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A general functional characterization

of the microlocal singularities

By F. BASTIN and P. LAUBIN

1. Introduction

As a generalization of a result of [7], we proved in [1] a functional cha-
racterization of the analytic wave front set of an hyperfunction. The main
result of [1] is the following.

Denote by A(R™) the set of analytic functions on R". Let u € A'(R" xRP)
be an analytic functional and consider

Sg(a) = [ ulx)gly) dy

for g analytic in a neighbourhood of the projection of supp(u) on RP.
The result states that if (xo,&) ¢ WFy(Sg) for every g € A(RP), then
((z0,v), (£0,0)) ¢ WF,(u) for every y € RP. It characterizes special points
of WF,(u) using the operator S. In this paper, we prove a similar result
concerning any point of WF,(u).

Denote by B(R™) the set of all hyperfunctions on R™. It is known, [4], [9],
that if f,g € B(R") and if (z,§) € WF,(f) implies (z, —§) ¢ W F,(g), then
the product fg is well defined in B(R™). If in addition supp(f) Nsupp(g) is
compact, the product fg belongs to A’(R™), hence the pairing

(£.9) = [ H@)g(w)do

is also well defined.
Let u € A'(R" x RP) and define as above

'S = [u@pi@de . fe AR,
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Let (yo,m0) € RP x RP \ {0} and assume that (x,yo,0,—no) ¢ W Fy(u) for
every x € R™. It follows from the composition properties of the analytic
wave front set that (yo,—n9) ¢ WF,('Sf) for any f € A(R"), [4], [9].
Hence, using the formula

(S9)(f) = (9."SF).

the operator S can be extended to any g € B(RP) such that WF,(g) C

{(yo. tmo) : t > 0}.

In the same way, the operator S can also be extended to all g € B(RP)
such that (z,y,0,—n) ¢ WF,(u) for all x € R" and (y,n) € WF,(g).
Theorem 3 gives an explicit formula for this extension.

In this paper we prove the following result.

THEOREM 1. Let u € A (R™ x RP) and yo € RP, ny € RP such that

(.’I,'7 Yo, 07 _770) ¢ WF(IU

for every x € R". If o € R™, & € R™ and (xo,&) ¢ WE,(Sg) for every
g € B(RP) satisfying

WFag C {(yo,tno) : t > 0}

then (:EanOagO? _770) ¢ WFau.

If no = 0, this is the result of [1]. If the hypotheses are satisfied for &y
and 79, they are also satisfied for t§y and sng for every s,t > 0. Hence, we
also have (g, yo, t&o, —sno) ¢ W Fyu for every s,t > 0.

Conversely, if this last condition is satisfied, the composition properties
of the analytic wave front set show that (xg,&y) ¢ WF,(Sg) for every g €
B(RP) satistying W F,g C {(vo,tno) : t > 0}.

In the proof of theorem 1, we use the closed graph theorem from a
Fréchet space into a strictly webbed space as in [1].

2. Extension of the operator

Let u € A'(R"xRP). If g is analytic in a neighbourhood of the projection
of supp(u) on RP then

Sg(a) = [ ulx)gly) dy
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is the element of A’'(R™) defined by (Sg)(f) = u(f®g) for every f € A(R™).
Using the FBI transform, we give here an explicit formula for the exten-
sion of S to all g € B(RP) such that (z,y,0,—n) ¢ WF,(u) for all x € R"
and (y,n) € WFEu(g). It will be needed in the proof of theorem 1.
Let us first recall some definitions. If u € A'(R"™), the FBI transform of
u is the family of holomorphic functions

Tu(z,\) = u(x)(eiw(z’x)), zeC", A>0,

where ¢ is the quadratic polynomial ¢(z,z) = 4(z — z)?. Using the conti-
nuity of u as a linear functional, it is easily seen that if supp(u) C {x € R™:
|z| < a}, then for every € > 0 there is C: > 0 such that

Tu(z,\)| < Coes (9214 =(Rz—a)})

if z € C" and A > 0. See [5] or [10] for more details.

The analytic wave front set of an hyperfunction u in an open subset {2
of R™ is the subset W Fy(u) of T*Q\ {0} defined by the condition (zo,&p) ¢
W F,(u) if and only if there are C,e,r > 0 and v € A’ (R™) that is equal to

u near g such that R
Tw(z,\)| < Ce2(3#7-9)

if |z — (zo — i&)| < r and A > 0.
LEMMA 2. Letu € A(R"), p >0 and f € O({z € C" : |Sz] < p}).

Assume that there are constants Cy > 0 such that |f(2)| < Ci(1 + |z])7F
Then

—n—1
) = Ly /an"”e—'ﬁ'dg
. & &0 £
[ Tute =i )0+ SED TS i e da

The same formula holds with the differential operator 1 — i¢.D,./|¢|?
acting on T'u and no derivatives on T'f.

PROOF. Using the definition of the FBI transform, we get

48D
e

)T f (= rit, €1) d

R" |€ |’
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= u(y)( - f(w) dw
/ 67%(I*i%*y)2*ﬂ($+lm w)2(2_ Z<x_w)£)dl’)
— an/2‘§‘—n/2el£lu()
—i(y— w){—@|y w?q i(y_w)'f d
([, e (1= S aw)

For s > 0 small, the integration path w +— w + is¢/|{| shows that the inner
integral is exponentially decreasing with respect to £. Hence, using the
complex shift £ — & —il&|(y —w)/4, we get

277171

w2 £D,
W/ /2 \ﬁ\dg/ Tua:—z|§| JeN(+i |€|2)Tf(x+z

e , [€]) dae

= (27r)—”u(y)(/w de [ flw)emi=w-e=F e (g _ i(y4_|£|l]).§)dw)

= (2m) "u) (F(F TN ) = u(f)

where F* is the Fourier transform. O
We can now give the general definition of the operator S.

THEOREM 3. Let u € A(R" x RP), g € B(RP) and let K x M be a
compact set containing the support of u. Assume that (x,y,0,—n) & WE4(u)
for all x € R™, (y,n) € WE,(g) and consider (Sg)(f) given by

2Pl
S Jpln? e

: — i i1y g i-L o)) d
JoTooty =i ) (L4 G TCS ) i bl dy

for every go € A'(RP) that is equal to g in a neighbourhood of M and every
f that is analytic near K.

Then the map f — (Sg)(f) is independent of go and is an analytic
functional supported by K. Moreover, if g is analytic near M then (Sg)(f) =
u(f @ g).
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PROOF. We first prove that the integral converges and defines an ana-
lytic functional supported by K. For every p > 0, let K, = {z € C" :
d(z, K) < p}.

Choose a compact set V' such that go = g near V' and supp(u) is in the
interior of R™ x V. For every € > 0 there is C. > 0 such that

. nl
Tgo(y — Z|_Z|7 n))| < Ceez 1F9),

On the other hand, by the choice of V' there are constants 6,C, > 0 such
that

.n.D .n Inl (1_ 2
L \nyiy)T(tSf)(y T D] < Collfllx, (14 [yl)e > 20D

for every y ¢ V and p > 0. Since
. 2
/[Rgp In|P/? dn - e~ (1 1 |y|) dy < oo,

for every 6 > 0, the integral extended to RP \ V' x RP defines an analytic
functional supported by K.

It remains to estimate the integral in a conic neighbourhood of every
point (yo,m0) € V x RP\ {0} .

Assume that (yo,n0) € WF,(g). Then (x, 40,0, —n9) ¢ W F,(u) for every
x and from the composition properties of the analytic wave front set, we
have (yo, —10) ¢ W F,(!Sf). Asin [1], we can strengthen this property. For
every m € Ny, let

Ep={ve AM): qnv) < oo}

with
agm(v) = sup e*%‘zw‘2+%|Tv(w,)\)|
|Jw—wo|<1/m,A>0

and wy = yg + inp. Endowed with the Fréchet semi-norms of A’'(M) and
with ¢, the linear space E,, is a Fréchet space. It follows that the subspace
E = UpE,, of A'/(M) has a strict web in which the sets with one index are
the E,,,. For every p > 0, 'S maps O(K),) in E and has a sequentially closed
graph. Two applications of the localization theorem (see [2] or theorem 6
of [1]), show that there are constants C,6 > 0 and p’ €10, p[ such that

IT(SF)(w,\)] < O fllxk, €2 TP
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for every f € O(K,), A > 0 and |w — wg| < 6. Using the Cauchy’s inequali-
ties, we get

n.D . Inl
(1 +i =TS )y + i, ) an,Zlém

| <
7] In] Inl

in a conic neighbourhood of (yp,70). Since
[l
[Tgo(y ~ ZI Il < Cee 5 (1)

we conclude in a neighbourhood of (yg, 7).

In the same way, if (yo,m0) ¢ WF,(g) then Tgy is exponentially de-
creasing in a conic neighbourhood of this point and the other factor can be
estimated by continuity.

Let us show that the definition of Sg is independent of gg. We have to
show that the right hand side is equal to 0 if supp(go) " M = 0. If £ > 0,
consider

g=(z) = (2me) P 2gy (72170,

By lemma 2, we get

("Sf)(ge)
2-p—1 B
= W/RP P2~ dn

i 1Py ;
o Toe o D (L D TSy i

This expression converges to 0 with ¢ since f ® g. uniformly converges to
0 in a complex neighbourhood of supp(u). Let us show that the integral

u(f ® ge)

s [nl) da

converges to the right hand side in the definition. Choose a compact neigh-
bourhood W of M such that supp(go) N W = (). Since

A
14+eA

Tg-(z,\) = (1+ aA)_p/Qng(z, ),

we have the estimation

In
Tg:(y — |77|)| < Cse's (19,
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There are constants C, p > 0 such that

mf) (SF)y + i )] < C(1+ l)e'S Ao,

if y ¢ W. So we can conclude in this case. In the same way, for the integral
on W, we use the estimates

(144

i
Tge(y — i1, )| < CeZmemn 17°) < ce'3(1-r)

In|’

and

r<1+z”|D2> TS )+ )] < Col1 +lye #0.

Finally, assume that g is analytic in a neighbourhood of M and apply
lemma 2 to (!Sf)(g:) with

ge(x) = (2me) 7P/ / gly)e =179 ay

w

where w is a relatively compact open set such that M C w and g is analytic
near . The function that is equal to 1 in w and 0 outside is denoted by x,.
Using a complex deformation to evaluate the integral over w, we obtain the
estimate

___Inl -
Toety iD= (1 el /2] [ gaye Xm0 aaf

Inl w

< Ceriemn (1-8) < Ce'3(1-9)

for some 6 > 0 and y near M. Hence, as before we can say that u(f ®
ge) converges to S(gxw)(f) = (Sg)(f) when € goes to 0. Moreover from
lemma 9.1.2 of [4], it follows that g. uniformly converges to g in a complex
neighbourhood of M. This proves that theorem 3 extends the previous
definition of S. O

3. Proof of theorem 1

We may assume that & # 0, no # 0 and (x0,y0) € supp(u). Let B(r)
be an open ball such that supp(u) C R” x B(r) and V = B(R) with R > r.
Let C,,, m € Ny, be a fundamental sequence of compact sets of

C={welCl:|Rw| <r, |[Sw >1}\{yo—itn:t>0}
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and wg = yo + ing. There is a sequence 6,, > 0 such that
M| Rw — R’ |2 + (ASw + pSw'|? > 8 (N 4 p)?

if w e Cpyy A, u >0 and |w — wp| < 6. Choose a decreasing sequence 7y,
such that 0 < r,,, < 6, and consider

F={geAV):qn(g) < oo for every m > 1}

with
Gm(9) = sup |Tg(w,p)le” s (5wF=m),
wWEC,u>0

As the balls {g € A'(V) : ¢n(g) < 7} are closed in A'(V) for every r and m,
the space F' endowed with the semi-norms induced by A’(V) and the semi-
norms ¢y, is a Fréchet space. Moreover, if g € F' then WF,(g)N(B(r)xRP) C
{(yo, tmo) : t > 0}.

Let K be the projection of supp(u) on R" and E,, = {f € A(K) :
Pm(f) < 4oo} with

pm(f)=  sup e 23FTr(z )
|z—z0|<1/m,A>0

and zg = xzg — i&. For every m € Ny, E,, is a Fréchet space for the semi-
norms induced by A'(K) and p,,. Hence, it has a strict web for which the
sets with one index are closed balls of p,,. Let £ = Uy’_;E,, with the
topology induced by A’(K). This space has a strict web for which the sets
with one index are the spaces F,,.

The operator S maps F into E. Indeed, since the sheaf of microfunctions

is flabby hence supple, any g € F' can be written g = gg + g1 with gg, g1 €
B(RP) and

WFE,(g90) C {(yo,tno) : t >0} , WFug1 C V\ B(r) x RP.

By hypothesis, we have Sgyg € E. On the other hand, by the main result
of [1], the point ((zo,y), (£0,0)) does not belong to W F,,(u) for every y € RP.
Since g; is analytic near the projection of supp(u), it follows that (xg,&y) ¢
WFa(S gl).

Using the explicit expression of S¢ given in the previous paragraph, it
is easily seen that S : FF — F is linear and has a sequentially closed graph.
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With two applications of the localization theorem of [2], we get C,e > 0,
m € Ny and a neighbourhood W of V in CP such that

Ao
T(Sg) (2 M) < Ce2FF (gr(g)+  sup  [g(h)])
heO(CP),||hllw<1
if |z — 2| <e,A>0and g€ F.
With
Fas(z) = e METD20 gy (y) = e M2
we have
T’LL(Z, w, )‘) = T(Sg)\,’w)(z? )‘)
It follows that

2132
Tu(z,w, M)| < Ce3¥ (g(grwxy) + sup | / Irw()h(y) dy))
Ihlw<t JV

if |z — 29| < e.
We have to show that the right hand side is exponentially decreasing
with respect to the weight 3 (|Sz|2 + |Sw|?) near (20, wo).
We first evaluate qm(g,\ijV) We have
27
A+

_/w e )P —3wv)? g
\V

In the estimation of Tu(z,w, A), the first term of the previous equality gives
the exponential of

A )2
)n/26 —Q(M_H)(w w’)

T(grwxv)(w',p) = (

>‘o 2 M 12 Ap 924 A 12
- = —ry) — ———— R R — QW - &
Q\Jz] 2(]\sw] Tm) — 200+ )] w— Rw'|” + S0+ ) |Sw — Sw'|
A AL IANSw + pSw'|? rp
— |2 Ceapy|2 m
319 4 [QuP) = 5 [ — Rup - S T
)\ Om m
< S0 + [Swf) = 2+ ) + 28

if |w —wo| < bm, W' € Cp, and p > 1. This term is exponentially decreasing
with respect to A. Consider now the integral over RP\ V. Since |Rw|, |Rw'| <
r and |y| > R, the exponent can be estimated by

A
ZIswl + Lo - 2TE(R - )2,
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If r,, < (R —17)2, this shows that this term is also exponentially decreasing.

Finally, using a complex shift y — y + itSwx(y) where x € C§°(V) is

equal to 1 in a neighbourhood of Rwg and ¢ > 0 is small, we get the estimate

sup |/ g)\,w(y)h(y) dy| < Cle%qgw‘z_a/)'
Ilhllw<1 JV

This proves the theorem. O
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