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Perturbation of the Navier-Stokes flow in an annular

domain with the non-vanishing outflow condition

By Hiroko Morimoto and Seiji Ukai

Abstract. The boundary value problem of the Navier-Stokes
equations has been studied so far only under the vanishing outflow
condition due to Leray. We consider this problem in an annular do-
main D = {x ∈ R2;R1 < |x| < R2}, under the boundary condition
with non-vanishing outflow. In a previous paper of the first author,
an exact solution is obtained for a simple boundary condition of non-

vanishing outflow type: u =
µ

Ri
er+bieθ on Γi, i = 1, 2, where µ, b1, b2

are arbitrary constants. In this paper, we show the existence of solu-

tions satisfying the boundary condition: u = { µ

Ri
+ ϕi(θ)}er + {bi +

ψi(θ)}eθ on Γi, i = 1, 2, where ϕi(θ), ψi(θ) are 2π-periodic smooth
function of θ, under some additional condition.

Let D be an annular domain in R2 :

D = {x ∈ R2;R1 < |x| < R2},

where 0 < R1 < R2 , and Γi its boundary:

Γi = {x ∈ R2; |x| = Ri}, i = 1, 2.

We consider the boundary value problem of the Navier-Stokes equations:




−ν∆u + (u · ∇)u +
1

ρ
∇p = 0 in D,

divu = 0 in D,

u = b on ∂D,

(1)

where u is the fluid velocity, p is the pressure, ν(the kinematic viscosity)

and ρ (the density) are given positive constants, and the vector b is a given

boundary value of the velocity.
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For the general bounded domain D ⊂ Rn, n ≥ 2, J. Leray [6] showed

the existence of the solution to this problem under the following condition:

(H)

∫
Γi

b · n ds = 0, 1 ≤ i ≤ k,

where ∂D =
⋃k

i=1 Γi, Γi is the connected component of ∂D and n is the

unit outward normal to the boundary ∂D. The condition (H) is stronger

than the condition

(H)0

∫
∂D

b · n ds =
k∑

i=1

∫
Γi

b · n ds = 0,

which is to be satisfied by the boundary value b of a solenoidal vector u.

We are concerned with the problem whether does exist a solution to

(1) under the non-vanishing outflow condition (H)0, even if the boundary

value does not satisfy the vanishing outflow condition (H) ([2], [6]). In

the previous paper [7], the first author showed an exact solution to this

equation in an annular domain under the boundary condition with non-

vanishing outflow given by,

b =
µ

Ri
er + bieθ on Γi, i = 1, 2,

where µ, b1, b2 are given constants and er, eθ are the unit vectors in the

polar coordinates representation {r, θ} .

In this paper, we study the case where the boundary value depends on

θ variable, more precisely, the vector b is given as follows:

b = {ai + ϕi(θ)}er + {bi + ψi(θ)}eθ on Γi, i = 1, 2.(2)

Remark 1. Since the condition (H)0 has to be satisfied,

(A1) a1R1 = a2R2

should hold. We denote this common value by µ. If µ �= 0, the condition

(H) does not hold.

On the other hand, without loss of generality, we can suppose the fol-

lowing:

(A2) ϕi(θ), ψi(θ) be 2π-periodic smooth function of θ, satisfying
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∫ 2π

0
ϕi(θ)dθ = 0,

∫ 2π

0
ψi(θ)dθ = 0, i = 1, 2.

Finally we put

ωi =
bi
Ri

, i = 1, 2.

If the absolute value |µ| of µ is small, we can show the existence of a

solution to (1) (2) by the usual method (c.f. [5], [9]). We show, in the

following, the existence of a solution to (1) (2) even for large |µ|.

Theorem 1. Suppose (A1), (A2) and the inequality

|ω1 − ω2|
R2

1R
2
2

R2
2 −R2

1

(
log

R2

R1

)2

< 2ν

hold. Then there exists at most discrete countable set M such that for each

µ ∈ R\M the boundary value problem (1) (2) has a solution for sufficiently

small ϕi(θ), ψi(θ) (i = 1, 2).

Remark 2. Let µ, ω1, ω2 be constants and ϕi(θ) = ψi(θ) = 0 (i = 1, 2).

Then, we have the following exact solution u0 to (1) (2) of the form:

u0 =
µ

r
er + b(µ, r)eθ.

(i) For µ �= −2ν,

b(µ, r) =
c1
r

+ c2r
1+µ

ν ,

where

c1 =
ω1R

2
1R

2+µ
ν

2 − ω2R
2
2R

2+µ
ν

1

R
2+µ

ν
2 −R

2+µ
ν

1

, c2 =
ω2R

2
2 − ω1R

2
1

R
2+µ

ν
2 −R

2+µ
ν

1

.

(ii) For µ = −2ν,

b(µ, r) =
1

r
(c1 + c2 log r),

where

c1 =
ω1R

2
1 logR2 − ω2R

2
2 logR1

logR2 − logR1
, c2 =

ω2R
2
2 − ω1R

2
1

logR2 − logR1
.
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The pressure p0 can be obtained from the equation. This solution is

unique if |µ| and |ω1 − ω2| (case(i)) (|ω1|, |ω2| (case(ii))) are sufficiently

small (c.f.[7], [8] ).

Let us prove Theorem 1 in several steps. Let C∞
0,σ(D) be all smooth

solenoidal functions with compact support in the domain D, Hσ the closure

of C∞
0,σ(D) in L2(D), and V the closure of C∞

0,σ(D) in the Sobolev space

H1(D).

Let u0, p0 be the solution as above. Let v0 satisfy the condition

divv0 = 0 in D, and v0 = ϕi(θ)er + ψi(θ)eθ on Γi, i = 1, 2.(3)

The existence of such function is known(c.f. [1]) but for our convenience,

we choose:

v0 =

[
R1r

−1
∫ R2

r
α(t)dt ϕ1(θ) +R2r

−1
∫ r

R1

α(t)dt ϕ2(θ)

−r−1
∫ r

R1

β1(t)dt ψ
′
1(θ) − r−1

∫ r

R1

β2(t)dt ψ
′
2(θ)

]
er(4)

+

[∫ θ

0
{R1ϕ1(t) −R2ϕ2(t)}dt α(r) + β1(r)ψ1(θ) + β2(r)ψ2(θ)

]
eθ,

where, α(r), βi(θ) (i = 1, 2) are smooth functions such that

α(R1) = α(R2) = 0,

∫ R2

R1

α(t)dt = 1,

βi(Rj) = δij (i, j = 1, 2),

∫ R2

R1

βi(t)dt = 0 (i = 1, 2).

Then, we have the following estimate.

Lemma 1. There exists a positive constant c0 such that

||v0||C2(D) ≤ c0

2∑
i=1

(||ϕi||C2(I) + ||ψi||C3(I))

holds, where I is the closed interval [0, 2π].
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Suppose u = w + u0 + v0 satisfy (1) with b given in (2). Then, the

equation for w is as follows:


−ν∆w + (w · ∇)u0 + (u0 · ∇)w + (w · ∇)w +
1

ρ
∇q

+(w · ∇)v0 + (v0 · ∇)w + f0 = 0 in D,

divw = 0 in D,

w = 0 on ∂D,

(5)

where f0 = −ν∆v0 + (v0 · ∇)v0 + (v0 · ∇)u0 + (u0 · ∇)v0.

Let P be the orthogonal projection from L2(D) onto Hσ and A = −P∆

be the Stokes operator. Applying the orthogonal projection P to the first

equation in (5), we get:




Aw +
1

ν
P{(w · ∇)u0 + (u0 · ∇)w}

+
1

ν
P{(w · ∇)w + (w · ∇)v0 + (v0 · ∇)w + f0} = 0.

(6)

As is well known, A is a self-adjoint positive operator in Hσ and the

inverse A−1 is a compact operator on Hσ (e.g., [5], [9]). Applying A−1 to

the equation (6), we obtain:

w − T (µ)w +
1

ν
A−1P{(w · ∇)w + (w · ∇)v0 + (v0 · ∇)w + f0} = 0,(7)

where

T (µ)w ≡ −1

ν
A−1P{(w · ∇)u0 + (u0 · ∇)w}.

Since A−1 is compact operator in Hσ, and its range is the domain of the

operator A which is compactly imbedded in V , we obtain the following:

Lemma 2. The operator T (µ) is a compact linear operator on V .

Let

µn = −2ν +
2nπν

logR2 − logR1
i, n ∈ Z, i =

√
−1.

We define b(µ, r) for all µ ∈ C letting b(µ, r) = b(−2ν, r) for µ = µn. Then,

b(µ, r) is continuous and holomorphic in µ ∈ C even at the points µ = µn.

Therefore, we have:
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Lemma 3. (c.f.Kato[4]) The compact operator T (µ) is an entire func-

tion of µ.

Lemma 4. If |ω1−ω2| is sufficiently small, then 1 is not the eigenvalue

of the operator T (0).

Proof. Suppose that 1 is an eigenvalue of T (0) , i.e., there exists a

nonzero w ∈ V such that T (0)w = w. Then,

−1

ν
A−1P{(w · ∇)ũ0 + (ũ0 · ∇)w} = w

holds, that is,

νAw = −P{(w · ∇)ũ0 + (ũ0 · ∇)w}

holds, where ũ0 = b(0, r)eθ (See Remark 2). Without loss of generality, we

may assume w is real since ũ0 is real. Taking the inner product with w, we

have

ν||∇w||2 = −((w · ∇)ũ0,w).

The right hand side is equal to:

2c1(0)

∫
D

wrwθ

r
drdθ, where c1(0) =

ω1 − ω2

R2
2 −R2

1

R2
1R

2
2.

Let f ∈ H1
0 (D). Then the inequality:

∫ ∫
D

(
f(r, θ)

r
)2rdrdθ ≤ 1

2
(log

R2

R1
)2

∫ ∫
D

(
∂f

∂r
)2rdrdθ

holds. Therefore, we have :

|((w · ∇)ũ0,w)| ≤ |ω1 − ω2|
2

R2
1R

2
2

R2
2 −R2

1

(
log

R2

R1

)2

||∇w||2.

If |ω1 − ω2| is sufficiently small, then the inequality

|ω1 − ω2|
2

R2
1R

2
2

R2
2 −R2

1

(
log

R2

R1

)2

< ν

holds, and contradiction. �
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Let K be any compact subset of C, containing {0}. According to Theo-

rem 1.9 in Chapter VII §1 of [4], there exist a finite set {µ∗
1, µ

∗
2, . . . , µ

∗
k} such

that for any µ in K \ {µ∗
1, µ

∗
2, . . . , µ

∗
k}, (T (µ) − 1)−1 exists and is bounded

on V . Let µ ∈ K \ {µ∗
1, µ

∗
2, . . . , µ

∗
k}. From (7), we obtain:

w =
1

ν
(T (µ) − 1)−1A−1P{(w · ∇)w + (w · ∇)v0 + (v0 · ∇)w + f0}.(8)

Let us denote the right hand side of (8) by N(µ)w:

N(µ)w =
1

ν
(T (µ) − 1)−1A−1(9)

×P{(w · ∇)w + (w · ∇)v0 + (v0 · ∇)w + f0},

and

σ =
2∑

i=1

(||ϕi||C2(I) + ||ψi||C3(I)).

According to Lemma 1, we have:

||1
ν

(T (µ) − 1)−1A−1P{(w · ∇)v0 + (v0 · ∇)w}||V ≤ Cσ

ν
||w||V ,(10)

||1
ν

(T (µ) − 1)−1A−1Pf0||V ≤ Cσ

ν
{(ν + c0σ)|D|1/2 + ||u0||V },(11)

where c0 is the constant in Lemma 1, C = c0||(1 − T (µ))−1A−1/2|| and |D|
is the measure of D.

Lemma 5. There exists a positive constant cD such that the estimate

||A−1P (v · ∇)w||V ≤ cD||v||V ||w||V , ∀v,w ∈ V

holds.

It is known that there exists an absolute constant c such that

||A−1/4P (v · ∇)w|| ≤ c||A1/2v||||A1/2w||, ∀v,w ∈ C∞
0,σ(D)

holds. See, e.g., Fujita-Kato [3]. Using this inequality, we obtain Lemma 5

easily.
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Put

ρ0 = max

[
C

ν
,
cD
ν
||(T (µ) − 1)−1||, C

ν

{
(ν + c0)|D|1/2 + ||u0||V

} ]
,(12)

where c0, cD, C are constants given in Lemma 1, in Lemma 5, and in (10),

respectively. Now we have the following estimate for the nonlinear operator

N(µ):

||N(µ)w||V ≤ ρ0(||w||2V + σ||w||V + σ).(13)

Let σ0 =
1

ρ0
{1 + 2ρ0 −

√
(1 + 2ρ0)2 − 1}.

Remark 3. ρ0σ0 is the smallest positive root of the equation

X2 − 2(1 + 2ρ0)X + 1 = 0.

The inequality 0 < σ0 < 1 follows easily. If 0 < σ < σ0, then the equation

ρ0(X
2 + σX + σ) = X

has two positive roots. Let rσ be the smaller one:

rσ =
1

2ρ0

{
1 − ρ0σ −

√
(1 − ρ0σ)2 − 4ρ2

0σ

}
.

Lemma 6. If 0 < σ < σ0, then the operator N(µ) maps the ball

B(rσ) ≡ {w ∈ V ; ||w||V ≤ rσ}

into itself.

Proof. Let w ∈ B(rσ). Then,

||N(µ)w||V ≤ ρ0(||w||2V + σ||w||V + σ) ≤ ρ0(r
2
σ + σrσ + σ) = rσ. �

Lemma 7. If 0 < σ < σ0, the operator N(µ) is a contraction operator

on B(rσ).
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Proof. Let w1,w2 be arbitrary elements in B(rσ). Then, we have:

N(µ)w1 −N(µ)w2

=
1

ν
(T (µ) − 1)−1A−1P{(w1 · ∇)w1 − (w2 · ∇)w2

+((w1 −w2) · ∇)v0 + (v0 · ∇)(w1 −w2)}.

Since

(w1 · ∇)w1 − (w2 · ∇)w2 = ((w1 −w2) · ∇)w1 + (w2 · ∇)(w1 −w2),

therefore,

||N(µ)w1 −N(µ)w2||V
≤ cD

ν
||(T (µ) − 1)−1||||w1 −w2||V (||w1||V + ||w2||V )

+
Cσ

ν
||w1 −w2||V

≤ ρ0(||w1||V + ||w2||V + σ)||w1 −w2||V ,

where we used (10) and Lemma 5. Since w1,w2 ∈ B(rσ) and σ < σ0, we

have:

ρ0(||w1||V + ||w2||V + σ) ≤ ρ0(2rσ + σ) = 1 −
√

(1 − ρ0σ)2 − 4ρ2
0σ < 1.

Therefore the operator N(µ) is a contraction and has a fixed point in

the ball B(rσ). Theorem 1 is thus proved. �
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