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Existence of axially symmetric

H -surfaces of annulus type

By Minoru HAIDA

Abstract. In this paper, we solve Plateau’s problem for surfaces
of constant mean curvature spanning two circular ( axially symmetric )
contours. To prove the existence of such surfaces, we use the Leray-
Schauder degree theory.

1. Introduction

A surface of prescribed mean curvature H is called an H-surface for
short. As a natural generalization of the classical Plateau problem, we can
propose the problem of whether there exist H-surfaces spanning a Jordan
curve in R3 ( Plateau’s problem is this problem for H = 0 ). This problem
has been studied by many mathematicians ( see Remark 1.7 and Struwe
32] ).

However, little has been known about the existence of H-surfaces span-
ning two or more Jordan curves in R3, except for the case of H = 0 ( see
2], [5), [8], [17], [24], [31], [33] ).

In this paper, we show the existence of H-surfaces spanning two Jordan
curves in R? which have the same topological structure as an annulus. Such
a surface is called an annulus-type H-surface for short.

Before stating our results, we introduce two notations: For real numbers
a and b, let

I'(a,b) := {(acos,asinf,b) € R |0<60<2n}.
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For a real number p < 1, let
A, = {w = (u,v) € R? | p < |w| <1}

For a given real constant H and I'(a, b), we show the existence of annulus-
type H-surfaces spanning I'(a, b) and I'(1,0) under some conditions on a, b
and H.
To put it more precisely, we look for a real number p € (0,1) and a
surface
X=x"Xx%x%: 4, —-R®

such that

1) X € C'(A;RY) N C? (4, R?),
2) AX =2HX, AN X, in A,
3) | Xu? = | X, =0 in A,
4) X, X, =0 in A,

(1.5) X|yp, : 0B1 — I(1,0),X|, : 0B, — I(a,b)
P
and they are weakly monotone oriented

parametrizations of I'(1,0) and I'(a,b) respectively.

Here and hereafter, for a real number r > 0, let B, = {w = (u,v) € R? |
|lw| < r}, let X, = %—ff, etc. For p= (p',p%,p%) € R3 and ¢ = (¢',¢%, ¢%) €
R3, pAq = (0P — p3¢®, p3q* — p'¢®,p'¢® — p*q') denotes their exterior
product, and p - ¢ = p'q¢* + p?¢® + p3¢® denotes their scalar product.

Since I'(1,0) and I'(a,b) are axially symmetric, it is natural to expect
the existence of such a surface with axial symmetry ( see [ Fig. 1] ).

Here we present two examples of axially symmetric H-surfaces of an-
nulus type. Sphere ( see [ Fig. 2 | ) is most typical. In 1841 Delaunay
[4] constructed H-surfaces by rolling a conic section on a straight line in a
plane and rotating the trace of its focus around that line ( see | Fig. 3 |,
Remark 1.4 and Eells [6] ).

Now, we state our main results.
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[ Fig. 1]

THEOREM 1.1. Let a,b, H € R satisfy

(1.6) Z<G<L
(1—a)(2a—1) — |b|
(1.7) |H| < Ja(l—a)? ,
41 - a)y/(a—g)(a—3) = [b]
(18) |H| < Se—ap .

Then there exist a real number p € (0,1) and a solution X € C*(A,;R3)
to (1.2)—(1.5) of the form

(1.9) X(rcos@,rsinf) = (f(r)cosb, f(r)sinb, g(r))
(p<r=1,020<2m),

where f,g € C* ([p,1]).
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[ Fig. 2] Sphere.

[
N

[ Fig. 3] Delaunay’s surface.

THEOREM 1.2. Let a,b, H € R satisfy

(1.10) l<a< %,
(a—1)—(2a —1)|b|
(1.11) |H| < Ta(a 12 :

way < et dE -0 - ea-vp

8a(a — 1)?
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Then there ezist a real number p € (0,1) and a solution X € C™(A,;R3)
to (1.2)—(1.5) of the form (1.9) with some f,g € C* ([p,1]).

Note that we do need some assumptions on a,b and H, if we look for a
solution to (1.1)—(1.5) of the form (1.9) ( cf. Heinz [11]; see Remark 1.7 ).
In fact, using a result of Kenmotsu [19], we can get the following:

THEOREM 1.3. Suppose
(1.13) |H| > 1,|H(1 —a)| > 1.

Then there exists no solution to (1.1)-(1.5) of the form (1.9), regardless of
b.

REMARK 1.4. In 1980 Kenmotsu [19] generalized the result of Delau-
nay [4] ( see also Hsiang-Yu [14] ) and proved as a corollary of his main
theorem that any complete surface of revolution with constant mean cur-
vature is a sphere, a catenoid or an H-surface whose generating curve is
given by

(1.14) (s; H, B)

1+ Bsin2Ht
= </ +bsin dt, \/1+B2+2Bsm2Hs>
V1+ B2+ 2Bsin2Ht 2|H]

=:(z(s),y(s)) forseR

with some constant B € R.

PrOOF OF THEOREM 1.3. Take X (s; H, B), z(s) and y(s) as in (1.14).
Then we may assume that B = 0.
Note that

(1.15) y(s) < 215

2|H]

<1 inR

if [ H >1land 0= B < 1.
On the other hand, if |H| > 1 and B > 1, the generating curve
X(s;H,B) is as in [ Fig. 4 | and
B-1 B+1

< in R
o] =Y = S

(1.16)
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[ Fig. 4]

( see [19] ).
Therefore, if there exists a solution to (1.1)—(1.5) of the form (1.9) for
|H| > 1, we have

B-1 B+1
o] Smin{l,a} £ max{l,a} = TZ‘

for some B > 1. Hence we have

B+1 B-1
_ > 11—
olH|  2lH| = 1 —al,
that is to say
1 >

However, (1.17) contradicts to (1.13). Hence we have proved the theo-
rem. [

Now, to show the nonuniqueness of the pair (p, X) satisfying (1.1)—(1.5),
we prepare the following:
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PROPOSITION 1.5. (1) Leta,b,H € R satisfy

(1.18) 0<|H| <1, a>0, bH <0,

(1.19) a2 + <b+ 1;;[2)2:%.

Let

(1.20) o= |H] 1+ ST —H? + bH

1+ A\ 1 - W1 —H? —pH
Then we have
(1.21) p € (0,1),

and for this p, there ezists a solution X to (1.1)-(1.5) of the form (1.9)
with

o2 £r) = (1+\/1_7L7 .
(1 +\/1_7) T—i—
. :L_ 1—H2_ | |

Moreover, then we have

H? H?’
min {b,0} < z < max{b,0} }

(1.2 X(Ap>={<m,y,z>eR3\x2+y2+<z+ ﬂ) _ L

( see [ Fig. 5 (1) ] ).
(2) Leta,b,H € R satisfy

(1.25) 0<|H|=1,a>0, bH<O
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1
[H|
| a
(1) (2)
[ Fig. 5 |
and
2
(1.26) a® + <b— E—T) = %
Let
1.27) |H| - H? + bH.
~H AT\ 1+ \H|\/7

Then we have
(1.28) p€(0,1),

and for this p, there ezists a solution X to (1.1)-(1.5) of the form (1.9)
with

(1.29) __ 204 VI-H)rs
U+ VIZHR2 4 H
G L i o|H |
(1.30)  g(r) = \H|+ 72 +(1+\/7) +H2TH'



Azially symmetric H-surfaces 259

Moreover, then we have

2
1— H? 1
(131) X(Ap>={<x,y,z>eR3\x2+y2+(Z_ T) ek

min {b,0} < z < max {b,0} }
( see [ Fig. 5 (2) ] ).

PROPOSITION 1.6. For some a,b, H € R, there are two or more differ-
ent pairs of p € (0,1) and X which satisfy (1.1)-(1.5).

Proor. For example, let H = %, a=1and b= —2V3. Let p; = e=2V3
and py = (2 — v/3)2. For i = 1,2, let

Xi(w) = (ﬁﬂw\)ﬁ,fi<|w\>fm,gz-<rw|>) for w= (u,v) € 4,
where
1 B 4r
A=1 R0 = G
r2—1

r) =logr, r)= .
gl( ) g 92( ) (2+\/§)T2+(2*\/§)
Then (f,g) = (f1,91) clearly satisfies (2.1)—(2.4) below for p = p;. Hence
(1.1)—(1.5) hold for (p, X) = (p1,X1). On the other hand, by Proposition
1.5.(1), (1.1)—(1.5) hold for (p, X) = (p2, X2) ( see [ Fig. 6 | and Remark
1.7 below ). O

REMARK 1.7. Here we restrict ourselves to surfaces of constant mean
curvature. Under the normalization that a Jordan curve I in R? is contained
in a closed unit ball about the origin of R3, Hildebrandt [12] succeeded
in proving the existence of disk-type H-surfaces spanning I" for |H| < 1,
improving earlier results of Heinz [10] and Werner [35]. This is the best
possible result because Heinz [11] proved that there exists no solution for
|[H| > 1if I" is a circle of radius 1. In addition, under the same normal-
ization for I', even nonuniqueness of H-surfaces spanning I" ( “Rellich’s
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[ Fig. 6]

conjecture” ) was proved for small |H| by Struwe [30] and Steffen [27], and
for 0 < |H| < 1 by Struwe [29] and Brezis-Coron [1]. On the other hand,
improving earlier results of Wente [34], Steffen [25] proved the existence of
disc-type H-surfaces spanning a Jordan curve I' in R3, under the condition
that I is rectifiable and

2 1
1.32 H —_—
(1.32) 1<\ 5

where Ar is the infimum of the area functional on

C(T):={X € H*(B;R’) | X|,, € C°(OB;R?),
X|3B1 0By — T is a weakly monotone

oriented parametrization of T'.}.

Note that the constant %ﬂ in (1.32) is not optimal but 7 is conjectured to be
the best possible constant ( see Steffen [25; p.122] or Struwe [32; Theorem
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3
4
O 1 O 1
Pl P2
[ Fig. 7]
az
o) 1

[Fig. 8] (3 <ai<az<l).

II1.3.4. and remarks after that] ). For example, Ar, > Ar, in [ Fig. 7 |.
Therefore, by (1.32), we expect that we can span I'y with H-surfaces with
larger |H| than any absolute values of the mean curvatures of H-surfaces
spanning I';.

REMARK 1.8. The conditions for |H| in our existence theorems for
annulus-type H-surfaces correspond to (1.32) in Steffen’s existence theorem
for disk-type H-surfaces. For example, let b = 0 and % <a;<az<1(or
1 <ay <aj <3 ). Then the right-hand sides of (1.7) and (1.8) ( or (1.11)
and (1.12) ) tend to infinity as ao approaches 1. Hence we expect that
we can span I'(1,0) and I'(ag,0) with H-surfaces with larger |H| than any
absolute values of the mean curvatures of H-surfaces spanning I'(1,0) and
I'(a1,0) ( see | Fig. 8 | and compare it with [ Fig. 7 ] ).
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2. Proof of the main results

In this section, we prove Theorem 1.1, Theorem 1.2 and Proposition 1.5.
Before proving them, we introduce some notations: For p € (0,1), let

Ip = (p, 1), Jp := (log p, 0)

Now suppose there exist a real number p € (0,1) and a solution X €
C>®(A4,;R3) to (1.2)-(1.5) of the form

(1.9) X(rcos@,rsinf) = (f(r)cosb, f(r)sinb, g(r))
(p=r=<1,0=6<2m),

for some f, g € C*°(I,). Then, introducing polar coordinates, (1.2)—(1.5)
can be reduced to a system of ordinary differential equations with boundary

conditions:

df 1df 1 2H ,dg .
2.1 T Y 2R g
(2.1) dr?2  rdr r? r e

d’¢ 1dg 2H .df
2.2 P A T A A N )
(2.2) dr?  rdr r fdr o te

df\* [(dg\* 1 ., .

2. =~ 7 - T
(2.3) (dr) +<dr> T2f Lo
(2.4) f()=1, f(p) =a, g(1) =0, g(p) =0b.

Moreover, let

(2.5) F(t) = f(e"), g(t) = g(e").



Then (2.1)—(2.4) can be reduced to another system:

- -d
(2.6) 5 —F= —2Hfd—i] in J,
dg o .df
~\ 2
df dg\* _ 5
(2.9) f(0) =1, f(logp) =a, §(0) =0, g(logp) =b.
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Conversely, if there exist f, § € C*°(J,) satistying (2.6)-(2.9) for some
p € (0,1), then X € C®(A,;R3) of the form (1.9) for f and g determined
by (2.5) clearly satisfies (1.2)—(1.5).
Therefore, to prove Theorem 1.1 and Theorem 1.2, it is sufficient to
prove that there exist p € (0,1), f € C?(J,) and § € C?(J,) satisfying

(2.6)(2.9), since it is clear that f, g € C°(J,) by (2.6) and (2.7).

LEMMA 2.1. Let H = 0. Suppose a > 0 and (a,b) # (1,0). Then the
necessary and sufficient condition for p € (0,1), f € C%(J,) and g € C*(J,)

satisfying (2.6)—(2.9) to exist is that a and b satisfy the inequality

(2.10) b* <sup {4(7‘_1 —a)(a —7r)(logr)?

=:m(a).

PROOF. Since H =0, by (2.6), (2.7) and (2.9) we have

(p~' —a)e! + (a - p)e*

(=P

Ft) =

Hence, by (2.8) we have

pt—0p

[0<r< min{a,a_l}}

;o g(t)

(™! —a)e' = (a—p)e'}® ( b >2 _ {7 —a)e' + (a—p)e}?

(=t = p)?

log p
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Hence we have

A(p~" — a)(a — p)(log p)*

"= (p L —p)?
=: h(p).
Note that
16(1 — ap)(a — lo 2
h(p) = ( p)((l _2)2();/5 5P
_ 16(1 —ap)(a—p) { (—log /p) }
(1 _ ,02)2 e—log\/ﬁ

On the other hand,
h(p) — 0 (as p— min{a,a™'}).
Hence there exists
po € (0,min{a,a"'}) C (0,1)

such that
h(po) = m(a).

Therefore, the conclusion of the lemma holds. [

LEMMA 2.2. Let H = 0. Suppose a and b satisfy the assumptions of
Theorem 1.1 or Theorem 1.2. Then (2.10) holds.

PrOOF. We define m(a) as in (2.10). Let

_ 2logry/(r~! —a)(a—r)
r—r-1 ’

p(r) :

Since % <a< %, we have

(2.11) @) > o (%) _ §1og 2\/(2 _a) <a _ %)
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Now suppose a and b satisfy (1.6)—(1.8) for H = 0. Then, by (1.6) and (1.7)

we have

3 1

|b]<(1—a)(2a—1):—2<a—1> +%<§.

But, by (2.11) we have
41 301\ 1
—oJe-p(2-2) ==
m(a) > 3 2\/( )<4 2) 3

vm(a) > |bl.

Hence we have

Therefore, (2.10) holds.
On the other hand, suppose a and b satisfy (1.10)—(1.12) for H = 0.
Then by (1.10) and (1.11) we have

a—1

L
1

[\
|
[
| —

4aq — 2

Hence we have
vm(a) > |b].

Therefore, (2.10) holds. [
Now, to prove Theorem 1.1, we prepare the following;:

LEMMA 2.3. Leta,b,H € R satisfy (1.6)—(1.8). Suppose H # 0. Let

(1—a1) —lm
)

1
p2=e€ 2 P0:§(P1+Pz)

= a1 + L, + 4 +1
as = | = — —_—_— .
T\ 2\ T ET T [Hog o

a1 =2a—1, pr=¢€"

and let
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Then,
(2.12) 0<p1<po<p2<l,
(2.13) 0<a <1<ag,
(2 14) 2 > H2 2 2 + |b| ?
. al al a |H|10gp2 )
- oY
2.15 1 2 - H? 214+ ———] 0.
(2.15) 5 T Ogm\/al (al + Hllogp1 ) =
PrOOF. By (1.6) we have
L <a <1
—<a .
5 1
Hence we have
1—a; >0.
Hence (2.12) holds.
By (1.7) we have
a1(1 - al) - 2|b’
H .
‘ ‘ < (1—a12)(1—a1)
Since H # 0 and 1 — a;% > 0, we have
1 [b]
l—a’< —a; + ———.
|H| [ H|log p2
Hence we have 1 < as? and so (2.13) holds. Moreover, since
1 [b]
2 _ 2., +
" ( T |Hrlogpz>
1/, 1 1b]
~ = gt
2 ( TE" T [Hogps )

we have

(i)
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Hence (2.14) holds.
By (1.8) we have

_ 2 1 _
g eV e -

= (1= —a)

Then, we have

i (10 )} = i)

Hence we have

\/> H2 1+ = ‘b| i
a — CL — .
t* t? |H|log p1

Since 1 — a3 > 0, (2.15) holds. O

Proor oF THEOREM 1.1. We prove this theorem, using the Leray-
Schauder degree theory. To define the Leray-Schauder degree, we introduce
some notations first. By Lemma 2.1 and Lemma 2.2, it is sufficient to prove
only for the case of H # 0. Then, take a1, as, p1, p2 and pg as in Lemma
2.3 and let

. CL1—1
~ 2logp
dv
M::{UGC o ‘a1<v<a2’O<E<L}

Q= (p1,p2) X M.
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For (p,v) € Q, let

1 log p ) b
h(p,v) := Tog s {/0 v(s)“ds — E}

Then, on J,,, by (2.14) we have

(2.16) v? — H? {0* = h(p,v)}*

b 2
2 g2 2 2
>aq H a as” + Hlogp

b| 2
>ai2 — H2 2 2 |
Zay <a1 as” + 7\H| log p2>

>0.

Hence, for (p,v) € Q and A € [0,1] we can define ¢, : @ — C1(J,,) such
that

a1—1
—(1— 1
ox(p,v) = ( A)( +210gp1t>

+ A (1 +/O Vu(s)2 — H2(v(s)? — h(p,v))2d5> :
Moreover, we put

C(p,v) = (1= AN)po + A(p + a — v(log p)),
I(p,v) = (p,v),

Ga(p;v) = (G(p,v), pa(p,v))
F\=1-G,.

Now we prepare the following:

LEMMA 2.4. Under the conditions as above, assume that Fy(p,v) = 0
for some (p,v) € Q. For such (p,v), let

(2.17) (t) in J,,

f@t)=v
(2.18) 3(t) = /0 Hv(s)2 = hip,v))ds in J,,.



Axially symmetric H-surfaces

269

Then, for this p € (0,1), f and § are smooth solutions to (2.6)—(2.9)

PrOOF. By (2.17) and (2.18) we have

(2.19) 3(6) = [ H(H = hip. D

Hence (2.7) holds.
Since Fi(p, f) =0, by (2.19) we have

(2.20) logp = a,

(2.21) =1 +/ \/ ))st.

By (2.21), (2.8) holds.
Since (p, f) € Q, by (2.21) we have

Hence, by (2.7) we have

Hence (2.6) holds.
By (2.19) we have

g(logp) = H/10gp 2ds — {/Ologp}(s)?ds - ﬁ}

=b.

Hence, by (2.19)-(2.21), (2.9) holds.
By (2.6) and (2.7), f and g are clearly smooth. [J
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By (2.16) and the Ascoli-Arzela theorem,
Gr:Q — R xCY(J,)

is a compact continuous map for any A € [0, 1]. Hence, to define the Leray-
Schauder degree deg(F},0,2), it is sufficient to show the following:

LEmMMA 2.5. Under the conditions as above, Fy # 0 on 02 for any
A€ [0,1].

PROOF Since
FO(pv U) =0

if and only if

ay — 1
) = 71 t G Q,
(p:) (po " 2logps )

we have

Fy #0 on 0N0.

Now we assume that F)\(p,v) =0, (p,v) € Q and 0 < A < 1. Then we
have

(2.22)  o(t) =(1-A) <1 * 261110;;)11 t)

+ A <1 + /Ot Vu(s)?2 — H2(v(s)? — h(p,v))2d3> ,

(2.23) (L= X)(p— po) = Ala — v(log p)).
Since v € M, we have

dv

- >

dt = 0

Hence we have
v(t) Sv(0)=1<ay foranyte€ J,,.
On the other hand, by (2.16) and (2.22) we have

v(t)
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— (-2 +A< /%“3¢u@2—ﬂam@z—m@mym)

m+1 1fm l%m

Vo~ IR~ hip, v>>2ds>

a1+1

> +10gp1
a1+1 1

2

> ay for any t € Jy.

Hence we have
v(t) >ay foranyt€ J,,.

By (2.22) we have

dv a; —1 5 55 5
i (1 /\)210gp1 + A/v2 — H2(v2 — h(p,v))2.

Hence, by (2.16) we have

dv
=50
dt
On the other hand, we have
dv a; — 1
1< L.
dt = 2 log p1 +

Now we assume p = p;. Then, by (2.23) we have

0= (1=A)(p1— po) = Aa —v(logp1)).

Hence we have
v(logp1) = a
But, by (2.15) and (2.22) we have

v(log p1)
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= — a1+1 s v(S — V(s — v S
— =N (14 [ P R i s )

C ot <1 —a /O RN sy 20 T e v))2ds>

Sa+ A {% + (log p1) min {\/v(())? — H2(v(0)2 — h(p1,v))2,

Vv(log p1)2 — H2(v(log p1)% — h(p1, v))zH

1—a1
< A|——
Sa+ [ 5

+ (log p1) min \/v(0)2 — H2 {v(O)2 - (v(logp1)2 - IchI:g o

)}

)}

b
2 _ 2 2 _ 2
\/v(logm) H {v(logpl) (v(O) +‘H10gp1

:a+>\<1—a1

2

b
Hlog p1

)}

1 a Bl )
< A ——+1 2_H?2 2 14—
a+ 5 + ogp1\/a1 <a1 + !Hllogm

+10gp1\/v(10gp1)2 — H? {v(logp1)2 - <1 + ‘

A

a.

This contradiction implies that the assumptipon of p = p; is false, and we
see p # p1. On the other hand, we assume p = py. Then, by (2.23) we have

0= (L—=A)(p2 = po) = Ala — v(log p2)).

Hence we have
v(log p2) = a.

But, by (2.22) we have

v(log p2)
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(a1 — 1) log po
=(1- 1+ —
=4 < i 2log p1

+ A <1 + /Ologpz Vu(s)? — H2(v(s)? — h(ﬂz,v))2d3>
> (1 A) <1+a12_1>

+ (1 + /Ologm VoG — B2 (o(s)2 = h(pg,v))2d8>

_ a1;- L <1 —2a1 n /Ologp2 Vo(5)? = H2(0(s)? = h(pg,v))2d8>

1—
>a+)\(Ta1+logp2>

=aq.
This contradiction implies that the assumption of p = py is false, and we
see p # pa.

Therefore, we have proved that (p,v) & 0€2. Hence we have

F\#0 on dQ for any X € (0,1]. O

By Lemma 2.5, we can define the Leray-Schauder degree deg(F},0,{2)
for any A € [0, 1], and by its homotopy invariance we have

deg(Fl, 0, Q) = deg(F07 0, Q)

Moreover, since

-1
Fo=1- PO:1+a1 t),
2log p1

we have

deg(Fp,0,9) = 1.

Hence we have
deg(Fla 0, Q) 7é 0.

Hence there exists (p,v) € Q such that Fj(p,v) = 0. Therefore, by Lemma
2.4 we can conclude the proof of Theorem 1.1 for the case of H # 0. O
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We next prove Theorem 1.2. For that purpose, we prepare the following:

LEMMA 2.6. Let a,b,H € R satisfy (1.10)-(1.12). Suppose H # 0.
Let

_ag—1 _ag—1 1
az=2a—1, pp=e =, p=c 2, po=(p1+p2)
and let
o= Jog )L (2|H| +1)2 + 1+ 4]|H| \H\atﬂ
LT 2H] 2 > logp '
Then,
0<p1<po<p2<l,
(2.25) 0<a; <1<ay,
(2.26) a1? > H? a?—a2+L :
| 1 L T Hlegp)
ag —1 1 2
2.27 1 1—H2(1—a24+ ——"—) <0.
(2:27) 5 +0gp1\/ ( @ g ) =

ProoOF. By (1.10) we have

1 <ag <2.
Hence we have
az—1>0.
Hence (2.24) holds.
Since H # 0, we have
ar > 0.

By (1.11) we have
(ag - 1) - 2a2|b|
(a2 +1)(ag — 1)*

Then, we have
2a2]b|
Hl(az? —1) <1— :
Hl(a? —1) <1 =25
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Hence we have

2a9|b
(2|H|+1)2> 1+ 4|H| (\H\af—l—%‘l).
5 —

Hence we have

1

@ < g {1+ VTP

=1,

which shows (2.25).
Moreover, since

b
(2|H|ay +1)% > 1 + 4|H| <yHya22 _ I > ,
log p2

we have

b
AH|(|H|ax® + 1) > 4/H] (IH@Z - )
log p2

Dividing both sides by 4|H| > 0, we have

bl
log p2

|H|a12 +a; > |H|ag2 —

Hence we have

b
a; > —|H| <a12 —as® + 7|H|‘10’gp2>

>0,

which shows (2.26).
By (1.12) we have

|H| (a2—1)\/1—%2—a2|b|

T (a2 =1)(az 1)

275



276 Minoru HAIDA

Then, we have

{\H\( 2_q 4 a2lbl )}2
a0l — ] b B
’ [H|(az — 1)
Hence we have
as? Id ?
VS 1-H2 (a2 —1- —L )
i —\/ (‘” [H]log p1

Since ag — 1 > 0, (2.27) holds. O

17AN
/

—_

|
MS
no
~
(3]

PrROOF OF THEOREM 1.2. We proceed in the same way as in the proof
of Theorem 1.1. By Lemma 2.1 and Lemma 2.2, it is sufficient to prove only
for the case of H # 0. Then, take a1, as, p1, p2 and pg as in Lemma 2.8 and
let

ao — 1
~2logpy

d
M::{UEC o1 |a1<v<a2, L<—v<0}

dt
Q= (pl,pg) x M.

+as+ 1,

For (p,v) € Q, let

1 log p ) b
h(p,v) = oz s {/0 v(s)“ds — E}

Then, on J,,, by (2.26) we have

(2.28) v? — H? {112 — h(p, v)}2

>a12_H2{a12_( Hlong}

bl
> 02— H2 2 2 |
Z ay <a1 as” + |H|logp2>

> 0.
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Hence, for (p,v) € Q and A € [0, 1] we can define ) : @ — C'(J,,) such
that

a2—1
=(1-— 1 t
Prlp) = (1= ) (14 72 t)

t
+ A <1 - / Vu(s)2 — H2(v(s)? — h(p,v))2d3> .
0
Moreover, we define

(p;v) = (1= N)po + A(p + v(log p) — a),

I(p,v) = (p,v),
G)\(pvv) = (C)\(pv U)?@)x(/)a ’U)),
F,=1-G,.

Now we prepare the following:

LEMMA 2.7.  Under the conditions as avove, assume that Fy(p,v) =0
for some (p,v) € Q. For such (p,v), let

m Jp,,

(2.29) ft) =o(t)
(2.30) g(t) :/0 H(v(s)*> = h(p,v))ds in J,,.

Then, for this p € (0,1), f and § are smooth solutions to (2.6)—(2.9).
PROOF. The proof is the same as that of Lemma 2.4. [J
By (2.28) and the Ascoli-Arzela theorem,
Gr:Q— R xCY(J,)

is a compact continuous map for any A € [0, 1]. Hence, to define the Leray-
Schauder degree deg(F}y,(2,0), it is sufficient to show the following:

LEMMA 2.8. Under the conditions as above, Fy # 0 on 02 for any
A€ [0,1].
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PROOF. Since
FO(pv U) =0

if and only if

CL2—1
) = ( po,1 t) e,
(#:) (po " 2log p1 >

we have

Fy #0 on 09.

Now we assume that Fy(p,v) =0, (p,v) € Q and 0 < A < 1. Then we
have

(2.31)  o(t) = (1—\) (1 + 2“120;1 t)

4 (1 _ /Olt Vo2 — B2 (o(s)2 = h(p,v))2d3> ,

(2.32) (L =X)(p = po) = Av(log p) — a).
Since v € M, we have

dv

— <

dt = 0

Hence we have
v(t) Zv(0)=1>ay foranyt€ J,,.
On the other hand, by (2.28) and (2.31) we have

v(t)

< v(log p1)

as +1
2

—(1-2)

+A (1 - /Obgm Vo — B2 (0(s)2 — hip, U))2d8>

=ttt [ G GG s )

1 -1
< a2 + +)\<—a22 —aglogm)

2
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az+1 az —1
=2 42
2 2
Say foranyteJ,.

Hence we have

v(t) < as foranyt€ J,,.

By (2.31) we have

Yt
dt 2log p1

Hence, by (2.28) we have
dv

— < 0.
dt =
On the other hand, we have
dv as — 1
— = - —L.
dt = 2logp1 42 >

Now we assume p = p;. Then, by (2.32) we have

02 (1= A)(p1 — po) = A(v(log p1) — a).

Hence we have
v(log p1) = a.

But, by (2.27) and (2.31) we have

v(log p1)

— M2 — H2(v2 — h(p,v))2.

ar + 1

—(1-))

+ A <1 - /Ologpl Vu(s)2 — H2(v(s)? — h(Pl,v))2d3>

as +1 as — 1
- — A
el

2 . /Ologpl Vu(s)2 — H2(v(s)? — h(phv))?ds)

—1
>a— A @T—I—logpl\/l—HQ (1—@22—1—

v

a.

0]

|H|log p1

)

279
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This contradiction implies that the assumption of p = p; is false, and we
see p # p1. On the other hand, we assume p = py. Then, by (2.32) we have

0= (1—=A)(p2 = po) = A(v(log p2) — a).
Hence we have
v(log p2) 2 a.
But, by (2.31) we have

v(log p2)

:(1_>\)(1+M>

2log p1

.\ (1 _ /Ologpz VOB = B2 (o(s)E = h(pg,v))2d8>
<(1-2) <1+“22_1)
4 (1 - /Ologm Vo) — H2(w(s)? = h(pg,v))2d8>

a o — log p2
St (e [ VAR T A s

—1
<a—)\<a22 —i—aglogpg)

=a.
This contradiction implies that the assumption of p = ps is false, and we
see p # pa.

Therefore, we have proved that (p,v) € 092. Hence, we have

F\#0 on dQ for any X € (0,1]. O

By Lemma 2.8, we can define the Leray-Schauder degree deg(F),0,€)
for any A € [0, 1], and by its homotopy invariance we have

deg(Fla 0, Q) = deg(F07 0, Q)
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Moreover, since

-1
Fo=T—(po,1+2—t),
2log ;1

we have

deg(Fp,0,9) = 1.

Hence we have
deg(F1,0,9) # 0.

Hence, there exists (p,v) € Q such that Fi(p,v) = 0. Therefore, by Lemma
2.7 we can conclude the proof of Theorem 1.2 for the case of H # 0. [J

Finally we state the proof of Proposition 1.5.
PROOF OF PROPOSITION 1.5. (1) Suppose X is a solution to (1.1)-

(1.5) of the form (1.9). Then f and g satisfy (2.1)—(2.4). On the other
hand, X satisfies (1.24) if and only if f and g satisfy the equation

2
(2.33) f2+<g—|— 1_H2> .

H? H?

Now we look for f and ¢ satisfying (2.1)—(2.4) and (2.33). By (2.2) we
have

(2.34) o (Tﬂ) = (Hf?) in I,
Hence we have

dg B 9 1
(2.35) T = Hf*+ (a H) ,

where « is some real constant. By (2.33) and (2.35) we have

2
d 1- H2
(2.36) r—i = -H <g + > +a.
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On the other hand, by differentiating both sides of (2.33), we have

d /[1—H?%\ d
(2.37) d_{“ = — (g + T) d—'z

Hence, by (2.3) we have

_ 2 2 2
(2.38) {— <g+ 1H§I )%} + f? <%> :T—12f4.

Hence, by (2.33) and (2.35) we have

1 (dg\® 1 (1 /[ dg 1 2
2, — (Y 2l (Y .
(2.39) H2 <dr> r2{H<Tdr+H O‘)}

Hence we have

o 2(a) (L (b))

Now suppose o # % Then, by (2.40) we have

dg 1 1

Hence, by (2.4) we have

(2.42) g(r) = % <a - %) log 7.

Then, by (2.36), (2.41) and (2.42) we have

2
1 1 1 1 1— H?

However, since o # 7, (2.43) can not hold for all 7. This contradiction
implies that our assumption is false, and we have

(2.44) a=—.
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Hence, by (2.36) and (2.44) we have

2
dg 1— H? 1
(2.45) rel = —H <g 1\~ ) + =
Now, let
1— H? 1

(2.46) z(r) :==g(r) + e Wi
Then, by (2.45) we have

dz H
24 - _H2 9
(2.47) = z |H|Z
Moreover, let
(2.48) u(r) == 2(ryr
Then, by (2.47) and (2.48) we have

d
(2.49) Q) = —Hu(r)2r 10
dr
Still more, let
1

2.50 =—.
(2.50) ve=

Then, by (2.49) and (2.50) we have

1 dv H 2|H|
2.51 =TT
( ) v2dr U2T

Hence we have

(2.52) — =Hr 7"
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Equation (2.52) gives us

|H| _25]
e’ H

(2.53) v(r) = 5

+ 6,
where (3 is some real constant. Then, by (2.46), (2.48), (2.50) and (2.53)
we have

1 1— H? 2
(2.54) g(r) = — — + .
|H]| H? g \H

Hence we have

1 1— H? 2
(2.55) gmimﬂ/m-nwmr

On the other hand, by (2.4) we have g(1) = 0. Hence we have

(2.56) ! wl_H2+ 2o
' |H| H2 2B —[H|

Equation (2.56) yields

(1+ VI— )

(2.57) f=——0m

By (2.54) and (2.57), (1.23) holds.
On the other hand, by (2.33), let

2
_ 2
s =y ().

Then, by (1.23) and (2.58), (1.22) holds.
Now, by (2.4) we have g(p) = b. Hence, by (1.23) we have

1 /1 — H? 2|H
(259) ? - H2 - | ’ 21H| — b
|H| (1++v1—H?)?2p H + H?
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Hence we have

2|H
(2.60) (1+/1- B2 + H? = |H] .
1 1-H>

[H] H?

This leads to

V1 — H? 2
(2.61) 1+ Viom,it = 0 VL +b|H|)H.
1—V1_ H? —b|H]|

Therefore, a simple calculation yields (1.20).
If p satisfies (1.20), we have

o 5
|H|| | I
1+ LT LI ey

(2.62) p=

Hence (1.21) holds, because bH < 0 by (1.18).

Conversely, we easily see that f and g given by (1.22) and (1.23) re-
spectively satisfy (2.1)—(2.3) and (2.58). Moreover, we also see that f(1) =
1, g(1) =0 and g(p) = b for p given by (1.20). Hence (1.24) holds. On the
other hand, by (1.19) and (2.58) we have f(p) = a. Hence (2.4) holds and
we conclude that there exists a solution X to (1.1)—(1.5) of the form (1.9)
for these f and g.

(2) Suppose X is a solution to (1.1)—(1.5) of the form (1.9). Then f
and g satisfy (2.1)—(2.4). On the other hand, X satisfies (1.31) if and only
if f and g satisfy the equation

2
1— H? 1

Now we look for f and g satisfying (2.1)—(2.4) and (2.63). In the same
manner as in the proof of (1), we get

2
dg 1— H? 1
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Now, let
1— H? 1

Then, by (2.64) we have

dz H
2.66 — =—-Hz*+2—2.
(2.66) = 2° + |H|Z
Moreover, let
(2.67) u(r) = z(r)r_%
Then, by (2.66) and (2.67) we have

du 2 —14 211
(2.68) %(r) = —Hu(r)*r H
Still more, let
1

2.69 =—.
(2.69) ve= 2
Then, by (2.68) and (2.69) we have

1 d’U H _1+M
Hence we have

d
(2.71) = = Hy
Equation (2.71) gives us
|H| 211

(2.72) v(r) = TTT + 1,
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where [ is some real constant. Then, by (2.65), (2.67), (2.69) and (2.72)
we have
1 1— 2 or i
— H
(2.73) g(r) = _? + H2 + r —
|H]| 26 + |H|r'i

Hence we have

1 /1— H? 2
2.74 1) = ——% + + .

On the other hand, by (2.4) we have g(1) = 0. Hence we have

1 1— H? 2
2.75 —_ = 0.
(2.75) m TN m T

Equation (2.75) yields

(14 VI— )2

(2.76) B = o

By (2.73) and (2.76), (1.30) holds.
On the other hand, by (2.63), let

2
_ H2
2 =\ (o)

Then, by (1.30) and (2.77), (1.29) holds.
Now, by (2.4) we have g(p) = b. Hence, by (1.30) we have

=b.

1 1— H? o|H|p K
T H]| * 2H]

(2.78) +
|H]| H? 4 VIZH2)2 4+ H2p W

This leads to

2| H
(2.79) 1+ V1 H2)2p " + H? = |H]

1 fizmr
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Hence we have

(2.80) (14 VI mE2, 4 _ (L VI H2 JH)H

1—+1—H?+b|H|

Therefore, a simple calculation yields (1.27).

(2.81) p=

If p satisfies (1.27), we have

]| —14 2 .
1- T 1+ HT—H? bl

Hence (1.28) holds, because bH < 0 by (1.25).

We can show the converse in the same manner as in the proof of (1). O
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