J. Math. Sci. Univ. Tokyo
3 (1996), 457-470.

On the Iwasawa \-invariant

of the Real p-cyclotomic Field

By Humio ICHIMURA™ and Hiroki SUMIDA**

Abstract. For any totally real number field k£ and any prime num-
ber p, it is conjectured that the Iwasawa invariants \p(k) and j, (k) are
both zero. We give a new criterion for the conjecture to be true when
k is the real p-cyclotomic field, introducing a new way to apply p-adic
L-functions. In a sense, it is a natural “generalization” of the classical
criterion for the Vandiver conjecture.

§1. Introduction

For a prime number p and a number field k, denote by A\,(k) and (k)
the Iwasawa A-invariant and the p-invariant associated to the ideal class
group of the cyclotomic Zy,-extension koo /k, respectively. It is conjectured
that these invariants are both zero for any p and any totally real number
field k (cf. [Iw3, p. 316], [Gr]), which is often called Greenberg’s conjecture.
When k is abelian over Q, we have p,(k) = 0 for all p by [FW]. Several
authors have given some sufficient conditions for the conjecture to be true
when k is a real quadratic field (cf. [Cal, [FK1|, [FK2], [FT], [Gr], [OT],
[S], [T], etc). Using them, it is known that A\3(k) = 0 for “many” of the
real quadratic fields k¥ = Q(y/m) with 1 < m < 10* except, for example,
m = 254, 473.

This paper is a continuation of our previous work [IS] on the conjecture.
So, we first recall the content of [IS] briefly. Let k be a real abelian field with
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A = Gal(k/Q). Assume that the exponent of A divides (p —1). Let x be a
Qp-valued nontrivial (even) character of A and A,(x) the “x-component” of
Ap(k). The “x-component” of the conjecture asserts that A,(x) = 0. Denote
by A;(x) the A-invariant of the power series g, (T') in Z,[[T]] (see (1) in §1)
associated to the p-adic L-function Ly(s, x), where we are regarding x as a
primitive Dirichlet character. We have an upper bound A,(x) < A (x) by
the Iwasawa main conjecture proved by [MW]. Thus, A,(x) = 0if Aj(x) = 0.
But, there are many examples with Aj(x) > 1 (see e.g. [Gr, p. 266], [F]).
In [IS], we have given a new criterion for A,(x) = 0 in the simplest case
where A5(x) = 1 (and (p, x) satisfies some additional conditions). In this
case, gy(T') has a unique zero a (€ Qp). The criterion is given in terms
of certain cyclotomic units and polynomials X, ,(7") defined, in a simple
way, for a and each integer n (> 0). Using the criterion, we have shown
by some computation that A\,(x) = 0 for p = 3 (resp. 5, 7) and all real
quadratic characters x corresponding to k& = Q(y/m) for which \5(x) = 1,
1 < m < 10* and p does not split in k(v/—3) (resp. k). These examples
contain the case p = 3 and k = Q(v/254), Q(v/473). These two are so
notorious because, for these, A3(x) = 0 had not been verified so far for
about 20 years since the first attack of [Gr] and [Ca] in spite of efforts of
several other authors.

In this paper, we concentrate on the special case where k£ =
Q(cos(2m/p)), and give a criterion for A\,(x) = 0 without the assumption
Ay (x) = 1, but under the assumption that all zeros of g, (T') are contained in
Qp. It is given, in a style similar to the main theorem of [IS], in terms of cy-
clotomic units and polynomials X, (T, o being zeros of g, (T"). We obtain
our result in a way and from a viewpoint both different from [IS]. Namely,
we use in this paper some result related to the coefficients of Thara’s “Ja-
cobi sum universal power series” constructed and studied in [Ih], [IKY], [A],
[Col2], [IK], etc, while, in [IS], we effectively used the theorem of [Iwl] and
[Gi] on local units modulo cyclotomic units. It is interesting that we have
obtained criterions of similar style from thus different methods. Though
the result in this paper is restricted to the case k = Q(cos(27/p)), we be-
lieve that it serves as a nice model for obtaining a good criterion for the
conjecture for general real abelian fields without the assumption Aj(x) = 1.
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§2. Theorem

Let p be a fixed odd prime number, K = Q(u,), and K = gOKn the

cyclotomic Zy-extension of K with K, = Q(pym+1) (n > 0). Let A, be
the Sylow p-subgroup of the ideal class group of K,, and A, = lim A4,

the projective limit w.r.t. the relative norms. Put A = Gal(K/Q), I =
Gal(Kw/K) and G = Gal(K/Q). These groups act on A and A, in
a natural way. Let ¢ be a Qp-valued character of A (of degree one) and

the idempotent of Z,[A] corresponding to 1. For a module M over Z,[A],
we denote by M (1) the i-component e, M (or M) of M. Let

ki Goo — Ly

be the p-cyclotomic character. We choose and fix the topological generator
v = Kk"1(1+p) of I'. We identify, as usual, the completed group ring Z,[[I']
with the power series ring A = Z,[[T]] by v = 1+ T. Thus, for a module
M over Zp|[Gx]] (e.g. M = Ay), we may view M () as a A-module. It
is known that A, (1) is finitely generated and torsion over A (cf. [Iw3,
Theorem 5]). For a finitely generated and torsion A-module M, denote
by char(M) its characteristic polynomial. Denote by A,(¢) and g, (1)) the
A-invariant and the p-invariant of char(Ay (1)), respectively.

Let x be a fized Qp-valued even character of A, which we also regard as
a primitive Dirichlet character. The y-component of Greenberg’s conjecture
for Q(cos(27/p)) is stated as follows:

char(As (x)) = 1, namely, Ay(x) = () = 0.

Since we already know that p,(k) = 0 (cf. [FW]), the conjecture is equiv-
alent to the assertion “A,(x) = 0”. When x = xo is the trivial character,
it is known that A, (xo) = {1} for all n > 0 (cf. [W, Propositions 6.16,
13.22]). Hence, A\p(x0) = tp(x0) = 0. So, we may well assume that x is
nontrivial (and even) in what follows.
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By [Iw2], there exists a unique power series g, (T") in Z,[[T]] related to
the p-adic L-function Ly(s, x) by

(1) gx((l +p)178 -1)= LP(57X)'

By the p-adic Weierstrass preparation theorem, we can uniquely write
gx(T) = p" Py (T)ux(T)

for an integer 1 = p;(x) (= 0), a distinguished polynomial Py and a unit u,
of A. We have yi5(x) = 0 by [FW]. Denote by A5(x) the degree of P,. We
have the following upper bound for char(As(x)) and A,(x) by the Iwasawa
main conjecture proved by [MW]:

(2) char(Aso (X)) | Py(T),

and hence

Ap(x) < A5 00).
Assume that P, has a root « contained in Q, (hence, in pZ,). For an
integer n (> 0), put w,(T) = (14 T)P" — 1. Define polynomials X, ,(T) in
Zp|T) and Y, »(T) in Z[T] by

{ Xan(T) = (wn(T) — wn(a)) /(T — ), and
Yon(T) = Xon(T) modp™ti.

)

(3)

These polynomials play an important role in [IS]. By the identification
v=1+4+T, Y, can act on any element of the multiplicative group K. Let
ey,n be an element of Z[A] such that

— n+1
ex,n = €y modp

and the sum of its coefficients is zero. Fiz a primitive p"t1-st root ¢, of

unity so that ¢, = ¢, for all n (> 0). Define an element ¢, of K, by
CX,TL = (1 - C’n/)ex’n'

This is a unit (cyclotomic unit) since the sum of the coefficients of e, is
Zero.
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Now, our result is stated as follows:

THEOREM. Let x be a Q,-valued nontrivial even character of A. As-
sume that Py (T) has a root o contained in Q,.  Then, we have
(T — «) 1 char(Aoo(x)) if and only if the condition

(Ha,n) (Cx,n)ya’n(T) g (Kx)pn-u

n

holds for some n (> 0).
We immediately obtain from Theorem and (2) the following:

COROLLARY 1. Let x be as above. Assume that all roots of P (T') are
contained in Qp. Then, A\p(x) = 0 if and only if, for each root o of P (T),
the condition (Hy,,) holds for some n.

From this and the Chebotarev density theorem, we obtain:

COROLLARY 2. Under the assumption of Corollary 1, we have A\p(x) =
0 if and only if, for each root o of P (T), there exist some n > 0 and a
prime ideal £ of K, of degree one such that

(exn) " D mod & ¢ (Z/12))"" with 1 = £N Q.

This is quite analogous to the classical criterion(cf. [W, Corollary 8.19])
for the Vandiver conjecture (p 1 h(Q(cos(27/p)))).

We prove Theorem in §4 by using a “cyclotomic part” of the coefficient
formula for the Jacobi sum universal power series, namely, a comparison for-
mula between the “Soulé character” and the Coates-Wiles homomorphism.
In §3, we recall the definition and some properties of the Soulé characters.

§3. Soulé characters y,,
We use the same notation as in §2. For integers m (> 1) and n (> 0),
define a cyclotomic p-unit €,(m) of K, by
m—1

en(m) =1 =¢™

a
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Here, a runs over all integers satisfying 0 < a < p"™! and p { a. The
following lemma is easily proved.

LEMMA 1. The following congruences hold.

(1) enpa(m) = en(m)mod (K,,)"

(2) For all o € G, 2n(m) = £, (m)*" " mod (K"

Letting w = K|a, denote by s the odd integer such that
x=wP™® and 0 < s<p-—2.

Then, from Lemma 1(2), we have

n+1

(4) en(m) = g, (m)“m mod (K)*
for all m with m = smod(p—1). Denoting by 7 the canonical isomorphism
(Z/p"TZ)* — Gal(K,/Q), we put F = Fp,,, = Y a™ 17,, where a runs

a
over all integers with 0 < a < p"*! and p { a. Then, from the above, we get
— ex nF x\p" —
en(m)=(1—¢(,)"" mod(K;)” , forall m=smod(p—1).

Since v = 1+ T, we easily see that

n+1
b

exnFmn = exnexFmn = (p — 1)eyn frmn(T) mod(p Wn)

with
fun(T) = > (1+p) ™ D1 +T) (€ Z[T)).

0<a<pm™

Therefore, we obtain

(5) en(m) = (cyn)® @) mod (K¢ )an, for all m = smod(p — 1).
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Let M /Ky be the maximal pro-p abelian extension unramified outside
p and N its intermediate field defined by

N= UKy (V" |ecE),
n>0
where FE/_ is the group of p-units of K. The Galois groups G =
Gal(M/K) and H = Gal(N/K) can be viewed as modules over Zy[[Goo]]
in a natural way. From Lemma 1(1), we can define a Kummer character
Xm : G — Zyp, called the Soulé character, by the relations

(8n(m)1/pn+1)(p*1) = ) for all n > 0 and all p € G.

Since e,(m) is a p-unit, we may regard Y., also as a character of H. By
Lemma 1(2), we see that x,, is an element of Hom(H,Z,(m)). Here, for a
module X over Z,[[G]], Hom(X,Z,(m)) denotes the abelian group con-
sisting of homomorphisms f : X — Z, satisfying f(z?) = (o)™ f(z) for
all 0 € Gy and all z € X. For an integer s’ (0 < ¢ < p—2) and m
with m = s'mod(p — 1), we easily see that f € Hom(X,Z,(m)) factors
through the w*-component X (w*®) and hence can be regarded as an ele-
ment of Hom(X (w*'),Z,(m)). Let x* be the odd character of A defined
by
X* — wx—l = 5.

Then, from the above, we have x,, € Hom(H(x*),Z,(m)) for m =
smod(p — 1).

Let L/K+ be the maximal unramified pro-p abelian extension. Then,
we can identify Gal(L/Kx) with A by class field theory:

Gal(L/Kx) = Ace.

Denote by M (x*) the intermediate field of M /K, corresponding to [[G(v)
P

by Galois theory, where v runs over all characters of A with ¢ # x*. Define
N(x*), L(x*) and (N N L)(x*) in a similar way. Then, we have

Gal(M(x")/Kx) = G(x*), Gal(L(x")/Kx) = Ax(x"), etc.

These groups can be viewed as A-modules in a natural way. The following
lemma is well known.
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LEMMA 2. (1) (cf. [IK, p. 328]) N(x*)L(x*) = M(x*).
(2) (cf. [Iw3, Theorem 16])  The A-module Gal(M (x*)/N(x*)) is isomor-
phic to Ao = Hom(lim A,,(x), pp= ). Here, the inductive limit is induced

from the inclusion K, — K,11, and v acts on each element [ of A by

Fre)=(fe@ ).
(3) (cf. Iw3, Theorem 15]) The A-module H(x*) is embedded into A with
a finite cokernel.

As for the torsion A-module Ao (x*), the following is known. Put

(6) 9 (T) = gy (L +p) (1 +T)7 = 1) (€ Zy[[T]]).
By the p-adic Weierstrass preparation theorem and p(x) = 0, we can write

9y (T) = PY(T)uy (T)

for a distinguished polynomial P and a unit u} of A. The Iwasawa main
conjecture proved by [MW] asserts that

(7) char(Ax (X)) = Py(T).
Therefore, we have

(8) Ase (X)X = {1}

since Aoo(x*) has no nontrivial finite A-submodule (cf. [W, Proposition
13.28)).

Let U, be the group of principal units of the local p-cyclotomic field
Qp(ppn+1), and U = liin U, the projective limit w.r.t. the relative norms.

By class field theory, the A-module U (x*) is canonically isomorphic to the
inertia group Gal(M/L)(x*) (cf. [Coa, Theorem 1]). Hence, by Lemma
2(1), we may regard U(x*) as a A-submodule of H(x*) = Gal(N(x*)/Kw):

U(XT) = Gal(N(x")/(N N L)(x")) (€ HX))-
Then, by (8), we get

9) HOX*)% = H(x*)™ CUX).
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For each m > 1, let ¢, (€ Hom(U,Zy(m))) denote the m-th Coates-
Wiles homomorphism w.r.t. the system ((,)n>0 (see [W,§13-7]). When
m = smod(p — 1), ¢, is regarded as an element of Hom(U(x*),Zy(m))
as explained before. The homomorphisms x,, and ¢,, are related by the
following formula.

LEMMA 3. (cf. [Ih, p. 105], [Ich, Lemma 3]) Assume m = smod(p —
1). Then, we have

Xm(p) = (™1 = Dpm(p%)
for all p € H(x*).

This is a “cyclotomic part” of the coefficient formula for Jacobi sum
universal power series. Lemma 3 was proved by Coleman for p € U(x*)
using some results in [Coll], and was generalized in [Ich].

4. Proof of Theorem

Let a be a root of P, (T) contained in Q,. In view of (6), we put
(10) o =0+p)(1l+a)t-1
Then, we can write
P(T) = (T — )*Q(T) and PY(T) = (T — a")*Q"(T)
for some integer e (> 1) and distinguished polynomials @, Q* with Q(«) #
0. Q" (@) 0. *
The quotient A-module U(x*)/H(x*)"x (see (9)) is finitely generated

and torsion by U(x*) ~ A (cf. [W, Theorem 13.54]) and Lemma 2(3).
First, let us show the following equivalence:

(11) (T — ) | char(Aso(x)) -+ 1 & (T — a*) | char@(x*)/H(x*)X) - 2.

By Lemma 2(2), we see that Gal(M (x*)/N(x*)) is finitely generated and
torsion over A and that the condition 1 is equivalent to

(T' = a”) | char(Gal(M (x") /N (x7)))-
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Since Gal(M (x*)/N(x*)) is isomorphic to Gal(L(x*)/(N N L)(x*))
by Lemma 2(1), the latter condition holds if and only if
char(Gal((N N L)(x*)/Kx)) divides Py (T)/(T — a*) by (7). This last con-
dition is equivalent to 2 by Lemma 2(3) (and (9)).

(I) PROOF OF “IF” PART. Assume that (T'—«) | char(Ax(x)). Then,
by (11) and U(x*) ~ A, we easily see that

(12) HO)™ CU)™.

Let m (> 1) be any integer with m = smod(p — 1). Note that the Coates-
Wiles homomorphism ¢, (€ Hom(U (x*),Z,(m))) satisfies

(13)  em(u’) = em(@ ™) = (6(N)™ = Dgm(u) = (1 + )™ = Dgm(u)

for all w € U(x*). Then, by Lemma 3 and (12), we observe that, for any
p € H(X),

(14) xm(p) = @™ =D (p™) € nU(x)T™") C (1+p)"—1-a")Z,.

Now, fix an integer n > 0. Since the set {(14+p)™—1| m = smod(p—1)}
is dense in pZ,, we can take an integer m with m = smod(p — 1) such that

(15) (14+p)™ =1+ a*modp™ti.

Then, by (14), we have Im x,,, C p"*1Z,. This implies

en(m) € (K2

by the definition of x,,. But, the extension F = K, (e,(m)Y?""") is Galois
over Q by Lemma 1(2), and A acts on Gal(F/K,) through x* because of
m = smod(p — 1) and (4). Therefore, since x* is not the trivial character,
we obtain

n+1

(16) en(m) € (K;)"
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By (10) and (15), we have (1 + p)!™™ = 1 4+ amod p"*!. From this and
the definition (3) of Y, ,,(T"), we can transform the polynomial f,, ,(T") as
follows:

Foon = (1+p) D" (14 T)P" -1 o (1+T)" — (14 p)t—mp"
B N e N N S

= - Yo nu(T)modp™™! (for some u € Z)).

Hence, by (5) and (16), we obtain (cy,)Y>" € (K;f)pwr1 for all n as de-
sired. UJ

(IT) PROOF OF “ONLY IF” PART. Assume that (T"— ) f char(As(x))-
Then, by (11), the index

L) HO) = U O )T
is finite. Hence, there is some ¢ > 0 such that
(17) UK UK H)

Fix an integer n > ¢ and take an integer m with m = smod(p— 1) satisfying
(15). Then, by mapping the both sides of (17) into Z, by ¢, we obtain

P°Zy, C((1+p)™ —1—a"Z, +Imx, C p"Z, + Imx,,

from (13), Lemma 3 and Im¢,, = Z, (cf. [W, Proposition 13.51]). But,
since n > ¢, we must have Im x,, € p""'Z,. Hence, by the definition of

Xm, We get e, (m) & (KX )anrl for n > ¢ and m satisfying (15). Now, by an
argument similar to the end of (I), we see that (H,,y) holds for all n > ¢. O

85. Recent developments

During the preparation of this paper, Kraft and Schoof [KS] and Kuri-
hara [K] obtained some effective criterions for the validity of the conjecture
for certain classes of real abelian fields. [KS] deals with real quadratic fields
k with (%) # 1 and without the assumption A;(x) = 1, x being the Dirich-

let character associated to k. [K] works mainly under an assumption similar
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to that of our Corollaries. By some computations, they add new examples
with A,(k) = 0. But, in [KS], there are some numerical mistakes such as
data for p = 3 and k = Q(v/254), Q(\/473).

The criterions of [KS] and [K] and that of [IS] and this paper are different
from each other. But, in practical computational applications, all these
depend on some calculation of some cyclotomic units modulo several prime
ideals. A feature of ours compared with [KS], [K] and other related works
is that we have introduced a new way to apply p-adic L-functions to the
conjecture. Namely, we have used effectively the polynomials X, (7).

Recently, inspired by the results/ideas of [IS] and this paper, we have
succeeded in obtaining an effective criterion for the conjecture for general
real abelian fields £ on which all we impose as an assumption is that the
exponent of A = Gal(k/Q) divides (p — 1). As its application, we have
shown by some computation that A3(k) = 0 for all real quadratic fields
k = Q(y/m) with 1 < m < 10%. We shall publish the general result, which
is rather long and complicated, elsewhere.
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