ;t (n+n7)}¢(()0)

d Ch,— tanh 2¢ _
— (D) (G + (d+2) tanh 2t + 200 — == n(ng )y

8s(t) 4+ —\.(0) _
COSthU(”lnz oy = 0.

PrOOF. Direct computations show that

E= —S(t)((c‘4)k—1 + (0‘5)k—2) + 2¢(t) (C-2),_o;
(C-7)), = c()((C-4) 1 + (C-5)g) — 25(2) (C-2);

(C-8) = ( + (d+2) tanh 2¢ — %) (C-4) +4c(t)n(ng ) - (C-6),;
(C-9) = (7, + (d+2) tanh 2t + CCOQL;R (C-5),_4 —4s(t)n(nd) - (C-T)y_y;
(C-10) = (5 + (d+ 2) tamh 21 %) (C=5),_, +4c(t)n(nT) - (C-6).;
(C-11) = (o + (d + 2) tanh 2t + f;g;;t) (C-4), —4s(t)n(ni) - (C-7),. O

§6. Explicit Formulae and the Main Theorems

Throughout this section, we retain the assumption that = is a half-size
standard representation of G and 7 = 7(), ),) is its corner K-type (see
Definition (2.5)). In what follows, we denote dim¢ W, = A\ — Az by d, or
simply by d. When d =0 or 1, we also write 7 = 7() y) or 7 = Ty x_1). We
use the standard bases {v;} and {wy} introduced in §2 in order to represent
the spherical functions ¢ € CP<.(A).

In this section, we write down concretely the differential equations sat-
isfied by the spherical functions of type (m,7,7), where 7 is a tensor prod-
uct of (limits of) discrete series representation or the trivial representa-
tion of SL(2,R). By investigating these differential equations, we obtain
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the upper bounds of the dimensions of the algebraic intertwining spaces
Homg g (7°, C7°(R\G)?). In some cases, we write down the solutions of
these differential equations. Let oF}(a,b,c;2) be the Gaussian hypergeo-
metric function which is given by the series expansion around the origin

JFi(a,byeiz) = o~ 1 ;(Zi% ne

n=0

for a,b € C and ¢ € C\ Zo.

Roughly speaking, types of the differential equations depend on the rep-
resentation 1 of R and not on the representation 7 of G. Thus we separate
our problem according to the representation n of R. Here is the first part
of the main results:

THEOREM (6.1). Define subsets D(;’Jr) and D Crb of R by

D(>+’+) = {Dll X Dlz;ll —d 2 l2 > 0}7
D = (D, ®Dyilo—d > 1y > 0}

Suppose that n belongs to D(>+’+) or D(<+’+) and that ¢ € C75(A) is a
spherical function of type (w,n, 7). Then we have the following assertions:
(1) (i) Suppose that n € D(Jr ). Then o(t) € CP5(A) can be written as

d oo
t):ZZ¢ )i @ V(i) 4k @ W,

k=0 1=0

where j(i) := (I1 — lo — d) /2 + 1.
(ii) Suppose that n € D(<+’+). Then ¢(t) € Cp%.(A) can be written as

ZZ¢]k Vi(j)—k ® Vj @ Wy,

k=0 j=0

where i(j7) == (=1 +la +d)/2 + 5.
(2) Define a C*-function u(t) on R by u(t) := ¢o,0(t) or ¢o,4(t) according
asm e D(Jr ) or D(+ ). Then o(t) is uniquely determined by u(t).
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(3) u(t) satisfies the following differential equation:

d
{(E + (d + 2) tanh 2t

(c1tanht — cp cotht + 2(cg — 1) coth 2t))

 cosh 2t
d
(D-1) : (% + 2 tanh 2t + ¢; tanh t — ¢ coth t 4 2¢3 coth 2t)
1 A
1 B =
+ (cosh2t + )(cosh2t + B)ju =0,

with the constants:
(c1,¢2,¢3) = (l1,l1—d, N2) (resp. (la—d,la, A1) if n € D(>+’+)(7’esp. D(<+’+)).
Here A is given by

Lo Chrlrd=2)+ - d) ifne DL,
(lh—la+d—2)(I1 + 15— d) ifne DU,

and B 1= \o? — v (resp. 0) if d=0,1(resp. d > 4).

(4) Put e(m,n) :=11 + A\ (resp. la + A1) if n € D(>+’+)(resp. D(<+’+)). Then
u(t) is an even or odd function on R according as e(m,n) =0 or 1 (mod 2).
(5) The differential equation (D-1) has a unique, up to constant multiple,
C>®-solution u(t) satisfying the parity condition in (4). Further the unique
C°-solution u(t) is given by

u(t) = (tanh t)/l(tanh? ¢ + 1)7#0 (tanh ¢ - tanh 2 — 1)"1
X oF1(a,b, 1+ |k|;tanh ¢ - tanh 2t),

with the constants

(5, o) = { (I — Ay max{(— A1 — Ao)/2, (=201 +d)/2}) ifne DS
s Ho) 1= (lg = A, max{(=A1 — A2)/2, (=212 +d)/2}) ifne D(<+’+);
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and py == (M +2—vy)/2 (resp. (d+2)/2) ifd = 0,1 (resp. d > 4). Here
a,b are given by

(L=l —=d)/2+ po+ pa1, (L + 12 —d—2)/2+ po + p1)
ifne DL,

(b +l—d)/24po+p, (L +lo—d—2)/2+ po + 1)
if n € D(<+’+).

(a,b) :=

PRrROOF. (1) We prove (i). It is easily checked that

cos —sin6
cosf

in 0
ZRQK(C[): my = cos0 S ‘ 0 eR

sin 6
—sin@ cos

We write ¢ as

o© oo d
ZZZ¢,]I€ at Uz®1}j & wg,

=0 j=0 k=0

with the standard basis of V;, and W}. Then the condition (a) in the
definition of €% (A) implies that the relation

exp(V—=1(=ly = 2i+lo + 25 +d — 2k)0)¢; j r(ar) = @i jx(ar),

hold for any 6,4, 7, k. Hence ¢;j(a¢) is identically zero unless —I; — 2i +
la +2j 4+ d — 2k = 0. This proves (i). The case of (ii) can be proved in the
same way.

(2) Suppose at first n € D(>+’+). (i) Suppose d = 0. If we apply (A-4) to ¢,
we have

d
{(a + 2tanh 2t + o 2t((cl + 2i) tanht — (c2 + 25(7)) coth ¢

+ 2(A — 1) coth 2t))

(% + 2tanh 2t 4 (c; + 2i) tanht — (co + 27(4)) coth t 4+ 2\ coth 2¢)
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CO:; Qt((*i =Dl +3) + (=4() (2 + j(i) — 1))

—2(X* — 7)) }i0(t)
(=i = D)(l1 +9)(=7(@) — D)(l2 + 5 (@) di+1,0(2).

+s(t)(

~ 16¢(t)
~ cosh 2t

Thus ¢;41,0(t) is determined recursively by u(t) = ¢oo(t). (ii) Suppose
d = 1. Then we can notice that ¢;;11 is determined by ¢;1 and ¢;11,0
by means of (B-1) and that ¢;; ¢ is determined by ¢; o and ¢; 1 by means
of (B-2). Thus ¢ is determined by v = ¢gg. (iii) Suppose d > 4. Then
we can notice that ¢;1 41 is determined by ¢; ;41 and ¢;11 by means of
(C-4),(:>20,0< k<d—1) and that ¢;41 1 is determined by ¢; 1 and
¢i . by means of (C-5),(i > 0,0 < k < d—2). Hence ¢ is determined by
U = ¢0,0-

Next we suppose that n € D(<+’+). Then we use (A-4), (B-1) and (B-2),
or (C-4), and (C-5),, according as d = 0,d = 1, or d > 4 to prove our
assertion.

(3) Suppose that n € D(;’Jr). In order to get the differential equation (D-1),
it is enough to apply (A-3), (B-5) or (C-8) to ¢ according as d =0,d = 1
or d > 4.

Next we suppose that n € D(<+’+). Then we use (A-3),(B-7) or (C-10)
according as d =0,d=1ord > 4.

(4) As a non-trivial representative of Wrni(a) := Nprnr(a)/Zpnk(a) =
{£1}, we can take m® := diag(—1,1,-1,1). If n € D(;’Jr), from the condi-
tion (b) in the definition of C%.(A), we conclude that

(—1)tMFg, 1 (ar) = dig(at).

This proves our assertion in this case. The case of n € D(<+’+) is the same.

(5) (i) The case of n € D(;’Jr). Suppose that d = 0 or 1 and ¢(m,n7) = 0
(mod 2). We make changes of variables from ¢ to z = (tanh#)2. Then u(z)
satisfies the following differential equation of the Fuchsian type with (at
most) four regular singularities:

® {(%)2+ 2. zojlaali,lzJr 2 ((zfaa)QJr(zy—aa))}uzo’

a=-1,0,1 a=-1,0,1
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with

a—1:2_027 040:17 Clq:—l—)\17
ﬂ,1 = (_A - 462)/4a BO = _(62 - )‘2)2/4a
B1=(4+ B+ 4d + d* + 4)o + 2d)2) /4,

Y1 = (—4 —3A — B —4cy — 4¢3 + 4d — 2cad + 4)9) /8,
Y=MA+A+B+ca+cE+d+ X —))/2,
1= (=12 — A — 3B — 8d + 2cod — 8y + 4)3)/8.

Here we use the relation ¢; = ¢y + d. Put @(z) := z~(©2t2)/2y(2). Then
Proposition (A.3) in Appendix 2 tells us that 4(z) satisfies a differential
equation of the Fuchsian type which has (at most) three regular singular-
ities at z = 0,1 and —1. Computing the characteristic exponents at these
singularities, we have

0 1 -1
u(z) € P 1o (M+24+vy)/2 (lh—1la—d)/2 iz,
/Lo—’/Q| ()\1+2—VJ)/2 (ll+lg—d—2)/2

where P stands for the P-function of Riemann. Keeping the relation pg +
(c2+A1)/2 = |k|/2 (€ Z) in mind, we obtain our assertion in this case. The

other cases can be proved in the same manner.

(+:+)

i1) The case of n € D . If we interchange [y with [s in the differential
n <

equation (D-1) for n € D(>+’+), we get the differential equation (D-1) for
n e D(<+’+). Here we use the identity 2 coth 2¢ = tanht 4 coth¢. Thus, our

assertion for n € D(<+’+) follows from that for n € D(>+’+)

immediately. [J
The second part of the main result is:

THEOREM (6.2). Define subsets D(<7’7) and D(;’*) of R by

DU = (D), B Dy,;0> 1y > 1y +d},

=
D7) = (D), B Dy,;0> 1y > 1y +d}.
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If n belongs to D(<_’_) or D(>_’_), then there are no non-zero spherical func-
tions of type (w,m,T).

Proor. Our first task is to establish the following lemma.

LEmMMA. (1) (i) Suppose that n € D(g’*). Then ¢(t) € CP5.(A) can be

written as
d —oo

(+3) o(t) =D ) dir(t)vi ® vj)sn ® wp,

k=0 i=0
where j(i) := (I1 — lo — d) /2 + 1.
(ii) Suppose that n € D(>_’_). Then ¢(t) € Cp%(A) can be written as

d —oo

() (1) =D > bjn(t)vigy—k ® v; @ wy,

k=0 j=0

where i(j) := (=1 + 2 +d)/2 + j.

(2) Define a C*-function u(t) on R by u(t) := ¢o,a(t) or ¢oo(t) according
asm € D(<_’_) or D(>_’_). Then ¢(t) is uniquely determined by u(t).
(3) u(t) satisfies the following differential equation:

d
— 2 h2
{<dt+(d+ ) tan 7H—cosh2t

+2(c3 — 1) coth 2t))

(c1 tanht — co cotht

d
-2) — + 2tanh 2¢ 4+ ¢y tanh ¢ — ¢y cotht 4+ 2¢3 coth 2¢
D-2 7 2 h2 h h 2 h2
1 A
—1 — B =
+(cosh2t )(Costh Jhu =0,

with the constants:

(Cl, Co, 03) = (ll, l1 + d, )\1) (resp. (lz + d, lg, )\2))
ifne D(<_’_) (resp. D(>_’_)).
Here A is given by

L[t —detithrd) e p&)
(h—la—d+2)(li + 1o+ d) ifne D).
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and B is the same value as in Theorem (6.1).
(4) Put e(m,n) := 11+ A2 (resp. la+Xo) if n € D(<_’_) (resp. D(>_’_)). Then
u(t) is an even or odd function on R according as e(m,n) =0 or 1 (mod 2).

PROOF OF LEMMA. (1) We can prove this in the same way as Theorem
(6.1)(1).
(2) This can be proved in the same manner as Theorem (6.1)(2) by using
(A-3), (B-1) (B-2) or (C-4), (C-5), according as d = 0,d = 1or d > 4 to
obtain our assertion.
(3) Suppose that n € D(<_’_). In order to get the differential equation (D-2),
it is enough to apply (A-4), (B-6) or (C-9) to ¢ according as d = 0,d =1
or d > 4. Next we suppose that n € D(>_’_). Then we use (A-4), (B-8) or
(C-11) according as d = 0,d =1 or d > 4.
(4) This can be proved in the same manner as Theorem (6.1)(4). O

Return to the proof of Theorem (6.2).
(i) The case of n € D(<_’_). Suppose that e(m,n) = 1 (mod 2). Then
uq(t) := (tanht)~lu(t) is an even function on R. We make changes of vari-
ables from t to z = (tanht)?. Then u1(z) satisfies the differential equation

(1) in the proof of Theorem (6.1) with the constants:
a1=2+c, ap=l-c+h, ar=-1-X, B1=(-A+4e)/4

Bo=(ca—A —1D(ca— A\ +1)/4, B1=(4+ B —d*+4X\ +2d)\)/4,

Y1 = (=4 — A+ B+ 8cy +4c3 — 2cad — 4)1) /8,
Y0 = (c2 = A1 — 1)(—ca — A1 = 3)/2,
71 = (—8+ A — B+ 2cod — 12)\; — 4)3)/8.

Here we use the relation ¢; = co — d. The characteristic exponents at z = 0
are (ca— A\ —1)/2 and (ca — A1 +1)/2. Keeping in mind 0 > ls > I; +d and
A1 = 2 (see §2), we know (ca — A\ +1)/2 < (I — A\ +1)/2 < —1. Hence we
have our assertion in this case. The case of €(m,7) =0 (mod 2) is similar.
(ii) The case of n € D(;’*). If we interchange I; with ls in the differential

equation (D-2) for n € D(<_’_), we get the differential equation (D-2) for
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n e D(>_’_). Here we use the identity 2coth 2t = tanht 4 cotht. Thus, our
assertion for n € D(>_’_) follows from that for n € D(<_’_) immediately. [

REMARK. We can prove by virtue of Proposition (A3) in Appendix
2 that the singularity of (§) at z = 0 is apparent. That is, if we put
W(z) == 2(©2=M)/2y(2), then @(z) satisfies the differential equation of the
same form as () with g = By = 70 = 0.

The third part of the main results is:

THEOREM (6.3). Define subsets D) and D) of R by
D7) = (D), K Dy;ly > 0> lp}, D = {D; K Dy,:l; <0<y}

Suppose that n belongs to one of these subsets and that ¢ € C’,‘;OT(A) is a
spherical function of type (w,n, 7). Then we have the following assertions:
(1) If n belongs to D7) (resp. D), then ¢ € C%(A) can be written
in the same form as (x1) (resp. (x3)) with j(i) :== (lh —lo — d)/2+i. In
particular, we may assume |l —lo| < d and d > 4.

(2) Define a C*-function u(t) on R by u(t) := ¢ _j)(t). Then $(t) is
uniquely determined by u(t).

(3) u(t) satisfies the following differential equation

d
(D-3) : {E + cq tanht — ¢ coth t + ¢3 tanh 2t + ¢4 coth 2t }u(t) = 0,

with the constants:

(l1,02,24+d =11 + 1o, A\ + Ao — 11 + 12)

if n € D)
(01762703’04) =
(L, 0,2 4+d+ 1 — o, i+ Ao — 11 + 12)
if n e D),

(4) If we put e(m,n) := (—2c2 + c4)/2, then u(t) is an even or odd function
on R according as e(m,n) =0 or 1 (mod 2).
(5) Put a—q1 :=1c¢3/2, ap := (—2ca +ca) /4, a1 := (—c1 + 2 —c3 — ¢4) /2.
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(i) If ap < 0 (that is, l1 + 12 = A1 + A2), then the differential equation (D-3)
has a unique, up to constant multiple, C*°-solution u(t) on R satisfying the
parity condition in (4), which is given by

u(t) = (tanh?®t + 1) (tanh t) 2% (tanh? ¢ — 1)~
(ii) If g > 0, then there are no non-zero spherical functions of type (mw,n,T).

PROOF. (1) We can prove this in the same way as Theorem (6.1)(1).
2) This can be prove by using the formulae from (C-4), to (C-7),.
3) Suppose n € D) (resp. D(—H), Applying (C—4)_j(0) (resp.
C-5)_j(0)-1), We have the differential equation (D-3).
4) ThlS can be proved in the same manner as Theorem (6.1)(4).
5) Suppose €(m,n) = 0 (mod 2). By changing variables from ¢ to z =
tanht)?, we obtain

(
(
(
(
(
(

=0.

R A

:—101

Here the constants are as in the theorem. The unique, up to constant
multiple, solution of this differential equation is given by

u(z) = (z+ 1)~z (z-1)""

Hence we have the desired assertion in this case. The case of e¢(m,n) =1
(mod 2) is similar. [

The fourth part of the main results is:
THEOREM (6.4). Define subsets DL+’+), pC) of R by

D
D

+) = {Dll X D12;l1,l2 > 0, |l1 - l2| < d}7
7) = {Dll & D12;l1,l2 < 0, |l1 - l2| < d}

Suppose that n belongs to D HIUDC ) and that ¢ € Cp.(A) is a spherical
function of type (w,n, 7). Then we have the following assertions:
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(1) Suppose that n belongs to pP) (resp. DEJ_’_)), then ¢(t) € Cp%.(A)

can be written in the same form as (x2) (resp. (x4)) with i(j) := (=l +l2+
d)/2+].

(2) If we define a C*°-function u(t) on R by u(t) := ¢oi(0)(t), then o(t) is
uniquely determined by u(t).

(3) u(t) satisfies the following differential equation:

(D-4) : {% + (d+ 2) tanh 2¢

= oshor (c1 tanht — co cotht + ¢ coth 2t) bu(t) = 0,
cos

with the constants

(1, e2,ea) { (“li,—loli — o — M — Xo)  ifne DU,

(4) If we put e(m,n) := (=li — la + A1 + X2)/2, then u(t) is an even or odd
function on R according as e(m,n) =0 or 1 (mod 2).

(5) We put a—1 := 2+d—c1 —c2)/2, ap = (2c2 — ¢3)/4 and oy =
(=2—-4d)/2.

(i) If ap < 0, then the differential equation (D-4) has a unique, up to
constant multiple, C*°-solution on R satisfying the parity condition in (4),
which is given by

u(t) = (tamh2 t+1)"*'(tanh t)fQ"‘O (tanth — 1)

(ii) If a9 > 0 (in particular, if n € D(N_’_)), then there are mo non-zero
spherical functions of type (w,n,T).

ProoOF. (1) This can be proved in the same way as Theorem (6.1)(1).
Remark that we may assume d > 4 by Assumption (3.3)
(2) The coefficient functions ¢; ; are determined from u(t) by means of the
formulae (C-4), and (C-7),.
(3)Ifne ph) (resp. D(N_’_)), then in order to get the differential equa-
tion (D-4) we have only to apply (C-6);)41 (resp. (C-7);)_1) to ¢ .
(4) We can prove this in the same way as Theorem (6.1) (4).
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(5) Suppose €(m,n) =0 (mod 2). If we make changes of variables from ¢ to
z = (tanht)?, then u(z) satisfies the differential equation

{%"’ Z (Za_—aa)}u:()

a=-—1,0,1

Here the constants a_1,ap and «; are as in the theorem. From this, our
assertion follows easily. The case of €(mw,n) =1 (mod 2) is similar. [J

The fifth part of the main results is:

THEOREM (6.5). Suppose that n is the trivial representation of R.
Then there are no non-zero spherical functions of type (m,n,T).

Proor. Firstly we should notice that d must be an even integer by
Assumption (3.3). Thus, a spherical function ¢ € C75.(A) of type (7,7, 7)
can be written as

¢(t) = u(t)wy/s.

(i) The case of d = 0. Put 7 = 7,5 (A > 2). From the differential
equations (A-1) and (A-2), we know u(t) satisfies the system of differential
equations consisting of (%) and (x*) below:

d d
() : {(a + 4tanh 2t 4+ 2(A — 1) coth2t)(a + 2\ coth 2t) }u(t) = 0,

d d
(%x) : {(a + 4 tanh 2t — 2(A — 1) coth 2t)(a + 2 coth2t) — A}u(t) =0,
where A := —2(\ — 2)2 + 2v%. Subtracting (*x) from (x), we have

d

— + ——— tanh 2t 4+ 2\ coth 2¢}u = 0.
{dt+4()\—1) anh 2t + 2\ co tu

(s % %)
The unique, up to constant multiple, solution of (* * ) is given by
u(t) = (tanh? ¢ + 1)~ 8) (tanh t) " (tanh? ¢ — 1) A/ BA=8),

However, since A > 2, this is not smooth at ¢ = 0. Thus our assertion
follows for the case of d = 0.
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(ii) The case of d = 4. From (C-2),/5_; and (C-4),/5, we have the following
system of differential equations satisfied by u(t) consisting of (b) and (bb)
below:

() {% + (d+2) tanh 2¢ — (A; + Ag) coth 2¢}u = 0;

(b)) {% + (d + 2) tanh 2t + (Ay + o) coth 2t }u = 0.

Subtracting (b) from (bb), we obtain {(A; + A2) coth2t}u = 0. On the other
hand, A\ + A2 > 2 (see §2.3). Hence our assertion follows for the case of
d >4, too. J

The last part of the main results is:

THEOREM (6.6). Define subsets TDT, TD~, DTt and DT~ of R by

TDV :={1X Dy;ly >0}, TD :={1KDy;ly <0},
DTt = {Dh X1l > 0}, DT = {Dll X 1;l; <0}.

Suppose that n belongs to one of these subsets and that ¢ € CP%.(A) is a
spherical function of type (w,n, 7). Then we have the following assertions:
(1) (i) Suppose that 1 belongs to TD™ or TD™. Then ¢ € C5.(A) can be

written as
d

(x5) o(t) = Z Pk (t)vj(k) @ wg,
k=0
where j(k) = (=ly — d)/2 + k.
(ii) Suppose that n belongs to DT or DT~. Then ¢ € Cpo.(A) can be

written as
d

(+6)  (t) = > dr(t)vi) @ wr,
k=0
where i(k) := (=1 +d)/2 — k.
(2) Define a C*°-function u(t) on R by u(t) := ¢_;«)(t) or ¢;0)(t) according
asm € TDYUTD™ ornpe DTTUDT~. Then ¢(t) is uniquely determined
by u(t).
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(3) (i) Suppose that n € TDV (resp. DTT), d > 4 and M\ + Ao = Iy
(resp. A1 + A2 = l1). Then u(t) satisfies the differential equation (D-3)
in Theorem (6.3) with the constants:

(0, A1 + A2, —2X2 + 2,2(A1 + A2)) ifn € TDT,

C1,C2,C3,C4) i= .
(c1, ez, €5, ¢4) {()\1+)\2,0,—2)\2+2,0) ifn € DT.

This differential equation has a unique, up to constant multiple, C°-
solution on R, which is given by

u(t) = (tanh?t + 1)~ (tanh? ¢ — 1)M 22 =2)/2,

(ii) In the other cases, u(t) is identically zero. Therefore, there are no
non-trivial spherical functions of type (mw,n,T).

PrROOF. (1)(2) We can prove these in the same way as Theorem
(6. 1)(1)(2) Remark that we may assume d > 1 by Assumption (3.3).
(3) (i) Suppose n € TD' and d > 4. Applying (C-5)_j(0)—1 and
(C-6)_j(0)+1, we have

(8) : {% + (=ly +d +2) tanh 2t — Iy coth t
+ (lo + A\ + A2) coth 2t }u(t) = 0,
() {(% + (d+2) tanh 2t

1
cosh 2t

(*12 cotht + (12 + A1+ )\2) coth 2t)}u(t) =0
Subtracting () from (b)), we get
(—l2 + A1 + A2) cothtu(t) = 0.

Thus we conclude that w(t) must be identically zero unless lo = A; + Ao.
Inserting this relation to (), we obtain the desired differential equation and
its solution. The case of DTF can be proved in the same manner by using
(0'4)2'(0) and (0‘6)i(0)+1'

(ii) (ii-a) The case of d = 1. If 5 belongs to TD™, then it follows from
Assumption (3.3) Il = 1. Applying (B-2) to ¢, we know that u(t) satisfies
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the differential equation (D-3) with (c1,co,c3,¢4) := (0,1,2,2)). By the
proof of Theorem (6.3), u(t) is smooth only when ag := (—2¢2 + ¢4)/4 =
(A—1)/2 < 0. But this contradicts A > 2 (see §2.3). The proofs for the
case of n € TD~ U DT U DT~ are quite analogous.

(ii-b) The case of d > 4. Suppose that n € TD~. Applying (C—4)_j(0)
to ¢(t), we conclude that u(t) satisfies the differential equation (D-3) in
Theorem (6.3) with the constants:

(01762,03,64) = (0,l2,d+ lo+2,l0+ X + )\2).

Again, by the proof of Theorem (6.3), u(t) is smooth only when g :=
(=2c2+¢4)/4 = (—la + A1+ A2) < 0. But this is impossible (see §2.3). The
proof for the case of n € DT~ is quite analogous. [

From the main theorems proved above, we can know the upper bounds
of the dimensions of the intertwining spaces. For an irreducible half-size
standard representation 7w of G and an irreducible unitary representation 7
of R, we put

m(m,n) = dimc HOm(gJ()(ﬂ'O, C,‘;O(R\G)O).

COROLLARY (6.7). Let n = Dy, ® Dy, be a ( limit of ) discrete series
representation of R.
(1) If n satisfies one of the following conditions, then we have m(mw,n) < 1.
(i) n e Dy () UD(++) and l; + Iy = d (mod 2);
(ii)n € D )UD( ) 41y =d (mod 2), [li—ly| < d and li+1y > A\ +Ao;
(iii) n € D”“ U D) i+l =d (mod 2) and Iy + Iy < M1 + As.
(2) In the other cases, we have m(mw,n) = 0.

Proor. This follows from the theorems from (6.1) to (6.4). O

REMARK. (1) By “Frobenius reciprocity”, our result should be related
to the problem of the spectral decomposition of the restriction 7|r of 7
to R. There is a result of HARRIS AND KUDLA[2, Theorem (2.4.1)] on the
multiplicities of the discrete part of m|p when 7 is a large discrete series
representation. Our result in Corollary (6.7) is compatible with theirs to a
certain extent.
(2) Hayata [14] investigates the same problem as this paper for the semisim-
ple symmetric pair (SU(2,2), Sp(2,R)).
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Appendix 1
In this appendix, we shall give parallel results on the spherical functions
of type (m,n, 7) for other irreducible unitary representations 7, which we do

not treat in §6.

THEOREM (A1l). Define subsets DPY, TP, PD" and PT of R by

DPY :={D;, ®P~1TtE ] > 0}, TP:={1R P IHiEy

PDV = (P ER D)1y >0}, PT:={P'"ER1Y)
Suppose that 1 belongs to one of these subsets and that ¢ € C,‘;?T(A) is a
spherical function of type (w,n, 7). Then we have the following assertions:
(1) (i) If n € DP™, then ¢ € Cp.(A) can be written in the same form as
(x1) with
§(i) == (I1 — d)/2 +i(resp. (1 —d—1)/2+1i), if no = P> (resp. P¥7).

(ii) If n € TP, then ¢ € C75.(A) can be written in the same form as (x5)
with

j(k) == (=d)/2 + k (resp. (=d —1)/2+ k), if no = P> (resp. P*7).

(iii) If n € PD™, then ¢ € Cpo.(A) can be written in the same form as (x2)
with

i(j) := (la+d)/2+ j (resp. (Is +d—1)/247), if ;m = P> (resp. P>7).

(iv) If n € PT, then ¢ € C75.(A) can be written in the same form as (x6)
with

i(k) :=d/2 —k(resp. (d—1)/2 —k), if g = P>T (resp. P>7).
(2) Define a C—function u(t) on R by u(t) := gop(t). bo(t). doa(t) or da(t)

according asm € DPY, TP, PDT or PT. Then ¢(t) is uniquely determined
by u(t).
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(3) u(t) satisfies the differential equation (D-1) in Theorem (6.1) with the
constants:

li,l1 —d, \2) if n € DPT;

0, —d, o) ifn e TP;

lo —d,la, A1) if n € PDT;

(
(61,62,63) = E
(=d, 0, 1) ifn € PT.

The constant A in (D-1) is defined by the equations
4nfnfvi(0)_d = Avi(0)—d if n € PDY U PT,

and B is as in Theorem (6.1).
(4) If u(t) does not vanish identically, then it must be a constant multiple

of
u(t) :=(tanh t)*! (tanh? t + 1) (tanh ¢ - tanh 2t — 1)"1
X oFy(a,b,1+ |k|;tanh ¢ - tanh 2¢),

where the constant py are the same as in Theorem (6.1)(5) and

(CQ — )\Q,max{(—)\l — )\2)/2, (—262 — d)/2})
ifn € DPT UTP;

(02 — Al,max{(—)\l — )\2)/2, (—202 + d)/2})
ifn € PDt U PT;

(’%7 /1'0) =

Here a,b are given by

(h=s—=d—=2)/24po+ p1,(lh +5—d)/2+ po + 1)
if n € DPT;
(=8 —=d—2)/2+4 po + p1, (s — d)/2 + po + p1)
ifneTP;
(a,b) :=
(=s+1l—d—=2)/2+ po+ p1, (s + 12— d)/2+ po + )
ifne PD;
((=s—=d—=2)/24 po + p1,(s —d) /2 + po + p1)
if n e PT.
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PROOF. The proof is quite analogous to Theorem (6.1). O
THEOREM (A2). Define subsets DP~ and PD~ by
DP™ :={D, R P~ 1TtE 0, <0}, PD™:={P'""ER Dyl <0}

Suppose that n belongs to DP~ or PD™ and that ¢ € Cp.(A) is a spherical
function of type (w,n,7). Then we have the following assertions:

(1) () If n € DP~, then ¢ € CP%.(A) can be written in the same form as
(*3) with

§(i) == (Iy —d)/2 +i(resp. (1 —d—1)/2+17), if no = P> (resp. P¥7).

(ii) If n € PD™, then ¢ € C5.(A) can be written in the same form as (x4)
with

i(j) = (la+d)/2+ j (resp. (la+d—1)/243), if m = P>" (resp. P*7).

(2) Define a C*®°-function u(t) on R by u(t) := ¢oa(t) (resp. ¢oo(t)) if
n € DP~ (resp. PD™). Then ¢ is uniquely determined by u(t).

(3) u(t) satisfies the differential equation (D-2) in the proof of Theorem
(6.2) with the constants:

(c1,¢2,¢3) == (l1, lh +d, A1) (resp. (2 +d, 12, A2)) if n € DP™ (resp. DP™).
The constant A in (D-2) is defined by the equations

{ 4ngny vj(0)4d = AVj(0)+d ifn€ DP™;
4nfn1_vi(0) = Avy () ifne PD™.

and B is the same value as in Theorem (6.1).

(4) If we put e(m,n) := 11+ Ao (resp. la+N2) if n € DP~ (resp. PD™), then
u(t) is an even or odd function on R according as e(m,n) =0 or 1 (mod 2).
(5) Let s(m,n) be the dimension of the space of C*°-functions satisfying the
differential equation (D-2) with the parity condition in (4). Then we have

(i) if n belongs to DP~, then s(m,n) = 2,1 or 0 according as l; — Xg >
0,l1—)\2 = —1,—2 07‘[1—)\2 < —
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(ii) if n belongs to PD~, then s(m,n) = 2,1 or 0 according as lo — Ao >
0,[2—)\2 = —1,—2 07“[2—)\2 S —3.

ProOF. The proof is quite analogous to Theorem (6.2). O

REMARK. From Theorem (A2), we know m(7,n) < 2 for an irreducible
generalized principal series representation w of G and n € DP~ U DT~. It
seems beyond the scope of our method to answer the question whether this
estimate is best possible or not.

Appendix 2

In this appendix we collect some basic facts about the second-order
differential equations of the Fuchsian type, which we use in the proof of
Theorem (6.1).

PROPOSITION (A3). Let S := {a1,a2, - ,a,} be a finite subset of C.
Consider the following second-order ordinary differential equation on P!(C):

®) {(dilz)2 + ZS zojlad% - Z((z faa)Q " (z?a))}u =0

with ag, Ba, Ya € C.
(1) The differential equation (8) is of the Fuchsian type if and only if the

relation ), cgYa = 0 holds.
From now on, we assume Y .q¥e = 0.
(2) Set
Qoo 1= 2 — Z Qa;  Poo = Z(ﬁa +a%); Yoo = Z(zaﬁa + a27a)-
aesS acs a€sS

Then the characteristic exponents at a € SU{oco}are given by the solutions
of the indicial equation

PP+ (o —1)p+ P = 0.
(3) If we put u(z) := (z — a1) "u(z), then u(z) satisfies the following dif-
ferential equation

# (G + X S g =0
ac ac
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with

o, = Qg + 2K oy =g, (2<i < n);

Bay i= Bay + Rl + 1= 1); fg, =P, (2<i<n);

Vay = Yoy + ;Z; ;“7_’; Vo = Yai — a?“_’; (2<i<n)
(4) Put

W =2 ap; Bhi= Y (Bt an); Ye =) (208, +a*y,).

a€S a€sS a€S

Then we have
Aoy = Qoo — 2K; B = B + K(1 — Qs + K);

n
Voo = Yoo + 2a1k(k — 1) + Z(al + a;) g, K.
i=1

(5) If there exists a constant k € C such that o, = By = v = 0
(resp. o, = B, = v, = 0), then z = oo (resp. z = a1) is an appar-
ent singularity of the differential equation ().

PROOF. (1) This is well-known. (2) Rewrite the differential equation
(#) in the coordinate w = 1/z. (3) (4) These can be proved by direct
computation. (5) This is clear. [J

REMARK. We call zp € S U {oco} an apparent singularity of (#) if the
fundamental system of solutions around zj is spanned by meromorphic func-
tions.
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