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A Brooks Type Integral with Respect

to a Set-Valued Measure

By Anca-Maria PRECUPANU

Abstract. A generalization of the set—valued Brooks integral [3]
with respect to a set—valued measure whose values are subsets of a
Hausdorff locally convex topological vector space is presented.

The construction of this new kind of integral is based on Weber’s re-
sult [19] concerning the existence of a family of semi-invariant pseudo—
metrics which generates the uniformity of a uniform semigroup (in our
case, the semigroup of convex, bounded, closed subsets of a Hausdorff
locally convex topological vector space).

Several properties of the new integral are given and also a theorem
of Vitali type is established.

1. Introduction

In recent years, the study of set—valued measures has been developed
extensively because of their applications in the mathematical economics,
optimization and optimal control [11],[16],[17].

Significant contributions in this area were made by Artstein [2],
Castaing—Valadier [4], Costé [5], Alo, de Korvin and Roberts [1], Brooks
[3], Drewnowski [7], Godet—Thobie [9], Papageorgiou [13],[14], Hiai [10].

We recall that, recently, Papageorgiou [14] introduced a set—valued inte-
gral with respect to a h—set—valued measure in the sense of Alo, de Korvin
and Roberts [1], of bounded variation using the set of Bochner integrals
of a Banach valued function with respect to measure selectors of the given
multimeasure.

Our purpose is to define a new kind of integral using Brooks’ procedure
[3] adapted in the setting of a set—valued measure whose values are subsets
of a Hausdorff locally convex topological vector space X and with respect
to the I',—convergence in submeasure defined with the aid of a family of
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pseudometrics which generates the uniformity of the semigroup K(X) of
the convex, closed, bounded subsets of X.

Very briefly the organization of the paper is as follows. In section 2 we
precise the terminology and notations, recall some properties of multimea-
sures and some basic results concerning the I';,—convergence in submeasure.
In section 3 we define and study some basic properties of the integral of
simple functions and in section 4 we present our set—valued integral with
some natural properties and we prove a theorem of Vitaly—type for this kind
of integral.

2. Terminology and notations

Let X be a Hausdorff locally convex topological vector space (briefly
H.l.c.tv.s.), T its topology and V a base of absolutely convex closed neigh-
borhoods of the origin 0 in X. A(X) is the family of all nonvoid subsets of
X, C(X) is the subfamily of A(X) of all closed subsets of X and K(X) is
the subfamily of A(X) of convex, closed, bounded subsets of X.

On A(X) we define the equivalence relation ”p” by ApB iff A = B,
where A denotes the closure of A C X with respect to 7.

The quotient A(X)/p may be identified with C(X). It is easy to see
that the addition (A, B) — A+ B in A(X) is compatible with p. Hence
(A(X),+) admits a factorization by p and the resulting quotient semigroup
may be identified with (C(X),+), where + is the Minkowski addition that
is

A+B=A+ B, forevery A,B e A(X)

(see [7]).

Now let U be the invariant uniformity on X compatible with 7 and U/
the exponential extension of U to A(X), that is the uniformity U defined
by the following base of vicinities:

W(U) ={(A,B) € A(X) x A(X); Ac B+U, B cC A+U}, (Y)U € U.

The topology on A(X) induced by ¢ will be denoted by 7.

Using the equivalence relation p we may identify (A(X), 7)/p with (C(X), T)
and the separated uniform space associated with (A(X),U)/p with
(C(X), U).
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In particular, if X is metrizable, then (A(X),U) becomes a semime-
trizable space for the Hausdorff semimetric between sets; if, besides, X is
complete, then so is C(X).

When 7 is determined by a norm || - ||, the Hausdorff semimetric is given
by

d(A,B) =inf{t >0; AC B+tU;, BC A+tU,},

where Uy = {z € X; ||z| < 1}.

If (X,U) is a complete uniform space, then so is (C(X),U). It is easy to
see that (C(X),+,U) is a Hausdorff uniform commutative semigroup with
the unit {0} and K(X) is a closed subsemigroup in which the cancellation
law

A+C=B+C =— A=B

holds in it.

Instead of {0} we will usually write simply 0. According to a result
of Weber [19] there exists a family P = {p} of semiinvariant pseudomet-
rics on C(X) taking values in [0,1], which generates the uniformity .
(A pseudometric p is semiinvariant if p(A+C, B+C) < p(A, B) for every
A,B,C €(C(X).)

If p € P we denote by
2) |Alp = p(A,0),

where 0 represents the set {0}.
From the semiinvariance of p € P we easily obtain the following proper-

ties:
(3) |A+Bl, <|Al, + [Blp,  (V)A, B € C(X),
(4) ’A+B’p > |Alp, —|Blp,  (V)A,B € C(X).

Beside X we consider S a nonvoid set, P(S) the family of all subsets of S
and R a ring of subsets of S.

In the following we shall consider set—valued maps p from S to X, that
is set—valued functions p defined on R taking values in the semigroup (X))
with the supplementary property p(0) = 0.

DEFINITION 2.1. A set—valued map p from R to X is said to be:

I. an additive set-valued measure (multimeasure) if
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(5) u(AU B) = u(A)+u(B), (V)A,B € R with AN B = {;

II. a o—additive multimeasure if for every sequence (Ap)p>1 C R with
AiNA; =0 (i+#j) and U;2 A, € R holds

©) 0 (f_j An) _ i_o; u(Ay)

(the sum from the right side of the equality is considered with respect to
the topology 7 and the Minkowski addition +).

In what follows by a set—valued measure or a multimeasure we shall
mean an additive set—valued measure.

DEFINITION 2.2. Let pu be a set-valued measure from R to X and
p € P an arbitrary pseudometric from the family P.
The function fi, : R — IR defined by

(7) fip(A) = sup {Zn: IM(Ai)lp} ,

where the supremum is taken on all finite partitions (A4;)j~; of A € R with

A; € R is said to be the p—variation of u.

It is easy to see that if p is additive (respectively o-additive) so is fi,.
fi, may be extended to P(S) by

(8) ip(E) = inf{fiy(A); EC AR}, (V)E € P(S)

which is a submeasure in Drewnowski sense [6].

Now P(S) may be organized as a ring with respect to symmetrical dif-
ference A as addition and the intersection N as product.

Furthermore the family I'), = {fiy; p € P} of submeasures on P(S)
generates a topology 7, on P(S) such that (P(S5),A,N;7r,) becomes a to-
pological ring for which the family Br,, of subsets Vi . = {A C S; [i;,(A4) <,
p € K}, where K is a finite subset in P and € > 0, is a base of neighborhoods
of () for this topology [6].

In what follows we shall write P(S)(T',) for (P(S), A,N;7r,) and R(T,)
for a topological subring R of P(S)(T,).
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We shall also denote by R, the hereditary subring of R of all I',~
integrable members of R that is the family of all sets A € R such that
fip(A) < oo for every p € P.

If 1 is a set—valued measure from R to X, then p satisfies the following

property:

(a) For every B € R, and for every vicinity W from ¢/ in C(X) there exists
e > 0 such that for every finite family {(a, 5;)}_; of real numbers
such that |a; — Gi| < e, (V)i =1,2,...,n and for every finite disjoint
sequence (A;)!"_; of subsets of R, the following relation holds

<i a;pu(4; N B), i Bip(Ai N B)) e Ww.

i=1 i=1

Next we denote by IR® the set of all functions f from S to IR. For every
finite K C P and € > 0 we consider

Wi(e) = {(f.9) € R® x R®; i, ({s € S;|f(s) — g(s)| > e}) <e,p € K}.

The family of all subsets Wy(e) constitutes a base of vicinities for a
uniformity Ur, on RS,
We shall also use the notation IR%(T',,) for (]RS,Z/{F#).

DEFINITION 2.3. A net (f,) from IR® is said to be convergent in T~
r
submeasure to f € IR®, denoted f, —= f, if f, converges to f in BS(FM).

Remarking that the function ¢ which associates to every E € P(S) its
indicatrice function is an isomorphism between the uniform space P(S)(T',,)
and the uniform subspace Y of IR°(T,) of all indicatrice functions of subsets
of S, where IR is endowed with its natural uniform structure, it is legitimate

r
to use the notation E, —= E for the convergence in P(S)(T,,).
3. Integration of simple functions

DEFINITION 3.1. A function f € IR® is said to be a simple I',—inte-
grable function if: a) it assumes only a finite number of distinct values

a; € IR, b) f_l({ai}) =A; € R; C) if a; 75 0 then A; € R#.
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In this case if T' € R the integral of f over T is defined by
(9) [ fan =3 ain(rn a0,
T i=1

We remark that if x, denotes the characteristic function of 7', then

n
f=> aix,
I‘lu_lé easy to see that the integral of f is independent of the representation
of f as a finite combination of this type.
In what follows we shall denote by £(I',, X), or briefly £(I',,), the set of
all I',~integrable simple functions.
From the definition 3.1 we immediately obtain

THEOREM 3.2. If f,g € E(I'y), then:

L f+ge&Ty) and [ (f+g)du= [ fdu+ [ gdu, (V)T €R;
IL for every p € P, p([, fdu, [, gdu) < [ |f — glduy, (V)T € R.
L. the set-valued map v(T) = [ fdu, (V)T € R,

is a multimeasure and if moreover i is oc—additive then so is v.

IV. lim /fduzO.
Fuw T

Proor. 1), III) and IV) may be immediately obtained from the defi-
nition 3.1.

To prove II) let f =7, aix,, and g = > ijBj. We observe that
it is possible to find a finite family (Ej);_; C R such that f =37, kX g,
and g =7, kaEk' Next, for every p € P we have

p(/T fdﬂ,/ngu) = p (i akﬂ(TﬁEk)v.ibkﬂ«(TOEk)) <

k=1 k=1

i plarp(T N E), bep(T N Ey)) <
k=1

> lak = bill(T N Byl <
=1

IN

IN
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< Y law = belfip(T N ER). O
k=1

THEOREM 3.3. Let (fa)acr be a Cauchy net in ]RS(I‘H) of simple I, —
integrable functions.

The net ([ fadp)aer is uniformly Cauchy with respect to T € R if and
only if the following two conditions hold:

L for every meighborhood V' of the origin in K(X) there exists oy € I
and a neighborhood V,, of O in R(T'),) such that [ fadu € V' for every
a>ag and every T' € V,;

II. for every neighborhood V' of the origin in IC(X) there exist ag € I and
M € R, such that fT fadp € 'V for every o > ag and every T € R
with T C S\ M.

Proor. First let us assume that the net (fT fadp)aecr is uniform
Cauchy with respect to 7' € R and let V be an arbitrary neighborhood
of the origin in K(X). Then there exists a symmetrical vicinity W from
U such that W2(0) C V. By virtue of hypothesis there exists g € I such
that ([, fadu, [ faodp) € W for every T € R and « > . Now, from the
theorem 3.2, IV), there exists a neighborhood V,, of () in R(I',) such that
|, fagdp € W(0) for T € V,,. Hence [ fadp € V for a > ag and T' € V, that
is I) is satisfied. To obtain II) it is sufficient to take M = {s € S; fa, # 0}.
We see that M € R, and [ fa,dp = 0 for every T € R with T' C S\ M,
that is II) is proved.

Conversely, let W, be a vicinity of & and W a symmetrical vicinity of
U such that that W2 4+ W2 + W2 c W, (W exists because of the uniform
continuity of the addition in K(X).)

Let jo € J, V, and M € R, corresponding to W (0) by virtue of hy-
potheses I) and II). (ag can be chosen to satisfy simultaneously I) and II).

According to («) from section 1, to M and W it corresponds 6 > 0
such that for every n € N, every {(w, i)}, with «o;, 3; € IR such that
la; — Bi] < 6,4 =0,1,2,...,n and (E;), a finite disjoint sequence of
members of R, the following relation holds

(ﬁ: a;p(E; N M), zn:ﬁm(Ez' N M)) e w.

=0 =0
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Lot Maor = {5 € 55| fal5) — fur(5)] > 6}.

We see that M, o € R for every o,/ € J and since (f,) is a Cauchy
net in BS(FM) there exists oy > ag such that M, € V, for @ > o; and
o > 0.

Now, taking into account that W2+ W?2+W?2 C W, we obtain for every
T eR,

( [ fadn, [ fafdu> = [ fadn | fafdu) +
T T TNM,, o TAM,, o
oy fadi, [ foudu> +
T\(M,, ,1UM) T\(M,, ,1UM)

+ / fadﬂa/ fa/dﬂ> €
(T\M,, ,)NM (T\M, 1)NM

W(0) x W(0) + W (0) x W(0) +W?2C
C W2+W24+W2cw,

m

for every a > ay, @’ > ay; hence the net { [ fodu} is uniform Cauchy with
respect to T' € R. O

4. Integration with respect to a multimeasure

LEMMA 4.1. Let {fo}taecr and {gg}pecs be two nets in E(I'y, X) both
convergent in IR°(T},) to the same function. If ([, fadu) and ([ gsdu)
are Cauchy nets uniformly with respect to T € R, then for every vicinity
W from U, there are oy and By such that for every a > ag and 8 > B,
([ fadp, [ gsdp) € W uniformly in T' € R.

PROOF. Let W be a vicinity from ¢ and let W) be a symmetrical
vicinity of U such that W2+ W24+ W2 c W;.

Let 6 > 0 corresponding to W; by virtue of the condition («).

We denote by M, 3 = {s € S;|fa(s) — ga(s)| > 6}.

Using the theorem 3.3 we obtain ag, 5o, a I',~integrable set M in S and
a neighborhood V), of § in R(I',) such that [ fodu € W1(0) and [ ggdu €
Wi(0) for a > g, B> By, T €V, with T C S\ M, T € R.
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By virtue of hypotheses there exist a; > ag and 61 > By such that
Myg eV, for a > o and 8 > 31 and every T' € R.

In the same way as in theorem 3.3 we find that ([ fadu, [, gsdp) € W
for a > a1, 8> (1 and every T € R. O

DEFINITION 4.2. A function f € IR® is said to be ', —integrable if there

exists a net {fo} in £(I',) such that faif and { [ fadp} is a Cauchy net
in /C(X) uniform with respect to T' € R.
In this case the element of the completion IC(X) of K(X) defined by

fT fdu = liC{n/ fadp is said to be the I'),~integral of f on T € R.
T

By virtue of Lemma 4.1 the notion of I',~integral is well-defined.

REMARK. If X is a Banach space and C(X) is endowed with Hausdorff
distance, then C(X) becomes a complete metric space in which K(X) is a
closed subspace, that is also complete.

Now, let © be a multimeasure from S to X, v its variation and v* the
corresponding submeasure defined as in (8). Then the I',-integral of a
function f € IR®, defined as in definition 4.2 is just the integral studied by
Brooks in [3].

In what follows we shall denote by £(I',,, X) the set of all I',~integrable
functions.

Evidently £(I',, X) € L(T',, X).

Now we can obtain some remarkable properties of I',~integrable func-
tions.

THEOREM 4.3. If f,g € L(T',, X) we have:
L f+g9el(ly,X)and [ (f+g)du= [, fdu+ [ gdp, (V)T €R;

I1. the set-valued map defined by v(T) = fT fdu, (V)T €R,
is @ multimeasure and if moreover u is o—additive then so is v;

III. lim v(F)=0;

Ty
E—0
EeR
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IV. if S ¢ R, then the family { By }arer, , where the nonvoid set By is
assoctated to M € R, by By = {T € R;T N M = 0} constitutes a

filterbase F on R and for every f € L(T',, X), h}_n/ fdu = 0.
T

PrOOF. We immediately obtain I) and II) from the definition 4.2 and
the analogous properties for simple integrable functions (see theorem 3.2).

To prove III) let W be a symmetrical vicinity of K(X), the completion
of K(X), and let g € £(T'y, X) such that ([ fdu, [ gdu) € W for every
TeR.

Let V, be a neighborhood of () in R(T',) such that [ gdu € W(0) for
T €V,. But [, fdu € W2(0) for T € V,, that is III) is satisfied.

To prove IV) it is sufficient to remark that M = {s € S;g(s) # 0} is
I',~integrable and then for T' € By we have [ fdu € W(0) that is IV). O

THEOREM 4.4. Let {fo}aep be a net of T',—integrable functions,
Cauchy in RS(FM). The net {[ . fadp}taep is uniform Cauchy with respect
to T € R if and only if the following two conditions are satisfied:

L. for every neighborhood V' of the origin in K(X) there exist an index
ag and a neighborhood V,, of O in R(L'y) such that [ fodu € V' for
a>ag and T € Vy;

II. for every meighborhood V' of the origin in IN((X) there exist an index
ap € D and a ', ~integrable set M such that fT fodp €V for a > ap,
andT € R, T C S\ M.

PrROOF. The necessity can be obtained in the same way as in the the-
orem 3.3 using the theorem 4.3, III) and IV).

Conversely, let {fa}acp be a Cauchy net in IRS(T),) of T,~integrable
functions which satisfies the conditions I) and II) from theorem.

By virtue of the I';,~integrability of f,, for every o € D, there exists a net

{fa,B}BEDa in g(ruax) such that fa,ﬁi’fa and hén/ Japdp = / Jadp
uniformly in T' € R. ! ’
Now let us consider {f, o(a); (@, ) € D X H D, } the diagonal approx-

6%
imation associated to {fog;a € D, € Do} (see Kelley [12], Chap.II).
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If U is a symmetrical vicinity in IR (') there exists ¢, € H D, such
(0%
that for every ¢ € HDa withe > ¢, we obtain (fa, fa,,(a)) € U for every
(03

a € D. But {fa}aep is a Cauchy net in ]RS(Fu) and then for U there exists
a1 € D such that (fa, for) € U for @« > a1 and o/ > ;. From here we
obtain (fa,go(a)v fa’,go(a’)) € U? for (aa 90) > (alv(pU) and (O/,(p/) > (041, SOU)7
that is {fa,o(a)aep is a net in (I, X) which is Cauchy in R(T,).

Now let Vj be a neighborhood of the origin in K(X) and let W be a
symmetrical vicinity of K(X) such that W2(0) € Vp.

For this W (0) there exist ag, V), and M such that the conditions I) and
IT) of theorem are simultaneously satisfied.

Then there exists ¢1 € H D,, such that for every ¢ € HDa with
a€D @
¢ > 1 we have ([ fap(dts [, fadp) € W for every a € D and every

T eR.

Now if (a,¢) > (a0, 1) we obtain [ fo,@dpw € Vo for T € V, or
T € R with T C S\ M, that is the net {[ fo ,()dp} is a Cauchy net
uniform with respect to T' € R. Consequently, there exists a; such that for
a > ap and o > a1 we have ([ fodp, [ fordp) € W2 uniformly in T € R
whence the theorem follows. [J

REMARK. On £L(I',, X) we can introduce a uniform structure which we
shall call the uniform structure of the I',—mean.

To see this let W be the uniform structure on K(X). For every W € W
we consider

B ={(f.9) € £, X) x L0 X): ([ fdp. [ gd) € W. ()T € R},

It is easy to see that the family {Ew }wey is a base of vicinities for a
uniform structure 7y on L(I',, X).

Let M(L(T',, X)) be the uniform structure induced on L£(I',, X) by
RS(T,).

The uniform structure on £(T',, X') defined by sup{M(L(T,, X)), Tw}
is said to be the uniform structure of the I',~mean convergence.

The convergence of a net {fo}acp to f with respect to this uniformity
considered on L£(I',, X) is called then convergence in I'),~mean and we de-
note it by fo — f (I'y,—mean).
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DEFINITION 4.5. A net {fa}aep of I',~integrable functions is said to
be I',—equiintegrable if {f,} satisfies the conditions I) and II) of theorem
4.4.

Now, we can prove a Vitali type theorem.

THEOREM 4.6. Let {fatacp be a net of L(I'), X). Then a function
f e R® is I'),~integrable and fo — f (T'y—mean) if and only if the fol-
lowing two conditions hold:

L fartsf;

II. {fa}aep is a I'y-equiintegrable net.

PrROOF. The necessity may be easily obtained from the theorem 4.4.

Conversely, let {fo}acp be a net of L(I'y, X) which satisfies the con-
ditions I) and II) of the theorem. For every a € D there exists a net
{fap}pen, of E(I'y, X) such that f, 3 — f (I',~mean).

Let { Jap@ia € Dyp € H D,} be the corresponding diagonale appro-
ximation. As in the proof of the theorem 4.4 we obtain that f, ) — f
(I'y~mean) and then f € L(I',, X).

Moreover lolérg/ Jayp(a)dp = / fdu uniformly with respect to T € R.

? T T

Now let W be a symmetrical vicinity of K(X).
There exists (a1,¢1) € D X HDa such that for every (a, ¢) > (a1, 1),

([ fdu, [ fap@dr) €W and [ fo p)dps [, fadp) € W, uniformly in T'€
R.

If @ > aq, then ([ fadu, [, fdu) € W3 uniformly in 7" whence the
theorem follows. [J
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