J. Math. Sci. Univ. Tokyo
1 (1994), 567-587.

A bifurcation of multiple eigenvalues and
etgenfunctions for boundary value problems

i a doman with a small hole
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Abstract. In the present paper we study the asymptotic expan-
sion of the multiple eigenvalues and eigenfunctions for boundary value
problems in a domain with a small hole. We prove the bifurcation of
these eigenvalues under certain conditions.

1. Introduction and main results

The purpose of this article is to study asymptotic formula of multiple
eigenvalues and eigenfunctions for boundary value problems in a domain
with a small hole. Let Q be a bounded domain with smooth boundary in
R? and {0} € Q. Let B; be the unit ball in R?. We consider the following
problem :

(1) Au(z,e) + AMe)u(xz,e) =0, in Q. =Q\eB;
(2) u(z, 5)‘8525 = 0.
All the eigenvalues of (1)-(2) may be put in non-decreasing order 0 <

A1(e) < A2(e) < Ag(e)---. The first eigenvalue is always simple (see [1]).
The eigenvalue from A2(¢) may be multiple. We shall study the behavior of

1991 Mathematics Subject Classification. Primary 35B20; Secondary 35B32, 35C20,
35P99.

567



568 Nguyen Minh TRI

the functions A, (¢) when € — 0(n > 2). The problem (1)-(2) is connected
closely with following one in the limit case :

(3) Au(z) + Au(z) =0, in Q
(4) u(ac)}aQ = 0.

All the eigenvalues of (3)-(4) may be also put in non-decreasing order
0 <A1 < A2 < Az.... It is well-known that lir% Aj(e) = A; (see[2]). Let

e—
Aj be a simple eigenvalue. In the work [2], [3] Ozawa S. obtained the
statement :
Aj(€) = j + 4mu2(0)e + Cje? + 0(e*/?) (e — 0)

where u;(x) is the normed eigenfunction corresponding to A; and where C}
is a constant explicitly calculated.
We shall find a full asymptotic formula of \j(e) in a form Aj(e) =

S . .
> A;"7e" and corresponding eigenfunctions u;(, ) in a form :
i=0

uj(z,e) = Z(mkj(x) + ”kj(g))gk
k=0

where & = ze~!. The functions my;(z) and ny;(£) have asymptotic expan-
sions

(5) My (x Zm@ )X+ (x)
(6) ny; (€ Zn@ ) €17 + Y (6)

where | DEmEN> (z)| < O gl 171

|DgAN (€)] < Cvanglgl =N 11

0 = (01,02) denotes coordinates on S? and m,fji>((9) n,fJD(Q) are

smooth functions on S?. In the paper [4] Mazia V.G., Nazarov S.A.,
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B.A.Plamenevskii found a full asymptotic formula for simple eigenvalues.
Let A\; be a simple eigenvalue of the problem (3)-(4). Then we have the
following expansion for A;(e) :

Aj(e) = Aj +4mui(0)e + A5 + .+ )\j<M>5M +0(eM

where M is any positive integer number. In the article [5] the author ob-
tained the

THEOREM. Let \j be a double eigenvalue of (3)-(4). It corresponds two
orthonormal eigenfunctions uj(z), ujy1(x). Assume that u3(0) +ui,,(0) >
0, then we have a formula for the eigenvalues \j(e) < X\j1(e) (respectively)

Ajk(e ijﬁswo My k=01

Furthemore X307 = A57 = X, A5 = 0, AS]7 = dm(u3(0) + w3, 1(0)).
REMARK. It is easy to see that the sum (u (0) + uJ_H(O)) is invariant
under any orthogonal transformations in the plane (uj, ujt1).

COROLLARY.  Assume that (u5(0)+u3,1(0)) > 0. Then the eigenvalues
Aj(€), Aj+1(e) are simple and different as € — 0.

In the present paper the author continue the studies in [2]-[5]. We shall
consider the case when A; is a double or triple eigenvalues. Let A; be a
double and u;(0) = u;41(0) = 0. We expand w;(x), uj+1(x) in series :

ujik(z) = us\ g O)r +usir (0% + ... + ufﬂiﬂ@)rﬂ/[ +0(rM*tYy  (r—0)

where £ = 0,1 and r = |z|.
One can write the Laplace operator in the spherical coordinates

92 2 0 1
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where-Ag2 is the Laplace - Beltrami operator on sphere. Since the func-
tions u;(x), uj4+1(x) are the eigenfunctions, it follows that uj<1>(0), ufﬁf(@)
satisfy the equations (see [6]) :

Aguilp(0)+2us /7 (0) =0  (k=0,1).

Therefore we have the indentities

uiyg (0) = a5 g A (0) + a7 A2(0) + a7 A3(9) (R =0,1),

where A1(0), A2(0), A3(0) denote orthonormal eigenfunctions of Age with

the eigenvalue 2.

THEOREM 1. Let A\; be a double eigenvalue and u;(0) = u;11(0) = 0.
Assume that

3 3 3
7y S0P = S a2+ 5 | 20
i=1 i=1 i=1
Then we have the expansions for \j(e) < Xj1i(e) (resp.)

(7) Njxw(e) =X+ /\ﬁ’iag’ + /\ff,?él -+ /\Jﬁ‘g>€M +0(eMT) (e = 0)

— 3 3
where k = 0,1 and )\j< ” < )\j<+1>.

COROLLARY 1. Assume that u;(0) = uj+1(0) = 0,7} # 0, then \;(e),
Aj+1(e) are simple and different as € — 0.

REMARK. The condition T} # 0 is equivalent to the following condi-
tion : the matrix

< (uj<1>(0)7 uj<1>(0))L2(8B1) (u]<1>(0)7 UJ<+11> (0))L2(8B1) > — M
(uj<1>(9)’uj<‘:1>(9))L2(8Bl) (“j<+1>(9)’“j<+1>(9))m(331)
has two different eigenvalues. In the future it is easy to see that 3*1)\J»<3>,

3*1)\j<_i’l> are the eigenvalues of the matrix M.

Now let A; are a triple eigenvalue of the problems (3)-(4). It corre-
sponds three orthonormal functions u;(z), u;t1(z), uj12(x). Assume that
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2(0) + U?H(O) + u§+2(0) # 0. Then we can always choose 3 functions

u
j
ui(x),uj (), uj o(x) in the plane (u;(x), ujt1(z), ujt2(x)) such that

*

J

(@) = W5 0) 2] + sy @)l + -+ 5 ()|l M 4 0l M)

(ufyi (@), u§+k(x))L2(Q) = bk (1, =0,1,2),u5(0) = uj1(0) = 0
w32 5(0) = u2(0) + u2y 1 (0) + u?,5(0).

THEOREM 2. Let A\; be a triple eigenvalue of (3)-(4). Assume that
ui5(0) # 0 and the matriz

< (=12 (0). 051 (0)) oo,y (031 (0), uzfﬂ><9>>m<a&>> o
(=1 0), 45517 (0) p2op,) (45517 0): 45517 (9)) 2o,

has two different eigenvalues. Then we have the asymptotic formula for
Aj(€) < Ajya(e) < Ajtale)

Nirk(e) =X + )\fj’,fag’ + Af_ﬁ,fa‘l +--+ )\jﬁ\g>sM +0(EM) (e —0)
Ajya(e) = Nj + 4mful 5 (0)%e + Ay e + -+ Ay 7e™ + oM

(e—0)

_ <3> <3>
where k = 0,1, and )\j < >‘j+1 .

COROLLARY 2. If u} 5(0) # 0 and the matriz M* has two different
eigenvalues, then the eigenvalues A;(g), Nj+1(€), N\j2(e) are simple and dif-
ferent when ¢ — 0.

2. A process of finding the full asymptotic formula
of the eigenvalues and the eigenfunctions A.
The case of double eigenvalues :

Put \ji(e) from (7) into (1) and (2) :

(A4 + )\j<1>5 + )\j<2>62 + )\j<3>€3 +0(eM[(wjo + vjo) + e(uj +vj1)+
(8) +e(ujz +vj2) + € (ujs + vj3) + &' (uja + vja) +0(e”)] =0 in Qe
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(9)  [(wjo+vj0) + eujt +vj1) + €% (uja +vj2) + -+ +0(”)] ‘BQE =0
[(A+ X+ AT + A5 + AT + 0ED(pjo + gjo) +e(pjr + ¢j1)+

(10) +e (pﬂ + %2) +e (pj3 + %3) te (p]4 + %4) +0(e )] =0in €

(11)  [(jo + gjo) + (0t + aj1) + X (D2 + gj2) + - +0(”)]| 5. =0

where

uj(a:, E) = [(ujo + Ujo) + S(Ujl + 1)]‘1) + €2(u]'2 + UjQ) =+ .. ]
ujr1(X,€) = [(pjo + gjo) + (i1 + qj1) +€%(pjo + qj2) + - ..

denote eigenfunctions corresponding to Aj(e), Aj41(e). Functions wujo(x),
uji1(x),...,pjo(x),pji(z),... are defined in  and they keep an asymp-
totic expansion as the functions my;(z) from (5). Functions vjo(€),v;1(£),
qj0(£),qj1(€),... are defined in R3\B; and they keep an asymptotic
expansions as the function ng;(£) from (6). In the following we shall
write uo(x),u1(x),..., po(z),p1(),...,v0(&),v1(&), ..., q0(&),q1(§),... for
ujo(z), ujn(z), .-, pjo(®), pj1(x), ..., vjo(§),vj1(§),---,qo0(&),qj1(E),-- -

Comparing the coefficients in the identical orders of € in (8)-(11) one ob-

tain : .
0{ Aug(z) + Ajup(z) =0, in

UO(w)\aQ =0
0{ Apo(z) + Ajpo(z) =0, in Q
po(l’)\aﬁ = 0.

Hence ug(z) = aju;(z) + aduji1(z),po(z) = bluj(x) + b3ujp1(x). Since
A¢ = g2, then

Avg(€) =0, in R*\B; Ago(€) =0, in R3\By
572 UO(E)’BBl =0 572 ( )|aB1 =0
‘sl‘im vo(€) =0 ‘51‘1111 (&) =0.

Therefore vp(&) = qo(§) = 0 and

(12) Auq(x) + Njur () + )\j<1>u0(a:) =0, in Q
(13) w1 (X)[go =0
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(14) Api(z) + A\jpi(x) + )\jﬂfpg(x) =0, in Q
(15) pi(x)|an = 0.

For the solvability of the problems (12)-(15) we have )\j<1> = )\f_&f = 0.
Hence ui(z) = aju;(z) + aduji1(z) and pi(z) = biuj(z) + bujiq(z). As-
sume that under some conditions the eigenvalues \;(e) < Ajy1(e) for suf-
ficiently small €. In the process of finding the asymptotic formula that
condition will be clear. If it happens, then we have ugtpo,i.e. if uy =
abuj + aduji1,50 po = —aduj + ajuji1. Hence one can choose u(z) =
c1po(z) and p1(z) = dyup(z). Suppose the functions ui(x) and pi(z) are
found. Then the functions v1(§), q1(&) satisfy :

Avi(€) =0, in R3\B;

g1 vi(©)lop, = —(grad ue(0), &) =: —A1(0)

lim v =0
Jim_vn(9

Aql(g) = O, in RS\Bl
e71{ 01(©lpp, = —(grad po(0),€) =: —A2(0)
lim ¢1(§) =0.

|§]—o0

If v1(§),q1(&) are found we can find ug(x) and pa(z) from

(16) Aug(z) + Njug(z) + )\]~<2>u0(:1:) =0, in Q
(17) uz()|pq = 0
(18) Apa() + Ajpa(2) + A po() =0, in Q
(19) pa(a)] o5, = 0.

From the solvability of (16)-(19) we deduce that /\j<2> = )\fff = (. There-
fore one can choose ug(x) = capo(x), p2(x) = daug(z). The functions v (&)
and ga2(§) satisfy :

Avy(€) =0, in R3\B Age(€) =0, in R3\B
U2(§)|aBl = —c145(0) — B1(0), Q2(f)|aBl = —d1A:(0) — B2(9)
lim v3(§) =0 lim ¢2(&) =0,

|€|—00 €] —o00
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9%u 0 0)
where Bj(6) = Z s %mk Bs(0) Z axpoa(xk
8B 9B1
Note that AszBl(H) +6B;1(0) =0 and ASQBQ(G) +6B2(0) = 0. It follows

that
v2(€) = —c1A2(0)[€]7% = B1()I€] 7, q2(€) = —di1 A1 (0)[¢] 7% — Ba(0)[¢] 7.
Then ug(x), ps(x) satisfy :

(20) Afug — A1 (0)]x] 72} + Aj{us — Ar(0) [z 72} + A5 ug = 0

@) {us — Au(O)]a] 2|y =0
(22)  Afps— As(O)lal ) + Ailps — AsO)lal 2} + A po =0
(23)  {ps— Aa(O)|[ Y], = 0.

For solvability of (20)-(23) we have

Jj+1
831 8B1

A5 =3 / A2(0)d, \337 =3 / A3(6)d6.

Note that A;(0) = a(l)uj<1>(€) + a%u;}f (#) and

Ay(0) = —agus "> (0) + ajus)7 (0).

Multiplying (20) by w;(x),uj+1(x) and integrating over ). then turning
¢ — 0 one obtain :

)\§3> 1
(M — JTI ) (Zg) = O(see the definition of M in the introduction).
0

It means that 37'A5%> is the eigenvalue of the matrix M and (ag,af) is
its eigenvector. By analogy we can prove 3~ 1)\<31 is also eigenvalue of

M. Therefore if M has two different eigenvalues then )\<3>,)\]<_§1> and

(aj,ag) are defined uniquely. So we found A5, X527, ug(2)po(x), vo(€),
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q0(&),v1(€),q1(€). Continuing this procedure we can find )\<4> )\f_f_lf, uy (),

p1(x),v2(§), q2(§)-

A step of induction : Assume that >\<”+3> )\fffrb un (), pn(x),

Unt1(€), gn+1(§) are defined. We show how to find the functions )\j<”+4>,

)\fffr4> Unt1(2), Prs1(2), Vna2(8), gni2(€). In previous steps we have al-

ready known the equations for wu,41(x), pny1(x) and found the condition
for their solvability. However, the solutions are defined non-uniquely. Writ-
ing once again these equations :

Aun+1—|— Z >\<1>un+1 i+ Z)\<z> <1>( )|33| 1_|_
Z >\<z> <2T ‘:E‘ —2 =0

n+1 . ,
| + Zl Ui (O)]z[ 7 =0

Appy1 + Z >\j+1pn+1—i + Z )‘<1qu1@>( )|+
Z )\<z> <2> ( )‘$‘—2:0

J+1 41

= 0.

n+1 <i> .
\ {Pna1 + 21 a1 _i(0)]z[7"}
1=

Suppose that U, +1(x), Py41(z) are the solutions of the above problem such
that

/Un+1uodl‘= /Un+1p0dl‘ = /Pn+1uod$ = /Pn+1p0dil?=0
Q ) Q Q

A general solution must be found in a form :
Upt+1 = Unt1 + cnt1po, Pnt1 = Poy1 + dnyiuo.

By analogy we should find w,y2(x), pnyo(x), unt+3(z), pnts(z) in form :
Un+2 = Unt2 + Cng2Po;  Pnt2 = Pny2 + dnjouo.

Unt3 = Uny3 + cn3po,  Pnt3 = Puyz + diysuo.
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Then vy, 12(&), gni2(§) satisfy :

( Avnia(€) + Z ASPoR2(6) =0

{vn12(0) + u§"+2><0> +o A unlz (0)} g, =0
€ 1|1m 'Un+2(£) =0
[ Agni2() + Z ANa () =0

{Qn+2( ) +p<n+2> (9) + ... +p§3§ (0)}’831 =0

¢ 1|1m n+2(§) = 0.

Therefore vp12 = V2 —cat142(0)[€]72, gnre = Quiz—dn1 A1 (0)E] 2. We
denote by V;,12(§) and Q,+2(&) the solutions of the following problems :

AVia() + 3 A2 55 (€) = 0

TL’L
=0

{Vi2(0) + Ent2(0)}Hop, =0

|£l‘1m Vag2(§) =0

AQn2(8) + z A3 (6) =0

{Qn12(0) + Fui2(0) }Hop, =0
hIIl Qn+2(€) = Oa

\ €=

where the functions
Eni2(0) = ug™ 2 (0) + -+ ug® (0) + U7 (0) + Uy ()

Froia(0) = p5" 22 (0) + - + 2> (0) + PT (0) + P (0)

are already defined from previous steps.
By analogy we should find v, 43(£), ¢n43(§) in a form

Un43(8) = Vs (€) — cni2A42(0)1€]72 — ¢ Ba(0) €] 72,

In13(6) = Qni3(8) — dn2A1(0)|€]7% — dpi1 B1(0)]€] 7.
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Finally we write equations for wu,44(z), ppia(z) :

n+4 . n+3 . 1
Aty g + 20 AS Ui + Zo A5t o (0)]a T+
1= 1=

fass <i>,,<2> 2
2 AU (O)le 7 =0
1=l

n-+4 <i> )
{unta+ 20 vig ;(0)|=7H =0
i=1 o0

n+4 . n+3 ) 1
Appia+ Y Aﬁ?l’n%—i + > )‘ﬁqu—i>+3(9)|x|fl+

2 s <o 2
E:O)‘j-&l-lqn—i—i-2(9)|x|_ =0
1=

n+4 . .
{Pnsa+ 20 arig ,(O)[z[7'}  =0.
i=1 oN

<0> _ \<0> _ <I> o y<I> o y<2> L y\<2>
Note that A>"7 = A7 = Aj, AST7 = A = A7 = A2y = 0. So we

have :

Afunta(r) = enp142(0) |27} + Nj{unta(@) — cpi1 A2(0)|2 2}
(24) + A5 {Ung1 (2) + cngapo(z)} + >\j<n+4>uo(l‘) = Gp(x)

(25) {unta(z) — C7’L+1A2(0)|x|72}‘89 = H,(z)

where the functions G, (z), Hy(z) are defined from previous steps. Mul-
tiplying (24) by uo(z),po(x) and integrating over . as ¢ — 0 we obtain
immediately ¢, 41 and )\j<"+4>. By analogy one can find dy,41 and A5/, 4>
Our procedure is ended.

B. The case of a triple eigenvalue

We are interested only in the case of a bifurcation, i.e. Aj(e) < Ajy1(e) <
Aj+2(¢) when € is sufficiently small.

Suppose :

Nk(@) = N+ A + e+ AT M 0™ (k=0,1,2)
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uj(z,€) = [(ug + vo) +e(ur +v1) + &*(ug +v2) +...]
uj1(z,e) = [(po+ q) + lpr + @) + (P2 + @2) + - -]
wjyo(2,€) = [(ro + s0) +e(ry + s1) +2(rg +52) +...].

Putting u;(z,€),ujt1(x,€), ujra(x,€), Aj(e), \jr1(€), Ajr2(e) into (1), (2)
and comparing the coefficient in the identical order of € we obtain the
quations for ug(x), po(x),ro(x) as the equations for ug(x), po(x) in the case
of double eigenvalues.

Therefore :

uo () = agu(z) + agujy (x) + aguj o ()

po(x) = bouj () + b () + bjuj 5 (@)
ro(w) = cgu (%) + €y (2) + cjuyo(x)

(see the definition of uj, w41, uj42 in the introduction). Since we are only
interested in the case of a bifurcation, it follows that the functions ug, pg, o
must be orthogonal. Then we have

(&) = —uo(0)€]7", 90 (€) = —po(0)[€] ™", s0(€) = —ro(0)[¢] 7.
Now we write the equations for u;(x), pi(x), ()
{ Auy () + Ajur () + A5 ug(x) — Ajuo(0)|z|™' =0 in Q

u(2)|a0 = uo(0)]x] |5

From the conditions of their solvability and the conditions \;(e) <
Aj+1(€) < Ajta2(e) when € is sufficiently small. We have

<1> _ y<1> __ <1> __ * 2 1_ 2 _ 3 _ 13 __ 3 _
)\J _>\]+1 —0,)\J+2 —47'('{’(,6]_'_2(0)} ,CO—Co—ao—bo—o,Co—l.

So the function 7¢(x) is defined. Suppose provisionally the function ug(z),
po(x) are also defined. We show how to find A7, s1(€),71(x). Note
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the problems for r(z) are sovable. However the solution is defined non-
uniquely.  Suppose that Ri(z) is a solution such that [ Rjupdr =
Q

[ Ripodx = [ Ryirodz = 0. A general solution 71(z) may be written as
0 't
follows : ri(x) = Ri(x) + a1uo(x) + bipo(x). Assume that aj,b; are found.
Then s1(§) satisfies :

Asi(€) =0, in R3\By

51(€)lpp, = —R1(0) — 57 (6)
llim s1(§) =0.

|§|—o00

Therefore s1(£) = —R1(0)|¢| ! — 751> (0)|¢] 2. We obtain the equations for
ro(x)

Arg — )\le (0)|SC|71 + )\jT2 + )\]<_:2>(R1 + arup + b1p0)+
(26) )\j<f2>7’0 =0
(27) {ra(2) = Ri(0)|2| 7"}, = 0.

Multiplying (26) by uo(z),po(x),ro(x) and intergrating over . when
¢ — 0 one deduce that A\T% = 0,a; = by = 0. So we found ry(x), s1(),

J+2
Aff; . By induction, as in the case of double eigenvalues, we can find all
rn(x), $p(£), )\ﬁf; 2> Now, under some conditions, we show how to find

ug(z) and po(x). In the first step we had :

1 1

Since : up(0) = pp(0) = 0 it follows vp(§) = go(§) = 0. From the equations
for uy(z), p1(z) we can find them in a form :

ui(x) = e1po(x) + diro(x), p1(x) = erup(x) + firo(x).

Suppose that ¢1,dy,eq, fi are known. Then, from the equations for vy (§),
q1(€) we obtain immediately :

vi(€) = —dil€]™" —ug 7 (0)I€]7%, qu(€) = —fulel ™! — p5 ' (0)]€ 7
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Therefore the functions py(z), us(x) satisfy :

{ A(UQ — d1’:17|_1) + )\j('UQ — d1|:17‘_1) + )\j<2>’LL0(:E) =0
(u2 = di|z|™)
{ Ap2 — file]™) + Xj(p2 = filz[ ™) + AT po(w) = 0
(p2 — f1’$’_1)|39 =0.
From the conditions for solvability of this equation we deduce :

)\j<2> — )\j<f1> =0, dy = f1 =0,

p2(x) = Po(z) + equp(z) + faro(z), uz(z) = Uz(z) + capo(z) + daro(x),
where Py(z), U2(x) denote the solutions such that :

/UQUOdZE = /ngodai‘: /UQTodZE = /PQUQCZ:L‘ =
Q Q Q Q
/ngodaj = /Pgrodx =0.

Q Q

From the equations for vs(£), g2(£) we have :

(&) = —U2(0)[€] ™" = daro(0)|€] 7" — crpg > (0)1€] 7% — ug > (0)|¢] 3
@2(8) = —p2(0)|€] 7" = faro(0)|€]7" — erug 7 (0)1€] 7% — p5 7 (0)1€] 7.

Finally we write the equations for us(z), p3(z)

Aug + Ajus + )\j<3>uo — X (U2(0)]x| ™! + daro(0) || 1+
a5 O] = 0

(us — Ua(0)|| ™ = daro(0)[2[~1 = ug™> (0)[2]72)] 5, = 0

Aps + Xjp3 + AT p0 — A (Po(0)]] ™ + faro(0) ]2 '+
py ' @)z =0
(3 — P2(0)]z] " = faro(0)]z[ 7! — 5= (0)]x]72)| 5 = O
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From these conditions we have :

A5 =3 / s> (0)2d0, A = / PE> (6)[2d6
8B1 8Bl
dy = [ro(0)] 7' U(0), fa = [ro(0)] " P2(0).

As in the case of double eigenvalues we conclude that 3~ 1)\<3> and 37 1/\j<f1>

are the eigenvalues of the matrix M* (see the definition in the introduction)

and the vector (aj,a?) is its eigenvector. So we found >\<3> A3, (),

410
po(),v0(£), q0(&), v1(£), q1(§).

A step of induction : Suppose that >\<”+3>,>\]<f1+3> n(2), pn(x),

Unt1(€), gny1(§) are found. We shall find )\<"+4>,)\]<ff4> Up+1(2),

Prt1(x), vp42(§), gnr2(€) as follows. In previous steps we have known the
equations for wu,41(x), pp+1(z) and found the conditions for their solv-
ability. However, the solutions are defined non-uniquely. Assume that
Un+1(2), Ppt1(x) are the solutions such that

/Un_HU()d:L‘ = /Un+1p0dl‘: /U»,H_l?“()dm =0
Q Q Q

/Pn+1uOd:l? = /Pn+1p0d33 = /Pn+1T0dIL’ =0.
Q Q Q

The functions u,11(x), pry1(x) may be found in a form :

Unt1 = Cn1P0 + dng170 + Uni1, Pny1 = eng1uo + fup1mo + Pog1.
By analogy we have :

Unt2 = Cpt+2P0 + dntoro + Unt2,  Pnt+2 = entauo + fnraro + Poto

Un43 = Cn3D0 + dnt370 + Uny3,  Pnt3 = €ny3to + frni3ro + Proys.

From the equations for v,12(§), gn+2(€) we claim that :

Unt2(8) = Vaga(€) — dni1As(0)[€] 7% = dngoro(0)[€] 7" — cnyp1 A2(0)[€] 7
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Gn+2(€) = Qni2(&) — far143(0)|€]7% = Faroro(0)[€] ™ — ent141(0)[€] 72,

where A1(0) = ug'>(0), A2(0) = p5'>(0), A3(0) = r5'>(0) and Vi42(€),
Qn+2(&) are defined by the equations as in the case of double eigenvalues.
By analogy we have

Un13(€) = Vo (&) — [dni1{Bs(0) — 67" Xjro(0)} + cny1 Ba(0)][¢] 2

—{cnt242(0) + dpi2A3(0)}E| 2 — {dnt370(0) + 6~ dyr1 Ajro(0) HET!
In+3(8) = Qnys(€) — [far1{Bs(0) — 67" X;r0(0)} + ens1 B1(0)]|€] 7

—{ent2A1(8) + faraAs(0)}EIT® — {fars0(0) + 67" frraXjro(0) e[

where the functions Bi(0) = u5?>(0), B2(0) = p52~(0), B3(0) = r52>(0),
n+3(£) Qn+3(£) n+1, n+27fn+17fn+2 are defined.
Finally, we write the equations for uy4+4(z), ppta(z) :

Atipia() + Njlnta(z) + )\j<"+4>uo + A5 (Unga + cnyrpot
(28) dn+t170) = Gnta(®)
(29)  Untalpg = Hnya(z)

Apn+4($) + )\jpn+4(x) + )\j<47:1+4>p + >\j+1 ( n+1 T enr1Uo+
(30) fnt1m0) = Inya(x)
(31) ﬁn+4‘ag = Kn+4(x)

where @y, 4(2) = (Unga — dpysro(0)]|z] ™1 — cap142(0)|z]72)

and  Ppia(r) = (Pnsa — furaro(0)|z| ™! — enp1 A1 (0)]2]72).
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From the coditions for solvability of (28) - (31) we have :

0
e = (AT = AT [/ Grapodz + /Hn+4 0 4s)

Q 0N
<3> <3> Oug
Entl = ()‘j — AT ) [ It aupdz + Kn+4 d ]
Q

AT / Gy apodax + / Hn+4%ds — A7 ]
n ou
>\J<+1+4> = [/ n+4uodl‘+/Kn+4 “ds — >\]+1 en+1]
Q

_ or
sy = (@B O) ! [ Gusarods + [ Hod50ds = 5% )

_ or
fuss = (rr3O) 7 [ Buarods+ [ i 505 =053 fus
Q o0

Our procedure is ended.

3. Proof

We shall prove our results only in the case of double eigenvalues. The
case of triple eigenvalues may be proved similarly. Suppose

N N
an(e) = 3 ei(ui(@) + vi(a=), By () = 3 i (pile) + golwe)
=0 =0
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We have

N i—1 i—2
Aay(z,e) + )\]-<N> (e)an(z,e) = Z ' Au; + Z /\j<p>ui_p_1 + Z )\j<p>
=0 p=0 p=0

Iff:!’1 o (0)

U~ p—2
N
+ZA<p>\wr O]+ Y P [Aeui¢ +Zx<p> 055 (6)]
1=0

- N
+€Z€i)\fi>[ Z Puy, + Z <2> 1)
=0

p=N—i p=N—i—2
N N
+ > T O+ Y P e (0))
p=N—i—1 p=N—i—2
Obviously

|Aayn(z,¢€) + )\j<N>(€)aN(J:,5)| =0z =0V (2 e Q)
an|yq, = 0N,

By analogy we can see :

AN (x,€) + A7 (€)Bn (2, €)] = 0™z 72) = 0(e™TY) (2 € )

ﬁN\aﬂs = O(ENH)-

N .
Suppose that ay(z,e) = gn(e)lan(z,e) — T'i(z) Zszle«(Nﬂ)(:vs_l) -
i=0

N .
Dy(ze™) 3 el ()],
1=0

N
B (x,€) = kn () [Bn(x,) — Ti(2) Yo" ) (ae?)

=0

—Ty(z

\Mz
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where T'1(x) € C®(R?),T1(z) = 1 in a neighborhood of 9 and I'y(z) = 0
in a neighborhood of {0} and I's(z) € C§°(R?), T'2(z) = 1 in a neighborhood
of B;y. The constants gy (e), kn(¢) are chosen such that

lan (25 €) 2.y = 188 (25 €) |l 2.y = 1.
It is easy to see
Aay(z,€) + )\<N>(€)aj‘v(x,€) = Ln(z,e) in Q.
ay(

T, € |aQ =0

Jj+1

ARy (w,e) + A7 ()B4 (z,6) = My (z,6) in Q.
{ (z,€)|gq. = 0.

Expand o (z,¢) and fx(x,¢) in the series of orthonormal eigenfunctions
ui(x,e),us(x,€),... in Q one have :

€)= Z a;(e)ui(z,e) where Z a?(e) =1
=1 1=1
By (x,¢€) Zﬂl e)ui(z,e) where Zﬁf(s) =1
i=1
We claim that
Aay(z,¢) Z)\ ui(z,€) = —A5N7(e) Zai(s)ui(m,a)—i-

LN(J,‘,(:‘).

Obviously |D*Ly (z,e HQ = 0(eNH |~ le).
Therefore |/\]<N> (e) = Aj(e)] ~ ])\fi\?( g) — )\;{\?( )] = 0(eN 1),
Since we have known hH(l] Aj(e)=2A; (j=1,...00) it follows that
E—>

la (. €) = wj(@, ) 20y ~ 18N (2, ) = wjsr (@, €) [l 12(q.) = 0™ TH).
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We have also :

Afan(z,€) —uj(x,e)} + Aj(e){an(z,€) —uj(z,e)} =
Ly(z,e) — {/\J-<N>( )= Aj(e)tan(z,e) in Q.
Doy (x,8) = uj(x,6)}| g, = 0N for Ja| <N -1,
A{Bn(z,€) —ujr(@, )} + A (){Bn (2, €) — uja(z,e)} =
My (z,e) = {A5N7 () = Ajra(e)} By (z.) in Qe
D BN (@, €) = uji1(w,2)}]| 5o, = 01 for |of <N —1.

From a priori estimates for elliptic boundary value problems we conclude
that :

max|[D%ay (@, £) —uj(z,e)}] < CeN a7l

max | DBy (z,€) — uja (@, €)}] < CeN ||l

which completes the proof.

4. The final remark

The author of this note think we can study a bifurcations of any eigen-
values by our method under some conditions (for a bifurcation). These
conditions are necessary because the bifurcation may be not occured when
2 is the ball (in general, when € is a domain with some symmetries).
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