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Branching of singularities for some second

or third order microhyperbolic operators

By Hideshi YAMANE

Abstract. We study microhyperbolic operators of the form (D1 —
a121Dp) (D1 — agzy Dy)+lower, (D1 — 21Dy )D1(D1 + z1Dy)+lower.
When the lower order terms take a certain form, we can obtain a very
detailed information about the singularity of a solution. We look at
this problem from the viewpoint of boundary value problems. General
arguments for m-th order operators are given.

Introduction

For (micro)differential operators whose characteristic variety has a non-
involutory intersection, the propagation and branching of singularities is
the most interesting problem. [H], [O], [Al], [A-N], [Tak], [N] and [T-T] are
well-known results.

In this paper, we study the branching of singularities for second and
third order (micro)hyperbolic operators. The principal symbols are (£ —
a1x1€,) (61 —aox1Dy), (&1 —21€0)61 (&1 +71€n). General arguments (heuris-
tic in some parts) about m-th order operators are given.

Our approach is based on the study of boundary value problems. Al-
though this viewpoint was already taken in [Al], it is more apparent in the
present paper.

Another feature of our approach is that we use ODEs of Fuchs type,
while in [Al], [A-N] and [T-T], ODEs with irregular singularities were used.

The plan of this paper is as follows. PART 0 gives a general background
about an operator of arbitrary order. PARTS 1 and 2 are about the second
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672 Hideshi YAMANE

and the third order cases respectively. The main theorems are found in
PART 1 §1 and PART 2 §1.

This paper is an application of [Kat 2].

The author wishes to express his gratitude to Professor K.Kataoka for
guidance, encouragement and very valuable suggestions. He also thanks
Professors K.Iwasaki and H.Ochiai for helpful discussions.

Part 0 General background

Let P(z, D) = D" 4 Py(z,D')D ! + ...+ P,,(x, D') be an m-th order
microhyperbolic microdiferential operator defined in a neighborhood of p €
{(z;i€) € iT*M;z1 = & = 0,&, > 0}, M = R". Here we write x =
(21,...,2pn) = (21,2") € R" = M.

Assume that its principal symbol is of the form

O'(P)(:E,f) = (61 - x{‘al(a:,fl)) T (51 - x{‘am(x,ﬁl)) A=1,2,.,

where a; (1 < j < m) is real analytic in (z,&'), o # ax(j # k) , and
aj(z, &) € R, if z and £ are real. In addition, we impose the Levi condition
on the lower order terms:

1P
Oz1

0./, 0y < <)

ord p

—_

1<i<m,0<qg< AL

Branching of singularities for this kind of operator has been studied by
Alinhac, Taniguchi-Tozaki, Amano and others. A typical method is to
apply the partial Fourier transform and reduce the problem to that of an
ordinary differential operator with an irregular singular point. Here in the
present paper, we choose a different approach. Instead of the partial Fourier
transform, we use a singular coordinate change and the quantized Legendre
transform. Then the problem is reduced to that of an ordinary differential
operator of Fuchs type. In PARTS 1 and 2, we treat the cases of A =
1, m = 2,3. In these cases, we encounter Gauss and Jordan-Pochhammer
hypergeometric equations respectively.

The main idea is due to the theory of a coordinate change of fractional
order in [Kat 2]. Here we introduce a rough sketch of his theory. Let



Branching of singularities 673

bji C {£z; > 0} be the half-bicharacteristic strip of &; = x7qy, issuing
from p. We say that u € (F{izl>0}Cﬂ)p is a j-null solution if v = 0 on
bi, where CZ is the kernel sheaf of P : Cpy — Cps. Let Null(j, £) be the
totality of j-null solutions, that is,

Null(j,+) ={u € (F{im1>0}Cﬁ)p;u =0Oon bji}

We explain how to construct j-null solutions. For convenience, we only
consider the case of +. If u is a solution in z1 > 0, it is mild and its
canonical extention « is defined. It satisfies

z1"Pu = 0.

Put t = Aiﬁci\ﬂ' We denote by 7 the dual variable of ¢. Then & —
zta; = 27(T — ;). Since a;’s are mutually distinct (while 27;’s are not),
the problem has become easier at least from the geometric point of view.

Moreover

z*P(z, D)

— tDs —
(tD, /\+1)

AR = 1 g+l 8qu

A+ 1) 51 —tA+1 x, (tDy — ——
S50 e s o T 05
Here assume that there is no contribution by the terms corresponding to
/‘\I—j[ll #0,1,2,3,.... Now apply the quantized Legendre transform 3 with
respect to (t,2’). (See [Kat 1] for the definition.) Then we obtain the
following operator:

m—1 .
P=T[(-De¢~ 1)
6 A+1

m X A+ 15 a9
+1 1 _
+ , 5 (0,2”, 2, + DeCD; Y, D)
=1 ¢q=0 EA 1
il m—I—1 .
. 1y 2
X (=iD¢ Dy, ") 2 H (=D¢¢ — A——i—l)

J=0
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2" = (wa,..., 0 1).

We will see that P is an ordinary differential operator of Fuchs type modulo
perturbation. Set

7=0
m Al
A+ 1)t 0P, +
T D) PR L (a 100,07, €)én )
— q T
=1 ¢=0
+l m—Il—1 j
X (=iD¢ )3+ jl;[o (=D¢¢ — )\——I—l)

ProPOSITION 1.

The operator Q is of Fuchs type in C if we freeze the parameters (z',&').
Its regular singular points are oo and ia;(0, 2, f’)f,jl (1 <j<m). The
characteristic exponents at oo are 1,1+ /\+—1’ N /\+1 and 00 1S a non-
logarithmic singularity. The non-negative mtegers 0,1,2,3,...,m — 2 are
characteristic exponents at i (0, 2, e If the remaining characteristic
exponent is a non-integer, then this is a non-logarithmic singularity.

PROOF.
The coefficient of Dg” is

A | oM P, AN
= (-1 {c 2 al(aw ’&’))(5—)16 ;e
=1 "
We want to determine its zeroes. Recall that

Om (é{n + P1(337£I) {nil ++ Pm(ﬂi,f,))
= (&1 —2lan(2,8)) .. (& — Bram (@, ).
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Hence

(@17)™ + o1(P1)(@, €)@ 7)™ + -+ om(P) (2, €)

= (277 — z7aq) ... (T — T} am).

and o;(Py)(z,¢') is divisible by (27)!. Comparing the coefficients of (z})™
in the above equality, we obtain

m 1 a)\l
7Y Loy (P)(0, 2, &)
; (AD)! G

=(1—a1(0,2,&)) ... (7 — an(0,2',&")).

Set T = %”C, then

m

Al
G0+ 3 g (PO €)™

=1
&n én

= (3¢ - m(0,27,€). .. (3¢ — am(0,2',¢).

Multiplication by (gin)m yields

m
1 Al

a / !/ ) m—
"+ Z m@al(ﬂ)(ovﬂ? 3 )(é)lf :

(C—g—noq(Ow € (C—g—nam(Ox ,€)).

Hence we know the location of the singularities of Q. At ia;&, !, @ has the
form

(@ = (nonzero function) x ((Q — iajggl)Dzn 4. ) )

So the assertion about i€, ! is obvious.
To study @ at oo, we need the following lemma. [J

LEMMA 2.
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Set
m—1 ]+)\+1 m lmll ]+)\+1
=[] (-—¢Dc - v +ZZ%DM I (—¢Dc - )\7“)-
j=0 J=0

Here >’ is taken with respect to ¢ = 0,1,...,Al, ¢ = Nl'modX + 1. Then
q

o0 is a reqular singular point of Q@ and its characteristic exponents are
1’1+/\L+1"' L+ 5 /\+1

PROOF. Set ("% = &, 0 = #D,. Then ¢! = 21, (D¢ = — 0
and D¢ = )\+1:1:’\+19 We have
(ot | JAA+1
L= 0 —
H ()\ +1 A+1 )
7=0
m m—l—l .
LS CJtA+d
_ 9 .
22 oy w1l >\+1 A1)
=1 gq 7=0
By choosing suitable constants a; "
M:=M\+1)"L
m—1 m il m—Il—1
= [[{0-G+Xx+D}+ DD aj,(aoxr [ {0-G+A+D}
j=0 I=1 q §=0
Then this lemma follows from the one below. [
LEMMA 3.
J,'_(/\+1)M($, D)m)\-f—l
= 2" f(2){D + My(2) D7~ + -+ + My ()}
where f, My, ..., My, are holomorphic functions defined in a neighborhood

of x =0 and f(0) # 0.
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PROOF. By using 27 '0z = 0 + 1 repeatedly, we obtain
e Ot — g X4 1.
So we have

2= O M (2, D)2 M

m—Il—1

m—1 m
“TL0O-5+3 S a o+ r+ 0y T 0-5)
j=0 =1 ¢

= =0

m
l
= ™D+ 30N af (MO + A+ Dy
=1 gq

Obviously, the coefficient of D™ has the form 2™ + O(z™*1). The proof is
finished as soon as we prove

2~ MDA e 2D, .
We have only to prove that
{20+ N+ 1)}%xm_1D;”_l € 2" Dy—yp.
This inclusion follows from the sublemma below. [J
SUBLEMMA 4. {210+ X+ 1)}t € 2O Hatbp, .

Proor. Induction on a. The case a = 0 is obvious. We have

{0+ A + 1)} A+t
= MDY L LN+ 1)a+ b+ A+ 1}aAFDat?)
€ gD+

and induction proceeds. We have finally proved Proposition 1. [J

In PARTS 1 and 2, the following lemma will be convenient.
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LEMMA 5.
L:¢TC{¢ ™} — ¢ GIe{rT)
is surjective. Here C{-} is the set of convergent power series.

Proor. We have the following commutative diagram:

—(A+1) gy A+l
O —r= 5 2™O0p—g — O(exact)

IAHZl l2$>\+1 |

21O0,— M, A0,y —— O(exact)
We continue the explanation of how to construct a j-null solution. As-

sume that we are given a microdifferential operator E;(¢,2’, D’) satisfying
the following conditions:

(i) P(C,a", 0, D) Ey(C, o', D') = 0

(ii) E; is defined in ({Re( > 0} U {¢ = ia;(0,27,£)€,1}) % (a conic neigh-

borhood C iT*N of p’) where p’ = p(p), p: N xiT*M — iT*N, N = {x; =
M

0} C M.

(ili) At ( = oo, Ej has the form

E; Zg “X By (2, D).

(iv) E;(¢, 2", D") f(2') is an element of COT® ({Re{ > 0} x (a conic neigh-
borhood of p')) for any f(2') € Cny . Here COY is a sheaf introduced in
[Kat 1]. We quote from [Kat 1] p.369.

Set L, Ly, L, L, and 7, A as follows.

L=P'x N={(2)=(¢2,...,7,) € (CU{cx}) x N},

L, = %]P’1 x N={((,2') € L; Re( > 0 or { = o0},

L =P xiT*N = {(¢,2;i¢') € (CU{oc}) x N x (iR*"1\{0})},

Ly = 3P xiT"N = {(¢,#/,i€') € L; Re¢ > 0 or ¢ = oc},

L+ inclusion E
L

I inclusion
[kt
+
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1nt(l~}+) # i+
1nt(L+) # L+
where int(L,) = Ly N{Re{ >0, ¢ # oo}, int(Ly) = Ly N{Re( >0, ¢ #

oo}. We denote by BO the sheaf of germs of hyperfunction§ on L depending
holomorphically on ¢. Then the sheaf COS° is defined on L as follows.

COY = Image of (7' A(BOliny (1)) = A+(COly i, ))-

CO% coincides with CO on int (L), but CO® % A*(C(’)|im(i+)) on L.

In fact sections of COS° have boundary values. More precisely, the injective
sheaf homomorphism is well-defined.

0o b
COT| = Hp(Csxn)]

] o
SIxiT*N S1xiT*N

f(¢,a") = flis +0,2)

where S x ﬂo’*N = {(¢,2';i¢) € L;Re¢ = 0or ¢ = o0}, S* x N
{(¢,2') € L = P! x N;Re¢ = 0 or ¢ = oo}, and S* x iT*N ~ 9L, ~
{(s,2';i0,if") € (RU{oo})x N x (iR"\{0}); 0 = 0}, F = {(s,2/;i0,if'); 0 <
0} .

It is compatible with the trace homomorphism

A(BOling(r,)) oL, — Brxn

f(¢, ) = flis +0,27).

By using this boundary value morphism and the real quantized Legendre
transform, we see that Ej;f defines a j-null solution, which we denote by

Ejf(x).

Moreover, there exists a nonzero constant Cj such that

DE(E; £)(+0.27) = DA Ejpla!, D) ().
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So we have a better understanding of j-null solutions from the viewpoint
of boundary value problems.

Although a rigorous proof must resort to [Kat 2], it is possible to give
a formal explanation to this formula. Recall the following formulas in [Kat

1] p.358.
1
B (F(2")8(1) = o Dnf(a),
B Dy(B) ™! = —i(Dy.

They imply that microlocally

gt e (R D
By (f(2') F(/\LH_}_l))_Bn(f(m)Dt 6(t))
— (—i¢Dy) D %an(x'), k>0,

Since t = 277! /(X + 1), we obtain the following correspondence:

—k_
QI ) o (kD) 540D, (o),
Dz +1)

k .
(z7)+ o

The k-th trace of the left hand side is

Now the relationship between the k-th trace and the coefficient of ¢ ~(x33 D)
is obtained.

In certain cases, this approach is really powerfull. In PARTS 1 and 2,
we will present a very detailed analysis of some second and third order
operators.

Next, we give a result about a particlular class of m-th order hyperbolic
operator.

Let us consider

m atl
P(z,D) =D+ > buz{Dy"'D".
=1 g¢q
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where by is a complex constant which vanishes unless ¢ = 0,1,2,...,Al, ¢ =
AMlmod A+ 1. Then

o(P) =&+ baua'ey e
=1

Moreover, in this case @) is an ordinary differential operator of Fuchs type
without parameter (z/,&’). That is, @ has the same form as L in Lemma
2. We assume that

o(P)(z,€) = (& — 2ta1&n) ... (& — 2tamén), a; € R, a; # a; (j # k).

Set aj(z,§') = a;&,. According to [K-K] and [Kat 1bis], we have the iso-
morphism

b.v. : (F{m>0}Cﬂ)p — ®&CNyp
u (leu(JrO,:U'))

m—1

k=0
Here p’ = p(p) and p is the projection N x iT*M — iT*N, N = {x; =
M

0} C M. Assume that for each j, there is a characteristic exponent ¢ Z at
(= iozjﬁgl =4aj. Our result is

THEOREM 6. (i) There is an isomorphism

+ m—1 .
N+ @ Cny — Null(j, +).
(it) The image of Null(j,+) C (U(z,501Ch;)p under b.v. is characterized by
a relationship written in terms of microdifferential operators of fractional
order.

PROOF. There exists a solution  v2(¢) to Qu = 0 in the right half
plane which is not holomorphic at ia; for ¢ = m and holomorphic there
for c = 1,2,...,m — 1. We may assume that vl’s are linearly indepen-
dent. According to [Kat 1], vZ(¢)f(#), f € Cnyp, defines an element of
(F{x1>0}Cﬁ)p . Thus we have constructed

N;r7c :CNy — (F{a:1>0}CJ\PJ)p
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Since N]-J“Cf is jnull if 1 <¢ <m — 1, we can define

m—1
Nj+ : ® Cnyp — Null(j,+)

m—1

(s 1) = D (NFEf) ().

c=1

On the other hand, we can define

Nf o BCny = (Das0iChn
(fl: veey fm—lv fm) = Z(N;r’cf)(x)
c=1

Obviously N j+ = (N ]+ , N ;”m). We define B;-r by using the following com-
mutative diagram

m N B

@CN,p/ — (F{x1>O}CM)P

| =

m m
®CN7P, - @CNup, .
Bt

J

We show that B;-“ is an isomorphism. Expand v/(¢) at ¢ = oo into the
following form:

o0
j ioel-xk
v (¢) = Z UQkC AFL.
k=0

Then B;“ is represented by

1 2 m—1
P+ 12 A1 21 A1
Bj = dlag(Co, Can s CgDnJr R Cmlen+ )
J J
Ul.vo R Um,o
J J
vl’l .« .. ’Um71
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The second matrix is invertible because it comes from m linearly indepen-
dent solutions.(See Lemma 3.) The first one is obviously invertible. So B;r
is an isomorphism.

By using the commutativity of the diagram, we see that N j+ is an iso-
morphism. Now let us prove (i). Nj+ is obviously injective. Surjectiv-
ity follows because (N;r’mfm)(x) # 0 on bj if fn # 0 and N;r is surjec-
tive. Next, let us prove (ii). We denote by Bf the restriction of Bj on
m@ICN,p/ ={(f1,---, fm-1,0) € %CNJ,/} . We have

m—1

1 2 m—1
B = diag(Co, C1Da*", CoDa™ .. Crp 1 DY)

J J
Ul.’O ... “m;1,0
j J
’ULI e ’Um71
J J
Vim—1 -+ YUn—im-1

The rank of the second matrix is m — 1. Since the components of the
two matrices are all commutative, we can use the same argument as in the
usual linear algebra. [

Finally, we introduce a notion which will be important in PARTS 1
and 2.
Set

Sol(j,£) :={u € (F{ix1>0}0ﬁ)p; u=0onby (k#j)}

An element of it is called a j-pure solution (in £x; > 0). In other words, a
solution is j-pure if and only if it is k-null for all £ # j. Obviously, a null
solution is a sum of pure solutions. The study of pure solutions is more
difficult than that of null solutions.

Part 1 Second order case

81 statement of the theorems
Let

1 2
P(z,D) = D? — Z(Bl + B2)x1 D1 Dy, — 1 foxi D2 — ;yDn
finite
+ Z a_y(z3, 2, D2 D}
1=0
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be a microdifferential operator defined in a neighborhood of p € {(x,i) €
iT*M;x1 = & = 0,&, > 0} such that orda—; < —[ — 1 and a_; is a
polynomial in ¢t = 123 and x,,. Here we write z = (z1,...,2,) = (21,2/) €
R™ = M. We also assume that 81 and (5 are purely imaginary constants
with % > % The principal symbol of P is o(P) = (£ — %xlgn)(& -
%xlfn). P is microhyperbolic and has double characteristics over the initial
surface N = {z;x; = 0}. Char(P), the (purely imaginary) characteristic
variety, is the union of two hypersurfaces & = i%wlgn (j = 1,2), which
have an non-involutory intersection {z; = & = 0} > p. Let b; be the
bicharacteristic strip of {&; — %xﬁn = 0} issuing from p, and b;: be its
intersection with {(z;ifdz);+x; > 0}. Since P has simple characteristics
in z1 # 0, we can apply the propagation theorem in [S-K-K]. That is,
if a microfunction u satisfies Pu = 0 in £x7 > 0, then bji C suppu or
bji Nsupp u = ¢. Moreover, the general theory on microhyperbolic operators
due to [K-K] implies that we have the commutative diagram:

C]\P4,p — (F{ix1>0}C]€[)p
| i

2 2
SCnypy —— ECN,p

p =p(p),p: N xiT*M — iT*N,
M

where Cﬁ[ is the kernel sheaf of P, the horizontal arrow is the restriction,
and the vertical arrows are the initial and the boundary value morphisms.
Set

Sol(j, %) = {u € (Vas,>0)Cir)pi u = Oon by (k # j)}.
An element of Sol(j,+) is called a j-pure solution. Assume

1 3

3
35, 28+~ 1
_ M§Z§Z:{O,i§,il,i§,..

c =
def [ — B2

Then we have the following three theorems.

THEOREM A. (boundary value problem with purity)
The map
Sol(j,£) — Cnyp
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u — u(40, ")

is an isomorphism. Moreover, if a_; =0 for all l, (*) can be replaced by a
weaker condition

(x) cg(g+N)u(2—N), N={1,23. .}

THEOREM B. (characterization of j-pure solutions by a relationship
between their boundary values)

There exists a microdifferential operator Pji(:v’, D’) of order %—Ng with
the following property.(Here Ny is the set of non-negative integers.) : An
element u of (F{ixl>0}Cﬂ)p is j-pure if and only if

Diu(£0,2") = Pji(x', D")[u(+0, 2")].
Moreover if a_; =0 for all I, then (*) can be replaced by (*).

THEOREM C. (branching of singularities: See [O] Corollary 3.7)

Let u(x) be an element ofCﬁp. If uw is pure and v # 0 in 1 > 0, then
bf UbJ is contained in suppu. Moreover, if a_; = 0 for all I, we have the
following two cases not included in (*).

(i)ce5—N

If u is 1-pure and u # 0 in £x1 > 0, then b UbJ is contained in suppu.
If u is 2-pure in £x1 > 0, then it is 2-pure also in Fx1 > 0.

(ii)) ce 1+ N

If u is 1-pure in £x1 > 0, then it is 1-pure also in Fxr1 > 0. If u is
2-pure and u # 0 in £x1 > 0, then b] Ubg is contained in suppu.

We can treat another kind of perturbation. The constant v can be re-
placed by a microdifferential operator. Let the coordinate of p’ be
(g, ..., &n;i€'d2’) and 4 = 5(2/, D) be a microdifferential operator of order
< 0 defined near p’. ¥ has an expansion of the form

o', D) = " (@, D) — )’
j=0
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2" = (wa,..., 0 1).

Let 4 = 4(z, D) be defined by
’A)/(l’aD) = ZO’Yj(aj”aD/)(gxlDanl +xn — xn)j
=

It is an operator of order < 0 defined in a neighborhood of p. Set C 3 v =
33, _
a0(3)(P') = o0(10) (@) = 00(¥)(p) and ¢ = % Let us consider the

operator

1 2 .
P(z,D) = D} — ;(51 + B2)w1 D1 Dy, — 1322t D) — ;Drﬁ(ﬂ?, D).
Purity and the related mappings are defined in the usual way. In this

situation,we have the following results.

THEOREM A’
If ¢ satisfies (*)’, then the map

Sol(j,+) = Cnp

18 an isomorphism.

THEOREM B’.

If ¢ satisfies (*)’, then there exists a microdifferential operator Pji(a;/, D"
of order € % — Ny, which has the following property: An element of
(F{x1>O}C]€[)p is j-pure if and only if

Dyu(£0,2') = P [u(+0,2")].

THEOREM C’. (See [O] Corollary 3.7)
Assume ¢ & %Z. Then we have: If u is pure and u # 0 in £x1 > 0, then
bf UbT is contained in suppu.
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82 proof of the unperturbed case
We are going to construct a C-linear mapping

EF : Cyy — Sol(j, +)
f(a') = (B7 f)(2).
Here p’ = p(p) and p : iT*M x N — iT*N is the pull-back of the
M

inclusion map N — M.

2-1 construction of EjjE
Let us consider

1 2
P(z,D) = D? - ;(ﬁl + Bo)x1D1 D, — (1ot D2 — ﬂpn,

where v is a complex constant. In z; > 0, we have KerP = Ker%x%P. We
perform the change of variables t = %x% in the latter operator. By using
x1D71 = 2tD; and a:%D% = 21Dy (z1 D1 — 1), we obtain
122D} = tDy(tD; — 1)
223D D,y = tD,, - tDy
121D2 = (tDy)>.
Hence

1 1
Zﬁp =tDy(tDy — 5) + (81 + B2)tDpt Dy — B152(tDy)* — %tDn~

Next, we apply the quantized Legendre transform £ with respect to (¢, ).
(L is denoted by 3} in [Katl]). £ is a quantized contact transformation
defined by

,CDt,C_l = —i( Dy, ,CDk,C_l = Dy (k # 1)

Lt = —iDCD;1,£$kﬁ_l = Tk (k 7& 1, n)

Lo L7 =z, + DCCDgl.

In particular, we have

{ LtDL7Y = —De¢ = —(¢D¢ + 1)
,CtDn,Cfl = —iDC.
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Here ( is the dual variable of (the complexification of ) ¢.
Then the Legendre image, denoted by Q(¢, D¢) , is

Q = (~CD¢ — 1)(—CD¢ — 2) +i(By + Ba) - iD(CDe + 1)

2
— B13a(=D2) = L(~iD)
= (D24 LCD+2) — (B + B)(CDE +2D) + FufaD? + 7D
= (¢ = B1)(¢ — B2)DE + [gC —2(B1 + B2) + 7] D¢ + ;

. . . 3 .
—(Q is transformed into Gauss hypergeometric operator G = G(3,1,¢; 2, D)

if we introduce a new independent variable z by ¢ = (—(1+ 32)z+ (1, where

3 3 3
G:G(i,l,c;z,D):z(l—z)D2+[c—(§+1+1)z]D—5'1, D=D,
361 —282+7

Br—0B
Its Riemann scheme is
0 1 00
0 0 1 :z
1-c c—% %

LEMMA 1.
Let u(z) be a solution to Gu = 0. If it is holomorphic both at z = 0,1,
then it vanishes identically.

PrROOF. w is analytically continued to the entire complex plane, and
its exponent at z = oo is 1. Apply Liouville’s theorem. [J

We want to find a solution v;(z)(j = 1,2respectively) in the upper
half plane, not vanishing identically, such that v; is holomorphic at z =
1,0 respectively. (Hence singular at z = 0,1 respectively). Moreover its
expansion coefficients at z = oo will be necessary in the next section. This
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is a kind of connection problem. It is solved by using well-known formulas.
We quote from [I-K-S-Y]. Assume that

cgz(%+N)u(2—N),N:{1,2,3,...},

and, in the upper half plane, set 0 < argz < 7.
By choosing six different paths in the Euler integral representaion, we

obtain six solutions Fi(z),..., Fg(z) that have the following properties:
(1) Fi+F+F;=0,

(2) Fy, — Fy+ F5 =0,

(3) e(—c)Fy — F5 + Fg =0,

(4) ()P + Fy+ Fy =0,

F = b 2 e S
(5) 1(Z) 1—\(%) z 2 ( ’2 C7 72)7
(6) F5(z) is holomorphic at z =0,
(7) F5(z) 1is holomorphic at 2z =1,
1 11
Fs(2) = 2ie(—=c)F(1,2 — ¢; = -
©) () = 2ie(— 3 F (12— 120,

where ¢(-) = exp(2mi-) and F is the Gauss hypergeometric series. With the
notation above, we define

v1(z) = 2e(—c)F3(2), wva2(z) = —2e(—c)Fa(z).
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Let us calculate their expansion coefficients at z = oco. From (1),...,(4),
we obtain
(1 — E(—C))F1 — 28(—C)F3 +2F; =0

and
(14 e(—c))F1 + 2e(—c)Fy + 2Fs = 0.

Hence
v1(z) = (1 —e(—c))Fi(2) + 2F4(2),

vo(2) = (1 + e(—c))Fi(z) + 2F4(2).

When we expand v;(z) into the form
o0

9) vj(z) = ZU'7_1_%Z_1_5 at z = oo,
n=0

(0 <argz <)
we see eagsily that

die(—Lc) 0
Ul,—1  V2-1\ 2
10 (“1,% ”2,3> - ( 0 w>

R B
1—e(—c) 1+e(—c) )"

Now we come back to the (-plane. Since there is a correspondence
C:ﬁlaﬁ%oo <—>Z:0,1,00,

Re(>0«—Imz>0 (0<argz<m),

vj(2) (j = 1,2) defines a solution to @ in the right half plane C C¢ which
is singular at (; and holomorphic at B3_;. We denote it by V;(¢). Let us

calculate its expansion coefficients at ( = oo, Re( > 0. z = _%:_flm leads to

L1 —51C+ B2 i(%)k

k=0
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and

28 = (=f + By)2C 8 <+§%+0<< ))

Here

v T
) <arg( < 5 arg(—p1 + fB2) = —7/2.

When we expand V;(() into the form

o

Vi(Q) = Vi gC T Fat¢ =00, Re¢ > 0 (—3 <arg( < 7)),

2

we have

)= o) ()
V-3 0 (=B1+62)2 ) \vj -3

Combining this and (10), we obtain

Vi Vo
) (V )

)

B die(—5) (=B + B2) . ) 0
B 0 %(_ﬂl +ﬁ2)%

‘<1—51<—c) 1—1—51(—0))

Let us define E+ According to [Katl], V;(¢)f(z") € COY gives an ele-
ment of Sol (j,+), Wthh we denote by (EJr f)(z). To define E;, we change
the sign of the time variable by mtroducmg T = —x1. Slnce D1 —D3,
we have

P(x,D) = P(=z1,2',—Dz,,D') = P(z1,2', Dz,, D")

That is, P does not change its form. We can apply the same argument
as above and the definition of E; is obvious. Note that & — Bjz1§, =
—(& — BjT1&n), where &1 is the dual of Z.

2-2 boundary values of E]jE
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Let f(2'),g(2") € Cnp. According to [Kat2], we have

(E]‘-Ff)(-I—O,:z:’) B 27V 1 f (') -

37_5

(12)
Denote by LT the morphism
L2 2
L™ @CN,p/ — @CN,p/
(1) ((ELL ELG00),

9 Dy(E{" f + E5 g)(+0,2")
Combination of (11) and (12) yields

NJw

4ie(—3) (=P + ) 0
. el 3 |
0 %(—51 + B2)
We may forget the explicit form of A. All we’ll need is the fact that A =
1

diag(A1, A2Dj) where A; and A, are nonzero constants. In particular, L™
is an isomorphism. Next, denote by L~ the morphism

2 2
L EBCNJJ' — EBCNJJ"
<f) _ ( (Ey [+ Ey 9)(—0,2") )
g Dy(Ey f + Ey g)(—0,2") )

< Ey f+Eyg )
Dz, (Ey f + E5 9)(Z1,2") |z, -0

is represented by the same matrix as L'. Since Dz, = —Dj, L™ has a
slightly different representation:

L—:<(1) _01>L+:A<(1) _01><1_;(—c) 1+51(—c))'

Obviously,
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L~ is an isomorphism, of course.

2-3 end of the proofs (of the unperturbed case)
We have the following commutative diagram:

P 2 . Ei 2
(F{ix1>0}CM)p = @j:150l(3ai) AR EBCN,p’
(CD1) b.v.zl lzLi
2 2
@CNJ,/ — @CN,p’
where the horizontal arrow is the map
E* =} B} '(f(2), 9(x') = (B f)(2) + (Ey g) ().
The first vertical arrow is
u(z) — *(u(£0,2"), Dyu(+0, ")),
and it is well-known to be an isomorphism. Therefore ET is an isomor-

phism. Since E* = @?ZlEji, each Eji is an isomorphism. In this way, we
have arrived at the important identification:

Ef :Cnpy @05 Sol(1,+),

EF :0®Cny = Sol(2,%).

From (CD1), we obtain the following commutative diagram:

Sol(1,£) «—— Cny

l l

C N,p' —C N.p'

where the first horizontal arrow is the identification above, the left vertical
arrow is
u — u(£0,z"),
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and the right vertical arrow is f(2’) — Ay f(2). This implies the latter part
of Theorem A.

Next, we prove Theorem B. We want to characterize the image of
Sol(j,+) under b.v. Because of (CD1), it is L*(Cy,y @ 0) if j = 1 and
LE(0 @ Cyyy) if j = 2. Here

2(0)= (6 )4 (i-den)s
2 <2> - ((1] f1>A<1+el<—c>>g'

Theorem B follows immediately.
Finally, let us prove Theorem C. We have the isomorphisms below:

and

~ 2 V.~ .
@2 Sol(j, —) U By U @2 Sol(j,+)

- | I

2 L~ 2 Lt~ 2
SNy — SNy BCN

where E7T is the direct sum of the identification maps Ef, j=1,2. We
set B = (L7)"'L* and call it the branching matriz. It is easy to see that

B:<1_€1(_c) 1+€1(_C)>_1<(1) _01)<1—j(—c) 1+€1(—C)>

:<1§2@ 1§§@>'

The identification above enables us to reduce the problem of branching to
the study of the branching matrix B. We have only to know when a certain
component of B is (not) zero. The proof of Theorem C is now complete.

A nonzero constant is an elliptic microdifferential operator of order 0.
Even if it is perturbed in the lower order terms, it remains elliptic. This
observation will be important in the following section.
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83 proof of the perturbed case
In this section we assume that

1 1 3
—7Z=40,+=,+1,+= ... }.
cg 57— {0, %5+, %5 .}
We only explain the construction of E; . The remaining three maps are

constructed in the same way.

3-1 right inverse

We make some preparation for the symbol calculus in the next subsec-
tion. G(z,D,) is an ordinary differential operator of Fuchs type with three
regular singular points z = 0,1, co. Its Riemann scheme is

0 1 00
0 0 1
5 3

2

1—c¢ c—35

z

and no logarithmic term appears. The exponent of the Wronskian is —c at
z=0and c— % at z = 1. Let Q C C, be a domain as in Figure 1.

. 0 | e,

Figure 1

G(z, D) induces a linear mapping;:
G:0(Q)— 019

We are going to construct a right inverse G~! by using the method of
variation of parameters. Let Fj, F5 be the series solutions of exponent
0,1 — ¢ respectively defined near z = 0. Let W be their Wronskian.

B F2>

Wzdet(F{ Py
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It is easy to see that

1) G == Fi(e) [y

z Fi(y)
Bz /0 T )y

gives a right inverse of G. Here the integrals are taken in the sense of
Riemann-Liouville. We want to obtain some estimate on the integral oper-
ator G~!. We say that a function f has ezponent (p, q) at z = a if f has
the form
f(2) =2 fi(2) +29fa(2), (p—q &Z)
where f; and fo are holomorphic at z = a and fi(a), fa(a) # 0. Set, for
6,0< 6k,
Ks = {z € Q;dist(z,00) < ¢}

PROPOSITION 2.

There exist positive constants ¢ and C, not depending on 6, such that for
all f € O(Q), we have

sup|G~ f| < C6 “supl f|
K K

In the proof, we see that ¢ = [[Rec — 2] + 1, where [a] is the smallest
integer not exceeding a.

PROOF. We consider the second term in the definition of G=1. (The
first term is easier to deal with.) Let us introduce the following notation:

z Fi(y)
(J1)(2) = Fa(2) /0 eem e

We will deduce an estimate on J in several steps. [J

f(y)dy.

LEMMA 3. Fiz o sufficiently small constant R > 0. Then, there exists
a constant Cy > 0, independent of 6, such that

sup
R
‘Z‘Sg

4
z”/ ylcg(y)dy' < Cysuplg(y)|
0 Ks
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for all g(z) € O(Q).

PrROOF. We may assume that {|z| < 2R} C intKs for any 6, 0 < § < 1.
So g(z) has a Taylor expansion

9(z)=> gnz" in {|z| <2R}
n=0

Since Riemann-Liouville integral can be carried out term by term ([I-K-S-
Y]), we have

# 1
c—1 c n
d =z zZ .
/() Yy g(y) Yy nEOc ngn

o oo
1
13 Zl—c/ c—1 d — ZTL—H7
(13) v 9(y)dy ;chngn

By the way, the assumption ¢ ¢ %Z implies that there exists a constant C,

such that )

c+n

<C. forall n=0,1,2,....

Moreover, Cauchy’s estimate shows that
1
9] < . sup |g(y).

Therefore, in view of (13), we obtain, in |z| < R,

o0

I L 1
2t C/ 2 g(y)dy| < Ce- —-sup [g(y)] - |2
0 = y=r
n=o
z
=C, | ‘|Z| sup [g(y)|

— | lyI=R

This leads to the lemma because we have

sup 12 =R O
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LEMMA 4.
There exists a constant Co > 0, independent of 6, such that

sup
Ks

2 y“g<y>dy] < Cosuplg(y)
0 Ks

for all g(z) € O(Q).

PROOF. What remains is the estimate for 2 € {[z| > &} N K.

write the function in question as the sum of two terms.
R
1—c : 1—c TZZ' 1—c ?
z =z +z .
R
0 0 =

We can apply Lemma 3 to the first term. In fact,

Rz

Rz
1—c 2l 2’Z| 1—c Rz 1—c/2|_z
z =(—) (57 ;
/0 R 2|z 0

where the first factor is bounded in QN {|z| > R/2} and the second factor
is estimated by using Lemma 1. Let us consider the second term. We

may assume that the length of the path of integration C Ky from

Rz
2|z]

to

z is estimated by a constant C}%,Q > 0 independent of §. Additionally, in
{|z| > £} N Kj, 2'7¢ is estimated by a constant C% , > 0, independent of

6. Therefore we have

z
Zlfc
Rz

22|

< C}z,QC?z,QS;plg(y)!
)

in {|z| > &} N K;s. O

LEMMA 5. Put ¢ = |Rec— 3| > 0. There exists a constant Cy > 0,

independent of 6, such that for all f € O(Q), we have

sup|J f| < Cjé_clsup|f\.
K Ks
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PROOF.

We have
Fi(y)

y(1—y)W(y)
where G(y) is holomorphic in €2, or more precisely, in the universal covering
space of C\{1}, and has exponent (—c+ 2,0) at y = 1. Obviously,

=y 'G(y),

Fi(y)

mf(y) =y xG(y)f(y)

and we consider Gf as g in Lemma 2. Since
sup|G f| < sup|G|sup|f| < Cgémin(_ReC"'g’O)supm,
Ks Ks Ks Ks
Lemma 4 implies that

(14) sup
Ks

Zl—c/o yc_lG(y)f(y)dy‘ < C2CG6min(—Rec+g,O)S;p|f’
5

On the other hand, Fy(2)/2'~¢ is holomorphic in Q and has exponent (0, c—
g) at z = 1. So, there exists a constant C3 > 0 independent of § such that

(15) sup

Ks Zlfc

Fy(2) ‘ Cemin(Rec—3,0)

Combination of (14) and (15) yields the lemma, because

min(—Rec + 2,0) + min(Rec — 3,0) = min(+(Rec — g)) =-c.0

PROOF OF PROPOSITION 2 CONTINUED. The first term in the defini-
tion of G~! satisfies the same estimate as Lemma 5, with a larger C, if nec-
essary. Then the proposition follows immediately, because 0 > —¢ > —¢. O

3-2 successive approximation
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Let us consider

2
P(z,D) = D} — —(51 + B2)x1D1 Dy, — B1 327D ; vD,,
finite
+ Z a_y(23,2', D" DY.
=0

As in §2, we put ¢t = 327 in 727P(x, D) and use the quantized Legendre

transform L. Let us calculate the contribution of the perturbation term

finite
P'(z,D) = Z a_y(z2, o', D2l DY,
1=0

First, we consider 2 - 2/ D!. Tt is easy to see that

a2t DY =2t - 2tDy(2tDy — 1) ... (2tD; — 1+ 1).

LEMMA 6. Let W(C) be the Weyl algebra of a variable t and V' be
the subalgebra generated by t and ¥ = tDy. Then we have 'V C V! C
W(C)#.(j=0,1,2,....)

PrROOF. Obviously [t,9] = —t, so t¥ € Vit. Hence the case j = 1 is
proved. The remaining cases are proved by induction. [

This lemma (j = 1) implies that

ZQZ‘% : $11Dl1 S Dt,w’t-

Therefore 323P'(z, D) belongs to &t N & ,(—1) and is a polynomial
in ¢t and x, by the assumption on «_;. Its image under £, denoted by
Q'(¢,2', D¢, D'), belongs to & o D¢ N & »(—1) and is a polynomial in D¢
and (. More precisely, it has the form

finite m—1

Q(Cax DCaD Zzam]x D)C.ng Eg( )

m=1 j=0
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where orda,,; < —m — 1. If we write it in terms of the other complex
variable z = (( — (1)/(=01 + [2), Q' is transformed into

—_

G'(z,2',D,, D) = Z am.j(x', D)D" € £(-1).

m=1 j

3

Il
=)

Here m is a positive integer and o, ; is a microdifferential operator defined
in a neighborhood of p/ = (2/;i¢'da’) = p(p) € iT*N, N = R*"1. Thus
——:JclP is transformed into G — G’, where G is the Gauss hypergeometric
operator in §2. We will construct a microdifferential operator E(z,z’, D’)
of order 0 that satisfies

(G-G(z,2',0,,DVE=0, 0,=[D,,].

In addition, we require that F should be defined in (a neighborhood C C,
of {z;Imz >0,z # 1}) x (a conic neighborhood C iT*N of p’ = p(p)) and
that

Eez'60)+27%2£0) at z=o0

where £(0) is regarded as a sheaf on T*(P! x C"!). There is another
requirement to be explained in 3-3. Put

{ Eo(z) = v9(z), where vg is defined in 2 — 1,
Epi1(z,2', D) = G YG (2,2',0,, D" E(2,2',D")], k=0,1,2,....

Here G~! and G’ are mappings on O, ®c &, to which Ej, belongs. We
want to show that £ = Zkzo Ey. converges in £,;O,. We have only to prove
it when z belongs to a fixed €2, where Q is as in 3-1. Obviously

En(z,2',D") = (G G Ey(2)

= D> (Gl Ao

(mkv"'7m1) (]kv?]l)

(G gy 2P0 Ey (2),

where (mg, ..., m;) runs through the set {1,...,m} x---x{1,...,m} (k
times) and (j,...,j1) through {0,...,mp — 1} x --- x {0,...,m; — 1}.
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Therefore

)
Ey(z,2',D') = E E : Qmy i " Oma g

(mkr"'vml) (kav]l)
® (G12R90) - (G129 Ey
S 5$/(—(mk + -+ m1) — k) ®c O, C gz,;r’(o)'

We will show the convergence of Y Ej for z € Q in three steps. They
are:
STEP 1 estimate of (G=12#9™*) ... (G~12719" ) Ey(2),
STEP 2 estimate of a, j, - - amy j1 5
STEP 3 convergence of > Ej.

STEP 1

PROPOSITION 7. With the notation of 3-1, there exists a constant C’
independent of 0, such that

sup | (G127 9k) - (G712 00 ) E(2) |
Ks

< C/k_'_l{é + (mk 4ot ml)}!67(k+1)57(mk+...+m1)

for allk >0 and all 6,0 < 6 < 1, where ¢ is the one in Proposition 2. We
refer to this inequality as (x)p.s.

PrOOF. It is true for £k = 0. We proceed by induction on k. Assume
that (%)ps is true for all sufficiently small ¢. Take ¢ =

(1+ m)_l < 0. (%)s, which is true by assumption, states that

sup |(G 1) - (G121 O Eo (2)|

K
< C/k+l{5 + (mp + -+ ml)}[5—(k+1)5—(mk+~~+m1)
x (14 1 )(k+1)5+(mk+---+m1)_

&+ (my +---my)
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Here
1 -
the last factor < (14 - )+ (mie-ma)
C+(mk+"'+m1)
1 v
(1 + = c
( C+(mk+---+m1))
1
< 6{(1 + E)k}c
< eé—‘y—l
because my, ... ,m; > 1. Next, we employ Cauchy’s estimate. A circle with

center in K and radius §/{¢ + (my + --- + my) + 1} is contained in Ky .
Therefore

sup |92 (G 2RO ) - (G170 Eo (2)|
Ks

<mpg{e+ (mg + - +myq) + 1} me+
X C'kH{Ez + (mp + - -+ 4 my ) e~ FFDE(mptdm) o et

< mk+1!€é+1clk+l{é + (mgs1 +mi + -+ +mq)}!
% §—(F+1)e—(mpqr+mpt-tma)

Here remark that my,1! < m !, (independent of k). By the way |2/++1|
is bounded by a positive constant C” independent of k. Then we finish
the proof by choosing C’ > C - C" - mle“t!, where C is the constant in
Proposition 2. [

PROPOSITION 8.
There is a constant Cs such that

sup [(G™129R00™) - (G121 9 ) Eg(2)| < (my, + -+ +mq)ICF
Ks

Proor. First, we have

6_(mk+...+m1) < (6—m)k
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Secondly, since there is a constant Cz > 1 such that

@+1)!
Il

= a polynomial in [ of degree ¢

1+1
< CL
for any positive integer [, we have

{E + (mk 4+t ml)}' < Cgmk+"'+m1)+1 < (Czﬂ)kC“
(mk—'l_"'_l_ml)! — C — C C*

Thus the present proposition follows from the preceding one. [J

A holomorphic function f(z) in € can be regarded as a microdifferential
operator in (z,z), and its formal norm N({Q (f;T) is defined. Here T is an
indeterminate.

PROPOSITION 9.

NG (G 0) - (G121 00 ) B (25 T)

1
< 2(my _|_...+m1)!0§7511 57 -
B

Proor. Use Cauchy’s estimate. The path of integration should by
centered in K5 and with radius 6/2. O

STEP 2
First, we prepare some generalities.

LEmMA 10. Let P(x,D) be a microdifferential operator of order <
—m < 0 defined in a neighborhood of a compact set w C T*CZ, where
m is a positive integer. Then we have

(2n)”

o T*™ N, (P;T)

NE(P;T) <
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Proor. By definition,

2(2n) k!
(laf + B8] + k)!

N§(P;T) =)

sup | DS D, p_p(x, &) T2HH,
w
k7a7ﬁ

where P =}, -, p—j and p_j, is the homogeneous part of degree —k. There
is no contribution by the terms corresponding to k¥ = 0,1,2,... ,m — 1.
Hence, if we put I = k —m,

2(2n) =™ (1 4 m)!

Ne(P:T) = Zﬁ (ol + L+ m)I(|B] + L+ m)!

>0,

w

We have only to prove that

2(2n)~ M) (1 4 m)! _ @ 2(2n) 1!
(la| + 14+ m)(B] +1+m)! —  m!  (Jo|+ DXL+ D!

This inequality is obtained by the calculation below.

220) "+ m)t (ol + D18 +1)!
(lal + 14+ m)!(|B] + 14+ m)! 2(2n)~4!

1 (I+m)---(1+1)

N [Py e ey (P oy gy Rl 1Ty s oy [ ey

1
< (2n)™™ x — x 1.0
m!:

LEmMmA 11. Let Pi(z,D),..., Py(z, D) be microdifferential operators
of order < —my, ..., —my respectively, where mq, ... ,mg are positive in-
tegers. Then we have

Ng (P PiT)

o)~ (-t i) e
< ((mlc)—i-...—i-ml)'TQ(kar TN (P T) -+ Ny (P T).
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PrOOF. Since ord(Py--- P1) < —(my+---+mq), the preceding lemma
implies that

No(Py--- Pi;T)

(2n)*(mk+-..+ml) S(mp--tm)
pmttm) N (P P T,
< (mk+...+m1)! (mp+--+ 1)( k 1 )

Moreover, according to [Bou-Kr|, we have

N—(mk+~-+m1)(Pk - P T) < N_mk (Pk; T) e ]V_m1 (Pl; T) ]

In the lemma above, let P, ... P be our oy, j, ... ,Qm, j, Tespectively.
Regard them as operators of n variables (z,2’). Then we have

No(amk,jk o 'O‘mhjl;T)
1 T2 my+-+mi1+k
(Mg + -+ +my + k)] <%>
X N*mkfl(amkyjk;T) T me1fl(am1,j1§T)-

<

STEP3

Combining Proposition 9 and the estimate immediately above, we obtain

Né(éxw(amkdk (xlv D/) ©Omg g (xl7 D/)(G_lzjka;nk)
(GO Eo(2); T)
2 1 g
< 2T _C(S 2
1— 2Lk
T2 T2

X {(%)mk"HN—mk—l(amk,jk;T)} - {(%)rm-‘rlN_ml_l(aijl;T)}.
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Here w 3 p’ is a compact set of T*C"~! in a neighborhood of which
QO jus - -+ » Omy,j; are defined. Since

Ep(z,2', D) = Z Z Yay, j(z/, D207 | Eo(z)

(Mmoo sm1) (Jryeer 11)

(GO En2)

€ £(0),
we have
No(Ey;T)
k+1
(771]€7 , M )(-77@7 '7]1)
T2 1
X {(%)kar N*mkfl(amk,jk;T)}
T2 m
: {(277,) 1+1N7m171(am1:jl;T)}
2 k:+1 e T2 +1 k
< = k' 06/2 Tnzﬂ]_zo 2n me 1(am,]aT)] .

Now the convergence of E = Zkzo FEy is clear. Here remark that its prin-
cipal part is Ey(z) = va(2).
Next, we have to study the behaviour of F near z = oco.

LEMMA 12. Let f(2),9(z) be holomorphic functions in the upper half
plane such that G(z,0,)g(z) = f(z). Assume that in a neighborhood of
z =00, f is a finite sum of functions of exponent 2,33, L

T
a finite sum of functions of exponent 1,3 5,2, g, 3,.

Then g is

PrOOF. This is a consequence of PART 0 Lemma 2. An alternative
proof is the use of the variation of parameters method. Let Fj, F> be
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two linearly independent homogeneous solutions and W be their Wron-

wf;i%f(y) is a sum of terms of exponent %,2,%,3,... . So

IS y(lzi()%(y)f(y)dy is a sum of terms of exponent 0,1/2,1,3/2,2,... at
z = 00. Note that no logarithmic term appears. Since F3_; is of exponent
(1,3/2), the lemma follows immediately. [J

skian.

LEMMA 13. Let f(z) be of exponent a at z = oo. Then 2707 f(z) is of
exponent o +m — j, or larger by a positive integer.

Proor. Easy. [

We will use this lemma in the case m > 1,0 < j < m — 1. Then the
exponent increases because m — j > 1. Combining Lemmas 12 and 13, we
conclude that (G 12797 ) ... (G~12919™1) Ey(2) is a finite sum of functions
of exponent 1,3/2,2,5/2,3,... at z = oo. Therefore F(z,2',D") can be
written

E(z,2/,D') = 27 'E'(z,2/,D") + 2_3/2E”(z, 2, D),

where E' and E” are formal microdifferential operators in a neighborhood
of z = oo. In fact, we have

LEMMA 14. FE'(z,2/,D’) and E"(z,2', D) are microdifferential opera-
tors. (That is, they satisty a suitable growth condition.)

PRrROOF. F satisfies the growth condition of microdifferential operators
in the universal covering space of {1 < |z] < co}. We can derive the lemma
by using the sublemma below (with A = 1/2) and the lemma of Schwarz. (J

SUBLEMMA. Let D = {z € C;0 < |z| < 7} be a punctured disk, D its
universal covering and A a non-integer. Then the sum O(D) + 22O(D) C
O(D) is a direct sum. Moreover, if K is a compact set in D and K is the

closure of 0<0U<2 ¢ K C D, then, there exists a constant C = Cyk such
SUsam

that : For f(z) = g(2) + 2 h(z) with  g,h € O(D), we have

sup|g| < Csup|f|, sup|h| < Csup|f|
K K K K
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PrOOF. Consider the variation of f,

Varf(z) = f(e*™2) — f(2)
= (2™ — 1)z n(2)

Note that e2™ — 1 # 0 by the assumption on A. Obviously we have

sup|Var f(2)| < 2sup|f| O
K i

3-3 construction of EJjE

First, by using Lemma 14, we see that at z = ( = oo, E(z,2’,D’) f(a')
belongs to (the inverse image under ¢ = (= + B2)z + 31 of ) COY®  for
any f(z') € Cny, since COY is an £-Module.

Next,we are interested in the behaviour of E(z,z', D’) at z = 1.

PROPOSITION 15. E(z,2',D')f(2') belongs to (the inverse image under
C=(=p1+P2)z+ b1 of ) COF at z=1.

PrOOF. We construct a defining function which is holomorphic in
{Imz > 0}x (an infinitesimal wedge w in CZ,_l). We employ the action
of Bony-Schapira. We may assume that p’ = (0';idx,) and choose z, = io
as the initial surface of the action. Let F(z’) be a defining function of
f(z"), which is holomorphic in a flat domain w C C*~! as in [B-S] p.107.
By virtue of the flabbiness of C and the remark in [B-S|p.99,1.7-9, we may
work in a domain where F' is bounded, thus satisfying the assumption of
[B-S] Proposition 2.4.3. By Lemma 11, we have

NO(O‘mk,jk e 'O‘mhh;T)
1

<
(mg + -+ +my + k)!

T2 mg+--+mi+k
X (m) N_my—1(0my y; T) -+ Ny —1(0my 13 T)-
Because there are only a finite number of o, ;’s, there is a constant B > 0
such that

N_pm—1(am,;;T) < B for all mandj.
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Therefore, there is a constant A > 0 such that

Ak+1
(k4+mg+--+mq)!

NO(O‘ka'k T O‘mhjl;T) <

for any choice of (mg, jk),...,(m1,71). Let us derive an estimate like the
one in [B-S] p.94. We see easily that there is a constant My such that
the homogeneous part of degree (—I) of ap, j, - Qm, j, is estimated by

MM&HH. Then [B-S] Proposition 2.4.3 implies that there is a

constant C such that

Ak+1
‘(amkvjk T amlyjl)EF(Z/” <C

N —o ,_ﬁ
(k+mk+...+m1)ld1<z) dy(z)".

in w. Combining this with Proposition 8, we obtain

sup (G120 ) - (G120 ) Eo(2) X (@ - oy iy ) F(2))]
ZEK§

|
=

Set )
Sk(z,2') = (Z G am,j (2, D2 07 Eo(2)F ().

Since the summation above consists of m(m — 1)/2 < m? terms,

k+1
sup ‘Sk(z,z')‘ < Z Z C AC§ dr(z /)—adj(z/)—ﬁ

ek
N 8 (mkv 1 )(Jk7 '7.71)

1
< CACsd;od;” E(mm(zg)’f.

This proves that ), S converges in {Im z > 0} X w locally uniformly. This
completes the proof. [

Again according to [Kat 1], E'f, or rather its counterpart in (-variable,
defines a 2-pure solution. We denote it by (Ey f)(z), z € R™. All the other
E?E’s are defined similarly. A special emphasis is laid on the fact that the
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principal part of E' is Ey. There’s no contribution of the perturbation terms
in this respect.

3-4 end of the proofs

In this subsection, we prove the remaining parts of Theorems A, B and
C. The mappings L*, E* and B are defined and calculated in the same way
as before. Because of the remark at the end of the preceding subsection,
the principal part (= the 0-th order part) remains the same as the unper-
turbed case. This preserves the ellipticity of the components of the above
mappings.

84 proof of the case v is an operator

4-1 substitution of operators into a convergent power series
PROPOSITION 16. Let S(wl, wg) = Zj,lczo ajk(wl — wl)j (w2 — ng)k be

a convergent power series, and P = P(z, D) € Ecn(0) be a microdifferential

operator of order < 0 defined in a neighborhood of p € T*C™. If oo(P)(p) =
w1, then

S(Pows) = Y aje(P — ) (wa — t)* € Egnsa (0)
J,k>0

18 a well-defined microdifferential operator. Moreover we have

S(Pawg) =Y [ D aju(wy —w2)* | (P — ).

320 \k=0

Proor. We use the formal norm Ny(-,t), which we denote by || - || for
brevity. We have

151 <D lagul[|P = dor || [[ws — o2 ]|* < o0. OO
j7k

REMARK 17. The last expression in the above proposition justifies an-
alytic continuation in the wo—direction.
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Ezample 18.

The hypergeometric function F'(a,b;c;w) is a holomorphic function in
{(c,w);e # 0,—1,-2,...,|lw| < 1}. We can define F(a,b; P(z, D);w) for
P € £(0) if oo(P) avoids 0,—1,—2,....

Ezample 19. (microdifferential connection formula)

The classical connection formula for hypergeometric functions asserts
that

F(;l;c’;w)

c—1_3 7
- F(21,L—e1-

C—% (27 72 C; ’U})

L (5 —¢) 3 3 3
+T%)(l—w) 2F(c—§,c—1;c—§;1—w)

If oo(P) ¢ 3Z, we can replace ¢ by P(z, D). We obtain

P31 Pyw)
P—-1_3 7
= F(Z,1,- —P;1—
P—% (27 72 9 ’LU)
I(P)YT(3-P 5
+—LL%L—lu—mpﬂﬂP—3P—Lp—i1—m
I'(3) 2 2

In the example above, we encountered an operator of the form w? D),

which is defined by using Proposition 16. On the other hand, in [Tah] and
[O], this kind of operator is defined by

wP®P) = exp (P(z, D) log w)

= Z % {P(z,D)logw}".

>0

PROPOSITION 20. Qur definition coincides with that of [Tah] and [O].
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PRrOOF. Let w” be defined by

wPEP) =3 " a (P(2, D) — n)’ (w — 1)
7.k

w k . .
where wy" = . aji (w1 — w1) (wg — w9)® is a convergent power series
(in the classical sense). Set

w, = (w1 — ’CU1) + w1, logws = Z bm(w — ZbQ)m,
m>0

then

> 5 [+ ) Y= "

>0

= w12Ul
= Zajk(wl — ﬂ]l)j(’wg — w2)k.
Moreover we have

No Z 7 (Plogw)!
1>0

<K Z i {NO P wl) +N0 ’LU1 }Z |bm|N0 U) ’LUQ)
>0 m>0

< Q.

Therefore we may rearrange the order of the sum in the same way as in the
classical case and obtain

Z T (Plogw = Zajk(P _ wl)j(w _ wg)k' 0

>0 J.k

LEMMA 21. Let U be a conic open set of iT*R2 and P(x,D) be a 0-th
order microdifferential operator defined there. w¥®P) is defined in {Rew >
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0} x U. Then, for any microfunction f(x) in U, wP@D) f(z) is an element
of CO({Rew > 0} x U).

Proor. Although this fact is well-known to specialists, there seems to
be no published proof. Here we give a sketch of a proof based on the action
of Bony-Schapira. We borrow some notation from them. We construct
a defining function which is holomorphic in {Rew > 0} x(an infinitesimal
wedge in C?). We may assume that U is a neighborhood of (0, idx,,) and we
choose z, = io as the initial surface of the action. Let F'(z) be a defining
function of f(x). We have only to prove the convergence of

(wh)sF = 3 5 (logw)! (P(z, D)s)' ().
>0

We may assume that F' satisfies the assumption of [B-S] Proposition 2.4.3
without loss of generality by virtue of the flabbiness of the sheaf of micro-
functions and the remark in [B-S] p.99 1.7-9. We have

(P2, D)s)!| < Cldi(2)"dy(2) .
Then the convergence follows. Here the factor 1/1! is essential. [J

Ezample 22.

Put ¢ = (=01 +P2)z+ 1, for complex variables ¢ and z. Here 51 and (2
are purely imaginary and 31/i > (2/i. Let ' € R"~! be a real coordinate
and f(2') be a microfunction. We see easily that F(3/2,1;¢(2’, D); z) f(2')
belongs to COY°. In fact, COY° is an £—~Module and we know that (1 —
z)c_gf(m’) belongs to CO.

4-2 end of the proofs
We calculate in the same way as in the beginning of 2-1. Then G should
be replaced by

G(B/2 18!, D'); 2, D) = 2(1 = 2)D? 4 {e(a!, D) = (3 + 14 )2} 5 -1,

361—2B2+7
Br—B

with C
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Here we have used the fact that

- 1 _ N
A(z, D) = E v, (2", D’)(Ea:lDanl + xpy — B )
J

- Z'Yj(x”, D/)(tDthl +xy — i'n)j
J

is transformed under £ into

> %{(=¢D¢ = 1)D;t + @y + DeCD, = i}
7

= Z’Yj(xn - in)j = '~Y($,a D/)~
J

Obviously we have
G(3/2,1;7;2,0,)F(3/2,1;7;2) =0, etc.

Therefore we may replace v,c in §2 by 4,é L* and B (in the present
context) are calculated easily. For example, we have

[ @@\ D)) 1+e(@a, D))
B_<1—€(6(3:’,D’)) e(&(z!, D) >

To prove Theorem C’, we have to prove the ellipticity of all the components.
We have

oo(e(é(a’, D)) = e(oo(é(2’, D)),
a0 (e)(p') = c.

Hence og(e(¢(2’, D")))(p") = e(c) # 0. The other components are dealt
with in the same way. Theorems A’ and B’ are proved similarly.
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Part 2 third order case

§1 the statement of the theorems
Let

P(z,D) = D} — 23D?Dy + 2(a — b)D,, Dy + {2(a + b) — 3}, D?
finite
+ Y a(af,a’, D)t DS
=0

be a microdifferential operator defined in a neighborhood of p € {(x,idx) €
iT*M;x1 = & = 0,§, > 0}, such that orda_; < —] — 1 and that a_; is a
polynomial in ¢t = 2% and z,,. Here we write z = (21,...,2,) = (21,2') €
R™ = M. The principal symbol of P, denoted by o(P)(z,§), is factorized
in the form o(P) = (& — 21£,)&1(&1 + x1&,)- P is microhyperbolic and has
triple characteristics over the initial surface N = {z; = 0}. Char(P), the
(purely imaginary) characteristic variety, is the union of three hypersurfaces
& = 0, £21&,, which have a non-involutory intersection {x; = & = 0} 3 p.
Let b; be the bicharacteristic strip of {1 = x1&,},{&1 = 0},{& = —216,}
for j = 1,2, 3 respectively, issuing from p, and b;-t be its intersection with
{(z;i&dx); £x1 > 0}. We set, as in the second order case,

Sol(j,£) = {u € (T{apy01Ch1)ps u = Oon b (k # j)}.

An element of Sol (j,+) is called a j-pure solution in +x1 > 0. First we give
the following three theorems, assuming

(#): a_;=0 foralll
Set

Z ={(a,b) € C*};a=0,-1,-2,..., or
b=0,—-1,-2,..., or a-+b=3/25/27/2..}

Let p' = p(p), where p is the projection N x iT*M — iT*N,N = {x; =
M
0} C M.

THEOREM D. (boundary value problem with purity)



Branching of singularities 717

If (a,b) € Z, then the map
Sol(j,+) — Cny

u — Dyu(40,2")

18 an isomorphism.

REMARK.
There is an open dense subset of C2\Z such that if (a,b) belongs to it,
then the mappings
Sol(j,+) = Cnyp

u — u(40, ")
u — D?u(+0, 2")

are isomorphisms.

THEOREM E. (characterization of j-pure solutions by a relationship
between their boundary values)
If (a,b) & Z, then there exist microdifferential operators Pf(o)(az’,D’)

and Pji(z) (', D) of half integer order that have the following property: An
element of (F{ixpo}Cﬁ)p is j-pure if and only if

{ w(£0,2") = PO (@', DY{Dyu(£0,2')}

J
D2u(+0,2') = P (2/, D'){Dyu(+0,2")}

J

THEOREM F. (branching of singularities)

(1) There is an open dense subset of C2\Z such that if (a,b) belongs to
it, we have: Let u(x) be an element of Cﬂ’p. If u is pure and u # 0 in
+x1 > 0, then bf UbJ UbJ is contained in suppu.

(2) Assume that b € N = {1,2,3,...} and a +b = 1/2,—-1/2,-3/2,
—5/2,..., then we have;

(2-1) If u is 1-pure and u # 0 in £x1 > 0, then u is 1-pure in Fx1 > 0.

(2-2) If w is 2-pure and u # 0 in +x1 > 0, then bj UbJ C suppu and
u=0 on bi.
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- u 18 3-pure and u m x> 0, then U C suppu an
(2-3) If u is 3-p du#0in+ 0, then bf U b3 ppu and
u=0 on bJ.

(3) Assume that (a,b) € N x N, then we have;

(3-1) If uw is 1-pure and u # 0 in +x1 > 0, then bj UbJ C suppu and
u=0 on bi.

(3-2) If u is 2-pure and u # 0 in £x1 > 0, then u is 2-pure in Fx1 > 0.

(3-8) If u is 3-pure and u # 0 in +x1 > 0, then by UbT C suppu and
u=20 onbf.

(4) Assume that a € N and a +b=1/2,-1/2,-3/2,-5/2,..., then we
have;

(4-1) If u is 1-pure and u # 0 in £xq > 0, then b] Ub] C suppu and
u=0 on bJ.

(4-2) If w is 2-pure and u # 0 in +x1 > 0, then b U b C suppu and
u=20 onbf.

(4-83) If u is 8-pure and u # 0 in £x1 > 0, then u is 3-pure in Fx1 > 0.

Next, we remove the condition () and consider the case a_; is not
necessarily 0. We have the following three results. Set

p 1
Z={(a,b) €C*acZ or bEZ or a+b+§€Z}.

THEOREM D’.
There is an open dense subset of C2\Z such that if (a,b) belongs to it,
then, the mappings

Sol(j, £) — Cyy
u — u(+0,2")
u — Dyu(+0,2")
u +— D3u(40,2)

are isomorphisms.

THEOREM E'.  There is an open dense subset of C*\Z such that if (a, b)
belongs to it, then the same conclusion as Theorem E holds.
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THEOREM F’.  There is an open dense subset of C*\Z such that if (a,b)
belongs to it, then the same conclusion as Theorem F(1) holds.

REMARK. It is a generic condition that (a,b) belongs to an open dense
subset. So in the following proofs, we sometimes say ”for a generic (a,b)”,
or "generically” instead of mentioning an open dense subset. Those generic
conditions will be the avoidance by (a,b) of the zeroes of holomorphic func-
tions # 0.

Finally we state some results about the case a and b are replaced by 0-th
order microdifferential operators. Let the coordinate of p’ be (&o,...,op;
i€'dx’) and @ = a(z',D'), b = b(2', D) be microdifferential operators of
order < 0 defined near p’ which are commutative: [a, i)] = 0. They have an
expansion of the form

(@', D) = 3272y aj(z”, D) (xn — i),
(2, D") = Y32 bj(a”, D) (wn — &),
2 = (x2,...,Tn_1).

~ ~

Let a = a(x, D) and b = b(z, D) be defined by

Zaj ac” D $1D1D + x, —(En)],

[ee)
=> bz xlDlD + Ty — &)
7=0

They are operators of order < 0 defined in a neighborhood of p. Set

a=o09(a)(p’) = oolao) (') = oo(a)(p)

b= 0o(b)(p') = o0(bo) (¥) = a0(b)(p).

Let us consider the operator

P(x,D) = D} —2iD2D,
+ 2D, D1{a(x, D) — b(z, D)}
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+ 1 D2{2a(x, D) + 2b(z, D) — 3}.

Purity and the related mappings are defined in the usual way. In this
situation, we have the following theorems D”, E” and F”.

THEOREM D”. The map The same statement as Theorem D is true.

REMARK. The same statement as the Remark following Theorem D is
true. We can take the same open dense subset.

THEOREM E”. The same statement as Theorem FE is true.

THEOREM F”. The same statement as Theorem F (1) is true. (We
may take the same open dense subset. )

§2 Jordan-Pochhammer operator and Euler integral
representation
Let us consider the following ordinary differential equation of Fuchs type.

"

Jly] =(z — p1)(z — p2)(z — p3)y
—{(\1 =3)(x —p2)(z — p3) + (A2 = 3) (= — p3)(z — p1)
+ (A3 = 3)(x —p1)(z — p2) }y”
—2{(X2+ A3 =3)(z —p1) + (A3 + A1 — 3)(z — p2)
+ (A1 + A2 —3)(z — p3)}y
— 20\ + Ao+ Ag — 3)y =0

We refer to this equation as (JP).
Later, we will set

Alza,)\gzg—(a+b),/\3:b

p1=1,p2=0,p3=—1

LemMMmAa 1. IfA; #0,-1,-2,-3,..., (forj =1,2,3), Mi+Xa+A3—4 #
1,2,3,..., then

(o) = [ )M g ) - o)
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is a solution to (JP). Here the integral is taken in the sense of finite part,
if mecessary.

PROOF. Although several textbooks (e.g. [Huk], [I-K-S-Y]) treat
Jordan-Pochhammer equations, ours does not belong to the class solved
in them. Therefore, we give an independent proof. See [M] and [I]. Since
the finite part is holomorphic in A1, A2, A3, we may assume that Re\; >
0(j =1,2,3) and that Re (A1 + A2 + A\3) — 4 < 0 without loss of generality.
We set y = y;(x) in the left hand side of (JP) and write it in terms of
powers of u — x by using z = u — (u — z). We have

(z —p1)(z — p2)(z — p3)

={(u—p1) = (u—2)H{(u—p2) — (u—2)H{(u —p3) — (u—2)}

= (u—p1)(u—p2)(u —ps3)
—{(u—=p1)(u—p2) + (u—p2)(u—p3) + (u—p3)(u—p2)}(u—2z)
+ (Bu—p1 —p2 —p3)(u— )% — (u—2)3,

(M =3)(z —p2)(z —p3) + -
=M =3){(u—p2) —(u—2)H{(u—p3) = (u—2)} + -+~
= (M = 3)(u—p2)(u—p3) + (A2 — 3)(u — p3)(u — p1)
+ (A3 — 3)(u — p1)(u — p2)
—{(A1 = 3)(2u — p2 — p3) + (A2 — 3)(2u — p3 — 1)
+ (A3 = 3)(2u — p1 — p2)}(u — )
+()\1—|—)\2+/\3—9)(u—x)2,

A+ X3 —=3)(x—p1)+---
=+ =3){(u—p1)—(u—a)} +-
={(A2+ A3 =3)(u—p1) + (A3 + A1 = 3)(u — p2)
+ (A1 + A2 = 3)(u—p3)}
— (2A1+ 222+ 223 — 9)(u — 7)
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Moreover

D?yj(:r) = n!/ (u — p1>>\1—1(u _pz)Ag—l(u _ p3))\3—1(u _ m)_l_ndu.
by

From the equalities above, we have

Tl = [ = = gl g )

X {Co +ci(u—2x)+ co(u— 1’3)2 + e3(u — $)3}du’
where

co = 6(u —p1)(u — p2)(u — p3),
a=—6{(u—p1)(u—p2)+-}=2{(M = 3)(u—p2)(u—p3) + -}
= —2{A\1(u — p2)(u —p3) + Aa(u — p3)(u — p1) + A3(u — p1)(u — pa)},
c2 = 6(3u — p1 — p2 — p3)
+2{(AM —3)(2u —p2 — p3) + (A2 — 3)(2u — p3 — p1)
+ (A3 —3)(2u—p1 —p2)}
—2{(A2+ A3 =3)(u—p1) + A3+ X\ —3)(u—p2)
+ A+ A2 —3)(u—p3)}
=0,
3= —6— 20\ + Ao+ A3 —9)
+2(2A1 + 2X2 +2X3 — 9)
“ 20 Ao+ As— 3)
=0.

Therefore,

Jy;]
e
x [6(u — p1)(u — p2)(u — p3)

—2{M(u — p2)(u — p3) + A2(u — p3)(u — p1)



Branching of singularities 723

+ As(u —p1)(u — p2) Hu — z)]du
= [T ) (= =) )

bj

—2{M(u—p2)(u—p3) +---}

(= p)™ = p2)* (= p3) T (u — 2) du

(u— po = pa) ™ (u — pe) s (u — ) Y52
+2/‘ (1 — pr)™ (u — o) (u — )} (u — ) d

-2 ‘{)\1(” p2)(u—ps)+---}

(= p)M N u = po)? Hw — p3) T u — x) 3du
=0.
Here we have used integration by parts. [

If A1 + X2+ A3 = 3, it is easy to see that the Riemann scheme of (JP) is

D1 b2 b3 &8
0 0 0 1 x
1 1 1 3/2

A—1 X—1 Xg—1 2

and that oo is a non-logarithmic singularity. Moreover, if \; ¢ Z, then p;
is non-logarithmic.

LEMMA 2. An entire solution to (JP) vanishes identically.

PROOF. The characteristic exponents at oo are larger than 1. Use
Liouville’s theorem. [

Hereafter, we consider the case

A =a, )\222—(@4—[)),)\3:{),
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p1=1,p2 =0, p3=—

(a,b) gZZd:f{(a,b) €C*a=0,-1,-2,...orb=0,—1,-2,...0r

C
3
2

[NCRREN

5
b=—-, -
a+ 375’ }

) )

Then, our operator is

Q(z, D)
= (23 —|—.CL‘)D3—|—{ x —ila—bz+a+b+ = }D2
+{12x—2z(a—b)}D+3.

PROPOSITION 3. Take the path of integration from p; to oo in Reu <
0. Then y; is holomorphic in Rex > 0. Moreover, it is holomorphically
extended to x = ay, (k # j), but not to a;.

PROOF. y; is obviously holomorphic in the right half plane and at
x = ay. If it is holomorphic at a;, then it is entire. The preceding lemma
implies that it vanishes identically. But this is not the case as will be seen
when we calculate the expansion coefficients of y; at v = co. [

Let us calculate the expansion coefficients of y; (j = 1,2,3) at « =

3
00, Rexz > 0. We will need the coefficients of 7', 272,272 in the next
section. For convenience, set 7 = i/x. Obviously,

Rex >0,z =00 (—g <argx<g)<:>lm7>0,7:0 (0 <argT < ).
3/2 — 637”/4:1:*3/2, 2= _1/332'
We consider the expansion coefficients at
7=0,Im7 > 0.

In the following three propositions, we give the coefficients of 7, 3 T2
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1420

— Re w
1 0 140

Figure 2

Let C be the path in Figure 2. Here the w-plane has a cut in {w;w >
Oorw < —1}.

In the following three propositions, the integrands are continuous on C
and

0 <argw <2m, —7 <arg(l4+w) <7, —7 < arg(l —w) <.

PROPOSITION 4.
There exists a nonzero constant Cy such that Vi(x) = Ciyi(z) is ex-
€

panded into the form

Vite)=pr+1-72 4 qr+---,

1

where  p =5 C(l —w)* w2 (1 4 w)’ dw,
1

4= 5= C(l —w)* w32 (1 4 w)' dw.

Remark that p and q are holomorphic in {(a,b);a # 0,—1,—2,...}.

PROPOSITION 5.
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There exists a nonzero constant Cy such that Va(x) = Caya(z) is ex-
€

panded into the form

Va(z)=r7+1-72 4572 4.+

1
where r=— w*%(l - w)*(‘”b)Jr%(l — 2w)" tdw,
def 27 C
—1
s = — w_%(l - w)_(“+b)+%(1 —2w)" Ldw.
def 27 Jo

Remark that r and s are holomorphic in {(a,b);a+b # 3/2,5/2,7/2,...} .

PROPOSITION 6.
There exists a nonzero constant Cs such that Vs(x) = Csys(x) is ex-
€

panded into the form

Va(z) =t +1-732 fur 4+ ...

1
where = C( +w)* w1 — w)’ T dw,

1
uw=—— [ (1+w)* w321 —-w)' dw.
def 27 C

Remark that t and u are holomorphic in {(a,b);b # 0,—1,—2,...} .

PROOF OF PROPOSITION 4.
o0 1
y1(z) = / (u— i) Tz~ @) (4 4+ )Ny — )"V du.

Put w =i/w, x = i/7. Then
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Figure 3

The path of integration was taken in Reu < 0, which corresponds to Imw <
0 (Figure 3).
We have

y1(r)
1 1 1 dw

1
1 1
— t ~—_1 a—1 a+b—§ s 1 b—1,~ =
cons/o(w )4 w (w—i-) (w 7_) "

1
= const X T/ w%(l —w)* 11+ w) - w)Ldw
0

= const X T/wé(l —w)* N1+ w)" (= w)dw.

In the last expression, the path is the left one in Figure 4. Here remark
that 7 is outside the path.

The left path is homologous to the right one. The integration around 7
is calculated by means of Cauchy’s formula. (Take care of the orientation.)

y1(z)

— Al _9rirl/2(1 — 1e-1(1 b—1
oSt 7] = 2miT( (1 +7)

+ / w21 — w)* 11 4 w)’ Y7 — w) " Ldw).
C
Let us calculate

J = / w1/2(1 o w)a—1<1 + w)b_l(T o w)_ldw
def C
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Figure 4

by deforming C. If |7| < 1, then on the path of integration,
R R (A R | - 1)"
(r—w)™ = =71 - D) wZ(w.
n=0
Hence
I=1I(r,a)= —/ w2(1 = w)? 11 4 w)P ! Z (%)n dw.
c n=0

We can change the order of the integration and the infinite sum at least if
Rea > 0. The proposition follows in this case.

On the other hand, I = I(7, a) is holomorphicin 7 and a # 0, —1, -2, . ...
Here we take finite part at w = 1. Taylor coefficients with respect to 7 is

calculated by
1 1

— ¢ —I(7,a)dr.

2ms ) ™™
This is holomorphic in a # 0,—1,—2,.... Therefore the proposition is
proved for a # 0,—1,—2,... by analytic continuation with respect to a. J

PROOF OF PROPOSITION 5.

ya(x) = / (u— i)a_lu%_(’”b) (u+ 1) Hu — )" Ldu.
0
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Set « = i/ as before. Moreover, set u = i —w first, and then w = i/w. The
paths of integration is in Rew > 0 and Imw > 0 respectively. We have

@) = [ ()= @) - ) - o - 2) " (~do)
l)*(a+b)+%(2 _ l)bfl(l__T i

! 1

=const [ w *T(1— —
0 w w T w

-

1
/ wh(1 — w)~@HHE (1 2P (i 4 L)L,
0 1—7

Ly dw

)

w?

= const

—T

Set = 1=, |7| < 1,Im7 > 0 and deform the path of integration as in
Figure 5. Here -C is the path obtained by reversing the orientation of C.

0 1/2 14420 0 1+i0
. Rew 3> Rew
: #1440 1-40

Figure 5

We have

y2(7)

_ i —(a+b)+1 b—1
onst 0[2mi(—0)z (1 + 0) 2(1+ 260)

—/ w2 (1 — w)~@H+2 (1 — 20)0~ L (w + 6) L duw]
C

(r < arg(—6) < 2m).

Here (—9)% = i@é, 0 < argf < 7. We expand the right hand side in powers
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of #. Then the coefficients of 8, 0%, 6% are I, 2w and I, where
L = —/ w_%(l - w)_(“+b)+%(1 — 2w)" Lduw,
c

I, = / w*%(l - w)f(a+b)+%(1 —2w)* dw
C

SinCGQZL:T—FTQ—FTS—F"',G%:T%(l-i-%’r—'—"'), the coefficients

1—71
of T, 75 are I, —27. On the other hand, because

IO+ L =L+ +m3 4+ )+ L(r*+2r3 +--+),

the coefficient of 72 is
L+ 1= / (—w + l)w_%(l - w)_(“+b)+%(1 —2w)" Ldw

C

= / w2 (1 —w)~@H+3 (1 — 20)P L dw. O
C

PROOF OF PROPOSITION 6.
ys(z) = / (u— i)“iluéf(‘”b) (u+ i)bil(u — x)fldu.

Set x = i/7 as usual. In addition, we perform a change of variables u =
—i/w. Then the path of integration would be in Imw > 0. We have

0
= 1, — 1 1)t (a+b)—5(~ _ 112 4 214w
%@>cmsﬁ<w+> T L A e
1
= const x T/ w3 (1= w)" (14 w) N w + 7) " duw.
0

We deform the path as in Figure 6.
Then we have
ys(x)

_ Y b—1/1 _ \a—1
const_T[zm( )2(14+7)""(1—-7)

—/w%LﬂWHa+wvﬂw+ﬂ*mm
C
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Figure 6

1

172, the coefficient

(NI

We expand it into a power series in 7. Since (—7)
of 73 is —2r. Next, by using

we see that the coefficient of 7 is
—/ w*%(l —w)* 11 4+ w)* tdw,
c
and that the coefficient of 72 is

/ w*%(l —w)’ (1 + w)* tdw. O
C

In the following section, we use the complex variable ( = x. ( is to be
the dual variable of ¢.

83 proof of the unperturbed case
Let us consider

1 1
—gxf{’P(x, D) = —gxfl”[D{* —23D2 Dy +2(a—b)D, Dy +{2(a+b) — 3}z, D,).
Set t = %m% and apply the quantized Legendre transform L. Since

1
ixlDl = tDt, tDt = —(CDg + 1), tDn — —’L'DC,
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we have

1
——l‘lDi‘) = _éxlDl(l'lDl — 1)($1D1 — 2)

= —tDt(tDt — %)(tDt - 1)
— ((D¢ +1)(¢D¢ + ;)(CDc +2)

15
= (*D} + 5@“2172 +12¢D¢ + 3,

1 1 1
§x§D§D1 = (Efon)%le = (tD,)*tDy
— —DZ(=1)(¢D¢ +1) = DZ(¢D¢ + 1)
= (D} + 3D,
1 1 1
—Z(a —b)z3D, Dy = —(a —b) - il‘%Dn . §x1D1
= —(a —b)tD, - tD;
— —(a—b)(=iD¢)(=1)(¢D¢ + 1)
= —i(a —b)D¢(¢D¢ +1)
= —i(a — b)(¢(DZ + 2D¢),

1 1 1
—gx:{’{2(a +b) — 3} D;) = —5{2(a+b) - 3}(533%1)71)2

1

~ —2a+ )~ 340D,
1

— 2+ b) = 3)(=iDy)?

1 2
= {2(a+t) ~ 3}D2
Summing up, we obtain from — 3P

Q(a,b,6,D¢) = (C*+ QDY+ {¢ —ifa~ )¢ +a+b+ 5} D3
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+{12¢ — 2i(a — b)} D¢ + 3.
We encountered this operator in the previous section. V;(() is a solution to
it.
In the same way as in the second order case, we can construct EJjE from

Vj(¢). L* and B are defined accordingly. Let the expansion of V;(¢) (j=
1,2,3) at ( = o0, Re¢ > 0 be

Vi(€) = z Vj,—l—gC_l_%-
n=0

Then, the matrix V, defined by

18

1 0 0 p r t
V=0 exp(3mi) 0 111
0 0 -1 q S u
L* is expressed by
2T 0 ) 0
L*=[0 =£2v2r (&) 0 |W
0 0 2 Dn

Moreover, we have

p T p r t
B = (L") 'Lt 11 1 0 -1 0 111
def qg S u 0O 0 1 q S u
1 dy — do — d3 2dy 2d,
= 2d3 —dy —ds + d3 2d3
di +dy + ds 2, 24, —dy +dy — dy
where
t t
dl — " ) d2 - ‘p " ) d3 = p'
s u q s U q
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This is checked easily by using the observation that

pdy + rds + td2 = qdy + sd3 + uds = 0.

PRrROPOSITION 7.
di, do and d3 are holomorphic functions in

CN\Z={a#0,-1,-2,..3n{b#0,-1,-2,..yn{a+b#=,=, =, ... }.

DN Lo
N | Ut
N~

Moreover, they do not vanish identically. (Hence generically dy, da,ds # 0.)

PROOF. They are obviously holomorphic in C?\Z. The latter part of
the proposition follows from Propositions 10, 14 and 15 below. [J

PROPOSITION 8.
+dy £ do £ d3 does not vanish identically.

Proor. This proposition follows immediately from Proposition 10 be-
low. O

REMARK 9.

di+do+ds =—

Q=3
w o= 3

t
1
U

never vanishes, because the components of the matrix are expansion coeffi-
cients of three linearly independent solutions.

ProrosiTioN 10.
If (a,b) e Nx N, N ={1,2,3,...}, thenr =s=0. (Hence d; = d2 =0
andd3:d1+d2+d37é0.)

PROOF. Let h be 1/2 or 3/2. Then

N %/ w—h(1 . w)—(a-‘rb)-i-h(l N 2w)b—1dw
C

1
= / w1 — w) @R 20)P L,
0
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Since (1 — 2w)®~! is a polynomial of degree b — 1, it suffices to prove
1
/ wc_h(l - w)_(a+b)+hdw =0 for ¢=0,1,2,...,b—1.
0

The left hand side is equal to

Fe=h+1I'(-a—b+h+1)

Blc—=h+1,—a—b+h+1)= T r—y

Here the numerator is finite. The denominator is infinite because —a — b +
¢+ 2 is a nonpositive integer. [

ProproOsITION 11.
Under the condition of the proposition above, we have

1 ds 0 0 1 0 0
B::;f» 2ds d3 2d3 | = -2 -1 -2
3 0 0 —ds 0o 0 1

PROPOSITION 12.
Ifbe N anda—I—b:%,—%,—%,—g,,,,, thenp=q=0.

PROOF. Let h be 1/2 or 3/2. Since (1+w)"~! is a polynomial of degree
b — 1, it suffices to prove

1
/(1w)a1whwcdw:0 for ¢=0,1,2,...,b—1.
0

The left hand side is equal to

T'(c—h+1)T(a)

B(c—h+1,a) = Tatc—hil)

Here a + ¢ — h + 1 is an integer such that

1 1
a+c—h+1§(i—b)+(b—1)—h+1:§—h§0.m
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ProprosiTION 13.
If a e N anda—i—b:%,—%,—%,—g,..., thent =u = 0.

PROOF. As functions of (a,b), p,q,t,u satisfies

p(b,a) = t(a,b), q(b,a) =—u(a,b). d

PROPOSITION 14.

Under the condition of Proposition 12, we have do = d3 = 0. Hence
dq :d1+d2+d37£0 and

(4 2 24 -1 -2 -2
B:d— 0 —-d, 0 |=(0 1 o0
\o o -4 0 0 1

PROPOSITION 15.

Under the condition of Proposition 13, we have di = d3 = 0. Hence
do=dy+do+ds#0 and

% 0 0 1 0 0
B= — 0 —dy, 0]=]10 1 0
2\ 2dy, 2dy do -2 -2 -1

PROOF OF THEOREM F.
(1) follows from Proposition 7. (2) (3) and (4) follow from Propositions
14, 11 and 15 respectively. [

PROOF OF THEOREM D.
Recall that

2 o, 0 i 0 0
L* = +2v2r (B2)2 0 0 exp(3m) 0

0

0 0 2rle J \ O 0 -1
p r

1

q

S = o+

S
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We have the following commutative diagram:

r CPY, = @b Sol(j, +) £ &
( {dx1>0} M)p Dj_100 () —— @ N,/

b.V.?l lZLi

%CNJ,/ — E%CN?p/
where B+ = @?ZlEj-[ and the first vertical arrow is
u(z) — (uw(£0,2), Dyu(£0,2), D3u(+0,2")).
By E* we identify Sol (j, %) with Cn,y @080, 08 Cny 0, 0506 Cyy

(j=1, 2, 3). So, in order to prove Theorem D, we have only to prove that
the following maps € End(Cy ;) induced by L* are automorphisms.

f
j=1 [+ the second component of LT | 0
0
0
j =2 [+ the second component of LT | f
0
0
j =3 f+ the second component of LT | 0
f

For all j, these maps coincide with
Dy ? 3
2
f— £2V27 (—”) -exp(zm') - f.
i

They are obviously isomorphisms. The key is that 1 is an elliptic operator. [

PROOF OF THE REMARK AFTER THEOREM D.
We follow nearly the same argument as above. The main difference is
that we need the non-vanishing of p,r and ¢ in the Dirichlet case, and that
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of ¢,s and u in the case of D?u(40,2') for a generic (a,b). They follow
from the lemma below. [

LEMMA 16.
p,q,7,8,t and u are holomorphic functions in (a,b) € C*\Z which don’t
vanish identically.

PROOF.
p,q,t,u # 0 at (a,b) = (1,1). r,s # 0if b = 1 and «a is a half-integer.
(Use formulas about the Beta and the Gamma functions ). O

Proor oF THEOREM E.
Use the same identification as in the proof of Theorem D. [J

84 proof of the perturbed case

4-1 the method of the variation of parameters
Let us consider

1
Q(z,D) = (x3—|—x)D3+{§x2—i(a—b)x+a+b+g}D2~|—{12:r—2i(a—b)}D+3,

1
a, b€ 7 and a+b¢§+Z.
Its Riemann scheme is
7 0 —1
0 0 0
1 1 1
a—1 3—(a+b) b—1

DO vl — 8
8

and all the singularities are non-logarithmic. Let p = 4,0, —i and 1, @2
and ¢3 be solutions in a neighborhood of p. We assume that ¢; and s
are of exponent 0, 1 and that 3 is of exponent a — 1, % —(a+b),b—1if
p = 1,0, —1 respectively. Set

$Y1 P2 ¥3 0 O
W(z)=|¢) ¢ ¢, ij(:r)z‘ /

/!

o] ¢ o v
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By using the classical method of the variation of parameters, we see easily
that for any v(z), holomorphic near p,

_ T Wasl(y)
W) 5 @ [ o
¥ Wsl(y)
ng(y)
+ @3( /p ) )v(y)dy

Moreover, we see that

Ip(v)(p) = {Ip(v)}(p) = 0,
that is, Ip(v) is of exponent € 2 + Ny, Ng = {0,1,2,...}.
4-2 a right inverse of () in a domain containing two regular singular

points
Let Q be a domain C C, as in Figure 7.

Figure 7
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Obviously @ defines a linear mapping
Q: 0Q) — O09).

We want to construct a right inverse of this. Let v(z) be an element of
O(€2). Although v is holomorphic near i, there’s no guarantee that it
should be holomorphic near 0. We have a similar trouble with Iyv. In order
to overcome this difficulty, we use the following trick.

Let

1 . 2
Q; Cgf{:c € Q;Imaz > 5} >4, Qo (Ef{x € Imz < g} 5 0.
Obviously, these two domains constitute a covering of 2 and
Liv — Iov € O9(Q; N Qy),
where O is the kernel sheaf of Q € Endc(0).
If {Fy, Fy, F3} is a fundamental system of solutions to @ in £; N, then
there exists a unique triple of constants (a, 3,7) € C? such that

Iiv — Igv = aFy + BFy + v F3.

Then obviously
(Iiv — Iov)' = oF{ + BF; +F

(Liv — Iov)" = aF + BFY + v Fy.

Therefore
« Liv — Igv ko Fy F
(*) B = Wfl (Iiv —Ipv) |, where Wp=| F| F, F;
y (Iiv - I()U)// Fl// FQH FB/»,

Since the right hand side of (*) become a constant vector, it can be evaluated
and estimated at any x. This observation will be useful later. We define
functionals

a,B8,7:0(Q2) —C

vHa’B”Y
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by means of (*). They mean obstructions. We have to kill them.

LEMMA 17.
For a generic (a,b),

a(@l1) a(Qlz)) a(Qla?)
M= | 6@ AQL) BQL)
QI @l Q)

15 1nvertible.

PrROOF. We prove that M*(\,pu,v) = 0 implies *(\, u,v) = 0. The
assumption is that

a(Q + px + vz’]) = BQ + pa + va®]) = ¥(QA + pa + va?]) = 0.

This means that I;(Q[\ + pz + vz?]) and Io(Q[\ + pux + va?]) are patched
together and define 1 (z) € O(Q). We have Q) = Q[\ + ux + va?]. By the
way, we proved before that O%(Q) is a one-dimensional space generated by
y3(x). So there is a constant ¢ such that

Y — (A + px + va?) = cyz(x).

Later we’ll prove that c is generically 0. Once we have obtained this, it is
clear that
A + px + va? € Imagel; N Imagel.

Therefore it has a zero of order > 2 at x = 4, 0. Such a polynomial of degree
< 2 must vanish identically. Hence A =y =v = 0.

Now what remains to be proved is that ¢ is 0 for a generic (a,b). First
we prove that if

(#) 2dy3(0) — y5(0) — 2iy3(1) — y5(i) # 0
then ¢ = 0. In fact, if ¢ #£ 0,

A+ px + va?
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has a zero of order > 2 at z = 4,0. Set N = —\/e,p/ = —p/e, v/ = —v/ec.
Then

N = y3(0),
1= y3(0),
N +ip' — v = ys(4),
'+ 20" = ys(9).
From these we obtain
2iy3(0) — y3(0) — 2iys(i) — y3(i) = 0,

which constradicts (#).

Finally, we prove that (#) holds for a generic (a,b). Since the left hand
side of (#) is holomorphic in (a, b), we have only to prove that it is different
from 0 for some (a, b).

Recall that

ys(x) = / (u — i)“iluf(‘”rb”% (u+ i)bil(u — )" tdu.
Hence

o0
o) = [ (=) D k0 ) P

—1

Let us prove that if (a,b) = (3, —1), we have

y3(0) = y3(i) = y3(i) = 0, y3(0) # 0.

Set -
Bs(p,q) = / (u —3)Pul(u + i)b_ldu.
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4(0) = Byla — 1, ~(a+8) — 5) = By(2, 1),
(i) = Byla =2, ~(a-+b) + 5) = By(1,1).

. 1
h(0) = Bsla— 3, —(a+b) +5) = B0, 1).
By using a change of variables u = —i/w, we have

1 p b—1
1 1-— d
Bs(p,q) = Const/ (&> w? <_w> _112;
0 w w w

1
= Const/ (1 +w)Pw P97 1(1 — w)’ Ldw.
0

Hence at (a,b) = (3, —3) ,
1

1
y3(0) = const/ (14 w)?w2 (1 — w)_%dw =0,
0

1
y4(0) = const/ (1 + w)2w2(1 — w) " 2dw # 0,
0

1.
yh(i) = const/ w2 (1 — w) " 2dw =
0

This concludes the proof of the lemma. [

We can define functionals A, p,v : O(Q2) — C by

A o
pl=M"1(p
v Y
It is easy to check that
a A a
(8) BloQo(l,z,a®)|pn]=1|8]:0Q) —C
Yy v Y
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Here the left hand side means

a(QA(v) + p(v)x 4 v(v)z?])
vi— | BQIAW) + p(v)x + v(v)z?]) | .

<

Now set

7(v) = v — QA(v) + p(v)x + v(v)z?]
= v = A©)Q[1] — u(v)Q[x] — v(v)Q[?].

Then (f) implies that
Iim(v) — Ipm(v) = 0.
We can define
7 { Iim(v) on ),
w0 Iym(v) on .

Iig: O(Q) — O(Q) is a well-defined linear mapping. Next we define I; ¢ :
O() — 0(92) by

Lio = Lio(v) + Av) + p(v)x + v(v)z?.

)

LEMMA 18.
QILio(v) =v. That is, I, is a right inverse of Q.

PROOF. We have

Qlip(v) = m(v) + QA(v) + p(v)z + v(v)a?)
=wv

4-3 an estimate on the right inverse I

First, let us obtain an estimate on «, 3 and . Fix compact subsets
K; 31, Ky > 0 of Q such that int(K; N Ky) # ¢. Choose an arbitrary point
& in int (K; N Kp). Then

a(v) (Liv — Iov)(2)
ﬁ(v) = Wp(i')_l (Iﬂ) — I()’U)/(i') .

(Liv — Iyv)" ()
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By the way, as in the second order case, we can prove that there exists a
constant C' > 0 such that

sup|l;v| < Csup|v|, sup|lpv| < Csupl|v|.
K; K; Ko Ko

Hence, for a larger C', we have

la(v)], [B(v)], [y(v)] <C sup |v].
K;UKg

Therefore, again for a larger C', we have

[A@)I; ()], [v(v)] < C sup |v].
K,UKq

Set Ks = {x € Q;dist(z,092) > 6} (0 < § < 1). Then there exists a
constant C’ independent of § such that

sup|m(v)| < Csuplv|.
K Ks

Finally let us obtain an estimate on I; o. Set
i 1 1
K = Ksn {Imz > 5 K = Ksn {Imz < 5)-

We derive an estimate on K (gp ) (p=0,i) from the expression

Lio = Lyr(v) + A(v) + p(v)x + v(v)z?
(p=0,4)
There exist constants A, Co > 0, independent of §, such that

sup|I; 0(v)| < Cod *suplvl.
Ks Ks

(A is determined by the characteristic exponents at © = —i, hence by b).
This has the same form as the estimate on G~! in the second order case.

8-4 the end of the proof
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Let us construct Ef . Let us consider
P(x,D) = D} — 23D2D; + 2(a — b)D,, Dy
+{2(a+10) — S}xlDTQL + P'(x, D)
finite
P'(z,D) = Z a_y(z2,', D" DY.
=0

Set t = %w% and apply the quantized Legendre transform £. From J:‘%P, we
obtain @ + @', where

= (¢ +g)D§’ + {12—5§2 —ila—b)(+a+b+ g}Dg
+ {12¢ — 2i(a — b)} D¢ + 3,

finite m—2

Here we have used Part 1 Lemma 4.

With I; o instead of G~!, we can calculate in the same way as in the
second order case. (We don’t change ¢ by another complex variable).

The other Ej-[’s are constructed similarly.

85 proof of the case a and b are replaced by operators
In this case, when we perform the process as in the begining of §3, we
obtain the operator

(¢*+ QD¢
+ {1758 —ia(a, D")¢ +ib(z', D")¢ + a(a’, D') + b(a!, D) + g}pg
+{12¢ — 2ia(2’, D') + 2ib(«’, D)} D¢ + 3,

which we denote by @ (&(az’, D", b(2', D), ¢, DC)- Recall that we have

Q(aa ba ga a{)‘/}(aa ba g) =0.
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Here we write Vj(a,b, () instead of V;(() to specify a,b. Remark that V;
is holomorphic not only in ¢ but also in (a,b). So we can substitute the
commutative pair of operators (a(z’', D’),b(z’, D)) into (a,b) and obtain

Vi(a(z', D"),b(z',D"),¢) € £(0). Obviously, for all f(z) € Cn,, we have
Q(a,b, ¢, 0)V;(ala', D), b(a', D), Q) f(a/)] = 0.

We can easily construct Ejj-:, L* and B in this context. For example, we
have

2m 0 ) 0 i 0 0
LF={(0 +2v2r(£2)2 o0 0 exp(3mi) 0
0 0 2722/ \ 0 0 —1

P, D) (&, D) i, D)
X 1 1 1
qg(«', D" 5(2/,D") u(x',D")
where .
p(x’, D) = p(a(z’, D), b(z', D))
ete. It is obvious that

oo(p(2', D)) = p(oo(a(z’, D)), oo(b(z, D)), ete.

This observation is used to prove the ellipticity of the components of L*
and B. The remaining part of the proof of Theorems D”, E” and F” is easy.
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