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The WkP-continuity of wave operators for Schrédinger

operators IIl, even dimensional cases m > 4

By Kenji YAJIMA

Abstract. Let H = —A + V(x) be the Schrodinger operator on
R™, m > 3. We show that the wave operators Wi = lim; .4 eitH
e~ Ho Hy = —A, are bounded in Sobolev spaces W*P(R™), 1 < p <
00, k= 0,1,...,¢, if V satisfies | DV ()|l pro (jz—y)<1) < C(1 + |z])7°
for § > (3m/2) + 1, po > m/2 and |a| < £+ £y, where £y = 0 if m =3
and £y = [(m — 1)/2] if m > 4, [o] is the integral part of o. This result
generalizes the author’s previous result which appears in J. Math. Soc.
Japan 47, where the theorem is proved for the odd dimensional cases
m > 3 and several applications such as LP-decay of solutions of the
Cauchy problems for time-dependent Schrédinger equations and wave
equations with potentials, and the LP-boundedness of Fourier multiplier
in generalized eigenfunction expansions are given.

1. Introduction

Let Hy = D} +---+ D2, D; = —i0/0x;, be the free Schrédinger op-
erator on L2(R™) and H = Hy + V its perturbation by the multiplication
operator V with a real valued function V(z). It is well known in the scat-
tering theory (cf. [1], [3], [9]) that, if V' is of short range in the sense that
N FrV (Hy + 1)7Y|dR < oo, where Fg is the multiplication with the
characteristic function of {x € R™ : |x| > R}, then the wave operators Wy
defined by

Wiu= lim e®He Hoy 4 e L2(R™)
t—+oo

exist and they are isometries on L?(R™) with the final set L?(H), the con-
tinuous spectral subspace for H. The wave operators satisfy the intertwining
property: f(H)Wy = Wy f(Hp) for Borel functions f and they play impor-
tant roles in the perturbation theory of continuous spectra as well as in the
scattering theory ([14]).
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In [21] and [22], we showed that W4 are in fact bounded in Sobolev
spaces WP(R™):

WEPR™) = {f € LPR™): > D[l = | fIye, < o0},
lal<¢

if either (1) the spatial dimension m > 3 is odd, or (2) m > 4 is even and
V is small or V(z) > 0, where for a = (a,...,qy), D* = D' --- D% and
|a] = a1+ -+ . More precisely, we proved the following theorem, where
¢ >0 1is an integer and m, = (m —1)/(m — 2). F is the Fourier transform,
() = (1 + |z>)"/? and H*(R™) = W*2(R™).

THEOREM 1.1 ([21], [22]). Let m > 3. Let V be a real valued function
such that, for some o > 2/m,, F((z)?D*V) € L"™(R™) for |a| < ¢, and
satisfy one of the following conditions:

1L |F () V)| pme remy i sufficiently small;

2. m=2m'—1 is odd and, with § > max(m +2,3m/2—2), |D*V(x)| <
Co(z)™0 for |a| < max{l,{+m' —4};

3. m is even, V(z) > 0 and, with 6 > 3m/2+ 1, |D*V(x)| < Culx)™®
for |a| <m +£.

Suppose in addition that zero is neither eigenvalue nor resonance of H.
Then, the wave operators W are bounded in W*P(R™) for any k =0,...,¢
and 1 < p < oo,

REMARK 1. Zero is said to be resonance of H if the equation —Au(z)+
V(z)u(z) = 0 has a solution u ¢ L*(R™) such that (1+|z|)~'~%u € L2(R™)
for any € > 0. If zero is resonance or eigenvalue of H, Wi can not be
bounded in LP for all 1 < p < oo (cf. [21]). Tt is known that H does not
admit zero resonance if m > 5 or V(z) > 0.

Theorem 1.1, however, does not cover the case that the spatial dimension
m is even and V (z) can be large negative. The main purpose of this paper is
to fill this gap and prove the following theorem, where ¢ > 0 is an arbitrarily
fixed integer; pg > m/2 and ¢y = [(m — 1)/2] if m > 4; and py = 2 and
lp =0 if m = 3. [o] is the integral part of o.
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THEOREM 1.2. Let m > 3. Suppose that V(x) is real valued and, with
6> (3m/2) +1,

1/po
(1.1) sup (x)° (/ |Dav<y>rp0dy> < o
zeRm |lz—y|<1

for|a| < +Ly. Suppose further that zero is neither eigenvalue nor resonance
of H. Then, Wy are bounded in W*P(R™) for any k = 0,...,¢ and 1 <
p < 00.

REMARK 2. Theorem 1.2 is a generalization of Theorem 1.1 when m
is even and V is large, however, none of them is stronger than the other
otherwise. We remark that under the condition of Theorem 1.2 it is possible
to find o > 2/m, such that F((z)?D*V) € L™ (R™) for |a| < L.

We refer to [21] for various applications of Theorems and the related
reference, and shall be devoted to the proof of Theorem 1.2 in this paper.
We shall only prove the LP boundedness of W assuming ¢ = 0 and m is even
> 4. The odd dimensional cases may be proved by slightly modifying the
following argument or by the method of [21]; the proof for W_ is similar;
and the extension to general ¢ may be done by estimating the multiple
commutators [Dj,, [Dj,,--- [Dj,, W4]---]] as in section 5 of [21].

We outline the proof here, displaying the plan of this paper and introduc-
ing some notations. B(X,Y) is the Banach space of bounded operators from
Banach space X to Y and B(X) = B(X,X). R(z) = (H — 2)7}, Ro(2) =
(Ho — 2)~! are resolvents and R*(\) = R(A % i0), RT(\) = Ro(\ £ i0) are
their boundary values on the upper and lower banks of C\ [0, 00). By using
the stationary representation formula ([9], [14]):

W = u— % /0 Y R OV{RT () — Ry (A) bud)

and the identity R™(A\) = Ry (A) — Ry (A\)VR™(X), we write Wiu = u +
Wiu + Wou, where

(1.2) Wi = —% /OOO Ro ()V{RT () — Ry () }ud,

(13)  Wiu= QLM /0 " R (WVR(WV{RT (V) — R (\)bud).
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In the first half of section 2, we study the mapping property of RSE()\)
and the decay and smoothness properties of the integral kernels of R(0) and
¢(H) for ¢ € C§°(R). As we think them of independent interest, these
properties will be stated and proved under much weaker assumptions on V'
than necessary in what follows. We then recall from [21] the argument that
proves W7 is bounded in LP: Express W; explicitly in the form

(1.4) Wiu(z) = / do [ Ry (t,w)ultw + z.)dt
b 2rw

where ¥ is the unit sphere, x,, = * — 2(zw)w is the reflection of x along the
w-axis and

7 i 5 m—2 itr
Ky(t,w) = W/O V(rw)rm=2et 2 gy

it follows by Minkowski inequality and the fact that * — x, is measure
preserving that for any o > 1/2,

(1.5) [WiullLe < 2| Kv |l 11 ([0,00) x5 [l Lr
< CIH) V| grom—sy /2 |ull e < C'|Jul| .

We wish to show that Ws is bounded in LP by proving the well known
criterion:

(1.6) maX{sup /R [Wa(z,y)|dy,  sup /R IWz(x7y)\dw}<oo

zeR™ yeR™
for its integral kernel Wa(x,y). It can be written as

1

(1'7) W2<:Ea y) = 27”/0 <R_ (k2)V(G+,y7k - G—,yJC)? VG+,x,k>dk2v

where (-, -) is a coupling between suitable function spaces and G4 , () =
G+ (x—y, k) are the kernels of R(T (k?) or the incoming-outgoing fundamental
solutions of —A — k2. They satisfy G (x, k) ~ Cetiklel|g|~(m=1)/2}(m=3)/2
as |x| — oo and crude estimations would only yield

(1.8) |the integrand of (1.7)| < Ck™ 3 (z)~(m=1)/2(y=(m=1)/2,

Thus we are faced with the two difficulties:
(1) High energy difficulty: The integral (1.7) does not converge abso-
lutely at k = oc;
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(2) Low energy difficulty: If we restrict the integral (1.7) to finite in-
tervals, (1.8) produces only |Wa(z,y)| < C(x)~(m=1D/2(y)=(m=1/2 which is
insufficient for (1.6). For obtaining improved decay property, we exploit the
oscillation property of G4 (x, k) and apply integration by parts with respect
to the variable k. However, the singularity at k = 0 of G (x, k) prevents us
from doing this as many times as necessary if m is even.

To separate two difficulties, we decompose W5 into the low and the
high energy parts and consider Wa 4, = ¢1(H)Wap1(Ho) and Wa pign =
$2(H)Wagae(Hp), where cut off functions ¢; € C§°(R') and ¢o € C°(R')
are such that ¢1(A\)? 4+ ¢2(A)? =1, and ¢1()\) = 1 for [A| < 1 and ¢1(\) =0
for |A| > 2. Note that Wi = Z?:l ¢j(H)Wi¢j(Hp) thanks to the inter-
twining property of W4 and ¢;(Hy) and ¢;(H), j = 1,2, are bounded in
L? as proved in section 2. We show W3 4, and W3 p;gp are bounded in LP
separately.

In section 3, we treat the low energy part Wjs,. We split R™(\) =
R~(0) + R~(\) to single out the contribution of R~(0) and decompose as
Wajiow = WQ( lz)w + W2(212;w accordingly. In virtue of the orthogonality of
Hardy functions in the upper and the lower half planes, we have

(1.9) WQ( Ll = 01(H {217” /O:O Ra(A)VR(O)VRS“(A)d)\} o1(Ho)u;

using the identity (R (\) — Ry (A\)é1(Ho) = (Rg (M) — Ry (M)¢1(X), we

write
(110) Wi,u= 5 [~ o B VR WV R () - R5 )

X p1 (N1 (Ho)udA,

where ¢ € C3°(R) is such that ¢1(A\)é1(\) = ¢1(N). For dealing with
W2( llw it is important to observe the following: If we write the integral

kernel of R=(0) by K(z,y) and set My(z) = V(2)K(z,z—y)V(xr—y), then

W2(1l)ow can be expressed as a superposition
(1.11) Wy htt = / G1(H)W1(My)¢1(Ho)uydy,

where u,(z) = u(x — y) and W;(M,) is defined by (1.2) with M, in place
of V. We show in section 2 that

(112 S 1) My 2oy < o0
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for some o > 1/2. Since (1.5) and (1.11) imply that |]W2(1llwu||Lp is bounded
by a constant times

[ WAl lllody < € [ 1@ My sy dy - [l

W2(1l)ow is bounded in LP.
We treat W2(2[) as follows. Set G+, x(y) = eﬂk‘x|éi7x7k(y) to make os-

ow
cillation property explicit and write its integral kernel in the form
2 2),+ 2),—
Wéyzlw(w’ y) = W2(,12)w (z,y) — WQ(,lzm (z,y):
113) W2k (e y) = — [ e * T (R () VG, VE
(1.13) Woloy (2,y) = 5 ¢ (R™(E)VGiyk, VGiak)

X p1 (k2)dk?,

where we ignored the harmless factors ¢, (Hy) and ¢1(H). We then apply
integration by parts with respect to k variable £ = (m + 2)/2 times (when
m is even):

1 oo Dfe—ik(zIFlyD) - - -
/0 ke R (K Gty Vg o) 1 () A

 2mi (Jy[  J=])*
(L14) 4 /°° e_ik(lwlxly‘)Dé{k@—(k?)vé VG 2x)é1(K?)}dk
= — A (‘w‘ = |y|)£ k +,y,k> -‘r,x,k) 1( } )

and gain the addition decay factor (|z|F|y|)~¢. Here the boundary terms do
not appear and the integral converges absolutely because R‘(k:Z) vanishes
at k = 0. (Actually we apply the integration by parts in a little more
elaborate way. See the text for the details.) In this way we arrive at the
estimate

(1.15) Wik (2, y)] < C(1+ |Ja] F [y||)~"+2/2 (z)=(m=1/2 () ~(m=1)/2

Jow

and W2(213;w(337 y) indeed satisfies the criterion (1.6). Though the splitting of
R=(\) as above is unnecessary when m is odd because of simpler structure
of G4 (z, k), it makes the proof of the theorem simpler even in that case.
In section 4, we prove that the high energy part Wjpign =
¢2(H)Wapa(Hyp) is also bounded in LP, overcoming the high energy dif-

ficulty by the method similar to one that was employed in section 4 of [21]:
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We decompose Wa into 2N 4 1 summands: Wy = S 2VF2(—1)"Ww ™) by
expanding R~ (k?) as
2N-1

(1.16) R™(K*) =} (=1)"Rq (K*)(V Ry (k*))"
n=0

+HR™(K)V)NR™(K*)(V Ry (k%)™

and inserting (1.16) into (1.3). A repeated application of the argument
leading to (1.4) shows that W® ... WEN+D haye expressions similar to
(1.4), and the estimate similar to the one used for proving (1.5) implies that
they are all bounded in LP.

To prove WEN*2) is bounded in LP, we let Fy(k?) =

_ _ _ . (2N +2)
(R=(K*)V)NR™(k?)(VRy (k*))N and define the integral operator Whigh
with the integral kernel W,EQNH)( Y) = }E?g+2)’+(x,y)—W}E?gl+2) (z,y):

424y L% ikaly)
(1.17) Wyign (x,y) = 2m,/0 e Y
X (FN(K*)V Ga y i, VG o i) b2 (k) dR?,

where ¢y € C®(R) is such that ¢o(\) = 0 near A = 0 and go(N)¢ga(\) =
¢2(A). Then we have go(H)W N2 gy (Ho) = o (H)W oyt 6o (Hy). 1f N
is sufficiently large Fyy(k?), as an operator valued function between suitable
function spaces, decays rapidly as k — oo and the integrals (1.17) converge

absolutely. Moreover, integration parts with respect to k variable as in the
proof of (1.15) yields

Wiign ™ (2, 9)| < O+ llal F [y|]) =02/ ()~ (m /2 () =m0/,

which shows that W}gﬁﬁ) (x,y) satisfies the criterion (1.6). In this way the
argument is very much similar to that of the previous section and of section
4 of [21], and therefore, we shall be very sketchy in section 4.

Acknowledgement. We thank Professors Kazuhiro Kurata, Minoru Mu-
rata and Shu Nakamura for many helpful discussions.

2. Preliminaries

In this section we first study the mapping property of Rat()\), A >0, and
the decay and smoothness properties of the integral kernels of R*(0) and
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¢(H), ¢ € C§°(R), under the conditions which are more general than in
1.2. We then recall from [21] the argument for proving the LP boundedness
of Wi. For 1 <p,q < oo and 6,¢ € R, LY(R™) is the weighted LP-space:

LYR™) = {f € LL,.(R™) : | fll 2 = [1(2)° fllze < 00} ;
HE(R™) is the weighted Sobolev space:
H{R™) = {f € S'(R™) : |(1+ [2)*2(1 = 2)2f |2 = | fll gz < 00} 5

and ((L?) is the amalgam space:

1/p
G(LY) ={f € Lipe(R™) < | fllp(10) = ( Y 11 aggu ) < oo},

nezZm

where for n = (n1,...,nm), Qn = [n1,n1 + 1) X -+ [Ny, Ny + 1) is a unit
cube.

2.1 Resolvent estimate for Hj

If s > 1 and t € R, the resolvent Ro(z) = (Hop — 2)~!, which is origi-
nally defined as a B(L?)-valued analytic function of z € C\ [0, 00), can be
extended continuously to the closure C\ [0,00) (in the Riemann surface of
log z) when considered as a B(H!, H"?)-valued function ([9]). We denote
the boundary values on the upper and lower edges by lim._, 19 Ro(\ £i€) =
RE()), A € [0,00). The following mapping property of R(T()\) is well known
(cf. Murata [12] and Jensen [4]). In what follows, Dj will denote —id/0k
and should not be confused with —id/0z. [o] is the largest integer not
greater than o € R.

LEMMA 2.1. Let ¢ =0,1,2,---,t € R and s > ¢+ 1/2. Then, as a
B(HY, H™?)-valued function of k, RE (k?) is C* in k € (0,00). Moreover:

1. Forj=0,1,---, and 0 < i < 2+[(j+1)/2), |DLRG (-] g e, g5y <
Ck=1% k>1.

2. If € > 2, then RE (k?) has the following expansion in B(H!, H"?) valid
for k — 0:
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2

Zijj+K2(k), when m = 3;
j=0
1 .
(21) RE(KY) ={ D G;k¥ + Fik®loghk® + Ka(k),  when m = 4;
J 10 |
Z ij‘% + Ko (k), when m > 5.
j=0

Here F1,G; € B(H., H™?), and Ko(k) stands for a B(H!, H?)-valued
C*-function of k such that, for 0 < j < £, HD%KQH = o(k*77) as k — 0.
Relation (2.1) remains valid if the boundary values RE (k?) are replaced by
Ro(k?), Im k > 0.

In section 4, we shall also use the following mapping property of
D‘ZRSE(/@Z) between LP type spaces. For 0 < ¢ < (m — 1)/2, P} is the
pentagon in the (x, y)-plane surrounded by five lines z = 1,z = 1/2 4 (2 +
1)/2m,y =0,y =1/2—(2(+1)/2m and y = x—2({+1)/(m+1), where the
segments {(z,0) : 1/24+ (20 +1)/2m <z <1} and {(1,y): 0<y <1/2—
(2¢4+1)/2m} are included. Note that (1/24(¢+1)/m,1/2—(¢+1)/m) € P}
as long as £+ 1 < m/2.

LEMMA 2.2. Letj=0,1,...andlet 1 <p<g<ooand1 <r<p<
oo be such that 1/r > 1/q — (j + 2)/m, where the equality is inclusive only
when 1/q—(74+2)/m > 0. Then, DiRa—L(kQ) satisfies the following mapping
property:
(a) The case m is odd > 3:

1170 < j < (m—1)/2, DLRE(K?) € BUP(LY), £2(L") for (1/p.1/p) €
PT and

|DLRE ()| pen (ray ao (1)) < CjEM™/P=1/0)=273 k> 1.

2.If (m —1)/2 < j < m =2 DIRF() € B(ll_, (L9,
0 (m—1)2(L")) and

J RE (k2 (m=3)/2
HDkRO (k )HB(Z;,(m,1>/2(Lq):fioj+(m71)/2(LT)) < Cjk , k>1.
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3. If j >m —2, DIRE(K?) € B(L}_ 1)/ L (1)) and

| DLRG (K bz JSOEMIR >

m—l)/2’L0—0j+(m—1)/2
(b) The case m is even > 4:

1 If0 < j < (m—2)/2, DLRE(R?) € B((L9),0%(L7)) for (1/p,1/p) €
P}” and

IDLRE ()| Ben(ray o (rry) < CiEMIP=HO=270 0 > 1,

2. Ifm/2 < j <m—3, D{Ry (k) € BU}_ (1) /5(L) % (1) /2(L7))
and

< CEM=I2Z k>,

HDiR(jf(kz)HB(zJ{( (L9),0

m—1)/2 c:ojjt(mfl)/Q(Lr))

8. If j = m —2, DRy (K?) € B(L:_(,_1)o(L9), LS _yy s5) for any
1 <q< o0

IDLRE ()l e LAY

m—1) /2L 1y 0) =
. i >+ o0

< Cjkm=32 g >,

IDLRS (6l e

mfl)/Q’Liojﬂ»(mfl)/Q)

For proving Lemma 2.2, we use the following lemma. We write uy(z) =

LEmMMA 23. (1) If1<p<qg<o0,6>0andk >1, then Hungg(Lq) <
Ckm/p%”“”eg(m)
(2) If1 <r < p < o0, 6 >0 and k > 1, then Hu:[/kuelié([/r) <

—m/p+6
Ck=mie HuHé‘i&(LT)'

PrROOF. We only prove the first statement for integral £ > 1. General
case may be proved by a slight modification of the following argument. The
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second statement follows from the first by the duality. If £ > 1 is integral,
we have by Holder’s inequality:

| felp oy = 22 ()™ (/Q !f(x/k)lqu)p/q

neZ;” 6 " /q
_ mp/q /,,\P q
_ngz:mk (n) (//k |f(2)] dx)
p/q

= e/t 3 { > (/ |f(x)|qu> (n>p5}

jezm \QufkcQ, \/Qn/k

p/q

< jmp/a Z (km)l—p/q ( Z / \%l:r) (Ck<j>)p6

jezm Qn/kCQ

= OV Y (/Q |f (x )|qu> ()P0 = CPK™ P £ 0y

jezm
where the constant C' depends only on the spatial dimension m. O

Proor orF LEMMA 2.2. We prove the lemma when m > 3 is even. The
proof for the other case is similar. It is well known that R(jf(kQ), k >0, are

convolution operators with the outgoing (+) or incoming (—) fundamental
solutions G4 (x, k) of —A — k% ([15]):

+i
A(2m)V[a|m=2

-2
(la))” B (k|2]), v="—2

(2.2) Gi(z, k) = 5

where H) (2) is the Hankel function and by Hankel’s formula ([20])

9eFi(2v+)m/4,Eiz  roo L\ v—1/2
(23) H(z) = fefr(w o A (+5)
77 0

Here and hereafter we use the superscript + in stead of the traditional 1,2
for Hankel functions and v = (m — 2)/2. A simple computation shows that
D} RE (k?) enjoys the homogeneity property

(2.4) [DLRy (K)u](x) = k™72 (D] Ry (k) lg=rux } (k)
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We prove the lemma for the case k = 1 first. Let ¢ € C§°(R™) be such
that ¢(z) = 1 for || < 1 and ¢(x) = 0 for |z| > 2. Write GS_L)( ) for
the convolution kernel of D] RE (k?)|p—1 and set G(j) 4(z) = G (z)¢(z) and
G(J) i(x) = Ggﬁ)( )(1—¢(x)). Differentiating (2.2) and (2.3) by k shows that
G(J ) % (x) satisfies the following estimate:

A C;(1 + |z[2~mH), if m isodd,
|G§i(m)| <] Cj({log|z|) + |z|>~™+7), if m isevenand j < m — 2;
Cj, if m isevenand j>m — 1,

and that G(J) (x) can be written as

(2.5) Gg]’:)t(x) — eii|x|aj7i(x)|x|(2j—m+1)/2

where a;+(x) € C*°(R™) is supported by {|z| > 1} and satisfies for any a
D% (x)| < Cjalz| ™.

Since G §” )i(ﬂc) is supported by the compact set {|x| < 2}, the convolution

operator ng i with ng i () can be easily estimated by using the fractional
integration theory and Young’s inequality:

(i) fo<j<m-—3, ngi € B(P(L1),¢P(L")) for any 1 < p < oo and
1<r<ocifl/g< (G+2)/m;1<r<ocoifl/g=(j+2)/m; and
1q—(G+2)/m < 1/r < 1if 1/g > (j +2)/m.

(i) If j = m—2, ngi € B(¢P(L9),¢P(L>®)) for any 1 < p < oo, and
1< g <oo(if misodd ¢g=1 can be included);

(i) Ifj>m—1, ng)i € B(¢P(LY), ¢P(L>®)) for any 1 < p < oo.

On the other hand G(J ) ). (z) contains the oscillating factor e***! and we
estimate the convolution operator ng)i with the kernel (2.5) by a theo-
rem of Sogge (cf. [19], Lemma 5.4). We combine the result with the fact
ng)i € B(LP,L*°), 1 < p < 2m/(m + 25 + 1), which follows from Young’s
inequality, by using the interpolation theorem and the duality. We obtain
the followings: '

(iv) If j < (m —2)/2, then ngi € B(LP,LP) for any p and p such that
(1/p,1/p) € P where P'" is the pentagon defined as above.

(v) Ifj > m/2, then 2j—m+1 > 0and GY. € B(L_ 1) 100 L 1) 12):
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Note here that ' (L%) C ¢*(L%) whenever p; < pp and q1 > ¢2. Thus,
combing estimates (i) ~ (v), we obtain the lemma for the case k = 1.

It remains to estimate the operator norm for k£ > 1. When j < (m—2)/2
the estimates in the lemma immediately follow from (2.4) and Lemma 2.3.
When j > m/2, the direct application of Lemma 2.3 would produce the

()

superfluous power k/~!. Note, however, that in this case Gs i (z—y) satisfies
GEL (@ — )| < C(Ja 72 4|y CImmEN 2 4 1),

and ngi is in fact a sum of two operators, one in B(L}_(m_l)/Q, L*°) and the

other in B(L*, Lioj-l—(m—l)/Q)' Hence, say in the case (b.2), D{;Rg(kzz) may be

written as a sum of two operators, one in B(f}_(m_l)/Q (L7),0°°(L")) and the
other in B(¢!(LY), E‘f}Hm_l)/Q(L’")). Applying Lema 2.3 to each summand
separately and combining the results, we obtain the desired estimates. O
2.2 Integral kernels of ¢(H) and R(0)

In this subsection, we study the integral kernel of ¢(H) (resp. R(0))
assuming that V' is of Kato class (resp. very short range). A real valued
function V' (x) is said to be of Kato-class if

v
(2.6) lim sup / %dy =0
0 yeRm Jjz—y|<e [T — Y|

and to be very short range if, for some v > 0, (z)?T7V (x) satisfies (2.6).
In particular, we have for very short range potential that

V()

Y[ dy < o0.

_ 24y
eT) Wl = s @ [
We note that V' which satisfies the assumption of Theorem 1.2 is very short
range.

If V is of Kato class, then, the multiplication operator V' with V(z)
is Hyp-form bounded with relative bound zero and H = Hy + V defined
via the form sum is self-adjoint([13]). If we write A(x) = |V (z)|'/? and
B(z) = V()2 = |V(x)|"/?sign V(z) and A and B for the multiplications
by A(z) and B(x), respectively, then

(2.8) R(z) = Ro(z) — Ro(2)B(1 + ARy(2)B) 1 ARy(2), z€ C\R.
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The following lemma solves an open problem in Simon ([17]):

LEMMA 2.4. Let V be of Kato-class and ¢(\) € C§°(R). Then, the
integral kernel ®(x,y) of ¢(H) satisfies |®(z,y)| < Cs(1+ |z —y|)~° for any
6 > 0. In particular, p(H) is bounded in LP for any 1 < p < oo.

PRrROOF. The following argument which has simplified the original proof
is due to Shu Nakamura (private communication). If we set V,(z) = V (z+a)
and H(a) = Hyo+V,, ®(x+a,y+a) is the integral kernel of ¢(H (a)). Hence,
it suffices to show
(2.9) sup |(z,y)| < Cs(1+|a|)~°

ly|<1

with constants Cs which is independent of a if H is replaced by H(a). (We
say that an estimate holds uniformly in a if it does with the same constant
when H is replaced by H(a), a € R™). Write ¢(\) = (A — 2) "V (\) (A —
2)™N so that ¢(H) = R(2)N(H)R(2)N. By Theorem B.6.3 of [17], R(z)
is bounded uniformly in a from L% to Lg and from Lg to Lg° for any 6 € R,
if N and real —z are large enough. On the other hand ¢(H) is bounded in
L% uniformly in a as will be shown below. Hence, ¢(H) is bounded from L}
to Lg® uniformly in a and

sup  (2)°|® (. )|
reR Jy|<1

< Cs sup{||(H)ul|zge « [Jullr =1, supp u € B(O,1)}
< Csllo(H)l p(r1 poey < o0

It remains to show that ¢(H) is bounded in L2 for any § > 0 uniformly

in a. It suffices to show that for any choice of 1 < ji <m,k=1,...,¢ and
(=1,2,...
(2.10) g0 (g5 -+ [0 W (H)] -l Br2) < Co

uniformly in a. Let ¢(z) be an almost analytic extension of ¥ (A) which
satisfies for any n and N > 0,

(09/02)(2)] < CanlIm 2" (1 + [z, zeC

and write

(2.11) py =L [ 9

_ s
=5 082(2)(}] z)"HdzZ Ndz
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(cf. [5]). Then, using inductively the obvious identity i[z;, R(z)]
R(2)pjR(z) and using the fact that |R(z)|| < [Im 2|7! and ||p;R(2)| <
C|Im z|~!, where the constant C is independent of a (cf. [17]), we immedi-
ately obtain the desired boundedness (2.10). O

Al

If V is very short range, then V is form compact with respect to Hoy;
and in virtue of Lemma 2.1, the boundary values

lim ARy(\ +ie)B = QE())

exist in the operator norm of L? and are locally Hélder continuous in A\ €
[0,00). Moreover, 1 + QZ(\) is an isomorphism of L*(R™) if and only if
A is not an eigenvalue of H (A is not the eigenvalue or resonance of H if
A = 0). Thus, if non-negative eigenvalues and zero resonance are absent
from H, then the boundary values of the resolvent
(2.12) h%R(A +ie) = RT(\)

= Rg(\) — Ry (M) B(1+ Q5 (V) 'ARF ()

exist for all A € [0,00) in the operator norm of B(L?, L? ;) and are locally
Hélder continuous in A € [0,00) as well. Note that R3 (0) is independent of
the sign 4 and so is R¥(0). We write RZ(0) = Ro(0) = G and R*(0) =
R(0). We have the following lemma on the integral kernel of R(0).

THEOREM 2.5. Let V(x) be very short range. Suppose that zero is
not an eigenvalue nor resonance of H = Hy + V. Then, R(0) has the

integral kernel K(x,y) which is jointly continuous for x # y and satisfies
|K (2, y)| < Clo —y]>™.

We begin the proof of Theorem 2.5 with the following elementary lemma.
In what follows we assume that (x)2t7V (x) satisfies (2.6) for some 0 < v <
1.

LEMMA 2.6.Let 0 < p < v < 1. Then, with a constant C1 depending
only on m,p and v,

(2.13) /R WrAViy)idy < G|V ()75

m o —y[m2
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C il %
ey | VRl Gl + w1V
R |z — 2|2z —y|™ |z — y[™

Proor. Take ¢ € C§°(R™) such that ¢(z) = 0 for |z| > 1/2 and
Jrm ¢(2)dz = 1. We estimate the integral over |z — y| > 1 as follows:

W)*IV(y)ldy )PV (y)|dly — 2)dy
/x—y|>1 B / m 4 ~/|:z7—y>1 }

2= yim=2 [z — g2

< 2m—2/ mdz{/ ) <y>”V(y)\¢>(y—z)dy}

14|z — zQW—Z
< CallVlly gl [ ; <
< Ca ™) R (14 |z — 2|)m2(z)2— =

G|V ) ().

Since the integral over |x —y| < 1 is obviously bounded by a constant times
[V ][ () (z)?~277, we obtain (2.13).

Write w = z — y and change the variable z by z +y. Let Q1 = {z :
lw|/2 < |z]} and Qg = {z : |w|/2 < |z — w]|}. It is clear that R"™ = Q1 U Qs
and by using (2.13) with p =0,

/ V(z+y)ldz 2m—2/ V(z+y)|dz
Q

Lo =22z T w2 R Jw — 2

< Cufa) PV ;

/ V(z+yldz  _ 2m—2/ V(2 +y)|dz
(9] m

O e L e (S |22

< Co{y) P V]| sy
Adding these up, we obtain (2.14). O

The following is a corollary of Lemma 2.6 and proves Theorem 2.5 when
V' is small.

LEMMA 2.7.  There exists a constant Cy > 0 such that, if || V| ) < Co,
then the integral kernel K (z,y) of R(0) is continuous for x # y and satisfies
|K(z,y)] < Clw —y|*™.

PROOF. The integral kernel of Gy = R (0) is given by the Newton
potential Go(z — y) = cm|z — y[>~™, ¢ = D(m — 2/2)/4x™/2. By Schwarz



Schrodinger operators 111 327

inequality and (2.13) with p =0,

(QE(O)u, )] < cm /Rm ’A@)”@(i)ﬁﬂ”“(y”dydw
A=) Plu(y) is ( |B(y)Plo(x)[? )” ’
<cm (/ e dxdy) / w Jo—gm2 dydx

< emC[V | ullffo]]-

Hence, 1+ QF(0) is invertible in B(L?) if IV]l(7) < (€mC1)~t, and we may
expand (1 + QZ(0))~! into the Neumann series in (2.12) with A = 0 to
obtain

R(O) =Gy — GoVGy+ GogVGoVGy — -+ -.

Since any V' with ||V]|(,) < oo may be approximated arbitrarily close by
Cg° functions in the norm || - ||(y/), 7" < 7, it is easy to see that the integral
kernels of the summands of the series are continuous for x # y. Moreover
estimating them inductively by using (2.14), we obtain a majorant series
S0t 2C[ V()™ — y[>~™ for K (x,y). The latter series converges
uniformly on every compact subset of {(x,y) :  # y} and produces the
bound |K(z,y)| < Colz — y|* ™ if 2¢,,C1||V[|(5y < 1. This proves the

Lemma. O

For proving Theorem 2.5 for general potentials, we shall use the following
lemma. For 0 < p < min(1,7), &, is the Banach space defined by

(2.15) Ay = {u e CR™\{0}) : [lullx,
= sup (x)P|z|"?|u(x)| < oo}.
zeR™\{0}

We remark here that if K (x,y) is as in Lemma 2.7, then K,(z) = K(z+y,y)
belongs to X, and y — K, is an &, valued continuous function. This
can be easily seen by the proof of the lemma (note that K,(z) is Ko(z)
corresponding to the potential V,(z) = V(z + y) and y — Vj, is continuous
in the || - [|(y) norm, 5" < ).

LEMMA 2.8. Let Vi € C°(R™). Let Ko(z,y) be continuous for x #y
and satisfy |Ko(z,y)| < Clz — y|*”™. Define the integral operator Z, for
y € R™ by

(2.16) Zu(z) = /Rm Ko(z + y, 2 + y)Vi(z + y)u(2)dz.
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Then, Z, is a compact operator in X, and is norm continuous with respect
toy € R™.

PrROOF. We prove the lemma for m > 5. The proof for m = 3,4 may
be given by slightly modifying the following argument. Let S be the unit
ball of X,. Then for u € S, we have as in (2.14)

Vi(z +y)l(2)7dz

R fo = o[22

(2.17) |Zyu(z)] < C

<

Cla[*=™, |z| <1
Cylz~™, Jal > 1,

where Cy is a constant bounded for bounded y. Let v € C§°(R™) be
such that ¢(z) = 1 for |z| > 2 and ¢(x) = 0 for |z| < 1. Set, for ¢ >
0, Ye(z) = t¥(x/e) and let Z, . be the integral operator defined by (2.16)
with Koe(z,y) = ve(x — y)Ko(z,y) in place of Ko(z,y). Because of the
estimate (2.17) and the fact that Ko.(x,y) is jointly continuous with respect
to (z,y), it can be easily seen via Ascoli-Arzela’s lemma that Z,. is a
compact operator in X, and is norm continuous with respect to y. On the
other hand, for y in a compact subset of R™, Z, cu(x) = Z,u(x) for |x| > Cy
and we have for v € S and € — 0

sup [2|"?|Zy cu(x) — Zyu(z)|
zeR™

< ¢m sup |z|™2
|z[<Co

/ (2)![Vi(z + y)|d=
lx—z|<2e |33' - Z‘m_Q‘Z’m_Q
|z|™2dz

T — 2|2 [z[m2

< sup C
|z|<Co |z—2z|<2€ |

2
d
< Cé sup/ |o°d> -0
|

zeRm™ J|z|<2/|x| ’JA,‘ — Z|m*2|z|m72

uniformly with respect to y, where & = «/|z|. This shows that Z, . converges
to Z, in the operator norm of X, locally uniformly with respect to y. Hence
Z, is compact and is norm continuous. O

PROOF OF THEOREM 2.5. Decompose V(z) = Vy(z) + Vi(x) in such
a way that [|Voll,) < Co and Vi € C§°(R™), where Cp is the constant
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appeared in Lemma 2.7. Denote by Ky(x,y) the integral kernel of Ky =
lim_(Ho + Vo £i0)~!. In virtue of Lemma 2.7, Ko(z,y) is continuous for
r # y and satisfies |Ko(z,y)| < Clz — y|> ™. Thus, by Lemma 2.8, the
integral operator Z, defined in X, by (2.16) with this Ko(z,y) and Vi(x) is
compact and is norm continuous with respect to y.

We show that 1 + Z, is an isomorphism of X,. Suppose that u(x) +
Zyu(x) =0, u € X,. Then |u(z)| is bounded by a constant times the RHS
of (2.17) and repeating the similar estimate implies that w(z) is continuous
and satisfies |u(z)] < C(z)?>~™. (This may also be seen by the elliptic
regularity theorem for Schrédinger operators with Kato class potentials, see
e.g. [16].) Set uy(z) = u(x —y). wy is continuous, |uy(z)| < (z —y)*>=™
and it satisfies the integral equation

)

(2.18) uy(z) + o Ko(z, z)Vi(2)uy(z)dz = 0.

By applying —A + Vy(z) to (2.18), we see —Auy(x) + V(x)uy(r) = 0. It
follows that u(z) = 0, since u, € L2,_ (R™) (or u, € L*(R™) if m > 5),
and since we are assuming that zero is not resonance nor eigenvalue of
H = Ho+ V. Thus 1 + Z, is an isomorphism of &,.

Set Koy(x) = Ko(x + y,y). By the remark after the definition (2.15) of
X,, Koy is an X, valued continuous function. Hence, K, = (1 + Z,) "' Ky,
is well defined and is also an X, valued continuous function. Set K (z,y) =
Ky(r —y). K(z,y) is jointly continuous for x # y; |K(z,y)| < Cy{z —
y)P|lz — y|>~™ with Cy bounded for bounded y; and it satisfies the integral
equation

(2.19) K(z,y) = Ko(z,y) — /Rm Ko(z, 2)Vi(2)K (2, y)dz.

Note that (2.19) and (2.17) imply that K (x,y) in fact satisfies the estimate
|K (z,y)] < Cylz — y[*>™, where Cy, is again bounded for bounded y.

We show that K (z,y) is the integral kernel of R(0) and it satisfies the
estimate mentioned in the theorem. Denote by K the integral operator with
the integral kernel K (z,y). Then, for u € C§°(R), Ku(z) is continuous,
|Ku(z)| < C(z)?>~™ and, in virtue of (2.19), Ku = Kou—KyV; Ku. Subtract
R(0)u = Kou — KoViR(0)u from this equation side by side and write v =
R(0)u—Kwu. Thenv € L?__, e > 0, and it satisfies v+ KoViv = 0. Applying
Hy + Vp to both sides of this equation implies —Av(x) + V(z)v(x) = 0 and
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we conclude v = 0 because zero is not a resonance or an eigenvalue of H.
Hence Ku = R(0)u for any u € C§° and R(0) = K. Since R(0)* = R(0),
we have K (z,y) = K(y,z) and |K(z,y)| < Cyz|z — y[>™ with C, bounded
for bounded x. Going back to (2.19), we conclude |K (z,y)| < Clz — y|>~™.
This completes the proof of Theorem 2.5. O

Since K (x,y) satisfies —A, K (z,y)+ V() K (z,y) = 6(x —y), we expect
from the elliptic regularity that K(z,y) is smooth where V is. We prove
the following result.

LEMMA 2.9. SupposeV is as in Theorem 2.5 and, in addition, D*V (x)
satisfies (2.7) for |a| < €. Let K(z,y) be the integral kernel of R(0). Then,
fory #0, K(z,x —1y) is C* with respect to x € R™ and |DEK (z,z — )| <
Calyl*™™, lal < ¢.

PROOF. Let 7, be the translation by h and Vh( ) =V(xz+ h) Then
K(z+ h,y+h) is the integral kernel of 7, R(0)7;, " = (=A+ V) ™! = R, (0)
and the resolvent equation Rp(0) — R(0) = —Rh( )(Vi, — V)R(0) implies
that

K(x+h,y+h)—K(z,y) = — - K(x+h,z+h)(V(z+h)-V(2)K(z,y)dz.

Hence Theorem 2.5, Lemma 2.6 and the assumption on DV together imply
(0)0R)K (3 + hyy + h)|ho = — /R K (z, 2)(0V/02))(2)K (2, y)dz.

Repeating this argument, we obtain

o

DiK(@+hy+h)h=o=>Y, . CapaGarrar(®:1),
=101+ +op=a
where Go, . a,(,y) is the integral kernel of R(0)V()R(0)---V(*)R(0).
Applying Theorem 2.5 and Lemma 2.6 and using the assumptions on D*V
for estimating G, ... o, (z,y), we obtain the lemma immediately. O

We need the following lemma.

LEMMA 2.10. Let1<p,q,r < oo satisfy ' >p~t4+q~ ' —1. Then:
(1) If po <m and p+o >m. Then ||f*glles (1) < Cllfllesere) -

pt+o—m
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9lleee (a) -
2) Ifporo>m, then ||f*glle o) < Cllflleewe - glleews-

p,0)

PrOOF. Take ¢ € C3°(|z| < 1/2) such that [¢(z)de = 1 and set
fy(z) = ¢(x — y)f(x) and etc. Clearly f, is supported by y + B(O,1/2),
f(z) = | fy(z)dy and we may write

(f *g)(x) = / (f, # 92)(@)dydz.

Note that f, * g, is supported by y + z + B(0O,1). It follows by Young’s
inequality that, if Q* is the cube of side 4 with center at the origin,

17+ lrian <€ [ oMl Rem) 921
y+z—neR*

< Ol enllollezmo) | (y) (=) " dyd:.
y+z—neR*

Estimating the last integral in a standard fashion, we obtain the lemma. O

The following lemma implies the estimate (1.12) in the introduction.

LEMMA 2.11. Let V satisfy (1.1) for |af < [(m —2)/2] and 6 > (m +
3)/2. Then:

1/2
(2.20) / - {/<x>2”|DaV(a:)D5K(a:,a: —y) D'V (x — y)|2d:p} dy < o0,
forla+ B+~ <[(m—2)/2] and o < 6 — 2.

PROOF. In virtue of Lemma 2.9, the left hand side of (2.20) is bounded
by a constant times

2 2 1/2 dy
(2.21) / {/(@ 7DV () DTV (2 — )| d:z} =t
We estimate (2.21) by applying Lemma 2.10. We denote the function

{-- 312 in (2.21) by Wa (y). If m = 3, we have only the case a = 3 = v = 0.
By using Lemma 2.10, (2), we have

1/2
Wooly) = { [0 V@)V - pPde} € 62, (L2).
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Hence, if 0 < 6 — 2, we have (2.21) < [gm ([Way(y)|/|y])dy < oo.

When m = 4 or = 5, we only prove (2.20) for the case |a| = 1 and
B =~ = 0. We may assume po(> m/2) is close to m/2. We have |V|? €
059(L9/2) 1 /g0 = 1/pg — 1/m, by Sobolev’s lemma. Thus Lemma 2.10 im-
plies Woy € 42 (L"), 1/r = 2/pp — 1/m — 1/2 < 2/m, and
Jrmn ((Wary(W)]/1y]™?)dy < oo, if 0 < § — 2. The proof for m > 6 is
similar (in fact easier) and we omit the details. O

2.3 LP? boundedness of W
We close this section by recalling the argument in [21] that shows that
W1 defined by (1.2):

Wiu(x )——%151{51/ Ro(A —ie)VRy(A + ig)u(z)dA

is bounded in LP. We begin with the following lemma (Lemma 2.3 of [21]),
which may be proved by computing the inverse Fourier transform of essen-
tially one dimensional function & — (2n¢ — n? + ie)~ L.

LEMMA 2.12. Letn € R™\ {0} and 7 =n/|n|. Then

ix§ ny oo .

(2.22) lim

elo (2m)™/2 JrRm 2n€ — n? + i

The following proposition proves that W; is bounded in I? under a
rather mild condition on V(z). ¥ is the unit sphere of R™ and dw is its
surface element.

PRrROPOSITION 2.13. Set forte R and w € &
= _ i 5 m—2_itr/2
(223) KV(t,CL)) = WA V(TW)T e / d’l".

We write x, = © — 2(aw)w for the reflection of x along the w-axis. Then:

1. The operator W1 can be expressed as follows:

(2.24) Whu(x) = /Edw - Ky (t, w)u(tw + z,)dt.

2w
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2. For any 1 < p < oo, we have

(2.25) [Whul| e @my < 201KV [ L1 (0,00 x5y [l Lo (@R -

3. Let o > 1/2 and p > m/2+ 0. Then, there exist constants C1,Cs such
that

(2:26) [|Kv [l L1(j0,00)xm) < CLI@)V | grom=sy2 < Co Y 1DV [lge (100
o] <lo
where po, by are as in Theorem 1.2.

PrROOF. We compute the Fourier transform of Wyu . Performing the
A-integration first via the residue theorem, we see that it is equal to

-1 1 V(m)a(& — n)dn
(2.27) (2rd) W lelﬁ)l/_oo {/ m (€2 — X +ie)((€ —n)2 — X —ie) } dA

o~ V(n)a(€ —n)
=1 d
slirg (2m)m/2 /Rm 26n —n? + ie

We then invert the Fourier transform. Applying (2.22), we deduce
-1
(2m)m/2

y / 40) { / > e—it|n|/2+in($+@u(x+tﬁ)dt} dn.
R 2ifn| Lo

(2.28) Wiu(x) =

Introducing the polar coordinates n = rw, r > 0, w € ¥, and changing the
order of integration, we obtain

— * [ 5 i(t+2zw)r/2, m—2 }
Wiu(x) /Edw/O dt{2(27r)m/0 V(rw)e ™2 dr pu(x + tw) .

The identity (2.24) follows from this by the change of variable ¢ — ¢ —
2(zw). Observing that x — z,, is measure preserving, we apply Minkowski’s
inequality to (2.24) and obtain (2.25).

By Parseval-Plancherel formula we have
1

T v / ]V(rw)|2r2m*4dr.
0

/0 R () Pt = 5
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Integrating both sides with respect to w over X gives

_ 1 3155
1R300 = 3yt Jo €17 ©PE < CIV s

Similarly we have

£ 2oy < C [ 6 (VTR + eV (e
< C)V [ynmsysa -

Interpolating these two estimates by the complex interpolation method, we
deduce that for any o > 1/2,

1KV £ 0,00y x5y < Col iRV 12(0,00)x5) < Coll(@)TV | rim-s)/2.

The second inequality of (2.26) is obvious since pg > 2. O
3. Estimate at low energy

In what follows we assume that V satisfies the condition of Theorem 1.2
with £ = 0. In this section, we prove that the low energy part Wi¢1(Hp)? =
¢1(H)Wipy1(Ho) of Wy is bounded in LP, where ¢, € C§°(R!) is such that
¢1(N) =1 for |A\| <1 and ¢1(A) = 0 for |A| > 2. We prove this for the case
m > 4 is even only. Nevertheless, we state some results for the case m > 3
is odd as well when we think them of independent interest.

Since V is clearly very short range and H = Hp + V' admits no positive
eigenvalues ([2]), all statements in the previous section hold. Moreover,
writing V' (z) = A(z)B(x) as before, we have the following properties which
are all well known in scattering theory (cf. [1], [7], [14]):

1. ARy(A +£140)B = QF()\) € B(L?) is uniformly bounded on [0, c0) and
1+ QZE(\) has a bounded inverse in B(L?) for all A € [0, 00). We have
the resolvent equation (2.12):

(3.29) R*(A) = R5(A) — Ry ()B(1 + Q5 (\) ' ARG ().

2. AR*(\)B are uniformly bounded in B(L?) and locally Holder contin-
uous on [0,00) .

3. A and B are Hy- as well as H-smooth in the sense of Kato:
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o0
(3.30) sup/ IARo(A + de)ul|2dA < Cl[ul)?:

e>0 J—o0

Sup/ JAR(A £ ie)u2dA < CJul]?.
e>0 J0

4. The wave operators Wy exist and have the stationary expression (1.2)
~ (1.3).

In virtue of Proposition 2.13 the LP boundedness of ¢1(H)Wi¢1(Hy) is
equivalent to that of Wy 5, = ¢1(H)Wap1(Hp). We decompose W joy =
WQ(:lllw + Wﬁlw by splitting the resolvent as R~(\) = R~(\) + R(0) in the
formula (1.3):

(3.31) Wi, u=o1(H)

ow

om [ B OVROV BT () - By ()dA} 6 (Hopu,

(3:32) Wyi,u=o1(H)

o [ BT OWE OWRTO) — Ry ()dA} o (o)

We prove that Wz(}l)ow and W2(212)w are both bounded in LP separately.
We rewrite (3.31) as follows. By using that Rg (\) = Ry (\) for A <0,
we extend the region of integration to the whole line and write
(Wi 0 0)

2,low

1 e _
= 57 || ARO)B - ARS(N) = Ry (\)on (Hoju, BES (o (H)v)a.
Here, in virtue of (3.30), ARy (A\)¢1(Ho)u and BRg (\)¢1(H )v are boundary
values of L?-valued Hardy functions in the lower and upper half planes
respectively. Hence they are orthogonal to each other and we obtain

2,low

(3:33) (Wih,u) =5 [~ (VRO)VEG )or (Ho)u, Rf o (H)o)d.

Recall that ¢1(Hp), ¢1(H) are bounded in LP as shown in section 2. Denote
the integral kernel of R(0) by K(x,y), the multiplication with the function
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My(z) = V(z)K(z,z —y)V(z —y) by M,, and the translation by y € R™
by 7,. Then we write VR(0)V in the form

(3.34) VRO0)Vu(zx)= o V(z)K(x,z —y)V(x — y)u(z — y)dy

= M, t,u(x)dy,
Rm yy()y

and inserting (3.34) into (3.33), we obtain

(3.35) (Wl

2,low

- % /_O:o /Rm<MyRar(>‘)¢1(H0)Ty“v R§ (N)¢1(H)v)dydA.

u,v)

Here the integral is absolutely convergent with respect to dydA. Indeed, for
o > 1/2 we have (z)? M, (x) € H™=3)/2(R) for some ¢ > 1/2 in virtue of
Lemma 2.11 and || My||m/2@mm) < Cl[{2)7 My(2)|| grom-3)/2(R:m) by Sobolev’s
lemma. Hence |M,|'/? is Hy-smooth for every y € R™ ([7]):

[ M2 RE Ol %d < € @) My () -l
and, thanks to (2.20) we have

/_O:O /Rm (MyR§ (N1 (Ho)Tyu, Ry (N1 (H)v)|dAdy

< Cllox(Houl 2 ll6a(H)olze [ 1) Ml mon-sady < oc.

It follows by changing the order of integration in (3.35) that

(3.36) (Wa),u,v)
T (o [ st

and the application of Proposition 2.13 and (2.20) to (3.36) yields, with
o>1/2and 1/p+1/q =1 that

1
(W0 < C [ )My lsron-syady - [l ool s < Coul ooz

Thus, we have proved the following lemma.
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LEMMA 3.14. W)

2,low

1s bounded in LP for any 1 < p < oo.

Before starting the proof of the LP boundedness of Wz( ) we record

low?
some results about the differentiability of R¥(\) that are necessary in what
follows. They are simple consequences of the resolvent equation (3.29),
Lemma 2.1 and the decay property of the potential D*V € (g°(LP°), and

we omit the proof.

LEMMA 3.15. Let0<j < (m+2)/2 ande > 0. Then RT()\) is j times

differentiable as a B(L?+1/2+E, L2_j_1/2_5) valued function of A € (0,00).

LEMMA 3.16. Let 2 < p < (m+2)/2 and s > p+ 1/2. Then, for
0<k<l,

- Cik2 I (logh), it m > 4;
+/7.2 3 = &
(337) 1(d/dkY R | s{ Gy R Lz

Jor 0 <j <p.

We show that the integral kernel Wz( lz)w(x,y) of W2(2lZ)w satisfies the
criterion (1.6). Using the identity (R§(\) — Ry (\))é1(Ho) = (R (\) —
Ry (X\))#1(A) and changing the variable A = k?, we write
(3.38) W

2,low

_7/ o1 (H)Ry () VR~ (K)V(RE (k) — Ry (K2))
x g1 (Ho)$1 (k) kdk:

where ¢; € C3°(R) is such that ¢1(A\)é1(N) = ¢1()\), Hence, if we de-
note the integral kernels of RE (k?)¢1(Hy) and Ry (k?)¢i(H) respectively
by Gik)(a:,y,k) and G(**)(x y, k), and if we set G(i*)ky( ) = G(*)(a:,y, k)
and ngz) (x) = G(**)(x y, k), then WQ( l)ow(:z y) is given by WQ( llw(m y) =
W2(2)+(x y) — W2(2) (x,y), where

low Jow

1
(3.39) Wgﬁl’j(x,y)zg/o S (R (KW G, VG kdk,

Recall that the integral kernel of R (k?) is given by G4 (x — y, k) (see
(2.2)) and that we are assuming m is even. Expanding (z & (i¢/2))” in the
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Hankel formula (2.3):

v 7 (9) .

2YH (2

+i 4(2;)5) = Y40 Crae™ 2 Hiy(2),
1/2

(3.40) o
HE(2) = [0 e ti2v—s1/2 (z + %) dt.

and introducing p(z,y) = |z — y| — |z|, we decompose

ikeew) Hy (Klx — y)
|z =y

(341)  Gapply) = eFHH S kLS

where C, are constants and the definition of G+ 2 k,s(y) should be obvious.

We have obvious inequality |¢(x,y)| < |y|. We decompose Gg:)(x,y, k)

and Ggf*)(x,y, k) accordingly: Write ®¢(z,y) and ®(z,y) for the kernels of
¢(Hop) and ¢(H) respectively, and define

GOal) = [ MG ()02, 0z
(3.42) G () = / ARG, () B(z, 2)dz

We have

(3.43) G, () = el T kSGESL s®)

GLly) = =M S G (),
and inserting (3.43) into (3.39) yields

(3.44) W2 low Z m / o~k Fly))
S, S =
X¢1(’f2)< “RVGEY L VG kS

We write each summand in the RHS of (3.44)

(3.45) T5 (2,y) :/0 e T Gy (K2 LE (@, y, )k dk,

(346) L% (z,y.k) = (1/mi)(R- (VG . val, ).
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LEMMA 3.17. Leta+p3=0,1,...,(m+2)/2 and s =0,...,(m—2)/2.
Then, for some e > 0,

(3.47) ||VDBGj: z,k,s HLa+1+e
C<x>—m+s+3/2k—1/2—57 if m is even;
< —m+2+s i i
C(z) , if m is odd,

for 0 < k < 2. The estimate (3.47) remains true if Gfx,k,s is replaced by

()
G:I:,m,k,s'

PrOOF. We prove only the case m is even. We have |k|z|(k|z| +
(it/2))~% < 1 and

DD < Clal? | [ et -1/2(h1a] G/ 2))
< Claf’(klz)~1/?7F = Ck=/2 0| 71/2
It follows that ]DgGi@’k,S(yﬂ < Ck=Y27B8|g —y|3/2=m+s ()8 On the other
hand we know from Lemma 2.4 that |®g(z,2)| < Cn(z — )~ for any N.
Using these, we deduce from (3.42) that

IDPGY) ()] < CRY2 P (g — g)3/2mmbs ()P,

Since [V (5) () (1) +] 121q,) < Cm)™ 150 and 8~ (ot 3+1+¢) >
m — 1 for sufficiently small € > 0, the estimate (3.47) for Ggf)xk s follows.

The proof for G(f;)k ¢ 1s similar. O
Applying Lemma 2.1 and Lemma 3.17 with # = 0, we obtain that
|L;ts,(x, y, k)| < Ok—l<x>—m+s’+3/2<y>—m+s+3/2
and by integration

(3.48) |75 (2, y)| < Cfa) s 3/2 y) mmtets/2,
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For improving the decay estimate of (3.48), we apply integrations by parts
with respect to the variable k ugy = max{s,s'} + 2 times in (3.45). A
computation with Leibniz’ formula shows that

Dy ($(k*)k* L, (,y, k)
(349) = Lotpty=p,

X Cap (DE(SRKHHR-(k2)V DG, | VDIGY, )

and applying Lemma 3.17 and Lemma 3.16, we see that each summand in
(3.49) is bounded in modulus by a constant times

Ests'+3—a <10g k,>k—1/2—6 <y> —m+s+3/2}—1/2—y <x>—m+s’+3/2

(3.50) < C(log k‘) <x>—m+5’+3/2<y>—m+s+3/2’ 0 < k < 2.

It follows that no boundary terms appear in the following integration by
parts:

00 (— Dy Yhest (e—ik(lFuD) _ ,
Ti’(m’y):/o ( IZI)xIJF(|y|)uSS, )¢(1<;2)L;F5,(x,y,k)k8+s Flk
1

(J] F [y|)#ss
y / ek F ) Dlsst (G(k2)LE (2, y, k)K" 1) dk
0

and, in virtue of (3.49) ~ (3.50),
T35 (@, y)| < Cl ()~ (y) 7o t302] ] [y || 7t

Combining this with (3.48) and summing up for 0 < s,s' <v = (m —2)/2,
we obtain
<$>—m+s’+3/2 <y>—m+s+3/2

(] F ly[)#ss

2),+ Y
(351)  [Wym (@) < Y. Coy

s,8'=0
Now we can complete the proof of the following

),+

ow

LEMMA 3.18. The functions WZ(QI (x,y) satisfy the estimates (1.6)

2)
Jow

and the operator W2( 1s bounded in LP for any 1 < p < 0.
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PROOF. We integrate (3.51) with respect to the variable x by using
the polar coordinates: The (s, s’)-summand in the RHS produces a constant
times

dx

[ e
(e E P
<7“>5 +1/2d7‘
0 <T —,—|i_y1’/>£‘tss’ <y>ﬂ’f;i;j/2

co [Tl

= i gy
Here s’ +-1/2 <m — s — 3/2, since s + s’ < m — 2, and the sup,cgm of the
RHS is finite. Hence,

[e.9]

(3.52) <C

dr.

sup / ]szow(x,yﬂdw < 00.
yeR™ m

We may likewise prove the other relation of (1.6) and the lemma follows. O
4. Estimate at high energy

In this section we prove that the high energy part ¢o(H)Waga(Ho)u of
Wy is also bounded in LP. Recall that W5 is given by (1.3):

Wau = % /O ¥ Ry (VR (VRS (A) — Ry (A) bud)

and that ¢o € C°°(R) is such that ¢o(A) =1 for A > 2 and ¢2(A) = 0 for
A < 1. As the argument in this section is very much similar to that of the
previous section as well as of section 4 of [21], we shall be rather sketchy
here.

Expand R~ () via the repeated use of the resolvent equation (3.29):

2N-—-1
R=(N) = > (=1)"Rg (\(VRy (A\)" + (Rg (MV)YR™(N)(VRg (V)"

n=0
and decompose Wy = Z?ﬁ; 2(—1)"W ™) accordingly, where W™ is given
by
(n) 1 R — n—1 —+ —
Wu = o [7 R )V By ) IVARE () — Ry (\)}ud
n=2,...,2N +1;
WEN+2)y, — 2%, / Ry WV ENNV{RE(N) — Ry (M) YudA.
0
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Here we wrote Fiy(\) = (Ry (\M)V)NR=(A\) (VR (A\)N. Tt is shown in sec-
tion 2 of [21] by repeated application of the argument similar to the one
used in the proof of Proposition 2.13 that W(™u, n = 2,...,2N +1, has the
following expression: Set for sq,...,s, € R! and wy,...,w, € 3, ¥ being
the unit sphere of R™,

n
Ky (1, Sp,wi, -, wp) =C"(s1 - sn)m_2 H V(sjwj — sj—1wj—1),
j=1

where C' is an absolute constant, whose precise value is not important here,
and s;jw; = 0 if j = 0; and denote its “Fourier transform” with respect to
the radial variables (si,---,sy) by

—~

Kn(tl, oo ,tn,wl, SN ,wn)
= / eizjzltjsjﬂKn(sl, ey Sy Wy e W )dST - dSy,.
[0,00)"

Then W™y, n =2,...,2N + 1, can be written in the form

WMy (z) = /
[0,00)" I xIxT"
xf(\n(tl, ces b1, Ty W, e, W) U(T, + p)dEr - dt—1dTdwy - - dwy,
where I = (22 - wy,00) is the range of the integration by the variable 7,
=12 — 2(wp, - T)wp, is the reflection of = along wy,, and p = tjw; + -+ +
th—1Wn—1+ Twy. Since x — z,,, is measure preserving and p is independent
of x, Minkowski’s inequality implies as in section 2 that

Ty,

(4.53) W™ ullze < 20Kl o ccpxmm | fllsy 1< p < oo,

We showed in Lemma 2.5 of [21] that for any o > 1
1Kl L1 (0,000 xmm) < CHIF ()7 V)| L

Set p=(m—2)/2ifm>4, p=0ifm=3andt=2(m—1)/(m—3). If
m > 4, we have tp > m and, by Holder’s inequality,

[F ) V) lzme < 1) ML 1K) F({2)" V)l 2 < Cl[{x)7V || e
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for any ¢ and this holds obviously if m = 3. On the other hand it is clearly
possible to find 1 < ¢ < § such that

K2)Vlime < C1 D2 1DV [igge(noo).

la|<lo

This proves that W™ hence ¢o(H)W ™ ¢py(Hy) are bounded in LP if n =
2,....2N +1.

For completing the proof of Theorem 1.2, it remains only to prove that
the operator ¢g(H)W N+ ¢y (Hy) is bounded in LP. We write it in the
following form:

oo(H) s ([T RS OVEVOVART () = Ry (0)92(\dA ) dn(Ho).

Here ¢ € C(R) is such that ¢o(N)ga(A) = ¢2(\) and ¢o(N) = 0 for
A < 1/2. We need only prove that the operator inside the parenthesis

T = [ Ry (8)V N (R)V RS ()b () bk

is bounded in LP. The integral kernel T4 (z,y) of T+ can be computed as
in the previous section and are given by

(4.54) Ty(x,y) = /0 (EN(K)V Gk, VG o 1) oK) kdk
Oo . ~ ~ ~
= [ e D (P RV Gy V G ) B2 (4l
0

where we wrote as in (3.41):
v
(455)  Graply) =Y B Crppaly) = HGL L k().
s=0

Here, as can be easily see from (2.2) and (2.3), we have for k > 1/4:
(456)  [DLGucn(y)] < Coly)le — 7™ (1 + Kz — y )22,

Using Lemma 2.1 and Lemma 2.2 for the mapping property and the decay
of the resolvent in the k variable, we obtain as in section 4 of [21] that, for
sufficiently large NN,

[G2(k*) (En (k*)V Gy ey VG o )| < O (k) ()~ D2 gy =m =72,
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Integrating with respect to the variable k gives
(4.57) [T (2, )| < Cla) =D/ (y) =012,

which is, however, is not sufficient for T4 (z,y) to satisfy the criterion (1.6).
For proving that T (z,y) enjoys better decay property, we perform integra-
tions by parts p = (m + 2)/2 times in (4.54) as in the previous section:

(4.58) Ti(z,y)

o0 .
/ (ly| F [a]) ~#( Dy e HlelElv)
0
'(FN<k2>VG:|:,y,kg Vé-i-w,k)Q;Q(kQ)kdk
Z /OO e—ik(lz[—ly)
g e, o (lF WDe
X(DgFN(kQ)VDfé:by,k, VDzéJr,w,k)Dg(qgg(ﬁ)k)dk_

Note that we do not have to worry about singularities at £ = 0 because
¢2(k?) = 0 for 0 < k < 1/4. By using again Lemma 2.1 and Lemma 2.2, we
see that

(4.59) (DY FN(k*)VDEGs o, VDG )]
< C(k) ™3 () (M= D2 () =(m=D/2,

Thus applying (4.59) to (4.58), and combining the result with (4.57), we
obtain

T (z,y)| < C<x>_(m—1)/2<y>_(m—1)/2<]m] T ’y’>—(m+2)/2.

Thus the estimation as in the final paragraph of section 3 implies that
Ty (z,y) satisfies (1.6). Thus ¢o(H)WEN+2) gy (Hy) is also bounded in LP.
This completes the proof of Theorem 1.2.
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