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Mixed Hodge Structures of Siegel Modular Varieties

and Siegel Eisenstein Series

By Takuya MIYAZAKI

Abstract. In this paper we study the mixed Hodge structure on
the middle degree cohomology of the Siegel modular variety of level n.
We attach some global automorphic forms to its highest weight quotient
space and also show a vanishing of the next weight quotient. As an
appendix, we also consider the universal family of abelian varieties over
the moduli space and treat its middle degree mixed Hodge structure
similar to the above case.

1. Introduction

The purpose of this paper is to give a description of some graded quo-
tients associated with the weight filtration on the mixed Hodge structure
defined for the middle degree cohomology group of Siegel modular variety.
Here is a more precise statement of the main result.

Let Hy be the Siegel upper half space of degree g. The Siegel modular
group I'y = Sp(g,Z) acts on it properly discontinuously as usual by

Z — y(Z) = (AZ + B)(CZ + D)™, for Z € Hy, v = <é g)efg.

Moreover the principal congruence subgroup of level n > 3 of I'y : I'y(n) =
ker(I'y — Sp(g,Z/nZ)), acts freely. Then the quotient space Vy(n) =
I'y(n)\Hy becomes to be a smooth (open) algebraic variety over C of di-
mention N = % g(g+ 1), and is known to be quasi-projective because there
exists a projective minimal compactification: Baily-Borel-Satake compacti-
fication ([3], [20]).

The cohomology group H*(V,(n), Q) has the mixed Hodge structure by
Deligne [5, 6]. Let {IW}} be the weight filtration. Then we have the following
main result.
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MAIN THEOREM. Let Vy(n)* be the minimal compactification of a Siegel
modular variety, and N = %g(g + 1) be its dimension. Then for g > 2, we
have that
(i) dim GriHN (V,(n), C) = the number of 0-dimensional cusps in Vy(n)*.
(i) Grlk_ HY (V,(n),C) = {0}.

The main ingredients of the proof are Poincaré residue map of the mixed
Hodge structures, toroidal compactification of Siegel modular variety and
some regularity results on the Eisenstein series proved by Shimura [22].

Let us explain the contents of this paper. We review the mixed Hodge
structure of the cohomology groups of a non-singular algebraic variety in §2.
We explain about the edge component of mixed Hodge structure on H(V, C)
in §3. The Poincaré residue map is also explained in this section. After brief
review on the toroidal compactification of a Siegel modular variety in §4, we
rewrite in §5 a Fourier-Jacobi expansion of Siegel modular forms of weight
g+1in the local coordinates of a smooth compactification of V(n). There we
describe the image of a modular form by the Poincaré residue map in terms
of the constant term of its Fourier expansion. In §6, we give two examples
of the smooth compactification in case of g = 2, 3 as in Namikawa [16] and
Nakamura [15], and explain about degenerate boundary coordinates. In §7,
we review the holomorphic Siegel Eisenstein series. We restate the main
result in §8, and give a proof for it. There we use theorems of Shimura [22]
for the holomorphy of the Eisenstein series of low weight. In the last section
89, as an appendix, we remark some results about the weight filtrations
in the case of the universal family of principally polarized abelian varieties
which is similar with the case of Siegel modular varieties.

The author would like to express his gratitude to Professor Takayuki Oda
for kindly teaching many things to him and constant warm encouragement.
The author is supported by JSPS Research Fellowships for Young Scientists.

2. Mixed Hodge structures

We recall briefly the theory of mixed Hodge structures for a smooth
algebraic variety defined by P. Deligne. The references are [5], [6].

Given a smooth quasi-projective algebraic variety V over C of dimension
N, it can be imbedded into a smooth projective variety V as a Zariski open
subset, and D = V — V is a finite union of smooth irreducible divisors
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{D;}icr which have at most simply normal crossings (theorem of Nagata
and the resolution of singularities by Hironaka). Choose such an embedding:
j =V < V. Then {H'(V, C)},;cz make the mixed Hodge structures defined
as follows.

DEFINITION 2.1. A mixed Hodge structure (abbreviated M.H.S.) is
triple data: {Hgz, W,, F*};
(i) Hgz is a Z-module of finite type,
(ii) A finite increasing filtration We on Hq = Hz ® Q,
(iii) A finite decreasing filtration F'®* on Ho = Hy, ® C;
with following requirement. Denote also W, the naturally induced filtration
on Hg and define FP(Gr}Y Hg) to be the image of FPHc N WyHg —
GTIZVHC, then for all k € Z, {GTZVHQ, F*} is the pure Q-Hodge structure of
weight k. W, and F'* are called as weight and Hodge filtration respectively.

Write HP? = G?"%GT%GTE/Hc, (F* is the complex conjugation to F'*).
Then the definition means that

(i) HPY=0, if p+q#k, and

(i) Gr})Y Hg = @ HP? : direct sum decomposition, HP? = H".
p+q=k

(When these properties are satisfied, F' and F are said to be k-opposite to
each other.)

For a smooth (open) algebraic variety V', the mixed Hodge structures on
H*(V, C) are obtained in the following manner. First for the holomorphic
de Rham complex )}/, there are isomorphisms (Grothendieck [10]):

H*(V,C) ~ H*(V,Q},) ~ H*(V, 7.0%).

We take the subcomplex Q%/(logD) of 7.3, the logarithmic de Rham
differential complex as follows. The sheaf Q%/(logD) is the locally free Og-
module generated by sections dz—? (1 <i<l),dz (I+1<j<N)at
a point where D is defined locally by {z1---2 = 0} with a local coordi-
nates {z}1<i<y of V. Setting Q]f‘;(logD) = A* Q‘L/(logD), we obtain the



300 Takuya MIYAZAKI

complex Q%/(logD), and the natural inclusion Q%/(logD) — 7.8} is a quasi-
isomorphism of complexes (Deligne [5] (3.1.8)). Therefore we get isomor-
phisms:

H*(V,C) ~ H*(V, .Q}) ~ H*(V, Q2 (logD)).

Thus we can identify the singular cohomology of V' with the hypercohomol-
ogy of the logarithmic differential complex on V (Deligne [5], (3.1.5)).

With this identification the Hodge and weight filtrations on H*(V, C)
are induced by the following filtrations on the complex. For any com-
plex C*® in abelian category, define a subcomplex o>, as (05,C*)" = C*
if ¢ > p,and = 0 if ¢ < p. (This filtration is called as the stupid
filtration.) Applying this to (2;7(logD)7 we have a filtration on complex:
F* = {FPQ2 (logD)} ez,

FPQ%/ (logD) = UZPQ%/(logD).

On the other hand, the weight filtration W, = {WPQ%/(logD)}pez is defined
by
0 (p<0)
W,k (logD) = Qk(logD) (p > k)
Q]‘i/_p A Q%(logD) (0<p<k).

For each p, one has inclusions FPQ%/(logD) — Q%/(logD), Wpﬂ%/(logD) —
Qf‘;(logD) and these induce maps between hypercohomologies. Define the
Hodge and weight filtration on H*(V, C) = H*(V, Q%/(logD))) as follows.

(1.1) FPH'(V,C) = image of H'(V, F*Q% (logD)) — H'(V, Q% (logD))

(1.2) W, H'(V,C) = image of H'(V, W,Q% (logD)) — H'(V, Q2 (logD))

Observe that though the weight filtration is constructed over C in the above,
it can be defined over Q (Deligne [5], (3.2.4)). Write D = U;c; Di =V =V
with a finite (ordered) index set I. Each D; is a smooth irreducible divisor
which is also projective, for Vs projective. We fix one orientation for each
D;. Consider the disjoint union of all m-fold intersections of {D,},

plml — H D, N---ND,, : disjoint union.
{i1<-<im}CI
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It is a complex manifold of dimension of N — m. We set DI = V. We
consider the Poincaré residue maps Res|,,):

Respy, : WmQ%/(logD) — s Q) [,
where i,, : D™ — V are natural maps and, for any _complex C*®, define
C*[m] as (C*[m])* = C**™. With local coordinates on V it is given by

dz;, dz
Ao A
Ziq Zim,

im

w A

= w|D¢1ﬂ---ﬂD¢m ’

for holomorphic differential forms w on V. Here the order of components
D;; = {z; = 0} is taken to be increasing. Moreover it should be noted
that we must consider the contribution of orientation to the target com-
plex (Deligne [5], (3.1.4), (3.1.5)), but we omit the explicit suitable nota-
tion. Res[,,) becomes a morphism of complexes. It is surjective, trivial on
Wm_19;7 (logD), and induces an isomorphism of complexes:

Resp : GrnM{Q%/(logD) >~ s Q) [
(Deligne [7], [5]). Hence there is an isomorphism of hypercohomologies:
(1.3)  Respy :Hi(‘N/,Grn‘TQ";(logD)) ~ Hi(‘N/,im*Qb[m] [—m])
~ H7™(DM C)(—m).

The last term defines a pure Hodge structure of weight ¢ + m by classical
Hodge theory. ((—m) means the (—m)-th Tate twist.) Then it follows that
a spectral sequence for hypercohomology of filtered complex

FEPTY = HY(V,Gri,Gry) Q2 (logD)) = H'(V, G} Q% (logD))

degenerates at F1- term because, by the above residue map, this is identified
with de Rham-Hodge spectral sequence for H*(DI"™, C). And the induced
filtration on the right hand term becomes to be i+m-opposite to its complex
conjugation (Deligne [5], (3.2.6), (3.2.7)). On the other hand, the left hand
side of the isomorphism (1.3) gives an Ej-term of a spectral sequence

wE ™ = HY(V, Gr) Q% (logD)) = H'(V, Q2 (logD)) ~ H'(V, C).
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It is shown that each of its differentials d; (the connecting homomorphisms
of a long exact sequence of hypercohomologies induced from a short exact
sequence 0 — GrWW | — W,/ W2 — GrYY — 0) is strictly compatible
with the filtration on yE; ™™ induced above ([5], (3.2.8)). Then it is
proved that a unique filtration is defined on y Es-term from the one on
wE1. (There are different types of filtrations on yFy which canonically
induced from the filtration F'® on the complex Q%/(logD), but now these are
coincident with each other.) Also we get d; =0, j > 2, hence above spectral
sequence w E, degenerates at y Eo-term ([5], (3.2.9), (3.2.10)). Thus we
obtain a filtration on Gr)Y, ;H'(V, C) = w E> which is i + m-opposite to its
complex conjugation, which is proved to coincide with the filtration defined

by (1.1), (1.2). Therefore {H*(V, C), W,, F'*} defines a M.H.S. ([5], (3.2.5)).
Together with [5, (3.2.13)] and [6, (7.2.8)] we have the following.

THEOREM 2.2. (Deligne)
(i) A spectral sequence pEY = H(V, Grf;Q%/(logD)) = HP14(V, C) degen-
erates at pFE1-terms. N B
ii spectral sequence H(V, GrYV QK (log = HY(V, 0% (log egen-
ii) A l HZVGXVQI:/ZD HZVQi“/lD d
erates at Eq-terms.
iii ere is an isomorphism of spectral sequences
iii) There 1 ] hi tral

Grip B (RT(Q% (log D)), W) =~ E,(RI(GripQ% (logD)), W),

here RI'(K*®) is a filtered complex with filtration We which is derived from
an acyclic bi-filtered resolution K’ ® of a bi-filtered complex K*.

2. Residue map on edge parts

In this section we define a certain homomorphism from subspaces of a
weight quotient space of H*(V) to the cohomology groups H’(D[I™)), which
is induced from the Poincaré residue map. This construction is necessary
in the proof of the main result (§7).

We begin with isomorphisms:

GrYV, H(V,C)

m-+1

= HH™!(V,GrlY, 0% (logD)) © H'(V, GrlY Q2 (log D))
O YV, G, Q2 (logD)))
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= HH' (D™, C)(—m — 1) & B (DI, C)(~m)
& fi=m+2(plm=1l C)(—m + 1)).

Here H(* — % — %) means the cohomology of the 3-terms complexes. The
first isomorphism comes from FEs-terms of the spectral sequence in (ii) of
Theorem(1.2). The second one is obtained on passing to the targets of the
Poincaré residue map Res[,, in §2.

By the first isomorphism, GTK +Z~Hi(V, C) is regarded as a subquotient
space of Hi(V, Gr}f{Q%/(logD)).

LEMMA 3.1. Let {F*} be the Hodge filtration on GrlV, .H!(V,C), then

m-+t

FiGrYV H(V,C) injects into the H (V, Grﬂ"KQ‘i/(logD)).

m-+1
PrRoOOF. By Theorem(1.2), we have

GrisGri H' (V, Q2% (logD)) =~ Grisw Es(RT (2% (logD)), W)

m-+1
~ w Ey(GrpRI(Q% (log D)), W) w Es(RL (% (log D), W),

12

last of which equals the cohomology of the next complex;
~ HHY(V, GrnVZJrlQ%(logD)[—i])

D H(V, GriY QL (logD)[—i]) & HTY(V, GrlY_ QL (log D) [—i))).

Since the first term of above 3-term complex is zero space, we know
that the space Gri.Gr)V 4Hi(V,Q;~/(logD)) can be seen as a subspace of

m-+1

H(V, GTKL/Q%(logD)). Also we have that
H'(V, Gry QL (logD)) = GripH'(V, Gry Q% (logD)).

On the other hand, we have Fit1H!(V, GTTV,[L/Q%/(logD)) = {0}. In fact,
since the Poincaré residue map Resj,, is compatible with the Hodge filtra-
tion on H'(V, C), we get

FIH'(V,Gr) Q%(logD)) ~ F/="H"™(DI"], C)(—m).

Here the Hodge types of H=™ (D™, C)(—m) is only {(p+m, g+m)}, where
p+q=1i—m,and p, g > 0. Therefore for j > i, considering above Hodge
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type, we obtain that FI~™H!"(DI™ C)(—m) = {0}. Hence combining
this with above, the lemma follows. [

By this lemma, we can consider a restriction of the Poincaré residue
map on this edge subspace and this restriction map gives a isomorphism of
FiGr)V H(V,C) into its image. By an abuse of notation, we denote this
homomorphism

Resp : FiGrV, HY(V,C) — H~™(DI™ C)(—m).

m—+1

by the same symbol as the Poincaré residue map on the complexes. More-
over the following lemma shows that the domain of above map is a subquo-
tient of the space of global sections of Q% (logD).

LEMMA 3.2.

GripGriy H(V, C) = Gry ;H(V, Ok (logD)).

m-+1i

PROOF. This results from Theorem (1.2). O
4. Toroidal compactification of Vj(n)

In this section, we recall the construction of toroidal compactification of
a quotient variety of Hermitian symmetric space. Main references are, for
example, Ash, Mumford, Rapoport, Tai [1], Namikawa [16], [17], Nakamura
[15].

4.1. Minimal compactification

First we recall the Baily-Borel-Satake minimal compactification. The
Siegel upper half space Hy is analytically isomorphic to Dy, = {r = 1 €
My(C); 1 —77 > 0} by Hy 3 z — (2 — /—11,)(z + vV—11,)"L. D,
is a bounded symmetric domain in C290) . We set D, = {r = tr e
My(C); 1 —77 > 0} D D,, which is a union of D, and its boundary
components. We take the only rational boundaries defined over Q. Then
we set D = D, U {rational boundary components of D,}. According to
this, we also define for the Siegel upper half space

H = Hy U {rational boundary components of Hg}.
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The action of Sp(g,Q) on H, extends to H; and we make the quotient
Vg(n)* = Ty(n)\Hj. Then Vy(n)* becomes a compact Hausdorff space by
defining a suitable topology on Hj ( called Satake topology ). This is the
minimal compactification of Vg(n), which is a projective variety with singu-
larities on V(n)* — V,(n) (Satake [20]).

4.2. Rational boundary components

We fix some symbols to denote rational boundary components of H,.
Symbols :
{F.}; T'y(n)-equivalence classes of rational boundary components of Hg.
Fo~Hgy (0<3g <g).
P, ={g € Sp(g,R); gF, = F,} ; maximal Q-parabolic subgroups associ-
ated to Fy,.
W, C P,; a unipotent radical.
Us C Wy; the center of W, ~{be€ My (R) ;'%b=>b} = Q,,91 =9 — go-
Qq; a self dual open cone, ~ {b € My, (R);*b =b,b > 0} = Q.

Among {F,}, the standard boundaries F5 can be chosen for each go.
The maximal Q-parabolic subgroup Py, associated to this standard bound-
ary is given as follows:

A0 B A B
x U K < ' D ) € Sp(go, R),
PQO = Cl O D/ € Sp(ng> )
0 0 0 tut u € GL(g1,R)
1,4 0 n
. tm 1!]1 tn b t ot t
Wy = 0 0 1, -n € Py |'nm+b="mn+"b,,
0 0 0 1,
1,4 0 0
1 0 b
0 0 0 1,

All rational boundaries F, are transformed into one F3' ~ Hy, by the
action of Sp(g,Z) =Ty ; F, = ’yaF;Ot, Fvo € I'y. Under this situation we
first construct a partial compactification in direction of a rational boundary
component Fy,.
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4.3. Partial compactification

Fix F = ngg, a standard rational boundary and we consider specially
the partial compactification for it. Let P,z = Pz = Py, NTy, Uyz =
Uz = Uy NTy, Py(n) = P(n) = Py NTy(n), Ugy(n) = U(n) = Uy, N
I'y(n), Uc = Uz ® C. We make a next map;

Z1 z9 zZ3
:H, — H V U U 7 =
€: Hy 90 X Vgoqr X (Uz\Uc): < v 2 > — (zl,zz,e<n>),

here e(z) = exp(2mv/—1z) = (exp(2mv/—12k1))k1s Vgog: is the space of
go x gi-matrices with coefficients in C. T, = Uz\Uc is a complex torus of
dimension 3g1(g1 4+ 1), =~ (CX)%gl(glﬂ). It can be seen that the above map
e factors through U(n)\Hy. Then, the image T,; /= of e is an open subset
of Tyog1 = Hgy X Vgogr X Ty, and U(n)\Hy is isomorphic to this image. We
identify them, thus consider Ty . in Ty, .

For the third factor of complex torus Ty, , there exists a toroidal embed-
ding as following. We remark that Uz ~ Q/ 7 ~ Homgig—grp(Gm, Tyy) =
m1(Ty, ), where Q7 is the Z-lattice of symmetric integral matrices in Q.
Take le to be a dual real vector space of Qg , and denote by ( , ) :
@gl x Qg — R the natural pairing. Then the dual lattice M of lez is
defined by

M ={jeQy;Gy)cZforvyeQ,}.

Let Q;rl be the set of positive definite real quadratic forms in Qg4 . By @;
we denote the rational closure in the space of nonnegative real quadratic
forms which is, by definition, the convex hull of the set of nonnegative
integral quadratic forms. The group GL(gi,Z) operates on Qg4 as y —
uytu for u € GL(g1,Z), and the action preserves Q;’l and @; Every

element of @;_1 can be transformed by a unimodular integral matrix u to

0

On @;rl (=~ Qg,), we consider a GL(g1, Z)-admissible cone decomposition
Y4, = {o} which satisfies following properties:

0 0
uylu = ( ) ) ; ¥ > 0 (Namikawa [16]).

(1) each o € X, is a rational convex cone, namely, generated by finite
number of semipositive integral quadratic forms,

(2) o€y, T<o(tisafaceof o) =>T7€X,, 0,7 € Xy = 0NTEL,,
(3) the decomposition is invariant under the action of GL(g1,Z),
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(4) there are only a finite number of classes of o’s modulo GL(g1,Z),
=+
(5) UUGEgl 0 = le' _

Later we glue all partial compactifications into one V(n). For this pur-
pose, we have to assume that the family of cone decompositions {251‘1 }, each
of which is associated to a rational boundary F,, satisfies next compatibility
conditions:

(6) if Fo = ~Fg with v € TI'g(n), then She = 7251’3, via the natural

isomorphism v : 0, — Qg.
(7) if g§ < g1, for natural embedding @;r/l — @;1 oy - < 8 Z(J), >, the

restriction of @; to @;/1 is the cone decomposition ng .

A family of cone decompositions for each rational boundaries satisfying
from (1) to (7) is called I'y(n)-admissible collection. For given admissible ¥4,
for @; , we can construct an affine torus embeddings {7} of T}, to every
o € Xg,. Set the dual cone of o tobe 6 = { € @gl; (g,y) >0 for Yy € o}.
Ty, = Spec C[M] = Spec C[zij,zgl; 1 <i<j< g1 Then we get an
embedding

Ty, — 1, = Spec C[zA; AeaonM],

Ay . . .
where 24 = [Ti<i<j<g, 27+ and 6 N M is a sub-semigroup of M.

From the property (1), 7, becomes an algebraic scheme. And from (2)
{T5}oes,, can be glued with each other (i.e. for o' < o (6 < 6'), use
natural open embedding 7, C 7). Then we get a torus embedding 7y, ;

Ty, — 1g = U 7, (gluing).
o€Xy,

The scheme 7, is not necessary of finite type, but locally of finite type. Here
the natural action of T,, on its image in 7,5, by the product of torus extends
to all over 7. Each of the T}, -orbits in 7, is in one-to-one correspondence
to cones o € 3y, (Namikawa [16, Theorem(4.6)], [17, Prop.(6.12)]):

Yg 20 < O0) € {Ty-orbits C 7Ty, }.
O(o) = {tlirgot"z; z €Ty }.

Here n € 0°N @; 7, thz = (t"z;;); j, and 7 is considered as an element of
one parameter subgroup Qg z. In this correspondence, one get also o’ <
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o < O(c) € O(d’). Besides, for {0} € ¥, we have {0} N @ng = lez.
Therefore Tygy = Ty, is the Ty -orbit corresponding to {0} € X, and
Ty, — 71y, defines a Zariski open subset.

Then we set Ty, g, — Xgg, = Hgy X Vyog, X 7y, , and define the partial

compactification (U(n)\Hy)s,, of Ty

. . . St
w.g1 C Tgogy in the direction of F7 as

(U(n)\Hg)s,, = the interior of the closure of T / in X g,.

(Namikawa [16, Prop.(6.3)]). For this we have the following proposition
(Namikawa [16, Prop.(6.6), (6.9)]):

ProproSITION 4.1. P(n) = P(n)/U(n) acts properly discontinuously
on (U(n)\Hy)s, . Moreover, if level n > 3, then this action is without fized
points.

Therefore the quotient P(n)\(U(n)\Hy)s, has a structure of normal
analytic space. (We remark that P(n)(— GL(g1,Z)) is considered as a
subgroup of finite index.) On the other hand, let

Ozgo = U Hgy X Vgogy X O(0) C Xy g,
oNQy, #¢,0€8y,

then Ox, C (U(n)\Hy)s,, and one can see that the quotient P(n)\Osx, is
a closed subset in the above normal analytic space. By the reduction theory
of Siegel, we have the following:

For any point p € Oy, , there is a neighborhood Y of p in (U(n)\Hg)s,,
such that if z1 = M - zo, AM € Ty(n) for 21, zo € e 1(Y) N Hy, then
M € Py, (n).

This means, near W\Oggo, the variety Vy(n) = I'y(n)\Hy is locally
isomorphic to P(n)\(U(n)\Hy)s,, . Therefore we can glue these in a neigh-
bourhood of each boundary point, and put an analytic structure on these
neighbourhoods from the one on P(n)\(U(n)\Hy)s,, . The above procedure
(partial compactification, and gluing pieces nearby boundary orbits) for all

I'y(n)-equivalent classes of rational boundaries, is canonically compatible by
the properties of I'y(n)-admissible family of cone decompositions. Finally
we obtain a toroidal compactification Vj(n) of V;(n), with underlying set

‘79(”) = U U Py, (n)\OEgoa ( E\Og =Vy(n) ).

0< go< g {Fyy} mod T'g(n)
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It is shown that f/g(n) is a compact normal space, and by choosing certain
suitable cone decompositions, it becomes a smooth and projective variety
over C. Moreover ‘Z](n) — V4(n) = D = UD,; is a finite union of smooth
irreducible divisors with simply normal crossing.

4.4. The Map from V,(n) to V,(n)*

As a set, Vy(n)* is a disjoint union of modular varieties of lower dimen-
sion = Vo(n) MV@ VI TTVO. Here VO = 15y mmod 1, (n) Ui \Fi is
the i-th rational boundary component (F; ~ H;, 0 <i < g — 1). Moreover,
V,(n)* is a projective over C. We have a holomorphic map from V,(n) to
Vy(n), -

7 i Vyln) = Vy(n)*.
The restriction of 7 over a rational boundary component I'; \ F; comes from
the naturally extended map:

PFg,

(U(n)\Hg)Egl - g(”)*a

and the inverse image of a rational boundary is given by
—1
ngO (F/go\FQO) = 0290

(Namikawa [16], §6). Then 7 gives an identity on the open stratum V,(n)
and

(V) = 11 Py, (n)\Os,, -
{Fgo} mod T'y(n)

Later we consider the intersections of the boundary divisors D; of f/g(n)
inside 7=1(V(90)). A description of these intersections in local coordinates
can be given from the local structure of

0290 = UHQO X Vgogr X O(o)

or more precisely from the local structure of

U O(o).

oNQY, #¢,0€5,

Details are discussed in §6.
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5. Poincaré residue maps on the space of holomorphic Siegel
modular forms

From now on we set V = Vy(n), and N = dimV = 1g(g + 1). The
space of holomorphic Siegel modular forms of weight g+ 1 is identified with
a subspace of HY (V, C). By use of the Poincaré residue map, we study the
weight filtrations on this subspace of H¥(V, C). In §3, it is shown that the
Poincaré residue map defined for the edge part of Gr!V i ~HY(V,C), can be
transferred to the space I'(V, Qg(logD)) (¢f. Lemma (3.1) and (3.2)). For

weT(V, Qg(logD)), denote the pull-back of w to H, by
wg = f(zl, .- ~,zN)d21 A+~ ANdzpn.
in the coordinates of H,.

LEMMA 5.1. If g > 2, F(V,Qg (logD)) = M,11(Ty(n)). Here
Mgyi1(Tg(n)) is the space of holomorphic Siegel modular forms on Hy of
weight g + 1 for I'y(n),

Myi1(Ty(n)) ={f : Hy — C; holomorphic

| F2)) = det(CZ + D) {(2) for Wy = (é l]i)erg(n)}.

ProOOF. This is a standard fact (e.g. Chai-Faltings [4, Chap. V]). But
for our purpose, we here review its proof.

We put ws = A< i< j< ,dzij where Z = (2 )i, j=1,..g € Hg. For y =

A B

C D
for example Maass [13, §3, p.23]. From the I'g(n)-invariance of wg = f(Z)ws,
f(z) is a holomorphic modular form of weight g + 1. Thus the inclusion
r(V, Qg(logD)) C Mg41(Ty(n)) is shown. The converse inclusion is proved
as followings.

We fix a gg, 0 < go < g — 1, and denote by {Fpy, Fy,---, F.} all of
the I'y(n)-equivalence classes of go-th rational boundaries (~ Hy,) of H,.
We take Fj as the standard go-th rational boundary (= F, ;g) of Hy, and
write corresponding maximal Q-parabolic subgroup as Py C Sp(g,R). Each

€ Ty(n), it is well known that y*ws = det(CZ + D)~ 0wy, see
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F; transformed into Fy by some v, € T'y = Sp(g,Z), and we fix vy € T
such that F; = yFy for [ = 1,---,r . Then Fourier-Jacobi expansion of
1€ Myi1(Ty(n)) at B is

trT24

j(r)/lila Z)g+1f(Z) = (l()(Zi, Zé; E) + Z aT(Ziv Zé; E)e( ))

{T}

l l

_ y4 y4 .
v {2 = ( Zi zfi ) , with 2} € My, (C), 25 € My, (C), g1 =9— go,

. A B

j(v,Z) = det(CZ + D) for v = < c D ) .
Here {T'} runs all the set of nonzero non-negative, half-integral symmetric
matrices of degree ggp. Recall that for g > 2, the non-negativity of T' is a
consequence of the Koecher principle.

We make a toroidal compactification V,(n) of V,(n) by taking a T'y(n)-
admissible family of cone decompositions. We consider the map  : Vg(n) —
Vy(n)*. And for V) C V,(n)*, let m = m(l) be the greatest integer such
that 7= (VW) N, (D™ #£ ¢. (Here we concern ourselves with the max-
imally degenerate boundary in 7—1(V(").) Then local coordinates system
at a point of 771 (VD) N, (DIM) is written as {(2), (u;), (qx = e(wy/n))}.
Here 2z;, 1 < i < %go(go + 1) (resp. uj, 1 < j < gogi) run those upper
triangle coefficients of 2| (resp. 25). For 1 < k < 1g1(g1 +1) = d, wy is a
linear combination of uppertriangle coefficients of z4. Now we can rewrite
above Fourier-Jacobi expansion in this coordinates as follows.

0 2)F(2) = ao((2), (ug); F) + Y ar((2), (ug); F)gtt - g
{1}
Note that for nonnegativity of T, all t, > 0,n =1---d, and (t1,---,tq) #
0,---,0).

REMARK. For example, if gy = 2, writing

J A B T t1 to
3 ™ T3 )’ ta tz )’
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el tr t1 o T T2
to i3 Ty T3
e(ti(m + 1) +t3(m2 + 73) — (t1 + t3 — 2t2)72)

_ t1 t1+tz3—2to t3
_ (]11(]21 3 .

then

Now for the semi-positivity of T', we have that t1, t3 > 0 and t1 +t3— 2ty =
(1, —1)T ( _11 ) >0,

On the other hand, since we have that

dqy,
d )

/\dziﬂ- A dzé’j A dzé,k. = const. X Adz; A\ du; N .
k=14k

the form w is described with the above local coordinates as

w= Cz{(ao((zz‘)a(uj);Fl)

dqy,

+ ZGT((Zi)v (u)); Fi)gy' "'qff} Ndz; A duj A Do

{7}

where ¢; # 0 is a constant which depends on 7;. (Ash, Mumford, Rapoport,
Tai [1] chap.4) If we take go = 0 then it is shown that wy = f(Z)ws defines
a meromorphic differential form at most with poles of order one on rational
boundaries. This settles the proof of Lemma (5.1). O

Moreover by the definition of Resp,), we also conclude the following
lemma.

LEMMA 5.2.  With local coordinates at one point of #=V ¥ N4, (D),
the image of w by residue map: Resj, w € Fi=mH{(DI™ C)(—m), is de-
scribed as

Respy) w = ¢~ ao((2:), (ug); F1) A dzi A duy.
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We rewrite above statement by Siegel’s ®-operator (cf. Maass [13, §13] ).
For f € My(I'4(n)), Siegel’s ®-operator is defined as

. 4 0
¢f(Zl) = tli)rélof< 01 \/__1 . ) s Zl € Hg_l.

This is well defined and defines a holomorphic Siegel modular form of weight
k for I'y_1(n) on Hy_;.
In Fourier expansion f(Z) = > 1y a(T)e(tr(TZ)/n),

Of(Z) = Y a(Te(tr(TiZy)/n),
{11}

a(ly) = a(j(;l 8>;Tlisofrank <g-1.

Iterating this, then

I f(2;) = Za<f}' 8>e<tr<Tij>/n>, Z; € Hy
{75}

Then each cusp component of Resjg w is written as (0-th term of ®7(f)) A
dz; A\ du; (cf. Chai-Faltings [4, Chap. V, Prop. 1.6]). Hence to show our
main results we need to find a modular form of weight g + 1 which remains
non zero under the action of Siegel ®-operator at one specified cusp, but
vanishes at all other cusps. This is obtained by an Eisenstein series in §7.

6. Structure of degenerate coordinates over an Satake rational
boundary

Let 7 : V,(n) — V,(n)* is the natural morphism defined in §§ 4.4, and
D™ as in §1. In order to know explicitly the local defining equations of
D™ in this section we investigate the structure of 7—(V(90)) M4, (D),
where V(90)(C V,(n)*) is a union of go-th rational boundary components.
Now \7g(n) can be taken to be a smooth projective variety. Indeed, as in
Igusa [11], there is a I'g(n)-admissible family of cone decomposition: the
central cone decompositions. When we make a toroidal compactification
associated with these cone decompositions, it is a normalized blowing-up of
Satake compactification at some ideals defining boundary components. This
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is non-singular projective variety over C if g < 3 (in this case it is the same
as the Delony-Voronoi compactification by Namikawa [16]). If g > 4, we
take a suitable subdivision of the central cone decompositions and we can
get a smooth projective compactification (Namikawa [17, (7.20), (7.26)]).
As in §5, define the torus coordinates {qx}r=1,. 4, d = %gl(gl +1), n =
g — go, for the cone decompositions of the space {23 = f23 € M, (C)}.
Then within 71 (V(90)), the intersections of divisors i,,(DI™) are defined
as common zeros of m coordinates among {qj }x=1,.. 4. Remark that inside
7= 1(V(9)) the coordinates {g;} are the only those which can determine
the boundary components. Hence over the gp-th rational boundaries the
number of degenerated coordinates can be at most d = % g91(g1 + 1) in the
toroidal compactification. We get the following:

LEMMA 6.1. 7 1(V@0))4,, (D) is non-empty for only m < %gl (1 +
1), g1 = g — go. Especially the locus in(DIN), N = %g(g + 1) intersects
with only 7= (V(0)),

We have two examples which appear in Namikawa [16] and Nakamura
[15].

Example 1. g=2.

Va(n)* = Va(n) VW 11 VO, Each cone in the Delony-Voronoi (ab-
breviated D-V) decomposition ¥y of Q; 7 18 transformed into one of the
followings by the action of GL(2,Z).

A8 - {(3 )01
(k1))

M+ =X
= ; > .
3 {( W )\2+>\3>, /\17/\27)\3_0}

For Q(T,Z’ QIZ — Q2+,Z’ we can restrict Yo on Q(T,Z’ Qiz then get ¥g =
{00}, X1 = {00,01}. We have a bilinear form on Qs: Qs x Qs — R :
(y,y") — tr(yy’). Now o3 N Q;Z is generated by

(o))
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hence dual bases in 63 N\ M are

1 1/2 0 1/2 0 —1/2
12 0o J°\12 1 )0\ =12 o )

We take coordinates as

and construct affine torus embeddings:

T5, = Spec Clgi, q2, 3] = {t = (t1,t2,13)}
D Toy ={t € Toy;t2 # 0}
D 15 ={t €Toy;t1 #0, t2 # 0}
D Toy ={t € Toy;t1 #0, t2 #0, t3# 0} =T

Moreover the orbit for each {o;} is written as

O(o0) = Ty,

O(o1) = {(t1,t2,0);t1 # 0,12 # 0},
O(o2) = {(0,t2,0);t2 # 0},

O(o3) = {(0,0,0)}.

We have for instance oy < 03 < O(0o3) C O(02) etc.
Now we consider the structure of the D-V compactification over a Satake
rational boundary.

(1) 7= 1(Va(n)) = Va(n).
(2) 771 VW) (go=g1 = 1),

Oy, = U H; x C x O(0)
oNQt+#£¢,0e¥;
= Hi xCx0O(c1) =Hx C x {tz =0}.

Therefore, in 7= (V()) = |J P;(n)\Ox,, the number of degenerating coor-
dinates is < 1.
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(3) 71 (V) (90 = 0,91 = 2),

Oy, = U O(o)
oNQF #¢,0€%,

= U O(o9) U U O(o3)
{o2} {os}

= Jti=ts=0ru|J{t1 = ta = t5 = 0}.

Here, {02} and {03} denote the set of GL(2, Z)-transformations of o3 and o3
respectively. Hence, in 7~ (V) = (J Py(n)\O, the number of degenerating
coordinates is < 3. Also DI? is a disjoint union of P'’s whose image in ‘Z](n)
intersect with each other at i3(DP!) = {points}.

Ezample 2. g =3.
Va(n)* = Va(n)IVA IV V), Each cone of the D-V decomposition
of Y3 is transformed into one of the followings by the action of GL(3,Z).

0 0 0 0 0 O
oy = 0 00 , 01 = 00 0 |; A>0,,
0 00O 0 0 X
0 0 O
o2 = 0 )\1 0 ; )\17)\220 )
0 0 X
0 0 0
g3 = 0 )\1+)\2 _>\2 ) )\17)\27)\3 ZO )
0 —Xa Ao+ A3
A 0 0
oy = 0 X 0 |5 A1,A2,A32>09,
0 0 X3
A\ 0 0
o5 = 0 AM+A =X ;ifh? >0,
0 =X Aot )3 31
A+ A -1 0 Ar. A
og = A1 M H+A =X ; )\1’; >0,,
0 “X2 Ao+ A3 31
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M+ As — A5 0 B WEY
= -\ A A by -\ . 1, N2, A3 >0
o7 5 1+ A2+ A5 2 ; A = )
0 Ao A2 + A3 b5
A+ A5+ Ag —X5 —X6 A ol A
o8 = s M+ Ao+ X5 —X2 ; ;;3320.
—X6 X2 X2+ Az + A 47570

As in the case of g = 2, we consider subdecomposition Xy = {0}, X1 =
{00,001}, X2 = {GL(2, Z)-transformations of o¢, 01, 02}.
For each generator of o N Q3 over Z,

100 0 00 0 0O
0o o0oo0fJf,]01O0],]00 0/,
0 00 0 00 0 01
1 -1 0 0 0 0 1 0 -1
-1 1 0,10 1 -1/, 0 0 0 ,
0O 0 0 0 -1 1 -1 0 1
the dual bases as in case g = 2 are
1 1/2 1/2 0 1/2 0 0 0 1/2
1/2 0 0 0 12 1 1/2 |, 0 0o 1/2 |,
1/2 0 0 0 1/2 0 1/2 1/2 1
0 -1/2 0 0 0 0 0 0 —-1/2
-1/2 0 0 |, 0 O -1/2 1, 0O 0 O
0 0 0 0 —-1/2 0 -1/2 0 0

Then we set as coordinates:

21+ 29 + 23 —Z2 —Z3
q1 =€ , @2 = € , 43 =€ )
n n n

_ <22+Z4+25> _ (—25) _ <23+25+Z6)
gup=e|\— |, ¢s=e|— |, gg=€e|— | -
n n n

Now we get an affine torus embedding:

7oy = Spec Clqi, G2, 3, 94, @5, gs) = {t = (t1,t2,t3,t4,t5,t6)}.
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Also the orbits associated with cones are

O(00) = T3
O(o1) = {(t1, 2, t3,t4,15,0 ); t; ;Ao i=1,2,3,4,5}
O(o2) = {(t1,t2,13,0 ,15,0 ); t; #0, i = 1,2,3,5}
O(o3) = {(t1,t2,t3,0 ,0 ,0); ¢ #0 i=1,2,3)
O(04) ={(0 ,t2,t3,0 ,5,0 ); t; #0, i =2,3,5}
O(o5) = {(0 ,t2,t3,0 ,0 ,0 ); tg £0, t5 #0}
O(o6) = {(0,0 ,t3,t4,0 ,0 ); t3 #0, t4 # 0}
O(o7) = {(0,0 ,£3,0,0,0); t3 # 0}
O(og) ={(0,0,0,0,0,0)}.

(1) 7~ (Va(n)) = Va(n).

2) 7 (V) (g0 =2, g1 =1),

Os, = U HxVz1x0(0)
oNQf oer:

= H2 X ‘/271 X 0(01)

= H2 X Vv271 X {t6 = 0}
Hence in 7~ 1(V(?)) = |J Py(n)\ Oy, , the number of degenerating coordinates
is < 1.
3) 7 (VW) (90 =1,92 =2),

(922 = U H; x V1,2 X O(U)
UOQ;,UEEQ
= UH1><V12><(’)02 UH1><V12><O(U3)
{o2} {os}

= UH1X‘/l’QX{fq:tG:O}UUHl><V172X{t4:t5:t6:0}.

Hence in 7~ (V1)) = | Py (n)\Os,, the number of degenerating coordinates
is < 3.
(4) 771 (V) (9o = 0,91 = 3),

Osny = U O(o)

UﬂQg',Ueﬁg
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= U O(o4) U U O(o5) U U O(og) U U O(o7) U U O(o3)
{oa} {os} {o6} {o7} {os}

Ut =ta=t6 =0} U J{ts =t = 15 =t = 0}
Uli=te=ts =te =0y UJ{t1 =ta = ta = t5 = tc = 0}
U{ts = ta = t3 = t4 = t5 = ts = 0}.

U
U

Hence in 7~ 1(V(©)) = Py(n)\Ox,, the number of degenerating coordinates
is < 6.

REMARK 6.2. We can obtain that D=1 is a union of Pé. Indeed

[N=1] correspond to those N — 1 dimensional cones in

the components of D
24. By the construction of the partial compactification each components of
DW=1] contains an affine line A! as Zariski dense subset. Then we obtain

our assertion.
7. Eisenstein series

In this section we review the some basic facts on holomorphic Eisenstein
series. These are used in the proof of main results in §8 and §9.

7.1. Siegel Eisenstein series of higher weights

Let {eg,---,e;} be the set of all 0-dimensional cusps in Vy(n)*, and
choose eg to be the standard one. Fix an element v; € I'y such that e; = ~;eo.
Then we have only to construct holomorphic Siegel modular forms of weight
g+ 1 for I'y(n) on Hy such that the constant term of its Fourier expansion
at some e; does not vanish. Equivalently we construct holomorphic Siegel
modular forms of weight g + 1 such that ®7f = ag(e;) # 0, here ®; is the
Siegel operator at e;.

We consider Siegel Eisenstein series of weight k for I';(n) on H, associ-
ated with each e;. It is defined for k > g+ 1, Z € Hy as

Eo(Zik)= > jbile2) ™
o€ly(n)NP\T'g(n)
. A B 1
where j(0,Z) = det(CZ + D), o = cp € Ly(n), Py = viPoy;

and Py is the stabilizer of eg in Sp(g,R), that is the standard maximal
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Q-parabolic subgroup:

Py= {( é g ) € Sp(g,R), A,DEGL(g,R)}.

PrOPOSITION 7.1. (i) For k > g + 1, the above infinite series is ab-
solutely convergent, and it defines a holomorphic modular form of weight k
for T'y(n). We call this series Siegel Eisenstein series of weight k.

(ii) The constant term of the Fourier expansion of the series at the cusp e;
of Ee,(Z; k) does not vanish, and the constant terms at the other cusps e;
not I'g(n)-equivalent to e; are equal to zero.

PrROOF. Statements for the absolutely convergence and the constant
term of Fourier expansion at e; are well known (Maass [13, §14]). We prove
the last statement. Now we define a relation for elements of I'y.

For Nl, Ny € Pg, Ny~ N2 & dM e Fg(n)
such that N = Ny "M N, € PyNT.

Then we claim that:

For ~;, v; € I'y which are not equivalent to each other and v;eq = €;, 7yjeq =
ej, the constant term of the Fourier expansion at e; of Ee,(Z, k) is equal to
zero. That 1is,

®9( > i e, Z) R ) =

o€l (n)NP;\g(n)

Proof of the claim.

®9( > i o, 2) ) = 99, 2) 78 i o 2) )

o€ly(n)NP\I'y(n)

hm Zj v oy, V—1A1) Z hm ] Loy V/—=1a1,) 7"

We put fyl-_lafyj =N, = élf IB;U ) €I'y (N, depends on o under fixed

Yi,7;j)- Then j(’y{lafyj, VvV —1A1,) = det(v/—1ACs + D,) is a polynomial in
A (including the case of degree 0). And if the degree of this polynomial is
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greater than 0, then we have limy_, o | det(v/=1ACy + Dy)| — 00 as A — oo.
Hence in the above infinite series the term associated to this N, is equal
to zero. Therefore we want to know in which case det(v/—1ACy + D) is a
constant independent of A.

Because N, € I'y, we have Cy'Dy = D,'C, for C,,D, (It means
that C, and D, make a symmetric pair). Suppose rank C, = r, then
Cp 0
0 0
C1 is a r X r matrix and its determinant is not zero. Write formally as

U,D = < Dy Dy >U21, then we get U1C,'(U1Dy) = U1CytD,'U; =

we can take Up,Us € GL(g,Z) such that U1C, = tU,, where

D3 Dy
U1 D, (U1Cy). This means that U;C, and Uy D, is also a symmetric pair.

In particular, since €1 0 ‘Di 'Dy \ _ ([ D1 D tcy 0
’ , 0 0 ‘Dy 'Dy )\ D3 Dy 0o 0 )

we get C1'Dy = D{!C} and D3 = 0. Under this consideration, we investi-
gate det(v/—1AC, 4+ D) in the followings. Our consideration is separated
into three cases.

(Case 1) rank C, = g.

In this case, since det(v/—1ACy + D,) = det C,, det(v/—1A1, + C;1D,)
and det(v/—1A1, + C;1D,) has non-zero degree g-term, we obtain that
| det(v/—114Cy 4+ Dy)| — 00 as A — oc.

(Case 2) O<rank C, =k <g-—1.
First we have

0 # det((vV=1ACy + D,)
- detUl_ldet(\/—l)\< ¢ 0 )tU2+ ( Dy Dy >U2‘1).

0 O 0 Dy

where C € My(Z) is of rank k, Dy € My_y, 1(Z), and det Dy # 0. Moreover
we have that

det(ﬁA<Col 0>tU2+<D1 DQ)UQ‘I)

0 0 Dy

= det(\/—l)\< 001 8 )tUgUg - < D Dy >)det Ut (%)
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v

Here we considerthe matrix tUsUy = , with 'V =V € My(Z),

for Us € GL(g,Z). Then the k x k symmetric matrix V is of full rank.
Indeed if V' is not invertible then take a nonzero vector v in KerV, and
make w = (v,0) € RY. Then 'w!UyUsw = |Usw|? = 0, for w # 0,€ RY,
which contradicts to the condition that det Uy # 0. Therefore we obtain
that

(x) = det(v—1A GV s + Dy Dy ) X (nonzero constant)
0 0 0 Dy

= det(v—1AC1V + D1) x (nonzero constant)
= det(v—1A1; + %) X (nonzero constant).

( We remark that det C1V # 0 in the last equality.)
Thus, since det(y/—1A1y + *) has a nontrivial term of degree k of A, the
term |j(Ny,v/—1A1,) 7| associated with this N, vanishes, when A — oco.

(Case 3) rank C, =0.

This means ; 'oy; € PyNT,. Since o € Ty(n), it contradicts to that 7;
and y; is not equivalent to each other.

These prove the above claim. [

Proor OoF THE PROPOSITION 7.1. Now we take two cusps e; = v;eg
and e; = 7;e9 which are not I'y(n)-equivalent with each other. Suppose
i A 7;, thus there exists an element M € T';j(n) such that N = ;' M~; €
PyNT'y. Then we have the following equality for those maximal Q-parabolic
subgroup corresponding to each of e;, e;

Py =vPyy; 't = M7\ NPON 'y M = M~ P M,

which contradicts to the choice of e; and e;. Therefore, together with above
claim, the proposition is proved. O

7.2. Eisenstein series of low weight

As far as GriHY (V,(n), C) is concerned, what we want to obtain is
a holomorphic modular form of weight ¢ + 1. But for £k = g + 1, above
infinite series which defines E.,(Z, k) does not converge. Therefore some
modification is needed for above series to make sense. For this purpose we
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consider a series Ee,(Z, s;g+1) as below. This infinite series of Z € Hy, s €
C is defined as

Ee,(Z,s39+1) = > iy te, 2) @ j(v e, Z) 70
o€lg(n)NP;\Ig(n)

This series absolutely converges for Re s > 0, and is known to be mero-
morphically continued to all s-plane (after some modification [22, p.426],
then by a theory of Langlands [12], Arthur [2]). Moreover, we recall some
theorems of Shimura ([22, Theorem (7.1)]).

THEOREM 7.2. (Shimura)
(i) If g > 2, E.;(Z,s;9 + 1) is holomorphic in s at s = 0, and moreover
E..(Z,s;9+ 1)|s=0 defines a holomorphic function of Z € H,.
(ii) The same result as in (i) of Proposition (7.1) is wvalid for the con-
stant terms of the Fourier expansions of Ee,(Z, s; g+1)|s=0 at 0-dimensional
cusps.

Shimura proved this theorem by explicit calculations of the Fourier co-
efficients of some related Eisenstein series at some cusp (image of an inter-
twining operator) and showing its analytic continuation. He also get some
other statement on Eisenstein series (see remarks below). We remark, in
the case of ¢ = 1, Eisenstein series of weight 2 of above type (without
non-trivial character) does not define a holomorphic function of Z € H, at
s = 0. (This is, in other terms, the residue theorem for a Riemann surface.)
The holomorphy of above Eisenstein series at s = 0 is a property of Siegel
(g9 > 2) modular forms.

8. Weight filtration of HY(V,C)

Finally we state some results about the graded quotients GrVHY (Vg(n),
C). N = 1g(g+1) is the dimension of Vy(n). For some related other
results, in particular in the case of g = 2, see also Oda-Schwermer [19].
By the definition of W, on Q%/(logD), we obtain that W,,HY (V,(n),C) =
0 for m < N, and WaonHY (V,(n),C) = HN(V,(n),C). By Deligne [5]
Cor(3.2.17), we also know that WyHY (V,(n), C) is the image of the natural
map: HY(V;(n), C) — HN(Vy(n), C).

THEOREM 8.1. Assume that g > 2.
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(i) The dimension of the space Gri\;HY (V,(n), C) is equal to the number of
0-dimensional rational cusps in Vg(n)*. The corresponding classes to this
space are constructed by the global automorphic Siegel Fisenstein series of
weight g + 1 for I'y(n) on Hy.

(i) Grik_ HY (V,(n), ©) = {0}.

PRrROOF. First we prove (i). We consider induced residue map:
Res|y) : HY (Vy(n), Griy Q% (log D)) ~ H* (D, C)(=N).

In the right hand side of above isomorphism, DIV = {points} is a finite
union of points. Hence,

H' (D™ C)(-N)= ][] C(-N) a direct sum of C(—N).
peD[N]

Therefore the Hodge type of this space is only of (N, N), and the whole
space is itself an edge component. Then from Lemma (3.1) we can consider
a restriction of Res|y; to this subspace:

Resiyy : GrigHY (Vy(n),C) — HY(DIM, C)(-N),

which defines an isomorphism into its image. Also as in §3, we consider the
map Resp,) on T'(V,(n), Qg(logD)). By §6, i (DN) must be all contained
within the fiber of 7 over 0-dimensional cusps of V,(n)*.

Now we apply Theorem (7.2) to E,,(Z,s = 0; g+1). Then for & € i(D")
we obtain that

e-component of Resy) Ee,(Z,0;9+ 1)
ap(Ee;(Z,0;9+1);¢;) #0, if w(é) =¢;

0, if w(é) =e; #e;

For f € Mgi1(I'y(n)), we have shown that Res|nif € [Iz¢;pivy C(—=N) is
determined by the constant terms of Fourier expansions at m(€)’s. On the
other hand, in the above consideration we have attached to each of cusps
in V4(n)* one Eisenstein series with nonzero residue. Thus we get (i) of the
theorem.
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We want to prove (ii). Recall that DWI is a union of boundary compo-
nents of codimension N —1 of a toric variety of dimension N = % g(g+1), and
is a union of P'’s (see Remark 6.2. For g = 2,3, see Igusa [11], Namikawa
[16]). Then in the residue map:

Res;y_q; : HN(Vg(n),Gr}/\I]/_lS)%(logD)) ~HY (DWW C) (=N + 1),
we have that the target space:
H' (DW-Y C)(-N +1) ~[[H'(P',C)(-N + 1) =0.
Therefore we obtain (ii). O

REMARKS.
(1) For lower weight quotient it might be need to consult with properties of
something like Klingen Eisenstein series as nearly holomorphic forms studied
by Shimura.
(2) We know that Fourier coefficients of above Siegel Eisenstein series are all
in Q by the results of Shimura [22, Theorem (7.1)]. This arithmetic struc-
ture of Fourier coefficients should be compatible with the rational structure
of the de Rham realization of the mixed Hodge structure.
(3) The following is suggested by T.Oda. Start with the exact sequence of
relative cohomology:

S HN(V_(](n)? Q) - HN(GV_(](n)? Q) - HéV+1(‘/;,(n), Q) —

where V 4(n) is the Borel-Serre compactification of the Siegel modular vari-
ety, OV 4(n) its boundary, and H}(*) means the cohomology with compact
support. Then we can consider the above sequence as an exact sequence
of mixed Hodge structure thanks to the theory of mixed Hodge structure
on the cohomology of links (A.H.Durfee and M.Saito [8]). Then we have
that the term HY(V(n), Q) has weight N,---,2N. On the other hand
HY*1(V,(n), Q) has weight 2,---, N +1. (This is a dual of H¥~1(V;(n), Q)
with weight N —1,--+,2N — 2.) Then the term HY(9V ,(n), Q) has pos-
sible weight 2,---,2N. Hence, for the weight compatibility of above exact
sequence, we conclude that HY (V,(n), Q) maps surjectively to those spaces
with weights N, -, 2N derived from HY(9V 4(n), Q).
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9. An appendix: On a mixed Hodge structure of universal family
over V5(n)

Let A L Va(n) be the universal family of principal polarized abelian
varieties of dimension 2 with level n structure. The f is a proper smooth
morphism and a fiber over Z mod I'y(n) is the complex torus C?/(1, Z)(Z)*.
Denote by e the canonical 0-section of f. The family A is an open quasi-
projective variety over C of dimension 5. We realize a compactification A
of A as a smooth irreducible divisor in Vz(n) — V3(n) (Namikawa [16]). In
terms of §6 example (2), its local defining equation in V3(n) is given by
{ts = 0}. It is a smooth compactification of A. We can write A— A = (J; V;
with each Y; a smooth irreducible divisor of A. The structure of Y™ is
following.

m =0 Y[O] = .ZSQ(TZ)\HQ X ‘/é’l X O(O’l) = ﬁg(n)\Hg X V2,1~

m=1 1]_UP1 \H1XV12XO(O'2)
0(02) = {t4 =tg = 0} C CS = {(t4,t5,t6)}.

m=2  YE =|JP(n)\H x Vizx O(o3) U Py(n)\O(04).
0(03) = {t4 =t5 =1tg = 0} C CS = {(t4,t5,t6)},
O(oy) = {t1 =ts =tg =0} C CO = {(t1,t2,t3,t4,t5,1)}.

m=3 YB]:UP()TL\O 05 UP() \O 0'6
O(os) = {t1 =ts =t5 = tg = 0} C CO,
O(O’ﬁ) = {tl =1y =15 =15 :0} C C6.

m =4 4]_UPO NO(a7).
O(o7) ={t1 =ta =ty =t5 =16 = 0} C C".

m=25 5]—UP0 \00'8
Oos) ={t1 =tg =t3 =ty =t5 =t = 0}.
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The Y above is a fiber space over Vi (n) whose fiber is an extension by
P1’s of 2-copies of an elliptic curve E ~ C2/(1, 2)(Z)?, z mod I'1 (n) € Vi(n).

THEOREM 9.1. In the above case, we have that
(i) the dimension of the space of Gri{H?(A, C) is equal to the number of
0-dimensional cusps in Va(n)*. And its cohomology classes are constructed
by using the global Siegel Fisenstein series of degree two and weight four.

(i) GrH5(A, C) = {0}.

PrOOF. (i). Since HO(Y®! C)(—5) has only edge components, we can
restrict residue map on Grih H?(A, C) by Lemma (3.1).

Resjs) : GripH* (A, C) — HO(Y P!, C)(-5).

We may consider Ress (the same symbol as above) the canonical map from
T(A, Q%(logY)) to HO(Y B!, C)(=5) as before (Lemma (3.2)).
We first consider F(A,Qi‘). For f is a smooth morphism, one has an
exact sequence
0— f*Q%/Z(n) — Q}A — Qh/v — 0.

3 2 2
Then Q5 ~A f*Q® A QZ/V ~ Q3@ A Qh/v. Therefore I'(A4, Q%) ~

L(V, f.Q5) ~ T(V, Q2 ® f. /2\ Q,l4/v)' Since each fiber of f is an abelian
variety, its space of invariant differential is identified with the cotangent
space at e. Hence we have f*e*Qh/V ~ Q}L‘/V. Moreover as f is proper
and its (geometric) fiber is connected, f.O4 ~ Oy. Then we conclude the
following isomorphisms:

f*Qzlél/V = f*(f*e*QlA/V ®0y) ~ 6*9}4/‘/. (%)

Here wy v ::/2\ e*Q}MV ~ e* /2\ Q}L‘/V is an invertible sheaf which defines
an automorphic factor (Chai-Faltings [4]). Since we know 3, ~ w%?v by
Kodaira-Spencer map, I'(V, Q%/ R wy /V) is isomorphic to the holomorphic
Siegel modular forms of weight 4: My(I'2(n)). Because every element in

M4(T2(n)) extends holomorphically to rational boundaries (Koecher princi-
ple), by above isomorphism (x), one has I'(A, Q%(logY)) ~ My(T2(n)). As
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in §5, take wy = f(z1, 22, 24)dz1 Adzo Adzg Ad(1 Ad(s for w € F(Z, Q%(logY)).
Here z;, i = 1,2,4 are coordinates in V2(n), (1 = 23 and (2 = z5 are coordi-
nates in fiber variety (use the same symbol in §6 example 2). The function
f(Z) is in My(T'9(n)). In terms of the local coordinates for the smooth
compactification given in §6 example 2, we have the following description
of wo-

5 .
wo = C -{ao(f) + > ar(f)(q1gs)™ - a5 T2 - (qags)*} N\ d—ql,
{1} i=1 1t

t1 1
where q1, - - -, ¢5 are defined as in the example 2, §6 and T = < tl t2 ) are
2 U4

half integral semipositive matrices. Then & (€ Y )-component of Respsw
is equal to ag(f): the constant term of a Fourier expansion of f(Z) at a
0-dimensional Satake boundary.

We consider the Siegel Eisenstein series of weight 4:

Ec(Z:4) = > it z)
oceP;Nl'y (n)\rz (n)

This series absolutely converges and satisfies the properties of Proposition
(7.1). Thus (i) follows as before in the case of modular variety.

We can prove (ii) in the same way as in §8, Theorem (8.1). Indeed, Y4
is a union of P's, hence H?(A, GriV Q% (logY)) ~ H' (Y, C)(-4) = 0,
which implies (ii) immediately.

We remark that the Leray spectral sequence for A EA Va(n),
EYY =HP(Va(n), R1£.Q) = HPMI(A,Q),
degenerates at Ea-terms (Liebermann’s trick). O

REMARK. To see the situation concretely we discussed only the case
of g = 2 in this section. However after some more work we will also ob-
tain similar results for a Hodge structure of the universal family A, over
Vg(n), g > 2. The results are the followings.

(i) dim Gr¥} ,HY(A,, C) = the number of 0-dimensional cusps in V,(n)* .
(ii) GriY,_HM(A,,C) = 0.
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Here M = %g(g + 1) + ¢ is the dimension of A,;. The proof is completely
similarly as the case of g = 2.
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