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The dynamaics of a degenerate

reaction diffusion equation

By Sigurd B. ANGENENT and Donald G. ARONSON

Abstract. We consider the initial-boundary value problem for a
degenerate reaction diffusion equation consisting of the porous medium
operator plus a nonlinear reaction term. The structure of the set of
equilibria depends on the length of the spatial domain. There are two
critical lengths 0<Lo<L; such that the equation possesses one equilib-
rium if Le(0,Lo), three equilibria for Le(Lo,L1] or two plus a one or more
parameter family of equilibria when L>L;.

Using a topological argument we show existence of connecting orbits
joining the unstable equilibrium with the two stable equilibria for Le
(Lo,L1], when there are three equilibria. By showing that the principle of
linearized stability can sometimes be applied with succes to degenerate
parabolic equations, these connections are found to be unique for Lo<
L<Ly.

We also investigate the nature of the connecting orbits at the crit-
ical value L; of the length L, i.e. just before the unstable equilibrium
bifurcates into a continuum of equilibria.

1. Introduction

In this paper we continue the investigation of the dynamics of

ou  O*u™
. G o2 - 2
(1.1) : 3 + f(u) (-L<z<L,t>0),

u(£L,t) =0, u(z,0) = up(x)

with 1 < m < oo, f(u) = u(l —u)(u — a) for some 0 < a < 1, which was
begun by Aronson, Crandall & Peletier [ACP], and extended by Langlais

1991 Mathematics Subject Classification. 35B32, 35B40, 58F10.

471



472 Sigurd B. ANGENENT and Donald G. ARONSON

& Phillips [LP]. Here we investigate the existence of heteroclinic orbits
connecting the unstable and stable equilibria which were found in [ACP].

The weak solutions of this initial value problem define a semiflow {¢; :
t > 0} on the space X = {u € Lo(2) : 0 < u < 1}, which is gradient-like
with respect to the functional

(1.2) E(u):/Q{l/g((um)x)Q—F(u)} dz. F(u):/ouf(s)dsm.

The dynamics of (1.1) with m = 1 has been studied extensively (see [He,
BF1, BF2]), in the sense that the equilibria and the complete orbits con-
necting them have been classified. It has been found that, for 0 < a < /3,
there is a critical value L, > 0 such that the zero solution is the only equi-
librium of (1.1) when 0 < L < L,; in this case all solutions converge to the
zero solution as t — oo. If @ > 1/ o then the same situation occurs for any
value of L > 0. However, if a < /3 and L > L,, then there exist exactly
two solutions, apart from the zero solution, which we denote by p and g¢.
These solutions are ordered, and we assume that 0 < p < ¢. It then turns
out that ¢ is asymptotically stable, while p is a hyperbolic fixed point for
the semiflow. There are only two connecting orbits, one from p to ¢, and
one from p to the zero solution [He].

The proof of these statements concerning the nondegenerate case m = 1
relies heavily on the fact that for m = 1 the PDE is a semilinear heat
equation, which allows one to use standard linearization techniques [He] to
study the solutions of (1.1) near its equilibria.

In the present paper we try to prove similar statements about the de-
generate equation. The initial value problem and the set of equilibria
have been studied by Aronson, Crandall and Peletier. They found that,
just as in the semilinear case, (1.1) generates a semiflow for which (1.2)
is a Lyapunov function, so that one can try to describe the dynamics
in terms of the equilibria and their connecting orbits. They also found
that the zero solution is again the only equilibrium if a is too large, i.e.
if a > (m +1)/(m + 3), and that this solution attracts all orbits in this
case. Similarly, if @ < (m+1)/(m+3) there turns out to be a critical value
Lo = Lo(m, a) such that the zero solution is a global attractor if L < L.

Persuing the analogy with the semilinear case, one would expect two
positive equilibria for L > Lg(m,a), but because of the nonlinear degener-
acy of equation (1.1) the situation turns out to be more complicated. There
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is a second threshold Li(m,a) > Lo(m,a) such that (1.1) does indeed have
exactly two nonzero equilibria if Ly < L < Li, which are again ordered,
and which we denote by 0 < p(L,-) < ¢q(L,-). The complications which
arise when L > Li(m,a) are caused by the fact that

p(Li,z) for |z| < Ly,
ps(z) =
0 for x € [—L, —Ll) U (Ll, L]

is a nonnegative compactly supported solution to

(pm)a:x + f(p) =0, reR

If L > Ly, then any of the translates p¢(v) = pi(z — &) with |{| < L — L
is an equilibrium of (1.1). Thus for L > L; the set of equilibria contains
a whole interval. In fact, when L > 21 one can take two translates of p,
whose supports are disjoint subsets of [—L, L], and the sum of these two
functions will again be a steady state of (1.1). Throughout this paper we
assume that

m+1
m-+3

(1.3) 0<a<

Our main results are about connecting orbits, i.e. weak solutions to (1.1)
which are bounded, nonconstant, and defined for all ¢t € R.

1.1. MaIN Resurr. If
Lo(a,m) < L < Li(a,m)

there exists a connecting orbit from p to q¢ and also a connecting orbit from
p to the zero solution. In case

Lo(a,m) < L < Li(a,m)
both of these connecting orbits are unique.

To prove this theorem we use the abstract theory of quasilinear initial
value problems of parabolic type (see [Am, Anl, Lu] and also the appendix.)
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This theory allows us to show that sufficiently regular weak solutions that
are close to one of the equilibria p or ¢ can be described by a linearization
procedure.

We begin by defining a “very weak solution” of (1.1) on Qr = [—L, L] X
[0,T] to be a bounded measurable function u(x,t) which satisfies

L

(1.4) /OT /];{otu + ogu™ + f(u)otdr dt = —/ o(x,0)ug(x) dx

—L

for any test function o € C°°(Qr) which vanishes on {+L} x [0,7] and on
[—L,L] x {T}.
This definition is weaker than the one given in [ACP]: there a weak so-

lution was defined to be a bounded measurable function which also satisfies
u e C([0,T]; L1(2)). We will prove:

1.2. THEOREM. The initial value problem has exactly one “very weak
solution” for each uy € X. Moreover, it defines a continuous semiflow
¢ : X — X with respect to the weak-star topology on X.

This theorem implies that our “very weak solutions” actually coincide
with the weak solutions of [ACP].

The fact that the semiflow generated by (1.1) is continuous with respect
to the weak-star topology on X may be seen as a manifestation of the
smoothing effect of the diffusion equation. It turns out to be a useful fact,
since X is a compact metrizable space in this topology. Thus one can
directly apply Conley’s theory [Co] without any further modifications. The
continuity with respect to the weak star topology also immediately gives the
existence part of the main theorem for all values of L € (Lo(m,a), L1(m,a)].
However we are unable to prove uniqueness without the restriction L <
Li(m,a). This is essentially because the linearization of (1.1) at p(L1, -) has
continuous spectrum intersecting the imaginary axis, while our uniqueness
proof requires hyperbolicity of the equilibrium p(L, -).

In section 7 we show that for some parameter values (a,m) one can
regard (1.1) as a perturbation of the semilinear case where m = 1. For
the critical situation with L = Lj(m,a) this implies that even though the
linearization of the semiflow near the fixed point p, is not hyperbolic, for
small values of m > 1 it does have a separate positive eigenvalue, to which
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one can associate a one dimensional “fast unstable manifold.” The two so-
lutions u4 (z,t) of (1.1) corresponding to this fast unstable manifold have
a “waiting time at infinity.” We refer to section 7 for a more precise state-
ment.

The maximal invariant set
Given the semiflow ¢; on X, one can define

A= ﬂ ¢t(X)>

which is an invariant set for the semiflow. It turns out to be the largest
invariant set in X (i.e. it contains all others), and it has the property that
any ug € A lies on a complete orbit {u(t)}ier. Conversely, any complete
orbit lies in A. We refer the reader to [Ha|, where similar maximal invariant
sets are defined for a variety of dissipative systems, and for our system (1.1)
in particular [Ha, p.154].

If we had a backward uniqueness theorem for weak solutions, then the
semiflow restricted to .4 would be a flow, a one parameter group of home-
omorphisms of A.

Intuitively, one expects A to be a contractible set, but we have no proof
of this. However, we can show that A is topologically trivial in the following
sense.

1.3. LEMMA. All Cech cohomology groups H*(A) of A vanish.

PrRoOF. Let X; be the set ¢;(X). Then the map ¢, : Xy — X, is
homotopic to the identity map on X, while it also factors as ¢ X¢ = ¢ 0,
where j; : Xy — X is the inclusion map. Since X is a closed convex
subset of a (topological) vectorspace, it is contractible, and hence all its
cohomology groups vanish. This forces the map ¢;|X; to induce the zero
map on cohomology, but since it is homotopic to the identity map this can
only happen if all cohomology groups of X; vanish.

The sets X; decrease to A, so since taking Cech cohomology groups
is compatible with taking direct limits, we find that HF(A) =
limy oo H*(X3) = (0), as claimed. O

It is easy to see that E(u) defined by (1.2) is a formal Lyapunoff function,
but it is not so easy to prove this rigorously. For the one dimensional
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case ACP showed that this function really is a Lyapunoff function for the
semiflow ¢;. Thus we have the following result.

1.4. GRADIENT FrLow THEOREM ([ACP]). The function E(u) is
strictly decreasing on orbits of ¢, except at equilibrium states, where it
must be constant.

Any complete orbit {u(t)}ter C A has w- and a- limit sets, both of
which consist of equilibrium states for the semiflow ¢;.

Langlais and Phillips [LP] showed in a somewhat more general setting
that the second part of this theorem is still true if the domain € is an
open subset of R™ (n > 1), even though it is not clear whether F(u) is a
Lyapunoff function or not.

The Equilibria

Denote the set of equilibria in X by £. The following description of £
was given in [ACP]. An equilibrium is a function ¢ : [-L, L] — [0, 1] which
satisfies

(1.5) (©™)zz +9(0)p =0

in the sense of distributions, and which vanishes at x = +I. Here and
throughout this paper g(u) = (1 — u)(u — a).

If p € € then ¢™ is actually C? on the closed interval [—L, L], while
¢ is even a smooth solution of (1.5) on the set {x : ¢(z) > 0}. If ¢ has
an interior zero, i.e. p(z) = 0 at some xg € (—L, L), then positivity of ¢
implies that (¢™)(xg) = 0.

Equation (1.5) can be integrated by putting v = me™ l¢,: one has

(1.6) 20® + " G () = /2 A2

where

m 5 m(l+a) am
u u—
m+3 m + 2 m+ 1

(1.7) G(u) = ™! /O“ ms™g(s)ds = —

is again a quadratic polynomial.
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Since (u™ Gy (uv)) = umg(u) = u™(1 — u)(u — a) the function
u™ G, (u) has a local minimum at u = a, and a local maximum at u = 1.

Ifm>1and
m—+1

O<a<
“ m-+ 3

then the local maximum G,,(1) is positive. Let aj(m,a) € (0,1) be the
unique root of G, () = 0.
For aj(m,a) < a < 1, the solutions ¢(a, z) of

(") pe +9(@)e =0,  ©(0) = a,¢'(0) =0,

are then decreasing for x > 0, and become zero at some z > 0, say at
x =L = L(m,a). One has

L(m a) B /a du—m B L /Oé mum—ldu
e v V2 ) \/amHGm(a)—umHGm(u)‘

It was shown in [ACP] that L(m, «) as a function of «, has a unique mini-
mum in [a(m,a),1). We denote this minimum by Lg. It was also observed
in [ACP] that Ly = L(m, a1(m,a)) > Ly is finite,

ai(m,a)
Li—m / (—2G ()2 um=3)2qy,
0

while limytq L(m, a) = oo.

For I < Ly there is only one equilibrium, the zero solution; in this case
all solutions of (1.1) decay to zero.

There are exactly three equilibria when L € (Lo, L1); they are the zero
solution, and two other solutions, p(x) and ¢(x), which are ordered as 0 <
p(z) < q(x). At L = Ly the two positive solutions coincide: p(z) = q(x).

For Ly < L < Ly both solutions p and g have nonzero flux at the
boundary, but as L T L1, the flux at the boundary of the middle solution p
tends to zero. By definition, the flux of a solution wu(z,t) of (1.1) is (u™),.

The solution ¢ can be continued for all parameter values L; both ¢ and
the zero solution are asymptotically stable for all L (see [LP]).
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Connecting orbits

Fix some value L > Ly, and let Ny and A, be the basins of attraction of
0 and ¢ respectively. Put K = A\ (My UN,). Since A is connected, K will
always be nonempty; in fact, we know that it contains all equilibria except
0 and ¢. The connectedness of A also implies that the points 0 € A and
q € A are not isolated in A, so that Ny \ {0} and NV, \ {¢} are not empty.

Let T'g € N\ {¢} be an orbit of the semiflow. Then its alpha-limit
set consists of equilibria, none of which are attractors, so that «(I'y) C K.
Thus we have shown:

1.5. THEOREM. If L > Lo, then X \ {0,q} contains an isolated in-
variant set for the semiflow ¢¢, and there exist connecting orbits from this
set to 0 and to q.

If Ly < L < Ly, then K = {p}, so that we have established the ezistence
of connecting orbits from p to 0 and to g. One of the main results in this
paper is the uniqueness of these connecting orbits for L < Li, as well as a
more precise description of there asymptotic behaviour at the boundary of
Q, and at ¢t = doc0.

Acknowledgement. The first author is supported by NSF, in the way of a
PYT grant, grant number DMS-9058492. The second author (DGA) is also
supported by NSF, through grant number DMS-9207713.

2. The Weak Semiflow

Throughout this section we assume that f : [0,1] — [0, 1] is Lipschitz
continuous with | f(u) — f(v)| < My|lu —v|.

Uniqueness of the very weak solution

Existence of a weak solution was already shown in [ACP], so we only
have to prove that the very weak solution (as defined above) is unique, and
depends continuously on the initial value ug. Our proof is only a small
variation on the proof in [ACP].

Assume that u,v € Loo(Qr) are two different solutions with initial val-
ues ug and vg. Then for any test function o € C°°(Q7) which vanishes on
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00 x [0,T] and on Q x {T'} we have

/Q(uo(:v) —vo(x))o(x,0)dx
. / / (4= 0)(01 + a0za) + (f(w) = f(v))o] der dt

where o
0<a(z,t)= v 7V ¢ Lo (Qr).

u—"v

As in [ACP] we choose a sequence a,, € C*°(Qr) which satisfies

Qp >

)

S|

and
an — @

Let x € C*®°(Qr) be any given test function, and let o, € C*®°(Qr) be
the solution of

2.1) {Ut—i—anamzx(z‘,t) (re0<t<T)

o(x,T) =0 for |z| < L,and o(£L,t) =0for 0 <t < T
The solution ,, then satisfies

1d
(2'2) _5%/ |0'n,x|2d$+/(\/an0'n,:rx)2dx:_/ O'n,a:Xn,xdx
Q Q Q

which implies that

d
7 (lonell o) < Ixa( 8 Lo,

and, by integrating (2.2)

T
/ /(Man,xx)Q dx dt S Const.
0 Q
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This means that the o, are bounded in Lo ([0, T]; H*(f)), and because of
(2.1), also in H([0,T); L2(Q)).

We can therefore extract a subsequence, which we shall again denote by
on, which converges in Loo([0,T]; H1(2)) (in the weak-star topology), as
well as in H'([0,T]; L2(2)) (weakly).

By the same argument as in [ACP, lemma 10] one now shows that the
limit o of this subsequence satisfies:

(2.3) /Q (o () — vo())o (2, 0) da
- / / (1 — 0)x(a,t) + (Fu) — F(0))o] da dt

If we assume that 0 < y < e, then, by the maximum principle, all
approximating solutions o,,, and hence their limit o, will satisfy

T 1
0< —0< / e Mdr < Ze M.
¢ A

Using this inequality, and taking all terms with o in (2.3) to one side, and
the term with x on the other, we get:

//T(u—v)xdxdt <

< [ (wolo) ~ wn(a))" (~o(z,0) do+
Q
4 / / ) — F()|(—0) da dt

1 M
< ||<u0—vo>+uL1<m+—f// ey — o] dedt \
A by .

where My = supg<g<; |1 (s)].

This holds for all x € C°°(Qr) which vanish on 0Q7, and satisfy
0 < x < e Let y converge in measure to e x(,5pp, With X(yse
the characteristic function of the set where u > v. Then one finds:

At(

_ 1 My,
€7 (= ) ru@r) < 500 = )z, + 5L e (=0l 1y an
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Exchange u and v, and add the corresponding inequality to get:

e

_ 1 2My
& + e (=) Ly@n

u =)z, @) < XHUO — ol (@)
Hence, if A > 2M{, then

_ 1
le™ (w = )|z, @) < )\—72‘]\@”“0 —vollz, (@)

which implies the uniqueness of the very weak solution.

Continuous dependence of the weak solution on the initial data
To prove the continuous dependence of solutions on initial data, we first

have to derive some a priori estimates for an arbitrary weak solution.
Define n(s) = s™ and

C(u) = /0 Vi (s)ds = 2yim |

m +

—_

Then we have the following.

2.1. LEMMA. Ifu € Loo(Qr) is a weak solution of (1.1) with 0 < u <

1, then
T L
A([;amw%maga
L C
/(de%wén
n t
and

where ¢ is some constant which only depends on m, L, T and f.
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PrRoOOF. In [ACP] the weak solutions were constructed by replacing
n(u) = u™ with a smooth 7(u) (e.g. (u+€)™), whose derivative is bounded
away from zero for v > 0. The modified problem is no longer degenerate,
and therefore has a global solution, u¢, the limit of which is the weak solution
of (1.1).

Assuming, for the moment, that 7'(u) > €, one easily obtains

Vo [ utrapars [ conorarar="s [ uo2as

+/OT/_LLf(u)uda:dt,

(just multiply the equation with u and integrate), and also

T L
E(u(~,T))+/6 /_Lé(u)fdxdt:E(u(-,é))

where
L
E(u(7)) = [ [ Crantw -y as|
and

Ry = [ sl s)as.
The first identity implies that ((u), € L2(Qr), with
I¢(w)all7, < L+ 2LT sup{uf(u)|0 < u < 1}

The second identity tells us that for solutions to nondegenerate equations
the quantity E(u(-,t)) is nonincreasing in time.
Since n(u)7 = 1’ (w)*u < my'(wui = m¢(u)

sn(u)2 — F,(u) is integrable on Qr, with

2

2, we already know that

[ [ ot g o<

Since E(u(-,t)) is nonincreasing, this implies

/6E(u(-,t)) dt = 6E(u(-,9)),
0
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so that E(u(+,6)) < ¢/8, which implies the second inequality of the lemma
(for the nondegenerate case).

The second identity also implies that ((u); € La([6,T] x (—L, L)) and
IC(w)ell7, < E(u(-,6)) < /8.

Therefore the inequalities in the lemma hold if the equation is nondegen-
erate; to get them for n(u) = u™ one puts n(u) = (u+¢)™, f(u) = f(u+e),
as in [ACP], and lets € | 0. O

To complete the proof of the theorem we turn to the proof of continu-
ity of the semiflow, with respect to the weak-star topology. Since X is a
complete metrisable space, we only have to verify sequential continuity.

Let ug, € X be a weak-star convergent sequence with limit wug, and
let u, € Lo(Q) be the corresponding weak solutions. Since the wu, are
bounded in L (Q), we may assume that they have a weak-star convergent
subsequence, which, by an abuse of notation, we shall again denote by u,,.

The integral estimates of the previous lemma imply that the wu, are
precompact in Lo([6,T] x (—L, L)) (with respect to the norm topology),
for any 6,7 > 0. This allows us to pass to another subsequence which
converges almost everywhere on Q7 to some function ue, € Loo(Q).

Using the dominated convergence theorem one verifies that u«, is again
a weak solution of (1.1), with initial value uy. Since this solution is unique,
we have shown that any convergent subsequence of the u,’s has uy as its
limit, in Loo(Q) and in Ly([6,T] x (—L, L)), for any 6,7 > 0. This implies
that the entire sequence u,, converges to Ueo.

We have shown that

X = {u € Loo(Q)|u is a weak solution of (1.1)}

is a weak-star closed subset of Lo (Q), and that the map uy € X —
u(t; ug) € X is continuous.

Since X is a closed subset of the unit ball of Lo (Q), it is weak-star
compact, and therefore the continuous, one-to-one map which sends the
initial value ug to the corresponding weak solution u(t;ug) in X is a home-
omorphism.

On Loo(Q) we have the translation semigroup, ® (¢ > 0), defined by

(®'u)(s,x) = u(t + s, ) (t,s >0,z € Q).
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It is continuous with respect to the weak-star topology, and it maps weak
solutions to weak solutions; i.e. it leaves X invariant. The semiflow ®*|X
and the semiflow ¢' on X are conjugate by the homeomorphism ug
u(+;up), so that continuity of ® implies continuity of ¢t. O

3. The Flux of Strictly Positive Solutions

The quantity

ou™

is called the fluz of the solution u(z,t).

We shall call a function u € X strictly positive if it satisfies
1. u(z) >0 for all x € (—L, L).
2. There is an € > 0 such that

T
mo> — —L L.
u(z) _ecos(2L>, <z <

We define P C X to be the set of all strictly positive states.

3.1. STRICT POSITIVITY LEMMA. P s positively invariant under the
semiflow.

PRrROOF. Let U(z) be a smooth function on the interval [—L, L], for
which 7(U) gz = 0 holds on [-L, —L/2]U[L/2, L], for which U(+L) = 0, and
which is positive in the interior of the interval. Define k1 = supy<, <1 |g(u)],
and om) o

- S
and observe that both are finite constants.
Then consider v(z,t) = €(t)U(x), for some function €(t). One has

v = (V")ae = f(0) S{E(E) + hae(t)™ + kie(t) }U (@),
so that v will be a subsolution if €(¢) satisfies
€ (t) + koe(t)™ + k1e(t) = 0.

If one chooses ¢(0) > 0 small enough, then v(z,0) will be less than u(z,0),
and by the comparison principle one has v(z,t) < u(zx,t) for all time. OJ

The main results of this section are the following.
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3.2. CoNTINUOUS FLUX THEOREM. If the nonlinearity f(u) in the
initial value problem is a C function, and u € C(Q7) is a weak solution,
which is strictly positive for all0 < t < T, then the flur —(u"™)y is uniformly
continuous on 2 x [1,T| for any T > 0.

3.3. MONOTONE CONVERGENCE THEOREM. Let u, be a decreasing
sequence of strictly positive solutions which satisfy

un('x?t)m -1
— < H .
~ cos(mx/2L) —

Then u,, converges to a strictly positive solution U of (1.1), and in fact

U (x,t)™ R Uz, t)™
cos(mzx/2L) cos(mx/2L)

uniformly on (=L, L) x [1,T], for any 0 <7 < T. In particular, the bound-
ary fluzes @4 ,,(t) of the u, converge uniformly on [r,T) to the boundary
fluzes ®4(t) of the limit solution U.

The proof of these theorems will be given in several steps. We begin
with a lemma which tells us that the flux at the boundary points is always
finite.

3.4. LEMMA. There is a constant 0 < C < oo such that any weak
solution u of (1.1) satisfies

C\m-1 T
u(z, t)™ < <?> CO8 5 || < L,0 <t < 1.
PrRoOF. The function w(z,t) = wu(z,t)™ is a continuous function;

wherever it is positive it is also a smooth solution of

1-1/m

(3.1) wy = mw Way + mg(w! ™Y ™) w.

Since 0 < w < 1 there is a ¢ < oo such that [mg(w'=1/™)| < c.
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Let 6(z) be the solution of the ODE
0"(z) +0(z)/™ =0,  6(0)=1, 0'(0)=0.

It is not hard to verify that there is an xg > 0 such that 6 is defined and
positive for |z| < zg, while §(x9) = 0; moreover, 6 is a C? function on
[—xg, xo] with ' (x¢) # 0, and, in particular, there is a constant such that

(3.2) c < _ @) <

1
-, < 0.
cos(mzx/2x0) ~ ¢ ol < o

Now consider for small positive € the function

We(x,t):A(tW( v g;()),

where A(t) is to be determined.
Substitution in (3.1) shows that W is a supersolution of (3.1) if

xo
L+e¢

A'(t) > —m 2 A)?Y™ £ meA(t).
(%)

this inequality is satisfied for 0 < ¢t < 1 by A(t) = (C/t)™/ (™= if one
chooses the constant C large enough — in fact, one can choose C' independent
of e.

With this choice of A(t) we therefore find that W, is a supersolution of
(3.1) on [—-L, L] x (0,1]. Since W is strictly positive on the edges {+L} x
(0,1], and since w is a smooth solution of (3.1) wherever w > 0, we can
apply the maximum principle. The conclusion is that w < W, for all € > 0,
and hence that w < Wy on (=L, L) x (0,1]. The lemma now follows from
(3.2). O

We shall need some estimates which are similar to the “Aronson—
Benilan” estimates for solutions of the porous medium equation.
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3.5. AB-EsSTIMATES. Assume 0 < u(x,t) < 1 is a weak solution of
(1.1). Then

(3.3) (u™) > —éum, (x,t) € Qr
and,

A
(3.4) (u"™) gz > —7U (z,t) € Qr.

in which A is some constant depending only on T.

Proor. Consider v(z,t) = u(x,t)™, and w = v;. Then v is a solution
of
v = mut VM, + h(v)

where h(v) = mg(v'/™)v, while w satisfies

— 1 w?
(3.5) wy = mot ™Y M, + UL [mh (v) — (m — 1)h(v)] w,
m v
Since h(v) = mug(v/™) is a C' function of v, the coefficient of w in the
last term is bounded.
It turns out that w*(z,t) = —%v(x,t) satisfies

-1 *\2
w —mut Y™+ m 1) + [mh/ (v) = (m — 1)h(v)] w* >
m v

Tx

Av m—1

> — | 14+Cit — ——
t2(+ ! m >’

in which Cy is a constant that only depends on nonlinearity f. Hence if A
is chosen large enough, w* is a subsolution. This would imply that w > w*
on Qr, if we could apply the maximum principle. Since we don’t know any
a priori bound for w = (u); near the boundary we must use a slightly
more involved argument.

Choose a sequence of smooth functions ug on [—L, L] which converge
to u(x,0), and which satisfy € < up, < 1. Let ue € Loo(Q7) be the solution
of

up = (u"™)ze + f(u), u(x£L,t) =e.
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Then the u. are smooth, and the previous arguments show that for A =
A(f,T) large enough, the u, satisfy (u*); > —Aul"/t; that they also satisfy
(3.4) can be shown by using uy = (u™),, + f(u). Now we let € | 0, and we
obtain the same inequalities in the sense of distributions for u. [

By combining this with lemma 3.4 we get:

3.6. COROLLARY. Ifu is a weak solution of (1.1) then

(™), > - (?)” cos(me/2L),

1+
(U™ > — G) (cos(ma/2L))/™ .

Let u(x,t) be a weak solution to (1.1), which is strictly positive. Then
since the PDE is nondegenerate at positive values of u, our solution will
be C* in the interior of Q. In particular (u™), is a continuous function,
away from the boundary. The AB-estimates which we have just proved
imply that the two limits

Cp=F lim (u(,1)")s

exist for any ¢ > 0. By lemma 3.4 these limits are also finite.

3.7. CONTINUITY OF THE FLUX AT THE BOUNDARY. The functions
&, (t) are continuous on (0,T7].

This theorem implies that the flux is in fact continuous on [—L, L] x
(0,T], i.e. theorem 3.2. Indeed, if we fix some 0 < 7 < T, then the AB—
estimates imply that there is a C' > 0 such that (u™),, > —C for 7 <t < T.
Hence r(z,t) = (u™), + Cz is a monotone function of z, for each fixed ¢ €
[7,T]. Continuity of ®(¢) implies that lim,_, (2, t,) = (2, t) pointwise,
if t,, — t. By Helly’s selection lemma the monotonicity of the r(-,t,) and
the continuity of their limit r(-,¢) implies that r(z,t,) — r(z,t) uniformly
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in € [—L, L]. This implies that r is continuous on [—L, L] x [r, T]; since
T was arbitrary, continuity on [—L, L] x (0, 7] follows.
We turn to the continuity of ®. Since the functions

T vzt

() 2L cos(mx/2L)

are uniformly bounded for 0 < ¢ < T, and since they converge pointwise to
®, (t) as x — £L, the AB-estimate for v; implies that &4 (¢) is of bounded
variation on |7, 7T for any 7 > 0, and that

(3.6) 1) > (?)2+_

holds in the sense of distributions. From this one-sided bound we conclude

the following:

liminf ®_(¢) > ®_
im in (t) > @_(to),

limsup ®_(t) < ®_(tp).
tTto

From here on we shall ignore the right hand boundary, and only consider
the left hand boundary. By symmetry this is no restriction.

3.8. LEMMA. limsup;, ®_(t) < ®_(to)

PROOF. Since the function g(u) is bounded for 0 < u < 1, the function
7 = e“(=1) (x4 L) is a supersolution for (3.1), if C' is chosen large enough.
Let 6 > 0 be given; then for small enough € > 0 one has

o(to) < (@_(t)) + )@ +L) (0<z+L<e)

and
vz, to) < €N D_(tg) +6)e,  (0<t—ty<e)

by continuity of v.
The maximum principle then implies that v < v for 0 <z + L <€ and
0 <t—tyg <e and hence

_(t) = vp(—L,t) < el (D_(tg) 4 6)
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so that limsup,;, @ () < ®_(tg) + 6. Since ¢ was arbitrary, this proves
the lemma. [J

To prove the continuity of ®_(t) at ty we therefore still have to show
that
liminf ®_(t) < ®_(1o).
tTto

To this end we consider the rescaled functions

VA(E,T) = AN Lo(AE — Ly to + X 7).
They are solutions of
(3.7) V, = VITUmy £ AVmp(AY),

where h(v) = vg(v'/™). Our estimates for v imply the following for the Vi:
(i) Vi ¢ is uniformly bounded,
(ii) The V) (with 0 < A < 1) are equicontinuous functions (since v is
continuous),
(iii) There is a 6 > 0 such that for 0 < £ < L/\, and for all (relevant) 7
one has

86 <WA(E,7) <671¢

It follows from these bounds that any sequence A, | 0 has a subsequence
An; for which the corresponding V)’s converge uniformly on compact sets
in Q- ={(&7):£>0,7 <0}. Moreover, each V) is bounded away from
zero on Q, — = {(&,7) 1 a < & <a~!,7 <0}, by (iii), so that its derivatives
V:, Vee will be uniformly Holder continuous on each ), —. The limit Vj of
the convergent subsequence of the V)’s will therefore satisfy

m—1

(3.8) Ve=V m Vg (&€>0,7<0)

as well as (i), (ii) and (iii).
By definition of ®_(ty) one has

Vo(&.0) = lm V3(6,0) = - (to)s.
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Finally, the AB-estimates imply that

o A 2EmT (A
> (—= in [ =2
AT = (to + )\1+1/m7> S <2L§) ’

which in the limit A | 0 means that V5, > 0 on Q_, ie. that j is a
subsolution, and also that Vj(§,7) < ®_(tp)¢ holds everywhere on Q) _.

But Vi(§,7) = ®_(t0)¢ is a solution of (3.7), so that the strong maximum
principle forces

Vo(&, 1) = D_(tp)€.

Thus any subsequence V), which converges on {{ > 0,7 < 0} must have the
time independent and linear function V; as a limit, so that we have proved:

1/\1?(} Va(&,7) = ®_(tp)€, uniformly on compact subsets of Q_.

What we want is convergence of the derivative (i.e. the flux) on the
boundary. To get this we introduce the following two parameter family of
functions:

wap(€) = a& + b H/™,

and we define
Wa,b,c(§: T) = wa,b(f =+ CT)'

These functions are supposed to give us “travelling subsolutions,” which we
will place under one of the V)’s; when the sharp edge of such a subsolution
hits the boundary it will give us a lower estimate for the derivative of Vj,
and hence for v, at the boundary.)

A straightforward, but tedious calculation shows that

W+ W Wee + A AW >
m+1
2

ab— ac — " pegrm 3 mp o,
m m

where we have written & for & + cr.

Given a,b > 0 we can choose ¢ > 0 so small that W, . is a subsolution
for (3.1) on 0 < ¢ < 1, for small enough A > 0 (here we use that h(v) is
bounded).
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Now let any 0 < a < ®_(tp) be given. Choose b > 0 so small that

a+_(to)

(3.9) wa p(§) < 5

13 (0<&<l)
holds, and choose ¢ so small that W, ; . is a subsolution for (3.1), whenever
A < A(a,b,c).

We have shown that the V), converge uniformly on {0 < & < 2, —% <
T <0} to ®_(tp)¢, as A | 0. Hence we can choose A so small that

(3.10) Vil ) — @ (m)g] < DA

for all £ € [0,2] and all 7 € [-2,0].
Consider the strip

,5'7—0:{(5,7'):7‘0—0_1ST§70,0<§+C(7'—7'0)§1}7

where —1/c¢ < 79 < 0. Then we have just verified that Wy = Wy is a
subsolution for (3.6) on this strip S, and the conditions (3.8,9) imply that
Wy < Vy on the parabolic boundary of the strip S7,. By the maximum
principle we therefore get Wy < V) on all of the strip, and in particular
Va(€,7) > af + beM/™ for € € [0,1] and —1/¢ < 7 < 0. After rescaling
this then implies that ®_(¢) = v,(—L,t) > a for all t < ¢y sufficiently close
to t().

Since a was any number less than ®_(ty), this completes the argument
which shows that ®_(¢) is continuous. [J

Proof of the Monotone convergence theorem

Let € >0 and 0 < 7 < T be given. Away from the edges {£L} x (0,7]
the u™ are classical solutions of a nondegenerate parabolic equation, so they
surely converge uniformly on any region of the form [—xzg, z¢] X [r, T], with
0 < z¢p < L. Hence we consider regions of the form [zq, L] X [, T].

Since the flux (U™),, is continuous on [0, L] x [7, T, there is an z¢ € (0, L)
such that

(3.11) U (2, t)™ — ®(t)(L — 2)| < E(L—x),
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fort<t<Tand g <x<L.

Moreover, the AB-estimates imply that (u])")zy > —C1on [—L, L] x [1, T
for some constant C;. We assume that xg has been chosen so close to L
that L — zg < 6/201.

Finally, the uniform convergence of the u, to U in the interior implies
that there is an n, such that

(un (0. )™ < U, )" + 7(L — o)

forr<t<T,n>ne.
Now, let o <z < L, 7 <t < T, then (u}"")z, > —C7 implies

n

L—z

U (z, )™ < un(xo,t)mL - + 7(L —z)(x — x0)
< (w0, t)" 7 __jo +(L-a)
< U(a:o,t)mLL__; +L-a)
(®(t) +%4€) (L—2)  (by (3.11) at x0)

<
<U(x,t)" +€e(L — ) (by (3.11))

holds for n > n..
Combined with the uniform convergence on [0, xo] X [, T], this implies

that
(uy) U™

n J—

<
L—xz L-—=zx ¢

lim  sup
o0 0,L) % [7.T)

for any € > 0, which, in turn, implies the montone convergence theorem. []
4. Further Regularity of the Flux

Let ¢(z) be an equilibrium state for our semiflow. We introduce a new
independent variable, y, defined by

(4.1) y(%‘):/o (&) D2
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Derivatives with respect to x and y are related via

8 m—1 8
(4.2) oy p(x) 2 Ere

As x varies from —L to +L, the range of this new variable will be an interval
(=Y,,Y,), where Y, may be infinite, as happens if one chooses ¢ = p and
L = L;. However, we shall assume in this section that ¢ is strictly positive,
in which case

L df
(43) Yy = /0 o ©mD2

is finite.

The coordinate transformation x +— y is everywhere smooth, except at
the ends of the interval (—L,L). Assuming that (™)' (L) = —A, with
A > 0, the following lemma tells us how z,y and ¢™ are related near the
end point x = L.

4.1. xy-CONVERSION LEMMA. Writing§ = L—x andn =Y, -y, we
have

SOm = A¢ (1 + £1+1/mB1(§1/m7§1+1/m)>
/r’ _ Clé_ngjnl (1 + £1+1/m32(£1/m7£1+1/M)>
€ = conmit <1 + 77233(772/(’”*”,772))

2
@ = canmiT (1 + 0By (/MY 772))

where ci1,co,c3 are constants, and By,...,Bs are smooth functions on a
neighborhood of the origin in R2.

PROOF. Once the first relation is established, the others follow by
direct computation.

To prove the first relation, we recall that (¢™)zz = —g(¢)g; using
(™) (L) = —A, we therefore get

3
(L~ €) = Af — /0 (€ — E)glp(L — €))p(L — £)de".
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Putting o™ (L — &) = A{(1 + «(€)), and substituting £ = o€, we find
a(f) — —Al_l/m§1+1/m

: /0 (1= 0)g ((A0)™(1 + a(€) /™) o™ (1 + a(0€)) /" do.

We now regard & as a small parameter, and consider f¢(t) = a(&t). Then
Be € C([0,1]) satisfies:

Be = —HmT(E ™ ),
where T : R x C([0,1]) — C([0,1]) is defined by
T()\,ﬂ)(t) _ Al—l/mtl—I—l/m

- / (1= a)otlmg (AMAGt) /™ (1 4 B(ot) /™) (1 + B(ot) /" do.
0

Clearly T is a smooth Fréchet differentiable map: if the function g(u) were
C*, then T would be C* too — in our situation g is a polynomial.

By the implicit function theorem, the fixed point equation § =
—uT (A, B) has a unique solution for small enough A and p, and this solution
will depend smoothly on the parameters A and p. Choosing A = £1/™ and
= &Y™ we find that Be is a smooth C([0, 1]) valued function of glim
and £'1/™_ Using that B¢ satisfies the fixed point equation, we even find
that 5_1_1/7”,6’5 = —T(ﬁl/m, B¢) is a smooth function of gl/m and grti/m,

Hence (¢(1) = ¢FYMB(¢), where B(€) is a smooth function of &/™
and €171/ this is what is claimed in the first identity of the lemma. OJ

If u(z,t) is a weak solution of (1.1), then

satisfies

2 0
(4.4) - {—” i P(y)—“} T hy).
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where

dSm—+1ep
Ply) = — ?y,
and h is given by
h(v,y) = m [9 (cpvl/m> v — g(w)v“/m} . p=y).

The condition of strict positivity of the previous section is equivalent with
b<o(y,t) <87, Yl <Yp0<t<T,

for some 6 > 0. Hence if u is strictly positive, and if one only looks at the
highest order terms, (4.4) is a nondegenerate parabolic PDE. However, the
first order term, P(y)vy, turns out to be singular at y = +Y,,. Using the
zy-Conversion Lemma we can determine the exact nature of the singularity
of P(y):

3m+11
= -+

(15) P ="

nBs(n* ™ n?)

where n = y — Y, or n = y + Y, and Bj is again a smooth function near
the origin of R?.
If we augment (4.5) with Neumann boundary conditions,

(4.6) vy (£, ) = 0,

then it is shown in the appendix that we obtain a well posed initial value
problem.

4.2. THE SMOOTH SUBFLOW. The equations (4.4,6) generate an an-
alytic local semiflow ®; on

Oa={veh®([-Y,,Y,]): 6<v< 671, for some 6 > 0}
for each 0 < a < 1.

The main result of this section will be that this local semiflow is in fact
global.
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4.3. REGULARITY OF STRICTLY POSITIVE SOLUTIONS. Let u(x,t) be
a strictly positive solution of (1.1), and let v(y,t) be the associated solution
of (4.4).

Then v(-,t) € h*Y([—Y,,Y,]) for all t > 0, and v(-,t) satisfies the
Neumann boundary conditions (4.6). In particular, v(-,t) constitutes an
orbit of the smooth subflow ®, and any orbit of this subflow exists for all
t>0.

The proof of this theorem will proceed along the following lines: First
we establish some interior estimates for arbitrary positive solutions of (4.5)
which allow us to verify that any such solution comes from a weak solution
of our original PDE (1.1). We then obtain an a priori estimate for the Lo
norm of vy, which only uses the continuity of the flux that was established
in the previous section.

4.4. INTERIOR vy, BOUND. Ifw(y,t) is a solution of (4.6) on =Y, <
y <Y,,0<t<T, which satisfies 6 < v < 6~ for some & > 0, then

ov < Cma ( 1 1 >
max | ———, — | .
N |?/iYs0| \/T

Here C is a constant which does not depend on v.

Oy

PRrOOF. Given —Y,, < yo <Y,,0 <ty < T, we choose e = min(1, |y £
Y,|, /o), and consider

v(y,t) = v(yo + ey, to, €°t).

Then v°¢ satisfies

€ 2,.€ €
T =0 S P+ )
We have chosen € so that v is defined for |y| < 1,—1 < ¢ < 0. From (4.5) one
deduces that both coefficients eP(yo + ey) and €2h(yo + ey, v¢) are bounded
on |y| < ?/3, =1 <t < 0, independently of ¢ > 0, i.e. independently of
Yo, Lo-
Classical interior estimates for quasilinear parabolic PDE now imply
that vy, (0,0) is bounded by some constant that does not depend on (yo, to)-
After rescaling this leads to the desired estimate for v,. [J

} + h(yo + ey, v°).
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4.5. BACK—SUBSTITUTION LEMMA. Let v be a solution of (4.4) which
is continuous on (—Y,,Y,) x [0,T], and which is bounded by § < v < §~
for some 6 > 0. Then u(z,t) = p(z)v(y(z),t)™ is a weak solution of (1.1)
on Qr.

PROOF. Since v is smooth, u is a smooth solution of the PDE in (1.1),
on the interior of Qp. All we have to worry about is that the boundary
terms which arise when we try to verify that v is indeed a weak solution

vanish.
From

(um)x — (p(x)—(m—l)/Q ((va)y _ (p(l’)(m+1)/2 <’Uy + m%u) ’

the interior estimate for v,, and (4.5) one finds that

m C
[(u™),] < 7

With this estimate one can justify all partial integrations that are necessary
to show that u satisfies (1.4) for arbitrary test functions. O

4.6. H-ESTIMATE. Let v(y,t) be a smooth solution of (4.4,6) defined
for0<t<T withd <v <6t Assume it satisfies

(4.7) ‘v(y,t)l_l/m —u(EY,, )TV <6, for |£Y,—y|<e,0<t < T.

Then there is an €5 > 0 such that if € < €5 one has

| >

Yo
[ oty <

Yo

, 0<t<T),

for some A = A(6,¢,T) < c0.
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PrRoOF. Let X(t) = f“’ fu,gdy. Then integration by parts results in

Yo
dX Yo
T -2 / VyUyy dy

Y,
QDY“O 1-1 2 Yo
= —Qm/ pli=l/m ((vyy) + P(y)vyvyy) dy — 2/ vyyh(y,v)dy
-Y, —Y,

The second integral may be estimated directly: It follows from the AB-
estimates that vy, (y,t) > —% for some C' > 0. Since v, vanishes at the
endpoints of the interval (=Y,,Y,), this implies that

Yo 2CY,
(45) | ottty < 2222
v, t
Hence
Y, C
/ vyyh(y,v)dy| < e
-Y,

for some C < oo.
To estimate the first integral, we split it into three parts:

Y, —Y,+e Y,—e€ Y,
1-1/m ((,2
—2m v ((vg, + P(y)vyvyy) dy = + +
-Y, -Y, ~Yote JY,—e

:Il—|-12+13.

The middle term satisfies

Y,—e¢ Y,
(4.9) |I] < —)\/ (vyy)?dy + C/ (vy)2dy
—Y,+e -Y,

for some small A > 0 and some finite C' < co. From here on A and C' will
denote generic small and large constants, respectively.
To estimate I; we use the hypothesis (4.7) to obtain

Yy
’13’ < 2U(Y¢, t)ll/m/y (vgy + P(y)vyvyy) dy
o—€

Yo
+ 2€/Y (vzy + |P(y)vyvyy\) dy.
Lpfé
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It follows from (4.5) that for 0 <Y, —y <

—C

P(y) < <0, Ply<——75<-CP@y?<0,
provided e has been chosen small enough.
Hence we have
Ye 1 2 1 Yoo
- P(y)vyvyydy = /ZP(YgD - e)vy(yw —&t) 4+ /2 P (y)vydy
Y,—e Y,—e€
Y, )
<-C (P(y)vy)” dy.
Y,—e€

Using Cauchy-Schwarz we therefore find

Yo
/ P(y)vyvyydy >0
Y,—e

and

Y, ) Y, )
/ P dy<C [ (v dy.
Y,—e¢ Y,—e€

Using these two inequalities we find that I3 satisfies

Y, Y,
L) < -\ / (vy9)2dy + C / (vy)2dy.
Y,—e¢ —-Y,

By the same arguments one finds that I; satisfies a similar bound, and

hence we find

dX Yo C:
= < —)\/ (vyy)? dy + C1 X + =2
dt Ly t

©

Denoting by || - ||, the L,(—Y,,Y,)-norm we note that

1/2
lvgllz < Jlogllt/? - [loyl12£2
1/4 1/4 1/2
< Clloll* - oy 1™ - oy Iy
C 1/2

< m||vyy||2
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which yields —|lvyy |3 < —At||lvy||3, and thus

dX Cs

— < -NtX?+ O1 X 4 ==,

PR + 01X + r

Direct substitution shows that X(t) = At~2 is a supersolution for this
equation if A is chosen large enough. Therefore X (t) < A/t? holds for

some large A, as claimed. [

Proof of theorem 4.3

Let vg € O, be given, and consider the maximal solution v(y,t) of
(4.4,6) which is provided by the smooth semiflow ®; on O,. Assume that v
exists for 0 < ¢ < T'; then we shall now show by contradiction that T"= oco.

Suppose that T is finite. Since solutions of the smooth semiflow all
become singular at the same time, i.e. independent of «, we may assume
that 0 < a < /5.

Let u(x,t) be the weak solution of (1.1), corresponding to v(y,t). The
strict positivity lemma 3.1 applied to u implies that 6 < v < 67!, for some
small § > 0. The continuous flux theorem then tells us that v is uniformly
continuous on [—Y,, Y] x [r,T) for any 7 > 0.Hence our H! bound applies,
and, using the compact embedding of H' into h® for 0 < a < /5, we see
that {v(-,t) : 7 <t < T} is precompact in O,. Thus it cannot be a maximal
orbit of the semiflow ®;. (]

Next, let u(z, t) be any strictly positive weak solution of (1.1), and define
v(y,t) = (u(z,t)/@(x))™. We shall show that v(-,t) € O, for any small
t > 0, and, in view of what we have just derived, that {v(-,t) : 7 < t < oo}
is an orbit of the smooth semiflow.

Let ty > 0 be given. Then v(y, to/3) = (u(x,to/3)/e(x))™ is continuous,
by the continuous flux theorem again. Choose a decreasing sequence v, €
Oq with v, | v(-,t0/3), and let v,(y,t) be the corresponding solutions to
(4.4,6) with v, (y,t0/3) = vn(y).

The monotone convergence theorem 3.3 now implies that v, (y,t) con-
verges uniformly to v(y,t) on [—Y,, Y,] x [¥/sto, 2to]. The continuity con-
dition (4.7) therefore applies to all v,,’s, if one chooses € small enough, and
we get a uniform H!'-bound for the v,,:

/ (Vngy)” dy < 70 2/31&0 <1< 2%
U
n, y t 2/3t0,

Yo
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with C independent of n.
The conclusion we draw from this is that the limit v(-, o) of the v,(-,to)
must belong to H', and hence to O, as claimed. O

5. Strict Positivity of the Connecting Orbits

We still assume that L < Ly. Let u(t,z) (—oo < t < oo, |z| < L) be a
weak solution of (1.1) which connects p(z) either to g(x) or to 0.
Then we have p(z) = limy—, o, u(t, z) uniformly in |z| < L.

5.1. THEOREM. wu(t,-) € P for all t € R. If one defines v =

(%)m then

lim v(t,y) =1 in h*([-Y,Y]).
t——00

PrROOF. We already know that u(z,t) tends to p(x) uniformly, so for
every x there is a t, > —oo with u(t,,x) > 0. Since the support of u(t,-)
does not shrink we conclude that u(t,z) > 0 for all € (=L, L). We must
therefore show that (u™),(£L,t) # 0.

Let us consider x = —L, the argument for x + L being similar. Let
A= (p"™)z(—L), so that p(z)™ = (A +o(1))(x + L). Consider

W(z,t) =w(x+1),

where
w() = a& + bet/m,
Then
Wy — WHYmw,, — h(W) =

—w — wl—l/mw// _ h(w)

1 1-1/m 1
:a_l_ubé-l—l-l/m_b(a_l_bé-l/m) m—f;
m m
. h(a§+ b€1+1/m)

where £ =z + t.
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Using |h(v)| < Cv we find

Wy — WYmWw,, — h(W) <

1 1
<at P Tperriim <%b - cg) (a + bgl/m) .
m m

Choose 0 < a < A and b = 2m?/(m + 1). Then there is a & > 0 such that
Wy — W YmW,, — k(W) <0

for 0 < € < &.
Since p(z)™ = (A+o0(1))(x+ L), we can arrange by choosing £, smaller,
if necessary, that 2§y < L and

(a+bey™) € < p(—L + &)™

Then p(z) > (a + b{é/m) & for & < x4+ L < 2¢. Since u(x,t) — p(x)
uniformly as t — —oo, there is some ty € R such that

u(zx,t) > <a + béé/m) &o

for (g <z + L <2¢ and —oo < t < ty.
We claim that (u™)z(—L,t) > a for any t < ty.
Indeed, let ¢; < tp be given and consider

W(z,t) =w(x+L+t—1)
on

We have just shown that W is a subsolution of Wy = W1=VmWw, . + h(W)
on {2 while ™ is a solution of this equation. Furthermore our construction
is such that W < 4™ on the parabolic boundary of 2. By the maximum
principle we therefore find that W < «™ on Q. In particular we find

(51) u(x,tl)m > a(w + L) + b(x + L)1+1/m,
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whence u'(—L,t1) > a, as claimed.
So far we have shown u(-,t) € P for every t € R. Using (5.1) we can
derive a uniform lower bound of the form

(M%ﬂ> >1-—6, —o00 < t < tg,
p(z)

for any 6 > 0.
One can also derive a similar uniform upper bound,

(M%U> <1434, —o00 < t < tg,
p(z)

by constructing traveling wave supersolution of the form W(z,t) = af +
be /M with € =2 —t, and a > A, b= —2m?a'/™/(m + 1), and applying
the analogous argument.

The upper and lower bounds together imply that (u/p)™ converges uni-
formly to 1 as t — —oo. The H' estimate 4.6 then implies that v =
(u/p)™ — 1in O% for any 0 < a < 1/2.

Hence the orbit u(-,t) of the weak semiflow lies on the unstable manifold
W(p) of p in the smooth subflow. [J

6. Linearization

We again assume that Ly < L < L; and put ¢(x) = p(L,x); we define
y, O% as in section 4.

Then v = 1 is an equilibrium of the smooth subflow on O%.

6.1. THEOREM. v =1 is a hyperbolic fixed point of {@t|(’)a with
a one dimensional unstable manifold.

Fizo

This theorem combined with theorem 5.1 directly imply the Main The-
orem. For if u(x,t) is a connecting orbit from p(L,z) to either 0 or to
q(L,x), then by theorem 5.1 it must lie on the unstable manifold through
p(L,x) of the semiflow {®;}; by the theorem we are about to prove there
are exactly two such orbits, one increasing and one decreasing.
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PrROOF. The linearized equation at v = 1 is obtained by substituting
v =1+ ew(y,t) in equation (4.1) and discarding all terms involving 2 and
higher powers of €. The result is

1 ow
EE = Wyy +P(y)wy +Q(y)w,
ow
—(£Y,,t) =0
8?/( 28] ) 9
where
3m +1 ¢,
1 P i
(6.1) (y) RS

(62)  mQ(y) = ho(y, 1) = (m = 3)¢* = (m = 2)¢ + (m — 1a.

The associated eigenvalue problem is

2=y + PO + Q)Y
W(£Y) = 0.

It follows from the Sturm-Liouville theory that this eigenvalue problem has
a sequence of eigenvalues A\g > A1 > - - - where each eigenvalue is simple, and
the eigenfunction corresponding to A, has exactly n zeroes in the interval
(=Y, Yy).

Since P(y) is odd and Q(y) is even in y, the 1, are even functions of
y, and the 2,41 are odd.

What we must show is that A\g > 0 > \q.

We shall first show that Ay < 0. To do this we consider

o e ()

Each v(¢;-) is a solution of
mo' V™ L 4 Py’ + h(v,y) = 0,

so that

(Y )
6.4 vely) = (ag>5_o‘ Pz ()



506 Sigurd B. ANGENENT and Donald G. ARONSON

satisfies

(6.5) L+ Py)Y + Q). =0

on the interval =Y < y < Y. Moreover, ¢.(y) > 0 on (0,Y), and since
p(£L) = 0, 9, is unbounded at y = +L, so that 1, is not one of the 1.

Let 1(y) be the eigenfunction corresponding to A;, and assume that
P1(y) > 0for 0 < y <Y. If \; were nonnegative then v, would be a subso-
lution of (6.5). Define ¢y = sup{c > 0:ct); <1, on (0,Y)}. Then cop; <
s, and either coy1(y) = 1. (y) for some y € (0,Y), or cpi(0) = ¢.(0).
Since 1, cannot be a multiple of ¥; both conditions lead to a contradiction:
the first with the strong maximum principle, the second with the boundary
point lemma. Hence we have shown that A\ < 0.

To show that A\g > 0 we recall that the middle solution p(L,x) depends
on the length L of the interval, and vary this length parameter L, i.e. we

consider
) <g> <p<L+f,x<y>>>m
* ) o\ p(Loxly) )
The analysis in [ACP] implies that 1); has a zero in the interval 0 <y < Y.
Since 94(y) is an even function it therefore has at least two zeroes in the
interval (=Y, Y’). Moreover, it is easily seen that v satisfies (6.5).

By the Sturmian oscillation theorem every solution of the eigenvalue
equation %w ="+ P(y)Y'+Q(y)y with A < 0 must have at least one zero.
Since the first eigenfunction 1y has no zeroes we may therefore conclude
that A\g > 0, as announced. [J

7. The critical case

Transformation and Smooth Semiflow

Our study of the connecting orbits in the case Lo < L < L; was based
on the fact that by performing the transformations (4.1-3) and considering
v = (u/p)™, the degenerate PDE (1.1) is transformed to a nondegenerate
initial value problem (4.4, 6) whose associated local semiflow is smooth and
hence can be linearized. In this section we assume L = Li(m,a), we put
¢ = p« and apply the same transformation (4.1-3), and investigate the
resulting initial value problem.
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A fundamental difference with the precritical case Ly < L < Ly immedi-
ately appears when one computes the range (—Y,, Y,,) of the new coordinate
y: it turns out that p.(z) ~ Clz £ L1|>(™=1 at 2 = L, so that the in-
tegral defining Y, diverges, i.e. the y-variable assumes all real values. The
analog of the zy-conversion lemma says that

—Clog|Ly —z|+--- fora T Ly,
(7.1) y=

Clog|Ly + x|+ --- for x | — L,
in which --- stands for lower order terms.

If u(z,t) is a weak solution of (1.1) with u(x,t) > 0 everywhere, then
v = (u/p)™ is again a solution of the quasilinear PDE (4.4)

9% ov

a_gJQ+P(y)_}+h(Uay)a yER.

(4.4') v =mo' { 3

Unlike in the precritical case the coefficients turn out not to be singular
as y — £Y,. In fact, both P(y) and h(y,v) are C* in both y, v, as long
as v > 0, with all derivatives uniformly bounded in regions of the form
§<v<6§>0,ie.

8n+lh

81}”8@/1 SC((S,’I”L,Z), (SSUS(S_I,:UER-

(7.2) ‘P(”)(y)‘ + ‘

Moreover, P(y) and h(y,v) have definite limits as y — +o00. One way to
see this is by observing that one can explicitly compute ¢ as a function of
y. Indeed, by (1.6) and (4.2) we have

(7.3 (90 + =62 Gm(p) =0,

(the constant A in (1.6) must vanish.) One can separate variables in this
first order ODE which after integration leads to

(7.4) o(y) = (kzl(m, a) + ka(m, a) cosh in 1y>

for certain positive coefficients k;(m, a). The derivative estimates for P and
h are now easily verified.
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The nice behaviour of ¢ at y = oo implies that the Cauchy problem
(4.4") is well posed, and has a short time solution {v(y,t) : 0 < ¢t < T} for
any continuous initial value v(y,0) which is uniformly bounded and uni-
formly bounded away from zero. A straightforward application of theorem
8.6 in the appendix gives that (4.4") generates a smooth local semiflow ®,
on

0% ={veh*(R):Jps0d <v <61},
It follows from well known interior estimates for quasilinear parabolic equa-
tions that any solution v(y,t) of the Cauchy problem (4.4") with
S<w(y,t) <6, yeR,0<t<T,

is smooth and has derivative estimates of the form

1
9%\ — G, 6, ).

(75) | <

We leave to the reader the task of using these estimates to prove a “back-
substitution lemma,” i.e. of showing that any bounded solution of the
Cauchy problem (4.4") generates a weak solution to (1.1) by u(x,t) =
ps(x)o(y(e), 1) /™.

The local semiflow ®; is truly local, since any orbit of ®; corresponds to
a solution to (4.4"), and hence to a weak solution of (1.1) whose flux on the
boundary vanishes, i.e. for which (u™), = 0 at x = £L;. This condition is
not preserved by the weak semiflow ¢;. One could, for instance, consider an
orbit u(t) = ¢¢(up) whose initial value wug satisfies p. < uy < q(L1,-), and
for which vg = (ug/p)™ belongs to O“. Then for a short time the orbit u(t)
will be given by the weak solution generated by the smooth local semiflow
®, on O, but as t — oo the orbit must converge to ¢(L1,+); in particular
the flux at the boundary of u(¢) must be positive for large enough ¢. Hence
®,(vg) does not exist for all ¢ > 0.

Linearization at the equilibrium

As in the precritical case of the previous sections the transformation v =
(u/p)™ sends the equilibrium p, = ¢ of the semiflow ¢; to the equilibrium
v« (y) = 1 of the smooth local semiflow ®;. We can therefore linearize again
and hope either to find that v, = 1 is hyperbolic, or else to understand
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at least something about the equilibrium v, = 1 by constructing invariant
manifolds.

The linearization at v, = 1 of the local semiflow is a one parameter
analytic semigroup d®;(v,) = e™A4t
given by

, whose generator is mA, where A is

2
A= (3> + P(y)2 +Q(y),  domA=h>*(R).

Here

(76) Ply) = 25— = /-2 Gue)

) mQ(y) = hy(y, 1) = (m = 3)* — (m = 2)p + (m — 1)a,
v =p(y)

are the same as in (6.1,2).
The coefficients P and @ have limits at y = oo given by

3m+1 2a m—1
P(oo) = - 2 Vm+1’ @(o0) = m @

The limits at y = —oo are determined by the fact that P is an odd function
and () is an even function.

Since our operator is defined on an unbounded interval we cannot expect
the spectrum to consist of pure point spectrum. In the example on p.140
of [He81] Dan Henry computes the essential spectrum, Eo(A), of operators
such as A, i.e. the set of A € C for which A—A : h>® — h® is not a Fredholm
operator of index zero. This portion of the spectrum is of interest to us,
since it basically is the part of the spectrum with which we do not know
what to do. The remainder, C \ Eo(A), consists of eigenvalues of finite
multiplicity, or of points in the resolvent set of A.

Henry considers operators on L,(R) rather than on the little Holder
space h® we use here, but all his arguments can be carried over to the
little Holder spaces. His conclusion for our operator A is that its essential
spectrum occupies a parabolic region given by

m—1 A\ ? 5 a(3m+1)?
< )
RA<a ( A ) , k* = 72( )
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Thus we see that the spectrum of A intersects the imaginary axis rather
drastically, and that the fixed point v, = 1 is not hyperbolic. In fact, we
cannot even expect there to be a finite dimensional centre manifold: the
conclusion must be that analogies with finite dimensional ODE theory do
not seem to shed much light on the nature of ®; near v,.

A fast unstable manifold

Having determined the essential spectrum of A we now consider its point
spectrum.

If we put pu(y) = [ P(n)dn, then A is symmetric with respect to the
inner product

(1 0y = /R W) (y)o(y)dy.

Indeed, since p(y) = P(o0)|y| +O(1) at y = oo, and P(c0) < 0, e decays
exponentially at 400, and one easily computes that for any u,v € h>*(R)
one has

(u, Av), = /Re“(y) {—u/v/ + Qu(y)v(y)} dy.

Hence all eigenvalues of A are real, and if there are any eigenvalues they
form a countable sequence

m—1

AN>A>->a
m

which is either finite, or else accumulates at amT_l (see fig. 7.1).

E;(4)

I,

Ty
1P

Fig. 7.1. The possible spectrum of A.
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If the operator A does indeed have at least one eigenvalue, then the
eigenfunction ¢y corresponding to the largest eigenvalue \g must be posi-
tive, and A\g must be a simple eigenvalue. We can then apply the invariant
manifold theorem, and conclude the existence of a one dimensional fast un-
stable manifold through v, = 1. Thus there exist two orbits w4 (y,t) € O¢
of ®;, which are defined for all ¢ < 0, and have the following asymptotics
as t — —oo

(78) w:l:(y? t) =1%x e()\0+0(1))t()00(y) T (t - —OO)

ie.
wy(y,t) — 1

[w+(y, ) = 1| pe
The corresponding solutions u4 (x,t) to (1.1) are then solutions which exist
for all ¢ < 0. Using the weak semiflow we can extend them to ¢t > 0 in a
unique way. The resulting solutions will have zero flux at the boundaries
r = £L, for t < 0, but as we mentioned before this situation need not
persist. As t — +oo uy(z,t) will converge to g(Li,x), so that it will
become strictly positive, while u_(z,t) will converge to 0.

— o in h*(R) as t — —o0.

There are many other ways of extending the solution uy to positive
times. We mention one extension whose conjectured existence formed a
part of the original motivation for the present work.

Since the solution w4 has no flux at the boundaries +L;, it can be
extended to a solution of the Cauchy Problem for (1.1), simply by defining
uq(xz,t) =0 for |x| > Ly, t < 0. The Cauchy problem for (1.1) is well-posed
so that we can also extend uy (x,t) for ¢ > 0 by defining u4 for ¢ > 0 to be
the unique weak solution of the Cauchy problem with initial data u (z,0)
for |x| < Ly, and 0 for |x| > L;. This way we obtain a solution u4(z,t)
of the Cauchy problem, defined for all time, whose free boundaries remain
fixed at x = £L; for an infinite time period. Such a solution has been
called a solution with a waiting time at infinity, and our discussion shows
that such a solution exists if the operator A has at least one eigenvalue
outside of its essential spectrum.

Whether or not A has isolated eigenvalues turns out to depend on the
values of the parameters a and m. Based on numerical calculations we
conjecture that there is a monotone concave function m,(a) defined for
0 < a < Y5, with m.(0) = 2, m.(!/2) = 1 such that A has one isolated
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Fig. 7.2. The parameter domain (a, m).

eigenvalue for 1 < m < m,(a) and no isolated eigenvalues otherwise (see fig
7.2). We can only prove the following.

7.1. THEOREM. If m > 2 then A has no isolated eigenvalues. For
any a € (0,%/2) there is an mo(a) > 1 such that A does have an isolated
eigenvalue for 1 < m < mgp(a).

PROOF. Let m > 2. Then we claim that mQ(y) < mQ(oo). Indeed,
from (7.7) and ¢(c0) = 0 it follows that for 2 < m < 3 one has mQ@ <
a(m — 1) wherever ¢(y) > 0, i.e. everywhere, while for m > 3 one has
mQ(y) < a(m — 1) wherever 0 < ¢(y) < ﬁ—:g Since 0 < p(y) < 1 for all y,
this last condition is also fulfilled for all y.

Any eigenvalue A must be real, and outside the essential spectrum, so if
there is an eigenvalue with corresponding eigenfunction 1 (y), then we must
have \ > amT_l = Q(00). An analysis of the differential equation

(7.9) V'(y) + Py)Y' (y) + (Qy) — N w(y) =0,  y€ER,

satisfied by any eigenfunction ¢ shows that ¢ (y) must decay exponentially
at y = +oo. In particular at some yy one must have ¥ (yo) = £ supg |¥(y)],
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and one may assume that 1(yp) > 0. At yo one then also has ¢" < 0 and
Q(yo)—A < 0. Upon substitution in (7.9) this yields a contradiction. Hence
there can be no eigenvalues if m > 2.

We turn to the existence part of the theorem.

The starting point of our argument is the observation that the operator
A can actually be defined for all (a,m) with m > 0 and 0 < a < %—ié,
instead of just for m > 1. Indeed, the coefficients of A depend only on
©(y), and the explicit form (7.4) is defined for all m > 1 and 0 < a < z—ié

When m = 1, the essential spectrum of the operator A occupies the
parabolic region 4aR\ + (IA)? < 0. In particular, it is contained in the
closed left half plane.

We consider the function 1, introduced in (6.1,2),

' _m=1
Yu(y) = —m—= = —mep(y)” = .
@ ©

By (6.3) 1. satisfies the eigenvalue equation (7.9) with A = 0. Since ¢(y)
vanishes at 400, 9, is unbounded for m > 1, but when m = 1 we simply
get Y. (y) = —py /e, so that in this case 1, is bounded, and converges to a
finite positive limit as y — oo.

For any A > —P(c0)?/4 the eigenvalue equation has a unique solution
V(A y) with

YA y) = (1+o0(1)e", (y— o00),
¥ =7(A) = —P(0)/2 — \/P(0)2/4 4+ A

For A = 0 we have v = 0, so ¥(\,y) must be a multiple of ¢,. Since the
graph of ¢ is bell shaped we have ¥(0,y) > 0 for y > 0, ¥(0,0) = 0 and
W, (0,0) > 0.

When A > supgr Q(y), the asymptotics at y = oo imply U(A,y) > 0
and ¥, (A, y) < 0 for large y. Since ¥ satisfies (7.9) ¥ must be decreasing
for all y € R. For if there were some yo with W, (X, y0) > 0, then there
would also be a largest y; with the same property; at this y; one then
would have ¥, = 0, and, since ¥ is decreasing on (yi,00), one would also
have W(A,y1) > 0; substitution in (7.9) shows that this would lead to a
contradiction.
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Thus we find that for A = 0 we have ¥, (\,0) > 0, while for large A
the opposite inequality holds. There must then be some Ay > 0 for which
U, (Ao, 0) = 0. The coefficients P and @ are odd and even, respectively, so
U, (Ao, 0) = 0 implies that (A, y) is an even solution of (7.9), and hence
is an eigenfunction of A, with m = 1.

To complete the proof we simply observe that this isolated eigenvalue
Ao persists under small perturbations of the operator A, and thus that A
also has an isolated eigenvalue for m close to 1. [J

8. Appendix

Smooth Local Semiflows
Recall that a local semiflow on a topological space O is a continuous

map ¢ : D — O defined on an open subset D C O x [0, 00) which satisfies

Isf; O x {0} C D and ®(z,0) = z;

Isfy if (x,t) € D then (x,s) € D for all s € [0,t);

Isfy if (x,t) € D and (P(z,t),s) € D then (x,t+s) € D and ®(x,t+s) =
O(P(x,t),s).
The domain of a local semiflow can always be represented as

D={(z,t):0<t<T(z)}

where T': O — (0, 00] is a lower semi continuous function. One calls T'(x)
the life-span of the orbit starting at x. When ® is generated by the initial
value problem associated with some PDE then one says that a solution
x(t) = ®(zo,t) “blows up in finite time” if T'(xy) < oco. This can only occur
if the orbit y(z¢) = {®(z0,t) : 0 <t < T(z0)} is not precompact in O.

For a local semiflow ® : D — O we define D, = {z € O : T(z) > t} and
‘I)t . Dt — O, with @t(l') = @((L’,t)

Assuming that O is an open subset of a Banach space E (or, more
generally, a Banach manifold modelled on E), we shall say that a local
semiflow ® : D — O is C* smooth if

smy each ®; : Dy — O is k times continuously Fréchet differentiable;
smz the derivatives &’ ®;(z) € L;(E, E) are strongly continuous in (x,t) €
D.
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Here L;(E, E) is the space of j-linear mappings from E X --- x E to E, and
strong continuity means that the map

DPxEx---xE—F
(2, t,&,...,&) = dOy(z) - (&,...,&)

is continuous.

The first condition already implies that d’®;(x) depends continuously
on z (even with respect to the norm topology on L;(E, E)), so the second
condition is mainly an assumption about the way the derivatives d’®,(z)
depend on time.

Stable and Unstable Manifolds

Let xg € O be a fixed point of the smooth local semiflow ® : D — O,
and consider the local stable and unstable manifolds of xy associated with
some neighbourhood U C O of xg:

Wé(zo,U) ={zx €U : P(x,t) € U for all t > 0}
W(xo,U) = {x €U : = 2(0) for some orbit & : (—o0,0] — U}

Here & : (—00,0] — O is by definition an orbit if ®(z(t),s) = z(t + s) for
all t < 0,0 < s < —t.

The smooth semigroup properties of ® imply that {d®;(xg) : t > 0} is a
strongly continuous semigroup on E. By the Hille-Yosida theorem it may
be written as et = lim,, (1 — tA/n)™" for some (possibly unbounded)
operator A on E.

Recall that the fixed point if called hyperbolic if the spectrum of d®;(x()
is disjoint from the unit circle for any ¢ > 0. If zq is hyperbolic, then there
exists a splitting £ = E* @ E* which is invariant under d®;(x¢), and for
which one has

ld® (xo)él| < Me~*"|ig]l, &€ B,
ld®e (zo)€]| = me™|lell, ¢ € B,

for all ¢ > 0 and certain constants m, M, > 0.

If the semigroup {d®;(xo) : t > 0} happens to analytic, then x is hy-
perbolic if and only if the spectrum of the generator A is disjoint from the
imaginary axis.
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8.1. INVARIANT MANIFOLD THEOREM. If xg is a hyperbolic fixed
point, then the local stable and unstable manifolds in a small enough neigh-
bourhood U of xy are smooth submanifolds of E near xo. Their tangent
spaces are given by

TooWé(xo,U) = E®, To oW (xo,U) = E“.

This follows immediately from the usual stable and unstable manifold
theorem (see [HPS]; [Ch] gives a particularly transparent account) once one
realizes that the stable manifold of the semiflow coincides with that of its
time-tp map ®y,.

Maximal regularity classes

Let Fy C Ey be Banach spaces, as above, and let A : E;y — Ey be
any bounded operator. One can regard such an operator as an unbounded
operator in Fjy, with domain F;. The simplest typical example which the
reader should keep in mind is:

8.2. Ezample. Ey= C(R/Z), Ey = C*(R/Z) and A = a(z)(d/dz)?,
for some continuous periodic function a(x).

Write E for the pair of Banach spaces (E1, Ey). We define Hol(E) to be
the set of all such linear operators which generate a holomorphic semigroup
on Ey (in the example one has A € Hol(FE) iff the function a(x) is strictly
positive). It turns out that Hol(E) is an open subset of L(E1, Ey), the set
of linear operators from F; to Fjy, equipped with the norm topology.

If A€ L(Ey, Ep), then it is known that A € Hol(E) if and only if there
exist constants M, C < oo such that

(i) the resolvent of A, R(\,A) = (A — A)~! : Ey — Ej exists for all

A € C with R(A\) > M,

(ii) for all x € Ey, and all X with R(N\) > M one has |R(\, A)z|| g, <
Cll]| m,-

Let 0 < p < 1 be given. For any given A € Hol(E) we may consider the
inhomogeneous linear initial value problem

{ u'(t) = Au(t) + f(t) 0<t<T)

(8.1) oo
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If this initial value problem has a solution u € C°((0, T]; E1)NC((0,T]; Eo)
for any f € C((0,T]; Ey) with

lHm =P || f (¢ =0
i 1f#)|z, =0,

and if the solution satisfies

tim # = {u(®) |, + /(1) |, } = 0.

then we say that the operator A belongs to the maximal regularity class
MR,(E).

In general the solution to the inhomogeneous equation is given by the
variation of constants formula, i.e., by

u(t) = /0 =94 £ () ds.

If one tries to estimate the Fq norm of this solution, then one encounters
the following integral:

Au(t) = /Ot A=) £ () ds.

(The E; norm of z is essentially equivalent to ||Az| g,.) If one tries to
estimate the Fp norm of the above integral, using only the boundedness of
f(t), then one runs into trouble since the best possible bound for Aet4 is

C
A e, < S 0 <t<T).

In fact Baillon [Ba] has shown that the constant C' can never be chosen
smaller than 1/e, unless E; = Ey, which never occurs for differential oper-
ators.

Thus, if A € Hol(F) then one does not expect the solution u(t) to be a
continuous F; valued function, if one only knows that f is continuous with
values in Fy. In the example this means that one does not know whether
Ugg (-, 1) € C(R/Z) or not, if u is the solution to the inhomogeneous heat
equation u; = a(x)ugzy + f(z,t), where f is some continuous function.

In [DaPG] G. DaPrato and P. Grisvard observed that there is a large
class of Banach pairs E = (E1, Ey) for which M Ry(E) is nonempty; in
[Anl] their construction was generalized to the case 0 < p < 1, in a very
straightforward way. The precise result is the following:



518 Sigurd B. ANGENENT and Donald G. ARONSON

8.3. THEOREM Let A € Hol(E) be given. For any 0 < o < 1 define
E, to be the continuous interpolation space between Eq1 and Ey of exponent
o, (E1,Ep)y. Let E14y be the space {x € Ey|Ax € E,}. Then the operator

A|E1+U B4, — Es

belongs to MR,(E) for any p € (0,1].

In what follows we shall only have to know what the “continuous inter-
polation space of exponent ¢” is for a few examples. In general it can be
described as the closure of 1 in the perhaps more familiar real interpolation
space (see [BL]) (E1, Ep)e,c0-

The examples which will be relevant for our purposes are the following.
Recall that the little Holder space of exponent p € (0,1) is defined by

h¥(]0,1]) = Closure of C*°([0,1]) in C*([0,1]),

while the space h?#([0,1]) is defined to consist of those u € h#* for which v’
and u” also belong to h*([0,1]).
Another, more direct description of h* is as follows: u € h#*([0, 1]) iff

lim sup € #lu(t) —u(s)| = 0.
€l0 |t—s|<e

The norms on h* and h** are the usual Holder norms.

If one now defines Ey = h*([0,1]), and By = {u € h?*|u/(0) = v'(1) =
0}, then the continuous interpolation spaces of the pair E are given by the
following lemma, at least when u + 20 is not an integer.

8.4. LEMMA. If u+ 20 <1 then E, = h#*27([0,1]).
If1 < p+20 <2 then E, = {u € hb#+20-1(]0,1])|u/(0) =
If i+ 20 > 2 then E, = {u € h?F+20-2(]0,1])|u/(0) = /(1 )
See [DaPG] for a proof.
The operators which we shall encounter are second order differential
operators of the form

b ama{(A) 2 ()
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where a(z) and b(x) belong to h*(]0,1]) and a(z) is strictly positive.
Using the DaPrato-Grisvard construction, and the characterization of
E, of the previous lemma, the following was proved in [An2].

8.5. LEMMA. If b(0) > —1 and b(1) > —1, then A belongs to the
mazimal reqularity class MR,(E) for any 0 < p < 1.

Quasilinear initial value problems

Let (E1, Ep) be a Banach couple, and let O C Ey be an open subset of
the interpolation space of exponent 6. Fix some 0 < 6§ < ¢ < 1, and define
O, = ON E,. Then we consider initial value problems of the type

83) up = A(u)u + f(u)
u(0) = o,
where

(i) A: O — L(Ey, Ep) is a C* smooth mapping,

(ii) A(x) € MR,(E) for every x € O,

(iii) f: O — Eyis a C* smooth mapping.
We shall look for solutions u € Yy, where Yy consists of those u €
C1((0,T); Eo) N C°((0,T7]; E1) which satisfy

lim ¢ {[[u(t) 2, + [/ (8) |} = 0.

Equipped with the norm
—0
[ulg = sup ' ~{Jlu(®)]| g, + o' (1)l 5 }
0<t<T

Yy r becomes a Banach space.

The following theorem gives the main local existence and uniqueness
theorem for (8.3). Its proof is given in [Anl], and essentially involves noth-
ing more complicated than a Picard iteration.

8.6. THEOREM. For any uy € O, there is a T = T (up) > 0 such that
(8.8) has a unique solution u € Yy 7.
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For 0 <t < T the solution is a C* function with values in Fq, and one
actually has the following estimate:

) C .
@ @), < RS (1=0,1,2,... k).

For any u1 € O, near ug, in the E, topology, (8.3) will also have a
solution in Yy, with the same T = T(ug). This solution depends C* on
its initial value uq.

In other words, (8.3) generates a local C* smooth semiflow on O,.

Quasilinear equations with regular singular coefficients
We have seen that the degenerate parabolic PDE’s in this paper can
sometimes be transformed to the following kind of problem.

b(x,u) " o
(8.4) 0<z<1,0<t<T),
uz(0,1) =ux(1,6) =0, (0<t<T),
u(z,0) = up(x).

ug = a(x,u) {um +

Here we assume that the functions a,b and f are defined on {(z,u) : 0 <
T < 1, Umin < U < Umax}, and that they satisfy the following conditions on
this domain.

[1] For all s € R the functions g(z,s), gu(z,s) and gu,(x,s) are little
Hoélder continuous functions of x, of exponent 8 € (0,1). Here g
stands for either a,b or f.

[2] (uniform parabolicity) 6 < a(x) < 6~ for some § > 0.

[3] For any s € R one has b(0,s) > —1 and b(1,s) > —1.

Define the spaces Ej; as in the previous section, let O be the set of u € Ey
for which umin < () < umax for x € [0, 1], and define the operators A(u),
and the map f: O — Fj as follows:

A(u) = alz, u()) { <%>2 + bjff%(‘?)) (%) } ,
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and
f(u)(@) = f(z,u(z)).

We use the same symbol f to denote the function of two real variables, and
its corresponding substitution operator and hope that the reader will not
find this abuse of notation too confusing.

It follows from our assumption [1] that f : O — Ej is in fact C! Fréchet
differentiable, and using the results that were quoted in the previous section,
one shows that A : O — L(Ey, Ey) is a C' mapping with values in M R,(E),
for any 0 < p < 1. Thus we may apply the local existence theorem to
conclude that (8.4) generates a C! local semiflow on O, for any o € (0,1).
In view of the description of the continuous interpolation spaces which we

have, this gives us the following local existence and uniqueness theorem for
(8.4).

8.7. THEOREM. Ifa,b and f satisfy [1, 2, 3], and if 6 < p < 1, then
the initial value problem (8.4) generates a C' local semiflow on

OF = {u € M| umin < ¥ < Umax}-

If ug € OF, then the mazimal solution u(x,t) of (8.1) provided by the local
semiflow is smooth, in the sense that for any t > 0 the functions u(-,t) and
ug(+,t) lie in h>9([0,1]).

The second part of this statement follows from the estimates on ||u")|| g,
which the abstract existence theorem provides, for j =0, 1.

References

[ACP]  Aronson, D. G., Crandal, M. and L. A. Peletier, Stabilization of solutions
of a degenerate nonlinear problem, Nonlinear Analysis 6 (1982), 1001
1022.

[Am] Amann, H., Quasilinear evolution equations and parabolic systems,
Transactions of the A. M. S. 293 (1986), 191-227.

[Anl] Angenent, S. B., Nonlinear Analytic Semiflows, Proc. Royal Soc. Edin-
burgh 115A (1990), 91-107.

[An2] Angenent, S. B., Local Existence and Regularity for a Class of Degenerate
Parabolic Equations, Mathematische Annalen 280 (1988), 465-482.



522

Sigurd B. ANGENENT and Donald G. ARONSON

Baillon, J. B., Caratére borné de certains générateurs de semigroups
linéaires dans les espaces de Banach, C. R. Acad. Sci. Paris 290 (1980),
757-760.

Bergh, J. and J. Lofstrom, Interpolation Spaces — an introduction,
Grundlehren der m.W. 223, Springer Verlag, Berlin, 1976.

Brunvosky, P. and B. Fiedler, Connecting orbits in scalar reaction dif-
fusion equations I, Dynamics reported, Kirchgraber&H.O.Walther eds.)
Vol. 1, 57-89, Wiley, N.Y.

Brunvosky, P. and B. Fiedler, Connecting orbits in scalar reaction diffu-
sion equations II, JDE 81 (1989), 106-135.

Chaperon, M., preprint 1993.

Conley, C., Isolated invariant sets and the Morse index, C. B. M. S. 39,
publ. A. M. S., Providence, 1970.

DaPrato, G. and P. Grisvard, Equations d’évolution abstraites non lineair
de type parabolique, Ann. Mat. Pura. Appl. 120 (1979), 329-396.

Hale, J. K., Asymptotic behaviour of disipative systems, Mathematicakl
surveys and monographs, 25, A. M. S., Providence, Rhode Island, 1988.
Henry, D., Geometric Theory of Semilineatr Parabolic Equations, Lec-
ture Notes in Mathematics, 840, Springer Verlag, Berlin, 1981.

Hirsch, W., Pugh, C. C. and M. Shub, Invariant Manifolds, Lecture Notes
in Mathematics, 583, Springer Verlag, Berlin, 1977.

Langlais, M. and D. Phillips, Stabilization of solutions of nonlinear and
degenerate evolution equations, Nonlinear Analysis 9 (1985), 321-333.
Lunardi, A., Abstract quasilinear parabolic equations, Mathematische
Annalen 267 (1984), 395-415.

(Received December 6, 1993)

Sigurd B. Angenent

University of Wisconsin-Madison
Department of Mathematics
Van Vleck Hall

480 Lincoln Drive

Madison, WI 53706-1388

U.S.A.

Donald G. Aronson
University of Minnesota
School of Mathematic
Institute of Technology
Minneapolis MN 55455-0488
U.S.A.



Degenerate reaction diffusion equation 523

Contents

. Introduction 471

1.1. Main result

1.2. Theorem
The maximal invariant set

1.3. Lemma

1.4. Gradient Flow Theorem ([ACP])
The Equilibria
Connecting orbits

1.5. Theorem

. The Weak Semiflow 478

Uniqueness of the very weak solution
Continuous dependence of the weak solution on the initial data
2.1. Lemma
. The Flux of Strictly Positive Solutions 484
3.1. Strict Positivity Lemma
3.2. Continuous Flux Theorem
3.3. Monotone Convergence Theorem
3.4. Lemma
3.5. AB-Estimates
3.6. Corollary
3.7. Continuity of the flux at the boundary
3.8. Lemma
Proof of the Monotone convergence theorem
. Further Regularity of the Flux 493
4.1. xy-Conversion Lemma
4.2. The Smooth Subflow
4.3. Regularity of Strictly Positive Solutions
4.4. Interior vy bound
4.5. Back-substitution lemma
4.6. H'-Estimate
Proof of theorem 4.3

. Strict Positivity of the Connecting Orbits 502
5.1. Theorem

. Linearization 504
6.1. Theorem

. The critical case 506

Transformation and Smooth Semiflow
Linearization at the equilibrium
A fast unstable manifold
7.1. Theorem
. Appendix 514
Smooth Local Semiflows



524 Sigurd B. ANGENENT and Donald G. ARONSON

Stable and Unstable Manifolds
8.1. Invariant Manifold Theorem
Maximal regularity classes
8.2. Example
8.3. Theorem
8.4. Lemma
8.5. Lemma
Quasilinear initial value problems
8.6. Theorem
Quasilinear equations with regular singular coefficients
8.7. Theorem



