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Notes on the integrability of exit times from

unbounded domains of Brownian motion

By Atsushi ATSuJI

Abstract. The integrability and the tail distribution of the first
exit time from unbounded domain of Brownian motions will be con-
sidered. They are characterized by the growth order of the first eigen
values of the intersection of domains and sphere with radius r and quasi-
hyperbolic distance.

¢1. Introduction

Let D be an unbounded domain with smooth boundary in a noncompact
complete Riemannian manifold M and 7p be the first exit time from D of
Brownian motion on M or a diffusion with the generator L = %A Mm+b;bis
a vector field. The purpose of this note is to give some conditions of some
characteristics of D for the integrability of 7p and to get some information
on the tail of mp.

We consider some classes of diffusions such as Brownian motions on
R”, spherically symmetric diffusions on R™ and Brownian motion on some
Riemannian manifolds with a curvature conditions. In the case that M =
R"™ and L = A we will see the following.

Let B(r) ={z € R" : |z| <r}and S(r) ={z € R" : |z| =r} . Suppose
that 0 € D.
If for some v € (0,1)

1 vr
lim / adr > 2p,
T—00 log ™ Jo
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16 Atsushi ATSuJI

then Eo[Tg] < oo, where a, = —”2;2 + 4/ A+ (”4‘73)2 and )\, is the first
eigenvalue of the Laplacian with Dirichlet boundary condition on D N .S(r).

The key to the proof is an estimate on a hitting probability such as

(1.1) P(Br, € DNS(r)) < const.exp(—/ agdr),
0

where D, denotes D N B(r).

This type estimate is known as Carleman-Tsuji inequality in classical
complex function theory ([2,7,13,16]). We can easily extend this inequality
for the other diffusions mentioned before. In combining Burkholder type
inequality([1]) with such an estimate we have our result.

The converse of the above result depends on the following lower estimate.

(1.2) Py(B;, € DNS(r)) > const.exp(—n(z, DN S(r))),

where n(z, D N S(r)) = infycpngey n(z,y) and n(x,y) is quasi-hyperbolic
distance in D from z to y ([17]). The definition of quasi-hyperbolic distance
will be given in §3.

We first discuss these estimates in §2 and §3. Then we note how the
above type estimates are joined to the Burkholder inequality in §4. Unfor-
tunately we have different characteristics which are appeared in the upper
and lower bounds in the right hand sides of (1.1) and (1.2) if D is general.
But when D is a cone in R", we can easily obtain equivalent upper and
lower estimates with a little stochastic calculus in §5. These estimates will
have several other applications to consider the tails of Brownian functionals.
To give an example in §6 we obtain a condition for the finiteness of a special
Feynman-Kac functional by using the method in the previous sections.

§2. A Carleman-Tsuji inequality

Let M be a complete Riemannian manifold. We first introduce geodesic
polar coordinates which we often use from now on. In these coordinates
the metric of M takes the form: ds? = dr? +9i;d0;d0;. Let G = det(gij)1/2.
The Laplacian takes the form:

02 %9 5 ) 0
Ay = — 4 Or — -1_Z i _=
M= ont G 1Y 96,99 5g,)
92 %y
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where (g%/) is the inverse matrix of (g;;) and Ay denotes the Laplacian on
S(r) with respect to the induced metric.

We here discuss a reason why we consider a Riemannian structure even
in R™. Let n > 3.
Let a second order differential elliptic operator on R : A = Z B; (ai; dx; 2)
(a;j = aj;) be given. Assume that A satisfies the uniform elliptic condltlon
that is, there exists constant A > 0 such that for any £ € R”

AHeER < Zaij&fj < AJ¢P.

We can find a Riemannian metric on R™ from (a;;) by a;; = Gg¥, G =
det(aij)ﬁ. Hence we turn R" into a Riemannian manifold M with a Rie-
mannian metric (g;;) in a global coordinate. We have that Ay, = G71A.
Then Ajs—diffusion is a time-changed process of A—diffusion. It should
be remarked that the uniform ellipticity of A implies that there exist con-
stants a1, as > 0 such that a1 < G = det (az-j)ﬁ < ag. Let A,;—diffusion
and A—diffusion be denoted by B; and X; respectively, and 7%, i = 1,2 be
hitting times to a domain in R"™ and ¢°, i = 1,2 to another one of B; and
X; respectively. Then

P(T <O' / GBtdt</ GBtdt

P(1% < 0?).

And since P(t! > t) = P(fOT1 G(By)dt > fo (By)dt), hence there exist
constants c1, co > 0 such that

P(rt > ¢1t) < P(7? > t) < P(1! > cot).

Thus, as for our problem, the problem on A—diffusion is equivalent to one
on A s—diffusion.

REMARK. It is usual to set that ¢¥ = a;;. But the setting bears a drift
term Vlog G. Since it is easier to treat a time-changed object than to do
one with a drift, we prefer our setting to the other.
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The diffusion process we consider in this paper has a generator with the
form in this coordinates as

1 0
L= §AM —I—bl(T)E + by - Vg,

where Vj is the component to 7'S(r) of V.
In this section we assume the following conditions on L.

is a radial function.

Let us denote this function by ¢ (r).

REMARK. The above condition is satisfied in the cases that M is R"
and the diffusion is a spherically symmetric diffusion (i.e. the distribution
of the diffusion is invariant under the actions of rotations. Of course this
class includes Brownian motion. ) and that a Riemannian maifold with
constant curvature.

We note that this assumption can be removed in the following discussions
with some conditions. But this yields the complicated forms of quantities in
the estimates, for example v(r) in Proposition 2.1. For brevity we impose
this condition.

In this section we also assume that B(6) C D for some 6.
Let 6, = DN S(r) and ba(r) = supgey, |b2(r,0)].

Let A, be the first eigenvalue for the Laplacian on S(r) of the Dirichlet
problem on 6,., that is,

Jo. lgradou(z)|*ds,
Ar = Inf a
weC>(0) [y |u(z)|?ds,

u=0 on 00,

for r > 0,

where ds, is the volume form on S(r) induced from the Riemannian metric
and Ay = 0.
. / aof
Let us write ” f'(r)” for 7 3L 7.
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PROPOSITION 2.1. Let M have injectivity radius i(o) for a point o and

P(r) = %((: 9)) independent of 0.

Assume that

2(n—2)
(n—1)

2(n - 2)

p—] P >0 forr <i(o)

w?

and
bo(r)ATY2 < 1.

(i) If by = 0, then there exists a positive constant ¢1 such that for 0 < v <1
and fori(o) < r

Po(X7p €0r) <c1 el’p(—/ aydr),
6

where

and g(r) is defined by
U(r) = (n—1)g'(r)/g(r) with g(é) = 1.

(ii) If by £ 0 and for some 0 < p < 1

sup/ / e~ [T POty (1) 2drdV(y) < \/2e 1pT +1 -1,
7y

zeM

then there exists a positive constant ca such that for i(o) <r

1 vr
Po(Xrp, €0,) < czexp(—(1— ]—))/ aydr),
6

where o, is same as (i).
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PROOF OF PROPOSITION 2.1. (i) This proof is a slight modification of
[16].
Set u(z) = Px(XTD € 0r) and m(r fa r)%ds,, for r < R where ds,
is the volume form on S(r) induced by the R1emann1an metric on M.
Since u vanishes on 9D, \ 6,,by Green formula

O
erz/ ds,
/gru S Ors

:/ {Aru + < grad r, grad u? >}dV

!
= / {%eﬂ + 2uu’} av.

Differentiating m(r)? in r, we have
G/
(2.1) 2m(r)m’(r) = 2/ uu’dsr+/ u25dsT
0r 0r

Using Green formula again on (2.1), we have

the right hand side of (2.1)
= /gr % log G(r, 0)u’ds, + 2 /GT uu'ds,
= /D {Alog G(r,0)u’+ < gradu?, grad log G >
T +2|grad ul® + 2uAu} dV

2 !
z/ (aar2 +g§)longV—i—/ Aglog G(r, 0)u*dV

T

G’
2uu' —dV
+/T uY e

+/ {< gradgu?, gradg log G > +2|grad u|* + 2uAu}dV,
D,

where grady denotes gradient on S(r).
Using Green formula on 6, for 6 < u < r again, we have that

"

the right hand side = / {Fu + 2ua % + 2|grad u|? + QUAU} dv.

T
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Then differentiating the both sides of (3.1) in r again, since u is L-harmonic,

1/ /
(2.2) (2mm') = / {guz + 2uu’% + 2|grad u|* + QuAu} ds,
0,

1 /
N /e {?“2 + 2““'% + 2|grad ul* — 2(bu)u} ds,

" G/
= /er{gzﬂ + 2uu'5 +2(u)?

+ 2|gradgu|* — 2b2uu}dsr.

By Schwarz inequality

1/2 1/2
(2.3) —/ bouuds, > —ba(r) </ \gradgu\zdsT) (/ u2dsr>
97‘ 0'r s

> —bg(r))\r_lﬂ/ \gradgul|*ds,.
Or

Using (2.1) and Schwarz inequality

(2.4) / (u')?ds,
Or

1 2

> — (/ uu'dsr>
m 0y

/ 2

= % <mm’ — 1/ u2€d3T>
m 2 0, G

L m?(m')? — mm/ uQQ/ds + —(/ u2—/ds )2
m2 0, G " 4 0y G "

1
> (m/)? — ypmm/ + Z¢2m2.

From (2.1),(2.3),(2.4) the right hand side of (2.2) is bounded from below
by

{201 = ()X, VDA + S0P+ 0 b + 20,
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Hence, from this and (2.3), we obtain

(25) ()2 {20 - b+ S0+ (),

Let M(r)? = Ab)m( )% where A(r = Jst)
From (2.5) we have

M M’ 1
| MY M L a2

We define g(r) by

P(r) = (n— l)gg/((:)) with g(6) = 1.

We set f(t) = log M (r)? + (n — 2)log g(r) and change the variable by ¢ =

Js g%: From (2.6), using 7 = g(r) and #* = gg’, we have

(M 22F () + (F(0)?) Z4(1 = ba(r)A )\
+ (1) {(n = 2)*(¢'(r)* + 2(n — 2)g" (r)g(r)}.

Our assumption implies that (n — 2)2(¢'(r))? + 2(n — 2)g"(r)g(r) > 0.
We let

\/ {(n—1) 24 2(n—2)g"(r)g(r)}

Tdr)

(regarding as a function of t = [ )

30+ (1= o)A D) Ang(r)2 + 4 (1)2

and 5(t) = g(r)*y(r), B = g(r)?3.. We have

(f(t) + %) > (2B + 27(t))*.
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From (2.1) and Green formula we have

M’ m’
) S
M m ¥

= 2/ uu'ds,
0y

/ {ulu + |grad u*}dV
/ {(«)? + |grady u|* — (byu)uldV.

Then from Schwarz inequarity, (2.4) and the assumptions on b we have that
M/
=7 > 0.

Since 4 ' > 0 implies that f is positive, so is f(t) + ;8 then

F) + % > 203, + 25(t).

From this we have for to > t; > t(6)

S~

/t2 exp f(s)f(s)ds > exp f(t1)f(t1) /t2 exp (/S(2Bu + 27}/(u))du> ds.

t1 t1 t1

Rewriting this in the variable of r again
M (r2)?g(r2)" % = M (r1)?g(r1)" "

> M(rl)Qg(ﬁ)"_Zf(tl) /T2 exp (/s 206, + QV(t)dt)%

T2

> M) 2 0) [ e 5 27@)6”)% e | " Bt

T2

Our assumption on the metric yields

29(r) = (n—2)g'(r) /g(r).
This implies that

[ exp (f7 2v(t)dt)ds
g(ra)n—2

> const. > 0.
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Hence .
1> M(r)?* > const.M(6)> exp/ Bedt.
6

In combining this with sub-mean property of u? or Harnack inequality on
u we obtain i). (We can show Harnack inequality in this situation ([3])).
(ii) Let Xy = (r¢,6;) be the diffusion treated in (i) with b; = 0 and

1
d?“t = dBt + §¢(Tt)dt,

where B; is an 1-dimensional standard Brownian motion.
Set

t 1 t
M, = exp(/ by (rs)dBs — 5/ bi(rs)?ds).
0 0

Let Xt be the diffusion in this case with by # 0. The formula of transfor-
mation of drift ([8,15]) implies that

A

Pwo(XTD < 97’) = E[MTD

T

Xop € 0]

r )

In rather vulgar way, using Holder inequality the above right hand side is
bounded by
E[M?) VPP (Xo, € 6,)' 717,

Thus we estimate E[M7, |.

Set Y; = fot by (rs)dBs — %fg bl(rs)st and ¢, = sup,ep, EJ;[|YTDTH.

From the proof of John-Nirenberg inequality for BMO-martingale([6,15])

we have .

EMP ] < ——.
[ TDT‘] — 1 _ BPCT

On the other hand

BullYry, ) < Bl [ ta(r)aBall+ 5B b

< B /0 " by as] 2 4 S /0 " ba(re)2ds

< B[ /0 " n(r)2ds) 4 L /0 by (re)ds).



Brownian motion 25

Unless the global green function for X; exists, then the right hand side of
the above inequality is divergent. Thus we may assume that the global
green function exists.

It takes the form as

o(z,y) = /°° o STty .
d(z,y)
Then
o < Sup{(/ / e Y OLp, (1) 2drdV ()
M Jd(z,y)

xEM
*1/ / e~ N VOdty, (1)2drdv (y)}.
2 Jm Ja(z,y)

Combining these estimates complete the proof. [J

The above proposition gives us a bit information on the decay of the tail
distribution of 7p.

THEOREM 2.2. Suppose the assumption of Proposition 2.1 and that
i(o) = 0.
(i) Assume that 1(r) < 2=1.

If lim @ OW adr < 00, then

li L log P(rp > #) > lim = — /W d
1m —-——-10 T . — Qpar.
t—o0 IOgt & P oo 2 IOgT 0 '

(ii) Suppose that 0 < a < (r).

If lim loér o apdr < 0o, then

1 1 vr
lim ———1log P(tp >1t) > lim / agdr.
—oo logt —oo log T Jo
(iii) Suppose that 0 < a < (r). If0 <o =lim_ L [ apdr < oo, then

CLQO'

1
lim ——log P t) > .
ti_nolo t og P(7p > )_80+4a
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By the discussion in the beginning of this section and Corollary 2.5 below
we have the following.

THEOREM 2.3. Let mp be an exit time from D of a spherical symmetric
diffusion on R™ whose generator A is uniformly elliptic.
If im loér OW aydr < oo, then there exists a constant ¢ > 0 depending
only on the elliptic constant such that

lim ———log P(tp >t) > lim ¢ / a,dr.
t—00 log r—00 2 ogr

In particular we can take ¢ = 1 in the case that A is a usual Laplacian on

R™.
To prove these we prepare an elementary estimate.

LEMMA 2.4. Let D be a bounded domain in M and Tp be the first exit
time from D of a diffusion corresponding to Ayr. Let Qp(t,x,y) be a heat
kernel with Dirichlet boundary condition on D. Assume that Qp(t,z,y) <
p(t). We have fort > 2

P(rp > t) < e~ Ftool(D)*2p(t/2 — 1)p(2)V/2,
where A\ is the first eigenvalue of Dirichlet problem of Ayr on D.

PROOF. By eigenfunction expansion of it Qp(t, x,y) =

> e_)‘mt¢m($)¢m(y). Since
Z e_’\mt¢m(l‘)2 =Qp(t,x,z) < p(t),
then

(2.9) Zef)‘mt = /D Qp(t,z,z)dx < vol(D)p(t)

And e8¢, ()] < ()2, s0

(2.10) e g ()] < p(2)'2.
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From (2.9) and (2.10), for t > 2

Pirp > 1) = /D Qp(tz,y)dy

5/ Y e b (@)l dm(y)ldy
< vol(D)?p(2) 1/22 —Am (t—1)
< vol(D)?p(2)"/?e >\1t/2ze m(t=1)+Amt/2

< wol(D)*?p(2)Y/2e~M2p(t/2 — 1). O

COROLLARY 2.5.
(i) If the assumption of Theorem 2.2 (i) is satisfied, or
TB(r) 8 the first exit time from B(r) of a diffusion on R™ whose generator
A is uniformly elliptic, then there exist constants c1,co > 0 in each case
such that fort > 2

P(rp > t) < cre 2 vol(B(r)¥2(t/2 — 1)/,

(ii) Suppose that i(0) = oco. If ¥ (r) is away from 0, then there exist con-
stants c1,co,c3 > 0 fort > 2

P(TB(T) > t) < Cle_cz(r%—’_t)UOZ(B(T))3/2(t/2 . 1)_n/2'

ProoF. (i) We have only to compare 7 with one of radial motion of
Eucledian Brownian motion.
(i) We have only to note that uniform ellipticity implies that p(t) =
const.t=™/? ([4]) and Ap(r) = const.oz. O

LEMMA 2.6. Suppose that a < 1(r). Then

a2

P(r, >t) <e: 5t
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PROOF. Let 7} —rg = w;+ 5t where wy is an one dimensional standard
Brownian motion and 7} = inf{t > 0 : r{ > r}. Then direct calculation
says that

2 2
P(Trl T T

< g_ﬁt OO r _r?
<e2" 8 e 2
¢t V2rs?
E,ﬁt
<e2”8". 01

PROOF OF THEOREM 2.2. (i) From lemma 2.4 and Corollary 2.5 we
have

P(py) > 1) < const.e_cr%rgn/z(t/Q —1)7"2p(2)1/?

t
= const. G‘Xp(—{c_2 _ log ,r3n/2 + log (t/2 o 1)n/2})
r

Set ¢ = r?log(r3/2(t/2 — 1)™"/%P) for p > lim loér o ardr. We note

that logt = 2logr 4 o(logt). For such t by Proposition 2.1 we have as
r — 00

P(tp >t) < P(tp > 1) + P(1, > t)
< const.e” Js"ardr 4 const. P

< const.e” Js" andr

Therefore

1 logr 1
——log P >t) < —
logt og P(rp )<

rd 1
logtlogr/o ardr +o1)

1 1 vr
= —— d 1).
210gr/0 ardr + o(1)

(ii) and (iii) By lemma 2.6 we can carry the similar argument to (i). O
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83. Lower estimate

In this section we treat diffusions with generator L = Aj,; without a
bector field.
Before we mention the lower bound P(X;, € ;) we need some notations.
For a simple curve ¢(t) (0 <t < 00) in D with ¢(0) = x (z is the origin
of our coordinate) let p(t) denote the distance from ¢(t) to 9D.
Let T, = {¢ : [0,7) — D,, simple rectifiable curve , ¢(r) € 6, and ¢(0) =

We first have the following.

PropPOSITION 3.1. Assume Ricpys > k.
We define g(r) by

g"(r) + kg(r) = 0 with g(0) = 0 and ¢'(0) = 1.

Let v(x) be a positive subharmonic function on D,. Let I; = inf{v(z)
d(z,¢(t)) < kp(t)} for 0 < k < 1. Then we have

grp(t))"

Iy > I, exp —/ (k+1)
0 ,fp(g) g(s)~ntlds

|plet
In particular if M = R™ and Ay = Agrn,

T
> 1, exp(—c/o 915

1

where ¢ satisfies that c(loge — 1) =1 if n = 2 and that ¢ = (n — 1)% if
n > 3.

PROOF. We have only to modify the proposition in [13] only a little.
Let C(t) = {z|rp(t) < d(p(t),z) < p(t)}. We define u(z) by

p(t) —n+1
) 9(s ds
u(z) = Do 96)

[2)
oy 9(8) s
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where I; = inf{v(x) : d(z,¢(t)) < kp(t)}. Take a polar coordinate around
(t).

We can write the radial part of X; such as in [6] :

1 [t0G
Tt:T0+wt—|—§ ; E/C;’(AXVS)CZS—I%7

where L; is an increasing process which increases only on the cut locus of

¢(t). Set u(d(x, (t))) = u(x). Then comparison argument leads us u(r¢) is
a submartingale, that is, u(x) is subharmonic on C(t). u satisfies that

u(x) =0 on d(p(t), ) = rp(t) u(z)= I on d(¢(t), ) = p(t).
Thus maximum principle implies that u(z) < v(z) on C(t).
We can calculate the left differential (I;)" of I; in ¢ as in [13]. By maximum
principle again

L > (d(6(2), $(t — A1) + rp(t — AL)).

It is obvious that p(t — At) < d(p(t), p(t — At)) + p(t). Then

p(t) —n+1
Iy s J0Ea)se-sn) e 95) A8
ol 9() s
i fn(;(t;ﬂ)dw(t)7¢(t—At))+va(t) g(S)_”HdSI
— 1t — p(t) ( )7n+1d t-
kp(t) 915 5
We have (L) "
I glrp(t))™™ .
7 <(k+1) p(g) ( ))_ m o).
t f’ip(t) g(s)ntlds
Hence integrating the both sides fom 0 to r
r —n+1 .
o> Lexp | — [ (ss1—2r2t) 3ldt | . O
p(t)
0 g(s)~ntlds

kp(t)
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We now return to our diffusion treated in §2, namely, its generator has
the form

1 1, 02 0

Let T, denote all of simple smooth curves belonging to I, and satisfying
the following condition. Let B(z,[) be a ball with center x and radius .
The condition ;

vp(r)
/ agdt > const. > 0, uniformly in r,
kp(r)

where «y is defined in Proposition 2.1 with L = Aj; and D = B(¢(r), p(r))N
B(r).
Here we introduce quasi-hyperbolic distance np(z,y) on D C R™.

1
— inf e —
nD(x>y) érelr/(ﬁd(x,aD)’dx”

where d(x,0D) is Euclidean distance from z to 0D and

' ={¢: arectifiable curve in D from z to y}.

CORORALLY 3.2.
i) Let M = R"™ and
— cinf
7 = ¢ inf no(x,y)

T

where ¢ is a sonstant satisfying that clogc—1) =1 and ¢ > 1 if n =2 and
n—1
that ¢ = (n — 1)»=2 if n > 3. Then there exists a constant C > 0 such that

Pm(XTDT € 97‘) > C’ea:p(—nr).

ii) Assume that Ricpyy > k.(i.e. (r) is bounded for all v and in any
local coordinates.) We define g(r) as in the Proposition 3.1. We have

Py(X;, € 0,) > cexp(—n,) fori(z) > 2r,
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where ( o
. r . ko(t))™™
m= it [Tl
0 [0 g(s)~"t1ds

o€l wp(t)

t

and 0 < kK < 1.

PrROOF. i) We can evaluate I, without any constraint on I',. We con-
sider the region B = B(¢(r), p(r)) N H_, where H_ is a half space separated
by the hyperplane H tangential to 0D, at ¢(r) and including D,. We define

p(x) by

0
p(xz) =0 on (0B(¢(r),p(r))) N H- and
1 on B(¢(r),p(r)) N H.

Then maximum principle yields p(z) < Py(X., € 0;) on C(¢(r)). Since B
is a cone with a vertex ¢(r), we can estimate p(x) from below by Proposition
2.1 or direct calculation in §5. Then

I. > inf p(x
"7 2eB(6(r) mo(r)

> 1 —sup Px(X;, € 90B(¢(r), p(r)))
P(r) dt

>1-— exp(—const./ "

rp(r)
> const. > 0.

Then we have
Io > const. exp(— inf /T<b|1dt)
const.exp(— inf ¢, ——dt),
0= PR ger,. ), 190

where ¢, = (1 + 1/k)log(1/k) if n = 2 and = —"2_< if n > 3.

K(1—K"—2)
We choose « such that 1/k(log(1/k) —1)=1ifn=2,k=(n— 1)_ﬁ
which are minimizing c.
ii) The condition of T', implies that I, > const. > 0, uniformly.

Iy > const.exp(—mn;).
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This completes the proof. [

If the first eigenvalue of Dirichlet problem on B could be estimated, we
could know whether T, is empty or not. But I don’t know such estimates
on the first eigenvalues in general. In the following two cases we are not
bothered with this problem.

LEMMA 3.3. inf,infger, I, > 0 holds in the following cases.
i) Xt is a spherically symmetric diffusion on R™.
i1) Ag takes the form as
Ag = div(AV)

with satisfying that there exists a constant a > 0 such that

aTHEP << A€, € >< ale)?

for all (z,&) € TS" Y(r) where S""1(r) is a sphere with centere o and
radius r in R"™.

PrOOF. Immediate from the proof of Corollary 3.2. [J

THEOREM 3.4. Assume the assumption of Corollary 3.2 with k = 0
and that i(o) = co.

i) If 1
rlggo log r logr " <%
then ) i
B g7 08 Pr0 > ) < L oo
i) If
rll,m =7 < 00,
then

1 — 1
lim —~log P(tp > t) < 4( im ~n,)*.
t—oo r—oo 7

PrOOF. The proof of ii) is quite similar to i)’s. Then we give only one

in the case of i). It is well-known that P(7, < t) < const.e” # for Eucledian
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Brownian motion. On the other hand let r; be the distance on M from o
to X;. Set rt(o) — r(()o) = w; + fg ”T—leds be the radial motion of a Brownian
motion on R". Then the curvature assumption and comparison theorem
imply that

ry < ’I“ISO).

Then we have

2

P(t>T1) < Pt>7") < conste .

r

Hence

2

P(rp > 1.) < P(tp > t) + P(t > 1) < P(1p > t) + const.e” 7 .

2 . v
We set t = 4;;;—@ with p > lim,_ @nr so that logr/logt — 1/2 as
t — 0o. Then as Theorem 2.2 we have the desired result. OJ

84. Burkholder type inequalities and a basic argument

THEOREM 4.1. Assume the assumptions of Proposition 2.1 with i(o) =
oo and that by(r) > 0. If a moderately increasing function ¢(r) satisfies that

li 1 /W dr >1
m arar
—oo log &(1) Jo

and ¢(d(o,x)) is L—subharmonic, then

{ El¢(rp)] < oo if (r) > ¢ >0,
Elp(r*)] < oo if ¥(r) > 0.

We also have a necessary condition for the integrability of 7p.

THEOREM 4.2. Suppose the assumption of Theorem 3.4 and use the
notation there. Let ¢(r) be a positive moderately increasing function.
If E[(b(T]lj/Z)] < 00, then

1
lim ———n, > 1
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Since ¢(r) = rP is a moderately increasing and ¢(d(o,x)) is L-subhar-
monic in each cases in the above theorems, in particular we recover the
following.

COROLLARY 4.3. i) Assume the assumption of Theorem 4.1 and that
P(r) > 0.
If

1 vr
lim / apdr > 2p,
0

r—oc l0gT

then E[tp)] < oo.
ii) Assume the assumption of Theorem 4.1 and that ¥(r) > ¢ > 0.

If
. 1 vr
lim / apdr > p,
0

oo 108 T

then E[T)] < .
ii1) Assume the assumption of Theorem 4.2.
If E[r7] < o0, then

1
lim —n, > 2p.
1 o

7r—00

We use the method in [1], so we need the following Burkholder type
inequalities. We define h(B;)* by supg.s; h(Bs).

LEMMA 4.4. Let o € M be fized and ¢(r) be a moderately increasing
function.

i)[1] Let By denote a Brownian motion on R™ . There exist constants ¢ and
C such that for any stopping time T

cE[¢(r'/?)] < E[¢(|B|")] < CE[$(r'/?)].

i1) Assume the assumption of Theorem 4.1.
If ¢(r) > ¢ > 0, then there exist constants C, ¢, > 0 such that

cElp(T)] < E[¢(d(o, X7)")] + C.
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If (r) > 0, then
cE[¢(r'/?)] < E[g(d(0, X;))].

i11) Assume the assumption of Theorem 4.1. There exists a constant C' such
that
E[¢(d(0, X,)*)] < CE[p(7"/?)]

PROOF OF ii) AND iii). We write the radial part of B, such as in [10]
again : .
re =1+ wp + % ; %—(j/G(BS)ds — Ly,
where L; is an increasing process which increases only on the cut locus of
By. In the case of ii) Ly = 0 and ¢(r) = %/G. Then we can compare 7
with
rﬁl) = 1"(()1) + w¢ + const.t

and

7“152) = r(()Q) + wy.

It is easy to see that “good A inequalities” for r; and any stopping time are
verified.
Set

t
0 _ .0 1/ n—1
ry =1y +w+ - | ——ds.
t 0 2 0 rg(])

Comparing r; with rgo) , 1i1) is a direct consequence of i). O

The following argument is essentially due to Tsuji([16]).

PROPOSITION 4.5.
i)Assume the assumption of Theorem 4.1. If lim —% > 1
and ¢(d(o,x)) is L-subharmonic for a moderately increasing function ¢(r),
then E[¢(Tp)] < oo.
it) Conversely if the assumption of Theorem 4.2 is satisfied and

1/2 . log P(X-, €6,)
E[('b(TD )] < o0, then h_mer —W Z 1.
Proor. We fix a reference point o € D.

(i) From the assumption there is a rp such that

P.(X,, €6,) < const.gp(r)"17¢ for r > rg, € > 0.
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Define v,.(z) as

Lv.(x) =0 xz€D, wv(x)=1 x€9dD\ID,

=0 xz€0dD,\6,.
Then v,ﬂ( ) < P, (XTD 6 6,) on D, by the maximum principle.
Set v( fO @' (r)vy(x)dr. This is a bounded harmonic function on D.
And U( ) o P (r )dr = ¢(r1) if x € 9D and d(o,x) = r1. Since ¢(d(o.x))

is L—subharmonic, by maximum principle on D, we have

¢(d(0, 7)) < o(r)Po(Xr, € 0;) + v().

Since bi(r) > 0, it is clear from lemma 4.4 that for any stopping time 7
const.E[tP] < E[d(o, X;)?).

It is easy to see by the routine argument that E[r})] < oo ([1]).
iv) immediately follows from lemma 4.4. O

PrROOF OF THEOREM 4.1 AND 4.2. Combine Proposition 4.5 with
Proposition 2.1 and Corollary 3.2 respectively. [J

Next we add a remark on the case D = M \ U : U is an open set in M.
Let D = M \ B(1) and X; be a Brownian motion on M. In view of our
problem it is reasonable to consider only the case that P,(7p < o) for any
x € D, namely, X; is recurrent. We borrow the results from [11]. P.Li and
L-F.Tam showed the following.

LEMMA 4.6. Assume that the Ricci curvature of M is nonnegative on
D and [° Ad('; oo where A(t) is n—1 dimensional volume of S(t). Then

there exists a harmonic function g(x) on D satisfying that

g(x) is harmonic on D, glx)=0 on S(1),

g(x) — o0 as d(o,x) — oo,

and there exists ro such that for r > rg

"odt "odt
01/1 mgg(x)g@/l MGTLS(T).
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The above lemma and maximum principle immediately lead us to the
following proposition.

PROPOSITION 4.7. Under the condition of the Lemma 4.6 we have
Todt /T dt
c — < P(1, < <c —) .
([ S <P <) <al [ )

By Burkholder’s argument and the method we have done by now, we
get the following.

THEOREM 4.8.
i) Assume the same condition of the Lemma 4.6. Let f(r) be a posi-
tive increasing function on [0,00) satisfying that [/ % < f(r). Then
Elf(rp)] = o0.
it)Assume that A(t) > 6 > 0 for t > 1 together with the assumption of
Lemma 4.6. We have for e >0

1

T dt
P(tp >t) > const.(/
1

aw)

§5. Examples

1. Cone. Let M = R™ | G be an open set on S(1) and X; be Brownian
motion B;. We define a cone Cg with respect to G by Cqg = {z|z =
af, £€G, 0<a<oo}. Wecan directly compute P(B,, ¢ 0,) where
D = Cg. It is well-known that B, has skew-product representation [8] such

as .
d
By = (1, O / ).
0 Ts

. t (n—1
Where 7 is a Bessel process : 7y = ro+w; + | (”T )

motion on S"~! independent of 7;. We first consider the distribution of
lds
072

ds and ©; is a Brownian

. By Ito’s formula

tds n—2 [tds

(5.1) logrtzlogrojLW(/O EH—T s
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Where W; is a one dimensional Brownian motion. We define one dimen-
sional diffusion Y; by

n—2
2

(5.2) Yi=rg+ Wi+ t,
and T; = inf{t > 0:Y; = [}. Then it is easy to see that

I N R i e R U ML )Y

Let 7 denotes 7p(;y. From (5.1) we have fOTT f—g = Tiogr- On the other hand

it is well known that P(og > t) ~ e *¢%/2(t 1 00) ("a ~ b” means that
there are constants ¢, co such that ¢1b < a < ¢2b.), where oG = inf{t > 0:
©; ¢ G}. For simplicity we assume 9 = 1. Therefore

Tr d
P(B,, €0,)=Pog> / 7;9)
0 s

o0 Tr d
:/'m%>om/-§em
0 0o Ts

:/ P(o > ) P(Tiogr € di)
0
~ E[€_1/2>\GTIOgT]

- exp{—(_(n —27 \/én ks 4)\0) logr}

Making the same argument as Theorem 2.2 and Theorem 3.3, we have

1 . —n=2)+/(n—2)2+4)\g
tlirgo Tog? log P(1c, > t) = — 1 .

Hence our upper estimste in Theorem 2.2 is sharp in this case.

This fact has already been known ([5]). We remark that recently this
estimte was used for application to estimste occupation times at cone by
Meyre and Werner[11]. They have this estimate using direct calculation
without Dirichlet problem.
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When M has a constant negative sectional curvature and D is a cone,
P(tp = 00) > 0. Hence this case is not fit for our problem. From Theorem
4.1 we know A, ~ const.e‘/*_’l“”/r2 is sufficient.

2. Let M = R2. Then A\, = 72/I(r)? : I(r) = length of 6,. Define Dy by

Dg={(z,y)ly > |z|"} d>1.
We have

PROPOSITION 5.1. i) There exist positive constants ci,ca,C1,Ca such
that

U

1 d—1

Cie " ¢ < P(X;p,, €0,) < Coe™ " ‘.
it) There exist positive constants cs,cq,C3,Cy such that

d—1

d-1
Cze "™ < P(rp, > t) < Cpe™at™ ",
ii) B[t ] <oo for 0<p<oco.

PrOOF. We have I(r) ~ 2r'/? and p(r) ~ r'/¢. Proposition 2.1, Corol-
lary 3.2 and Theorem 4.1 imply the desire results. [J

As for the case of d < 1 we consider D with d > 1. Then we have
Ipe(r) ~ 2mr — 2r1/d ppe ~ 1 —ri/d,

§6. Finiteness of a stopped Feynman-Kac functional

Let g(z) be a measurable function on M. We call E,[exp([," q(Xs)ds)]
the stopped Feynman-Kac functional on D. On the finiteness of stopped
Feynman-Kac functional on a bounded domain many authors have consid-
ered. It is known via large deviation theory that the one is either finite or
not according as sup Re(spec(A + q)) is negative or not.([14]) case D is un-
bounded, then we cannot apply large deviation theory directly. We obtain
a sufficient condition on D for the finiteness of this functional for special
potentials. Let M = R"(n > 3), L = A and X; be a Brownian motion on
M throughout this section. We have the following result.
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THEOREM 6.1.
i)Let 0 < g(z) < c#. If

1 | -2 —2)2
lim / _(_n + \/)\TT2 + u)dr
P

oo log T r 2 4

n—2 (n—2)?
2 4

— 4c,

then
Eafexp( / ¢(X,)ds)] < oo @€ D\ {0},

where A\, is defined in §2.

it)Let D be a cone Cq defined in §5 and q(x) = c#. We have

Eufexp( /0 " (X)ds) <00 e D\ {0}

if and only if 2¢c < Ag.

PROOF. ii) is obvious by skew product representation of X; in §5. We
are going to show i). Set 7, = n"rg, n =1,2,..., with | Xo| = ro and v > 0.

D
(6.1)E[exp(/ q(Xs)ds)]
0
Elexo( [ ersds)]
< exp/ c S
o X2
7-7“n+1 1
< ZE[QXP(/ Cmdé’)éﬂm <7D < Trpy]
0 S

Trp+1 1
-Ex,, [exp(/ CWdS);TD < Trs1 )i T < TD S Trpyy)
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By (5.1) and (5.2)
Trp41 1
Ex, [exp(/ CWdS)] :Eo[exp(chogrnH/Tn)] < 00,
0 S
uniformly in n  if ¢ < (n — 2)%/8.

Then the last term in (6.1)

(by Schwarz inequality.)
Using the observation in §5 again
(6.2) the last term = const. Z E[exp(2cTIOgrn+l/rO)]1/2P(Trn < 7p)/?

It is easy to see

1/n—2 (n—2)2
1/2 _ 3("5 = g 4 log 1

E[eXp (201—‘10g Tn41/T0 )]

On the other hand if

oo > lim
r—00 log r

| -2 —2)2
/6 _(_n +\/>\r7’2+%)dr>p,

r 2

then there exists ¢ such that P(7, < 7p) < const.r P for r > rg. Hence if

p> 152 — \/(";2)2 —4cand set v =2/(p— 252 + % — 4c), then the

right hand side of (6.2) is finite. This completes the proof.

REMARK. In the case of m = 2 we can easily see that
Elexp (f"” cﬁds)] = oo for any ¢ > 0 by the observation as in §4. As-

sume 0 € D. Then Elexp (" Cﬁds)] = oo for any ¢ > 0 even if D

. T
is bounded, because fOB(l) ﬁ

of one dimensional Brownian motion, which has only LP(0 < p < 1/2)
integrability.

ds = o7 :the first exit time from (—oo, 1]
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