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Real Shintani Functions and Multiplicity
Free Property for the Symmetric
Pair (SU(2,1),S(U(1,1) x U(1)))

By Masao TSUZUKI

Abstract. We shall present an explicit formula of “generalized”
spherical functions on SU(2,1) with respect to its reductive spherical
subgroup S(U(1,1) x U(1)), which can be considered to be a real ana-
logue of the Whittaker-Shintani functions introduced by Shintani and
investigated by Murase and Sugano. At the same time, we shall prove
a multiplicity one theorem for the corresponding space of intertwining
operators.

§0. Introduction

In this paper we shall investigate a kind of generalized spherical func-
tions on the real semisimple Lie group SU(2,1) associated to a subgroup
S(U(1) x U(1,1)), which will be called the Shintani functions in what
follows. They were first introduced by Shintani in his unpublished work
intending to study certain automorphic L-functions on symplectic groups,
and later investigated by Murase and Sugano in setting of classical groups
and their spherical subgroups over local or global fields to get new integral
representations of automorphic L-functions for many examples in terms of
the Shintani functions, or the Whittaker-Shintani functions in their ter-
minology. Now we consider a situation that a classical group G and its
spherical subgroup H, both defined over a local field k, are given. Their k-
valued points are naturally considered to be locally compact groups. For a
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664 Masao T'SUZUKI

given irreducible admissible G' x H-module I1X 7, Whittaker-Shintani func-
tion of type Il X 5 is defined to be a function which belongs to the image
of a G x H-intertwining operator ® : [l X'n — C°°(G) and is finite under
the action of some maximal compact subgroup of G x H, where we regard
C*(@G) as a G x H-module by the left G-action and the right H-action.

When k is non archimedean, G and H are both unramified over k and
II X 7 is of class one with respect to a certain maximal compact subgroup
of G x H, Murase, Sugano and Kato proved a multiplicity one theorem of
intertwining operators ® and an explicit formula of class one Whittaker-
Shintani functions for a number of examples.

Compared with the unramified situation over non archimedean local
fields, few facts are known when & = R, i.e. G and H are real reduc-
tive Lie groups. Murase and Sugano consider automorphic forms whose
archimedean components are special type of holomorphic or antiholomor-
phic discrete series representation and calculate the zeta integral by means
of the Bergman kernel functions. To make theories on integral represen-
tations of automorphic L-functions applicable to automorphic forms with
more general type of archimedean component, we have to study basic prop-
erties of the Shintani functions over real groups more.

On the other hand we can consider a representation theoretical problem
that for given irreducible admissible representations n and II of H and
G respectively, under what condition II is realized as a submodule of the
induced representation C*Ind%(n). (Here induction is considered in the
category of smooth representations.) In this context to consider the space
Z,n = Homg (I, C*°Ind%(n)) (or possibly Hom g, x) (1, C>IndY(n)) if k =
R) and functions in S, = > Im(®) with & € Z, 11, which we also call
the Shintani functions, seems to be rather natural. As is seen naively, it is
closely related to consider the space Homgyx g (I X n*, C*°(G)) (n* means
the contragredient representation) and the Shintani functions in the former
sense.

In this paper, we shall investigate the Shintani functions in
Hompg (7,8, n) with K-types 7 in the case of G = SU(2,1), H = S(U(1) x
U(1,1)) = U(1,1) giving a description of the intertwining space Z, 1 for
every irreducible unitary representation 7 of H and a standard represen-
tation II of G. Our result yields that the dimension of Z, 11 is not exceed
one and gives a necessary and sufficient condition for dimcZ, 1 = 1, or
equivalently S, 11(79) # {0} for a K-type 79 of II. (For precise definitions of
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T, and Sy, see (4.1).) We show that radial part of a Shintani function
is expressed in terms of Gauss’s hypergeometric function (Theorem 8.1.1,
Theorem 8.1.2 and Theorem 8.1.3 for the discrete series representations and
Theorem 9.2.1 for the principal series representations.) The method em-
ployed in this paper is that of Yamashita [Y], which gives a characterization
of the space S, 11(79) in terms of the Schmid operator, when II is a discrete
series representation of G, 7y is its minimal K-type and 7 is an arbitrary
irreducible unitary representation of H.

We should note that a description of the discrete part of the H-spectrum
of IT|H for a discrete series IT of G is already known by a work of Xie, [X] and
this seems to have an intimate relation with one of our problem to determine
the dimension of 7, i1 because of the ‘Frobenius reciprocity’. But we need
more concrete and precise formulas of functions in the spaces Homg (7, Sy, 1)
for K-types 7 of II. First reason why we need such information is that by
using the explicit formula we want to study a zeta integral of Shintani
functions in the theory of Murese and Sugano that will give archimedean
local factors of certain automorphic L-functions for unitary groups.

Secondly, though there are many works on spherical functions or spe-
cial functions on real Lie groups, majority of them are of class one, or of
one dimensional K-types. We believe that to see what happens when one
removes this one dimensional assumption on K-types is interesting itself
apart from number theoretical applications.

Acknowledgement. 1 would like to express my profound gratitude to
Professor Takayuki Oda for his constant encouragement and many advices.

§1. Basic notations

We establish basic notations, and recall root space decompositions of
SU(2,1).

(1.1) Groups and Lie algebras

For a given Lie group L we use the corresponding German letter [ to
indicate its Lie algebra and [¢ the complexification of [.

Let

G ={g € SL3(C)| *glon9 = L1 },
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{5 2)

where I5 1 = diag(1,1, —1); G is a connected semisimple Lie group which is
usually denoted by SU(2,1) and K is a maximal compact subgroup of G.
The Lie algebras of G and K are realized as

k1 € U(2), ky € U(L), kydet(ky) = 1},

g={X € M3(C)| "Xy + ;X = O, tr(X) =0},
P — {<X1 0 ) X1 EMQ((C), X, €C, tr(X1)+X2:O}
- 0 X ’

Xi+X1=0, Xo=-X,
Let 6 be the Cartan involution of g corresponding to the choice of K and p
the —1 eigenspace of . Then we have the Cartan decomposition g =€ @ p

with
{3 5)]zemo)

Let o be the involutive automorphism of G defined by o(g) = I 219[172
(9 € G) with I 5 = diag(1,—1,—1). The set consisting of all fixed points
of o forms a closed subgroup of G which we denote by H. We have

{5 1)

where

hy € U(l), ho € U(l, 1), h1 det(hg) =1 },

U(1,1) ={g' € GL2(C)| 'g'L119' = I11}
with I; ; = diag(1, —1). The Lie algebra of H is realized as
(10

N 0 Yo

Y1 €C, Y € M(C), Yol 1+ 11Y2 = O,
Yi+tr(Ya) =0, Vi+Y=0 '
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(1.2) Iwasawa decomposition

Let
(r+r=H/2 0 (r—r1/2
A= {ar = 0 1 0 r > 0}.
(r—r=H/2 0 (r+r71/2
0 0 1
Then its Lie algebra a = RH;, H; ;= | 0 0 0 |, is a maximal abelian

1 0 0
subspace of p. Let us denote by M the centralizer of a in K. We have

eV—10 0 0
M:{mgz 0 e 2V HGR}.

0 0 eVl
For every integer n, set g, := {X € g| [H1,X] =nX }. Then

go=a+m

g1=RES®RE,, Ef=|1 0 -1],

Ve
do = REl, E1 = 0 0 0 s

V=1 0 —v=1
g-1="0g1, g2 =0g2

and g, = {0} (|n| > 2). Since [gi, g;] C gi+j, n = g1+g2 becomes a nilpotent
Lie subalgebra of g, giving the Iwasawa decomposition g =n+ a+ &

(1.3) Root space decompositions

Let T be the subgroup of G consisting of all diagonal matrices. Then
T is a Cartan subgroup of G contained in K. For every pair of integers
A = (l1,12), we define the unitary character y, of T by setting

(1.3.1) xa(diag(ty, ta, t3)) = thel2,  diag(ty, ta, t3) € T.
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The character group of T is identified with Z®? through the assignment
A — ya. By taking derivative at the identity, we can embed T into /—1t* =
Hompg(t, v/—1R). Then its image Lt becomes a lattice of /—1t*. In what
follows, we shall fix the identifications Z%? = T = L7 so obtained. Let

S(gc,te) = {6 — €| 1<, <3,i#7}

be the root system of (gc,tc) with ¢; € Ly defined by ¢(X) = x;, X =
diag(x1, z2,23) € tc. Put BT = {e —¢j| 1 <i < j <3}, aset of positive
roots in X(gc, tc). Let us denote by . and ¥, the set of compact roots
and the set of noncompact roots respectively, or explicitly

Yo ={*(e1 —e2)},
Yo ={*(e1 —€3), £(e2 —€3)}.

Set

E;; i) # (2,1

—Eij ((Zaj) = (27 1))
where Fj;; denotes the usual matrix element. The complexification of g
is identified with s[(3,C) via the natural inclusion g C s[(3,C). Then
Xij € sl(3,C) is a root vector with weight €; — €; and [Xi2, Xo1] = Hyy,
[X13, X31] = His, [Xo23, X32] = Hjs. We have the root space decomposi-
tions:

gc=tc+ » CXy,
1<6,j<3
it
tc =tc + CXy2 + CXyy,
he = tc + CXo3 + CX39

with t¢ = CH{, + CH{s.

(1.4) Inner products
Let By : g x g — R denote the Killing form of G, or explicitly

By(X,Y) = 6trace(XY), X, Y eg
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in our case g = su(2,1). Here trace(X) means the trace of 3 x 3-matrix
X € M3(C) in the usual sense. Set

<X,Y>g = —éBg(X, Y), X,Yeg

with 6 the Cartan involution of g. Then < , >g :g X g — Ris a positive
definite R-bilinear form of g. For every R-subspace q of g, we regard it as a
Euclidean space equipped with the inner product, say < , >q, induced from

< , >g. Especially

4.1) <X, X’>k = —trace(XX'), X, X' €¢,
<Y, Y’>p =trace(YY"), Y, Y' ep.

Let Ad, denote the natural action of K on p induced from the adjoint action
of K on g. Then Ad, preserves the inner product (1.4.2).

Next we introduce an inner product of /—1t*. By means of the inner
product < , > . above, we define an isomorphism V=1t = t assigning H Let
to A € v/—1t* such that

A(H')
V-1

—(H' H}), H et

Then the inner product of /—1t* is given by
(M) = (Hy Hy), A N e v/-1t.
§2. Irreducible K-modules

As is well known, we can parametrize K , the set of equivalence classes
of irreducible finite dimensional representations of K 2 U(2), by the high-
est weight theory. But for our explicit computation, we need to realize
irreducible representations of K more concretely by using standard basis
below. In (2.1), we introduce such realizations and in (2.2) recall an ex-
plicit formula of Clebsch-Gordan coefficients with respect to the standard
basis.
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(2.1) Parametrization of K
We shall specify a choice of positive root systems of . by putting ¥} =
{€1 — €2} and fix this in what follows. Then the set of X -dominant weights

becomes
LE={\=(l,l) € Z%?| 1, > 15 }.

For every A € L7, put Wy = @zzg* Cw? with dy := I; — I and define the
actions of elements Hi,y, His, X12, Xo1 of £c on the C-vector space W) as
follows:

m(Hip)wi = (2 — dy)wy,
(2.1.1) m(Hi3)w = (i + lo)w),
a(X2)w = (i + Dwpyy,
T)\(Xgl)’w? = (Z —dy — l)wi)\—l (Z =0,1, ad)\>7

here we understand wg\ =0 for i = —1, dy + 1. It is easily checked that
(2.1.1) defines a tc-module structure on Wy and the action 7 of € can be
globalized to that of K giving a dy + 1-dimensional representation (7, Wy)
of K; 7y is an irreducible representation with XF-highest weight \ € L; .
The basis {w?}jﬁjg* is called the standard basis of Wy. Let K denote the set
of all equivalence classes of irreducible finite dimensional representations of
K. Assigning the class of 7, to A € L, we get a map from LJTr to K and
highest weight theory tells us that this is a bijection.

(2.2) Tensor products with pc

Here we recall Clebsch-Gordan’s decomposition of 7, ® Ad,,. for a given
irreducible K-module 7.

The vector space pc becomes a K-module via the adjoint representation
of K, which splits into two irreducible sub K-modules p™ and p~with

pT =CX130CXo3, p =CXz & CXso.
Set 3; = €;—e3 (i = 1,2). It is easy to see that Ady+ = 75, and Ad,- = 7_p,.

For a given irreducible representation 7y of K, Clebsch-Gordan’s rule tells
that the K-module 7\ ® Ad,+ decomposes as follows:

(2.2.1) By ®Adp+ = A8 D TaAL o>
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T ® Adp* = Th—p1 S TA—B2>5

here we understand that 7, = {0} for non dominant A € L. This decom-
position determines projections

Py Wa®pc — Wi, B €Dy
PROPOSITION 2.2.1. For every A € L; and 3 € &7, we have
pf\WA ®cp =0, piﬁ\WA ®cpt =0.

Furthermore we can choose the isomorphism (2.2.1) so that the following
identities hold.

(2.2.2) pa (w} @ Xig) = (i + g,
( ®X23) (d)\—l—i-l) )\Jrﬂl,
2.2.3 ( @ X ) M—&
( - ) ( ): >\+ﬁ2
294 P %, ® Xa) = w1,
(2.2.4) P (w0 @ Xa1) = w7
A 31 —1 >
225) a2 () ® Xaz) = — (i + Dw){*,
o —B2/. A _ A=pB2
Dy (wi ®X31) (d)\ Z+1)

fori=0,...,dy, where one should note that dy+3, = dyx+g, = dx £ 1.
Proor. [K-O, Proposition (2.3)]. O
83. Representation theory of H

We note that H =2 U(1, 1) by the assignment

11 0 0 T z
H> 0 99 X923 — < 2 23) € U(l, 1)
0 €r32 33
32 I33

with 211 = (J:ggxgg —x23x32) -1 and correspondingly T'= HN K, a maximal
compact subgroup of H, is mapped onto U(1) x U(1) diagonally embedded
in U(1,1). Thus representation theory of H including a description of its
unitary dual is wellknown. We recall it here briefly.
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(3.1) Non-unitary principal series representation
We first define subgroups A’, M’, N’ and P’ of H as follows:

r>0},

1 0 0
A= {a; =0 (r+r Y2 (r—r7Y/2
0 (r—rH/2 (r+r1H/2

672\/7_19 0 0
M = <{my = 0 eV =10 0 0eR »,
0 0 eV 1

1 0 0
N = { 0 1++/—1z —/—1z
0 vV—1z 1—+vV—-1z
P =M A'N'

xeR},

For € € {0, 1}, set Z¢ := {m € Z| m = € (mod 2) }. For every v € C and
n € Ze, define the Hilbert space V), ,, as follows: it consists of all measurable
functions ¢’ : H — C satisfying

o' (mpaln’h) = eﬁner”ﬂap'(h), myeM' a. € A, " e N, he H

and ¢'|K N H € L?>(K N H), equipped with the inner product
(o) = [ AT
(KNH)/M

with dk’ the normalized Haar measure of (K N H)/M’'.

The group H acts on V,, by the right translation and thus we get
the non-unitary principal series representation (1., V) of H. We shall
describe the underlying (hc, K N H)-module structure of 7, , explicitly. For
every m € Z., there exists the unique C*°-function v, : H — C belonging
to Vp,, such that

U (£) = 72T diag (bt t3) € T
Note that nny,,(t)vm = X(—(n+m)/2,—m)(t)vma t € T with X(=(n+m)/2,—m)

the unitary character of 7" defined by (1.3.1). The family {v,,| m € Z, }
provides us with an orthonormal basis of the Hilbert space V), .
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The following proposition describes explicitly the action of the Lie alge-
bra hc to {v,}. It will be very important in computations carried out in
section 6 and 7.

ProprosiTiON 3.1.1. Letv € C and n € Z.. The totality of all H N K -
finite vectors of Yy, coincides with Vy, , := @,,cz. Cvm. Let () ,, V) be
the underlying Harish-Chandra module of (N, V). Then the actions of
elements His, Hiy, Xo3, X32 on V,?W are given as follows:

n+m

(3.1.1) T (H13)0m = — 5 Um;
Mo (H1)vm = == v,
T (X23)Up = %ﬂvm_27
M (X32) Uy = HTerlva (m € Z).

(3.2) Admissible representations of H

A bounded Hilbert representation (1, F,) of H is called admissible if the
HnN K-module n|H N K contains every irreducible representation with finite
multiplicity. The center of H coincides with M’ in our case. If there exists
an integer n € Z such that

n(my) = e\/?lnelfn (0 eR),

then we say that n has central character n. For every admissible represen-
tation (1, F,) of H, let us denote its underlying Harish-Chandra module by
(nY, .7-"7(])). Note that the nonunitary principal series representation n,, ,, with
(v,n) € C x Z is admissible and has central character n. Now we quote a
result which is so called Casselman’s subrepresentation theorem:.

ProposSITION 3.2.1. Assume that an admissible representation n is ir-
reducible and has central character n € Z. Then there ezists an (hc, HNK)-
inclusion n° — 772#, for some v € C.

Let H denote the set of infinitesimal equivalence classes of irreducible
admissible representations of H. Let H be the subset of H consisting of
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unitarizable classes. For a given integer n, ﬁn (resp. ﬁn) denotes the sub-
set of H (resp. H ) consisting of all classes with central character n. By
Proposition 3.2.1, to parametrize the set H , it suffices to describe how the
non-unitary principal series 7, , decomposes. We recall it here.

PROPOSITION 3.2.2. Let (n,v) € C x Z. and {e,€'} = {0,1}.
(1) The (bc, H N K)-module 1y, , is irreducible if and only if v € C — Ze.
(2) Let k € Ze be a non negative integer.
Let us define a subspace D:{’% (resp. D;%) of Vg’k as the C-linear span of
{vm| m € Zey, m = k + 1} (resp. {vm[ m € Ze, m < —k —1}). Then
this is a (hc, H N K)-invariant subspace of Vg}k and (he, H N K)-module
6:% = n27k|Diz is irreducible. The quotient ng,y/(é,j%@é;?f) is isomorphic
to the k-dimensional irreducible representation with central character n. Let
Dik be the closure ofDi% in Vp 1 endowed with the naturally induced Hilbert
space structure and 5%,1/ denotes the corresponding representation of H.
(3) Let k € Zo be a negative integer. Let us define a subspace 82’7,6 ongﬁk
as the C-linear span of {vy,| m € Z¢, k+1 < m < —k — 1}. Then this
is a (he, H N K)-invariant subspace of Vgﬁk and the (he, H N K)-module

02,—k = 1779“7/1€|<€'2,4C 15 irreducible and isomorphic to the —k dimensional

representation with central character n. The quotient ng’fk/agﬁk 18 1S0-
morphic to 6:,% &) 57;%. 527—k is a closed H-invariant subspace of Vy _j.
The irreducible —k-dimensional representation of H realized on 52,—k 1S
denoted by oy, .

(4) The set f[n is exhausted by the representations n,, with v € C — Zg,
5ik with k € Ze,k >0 and o, _ with k € Zo, k < 0.

PROPOSITION 3.2.3.

The set H is ezhausted by classes of the following representations.
(1) (Unitary principal series) nn, (n € Ze, v € V—1R — Zg with {¢,€'} =
[0.1}).
(2) (Discrete series) 6ik (n €Ze, k €Ze, k>0) with {e,¢'} ={0,1}).
(3) (Limit of discrete series) 62:70 (n €Zy).
(4) (Complimentary series) nn, (n € Zo,v € R,0 < |v] < 1).
(5) (One dimensional representations) o1 with n € Zy.

REMARK. We should note that in case of (2), (3) and (4), we have
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to replace the Hermitian inner product by an appropriate one in order to
make the action of H unitary. We will not present it here.

(3.3) Standard basis

Let (n,F,) be an admissible Hilbert representation of H with central
character n € Z.. We assume that 7 is irreducible or isomorphic to a
non-unitary principal series representation. From Proposition 3.1.1 and
Proposition 3.2.2, we see that there exists a subset L, of Z, such that KN H-
module n|KNH decomposes into a multiplicity free direct sum of characters
X(—(n+m)/2,—m) With m € L;,. By Proposition 3.1.1 and Proposition 3.2.2,
we have constructed a basis {v,,| m € Ly} of .7:,9 . Assume 7° occurs as a
submodule of 7727,/ with (n,v) € Ze x C. Then this basis is characterized up
to a multiplicative constant by requiring that v,, belongs to the character

X (—(n+m)/2,—m) and

v—m+1
2

v+m+1

Um—2, nO(XSZ)Um - 9

for every m € L,,.
We call any orthonormal basis {v;,| m € Ly} satisfying the above con-

ditions standard basis of n.
§4. The Shintani functions on G

In the first subsection, we introduce a space of the Shintani functions
Syn(7) which is of our main interest in this paper. After recalling the
Harish-Chandra parametrization of discrete series representations of G, we
define Schmid operators (or shift operators) and quote a theorem of Ya-
mashita about a characterization of the space S, 1(79) with II a discrete
series representation of G and 7y its minimal K-type in terms of the Schmid
operators. In (4.4) we shall present commutation relations among the shift
operators which will be used in §9.

(4.1) A space of Shintani functions
Let II be an irreducible Harish-Chandra module of G and (5, F;,) be an
admissible representation of H. Let C7°(H\G) denotes the C-vector space
consisting of all C°-functions F' : G — F;, with the following equivariant
property:
F(hg) =n(h)F(g), heH, geG.
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Setting

Ry F(g) = lim L9 XP(X)) = Flg)

lim " , g€,

for every X € g and F' € C7°(H\G), we have an action of the Lie algebra
g on C°(H\G). As is easily seen, this action of g is compatible with the
natural right action of K, thus Cp°(H\G) becomes a (g, K)-module.

Now we set

In,l'[ = Hom(ng) (H*, ch;o(H\G))

with IT* the contragredient (g, K)-module of II. Let (7, W) be an irreducible
K-module. For every K-equivariant map i : 7* — II*|K, we define a C-
linear map [i],, 1 by the composite of the following sequence of maps:

Ty Homy (7, 2 (H\G)) = O35, (H\G/K),

where i* denotes the pullback via i and C75 (H\G/ K) is the space of smooth
functions F': G — F;, ®c W with the property

(4.1.1) F(hgk) = (n(h)® (k) ")F(g9), h€H, geG, keK.
In other words, [i], 11 is characterized by the equations

ew ([ilnn(®)(9)) = (2oi(w"))(9), g€C

for every w* € W* and ® € 7,11, where e, : F, @c W — F;, is the
contraction map via w*. Now we set

Sy, = C-span of U Image(®), ® ranges over Z, 1,
Sy (1) = C-span of UImage([i]mH), i ranges over Hompg (77, IT*| K).

Any function belonging to the space S, 11(7) is called Shintani function with
K-type 7. Note that S, (1) = Homg (7%, S, i) naturally and K-module
Sy, decomposes to a direct sum of S, (1) ® 7* (7 € K).
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(4.2) Discrete series representation of G

An irreducible (gc, K)-module II is said to be a discrete series repre-
sentation of G if there exists an injective (gc, K)-module homomorphism
II — L?(G). Here we recall the Harish-Chandra parametrization of the
discrete series representations of G. Let = be the set of all linear forms
A € /—1t* such that (A,e; —€3) > 0 and (A, e; —e3) # 0 for i = 1,2, or
explicitly

== {A = (Al,AQ) S Zeﬂ‘ A1 > AQ, A1A2 75 0 }

By Harish-Chandra’s theorem, there exists the bijection A — wp from =
to @d, the set of all equivalence classes of discrete series representations
of G. Any unitary representation belonging to the class wy is said to have
Harish-Chandra parameter A. There exists the following three positive root
systems of X(gc, tc) which contains X}

(421) 2}’_ = {61 — €2, €9 — €3, €] — €3 }(: EJr)’
ZI+I ={e1—€2, e3— €2, 61— €3 },
E}FH = {51 — €2, €3 — €2, €3 — €1 }

For every J € {I, 11,111}, set E5:={A € Z| (A, 8) >0, B¢ X *}. Then
= is a disjoint union of the following three subsets

Zr={(A1, A2) €Z%| Ay > Ay >0},
Zrr={(A1, Ag) € ZF? Ay > 0> Ay},
Zrr = {(A1, Ag) €ZF?] 0> Ay > Ay }.

Discrete series representations with Harish-Chandra parameter belonging
to Z; (resp. Errr) are called holomorphic (resp. antiholomorphic). The
remaining discrete series representations of GG, namely those whose Harish-
Chandra parameter belong to Z;, are said to be large in the sense of Vogan
[V]. Let p; (resp. pc) be the half sum of roots in X% (resp. £F). By (4.2.1),
we easily have p; = €1 — €3, pr1 = pe = €1 — €2 and pr;;r = €3 — €2. It
is known that the XT-highest weight of the minimal K- type of II with
Harish-Chandra parameter A = (Aj,A2) € E5is A = A+ pj — 2p. called
the Blattner parameter of II. The explicit form of A is as follows:

)\:(A1+1,A2+2) (lfJ:I),
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A= (A1, Ay) (ifJ=1T),
A= (A —2,Ay—1) (if J=1III).

(4.3) Schmid operators
Let (n,F,) be an admissible representation of H and (7,W) a finite
dimensional representation of K. For every F' € CpS (H\G/K), set

4
VarFlg):=) Rx,Fl9)@Xi (9€G),
i=1

where {X;}i=1 is an orthonormal basis of p with respect to the inner product
(1.4.2). Tt is easily checked that the right hand side of the above identity
does not depend on the particular choice of {X;} and the resulting function
Vi, F belongs to €7 o Ady, (H\G/K). Thus we have a first order gradient

type differential operator

Vit CoH(H\G/K) — ;f’T@)Ade(H\G/K).

We can take
{X13+X31 V—1(X13 — X31) Xoz+ Xz2 v—1(Xo3 —X32)}
V2 V2 ’ V2o V2

as {X;}?_; and consequently have
Vi F(g) =V, F(9) +V, . F(g)
with

for every F' € Cp%.(H\G/K). Note that

VITF(Q) = (1fn Q1w ® 7['+)v77’.,-F(g),
VirF(g) = (r, @ lw @77)Vy - F(g)
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with 7+ : pc — p™ and 7~ : pc — p~ the natural projectors and the
assignments F' — ViTF define differential operators

viT : C;])?T(H\G/K) - 7??T®Adpi (H\G/K)

The differential operators V,, ; or V%E,T thus defined are called Schmid op-
erators, [S], [Y]. For every noncompact root 8 € ¥ and every dominant
weight A\ € L;, we define the (-shift operator

VO (H\G/K) — G52, (H\G/K)

,TA+3

by setting
VyaF(9) = (lz, @ 93) (Var F(9)).

Let II be a discrete series representation of G with Harish-Chandra param-
eter A € Z; and Blattner parameter A = A + p; — 2p.. We want to know
the space S, 11(A). The following result due to Yamashita is our basic tool
to investigate this space. It tells us that the space S, r1(7) is characterized
as the C*°-solution space of certain system of differential equations.

PrOPOSITION 4.3.1 ([Y, Theorem 2.4]). Let II be a discrete series rep-
resentation of G with Harish-Chandra parameter A € =5 and Blattner pa-
rameter X\ = A+py—2p.. Let (n,Fy) be an irreducible unitary representation
of H. If X is far from the wall, then S, (\) coincides with the totality of
FeCx (H\G/K) such that

T
(Dya):  V,5F(g)=0, BeTTNT,.
In other words,

Sopn(ma) =[] ker(V,5).

gextne,
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(4.4) Casimir operator

Recall the inner product of € and p defined in (1.4). Let {V;}=] and
{Z;}i=1] be arbitrary orthonormal R-basis of p and € respectively. Then the
Casimir element of G is the degree 2 element of U(gc), the universal en-
veloping algebra of g¢, defined by Qg = Z?Zl YZ-Z—Z?:l Z2. Tt is wellknown
that Q¢ does not depend on the choice of {Y;} and {Z;}, and that it belongs
to the center of U(gc). Let (n,F,) be an admissible representation of H
and A € L; a dominant weight. Since Q¢ satisfies Ad(k)Q2g = Q¢ for every
k € K, the operator Ro, on Cp°(H\G) induces that on Cp<. (H\G/K),
which will be denoted by €, .

(4.5) Commutation relations of shift operators

Now we present commutation relations among [-shift operators with
B € 3, whose proof is included in Appendix 2. We introduce a convention
that for a non dominant weight A € Ly the symbol 7 represent the zero
K-module, and Vg, ) represent a zero operator if either A or A + 3 is non
dominant.

THEOREM 4.5.1. Let A = (I1,l2) € L;, a dominant weight and F €
Croy (H\G/K).
(1) For every pair of non compact roots (3,3') such that 3 # —f', we have
. B B _f
(4.5.1; 3,8 Viats © Vny/\F(g) =V
(2) For B = B or (B2, we have

(4.5.2: 8) VY, Ris 0 Vs F(g) = Vi 5 0V, 5 F(g)

= %QW\F(Q) - %(1357 ® 7 (QK))F (g)

+ (Gill_QHQ

Here €; is +1 or —1 according as i =1 ori = 2.
(3) For every B € ¥, we have

(4.5.3; B) Qparso Vi Flg) = Vi, 0 Qi F(g).

o Vi \F(g).

+dy + Gid)\li)F(g).

REMARK. All definitions in this section make sense and Theorem 4.5.1
remain true if we replace the pair (H,n) by a pair formed by an arbitrary
closed subgroup of G and its continuous representation.
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§5. Radial part of Schmid operators and Casimir operators

We first recall a decomposition G = HAK with one dimensional split
torus A of GG, which is a kind of Cartan or Iwasawa decomposition. Using
this or its infinitesimal version gc = Ad(a )hc+ac+Ec (a € A, a # 1), we
study the A-radial part of the differential operators V,jﬁT and 2, \ defined
in the previous section. The main result of this section is Proposition 5.2.1
and Proposition 5.3.1.

(5.1) Definition of radial part

Let M* be the normalizer of A in K. Then M is a normal subgroup of
M* of index 2 and the quotient group Wy = M*/M is isomorphic to the
little Weyl group of the restricted root system of the pair (g, a). The coset

-1 0 0
woM with wy = 0 —1 0 | is the non trivial element of Wy. First we
0 0 1

recall the following result.

LEMMA 5.1.1. (1) The multiplication map ® : H x A x K — G,
(h,a,k) — hak is a C*°-surjection, and its tangent map at (h,a, k) is sur-
jective if and only if a # 1. Moreover we have

g=Adla™)h+a+t

forae A, a#1.
(2) The fiber of ® above g = hak is given as follows:

(R 1,1k)| le HNK} ifa=1,
(RI7Y, Ad(D)a,1k)| 1 € M*} if a # 1.

> (g) =
> (g) =

Proor. [R, Theorem 9], [R, Theorem 10]. O

For an admissible representation (7, F,) of H and a finite dimensional
K-module (7, W), let us denote by Cf (A ; F, @ W) the totality of 7, @ W-
valued smooth functions on A satisfying

(5.1.1) (n(m) ® T(m))gp(a) = ¢(a) (meM, acA),
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(5.1.2) (n(wo) ® T(wo))(a) = p(a™")  (a € A),
(5.1.3) )@ T)p(1) = (1) (€ HNK).

LEMMA 5.1.2.  The restriction map
resa s Cpo(H\G/K) — Cy (A Fy @ W)
is an isomorphism of C-vector spaces.
Proor. This follows from Lemma 5.1.1. [J

Let (73, W;) (i = 1,2) be finite dimensional K-modules. The A-radial
part of any C-linear map A : C75, (H\G/K) — Cp (H\G/K) is defined

7,72

by a unique C-linear map p(A) : Cj (A 5 Fy @ Wiy ) — O (A Fy @ Wry)
satisfying resa(AF) = p(A)(resaF) for every F' € Cp°, (H\G/K).

(5.2) Radial part of shift operators
Let (n,F,) be an admissible representation of H and (7,W) a finite
dimensional representation of K. We need a lemma.

LeEMMA 5.2.1. Let F' € C%.(H\G/K).
(1) RxF(9) = —(15, ® 7(X))F(g) (9 € G) for every X € t.
(2) The value F(g) of F at an arbitrary g € G is a smooth vector of F,@W
and we have

Rpqg-1yF(g) = Y) @ 1w)F(g)
for every Y € 1.

PrROOF. We omit the proof because it is rather easy. [J
The following proposition gives the A-radial part of VfﬁT explicitly.

PROPOSITION 5.2.1.  For every p € Cyy (A ; Fy@W) andr >0, r # 1,
we have

(5.2.2)
PV )e(ar)
rt+1 r?—1 rt+1

1 272 , '
= {0~ i) = S 0 Ay )+ 25 25
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2r r2—1
X39) —
)~

X ((,0 X X13) + { (7' ® Ader)(XlQ)}((p ® ng),

(5.2.3)

oV )lar)
2r? rt 41 rP—1  _rt+1
= o+ oty + S Ad i) + 2 2 )

r2 — 1
241

n(Xa23) —

211 (7 ® Ady-)(X21) }(90®X32)7

x(gp®X31)+{

where 010 = Ry, and we simply write n(Y') and 7 ® Ady=(X) instead of
nY)® lygps and 17, @ (1 @ Ady=)(X) respectively for every Y € bc and
X € tc.

Proor. We first note that

(5.2.4) X3 = Tf Ad(a; V) HL5 + lﬂl . %ri—f '
(5.2.5) Xy = 7~4 -Ad(a; ) His + ;Hl + ;Z +1 s
(5.2.6) X3 = %Ad(arl)Xg)g +5 :L 1)(12,
(5.2.7) Xog = %Ad(a;l)X% + :z :L 1)(21

for every + > 0, r # 1 corresponding to the decomposition gc =
Ad(a;")bc + ac + tc. Take an F € C75(H\G/K) such that ¢ = F|a.
By using (5.2.5), (5.2.6) and Lemma 5.2.1, we have

Ry, Fla)

R —— )+ 5 R F(a) %:iiiRHwF(a)

B r4_T21( (1) © 1w) F(a) + alF( ) - ;:iti(lﬂ ® 7(Hi3)) Fla)
and
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2r 7"2 —1
= e X Fla) + 50

2r 7'2 -1
= ——(n(X 1w ) Fl(a) —
7,‘2 +1 (77( 32) ® W) (CL) 7"2 +1
Hence we have

(5.2.8)
p(Vy.)e(a)
= RXSIF(a‘) ® X13 + RX32F((1,) ® X23

RX12F(G’)

(1f,, ® T(X12))F(a).

r4

—r2 1
- {__1 (n(FHis) ® 1w) F(a) + 501 F (a)
“1rt 41
2 rd—1

2r -1
X lw)F(a) — ——
{2 ) @ 1) P - T
By using the relations [His, X13] = 2X13 and [Xi2, Xo3] = Xi3, we have

(17, ® T(Hi3)) F(a) @ X13 = (15, ® T ® Ady+ ) (His) (F(a) © X13)

—2(F(a) ® X13)

Oa®ﬂmgwwﬁ®xm

(17, ® T(Xlz))F(a)}  Xos.

and

(17, ® 7(X12)) F(a) ® X3 = (17, ® 7 ® Ady+ ) (X12) (F(a) ® Xa3)
— F(a) ® Xi3.
By inserting these to (5.2.8) we finally obtain
1 r2

+ =25 - —
p(vn,’r)(p {2 1 A1
—1rt+1
2 rt—1
r?—1 n rt+1
r2+1  rt-1

(n(Hiz) ® lyygpt)

(1]-‘,7 RTR Adp+)(Hi3)

+ }‘P®X13

2r
+ {TQ 1 (n(X32) & 1W®p+)
r2—1

1 (1r, ® T ® Ady+ (X12)) }W ® Xog3.

r2 4+
The computation of p(V, ) is similar. [J
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(5.3) Radial part of the Casimir operators

Let n be an irreducible admissible representation of H and 7 =7y, A €
L} an irreducible finite dimensional representation of K. The A-radial part
p(£2, ) is given by the next proposition.

PROPOSITION 5.3.1.  For every p € Cfp (A ; Fy @ W) and r >0, r #
1, we have

2p(Q0)p(ar)
9 2
a2 T — 1 re 4+ 1
= 0%p(a,) + (3r2 T + o 1)8(,0((1,,)
22 2r o, 1 1

+ —(—r4 — 1) n(Hiz)? + (7,2—_1) {—§T(H13)U(H{3) - ZT(H13)2)}
(e Y = e (Hign(Hyg) + T (Hi)? — n(Hiy) + 7(H]y)

21 57 (13 13) + 47 (Hig 13 13

+ 41(Xa3)n(X32) — 47(Xo1)7(X12) }
+ 4T(X12)T(X21) + 47'(X21)T(X12) + %T(H{g) — 2H§3)2

8r(r? —1)

- W{n(Xw)T(le) + n(Xa3)7(X12)} | o (ar),

where 019 = Ry, and we simply write n(Y') and 7 ® Ady=(X) instead of
n(Y)® lygps and 17, @ (1 @ Ady=)(X) respectively for every Y € bc and
X € tc.

PrROOF. We can prove this in the same way as Proposition 5.2.1, using
(5.2.1) (i = 4,5,6,7). We omit it. O

§6. Differential equations for the A-radial parts

The computation carried out in this and the next sections is the technical
main body of this paper, which is summarized as follows: since F' € S, 11(7))
has the equivariance property (4.1.1), we may restrict our attention to the
A-radial part F|A. We first show that F'|A is determined by a family of
dy + 1 functions on r > 0, say {c;(r)| 0 < i < d)} (Lemma 6.1.1), and then
rewrite the system of differential equations (D, s) in Proposition 4.3.1 in
terms of {¢;} (Proposition 6.2.2, 6.2.3 and 6.2.4). In §7, we seek solutions
of the system of difference-differential equations among ¢;’s thus obtained.
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(6.1)

Let (n,F,) be an admissible Hilbert representation of H with central
character n € Z that is irreducible or a non-unitary principal series repre-
sentation. Let {v,,| m € L,} be the standard basis of 7.

For an integer n and a dominant weight A = (I1,l2) € L7, set

L+l+n
Hn X = 3 )
(6.1.1) ﬁn)\(i) = =1 —lo + fip 2 (1€7),

mp (1) = =2i+ ppx +dy (i € Z).

It is easily checked that if p,x € Z, then m, (i) = n (mod 2) for every
i€ Z.

LEMMA 6.1.1.
(1) If pnx € Z, then C (A 3 Fy @ W) = {0}.
(2) Assume that pi, € Z. For a given C*®-function ¢ : A — F, @ Wy,
there exists a unique family of C*°-functions cmi(r) (m € Ze, 0 < i < dy)
on r > 0 satisfying cpmi(r) =0 for m & L, and

dx
(6.1.2) olar) =) emi(r)(vm @ w))

1=0 mEZe

for every a, € A. The right hand side converges in the Hilbert space F, &
W. Furthermore ¢ belongs to the space Cyy (A ; Fy @ Wi) if and only if
the following conditions are satisfied:

(6.1.3)  cmi ts identically zero for m & {my A(7)] 0 <@ < dy }.
(6.1.4) cmnﬂx(i)ﬁ(r_l) = (—1)5“7A(i)cmn7A(i)7i(r)f0r every r > 0.
(6.1.5)  Bun(i)em, @a(1) =0 fori=0,...,dy.

PROOF. Let {(w})*} be the dual basis of {w}} and ~; : F,@c Wy — F,
denotes the contraction by (w})*. Then ¢; := ; o ¢ becomes a Fy-valued
C>-map on A and ¢(a) = Zfio pi(a) @ w), a € A. Since {vy,|m € Ly} is
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an orthonormal basis of the Hilbert space F,,, we can expand each ¢;(a) as
follows:

pilar) = D emi(r)om.

me&Ly

Hence ¢(a) can be expanded in F,, ®c W) in the form (6.1.2). Since ¢ :
A — C is obtained as the composite of C*°-map ¢; and a bounded linear
form v +— <v, vm> on Fy, it is a C'°°-function also. Now we shall rewrite the
condition (5.1.1) and (5.1.2) in terms of coefficients ¢,,;. Since M is the one
parameter subgroup with an infinitesimal generator /—1H' = /—1(2H/,—
H{,), and since we have

3m—n
nn,y(H/)'Um = 5 Um (m € Ze)

and
m(HYw} = (3i — 21y + lp)w? (0 <i<dy),

the condition (5.1.1) means

> i{mp((?’m; Dysioon+ lg)\/—_19> - 1}cmi(r)(vm Quwd) =0

meZe i=0
(r>0)

m —n

for all # € R. In other words, ¢,;; = 0 unless +3i—2l1 +15=0.

Noting that sm
that the condition (5.1.1) is equivalent to ¢;,; = 0 for m & {my A(0),...,
mpa(dy)}. Especially if p, x € Z, then my, \(i) & Z for every i =0, ...,dy
hence we have ¢,,; = 0 for all m and 4. This proves (1). Now we prove (2).
It suffices to check that for a given ¢ € Cyp (A ; F, ® Wy), the conditions
(5.1.1), (5.1.2) and (5.1.3) are equivalent to (6.1.3), (6.1.4) and (6.1.5). We
have already seen the equivalence of (5.1.1) and (6.1.3). Now suppose that
¢ satisfies (5.1.1). As for the equivalence of (5.1.2) and (6.1.4), by using
wo = exp(mv/—1(2H]3 — H{,)), we have

3
+3i -2+l = §(m — my (%)), we finally know

n(wo) vy, = exp(\/—_hr(—?’mZ+ n))vm
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and
T,\(wo)wi)‘ = exp(\/—lw(ll + lg))w?.

Hence the condition (5.1.2) can be written as follows:
— 3MAN 41 4o -1
cmi(r) = (—1) 2 cmi(r™")  (r>0).

3mu (1) +n .
L + U+l = 6ua(9)

(mod 2), thus we have done. Finally we show the equivalence of (5.1.3)
and (6.1.5). Since we assume that ¢ satisfies (5.1.1) and the group H N K
is generated by M and exp(y/—1R(H], + H}3)), it suffices to require the
condition (5.1.3)

for I € exp(v/—1R(Hjy + H}3)). By using the relations

After some computations, we can see that

n(Hiy + Hi3)vm = —nvp, (Hiy + Hig)wi)‘ =@Bi—-lL+ 2l2)wi}‘,

we see that (5.1.3) for | = exp((H{y + Hi3)v/—10) (6 € R) can be rewritten
as

dx
> Z{GXP((—” +3i — Iy + 212)V—10) — 1}Cmi(1)vm ®w} =0,

meZe 1=0

or equivalently exp((—n+3i — 11 + 2l2)v/—160)cmi(1) = ¢mi(1) for all m and
i. Noting —308, 1(i) = —n + 3i — l; + 2l we have the conclusion. O

(6.2) Difference-differential equations

In Proposition 4.3.1 we present a system of differential equation (D;, )
with unknown function F' which belongs to the space CpS, (H\G/K). On
the other hand we have seen that any member F' of this last space is com-
pletely determined by its A-radial part ¢ = resa(F) or by the dy + 1
functions ¢;(r) := ¢y, \(i),i(r) on 7 > 0 defined in Lemma 6.1.1. We have
to find C*°-solutions of the A-radial part p(D;,a) of (Dy,a) in terms of ¢;’s.
So our first task to be carried out is to write down the A-radial part of
shift operators p(VfﬁZ) (1 =1,2) in the language of ¢;’s. In the rest of this
subsection, we assume that n = 7, with (n,v) € Z, x C for € € {0,1}.
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PROPOSITION 6.2.1.  Let p € C; (A ;F,; ® W) and let 3 be an arbi-
trary non compact root. In view of Lemma 6.1.1, we can express @ as

dx

(6.2.0) plar) =Y ei(r)om, ) © w)
=0

with dy + 1 C*°-functions ¢;(r) on r > 0. Then p(Vg)\)tp is given in terms
of ¢;’s as follows:

dxys

p(v%)@(ar) = elBli(r) v, a) @ w?
=0

with

c[+b1)i+1

: 2 2 2
_ i J; 1{aci n <Tf%1ﬂn’)\ - :2 “_L 1(12 i) — 2:2 - 1(@ —i))ci}
r(dy —1)
r2+1
c[=pF1li-1

1 —4r? r? 41 . r?—1 )
:5{8@—1—(—#”7)\—1— (la+1i)+2 2+1(d,\—z+1)>ci}

(V + mn,)\(i) - 1)Ci+1 (Z =-1,... ad)\>7

T4_1 7"2—1 r
r . .
+ r2 41 (v =mpr(@) =i (i=1,...,dy),

—1 4r? r’+1 N e
c[+62]i = 7{8@' + <T4—_1ﬂn,)\ T2 1(l2 +1)+ 27“2 n 1(2 + 1)>Cz}

(l/+mn7,\(z')—1)ci+1 (iZO,...,d)\—l),

LT
r24+1
2

dy—i+1 —4r? r? 41 Loari=1
c[—fli = T{aci + (Hﬂn,/\ + NN 1(12 +1) — 27"2 n 4)e

T2+1(V—mn7,\(i)—1)ci_1 (ZZO,,d)\—{—l)
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PROOF. We prove the formulas for p(V, gl)go and p(V;f\Q)go only, be-
cause the other cases can be treated similarly. We write m; instead of
mp (1) for simplicity. By using (5.2.3), we first have

(6.2.1)
p(V, ) ela) = (L@ py ™ )p(V, )¢
1 &
=3 Z{alci (Um, ®p;ﬂi (W ® X31))
=0

22 A
a_ 102‘ (W(Hig)vmi ®PAB’ (w{\ ® X31))
4
r*+1 s
- A1 (”mi ® T/\fﬁi(H{?,)P,\Bl(w{\ ® X31))
2<r2 —1 41

7“2—|—1+T4—1

>ci (vm, ® py 7 (w) @ Xa1)) }

dx
2 _ 3.
+ Z{ - ci(n(X23)vm, ®p>\61(w2\ ® X32))

2
re—1 s
B r2 4 1C¢(Umi ®T>\*ﬂi(X21)p)\Bl(wi>\ ®X32))},

where ¢ = 1,2. We first consider the case i = 2.
Tables (2.1.1) and (3.1.1) give us

Ta g (Hig)w) ™™ = (i + 1 — 2w},

(2

Taepa (Xo1)w] ™ = (i — dy — 2)w}~”

(2

and

m+n v—m-+1
2 Ums n(XZS)Um = Tvmfl

77(H13)Um = -

Substituting these and the Clebsch-Gordan formulae (2.2.5) to (6.2.1), we
see that p(V; §2) equals to the following expression:

dx

1 . _ 272 m+n _
Zg<dx—z+1>{alci(vmi®w? ﬂ2>+r4_16i(— 5 vmi) ® w;
1=0
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4
r*+1 _
g€ (om, ® (i I = 2)w ™)

2
re—1 T +1 pe;
+2<T2+1+T4_1>ci(vmi®wi 2)}
dx 2
2r v—m-+1 . A=
%

r2—1
r2 41

cz-(vmi ® (—(2 +1)(i —dy — 1)w; ’32)}

2

dy
1 .
=3 g (dy—i+ 1){6102' + <_T4T_ 1(m +n)
1=0

4 2
r*+1 . re—1,
+7*4—1(l2+2)_2 z>}

r2 +1
A o, \
X (Um; ® w; 752) - Z 2 1(1/ —m; — 1)ici—1(vm,; @ W] 7[32).
i=0

Next we compute p(V, ﬁl)cp(a).

Tables (2.1.1) and (3.1.1) give us
e (Hlg)w ™ = (4l = D™, gy (Xonu™ = (= dywi ]

and

m+n v—m-+1
n(Hiz)vm = — 5 Um; n(X23)vm, = —

Um—2-

Inserting these and the Clebsch-Gordan formulae (2.2.4) to (6.2.1), we see
that p(V s 1) equals to the following expression:

—_

dy
2r2 m+n _
+ o cz(vm1®(z—1+la—1) AL

re—1 7‘4—1-1 _
(7‘2 +1 1>Ci(vmi ® wz')\fjl)}
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dy, 9

27 v—m+1 A—3
# 3 { e (T e )
1=0

T’2 —1 3 A—01
- r2 4 1ci (Umi ® (Z - dk)wi—l )

rd—1 rd —1

2 2 4
re—1 . re+1 re+1 _
-9 (Z—d)\)—i-QTZ + 2 )}(’Umi@w;‘_@)

dx 2 4
1 r r*4+1 .
=3 E {8101-—1-01-(— (mi +n) + (lo+i—-2)
=0

r2+1 -1 “rt-1 !
dx

r A—
Y g v = mi = Deia (v, © w) ). O
1=1

By using Proposition 6.2.1 we obtain the following.

PROPOSITION 6.2.2. Assume A € Zj, and let A\ = (l1,l3). Then
p(Dy 2 is equivalent to the following system of differential equations of ¢;’s:

(A;/\)z : (d)\ — 1+ 1)(8101‘(7“) + A;Z(T)Cl(T))
= v = i) = e (1)
(i=0,....dy+1),

_ _ —2r )
(B, )i Owei(r) + By(r)ei(r) = m(” —mp (i) = 1)ci1(r)
(i=1,...,dy),
where
_ —4r2 r?4+1 _ r2—1.
A)\i(r) = T4 o 1#71,)\ + 7'2 _ 1(l2 +7’) - 27"2 + 1Z7
_ —4r2 r+ ‘ r2—1 ‘
B,\i(r) = A 1.LLn,)\+ 2 _ 1(l2+’b) +2T2—0—1(d>\ _Z+1)'
PROOF.

Since A € Zy, the system p(D,, o) consists of two differential

equations p(V;gQ)cp =0 and p(V;QI)cp =0.0
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PROPOSITION 6.2.3. Assume A € Zj7, and let X = (l1,l2). Then
p(Dy») is equivalent to the following system of differential equations of ¢;’s

(AF2)is Oiei(r) + Ay (r)ei(r) = er (v +mn (i) — Deipa(r)

re+1
(i=0,...,dy—1),

_ _ —2r )
(B, )i+ Oiei(r) + By (r)eilr) = m(” — My (i) — 1)ci—1(r)
(t=1,...,dy),
where
4r? r? 41 N
Jr _ .
Ayi(r) = A T m(h +1) +2 21 1(Z+ 1),
_ —4r? r? 41 Lor2—1 ,
B)\Z'(r) = 7‘4——1#”’)\ + 7“2——1(l2 + Z) + ZW(CZ)\ — 1 —|— 1)

PROOF. Since A € Zpy, the system p(D;,a) consists of two differential
equations p(V;FﬁQ) =0 and p(V, ﬂl) =0.0

PROPOSITION 6.2.4. Assume A € Zrr1, and let A = (l1,l3). Then
p(Dy2) is equivalent to the following system of differential equations of ¢;’s

2r .
(AIA)%' : O1e(r) + Aj\ri(r)ci(r) = 1 (v + mp(i) — 1)ciga(r)
(i=0,...,dy — 1),
(Bfy)i: (i +1)(diei(r) + By (r)ei(r))
—1)r
- 7(*2A+1 ) (v +mp (i) = Deipa(r)
(i=-1,...,dy),
where
472 r2+1 r2—1
+0 B . )
A (r) = A HnA T 5T 1(l2 +1) + 27’2 n 1(2 +1),
4r? r2+1 , r2—1 ,
B;(T) = 4—1#71,)\ - 2 _ 1(l2 + Z) - 2m(d)\ — Z).

PRrROOF. Since A € Zyyy, the system p(D,, a) consists of two differential
equations p(VZfQ)cp =0 and p(V;Lgl)cp =0.0
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87. An explicit formula of ¢;

For given n € Z, A = (I1,l2) € Z%2 and v € C such that I; > I and
Hp ) = 371(Iy + I3 + n) € Z, we have obtained the following three systems

of differential equations with dy + 1 unknown functions ¢;(r) (i = 0,...,d))
onr > 0.
(D)[ : (A;A)Z, (By_,)\)l fOI‘ 7 = 1, I ,d)\ and (A;)\)o, (A;,)\)dxi'l’
(D)[[ : (A:A)Z, (Brj_,)\)l fOI‘ 7 = 0, e ,d)\ -1 and (A:A)O, (B,;)\)d)\a
(D)[}[ : (A:A)Z, (B;':)\)z fOI‘ 7 = 0, . ,d)\ -1 and (B:A),l, (B:)\)dk-

Now we shall examine these systems of differential equations and find C°°-
solutions of them.

(7.1) Solution of (D); or (D)1

We consider the systems (D); and (D) first. Note that these were
obtained from (D, ) in Proposition 4.3.1 with II being holomorphic or
antiholomorphic discrete series representations of G respectively.

PROPOSITION 7.1.1. The system of differential equations (D); has a
non trivial C*°-solution if and only if the following conditions on A\, n and
v are satisfied:

(1) There exists an integer q (1 < g < dy + 1) such that v = my \(q) + 1.
(2) par =l +q—1.

Under the above conditions, the system of differential equations (D) has,
up to a constant, a unique C*-solution c¢;(r) (i =0,...,dy) given by

a1 ﬁn,)\(z) —1\ —Hn,\
ci(r) = Li<r ; ) <T +2T ) (r >0),

where
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PRrROOF. First assume that v # my \(q) + 1 for all ¢ (1 < g < dy+1).
From (A, )a,+1, we have

2r

2 +1 (d)\ + 1)( mn,)\(d)\ + 1) — l)Cd)\ (’I")

Since v # mpa(dy + 1) + 1, this implies that ¢4, (r) = 0. Now using
(B, )i successively and noting that v # my, \(i) + 1, we obtain ¢;(r) = 0
for i = 0,...,dy. Next we consider the case of v = my, x(q) + 1 with some

q(¢g=1,...,dy+1). By adding (A, ,); and i-times (B, ,);, we obtain

(dy + 1)drci(r) + {(dy — i + 1) A, (r) + iB(r)}ei(r) =0 (i=1,...,dy),

hence

d —472 r?+1 . .
(7.1.1) T%Ci(’l")—f— <T4 — 1,un7>\—|— O 1(l2—|—z)> Ci(T) =0 (Z = 1, .. ,d)\).

On the half interval » > 1, this has a unique C*-solution C;(r) up to a
multiplicative constant given by

r— ,r—l ﬂn,)x(i) r 4+ ,,,.—1 —Hn, X
Ci(r) = < 5 > ( 5 ) (r>1).

If we define Cp(r) by the right hand side of the above formula with
i = 0, then we can check by a direct computation that C;(r) (i = 0,...,d))
satisfies

- —4r .
(7.1.2) 01C;(r) + Ay, (r)Ci(r) = mz@-_l(r),
4r .
01C;(r) + By,(r)Ci(r) = T (dy—14+1)Ci—1(r).
Since ¢;(r) (i =0,...,dy) is a C*-solution of (7.1.1), ¢;(r) = K;C;(r) (r >
1) with a constant K;. Inserting this to (A4, )i, (B, )i and usmg (7.1.2),

we obtain the following recurrence relation:

—Q(d)\ -1+ 1)Ki = (mn)\(q) — mn,)\(i»Ki—l (7, =1,...,dy+ 1).
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Using this, we can easily see that K; (i =0,...,d)) is determined by K,_;
and K; = K,_1L; for i =0,...,dy. Especially K; = 0 if i > ¢q. Noting this
fact, K;C;i(r) can be extended to r > 0 smoothly if and only if 8, x(7) = 0
fori=0,...,q — 1, or equivalently p, » > lo +¢—1. 0

PROPOSITION 7.1.2.  The system of differential equations (D)rrr has a
nontrivial C*-solution if and only if the following conditions on A, n and
v are satisfied:

(1) There exists an integer q (—1 < q¢ < dy—1) such that v = —my, x(q)+1.
(2) oy <la+q+1.

When the above conditions are satisfied, the system of differential equations
(D) 111 has a unique C*-solution c¢;(r) (i =0,...,dy) up to a multiplicative
constant given by

_ -1 7/8n.,)\(i) —1\ Hn,x
CZ'(T) = LZ‘<T 2’!“ > (T —|—27” ) (7“ > 0),

where

L’LZO (qu)u Lq+1:17

i—1
k+1
Li= ] — G 1).
q_k(Z>Q+)
k=q+1

Proor. This can be proved similarly as Proposition 7.1.1. O

(7.2) Solutions of (D)
Next we treat the system (D), which corresponds to the case of II being

a large discrete series representation of G in the situation of Proposition
4.3.1.

PROPOSITION 7.2.1. If a family of C*®-functions {c;| i = 0,...,dx}
is a solution of the system of differential equations (D)ry, then each ¢;(r)
satisfies the following differential equation:

d .2 r24+1 r2—1 d
Tyn)i: (r— 2 o S w Fi(r)w =
(Tyur)i (Tdr) w+ (r2 7 +( dA+3)T2+1 Tdrw+ i(r)w =0,



Real Shintani Functions 697

472
Fi(r) = _(7'4 -1

+{1? — (ma(@) — 1)* = 4(>i +1)(dy — 1)

. 2r |2
+ 2pp 2 (dy — 20 — 1)}(T2 n 1)

+ {20 (l2 +4) — (I2 + i)Q}(ﬂQi 1

,un,)\) 2

)} = (i — 1y — 2dy — 2)(i — lo + 2).

PrOOF. For an integer ¢ with 0 < 7 < dy, we have two differential
equations (A:/\)i and (B, ,)i+1 with unknown functions ¢; and c;11. We
can obviously eliminate ¢;y1 from these to get a second order differential
equation with only one unknown function ¢;. After elementary computation
we have (T',,,);. We can also start with (A¥,);_1 and (B, ,); (0 <i < dy),
eliminate ¢;_1 and get the same differential 7equation (T, ,\’)i of ¢;. O

Let F(a,b ;c;z) be the Gauss’s hypergeometric function, which is given
by the following power series expansion on the unit disc |z| < 1:

I'(c) i T(a+n)T(b+n)z"

Flabie;z) = I'(c+n) n!’

n=0
Especially it is C*° on 0 < z < 1 and F(a,b ;¢ ;0) = 1.

PROPOSITION 7.2.2. (1) Ifi is an integer such that (3, \(i) > 0, then
(Ty2)i has the unique C™®-solution C;" (v : r) up to a constant multiple on
the closed half interval r > 1 given by

Crw i) =("F T_l)—mn,x(i)—d/\—Q(r —r ! ) onald)

7

2 2
« F mn)\(i)—f—l—i—y,mm,\(i)—i—l—l/ ;
2 2
N =TT
1+/6n,)\(l) ’(T-}-T‘_l)
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(2) If i is an integer such that B, (1) < 0, then (I'y\); has the unique
C*>-solution C; (v : r) up to a constant multiple on the closed half interval
r =1 given by

- r AT @) —da—2 T — T B G
C (V:T'):( 5 ) () —dx ( 5 )B,A()
" F(—mm)\(i;—l—l—i—y —mp (1) +1—-v

b 2 b)
NG wl)?).

r4+rl

PRrROOF. Let w(r) be a C*-solution of (I',z); on » > 1. We make
r—r-1 )2

r4r1

We simply write 3; instead of 3, z(i). When §; > 0 (resp. 3; < 0), set

change of variables from r to z by z = (

r4 1 1

u(z) = ()" () wir),

here (a, ﬂ) = (mn)\(i) +dy+2, —ﬂn)\(i)) (resp. (—mn7,\(i)+d>\+2, ﬂn)\(i)))-
Then u(z) is a C*° function on 0 < z < 1 that satisfies the hypergeometric
differential equation:

- d? d
(Ton)i: 2(1— z)—u +{(1+|6il) — (a; + b; + 1)}d—z — a;bju =0,

dz?
with
v — mp (i) +14+v b — mp (i) +1—v
T T 2 ) (2 2 .
(i) +1 — (i) + 1
(resp. a; = mn,A(@;Jr Voo mn,A(Z;Jr tvy

By taking into account the condition that w(r) is smooth at r = 1, we can
conclude that u(z) must be of the form

u(z) = Fl(ai, bi ;14 (6] 5 2), 0<z<l1.
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Thus we have done. [J

REMARK. Let iy be the integer such that 3, x(ip) = 0. Then we obtain

C;g (v:r)= C’i; (v : r) by the following wellknown formula of Kummer:

Fla,bic;2)=(1—2) % Flc—a,c—b;c;2).
LEMMA 7.2.3. We have

b
{(1—a—b)z+c—1}F(a,b;c;z)+z(1—z)a—F(a—|—1 b+ 15¢+41;2)

c
=(c—1)F(a—1,b—1;c—1;2).

ProoOF. This can be checked by comparing the Taylor series expansions
at z = 0 of both sides.

PROPOSITION 7.2.4. Let C(r) = CF(v = r) (i = 0,...,dy) be the
functions defined in Proposition 7.2.2.
If ﬁn)\(i) = 0, then

(7.2.1)  9C] (r) + AL, (r)CH (r

)

(7.2.2)  8CH(r) + By, (r)CF (r)

. (mn,)\(z) +1- V)
G

If Bu(i) <0, then

(7.2.3)  OC; (r)+ AL (r)C; (r)
(maa(i) =1 =v)(man(i) —14+v) 2r
B —2Bn A (i + 1) 2 1Cm):

(7.2.4)  9C; (r) + By,(r)C; (r) = 26n,A(z‘)%C;_1(r)-
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r—r1

r—+rt
can eagsily deduce these identities from the previous lemma. [J

Proor. By making change of variables from r to z = ( )2, we

We finally get the following, which gives all C'°*°-solutions of the system
(D)11-

PROPOSITION 7.2.5. Put g, := min(dy, maz(0,1i)), where ig is the
integer such that (3, x(ip) = 0, or explicitly ig = pin\ — lo.
Forv=0,...,dy, set

Gn,a—1
(v:r)=L,w)C(v:r (V) = | V+mn’)‘(k)_1 )
Yi(v i) = Li( )Cz (vir), Li(v) g 25“)\(]{:) ( <qﬂ,>\)7
(v:r)=L,(v)C: (v:r (V) = : y—mm)\(k:)—l 7
72( . ) Ll( )Cz ( . )7 Ll( ) k_(g\+1 26n,)\(k) ( >QTL,)\)

and g, (v 1) = Cf (v :7) unless gux = 0 in which case v, (v : 1) =
Cq—n,A(V :1). Then {~i(v :r)] i =0,...,dx\} is,up to a constant, a unique
C>®-solution of the system of differential equations (D);.

PROOF. Given a C*-solution ¢;(r) (i = 0,...,dy) of (AF,):, (B, )i,
then each ¢;(r) is a C*-solution of (I, y);. Hence, from Prop(;sition 7.’2.2,
there exists a constant K; satisfying ¢;(r) = K;C;"(r) or ¢;(r) = K;C; (r)
according as (3, (1) > 0 or B,(i) < 0. If 0 < i < g, then (B, (i) >
Bua(i+1) = 0. Inserting c;(r) = K;C;"(r) and ¢i1(r) = Kiy1C;1 4 (r) to
(A;L’A)Z- and (B, )i+1 and using Proposition 7.2.4, we obtain

28, 21K = (v +mp (i) — 1) Kiq1.
In the same manner, we have
28u (i + D) Kiy1 = (v —mup(i+1) - 1)K;

if g, » <@ < dy. Using these we can see that K; (i = 0,...,dy) is determined

uniquely by K, , and expressed as K; = K, , Li(v) (i =0,...,dy). O

n,A
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§8. Main results

(8.1) Summing up the computations in the previous two sections, we can
now tell our main results. Let II be a discrete series representation of G with
Harish-Chandra parameter A € = and far from the wall Blattner parameter
A = (I1,12) € Lj. Recall the definitions of p, x, B,x(i) and my, \(i). (See
(6.1.1).)

THEOREM 8.1.1.  Assume that A € Ey, i.e. Il is a holomorphic discrete
series representation of G. Then the intertwiner space I, for n € H is

li +1
non zero if and only if % €7Z and n° = 6;’2 with n, k satisfying
3(k+1
(8.1.1) k>0, w >0+ o,
k+1)—
2y — 11 < M <20 — Is.

Under this condition, the space Sy1(Ty) is one dimensional and has the
base F' given by

dx —1\ Bn )\(7’) —1\ —Hn,x

r—r ' T+ ’

F(ar) = ZLZ< 9 > ( 9 > (Umn,A(i) & U)Z)\) (T’ > 0),
=0

where p is the integer determined by k — 1 = my, x(p) and

PrOOF. Let (n,F,) be an irreducible admissible representation of H
with central character n € Z.. Let {¢,€'} = {0,1}. We have already seen in
Lemma 6.1.1 that p, \ € Z is a necessary condition for S, (7)) # {0}. By
Proposition 3.2.1, there exists an (hc, K N H)-module embedding 7 — 79,
to some non unitary principal series representation 7, , with v € C. Hence

we have a natural injective linear map Sy (7\) — Sy, , . m(72) where (7, 7))
means the closure of .7-",? in the Hilbert space V), ..
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One should note that the definition of two C-vector spaces S, 11(7)) and

Sy (7y) depends on topologies of F,, and ?'rz respectively which may not be
isomorphic. But as a result of Proposition 4.3.1, Lemma 5.1.2, Lemma 6.1.1
and Proposition 6.2.1, the C-vector spaces S, 1(7x) and Sy (7)) are both
isomorphic to the C*°-solution space of the system of differential equations
(D) with unknown functions ¢;(r), i = 0,...,dy, whose definition imvolves
only numerical data determined by A and the structure of n° = (7)". Thus
Sy (7y) is isomorphic to Sy (7)) as a C-vector space. By this reason we
may replace 7 by 77 and assume F, is a closed sub H-module of V,, ,, in what
follows. We see that S, (7)) # {0} implies that v = m,, x(q) + 1 with ¢
satisfying 1 < g <dy+1and pp\ =g+l —1 by using Proposition 7.1.1.
Since k :=mp »(q) +1 € Z¢, the possibility of 0 is 6ik or 0 _j, according
to k > 0 or k < 0. We consider these cases separately. Let ¢’ be the integer
determined by m,, ,\(q ) = —my, A (q).
(1) Assume that n° = o) ;. Let ¢ € Cf (A ;F, ® W) be a non zero
function satisfying the differential equation p(Dy,») and express it as (6.2.0)
by means of the standard basis of a?kk and Wy. Then ¢; = 0 for i =
0,...,dy such that mp (i) < k —1 or my (i) > —k + 1, or equivalently
i>qori<q. Since {¢;} is a C*-solution of (D), there exists a non zero
constant K satisfying

a1 ﬁ'n,)\(i) —1\ Hn,A
ci(r):KLz(r z ) <”27" ) (r>0)

where L; (i =0,...,dy) are the constants given in Proposition 7.1.1. From
the definition, L; = 0 for 7 > ¢q. Since L; # 0 for i = 0,...,q — 1, ¢
must be negative in order that ¢; = 0 for ¢ < ¢’. On the other hand, since
q+q’:d)\+un,>\ and iy \ = q +l2 — 1, we have qd>dy+1lh—1=1; —1.
Furthermore noting that A € Z;, we have I; — 1 > 0 and consequently
q > 0. But this contradicts the negativity of ¢. Thus the possibility of
n® = g n.k 18 excluded.

(2) Next we consider the case n" = 6:;% (k > 0). Let v and {¢;} be as in
(1). Then ¢; =0 for i = 0,...,dy such that m,, (i) < k — 1 or equivalently
i > q. By the same argument as in the case (1), we have

r— ,,,,—1 Bn,)\(i) r + 7,.—1 Hn X
ci(r):KLz( 5 > < 5 ) (r>0)
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with a non zero constant K. Noting that L; = 0 for ¢ > ¢, this proves
that the space S, (7)) is one dimensional. It is easily checked that the
condition 1 < ¢ < dy+ 1 and py, \ > g+l — 1 is equivalent to (8.1.1).

(3) Finally we treat the case n° 2 6,9 (k > 0). Let ¢ and {c;} be as above.
Then ¢; =0 for ¢ = 0,...,dy such that mp (1) = —k + 1, or equivalently
i < ¢'. By using the same argument as (1), we again have a contradiction. (J

THEOREM 8.1.2. Assume that A € Zyyy, i.e. II is an antiholomorphic
discrete series representation of G. Then the intertwiner space I, 11 for

- li +1
n € H is non zero if and only if hthtn € Z and n° = 5;(,1 with n, k
satisfying
3(—k—1
(8.1.2) k>0, (fw <l + 1o,
—k—1)—
—lt 2 > 3(% > —ly + 2.

Under this condition, the space S,1i(7y) is one dimensional and has the
base F' given by

dx —1\ —Bn A(Z) —1\ Hn,
r—r ' r+r ’
F(a,,) = ZLZ< 9 ) ( 9 ) (Umn,/\(i) & wz)‘) (T’ > 0),
=0

where p is the integer determined by k +1 = my x(p) and

THEOREM 8.1.3. Assume A € Zp, i.e. Il is a large discrete series
representation of G. If pn x & Z, then I, 1 = 0 for every n € H. Assume
that pin, x € Z and set gnx = min (dx, maz(0, pp x — l2)). Then the space
Syn(my) forn e H is described as follows:
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(1) When n is the class of an irreducible unitary principal series represen-
tation 1y, then the space S, m(7y) is one dimensional and has the base
F(v) whose A-radial part is given by

dx

F(v:a;)= Z%’(V 1) (U a (5) @uw}) (r>0),
=0

-1 ) | )
vilv:ir) = Li(v)(r tr )_gim"’*(”_d*_Q(r r )|/6n,>\(7’)‘

2 2
< F emp (i) + 1+ 1/, emp(i) +1—v ;
2 2
=1
L+ )]+ (=)’
with
DT | At R
i\V) = !X qn) — 1),
i 2ﬁn,>\(k)
L v—m, A(k)—1
Lz(V) - H : (Z Z Q4n,\ + ]-)7
k=g +1 26,7 (k)
L(In,)\(y) = ]"

where €; expresses +1 or —1 according as B, \(1) = 0 or B, A(i) < 0 respec-
tively.

(2) When n is the class of a (limit of ) discrete series representation 6372
with (n, k) satisfyingn =k +1 (mod 2) and k > 0. Then the space I, 11 is
non zero if and only if

(8.1.3) n¥ = 6:% with k satisfying 0 < k < =2qp x + pip ) +dy +1
or

(8.1.4) 7= 6;% with k satisfying — 2gn » + pnx +dy — 1 < —k < 0.
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Under this condition, the space S,1i(7y) is one dimensional and has the
base given by F(k), where F(k) is given by the same formula in the case
(1).

(8) When n is the class of one dimensional representation o, 1 (n € Zyg).
Then the space L, 11 is non zero if and only if

(8.1.5) —2qn) + finx +dy = 0.

Under this condition, the space S,1i(7y) is one dimensional and has the
base given by F(—1),where F(—1) is given by the same formula in the case

(1).

PRrROOF. Let(n,F,) be an irreducible admissible representation with
central character n € Z. It is already proved in Lemma 6.1.1 that pu, \ € Z
is a necessary condition for S, ri(7\) # 0. So we assume that pu, ) € Z. We
may also assume that 7 is a subrepresentation of 7, ,. Let ¢ € Cyj (A F®
W) be a non zero function satisfying the differential equation p(D, ) and
express it as (6.2.0) by means of the standard basis of n and 7). Since {c¢;}
is a C*°-solution of (D), there exists a constant K satisfying

ci(r)=Ky(v:r) (i=0,...,d))

in view of Proposition 7.2.5. The assertions of the case (1) are already
proved in Proposition 7.2.6. We consider the case (2) for §19(c 7727k).
Let p be the integer such that k — 1 = my,\(p). We have cZ = 0 for
i =0,...,dy such that m, (i) < k — 1, or equivalently ¢ > p. If ¢, » > p,
then ¢, , (r) = KC(;:M(IC : r) must be identically zero. Hence K = 0, and
¢; = 0 for all 4. If g, \ < p, then we have

¢ mm)\(p)_mn,)\(j) - _
=K 1l =555 Gin=o

J=an+1
for all @ > p. It is easy to see that the condition g, < p is equivalent
to (8.1.3). This proves the assertions for 7" = 6;2. The case n° = (5;’ ?C is
treated similarly.

Next we consider the case n = 0, 5(C 7y,—). Let p and p’ be integers
satisfying —k — 1 = my\(p) and k + 1 = my \(p’). We have ¢; = 0 for
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mp (1) < —k —1 or my (i) = k + 1, or equivalently ¢ > p or ¢ < p/. If
G\ = P OT @\ < P/, then we must have ¢, (r) = Kv,, ,(—k:7) =0, and
hence K = 0. Thus in order that Z, 11 # 0, it is necessary that p’ < g, \ < p,
or equivalently —k — 1 < my, x(¢) < k+ 1 holds. On the other hand, we
have mp x(¢) =k +1 (mod 2). Hence, k = 1 means that m,, y(¢) = 0. O

89. The case of principal series representations

In this section, we shall investigate the spaces of Shintani functions
Syn(my) when II is a principal series representation of G.

(9.1) Principal series representations of G

We first parametrize the principal series representations of G as follows.
Let P = M AN be the minimal parabolic subgroup of G with the unipotent
radical N = exp(n) and the Levi part M A ((1.2)). For given n € Z and
s€C,let &, s: P — C* denote a quasi character of P defined by

&n,s(mayn) =r°xp(m), ar € A, me M, ne N,

where x, : M — CW stands for the unitary character of M defined by
Xn(m) = u™, m = diag(u,u=2,u) € M. Then the non-unitary principal
series representation of G with parameter (n,s) € Z x C in C*° context is
defined by the C°°-induced module II7°; = C>®Ind$% (&, 512). Recall that
the representation space of II7° is the Frechet space 7.

“s+2 consisting of all
C*°-functions f : G — C with the equivariant property

f(pg) = &ns+2(0)f(9), PEP g
and the action Hg?s(g), g € G on FX ., is the right translation:
(I5(9)f) (z) = f(zg), f€Fpa
We remark that in the definition of II7°; the parameter s is shifted by 2

(‘p-shift’) so that the action I17°,(g), g € G is unitary for a purely imaginary
s with respect to the following Hermitian inner product on F2% o

(f1, f2) = /K hk) fo(k)dk,  fi, fo € Fis
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with dk the normalized Haar measure of K. By passing to the comple-
tion with respect to the Hermitian inner product above, we get a bounded
Hilbert representation II,, s on a Hilbert space F;, 442 which contains ,,‘fs 4o
as a dense subspace. It is known that F.% 5 coincides with the space of
C*>-vectors of 11, 5, [B-W, p.106 Theorm 7.5]. We note that the operators
I, s(k) with k € K are unitary for all n € Z and s € C. Moreover II}, ,
the contragredient Hilbert representation of II,, s, is isomorphic to II_,, _

through the pairing 7, s12 X F_;, —s+2 — C given by

(9.1.0) (o fo) — (1. F2) = /K F1(k) (k) d,

J1 € Fust2, fo € Fon—sto.
The following Lemma is an easy consequence of the formula (2.1.1).

LEMMA 9.1.1. Let A = (I,l2) € L}, a dominant weight, and {wi)‘}?iﬂ
the standard basis of Wx. Then

(9.1.1) (m)w) = xzitt,—21, (M)w?, me M
fori=0,...,dx. In other words the representation Tx|M is a direct sum of
characters x3it+i,—21, of M with 1 =0,...,dy.

Proor. The only point which should be pointed out is that m =
v—1(2H{, — Hi5)R. O

For a given n € Z, put

(9.1.2) L(Tl) = {(—n, —n) + nlﬁl + ng(—,ﬁg)‘ ny, Ng € Z;o},

a subset of LJTr . The proposition below describes how II,, s decomposes to
irreducible representations when restricted to K.

PropoSITION 9.1.2.  Let II,, 5 be the principal series representation of
G with (n,s) € Z x C. Then 11, {|K, a unitary representation of K, is a
multiplicity free orthogonal direct sum of irreducible representations whose
highest weights are in L(n). In other words, dimcHomp (1,11, s/K) is 0
or 1 and it is indeed 1 if and only if X € L(n).
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PROOF. We have a K-isomorphism II,, 5| K = Ind (x,) by restricting
functions in F7%
Frobenius reciprocity applied to representations of a compact group K and
those of its subgroup M, combined with the branching law of 7\|M for

A= (I1,12) € L} given in Lemma 9.1.1. O

49 to K. Then we can prove the proposition by using the

We shall specify a basis of the space }"275”. Take a A = (I1,12) € L(n)
and for every w € W) define a function jj\(w) on K by the equation

(9.1.3) aa(w)(k) = {(w ), a(k)w), ke K,

where {(w})*} is the dual basis of {w}'}, (, ) : W} ®c Wy — C stands
for the canonical pairing and vy = 37'(n + 2I; — l3). We note that the
condition A € L(n) implies that vy € {0,1,...,dy}. Indeed, if we write
A = (—n, —n) + n101 + n2(—F2) with non negative integers ny and no, then
dyx =n1 +n9 and vy = ny.

LEMMA 9.1.3.  The function jx(w) : K — C satisfies
(9.1.4) da(w)(mk) = xn(m)jr(w)(k), me M, ke K,

thus there exists a unique element jx(w) of FpS% o whose restriction to K

is jx(w). The application w — j\(w) gives an injective K -homomorphism
Jx from Wy to ‘7-"37S+2. The family {f} A € L(n), 0 < i < dy} with
fz)‘ = j,\(w;\) provides us with a basis of the C-vector space ]—“2784_2.

Proor. For m € M and k € K, we have

a(w)(mk) = (w3, )*, ma(m)ma(k)w)
= (73 (m™ ) (w},)", a(k)w)
= Xayn =20+ (M) (w2, )*, Ta (k) w)
= Xu(m)jr(w) (k).
This proves (9.1.4). We can easily confirm the equation j(\(k)w) (k') =

Ja(k'k) for ¥, k € K by looking at the definition. Thus we get a K-

homomorphism jy : 7y — C*°Indf(x,). Since ]f;\(wi‘)\)(l) = 1, this map is

not zero. Because 7 is irreducible, injectivity of jy follows. The remaining

assertions are clear in view of Proposition 9.1.2. [J
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(9.2) Differential equations for principal series Shintani
functions

Let II,, s be the non-unitary principal series representation of G' with
(n,s) € ZxC. By Lemma 9.1.1 II,, ; has a unique one dimensional K-type,
namely 7(_, _,), that is explicitly given by

T(—n,—n) (diag(k1, k2)) = det(k1)™", ki € U(2), ko = det(k1)~" € U(1).

By Lemma 9.1.2, the 7(_, _p)-isotypic subspace of F,s is given by
Cf(g_n’_n). We note that the operator II;% (2g) on F2%

1o 18 given by

82 2

n
(5 + F - 2)1‘7:73?5-&-2

as is calculated in [O-K, (7.3)]. The following is the main theorem of this
subsection, which should be considered to be an analogue of Proposition
4.3.1.

THEOREM 9.2.1. Let 11, s be a non-unitary principal series represen-
tation of G and n an irreducible admissible Hilbert representation of H.
We assume that 11V . the underlying (g, K)-module of IL,, 5, is irreducible.

Then the application & — @(fg(_n’_n)) induces a bijective C-linear map
from Homg i (H9L7S,C’,C7’°(H\G)) to the space of ' € Cp°(H\G) satisfying
the following equations:

52 n?
(9.2.1) Ro,F(g9) = (5 + - 2)F(g), ge€GaG,
(9.2.2) F(gk) = T(—n,—n)(k)F(g), k€K, geG.

PROOF. Given a function F' € Cp°(H\G) of the form @(fé_n’_n)) with
some ® € Homq ) (TI), 5, Co°(H\G)). Since féfn’fn) is an eigen vector of

IT9 . (Q¢) with eigenvalue % + %2 — 2 and belongs to the one dimensional
K-type 7(_p, _n), we get the equations (9.2.1) and (9.2.2) for F noting that

f(—n,—n)

® is a (g, K)-homomorphism. The injectivity of & — ®(f; ) is a

consequence of the irreducibility of II9, .. Indeed the equation ®( fofn’*")) =
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0 and a fact that fo(_n’_n) is a cyclic vector of .7-"2’%2 imply @(.7-"075%) =

U(gc)fy ") = Rugo@(fs ") = {0},

Thus we only have to prove the surjectivity of the map ® — &(
Take an arbitrary non zero function F' € Cp°(H\G) which satisfies (9.2.1)
and (9.2.2). Then it suffices to show that the (g, K)-submodule of
Cf;O(H \G) generated by F, say Vp, is irreducible and isomorphic to H%S.
Let W be a maximal proper (g, K)-submodule of V¢ and Vg = Vg/W the
quotient (g, K)-module, that is irreducible. Since Vr is a cyclic U(gc)-
module generated by F and W is a proper U(gc)-submodule, F' ¢ W,
or equivalently the image of F in Vg, say ﬁ’, is non zero. Thus Vg con-
tains a one dimensional K-type CF = T(—n,—n)- By Casselman’s subrep-

5.

resentation theorem we can find a (g, K)-inclusion Vp — Hg,’ o with some
(n/,s') € Z x C, hence a K-inclusion 7(_,, _,,y — Vp — H%,S/IK- Since the
only one dimensional K-type of Hg,7 & 1S T(Cpr _pr) (see Proposition 9.1.1),
we conclude n = n’. Comparing the eigenvalues of the Casimir operators
on Vr and H?L,7 &> We have

2 2 8/2 n/2

S n
Sy —2=_4 2
> "% SR

Using this and the equation n = n/, we get s = +s’. Since H%s is assumed to

be irreducible and Vp is also irreducible by definition, we get Vp = H%s =
II) .. Now we use Theorem 9.2.2 below taking (—n, —n) for Ao there. It
claims that the K-spectrum of Vg is multiplicity free and contained in that
of II)) ,. Noting Vr = H%S, we conclude that the K-spectrum of Vr and
that of V are same. Thus the natural surjection Vr — Vg turns out to be

bijective and we finally get an isomorphism Vp = 119 . O

THEOREM 9.2.2. Let Ay € LJTF. Given a non zero function F €
Cre.. (H\G/K) that satisfies the following equations with a constant cp €

TXo

(9.2.3) V, 8 F(g) =0,
(9.2.4) V2 F(g) =0,

(9'2'5) Qn,)\oF(g) = CFF(g)'
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By means of the standard basis {w°} of Wy, write F(g) = Zfﬁ% Fi(g) ®
wi)‘o, g € Guwith F; € C)°(H\G), i =0,...,dy,. Let Vp denote the smallest
(g, K)-submodule of C3°(H\G) which contains Fy, ..., Fa, . Then the K-
spectrum of Vr is multiplicity free and the highest weight of its arbitrary
irreducible K -submodule is of the form \o+mni51+na(—02) with non negative
integers n1 and no.

The rest of this subsection is devoted to give a proof of this theorem.
For every A € LJTF, let

evy: Cp%, (H\G/K) @ Wi — C°(H\G)
denote the natural contraction map. We first have the following

LEMMA 9.2.1. Let A € L}, a dominant weight and F € Cro, (H\G/K)
be an arbitrary function. Take w* € W and X € p and let wj, [ € Xy, be
the vectors in W:\k+5 determined from w* and X by the equations

<p’f(w ® Y),w2> = <w*,w><X,Y>p, we Wy, Y ep.

Then

Rx (enn(F @ w*))(g) = Z eons5(V5F(9) © wp).
BELR

PROOF. We can prove this by chasing definitions of various maps with-
out any difficulty. U

For every non negative integer m, let P(m) denote the set of all sequence
of non compact roots of length m, i.e.

'P(m) = {I = (0(1,. .. ,Oém)’ o; € En}v

and set P = UpenP(m). For a given dominant weight A\ € LI and a
sequence I € P(m), define a sequence AO XM of elements in Ly
by setting A(O = X, X0+ = X0 4 o, for 4 = 0,...,m — 1. Adapting
a convention that the symbol 7y/ represent the zero K-module for a non
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dominant \' € Ly and Vf, represent a zero map if either X’ or A’ 4 3 is non
dominant, we define a linear operator

vi.c® (H\G/K) — C=. (H\G/K)

T {1}

as a composite V;‘K(mq) 0---0 Vg}/\(o), where M{I} = (™),
If a given I = (a,..., ) € P(m) is of the form a1 = -+ = ay, = 3,
then we write V™ instead of V7.
LEMMA 9.2.2. Let A€ LT and F € Cro (H\G/K). Then we have
(9.2.6) Ve C Y ey (VAF @ Wiy
IeP

PROOF. Set F; = evy(F®@(w})*), i =0,...,dy. Let V}(;m) denote the C-
span of functions of the form Ry, ..x, F; withi =0,...,dy and Xj,..., X, €
pc, ¢ < m. Since the C-span of elements F;, i = 0,...,d) is invariant under
the action of £c, and U(gc) is a sum of subspaces of the form X; - - - XU (¢c)
with X; € p, Vg coincides with the sum of VI(;m), m € N. Using Lemma

9.2.1, we can show by an induction on m that V}(,m) is contained in the right
hand side of (9.2.6). O

LEMMA 9.2.3. Let Q(m) denote the subset of P(m) consisting of all
J = (i)i<icm with a; = +01 or —fa. Take a J = (ai1,...,am) € Q(m)
and let ny (resp. na) be the number of i such that o; = +1 (resp. a; = —[32).
Let F € Cr%, (H\G/K) be an eigen function of Q, x with eigen value cp.

RPN

(1) We have
V‘]F _ vmﬁl o vnz(—ﬁ2)F — vn2(—ﬂ2) o anﬁlF

and V'F € Cf;yoTA{J} (H\G/K) is an eigen function of Q, y;n with the eigen

value cp.
(2) There exist constants ¢ and . such that

VA oVIF -V oV F = ,vm=h) o ym-Dip,
Vo o V/F v/ oVt p = c/}/?vnlﬁl o V(m2—1)(=52) g
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ProoF. This can be easily proved using Theorem 4.5.1 by an induction
on the length of J. [J

LEMMA 9.2.4. Let F be as in Theorem 9.2.2. Take an arbitrary I =
(1,...,0m) € P(m). Then VIF can be expressed as a constant multiple
of a function of the form V™2(=82) o "B E with non negative integers ny
and ns.

Proor. If m <1, then the statement is true because of the differential
equation (9.2.3) and (9.2.4) for F'. Assume that m > 1 and the statement is
true for any sequence I with length smaller than m. Let I = (aq,..., ) €
P(m) and i denotes the smallest integer i such that a; = —f; or +fs
when such 7 exists and ¢ = +oo otherwise. If i = +o0, i.e. there appears
neither —f; nor +fs in I, then I € Q(m) and by the Lemma 9.2.3 (1) the
statement is true. Now suppose i < m. We can write I = (J,3,I") with
J=(a1,...,q;—1), B=a; and I' = (@j41 . .., ) and correspondingly

VIF=v!'oVPoV/F

By the definition of i, we see that J € Q(i — 1). Let n; (resp. n2) denote
the number of appearances of +3; (resp. —(32) in J. Now applying Lemma
9.2.3 (2), there exists a constant ¢ such that

V8 o V/F =V o VAF 4 ¢V o yra(=P2) p

with (nf,n}) = (n1 — 1,n2) or (n1,n2 — 1) depending on 3 = —f; or [s.
Hence we get

VIF — v[’ o VJ ° V,BF+ CVI’ o vnll[)’l o vné(fﬂz)F

As a result of (9.2.3) and (9.2.4), the first term in the right hand side
of the above identity is zero because § = —(; or +02. Thus we have
VIF = evUIIFE for J = (=B2y...,—P2,+P1,...,+01) with 1 appear-
ing n} times and —f, appearing n), times. Since the length of (I, J') is
smaller than that of I, the statement is now established for I because of
the induction assumption. [J



714 Masao T'SUZUKI

By Lemma 9.2.3 and Lemma 9.2.4 we have

Vr C Z ev>\o+n1ﬂ1+n2(*52)(vmﬁl o VR g W;\k0+n151+n2(*ﬁ2))'

n1,nN2€ZL4

This completes the proof of Theorem 9.2.2.

(9.3) Radial part of principal series Shintani functions

Let II,, s be the principal series representation of G with (n,s) € Z x C
and (n,F,) an irreducible admissible representation of H. Now we state
the main result of this section.

THEOREM 9.3.1. Let n be an irreducible admissible representation of
H realized as a submodule of 0, (v € Z, v € C) and let {vy,| m € Ly}
be its standard basis. Let (Il 5, Fp s12) be a non unitary principal series
representation of G with (n,s) € Z x C. We identify the contragredient
of Uy, s with TI_,, s through the pairing (9.1.0). Let {f*"| A € L(n), 0 <
i < dy} be the basis of .7:0“7_8” constructed in Lemma 9.1.2. Here we set

A = (=ly, —1y) for a given A = (I1,12) € L.

(1) Then 7_3 " e Ly, is a necessary and sufficient condition for T, 1, , #

0}. Under this condition, there exists a unique ®g € Z, 11, . such that
M1ln s

(9.3.1) o(f3"") (ar)
:(_T — 7"_l)lﬂml (7" +r! )5_2_|ﬁn,'y|
2 2
y F(—s —v +2|6m| + 1’ —s+v +2mn,7 +1 ;

-1

1 + ’/877/7'7‘7 (i)2> U/Bn,w*n

r+r-1
with By =37 n+ 7).

PROOF. Since 37!(y —2n) € L, is a necessary and sufficient condition
for O (A5 Fy @ Wy, _ny) # {0} (Lemma 6.1.1), we assume this in what
follows and show that dimcZ,n = 1. Every F' € S, ,(T(—n,—n)) satisfies

1 1
(9.3.2) Q) () F(9) = (532 + 6n2 —2)F(g).
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From this we get a differential equation of A-radial part F|A by using
Proposition 5.3.1. The function given by (9.3.1) is a C'*°-solution of this
equation that is unique up to a constant multiple. By Theorem 9.2.1,
the space Z, 11, , is isomorphic to the C*°-solution space of the differential
equation (9.3.2) with unknown function F € Corrcnem (H\G/K). Thus
dimcZ,n = 1.0

REMARK. Theorem 9.3.1 gives an explicit formula of principal series
Shintani function with one dimensional K-type. As for Shintani functions
with more general K-type, we can get their explicit form by applying the
formulas (9.3.4) and (9.3.5) below sucsessively. For every A € L(n), set

dx

(9.3.3) FNg) = Z(—l)ii!(d;i;i)!%( )9 ew), ged.
i=0 )

Then F* : G — F,, ® W), gives a basis of S, 1(\) and the family {F*| X €
L(n)} satisfies

(9.3.4) af (N FMPi(g) = VI FA(g),

(9.3.5) a; (N Pi(g) =V, R FX(g)

for every A € L(n) and i = 1,2. Here a; ()\),a; ()\), i = 1,2 are given by

et}

s+n+2s+2 + (’y,\—dA)(s+n+2l1+4)

af (V) = sty 0 W= 2(dy + 1) ’
_ (s —n—2ls+4) N s—mn—2l; +2
ap (A) = 2 2(d)\+1§ , Qg (A):T—i-ll)

Appendix 1

In this appendix, we shall give an explicit formula of matrix coeffi-
cients of discrete series representations of G. Let (II, H) be a discrete
series representation of G with Harish-Chandra parameter A € =. Let
(7a, W) (A = (l1,l2) € L) be the minimal K-type of II. Then the K-
module IT|K contains 7, exactly once. We fix a K-embedding 7\ — II|K
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such that the standard basis {w}} becomes an orthonormal system in H.
Set
cij(g9) = (Wi, M(g)wy) (9 € G,0 <4,7 < dy),
and
dy
Oalg) = Y @)} @w} (g€ G),
i,j=0
where {(w})*} is the dual basis of {w}} and ( , ) is the Hermitian inner
product of the Hilbert space H. The functions ¢;; (0 < 7,75 < dy) or @) are
called matrix coefficients of II with minimal K-type. It is easily checked
that
DA(K'gh) = (5 (k) & Ta (k1) @a(9)

for every k', k € K and g € G. Since we have the Cartan decomposition
G = KAK, A-radial part ®)|A completely determines ®.

THEOREM A.1.1. The radial part ®y|A is given as follows:
¢ij|A =0 unless i = j.
If A € =1, then
rr
Cii(aT) = (T) 2 1'

If A € Zpp, then
r4rt

. e |
cii(ar) = ( 5 ) 2F<i+1,—l2+1 “dy + 2 ;(%)2)

If A € Zpy1,then .
Cii(ar) _ (H‘ir)thz‘
2

PROOF. Since the computation can be carried out in exactly the same
manner with the case of Shintani functions, we shall give an outline briefly.
The WY ®Wy-valued function ®) satisfies the equation DT;,U ®, =0, where
Dy; r, is the Schmid operator defined in §5. We first calculate the A-radial
part of Dry . using the Cartan decomposition G = KAK in this case. By
solving the radial part of the differential equations thus obtained, we have
the result. [
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Appendix 2

In this appendix H stands for an arbitrary closed subgroup of G and
(n, Fy) an arbitrary bounded Hilbert representation of H.

The aim of this appendix is to give a proof of Theorem 4.5.1. For
that purpose, we introduce operators 7y, Sy and Ay associated to T?(p) =
p ®r p, Sym?(p) and Alt?(p) respectively, where Sym?(p) denotes the space
of symmetric tensors of degree 2 over p and Alt?(p) the space of alternating
tensors of degree 2 over p. For X, Y € p, the image of X®Y € T?(p) under
the natural surjection T2(p) — Sym?(p) (resp. T%(p) — Alt?(p)) is denoted
by XY (resp. X \Y). Let jp : Sym?(p) — T?(p) and Jp Alt?(p) — T2(p)
stand for the natural maps such that

[y

BXY)=3(XoY+Y®X), Xep Yep,

1
Jp(XAY) = 5(X®Y—Y®X), Xep, Yep.
Obviously j; (resp. ji) provides a section of the natural surjection T2(p) —
Sym?(p) (resp. T?(p) — Alt?(p)); Jp and jy are injective and j, @ j, gives
a K-isomorphism from Sym?(p) & Alt?(p) onto T?(p). Let ( , >T2 ®) denote

the inner product of T?(p) induced by (, ) , i.e.

p?

(XY, X' @Y ), = (X, X) (V,Y),, X, V, X', Y €p.

(p)

If {X;}% is an orthonormal basis of p, then
(A.2.0) X;®X;, (1<i, j<4)

provides an orthonormal basis of T?(p).

By means of the injections j; and jy, we can induce inner products
< , >Sym2(p) of Sym?(p) and < , >A1t2(p) of Alt?(p) from < , >T2(p). It is easy
to see that

(X Y, X"-Y") (X, X’>p<Y, Y’>p + (X, Y’>p<X’, Y>p),

1

Sym2(p) — 5(
1

(XAYX AV o) = 5 (K XDV Y7), = (X V) (X Y),),



718 Masao T'SUZUKI
X, Y, X, Y ep.
Note that if {X;}_, is an orthonormal basis of p, then
(A.2.1) X X (1<i<4), V2X;-X; (1<i<j<4)
provide orthonormal basis of Sym?(p) and
(A.2.2) V22X, A X (1<i<j<4)

provides that of Alt?(p).

Let 1 : T?(p) — U(gc) denote the map which sends each element X ® Y
of T%(p) to a degree 2 element Y X of U(gc). It is easy to see that 1 is a
K-homomorphism, where we consider U(gc) as a K-module by the action
induced from the adjoint action of K on gc. Now we set

(A.2.3) T\ F (g Z Ry F9) @z, FeC (H\G/K)

LXDN

with {z;} an orthonormal basis of T?(p). Then the right hand side of the
above identity does not depend on the choice of {xk} and F,@c Wr@rT?(p)-
valued C*°-function g — 7,F(g) belongs to H\G/K). Thus
we get an operator

7, T>\®T2 PC)(

Ty H\G/K) — C% y(H\G/K).

ﬂTA( n,7A®@T2(pc)

In the same way, by setting

(A.2.4) S)\F(g ZRWP o Fl9) @2z, FeCX (H\G/K),

T

(A.2.5) A\F(g ZRWS(% )@y, FeCX (H\G/K)

LZXDN

with {z;} and {y;} orthonormal basis of Sym?(p) and Alt?(p) respectively,
we get operators

8)‘ 77 X (H\G/K) - 1C7>OT)\®Sym2 (pc) (H\G/K)
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Ay 777')\ (H\G/K) - 177'>\®Alt2 (pc) (H\G/K)
respectively.

LEMMA A.2.1. Let {X;}}_; be an orthonormal basis of p. Then for

every F' € O (H\G/K), we have

(A26) TWF(g ZRX Rx; F(9) ® (X; ® X;),
i,j=1
4

(A27) S\F(g9) =) Rx,Rx,F(9)® (X, X))
=1
+ Z (Rx,Rx,F(9) + Rx,Rx,F(9)) ® (X; - X;),

1<i<i<4

(A28) A\F(9)= > Ry, x,F(9) @ (X; X))
1<i<j<4
and

(A2.9) T\F(g) = (1r,ew, ®Jy)SAF(9) + (1r,ew, ® jy)ArF(g).

PrOOF. The formula (A.2.9) follows from the definitions (A.2.3),
(A.2.4) and(A.2.5), because j; @ jy gives an isometrical isomorphism from
Sym?(p) @ Alt?(p) onto T?(p). We can easily prove the formulas (A.2.6),
(A.2.7) and (A.2.8) by direct computations taking orthonormal basis
(A.2.0), (A.2.1) and (A.2.2) for {x}}, {2} and {y;} respectly. O

For a given A € L;, let

73 : Wx ®r Sym?*(p) — Wy @r T(p),
j; : W,\ KR A1t2(p) — W)\ KR T2(p),
Kyt Wy @g T2(p) — W)

denote the natural maps defined by

(A.2.10) BweX Y)=wa (X Y),
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(A.2.11) JMw@ X AY)=w®j (X NY),

1
(A.2.12) FA(w@XQY)= §<X, Y)w

for w € Wy, X, Y € p. These are obviously K-homomorphisms.

For a given pair of non compact roots (3,) and a given dominant
weight A € L7, define a K-homomorphism Wf’ﬁ : WA @r T2(p) — Waiprp
by

(A.2.13) a7 =ty 0 (0 ® 1),

where for a non compact root 8 and a dominant weight A, pf Wy Qrp —
W4 denotes the K-projector specified in Proposition 2.2.1.

LEMMA A.2.2. Let X € L;, a dominant weight and (8,5') a pair of
non compact root.

(1) If B # —f, then in the space Homg (T\ @r Sym*(p), T+ 45 ), the fol-
lowing identity holds:

(A.2.14; 5,0 Ff’ﬁ, 0j5 = Wfl’ﬂ o j3.

(2) For B = B1 or (2, the following identity holds in the space Homp (1) ®r
SymZ(p)a T)\):

(A.2.15; B) PP o =7 P o i = ka0 g

PrROOF. We only give a proof of (A.2.14; 31, 33) since the remaining
identities can be proved quite similarly. Let {uJZ)‘} be the standard basis of
W)\. Then

w) @ (X13 - X13), w) @ (X13 - Xa3), w) @ (Xag - Xo3),
wy ® (X13- X31), w) @ (X13- X32), 0 @ (Xo3 - X31), w ® (Xoz - X32),
w) @ (X31 - X31), w) ® (X31 - X32), w) @ (X39 - X30)

with i = 0,...,dy provides a basis of the C-vector space Wy ®g Sym?(p) =
Wy ®c Sym?(p)c. It suffices to check that Wfl’ﬁz o j3 and 7752”81 o jy take
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the same value on the basis above. By using Proposition 2.2.1 and the
definition (A.2.10) of the map j3, we easily prove

TP o 5w @ (X3 - X13)) = mh2 g( ® (X13 - X13))

(l"i_ ) H-l?
T 0 g3 (w) @ (X3 - Xa3)) = ﬂﬁm 0 3 (w}' ® (X13 - X23))
1
= —d
2( /\) wy;
Wfl,ﬁz (w ® (Xog - Xa93)) = 52’ﬁ1 ° Jjx ( ® (Xa3 - X23))
== (d)\ -1 + 1)’[1]171

with M = X\ + (31 + (32 and the remaining values are all zero. Thus we have
done. [

LEMMA A.2.3. Let F € C°. (H\G/K). Then for every pair of non

UEXDN
compact rooots (3, '), we have

(A.2.16) VD g 0 ViAF(g) = (15, @ Ty 7 )T F(g).

PROOF. Take an orthonormal basis {X;}#_; of p. By definition we have

VI\F(g) = (17, @ p5 )VyaFlg).

4
VaaF(9) = Rx,F(g) © X,
j=1
hence
/ 4 /
Vit 0 Vi F(g) =" Rx[(15, @ p§ )VyaFl(g) ® X;
=1

4
= (1g, ®p§ ® 1) Z Rx, V2 F(9) ® X;
i—1

4 4
=z, 208 ©1,) > Bx.(Y_ Rx,Flg9) @ X;) ® X;
i=1 j=1
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= (15, ® P} ® 1,)(TAF(9)),
where we have used (A.2.6) in the last step. Noting that
vg,)\Jrﬁ/ o Vﬁ/\F(g) =(1r, ® p§+ﬁ’)vn7k+ﬁ’ © ng/\F(g)
we have done. [J

We define a K-homomorphism v : Alt?(p) — € by
9 1
v:AltY(p) -, XAY — §[Y,X].
For every dominant weight A\ € L;, set

ZT)\ w®yj, w € Wy

with {y;} an orthonormal basis of Alt?(p). Then we can prove that the
right hand side of the above identity is independent of the choice of {y;}
and get a K-equivariant linear map ¢y : Wy — Wy ®g Alt?(p).
LEMMA A24. Let A = (I1,ln) € L}, a dominant weight and F €
< (H\G/K).
(1) We have

(A.2.17) AF(g9) = (15, @ 1) F(g), g€G.

(2) For every pair of noncompact roots (3,3') such that 8 # —3', we have
(A.2.18; 8, 0) 1z, ® (707 0 JIANF(g) =0,

(38) For 8 = B1 or —B2, we have

(A2.19:8) 17, ® (137 0 JANF(g) = 3 (d + dahy + ) F(g),

— 1
(A2:20:8) (L5, ® (w7 0 JOIANF(g) = 5 (0 + 1o + dx + doly + ) F(g).
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Here c = —63,_pg,dx(dx + 2).

PrOOF. (1) Let {y,} be an orthonormal basis of Alt?(p). By the def-
inition (A.2.5), we have

A)‘F Z R"L’OJp yu)F( ) Yy

Since ¥ o jg(y») = v(y) € €( C U(gc)), the K-equivariant property of
F means Ryojo(y,)F(9) = Ta(v(yv))F(g), thus the above identity can be
rewritten as

(A.2.21) ArF(g Zn ) @ Y-

Now by means of the standard basis {w?} of W), we can write F(g) as

dx
=0

with F; € C,(H\G) for i = 0,...,dy. Substituting this for F'(¢) in (A.2.21),

we have

A)\F ZF ®ZT)\ A®yy
—ZF ® oA(w})
= (17-‘7, ® ) F(g)-

(2) Since the map 7T’@ A J% oty provides a K-homomorphism from 7y to
Tat+p+8, it must be zero if 5+ 8" # 0. Thus using (A.2.17), we have

17, @7 0 J3JANF () = [, @ w7 0 j§ 0 1] F(g) = 0.

(3) Let g denote the orthogonal complement of ker(y) with respect to
< , > Alt2(p)" Then q has an orthonormal basis given by

V—2(X31 A X13), V—2(X32 A Xa3),
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X13 A\ X32 — Xoz A Xy, V=1(X13 A X32 + Xaz A X31).
In the definition of the map ¢y we can take an orthonormal basis {y;} of

Alt?(p) which contains the above basis of q as a subset. As a result, we
have

L)\(’w) = —TA(H13)U) & (Xgl A Xlg) — T,\(H§3)w & (ng A\ X23)
— Ta(X21)w ® (X13 A X32) + ma(X12)w @ (Xa3 A X31)

after some computations. Taking w? for w and using (2.1.1), we have

(A.2.22) (W) == {(i + lp)w} @ (X31 A X13)
— (i — l)w) ® (X392 A Xa3)
+ (i —dy — Dw} | @ (X153 A X30)
— (i + Dwi; @ (Xoz A Xa1)}-

Now we prove (A.2.18; 31). By using the formulas in Proposition 2.2.1, we
can easily obtain the following:

_ , 1.
(A.2.23) ﬂ'fl’ b O_]K(wi)\ &® (X31 A Xlg)) = §zwi)‘,
_ . 1 .
T o i (wd © (X2 A Xa3)) = §(dx — i)y,
T o i (wi g @ (Xiz A Xa)) = ——iw),

_ . 1 .
T o i (wdy ® (Xoz A Xa1)) = —§(dA — i)wy.

Using (A.2.17), (A.2.22) and (A.2.23), we proceed as follows to get the
desired identity:

—2[1g, @ TP 0 8] 0 AV F(g)
dx

= Fi(g) @ {(i + )i — (i — l)(dx — 1)
=0

— (i —dy — 1) + (dy — i) (i + 1) }w?
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dx

=Y F(g) ®@da(ly + w}
1=0
=dx(l1 +1)F(g).

The remaining identities in (3) can be proved in the same way. [J

Now we give a proof of (4.5.1; 3,3). By Lemma A.2.3, (A.2.9),
(A.2.14; 5,3") and (A.2.18; 3,'), we proceed as follows to get the con-

clusion:

Voass © ViaaF(9) = Vi 50 V5 F(9)
=17, ®7Tf”6 -1z, ®7Tf ’ﬂ] o T\F(g)

=1, @707 — 15 @) Po (15, @ j5 0 SxF(g) + 15, @ j§ 0 A\F(g))
=0.

The formula (4.5.2; 31) can be verified as below: First using Lemma A.2.3,
(A.2.9), (A.2.15; (1) and (A.2.19; (1), we have

(A.2.24) V, 5, 50 VD F(g) = Vi, 50V, F(g)
_/6713
—1

= [lr, @, 7o @y ]
o {(1x, ® jR)SAF(9) + (17, ® j3)ArF(9)}

. 1
= [1-7:77 X K) O ]i]SAF(g) + 5([1 + 1o + 2dy + 2l1d>\)F(g)
By using (A.2.7), we have

(A.2.25) 17, ® ki 0 J3SA\F(g)
4
= [lr, ® (D Rx, Rx,F(9) ® jp(Xi - Xi)

=1

+ Y (Rx,Rx,Flg) + Rx,Rx,F(9)) ® js(Xi - X;)}.

1<i<j<4
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Since kx(w @ jy (Xi - X)) = 16,50 for every w € W), (see (A.2.12)), it turns
out that the second term of the right hand side of (A.2.25) is zero and
(A.2.25) becomes

[1]_'17@/{)\ O]/\ S)\F ZRQ
Since {X;} is an orthonormal basis of p, this equals to

1
5 QaF(9) = 1r, @ (2K F(9))-
Summing up the computations, we finally obtain

Vi © Vs F(9) = Vg 0 V3 F(g)
1 l —l—l
= §(Qn,AF(9) — 17, ® A (QK))F(g) + ( L2

+ dx + lidy) F(g).

Thus we have done. [J
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