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A Sheaf-Theoretic Approach to the

Equivariant Serre Spectral Sequence

By Hannu HONKASALO

Abstract. Let G be afinite group and f:Y — X a Hurewicz G-
fibration. Using sheaf-theoretic methods, we show that, under suitable
assumptions on the G-spaces X and Y, the equivariant cohomology
of Y is the limit of a spectral sequence, whose Es-term is given by the
equivariant cohomology of X with coefficient system depending on the
equivariant cohomology of the fibre of f.

Introduction

Let G be a finite group and C = Cg = Or(G) the orbit category of G';
the objects of C are the G-sets G/H for all subgroups H < G and the
morphisms of C are all G-maps between the G-sets G/H .

In [5] we associated to a G-space X a Grothendieck topos T'(X) whose
objects are certain families of sheaves on the fixed point subspaces XX
of X . The main result of [5] states that if X is paracompact, then for
any contravariant G-coefficient system m : C°® — Ab, the equivariant
cohomology groups ﬁg(X ;m) of X are isomorphic to the cohomology
groups of the topos F()~( ) with coefficients in a family of constant sheaves
determined by m . We also showed that, given a G-map f:Y — X, there
is a spectral sequence expressing a connection between the cohomology of

I'(X) and I'(Y).

The purpose of the present paper is to obtain a more concrete form of
this connection. In particular, we derive the following equivariant Serre
spectral sequence:
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THEOREM. Let f:Y — X be a Hurewicz G-fibration. Assume that
all subspaces of the G-spaces X and Y are paracompact, X is locally G-
contractible, and all fized point subspaces of X are non-empty and simply
connected. Let also m : C°P? — Ab be a contravariant G-coefficient system.
Then there is a spectral sequence with

E§Y = HE (X HI(F)),

converging to ﬁg+q(Y;m). Here HI(F) is a contravariant G-coefficient
system associating to G/P the equivariant cohomology group H%H(F;mp)
of the fibre F' of f, and mp is the P-coefficient system with mp(P/H) =
m(G/H) for H<P.

If the simply connectedness hypothesis on X is dropped, there still is a
a spectral sequence, but in this case the FEs-term is an object which may be
regarded as the equivariant cohomology of X with suitable local (i.e. locally
constant) coefficients.

The spectral sequence of the Theorem, as well as that of [5], can be
regarded as generalizations of the classical Leray spectral sequence in sheaf
cohomology. They are both constructed by an application of Grothendieck’s
spectral sequence of composite functors, see Théoréme 2.4.1 of [2].

We point out that our methods are sheaf theoretic. This is the reason
for the strong hypotheses needed in the Theorem. Also for this reason,
the equivariant cohomology theory we use is the equivariant Alexander-
Spanier cohomology constructed in [4]. For paracompact G-spaces which
are locally sufficiently nice, as X in the Theorem, this version of equivari-
ant cohomology is, of course, isomorphic to, for example, the equivariant
singular cohomology of Illman (see [6]).

A different construction of the equivariant Serre spectral sequence has
been given by Moerdijk and Svensson in [7], using singular methods. Their
approach avoids many of the extra assumptions needed in our sheaf-
theoretic approach.

The organization of this paper is the following: In section 1 we recall
the definition of T'(X) and also construct a new topos £(X) associated to
a G-space. Section 2 is devoted to a study of certain morphisms of topoi
needed in the construction of the spectral sequence of the Theorem. In
section 3 we consider the connection between the cohomology of X and
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Y for a G-map f :Y — X, and in section 4 we finally specialize to a
G-fibration f.

1. Topoi Associated to a G-Space

Let G be a finite group and C = Cg = Or(G) the orbit category of G
(see the Introduction). As in [5], we let D = D¢ be the category whose
objects are the morphisms v : G/H — G/K of C and whose morphisms
u — u' are the pairs («,3) of morphisms of C making the square

G/H 2 a/m

(1.1) .| |

G/K SN G/K'

commutative. In the terminology of [1] we have D = FC, the category of
factorizations in C.

Let X be a (Hausdorff) G-space. To X we can associate the functor
X : C°% — Top given by G/K — XX = Maps(G/K, X) on objects. Using
the methods of [8, ch. I] we obtain a C-topos X — C whose fibre over G/K
is Sh(X ), the topos of sheaves on X : a morphism o : G/K — G/K’
of C induces the morphism

(X (@), X (a)*) : Sh(XK") — Sh(X )

of topoi between the fibres of X . Let X=D x¢ X be the fibre product
of X — C and the “target” functor T : D — C mapping u — G/K
(u € Ob(D) as above). Then X — D is a D-topos whose fibre over the
object u:G/H — G/K of D is Sh(XX).

The topos I'(X) of sections of X — D was the main object of study in
[5]. We recall that the objects of T'(X) are the families F = (F(u))ueon(p) »
where for each u : G/H — G/K, F(u) € Sh(X¥), such that each mor-

phism (o, 3) of D, asin 1.1, induces functorially a morphism
Fla, B) : Flu) — X (a)F(u).

We also recall that the above construction is natural with respect to G-
maps. Namely, if f:Y — X is a G-map between (G-spaces, inducing the
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map fX: Y — XK between fixed point subspaces for K < G, we have
an obvious natural transformation between the functors Y, X : C°? — Top,
and this gives rise to a morphism

(fer /1) : T(Y) —T(X)

of topoi. Explicitly, if F = (F(u)) is an object of I'(Y), then (f.F)(u)=
KF(u) for u:G/H — G/K.

Now we associate to the G-space X a new category X (X). The objects
of ¥(X) are the families £ = (€y)p<g , where £ € Sh(X ) for each H <
G, such that every morphism (:G/H' — G/H of C induces functorially
a morphism of sheaves

EPB): &g —X(B) Emr .

A morphism & — &' in ¥(X) is a family of morphisms &y — & of
Sh(X*H) for H < G such that the square

En — &y

! |

X(B)Ew —— X(B) &
commutes for every §:G/H — G/H .
PropPOSITION 1.2.  X(X) is a Grothendieck topos.

ProOOF. It is enough to note that »(X) satisfies the conditions of
Giraud’s theorem (see [3, Théoreme 1.2]). The first three conditions follow
from the fact that X (8)* commutes with all inductive limits (being a left
adjoint functor) and with finite projective limits (being exact). Thus it
remains to show that 3(X) has a set of generators.

Let K < G and » € XX . Assume that for every v : G/H — G/K
we are given an open neighbourhood V,, of X (v)(x) in X* . Then we can
find an arbitrarily small open G, -invariant neighbourhood U of z in X
with the following properties:

gr#x = UngU=10
gr¢ X0 — (U)nX" =9
X()(z)=g9x = (@U)NXTcV, (v:G/H— G/K).
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Define
En= [] (eU)nx"eshx™),

if Mapg(G/H,G/K) # 0 and € = () otherwise. In this way we obtain an
object € = (€m)u<a of X (X), and all such objects form a set of generators
for ¥(X). O

To end this section, we point out that I'(X) and ¥(X) can in an evident
way be regarded as ringed topoi, the ring being in both cases the family
consisting of constant sheaves Z .

2. Some Morphisms

In the notation of the previous section, we have an obvious functor

A" ¥(X) — I'(X), mapping the object (Ep)m<g of X(X) to the object

(F(u))yeon(py of I'(X) defined by

F(u) = X(u)Ex, u:G/H - G/K.

LEMMA 2.1. The functor A* is the inverse image part of a morphism
of topoi N
A= (A, A): T(X) —XE(X).

PROOF. Since A* is clearly exact, it is enough to construct a right
adjoint A, to A*.

Let F = (F(u)) be an object of T'(X) and P < G a subgroup.
We consider the comma category C/(G/P) whose objects are all G-maps
G/H — G/P for H < G and morphisms are all commutative triangles

G/H —*=G/K

(2.2) A« %
G/P

To the object object F of I'(X) we associate the functor F(C/(G/P)) —
Sh(X?) which maps the object 2.2 of F(C/(G/P)) to the sheaf
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X()*F(u) on XP. We define A.(F)p to be the projective limit of this
functor F(C/(G/P)) — Sh(XT), i.e.

AL(F)p = lm X(9)" F(u) € Sh(XT),

the limit taken over all objects 2.2 of F'(C/(G/P)).

We let Au(F) = (A«(F)p)p<c - In this way we obtain a functor A, :
I'(X) — %(X), and we leave it to the reader to verify that A, is right
adjoint to A*. [

Let F = (F(u))ucon(p) be an object of I'(X) and P < G. We give
a more concrete description of the sheaf A.(F)p constructed in the proof
of Lemma 2.2. Let us denote Cp = Or(P) and Dp = F(Cp). We have
the functor Cp — C mapping a P-orbit P/H to the G-orbit G/H =
G xp (P/H) and a P-map v : P/H — P/K to the G-map G xp v :
G/H — G/ K ; this functor induces a functor tp : Dp — D.

Let Xp be the G-space X regarded as a P-space. Then we have
the topos I'(Xp) and the functor Up I'(X) — I'(Xp) induced by ¢p.
Further, restriction to the subspace X¥ < XX for K < P defines an
obvious functor

pp : T'(Xp) — Hom(Dp, Sh(XT)).

We claim that the projective limit of (pp o ¢})(F) is isomorphic to the
sheaf A.(F)p on XT | that is

(2.3) As(F)p = lim F(G xpo)| X7,
veEDp

This claim is, actually, a consequence of the simple observation that the
functor Cp — C/(G/P) mapping P/H to the canonical surjection G/H =
G xp (P/H) — G xp (P/P) = G/P, is an equivalence of categories, and
it induces an equivalence Dp — F(C/(G/P)).

The following fact about the functor ¢} : I'(X) — I'(Xp) will be useful
in section 4:

LEMMA 2.4. The functor vp is the direct image part of a morphism of
topoi I'(X) — I'(Xp) .
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PrOOF. By Proposition (1.2.9) of [8], ¢} has a left adjoint ¢p; :
I'(Xp) — I'(X). To prove the Lemma, we must show that ¢p; is exact.

Let F be an object of T'(Xp) and w : G/L — G/M an object of
D, i.e. a G-map. Let Dp/w be the category whose objects are the pairs
(v, (e, B)), where v : P/H — P/K is an object of Dp and («,f) : G xp
v — w is a morphism of D, so the square in the diagram

G/H «~— Gxp(P/H) 2~ G/L

Gxpo | E

G/K «~— Gxp(P/K) —*— G/M

must commute; a morphism of Dp/w is a morphism of Dp making evident
triangles commutative. Now, by the construction of Proposition (1.2.9) of
8],
pi(F) s wi— lim X(a)"F(v) € Sh(x™M).
Dp/w

Consider the normalizer N(L,P) = {b € G | b~'Lb < P}. The group
P acts on the right on N (L, P). We choose one representative from each
P-orbit of N(L,P), and for each such a representative b we define the
G-map

B:G/L—G/Lg, gL~ gbLg;  Lg=0b"Lb.

Let B be the set of these G-maps 3. We write G/M as a disjoint union
of P-orbits:

G/M =] P/P;.
J
For every 0 € B, let

wo B~ eMap(G/Lg, G/M) = Mapp(P/Lg, G/M)

= [[Mapp(P/Ls, P/ P))
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correspond to the P-map vg : P/Lg — P/Pj,; let also ag : G/Pj, —
G/M be the G-map induced by P/Pj, — G/M . Then we see that the
diagrams

G/Ly «=— Gxp(P/Ls) —2— G/L

GXPUBJ, J{w (ﬁ € B)
G/Pj, «~— G xp(P/P;) —2— G/M

represent the objects of a cofinal discrete subcategory of Dp/w. Hence

e (F)(w) = [T X ()" F(vg)
BeB

and the exactness of ¢p) is clear. [J
3. Cohomology of a G-Map

Let f:Y — X be a G-map. In this and the next section we have to
assume that all subspaces of X and Y are paracompact.

We consider modules in the ringed topoi I'(Y), I'(X) and %(X); the
corresponding abelian categories are denoted ModT'(Y), ModT'(X) and
Mod %(X) . The global section functors are denoted I'y : Mod'(Y) — Ab,
Iy : ModT'(X) — Ab and [s(xy : Mod ¥(X) — Ab. Their derived func-
tors are the cohomology functors of the corresponding topoi: R"T'x(-) =
H™MI'(X);") ete.

Let m : C°® — Ab be a contravariant coefficient system and m/Y €

ModT'(Y') the corresponding object consisting of constant sheaves (see sec-
tion 1 of [5]). By the main result of [5],

H'(D(Y);m/Y) = HY(Y;m),

the equivariant Alexander-Spanier cohomology of Y with coefficients m .
We want to establish a connection between Hg(Y;m) and the cohomology
of X ; a start in this direction was made in section 7 of [5].

First of all, we have a factorization

Ty : ModI(Y) 2% Mod I(X) 25 Ab,
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where f, and I'x are the direct image parts of two morphisms of topoi.
Thus there is the following identity for the derived functors between the
appropriate derived categories of bounded below complexes:

(3.1) RTy = RT'x o Rf, .

The spectral sequence arising from this identity was studied in section 7 of
[5].

Secondly, to compute Rf.(m/Y), consider the Alexander-Spanier reso-
lution C'(m/Y) of m/Y (cf. section 2 of [5]). Explicitly, for v: G/H —
G/K we have C*(m/Y)(u) = C*(Y®;m(G/H)), and the sections of this
sheaf on an open set U C YX are

LU, (Y ;m(G/H))) = C™(U;m(G/H)),

because, under the present hypothesis, U is paracompact. Here C™ refers
to the group of Alexander-Spanier cochains, with the locally zero cochains
factored out. In particular, the sheaves C"(YX;m(G/H)) are flabby,
whence

(3.2) Rfs(m/Y) = fL(m/Y).
Thirdly, we note

LEMMA 3.3. There is a factorization

~ I
Ty : Mod[(X) 25 Mod £(X) =% Ab.

ProOF. The functor which to an abelian group A associates the family
of constant sheaves A, is left adjoint to both I'x and I'y(x)o As. O

It follows that RI'x = RI'sx) o RA.. Combining this with 3.1 and 3.2
we get
Ry (m/Y) = RUsx) (RA(£.C (m/Y)).

This leads to the following result:
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ProrosiTION 3.4. In the above situation, there is a spectral sequence
with
By = HP(3(X); RIA(f.L(m/Y))),

converging to f[ngq(Y; m) .

In the next section we give a more concrete description of the FEs-term
in some special cases.

4. Cohomology of a G-Fibration

In this section we assume, in addition to the hypotheses of section
3, that f : Y — X is a Hurewicz G-fibration and X is locally G-
contractible. This last condition, which is satisfied if, for example, X
is a G — CW-complex, means that every orbit Gx C X has arbitrarily
small open G-neighbourhoods V' such that Gz is a G-deformation retract
of V. Our objective is to study the Fs-term of the spectral sequence of
Proposition 3.4. We prove the following fact about the coefficient system
RIN(fC(m/Y)) = (RIA(f«C (m/Y))p)P<c € Mod X(X):

PROPOSITION 4.1. For P < G, the sheaf RIA.(f.C'(m/Y))p on X
is locally constant, with stalk over x € XT isomorphic to HL(f~1(z);mp) .

We recall that the contravariant P-coefficient system mp is determined
by the G-coefficient system m through mp(P/H) =m(G xp (P/H)).

By 2.3 we have RIA(f.C (m/Y))p = RIAp(f.C (m/Y)), where Ap is
the composite

lim

Ap: T(X) 2 T(Xp) 22 Hom(Dp, Sh(XT)) = Sh(XT).

Here ¢ and <h_m are the direct image parts of two morphisms of topoi,
and ¢» and pp are exact. Furthermore, the derived functors of (h_m opp

can be calculated with aid of the acyclic objects described in (1.3.10) of [§],
and pp maps these objects to lim-acyclic objects of Hom(Dp,Sh(XT)).
It follows that

RAp = (Rlim)oppoip,
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and in particular
RINp(f:C'(m/Y)) = lim ¥ (ppip f.L(m/Y)).

Let fp: f~1(XP) — XT be the restriction of f. Then fp isa P-map,
with P acting trivially on X7 .

LEMMA 4.2.  The complex ppip fxC (m/Y) is quasi-isomorphic to the
complez (fp)«C (mp/f~HXT)).

REMARK 4.3. The sections of the complex (fp).C (mp/f~1(XT))
over an open set V C XT form, in the notation of section 2 of [5], the
complex A'(f~Y(V);mp), which to an object v : P/H — P/K of Dp
associates the complex C"(f~1(V)X;m(G/H)) of abelian groups. On the
other hand, pptpfiC (m/Y) maps v: P/H — P/K to the restriction to
XP of the complex of sheaves on XX whose sections over an open set
Uc XK are C(f~HU)X;m(G/H)).

PROOF OF 4.2. Restriction of cochains defines a natural morphism
ppUpfxC(m)Y) — (fp)«C (mp/f 1 (XT)). We take the values of these
complexes on an object v: P/H — P/K of Dp and look at stalks over a
point z € X¥ . Our hypotheses guarantee that = has arbitrarily small open
neighbourhoods V in X? and U in XX contractible to {z}, and there
are K-fibre homotopy equivalences f~'(V) ~V x f~!(z) and f~1(U) ~
U x f~Yx), inducing f~H (U)K ~ U x f~H )% and f~1(V)K ~ V x
f~Y(z)® . Using 4.3 we see that our morphism induces a quasi-isomorphism

on the stalks over z, the cohomology of both stalks being isomorphic to
H (fY(x)*sm(G/H)). O

Let V € X? be an open set. By Remark 4.3 above and Propositions
2.9 and 2.10 of [5] we have

D(V, lim?(fp)C (mp/ f~H(XT))) 2 lm T(V, (fp).C (mp/fH(XT)))
Dp Dp

>~ lim9A (f~H(V); mp)

—
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If V' is contractible to x € V, there is a P-fibre homotopy equivalence
V)=V x f~Hx) and so HL(f~'(V);mp) =2 Hb(f~!(z);mp) in this
case. This completes the proof of Proposition 4.1.

Let us now add the assumption that all fixed point subspaces X© of
X are non-empty and simply connected. Fix a point zo € X and de-
note F = f~1(xg). Then, for any P < G, the locally constant sheaf
RIA(f.C(m/Y))p on XT is isomorphic to the constant sheaf
HL(F;mp), and the object RIA.(f.C (m/Y)) € Mod £(X) is essentially
a contravariant coefficient system C°® — Ab. To finish the proof of the
Theorem, we therefore only have to prove the following

PROPOSITION 4.4. Under the above assumptions, if m : C? — Ab is
a contravariant coefficient system, then

HP(3(X);m) = H(X;m).

PrROOF. Proposition 4.1 applied to the G-fibration id : X — X gives
RA.(m/X)=m, so

RT's(x)(m) = (Rl'g(x) o RA)(m/X) = RT'x(m/X).

The claim follows from the main result of [5], which says that RPI'(m/X) =
HY(X;m). O
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