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On Volumes and Chern-Simons Invariants
of Geometric 3-Manifolds

By Hugh M. HILDEN, Maria Teresa LOZANO*
and José Marfa MONTESINOS-AMILIBIA*

Abstract. Let My (K) be the hyperbolic 3-manifold obtained by
n-cyclic covering of S branched over a hyperbolic knot &. A method to
compute the volume and the Chern-Simons invariant of My, (K) is given.
The value of the volume of M, is n times the value of the volume of
the corresponding hyperbolic orbifold. This volume can be obtained by
appying the Schlaffli Formula for the volume to the cone-manifold family,
(K, a), with singularity K. The same approch is followed for the Chern-
Simons invariant, after proving a ”Schléaffli Formula” for a generalized
Chern-Simons function on the family of cone-manifold structures (K, «).

0. Introduction

After the Mostow Rigidity Theorem [Mos], each geometrical invariant
of a hyperbolic 3-manifold is a topological invariant. Among the most
important geometric invariants we list are the volume and the Chern-Simons
invariant. In this paper we give a method to compute the volume and the
Chern-Simons invariant of the hyperbolic 3-manifold M, (K), obtained as
an n-cyclic covering of S branched over a hyperbolic knot K.

The volume of M, (K) is n times the volume of the geometric orbifold
S3(K, 27 /n), whose underlying space is S and the singularity is the knot K
with cyclic isotropy group of rank n. These orbifolds S3(K, 27 /n), belong to
the continuous family of cone manifolds S(K, «), whose underlying space
is S3 and whose singular set is the knot K with angle a, 0 < o < ag. The
Schléaffli Formula for the volume, (see [Vi], [C], [M]), applies to this family
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of cone manifolds (see [H]) and therefore we can obtain the volume of each
orbifold S3(K,27/n), and then the volume of the manifold M,,(K).

To follow the same program to compute the Chern-Simons invariant of
the geometric 3-manifold M, (K), we associate a real number I(M,%,) to
each geometric cone manifold (M, 3, ),whose underlying space is M and
whose singular set is a nullhomologous knot >, with angle a, and with
constant curvature geometry (> 0, = 0, < 0). This number depends on
some choices and therefore is not an invariant of the cone manifold, but it
is equivalent (mod 1) to the Chern-Simons invariant if the cone-manifold
is a manifold, and is additive in appropriate branched coverings. If we
consider a one parameter family of cone manifolds, (S3, Ya(t)), we have a
function I(S3,%,)(t). We prove a ”Schliffli Formula” for this function. One
formula of this type for a family of flat SU(2)-connections in the exterior
of a knot in a 3-manifold M was obtained by Kirk and Klassen [K-K1], and
after generalized for flat SL(2,C)-connections in [K-K2], but our context
is different. We consider in each compact cone-manifold of the family the
Riemannian connection.

In Sec. 1 we present some relevant concepts of cone-manifolds, namely
the jump and twist of a singular curve, which are related to the torsion of
a curve in a Riemannian manifold.

In Sec. 2 the number I(M,3,) is defined, and some of its properties are
studied.

In Sec. 3 a ”Schliffli Formula” for the function I(S3, K,)(t), where K
is a hyperbolic knot in S? is stated and proved. Although the proof of the
Schlaffli Formula for spherical cone-manifolds, that we give here, can eas-
ily be adapted to the hyperbolic cone-manifolds case, we have decided to
include a different proof, for the latter case, to emphasize its relationship
with the work in [Y] and [N-Z]. Finally we prove Theorem 3.9 which states
the formulas for Chern-Simons invariant and volume of the hyperbolic man-
ifold M,,(K). Detailed computations of these invariants for cyclic branched
coverings of rational knots appear in [HLMs].

1. Geometric cone manifolds
We are interested in 3-dimensional cone-manifolds with a fixed geomet-

ric structure (geometric cone-manifolds). A cone-manifold is a PL manifold
together with a, possibly empty, codimension two locally flat, submanifold
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called the singular set. (In a 3-dimensional cone-manifold the singular set
will consist of curves, but not graphs.) In this paper, a geometric cone-
manifold will be modeled on some space of constant curvature k (com-
pare [T]). Points off the singular set have neighborhoods homeomorphic to
neighborhoods in the model. Points on the singular set have neighborhoods
homeomorphic to neighborhoods constructed as follows: take an angle «
wedge in the model. (A wedge is the intersection or union of two half
spaces that intersect; the angle « is the dihedral angle where 0 < a < 27).
Then identify the two boundaries of the wedge, using the natural rotation
by «a, to form a topological space W,. Points on the singular set have
neighborhoods homeomorphic to neighborhoods in this topological space.
The homeomorphism carries the singular set to the axis of rotation in the
topological space. Transition functions are isometries. A singular curve X
whose points have only neighborhoods homeomorphic to neighborhoods in
W, will be called an a-curve. Note that if we let a be equal to 27, then a
2m-curve is actually a regular geodesic. But, of course, in general 3 can be
thought of as a singular geodesic.

The differences between our definition of a cone manifold and the com-
mon definition of orbifold are:

1. In dimension three the singular set in a cone manifold is a curve,
not, as is sometimes the case in an orbifold, a graph.

2. The “cone angle” is any angle a, 0 < o < 2. In an orbifold this
angle is always 27 /n.

Let (1\7 3 ia) be an oriented 3-dimensional cone-manifold M3 of con-
stant curvature k, where the singular set fa consists of an oriented a-curve
(0 < a < 27) which is a nullhomologous knot in M?3. Consider an oriented
meridian disc D of the neighborhood U = {p € ]\73; d(p, ga) < €} of fa.
The orientation of_E: is chosen such that the orientation _(})f D followedgy
the oientation of ¥, coincides With_>the orientation of M. Let ml = 0D.
Call I, the canonical longitude of ¥, i. e. I, = OU U S where S is an
oriented surface in M3 bounded by fa, and l_(;, fa are parallel.

Next, we shall define two invariants of the cone manifold associated to
the singular set, the twist and jump.

Case 1. k= —1: Let h: m (U \ ¥,0) — PSL(2,C) be the holonomy of
U\X,. Then (see [GM]) h admits two liftings to SL(2,C). The image of l_(;
in SL(2,C) under these two liftings is the same since l_(; is nullhomologous



726 Hugh M. HILDEN, Marfa Teresa L0zZANO and José Maria MONTESINOS- AMILIBIA

—>
outside Y. So up to conjugation in SL(2,C),
(1) h(it) = + {e : _Oig] . (T = {62 Y ]

were v = 6 + i, 0 is the lga)gth of fa, and ﬁ_,>—27r < B < 2w, is the angle
of the lifted holonomy of ¥, (notice that h( [ .) is well defined regardless
of the lifting).

REMARK. There exists a 2 : 1 map X\ : SU(2) x SU(2) — SO(4)
defined as follows.

u+iv  w+at
—w+it u—1

— — — 1 0] — i 0| — 0 1| —
wj +tk, where 1 = [O 1}, 1 = [0 Z.],] = [1 O]’k =

4 - . - -
R* is represented by matrices r = =ul +vi +

0 i
[ ; (Z)] . 53 ¢ R* are the matrices with determinant +1: u2+v2+w?+12 =

1, i.e. 83 = SU(2). By stereographic projection S% is R® + oo with the
- = = = —
standard orientation given by the vectors{ i — 1, j — 1, kK — 1 }. Define
A:SU(2) x SU(2) — SO(4) as follows. A(A, B) is the homomorphism of
R* — R* given by
r — AlzB

0 e 0

and j to cos(a + B)j + sin(a + B)k. The map A is 2 : 1 since \(A, B) =
M—A,—B). The restriction of X to the diagonal A(A) = (A4, A) defines
amap A : S3 — SO(3) by MA) = {& — AlzA}, where trace(z) = 0
(this implies that = € {0} x R3). Using [GM] it is easy to see that any
homomorphism from 71 (U \ 3,0) — SO(4) lifts to two homomorphisms
into SU(2) x SU(2).

Case 2. k=0: Let h: m (U \ £,0) — Iso™(E?) be the holonomy of
U\ Zq. Isot(E?)is R? x SO(3). Then h has two lifts to R? x SU(2) and

as in Case 1 the image of [ . in these two lifts coincide. Up to conjugation

e i3
then )\([e 0. } , [e 69@3}) sends 1 to cos(a — () + sin(a — B)i,

we have

(1) h(ﬁ):(?,[ef e_O_D h(Tc)=<6?,[ef e%D
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were 9§ is the E}ngth of fa, and 3, =27 < § < 2, is the angle of the lifted
holonomy of X

Case 3. k=1: Let h: m(U \ ¥,0) — SO(4) be the holonomy of
U\ X4 As before we have two lifts of h into SU(2) x SU(2). We assume
up to conjugation in SU(2) x SU(2) that

—y €' 0 €' 0
- ([ ] )

([ S5 )

In this case 6 = v — ¢ is length of fa, and 8 =vy+ ¢, =27 < 3 < 27, is
—
the angle of the lifted holonomy of X,
For any k # 0 we can normalize by multiplying the metric by a constant

(2)

such that the new cone manifold, M, belongs to case 1 or 3. This process
does not change angles.

1.1 DEFINITION. Let (]\_4> 3 E)a) be an oriented 3-dimensional cone-
manifold of constant curvature k, where fa is a nullhomologous knot in
M. The Jump of fa is the equivalence class E in R/47Z represented by
the angle ﬁ, —27 < 3 < 27 of the holonomy of b « in the assomated cone
manifold M n, of constant curvature 1 0, —1. The twist of by s tw( b o) 18
the real number 34, and m(i ) = B3 is an equivalence class in R/2aZ.

1.2 REMARKS.

1) If a = 2mr, fgﬂ is a regular geodesic in M?3. Then lc. can be used
to give an orthonormal framing along Y as follows. The e1-vector
is tangent to E); the es-vector defines a geodesic intersecting QU in
a point of I.; and e3 is determined by e, es and the orientation of
M. This framing s can be extended to a neighborhood of ¥ and is
used to define the real number

(B = (3, s) = —/ B
)

where (6;;) is the Riemannian connection form on the SO(3) ori-
ented frame bundle F'(M) of M. In this case

tw(T) = 7(%,1.) = 7(2) (mod 2r)
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where 7(X) is the torsion of ¥. (See [Y] and [M-R].)

2) Let p: M — M be a n-cyclic covering branched over the a-curve
fa in the cone-manifold (]\-4) , E)a), where ¥ is a nullhomologous
knot in M. If the branching index n of p satisfies na < 2m, then
M inherits a natural cone-manifold structure from M with the na-

curve X0 = p~1(Z4) as singular set. We say that

—

- = —
p: (M, ¥, — (M, X,)
is a covering between cone-manifolds. Then

- = _
tw( X pe) = ntw(fa) and tw(X ) = ntw(fa) (mod 2n«)

= — =
In fact, jump(X,,) = jump(X,) = [ implies tw(X,,) =
— = I—
52 = n(Bs-) = ntw(X,). Therefore tw(X o) = ntw(X4)
(mod 2n«).
—_ =

2. The number I(M, ¥ ,)

Next we define, [ (]\_4) ,fa), associated to an oriented cone-manifold
— =
(M, ¥ 4), where the singular set ¥, is an a-curve which is a nullhomologous
knot in M. This number (mod 1) is equal to the Chern-Simons invariant

= =
of the Riemannian manifold M when o = 27; and, if p : (M, ¥ ,,) —

- =
>Ena) =

(]\_4> , E)a) is a n-cyclic covering between cone-manifolds, then I(

—_ =
nl(M, ¥ ,).

— =

Let (M, ¥ ,) be an oriented cone-manifold where the singular set X is
an a-curve which is a nullhomologous knot in M. Let 7 be a meridian of
—)
Y 4. It follows from [Me, Th.4.3] that there exists a frame field

s: M\ (SUm) — F(M\ (SUm))

having special singularities at > U m.
Recall ([Y;Def. 1.3], and compare [Me]) that a frame field on a 3-
manifold N is special on a link J if it is an orthonormal frame field on
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N\ J which has the following behavior near each component K of J. Let
Uk be an open neighborhood of radius € of K. For each point = of Ux \ K
i) es(x) is tangent to y(z,y) and it has direction opposite to y, where
v(z,y) is the unique geodesic in Uk such that d(z,y) = d(z, K) =
length(y(z,y)) = 6,
— —
ii) ea(x) is tangent to Ss(y), where Ss(y) = {z € Ug|d(z, K) =
d(z,y) = 6}
It follows that in the limit e;(z) is tangent to K.
Following the notation of [Y] let @ be the Chern-Simons form defined
on the positively—oriented orthonormal frame bundle, F(]\_J> \ )

Q= (912 A 613 A b3 + 012 A Qg + 013 A Qi3 + Oag A Qa3)

where (91-]-) is the connection 1-form and (£2;;) is the curvature 2-form of

the Riemannian connection on the 3-manifold M \ X

2.1 PROPOSITION. Then
1

- d
2 /s(M—E—m) @ (mod 1)

. . . — =
is an invariant of (M, ¥ ).

PrOOF. The value of % fs( M—S—m) Q is independent of the frame field s

because if 5 is another frame field on M \ (XUm) having special singularities
at X Um, then s = s on a neighborhood of ¥ U m. Then the proof follows
as in [CS] for the closed case. [

Let 8" = (f1, f2, f3) be an orthonormal framing defined on a subset of
M \ ¥ containing m such that fi(y) is the tangent vector to m at each
y € m having the same direction as the ej-vectors of s near y, and fo(y) is
tangent to the meridian disc of ¥ bounded by m.

2.2 DEFINITION. We define

- = 1 1 , 1
10,5 = 5 [ o @ O = ()
L(M,S,) = I(M,S,) (mod 1)
(8)  Ie(M,¥a) =I(M,¥4) (mod %)
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The real number I (]\-4) , E)a) depends only on the frame field s, since the
value of (3 is chosen so that —27 < 3 < 2m. Is follows from Proposition
2.1 that the class Il(ﬁ , fa) is independent of the frame field s. The
class I o (M, Sa) depends on the frame field s, but is independent on the
representative in the equivalence class 3. In the case of a = 27” the cone-
manifold is an orbifold. Then 5- = % and

is both independent of the frame field s and of the representative of the
— — =
equivalence class 3. Then I1 (M, ¥ 2x) (mod %) is an invariant of the

orbifold (]\_4) , i,n), which will naturally be called the Chern-Simons in-
R
variant of that orbifold, denoted C'S(M, ¥, n), i.e.

CS(M,S,n):=I+(M, Y 2) (mod -).

The following remarks justify the above definition.

2.3 REMARKS.

1) Suppose o = 27. Then the cone-manifold (]\7 , Yor) is a geometric
— -

manifold M. The Chern-Simons invariant C'S(M) is well defined

mod 1. Because & = 1 the two classes I; and I o are equal and

21
then
[(M,Sa) = CS(M)  (mod1)

This is a consequence of the extended torsion formula of
Meyerhoff-Ruberman [M-R] because we can consider a surface S
in M such that 05 = X Um which has the shape depicted in Figure
1 in a neighborhood of m. This surface exists because ¥ is null-
homologous in M. Observe that 7(m,s’) = 7(m,S) + 27, where
7(m, S) is the torsion of m with respect to the framing induced by
S, and tw(X) = T(f,lc) = T(E), S) £ 2.
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= = — —
Let p : (M, Ly, — (M, L,) be a n-cyclic covering between
—
cone-manifolds branched over L . Then

To prove this, note that the frame field s lifts to a frame field s in M\
(X Nm) having special singularities at X N, then fg(M—i—m) Q=
nfs(M_E_m) Q. On the other hand, the frame field s’ lifts to a

frame field 3 in a subset of M \ & containing 7 such that 7 (1, 3') =
=

nt(m,s’). Finally, recall that tw(X) = ntw(i)).

Note that if a = 27” then the n-cyclic covering of M branched
over % is a Riemannian manifold. This gives a procedure to compute
the Chern-Simons invariant of some manifolds. .
Suppose @ = 0 and the manifold is hyperbolic. Then I;(M, L) is
equal to the extended definition of the Chern-Simons invariant for
manifolds with cusps, made by Meyerhoff in [Me].

3. A ”Schliffli” Formula for (53, K,).

In this section we deduce a ”Schlaflli” formula for the invariants
I(S3,Ky), 1(S3, K,) and I%(S‘?, K,) of a one parameter family of cone-
manifolds (5%, K (;)) where the angle «(t) and the function 5(t) (one lift of



732 Hugh M. HILDEN, Marfa Teresa L0zZANO and José Maria MONTESINOS- AMILIBIA

3) are differentiable functions of ¢, and K is a hyperbolic knot in S3. We
suppose in the proof that 5(t) € [—27, 27] (otherwise the same result follows
for 11(5%, Ko) and I« (S%, K,) using a different lift I(S%, Ko, ) associated
to 3(t)).

First observe that dI(S?, Ky)) = dI1(S?, Ko4)) = dl o (53, Koqr)). We
distinguish two cases according as the curvature is negative or positive. As
a matter of fact, there is a proof of Case 1 analogous to the proff of Case
2. However, we have decided to include here a different proof, (more in the
line of [Y] and [N-Z]) to relate our result to the interesting work of these
mathematicians.

Case 1. The curvature of the cone manifold (53,Ka(t)) is —1 for t €
(to,t1).

We recall some notation and results of [Y] and [N-Z], in particular the
important Theorem 3.1 of [Y] and the formula (46) of [N-Z], which can be
thought of as a ”Schlaffli” formula.

Let K be a hyperbolic knot in S3. Let N be the oriented complete
hyperbolic structure on S\ K. Let U be the deformation space of N. For
u € U, the corresponding hyperbolic manifold is denoted by N,,.

The holonomy of the hyperbolic structure N, is p, : m (5% \ K) —
PSL(2,C). Then, up to conjugation in PSL(2,C),

u

=l 5] wa=[ 0]

wle

(& (&

Let s be an orthonormal framing on N \ m obtained as in the following
proposition.

3.1 PROPOSITION. Let K be a hyperbolic knot in S®. Consider its
complete hyperbolic structure N. Then there exists an orthonormal framing
on S3\ (K Um), where m is a meridian of I_(>, having a special singularity
at K Um.

PrOOF. The proof follows the idea of the construction made in [Y], for
the Figure-Eight knot. Consider a tubular neighborhood E of K. Let m be
the boundary of a disc D in the interior of E such that D N K=one point.
First, define a framing sy on the exterior of the Hopf link, H = S; U Sy,
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with special singularity at H ([Y;pg 503]). Second, define an orientation-
preserving map ¢ : S® — S2 such that
i) ¢(K) =51 and ¢(m) = Sy
ii) ¢ maps the neighborhood E of (K U m) diffeomorphically onto a
similar neighborhood Ey of H, and ¢(S%\ E) C (S \ Eo) ([Y;pg
501]). (Ep is a tubular neighborhood of S; containing Ss.)

Then the map ¢ induces a framing s on S®\ (K Um) having special singu-
larity at K Um. O

By the Schmidt orthonormalization process applied to s with respect
to the hyperbolic structure of N, one obtains an orthonormal framing s,
on N, \ m. By deforming it in a neighborhood of m if necessary, we may
assume that s, has a special singularity at m.

Given any Riemannian manifold R, the differential form C is defined on
the positively-oriented orthonormal frame bundle by the following expres-
sion

1
C :@(491 A bOo N O3 — d(91 A B2z + 03 N 031 + 03 A 012)
1
+ m(am A 013 A bas + 012 A Qi + 013 A Q13 + a3 A Qa3)

where (6;), (6;;) and (€;;) are, respectively, the fundamental 1-form, the
connection 1-form and the curvature 2-form of the Riemannian connection
on R.

Let 8" = (f1, f2, f3) be an orthonormal framing defined on a subset of
M \ ¥ containing m such that fi(y) is the tangent vector to m at each
y € m having the same direction as the ej-vectors of s near y, and fo(y) is
tangent to the meridian disc of ¥ bounded by m. For u € U let s/, be the
result of orthonormalizing s’ with respect to the hyperbolic metric of N,,.

3.2 THEOREM OF YOSHIDA. [Y; Theorem 3.1]. The function

1 .
0 fw=[ g [ (-t
su(Nu\m) T Jsl(m)

is a holomorphic function on a neighborhood of u® in U, where u® represents
the original complete hyperbolic structure N .
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3.3 THEOREM. ForueU

(5) Re(f(u)) = %Voz(m) + ﬁfm(u@)

PRrOOF. Following the first part of the proof of Theorem 5.1 of [Y], for
each u € U consider X, the closure of s, (N, \ (Ec(e)Um)) in F'(N,), where
E(e) is the e-neighborhood of the end e of N,,. Then 0X, = s(0FE.(e) UR),
where R is mapped onto m by the bundle projection F'(N,) — N,.

Then

Re(f(u)) = / - )Re(@—i 0,

27T Sl(m)

1 . 1
:—2Vol(Nu) - lzme_,o/ 3
7r s(0Ec(e)) =T
where © = 01 A Oa3 + 05 A\ 031 + 03 A O19. B
To compute — fs(aEE(e)) ﬁ@, consider p : N, — N, the universal cover

of N, and let d,, : N, — H? be a developing map of N,. We may assume
that the image by d, of a connected component of p~!E (e) lies into the
hyperbolic cylinder around the t-axis

T

1y <43,

Es = {(r,v.9) € H3|log cot(4 5) =

Using these polar coordinates on T, = 0F, and putting z = logr+1i¢ on i,
the universal cover of T¢, then T¢ is the quotient of T. by the Z x Z-action
generated by the translations by {u,v}. Let I be the parallelogram spanned
by them. We have

1 1+ sin?y

1 1 1+ sin®y
- —0=—o "0 [ dlogrnde = —5— 5L Area(I
/s(@Ee(e)) Ar? 4m2  cos2y /1 ogrhdeé =3 cos? rea(I)

As € — 0,7 — 0 and Area(l) — Im(uv), which proves the theorem. [J

3.4 THEOREM [N-Z]. The real part of df (u) is equal to the real part of
g(u), where g is the holomorphic differential

(6) g(u) = 4L7r2 (vdu — udv)
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PrROOF. The generalized Schléffli formula (46) of [N-Z] with our choices
of orientation (change of sign on v) is

1 1
dVol(N,) = —gd(ﬂlm(uﬁ)) ~1 Im(vdu — udv)

Then
dRe(f(u)) = %dVol(Nu) + T;dfm(uﬁ)
= _4—71r2 Im(vdu — udv) = Re(g(u)). O

The above theorem shows that g(u) is an exact holomorphic differential.
Thus the integral

h(u) = /Ou g(u) = ﬁ /Ou(vdu — udv)

defines a holomorphic function of u, such that h(u) — f(u) =constant. In
particular the imaginary part of df(u) is equal to the imaginary part of

g(u).

3.5 THEOREM. Let (S3, Kaw)) be a family of hyperbolic cone-manifold
structures in S°, where a(t) and 3(t) are differentiable functions of t. Then

the following equation (”the Schliffli formula”) between differential forms
holds

(7) AI(5°, Ko) = 5 0da

PrRoOOF. Observe that

mmsz%WQ+%L

u

623 :/ Q — LT(T’%S;)
(m) su(Nu\m) 2
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and by (3) (Definition 2.2)

1 1 1
I(S? K,) = = — —tw(K) — — !
(57, Ka) 2/su(53 . m)Q 47Ttw( ) 4WT(m,su)
Then 1 {
3 _ — J— —_
I(S°, K,) = 2Im(f(u)) gy tw(K)
This implies that
AI(S Ky) = ~Im(g(n)) — —— d(—ap)
g A T 2m

Now, because u = ic, v = 6 +if3, we have that Im(g(u)) = ﬁ(adﬁ—ﬁda).
One obtains

dI(S3 K,) = #(adﬁ — Bda) — 8% (adf + Bda) = —4—;@@. O

Case 2. The curvature of the cone manifold (S?, K ) is 1 for ¢ € [to, t1].

By a straightforward adaptation of an argument of Neuwirth [N, Chapter
III], we can assume that for each ¢ € [tg,t1] there exists a polyhedron
(we do not require it to be either convex or geodesic, only of the same
combinatorial type for each t € [tg,t1]) Dy C S% such that (53,Ka(t)) is
the result of identifying the faces of D; by isometries {g1, ..., g} of S3. The
set of edges of D; that project onto K is {Aj,..., Ap}; the set of edges
of Dy that project onto the meridian m of K is {Bj, ..., Bx}. Denote D, —
{Ay,..., A, By, ..., By} by DY. Since K is a singular geodesic we can suppose
that for each t € [tg,t1], A1 is part of a fixed geodesic 7, that a point P
in A; C « projects onto the same point 7(P) € K and that an orthogonal
direction to K in P is also the same for each ¢. The identifications of pairs
of faces in Dy are realized by the isometries {g1(t), ..., ¢;(t)}. Let D be the
combinatorial polyhedron, then the family D; defines a differential map

n:M*=D x [ty, t;] — S3

such that n(P,t) = P, for each t, n(A; x [to,t1]) C ) and dn(d,t) = r(t)v,
where © € TpD, v1r.
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There exists an orthonormal framing s; on X; = D?/{g1, ..., g/} having
special singularities at K U m obtained by orthonormalization with respect
to each Riemannian structure, of the framing s in S% — (K Um). Let

p: Mg = DO x [tg, t1] — F(S%) = SO(4)

be the map defined by p(x,t) = s¢(n(z,t)) where sy(n(z,t)) is the framing
induced on DY by the framing s; on X; = D?/{g1, ..., i}
By the Stokes formula

®) /MO W (dQ) = /M IRCELE / __a

Observe that 8u(MO) = u(@DO X [to, tl]) U,LL(*D X to) U,LL(D X tl) Uy UCQ,
where C; and Cy are diffeomorphic to the image by p of ((the boundary
of a small neighborhood of {A;, ..., A} in D)X[to,t1]) and the image by
of ((the boundary of a small neighborhood of {Bi,..., By} in D)x[to,t1])
respectively.

The faces of D can be paired as (S1, g151), ..., (S1,9151), then u(g;(x),t) =
dgi(p(z,t)) for all z € S;, i = 1,...l and for all t € [tp, t1]. This implies that

l
o =3/ a- [ Q) =
w(0DOx [to,t1]) i—1 \YRB(Six[to,t1]) w(giSix[to,t1])
On the other hand
R R
MDtl SB K- m

DtOQ /S3Km)Q

Now we compute |, c Q and |, Cy Q
Observe that the image of the quotient map

(10)

T =

p(DO x {t}) — (DO x {t})/{dgr(t), .., dgi(t)}
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is a 3-manifold )A(t with boundary which is diffeomorphic to the compacti-
fication of X; with two tori: (K Um) x S'. The ”quotient” map

q /"L(DO X [t07t1]) - Ute[to,tﬂjzt =X
given by ¢(u(x,t)) = qi(z), sends C; and Cy to ute[to,tl]a)?t = C,UCh.

3.6 LEMMA.

1 / /
(11) xé59zzﬁﬁ;mwa—ﬁawt

where a(t) is the angle around K and [((t) is the jump of K.
Proor. Consider the following parametrization of Cr:

p:KXSl X [to,tl] —>61

where ¢ € [0, 27] is a parametrization of K, e; is the first vector of s, Ea3
is the unit twist around ey, a(t) is the angle around K and ((t) is the jump
of K. Observe that p is well defined because the factor S projects onto
a point in (93, K,), and is described as a twist (E93) around a vector e;

tangent to K. The coefficient is (5 ®) b+ 5o ¢> because for ¢g, ¥ € [0, 27]
the angle is «, and for g, ¢ € [0, 27| the angle is 3.

To compute p*Q note that p*f10 = p*f13 = 0 and p*Qaes = dp*ba3, so
that p*Q = - 2p 023 A dp*fz3. On the other hand p*fa3 ((%) =
023 (dp( ) = ?, and p*923( ) = O3 (dp (%)) = % There-
fore p*0ay = 2Dy + B0dg and dp ey = — 5Dy A dt — ELdg A dr.
Thus p*Q = —mm(ﬂa B'a)dp A dip A dt.

a--/ p'Q
(&3] KXSlX[to,tﬂ

_ L/K (8o — Bla)de A di A dt

2
47T xS1x [t07t1] 471—

= — Ba’ — fa)dt. O
47T2 /[‘tO;tl]( )
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3.7 LEMMA.

(12) Q = — (ro(m) — m(m))

Co 2

where 19(m) and T1(m) are the torsion of the meridian m of K in the
cone-manifold structures ty and ti, respectively, with respect to the same
longitude.

ProOOF. The computation for Cs is analogous to the computation for
(4, but now the angle is constant (27) and the jump is the torsion 73. Then

a--/ e,
Co mXSlX[to,tﬂ

1 1,
- —7lde A dip A dt
47T2 mXSlX[to,tﬂ 27T ¢
: /dt = —— (ro(m) — 71(m)) . O
= —— T, = — (tolm) —1m{(m)).
27T [to’tﬂ t 27['

3.8 THEOREM. Let (5’3,Ka(t)) be a family of spherical cone-manifold
structures in S3, where a(t) and 3(t) are differentiable functions of t. Then

the following equation (“the Schliffli formula”) between differential forms
holds

1
3 _
(13) dI(5%, Ka) = 5 fda

1 1 1
(8%, Ka,)—1(S% Ko __/ 1 R
(S il 1) (S ) O) 2 81(53_K_m)Q 4 l(m) 47_‘_ U}( a(tl))
1 1
) — — tw(K ,
5 /80(53Km)Q + - 70(m) + o~ tw(Kagy)
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Using the fact that tw(K,u)) = %, we obtain

(8%, Kay) = 1(5%, Kay) gpa(to) 3t

i~ g1)B(1) — o /[ (el = s
= (= o)+ (it = e ot
= —4%# i Ba dt

Therefore .
dI(S3, K,) = ——fBda. O
472

Suppose we compute directly the volume, and also the Chern-Simons
invariant of the complete hyperbolic structure of the exterior of a hyperbolic
knot K in S3, using the framing defined by the canonical longitude of
K. These are V(S%, Kg) and I1(S%, Ko), respectively. Then the following
theorem applies.

3.9 THEOREM. Let ]\—jn(K) be the n-cyclic cover of S* branched over
—, =
the hyperbolic knot K, and let (S3, K o)) be a family of cone manifold

structures such that the angle a(t) € (0, ap], the jump ((t) € R/(4nZ) and
the length 6 of K are diﬁerentiable_}functions of t. The Chern-Simons in-
variant of the geometric manifold M, (K), can be obtained by the following
formulas.

27
—, = n

S3 Ko — — [ Bda  (mod 1)

(14)  CS(Mn(K)) = nl( ),

where B is any differentiable lift of the jump to the_}universal covering R of
R/(47Z). The volume of the hyperbolic manifold M, (p/q), n > no, is

27

(15)  V(Mu(K) = nV(S? Kae) = nV (53, Ko) — —/T sda.
0
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PROOF. Lets prove (14). Let 8 be a differentiable lift to R of W,
then

(16) 471'2/ Bda = I1(S3 Kz) — 1(S3, Ko)

:‘:

where j(?3 _>a)(t) is a differentiable lift to R of Jo (?3,1_(201)@). As

( Ka)( ) and I(?ZJ’, I—ga)(t) are two lifts to the universal covering R
—_ =
of R/(5=) for the same function IQg(M, K ,)(t), they differ by a multiple
of 5. In particular for a = 27”, they differ by %
k
I1(S3,Kam) = I(S3 Kan) + —.
n n n
Then
L(S3 Ku) = 11(§>3,?2l)+ﬁ (mod 1)
L(S3 Ko = L(S3 Kg) (mod 1)
From (16) we have
1 =
—3 =2 Y 7 n
(S,K%\-)—I(S,KO)—H ,Bdoz,
jl(gg, f_()z_w) = 11(]\7, ?E) + k
n n n
27
. —3 =2 1 n
=0L(S ,Ko)—m/ Bda (mod 1)
And therefore
2
—a — —a — n
nI(S3, K 1) = n(S3, Ko) — % Bda  (mod 1)
n 7
CS(Mn(K)) = nli(S3, K 2x)
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To prove (15) note that V(?E”, fz_n) is easly computed, (see [H]), by using
the Formula of Schliffli for the volume (see for instance [M]). In a one pa-
rameter family of polytopes in the hyperbolic space, dV = —(1/2) > ¢;da;,
where V' is volume, the sum is taken over all the edges, ¢; is the length
of the ith edge and «; is its dihedral angle. The volume of a cone man-
ifold is the volume of the polyhedron from which it is constructed before
identifications are made. If several edges of a polytope are identified and
the resulting identified edge is not part of the singular set then the sum
of the corresponding dihedral angles is 27 and, since the differential of the
constant 27 equals zero, these edges make no contribution to dV. Hence,
in our case (see [HLM,]),

AV (S2, (p/q)a) = —(1/2)8da.

Therefore

V(S3 K

15

27
1 n
)=V (S3 Ko) — 5/ sda.
0

3

1

and this implies (15). O

See [HLM3] for a detailed computation of the Chern-Simons invariants
and volumes of the cyclic coverings of S® branched over a rational knot p/q.
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