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On the discrete Boltzmann equation

with linear and nonlinear terms

By Mitsuru YAMAZAKI

Abstract. For the discrete Boltzmann equation with linear and
nonlinear terms, we show a boundedness of solutions with an explicit es-
timate and their asymptotic behavior when the momentum is conserved.
Secondly when the Cauchy data are small, we show an exponential de-
cay of solutions, for a model in which the nonlinear terms represent the
‘binary collisions’ and also ‘multiple collisions’.

1. Formulation and results

In this paper, we study the discrete Boltzmann equation in one-dimen-
sional space with linear and nonlinear terms. This system, which is different
from the usual one by the intervention of linear terms, describes the gas
motion of molecules which take only a finite number of velocities under the
interactions between particles represented by the quadratic terms and also
under the reflection of molecules at the inner wall of an infinite thin tube,
represented by the linear terms. This linear terms are more general than the
ones which are obtained by considering solutions around constant stationary
solutions. Using the sign function and decomposing the solutions into two
parts, which are explained later, under the conservation of momentum in the
course of reflection, we prove the boundedness of solutions and asymptotic
behavior of solutions which shows that all solutions tend to a free motion,
hence we can define a ‘wave operator’ like in the sense of the scattering
theory. This is the first work to define the wave operator for a large data
even if in the case of the discrete models only with the quadratic terms. The
wave operator was introduced by Bony [4] for a small Cauchy data. Finally,

1991 Mathematics Subject Classification. Primary 35Q35; Secondary 82C40, 76P05.

277



278 Mitsuru YAMAZAKI

for the small Cauchy data, with binary and also multiple collisions, we have
the estimates of solutions which show that the components of solutions with
loss term in reflection decay exponentially.

We study the discrete model of Boltzmann equations in a thin infinite
tube as follows :

-+ =Q; Li(u) ,
®) 5 gy = @ilw)+ Liu)
wi(x,0) =ud(z) (20) for zcR,tcRy .
where -
Qi(u) = Z (Affukué — Afuiug)
Jok el
Li(u) = (cafur — aju;) .
kel

REMARK. ¢; is considered as the first component of C; € R3. Since
u; represents the distribution function of molecules with velocity C;, i # j
implies that C; # C; but not that ¢; # c;. Nevertheless in this paper we
assume, for simplicity, 7 # j implies that ¢; # c;, which is not an essential
hypothesis at all and without it we can recover the proof for all results
obtained in this paper, using Bony’s interesting induction argument [3],
[15].

The natural physical conditions are the following :

CONDITION 1.

Al >0, A = Ak = Al
A?é#() = i#j and ctce=cp+e,
Vi 3(j, k,€) such that A}, #0,

¥ >0 and of=0.

CONDITION 2.

Viel, Za};(ck—ci):().
kel
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REMARK. In this paper, we never use the microreversibility condition
A,’ff = AZJZ nor H-theorem.

Here we consider the equations (B) which differs from the ordinary ones
[5], [7], by the intervention of linear terms. Nevertheless the contribution of
linear terms is important at least by two reasons : the linear terms must be
considered when we study a solution near the constant stationary solutions
[10] (in this case, the corresponding linear matrix is symmetric, which we
won’t assume later), and the equations with linear and nonlinear terms
express a model of the motion of particles which are animated in a thin
infinite tube under the binary collisions between particles and also under the
linear reflections at the inner wall [12], [13], [14]. In this article, we improve
the results obtained in [12] and extend an estimate of solution [3] to the case
with linear and quadratic terms. Secondly, for small Cauchy data, we obtain
an estimate of solutions in the Sobolev space under a similar assumption to
the one in [4]. Furthermore we obtain an asymptotic result which expresses
a closer look of the behavior of solutions even for the equations without
linear terms.

We put I, k=0,1,---, as follows :

Iy = {i;al, =0 forall k € T}
= {i; particles with velocity ¢; don’t provoke any reflection} ,
I = {i & Ip; there exists j € I such that oz;- > 0}
(1.1) = {i; particles with velocity ¢; is transformed

into a particle with velocity ¢;,j € Ip by reflection},
k
Ly ={i¢g U Iy;  there exists j € I, such that ozé >0} .
(=0

REMARK. As we see later, Iy is not empty, if we assume Condition 2.

PROPOSITION 1.1. Suppose Condition 1 is satisfied. Let u; =
ui(z,t) € CLRL,S(R)) (i € I) be a solution of (B). Then, for anyt € Ry,
we have

(1.2) /RZui(x,t)d:U = /RZu?(x)dx =4



280 Mitsuru YAMAZAKI

(mass conservation law) .
Furthermore assuming Condition 2, we have

(1.3) /R 3 e, e = /R 3 culd(a)de

(momentum conservation law) .
PROPOSITION 1.2. Condition 2 implies that Iy is not empty.

PROOF. Let M [resp. m | be an index such that cpr > ¢; for i # M
[resp. ¢y < ¢ for i 7# m]. Then Condition 2 means

Za{cw(cM—ck):O.
k

Then we have o =0 for all k € I, because o =0 .
Similarly we have o) =0 for all k€ I. That is M and m € I. O

Our results are the following :
under Condition 2

THEOREM 1. Suppose Conditions 1 and 2 are satisfied. For the
Cauchy data u? positive, summable and bounded, there exists an unique
global bounded solution u;(x,t) € L°(R x Ry) and we obtain the estimate

(1.4) iz, t) < (14 sup uf(z)) exp (ap® + bp) |
1,2
where a and b depend only on the equations, and p is the total mass defined

i Proposition 1.1.

COROLLARY 2. Suppose Conditions 1 and 2 are satisfied. For the
Cauchy data u? positive and bounded, there exists an unique global solution
ui(z,t) € Lpo (R x Ry) and we obtain the estimate
(1.5) ui(x,t) £ exp (Ap*t* + B) |

where A and B don’t depend on time.
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THEOREM 3. Assume the same hypotheses as in Theorem 1. We have
the asymptotic behavior of a solution :  When t tends to the infinity, u;(x+
cit,t) converge, in LP (2 < p < 00), to a function p;(x) which is zero except
fori e Iy.

without Condition 2
We put other hypotheses :

CONDITION 3.
af >0 for i#k.

Proposition 1.2 implies
ProprosiTION 1.3.  Condition 2 is not compatible with Condition 3.

for the small Cauchy data :
i) Case with the binary collision terms.
In this case, we treat the general form of the binary collision terms :

(gQ) Qi(u) = Z B *ujuy,
In

which is introduced by Bony [4]. In this paper, he showed that the global

existence of the solution for the small Cauchy data in the case L; = 0 in RV

and defined the corresponding wave operators and scattering operators.
The equations are the following :

8ui 8ui . ' '
(B) ot +Cz% _Q’L(u)"‘Lz(u) s

Ui|t:0 = U?(') )

with L; is of the form as before. On this system, we impose some assump-
tions :

CONDITION 4.
Blf£0 = j#k,
B¥40 = jandk¢lp,
af 20, Vjdial >0 .
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CONDITION 5.
In#0,
iEI\IOZ>i611.

REMARK. The first condition in Condition 4 is introduced in [4] and it
is a reasonable condition for developing a general theory of global existence,
because a blow-up example is known in the case without this condition.
The second condition in Condition 4 means that the particles which don’t
provoke any reflection don’t make any binary collision.

THEOREM 4. Suppose Conditions 4 and 5 are satisfied. If the Cauchy
data are sufficiently small in H%(s = 1,2,--+), the solution has the decay
estimate as follows :

il s (50 [Jwall poo)
(1.6) < { C||u®]] for ie€ly,
- C*HuoHHse_)‘t for 1€l

where Cy and A > 0 depend only on the equation.

ii) Case with the multiple collision terms.
The case with the multiple collision terms is studied only in a few papers
[1][2][6]. We consider the general multiple collision terms as follows :

(R) Ri(w) =Y 3 o D B uyy o,

p=2 j1 Jp

where we permit the cases jp = jy, k # /.
Then the equations is following :

Oui,  Oui
(M) ot ' ox

Uil—o = u(-)

= R;(u) + Li(u) ,

where L; is of the form as before. On this system, we impose the similar
assumptions to Condition 4 :
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CONDITION 6.

Eiln.]p 7& 0 = 3]0& 7é ]ﬁ?]&u]ﬁ € {jh o ]p} )
{Hjagfo ifiel

o #Jjs €10 ifiélo,
ok >0, VjEliocj»>0.

Eljl"'jp £0

We obtain the result with the similar estimates as in Theorem 4 :

THEOREM 5. Suppose Conditions 5 and 6 are satisfied. If the Cauchy
data are sufficiently small in H*(s = 1,2,---), the solution has the decay
estimate as follows :

il s (50 il o< )
(1.7) - { Co ||| 1y for i€l
- C*HUOHHSG_M for i€l

where Cy and A > 0 depend only on the equation.
2. The proof

2.1 Estimates
In this section, assuming Conditions 1 and 2, we establish the estimates
of solutions, improving the method due to Bony [3].
Let’s define Bony’s function [3] and its variation :

(2.1) o(t) = Z(Cl —¢j) // sgn(y — x)ui(x, t)u;(y, t)dedy |

(2.2)  P(t;xo,c0) = Z(C" —¢cp) /sgn{x — (zo + cot) }ui(x, t)dx .

i
Differentiating these functions, we have

LEMMA 2.1.  Suppose T < T*. Under Conditions 1 and 2, we have

(2.3) A(0,T) £ Cp?
6(0,7)=Cp
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where T™ is the existence time of solutions and

to
(2.5) A(t1,t2) = sup / / wi(z, t)u;(z, t)dedt |
61750] t1
(2.6) 6(t1,t2) = sup sup/ wi(z + ¢;t, t)dt .
ci#c; reR Jty

ProoOF. We differentiate p(t) with respect ¢ :

:—QZ —cj /uiujdx.

Hence
T
(2.7) 2 Z(Cz - cj)2/ / uiujdr = ¢(0) — p(T) .
o 0o JR
On the other hand, we have
(2.8) lp(t)] < Cp? for all t .
Therefore we obtain
T
(2.9) / / wi(w, t)uj(z, t)dedt < Cpu® for ¢; # ¢ .
0 R
In the same way,
(2.10) =2 Z — c0)*ui(zo + cot, t)

This implies
T
(2.11) 22 —¢p) / ui(xo + cot,t) dt = @Z)(T) —(0) .

On the other hand, we have
(2.12) lp(t)| < Cu forall t.

Then we obtain

T
(2.13) / ui(zo + cot, t)dt < Cpu for ¢; #co . O
0
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ProPoOSITION 2.2.  Suppose Conditions 1 and 2 are satisfied. Then
there exists p = 0 such that

(2.14) I=IZuhLU---Ul,.

PRrROOF. Suppose i € Iy. Then there exists j such that aé > 0. Fur-
thermore, there exists j such that o > 0 and ¢; > ¢;, because if not, every
j such that oz} > 0 verifies ¢; < ¢;, then Condition 2 would fail. Therefore
we have

a§~ =0 forall j, thatis i€l
or

(2.15) 1el = . , ,
there exists j such that o} >0
and ¢; >¢ . %
If % holds, we repeat this procedure :
jely then i€l
(2.16) or
there exists &k such that ozi >0 and c¢p>cj. k%
If Y% % holds, we do as above :
kely then jeli,iels
(2.17) or
there exists ¢ such that ozéf >0 and ¢/ >cp . k%

However this procedure must be finished because £/ is finite. Then we prove
the proposition. [J

For analyzing closely our partial differential system, now we consider a
simpler ordinary system ; this idea is motivated by the dissipation of the
effect of the binary collision terms when the time is going to the infinity.
This dissipation is suggested by the definability of the wave operator for
the system without the linear term for the small Cauchy data, due to Bony
[4] :

dfi
fili=o=f>0.
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ProOPOSITION 2.3. Let L be a matrix corresponding to the linear op-
erator (L;);. Then each eigenvalue of L is O or of real part negative.

To prove this proposition, we state a classical theorem :

LEMMA 2.4. (Gersgorin) Let A = [a;;] € My, and let

(2.18) Ci(A) = Z |agj|

i#]

denote the deleted absolute column sums of A. Then all the eigenvalues of
A are located in the union of n discs

(2.19) U{z € Ctlz—aiul £ C{(A)} = G(A) .

i=1

PROOF. See Chapter 6 in [8] for example. [J

PROOF OF PROPOSITION 2.3. Simply apply Lemma 2.4 to the matrix
L. 0

ProrosITION 2.5.  Suppose Conditions 1 and 2 are satisfied. Then
we have

1) for alli e I, fi(t) is positive.

2) > ier, fi(t) is increasing and bounded, so tends to a limit > 0 as
t — +00.

3) fori & Iy, fi(t) tends to 0 exponentially as t — +o0.

PrROOF. 1) The assertion is clear when we write the system in the
following form :

(2.20) T O ai)fi=> affi .
k

k

2) and 3) We show, for the first, for i € I;, f;(t) tends to 0 exponentially
as t — 400. Suppose that there exists ¢ > 0 and i € I such that f;(t) > ¢
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for all t € R4. Then

d y .
E(Z =>0_ahfi=> 0 afi
i€lo i i€ly icly j
(2.21) _ Z(Zag)f]
je i€l
>Che>0 with C,>0.

Then ), 1, Ji increases exponentially, which is a contradiction because of
Proposition 2.3. Hence, for i € I3, f;(t) tends to 0 exponentially as ¢t — +oo.
Then we have

(2.22) L )= S ad)exp (~At) x Pi(h),

i€ly jGI]_ i€l

where Re A\; > 0 and P;(t) > 0 is a polynomial in ¢. Then the right-hand
side is positive and integrable over [0, c0]. Hence, } ., fi(t) is increasing
and bounded, so tends to a limit > 0 as t — 4o00. Now we show, for
i € I, f;(t) tends to 0 exponentially as t — +o00, by reduction to absurdity.
Suppose that there exists ¢ > 0 and i € I, such that f;(t) > cforallt € R.
Then

LS 5= S(E s - S e,

(2 23) i€l JjElz i€l i€l g
> Che— Y (D ai)fi with C.>0.
ieh j

Then, taking a sufficiently large T, for ¢ > T, we have

(2.24) %(Z fi) = %C*c >0.

i€l

Hence ), 1, fi increases exponentially, which is a contradiction. Hence,
for i € I, fi(t) tends to 0 exponentially as t — +o0o0. We continue this
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procedure until I, taking account of Proposition 2.2. Then we complete
the proof. [J

Now we fix t; and decompose u; into the sum of “(quasi-)linear part” v;
and “(essential-)nonlinear part” w;. Let v; be a solution for the equations :

0 0 i
(E + Cz%) v; = Lz(’l)) — ;A’gguj' S U5,
J5R,s

Vilt=t, = ui(, 1) ,

(V)

where wu; is the solution of (B).
Then w; = u; — v; should satisfy

0 0
(E + Ci%) w; = Li(w) + Qi(w) + 1 — 54,
Wilg=t; =0,
(W) with 7, = Z Aff(vkvg + wivp + vgwy)
Jik,t
S; = Z A?Zwivj .
Jikst

DEFINITION.  The operator P = (P;); is said to be positively preserving
if and only if the solution u; is nonnegative over R x R, where u;(x,t) is
a solution for the equations :

(2.25) <% + Ci%> u; = P(u) ,

Uili—o = ud(z) 2 0.

COROLLARY 2.6. The operators (Q;); and (L;); are positively preserv-
mg.

ProoOr. The assertions follow, for L;, from Proposition 2.5 and, for
Q;, from a classical argument of the semi-linear equations, given in [11] for
example. [J
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PROPOSITION 2.7.

(2.26) vi(z,t) 2 0 and wi(x,t) 20 for any x € R and t € Ry .

PrROOF. We take account of u;(z,t) =0 for all x € R and t € R.
From the equations, we have

0 0 ij
(2.27) (a + Cz%) v; + E Ayu; - v = Li(v) .
Jik,t

Then we have v;(z,t) = 0, because the linear operator (L;); is positively
preserving and u;(z,t) = 0. On the other hand,

0 0 i
<——|—Ci—> w; + ZAICJZUJ cw; = Li(w) + Qi(w) + 1

(2.28) ot " "oz o

with T z 0.
Then we have w;(x,t) = 0, because the linear operator (L;); and the binary
operator (Q;); are positively preserving and v;(x,t) = 0. O
Now we have some remarks :

COROLLARY 2.8.

to to
(2.29) / / n-da:dt é C*A(tl,tg), / / Sidl‘dt é C*A(tl,tg)
t1 R t1 R

ProoOF. Combine the previous propositions. []

We are now going to estimate the “linear part” solution v;. Its estimate
in “L°°” is as follows :

i, t
PROPOSITION 2.9. The function V(t) = su vil@,?)

p ‘ 18 strictly de-

creasing.
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vi(x,t) .
i
fi(t)
decreasing at the points (i,x) where the sup is attained. At such point
(1,x), we have

PrROOF. By a classical argument, it is sufficient to show

gvi(x,t) Oy _ vatfz‘
ot filt)  fi " £ )
Li(v) = 2k Apets v Li(f)

B fi o fi®

(2.30) < kVk _ Uz> _ U < Kk 7,>
<2 (g kg fé i o
_ RS (Ve vi
‘;a fi (fk f1>

where we used Condition 1 in the third inequality. [J

[IA
(=

The estimates for v; and w; along the characteristic are the following :

PROPOSITION 2.10. For ¢; # ¢; and t1 < ta, we have

2
(2.31) sup/ vi(z + ¢jt, t)dt = Cio(tr, t2) ,
zeR Jt;
to
(2.32) sup/ wi(z + ¢t t)dt = CLA(t,t2) ,
ze€R Jt;

where these constants C depend only on the equations.

PROOF. The inequality for v; is evident, because 0 < v; < u; and the
definition of §(¢1,t2). For proving the second inequality, we define, like as
in §2.1 :

(2.33) w(t; o, o) = Z(Cz —¢cp) /sgn{x — (zo + cot) pw;(z, t)dx.

Now we differentiate it. Then we have

(2.34) _22 ; — co)’w;(zo + cot 1) + R — S,
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where
(2.35) R= Z/sgn{x — (xo + cot) yri(z, t)dz |
(2.36) S = Z/sgn{w — (zo + cot) }si(z, t)dx .

On the other hand,

to to
/ Rdt and Sdt § C*A(tl,tg) s
t1 t1

by virtue of Corollary 2.8. Furthermore we have

Zwi = Z(T’l — Si)

L1 (

> i
%

4
dt

(2.37) =

A

It

Hence we have, for t1 <t < to,

sz’('vt) = /:

Then we have, for t; <t < ts,

(2.38)

> 7
i

dt < C*A(tl,tg) .
Lt e

(239) |1/)w(7f; $0,Co)| é C*A(tl,tg) .

Therefore we have, by integration,

T
/ wi(l'() + cot, t)dt § Cy |ww(t1§ Zo, CO)| + Cs |7/}w(t2;1:07 CO)|
0

2.40 t2 t2
(2.40) + C, Rdt + C, Sdt

t1 t1

< CLA(t,ts) . O

291
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Now we estimate more closely M (t2) in terms of M (t;) for t1 < to < T,
where

(2.41) M (t) = maxsup sup u;(z,s) for ¢t<T™.
el s<t zeR

First, we integrate the equations for w; along a characteristic curve. Then

we have
to
wi(ta, xy) = C*/ (ij + Z wrw; + Z VEV;j
1 Pyt Pyt
(2.42) J# JF JF
—+ Z WEV; —+ Z vkwj)(ac+ Cit,t)dt ,
k,j#i k,j#i

where z, = = + ¢;(ta — t1). Then we have

to
(2.43) / > wi(z + et t)dt £ CLA(tr, 1)
hj
to
(2.44) / > wpwj(x + cit, t)dt < CLM () A(t, ta)
B ki
to
(2.45) / > v + it B)dt £ CuM (t2)6(th,t2) -
B ki

Hence we have

(2.46) sup wi(I,t2> g C, (1 -+ M(tQ)) . A(tl, tg) + C*M(tg)é(tl,tQ) .

x

Consequently for u;(x,t), we have

sup u;(r,t2) < sup vi(w,ta) + sup w;(z, ta)
x X

(2.47) ’ < CLM(ty) + Cy (14 M(t2)) - A(ty, t2)
+ C*M(tg)(S(tl, tg) .

We take T' < T* and thereafter a sequence 0 = tg < t;1 < --- <ty =T
such that A(tj,tj11) < (4Cx)7' and 6(¢j,tj41) < (4C.)~!. Then, seeing
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that A(0,T) < Cupu? and §(0,T) < C,p by virtue of Lemma 2.1, we have
N =O(p? + ) and

M(tj1) = CM(t5) + CLA(t, tj41)
(2.48)
< CM(tj) +C. .

Therefore we obtain

(2.49) u;i(x,t) = (14 supy; 9 exp (ap® +bu) .

’LI

2.2 Proof of Theorem 3

We examine in a more detailed way the argument developed in the last
section, that is, to decompose the solution u; into the sum of “(quasi-)linear
part” v; and “(essential-) nonlinear part w;. Later on, we specify ¢;, which
will be denoted 1, and the dependence of v; and w; on a cut time T'. Let’s
write down u; of the form u; = vl-T + wiT :

0 0 ij
(at—i—czam)vi ZAZUJ vl

(V1)

7.k,0
Vi =1 = wi( T) .
(2 +ci— 0 w] = Li(w") + Qi(w") +r] — 5],
8 a:l,; (2 (2 (2
wy =1 =0,
T
(W) with 7] ZA (vivl +wivl +viwl)

7.k,

sk = ZAMU’ ’U
3L

ProprosITION 2.11. Assume the same hypotheses as in Theorem 1.
Then v} (x,t) verifies that, for any ¢ > 0, there exists a large T such that
fort > T, we have

(2.50) |wi(- ) — vl <e(1<p<Lo0) foral i

Al
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and
[ ¢ 0)]]

(2.51) < { m(t) 1€ Iy
= Um@exp {(-N(1-1)} il

for alli, where 2 < p < 00, A > 0 and m(t) is a strictly decreasing function.

Proor. Knowing that

(2.52) ui(z, t) S M= (1+ supu?) exp (ap® + by),

%,

we have, for t > T,

yopy Sl ) S O M) AT+ CMOST,
D z
( ) S Co(14+ M)(A(T,t) +6(T,1)) ,

szT( t

Using Lemma 2.1 which says A(0,00) < C,u? and 6(0,00) < Cip, we
conclude that, for any € > 0, there exists 1" such that

(2.54) ‘ < O.A(Tt) .

It

(2.55) A(T, 00) + 8(T, 00) < [Cu(1+ M) x (#{i € T})] ™

Then we have, for t > T,

(2.56) <e.

LinLee

Hence we have

(2.57) sup [|w ()|, <e (1=p=o00),

)HLP
i.e.

(2.58) sup Hu, z,t) — vl (z,t) HLP e (1< p<s o0),
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save for trivial constants. Consequently we prove the first assertion of
Proposition 2.11.
In order to prove the second assertion, we shall estimate v; :

PROPOSITION 2.12. S ||Vi(-,t)||32 is also strictly decreasing, where
T
Yi ('T7t)

fit)

Proor. We have

0 0 () i
<@t+clax>v1:2{ (ff(t)) V’“_a’f”}
ij Li(f(t))
T2 M Vg

gkt

Vi(z,t) =

(2.59)

Hence we have

dtZIIV )17
Z—Z(Zak> IVill* - ;;HW—Z@W
7 k i

i

2.60
(260) +2Za§(f—’f> (Vi Vi) = 2> AY, (u; Vi, Vi)
ik fl ijke
——Zakfk

<0,

Vi

\f Vi

2ZA (u;Vi, Vi)
ijke

where we used the positivity of u; and V; and Condition 1. [J

We pursue the proof of Proposition 2.11. By Proposition 2.9 and 2.12,
we have

vl'(-,t)

1 1

fi(®) fi(?)

are strictly decreasing, where a positive bounded functions f;(¢) verifies the
following condition :

v-T(-,t)

(2.61) max and max

oo



296 Mitsuru YAMAZAKI

—for i € Iy, fi(t) is increasing and tends to a limit > 0 as t — +o0,
— for i & Iy, fi(t) tends to 0 exponentially as t — +o0.
The interpolation between L? and L™ achieves then the proof. [J

Now we show the theorem. We take a sequence T}, which tends to the
infinity. We show that w;(x+¢;T,,T,) is a Cauchy sequence for an adequate
T,,. Owing to Proposition 2.11, ), w?” (x+ Ty, Ty) is a Cauchy sequence.

On the other hand, we have
Z UiT"“ (x+ ciThi1, Th1) — Z UZ-T" (x + ¢ Ty, Ty)| drx
- :

Jo Z

T'nJrl
< CM* (Tpir — Ty) g / / usujdtde
— JRJT,
ij

S CM*(Tyiy — T)A(Tn, Try) -

2

(2.62)

Hence >, v/™ (2 4 ¢;T,,, Ty,) is a Cauchy sequence in L?. Furthermore we
have

(2.63) sz‘TnH (z + ciTns1, Tng1) — Z v (@ + ¢iTn, Ty)

é C*M(Sx—l—ciTn (Tn7 Tn+1) ’

where 0z (t1,12) = supe, ., fttf ui(z + cjt, t)dt. Hence S, vl (x + ¢;T, T)
is a Cauchy sequence also in L*°. Consequently we prove the theorem. [J

2.2 Proof of Theorem 4
Let’s consider the following equations with parameter ¢ :

8ui auz . ' A
(B.) 5 + ¢ eQi(u) + Li(u) ,

or
ui|t=0 = U?() )

where ¢ is a positive constant.
For this Cauchy problem, we seek a solution wu;(z,t) of type u; =

o0
Z 5mu£m).

m=0
To prove Theorem 4, it is sufficient to show the following theorem :
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THEOREM 2.12.  Suppose Conditions 4 and 5 are satisfied.
1
For e € [O,C'** (o lt) 2 [, the series u; = Y oo, 5mu§m) converge
in H(s = 1,2,--+), so L, uniformly with respect to t € Ry and then we
have

[[will g ( 50 ||uz||Lc>o)1
(2.64) - { Cu(Xhoo 12)®
L a(Cieo )

1 € Iy

N|=

e M 1€ 1y,

1
where I}, = (Zl HDku?H;) ? the constants C., Cyy and X > 0 depend only

on the equations.

As in the preceding section, we use

i
filizo=f > 0.

Condition 5 implies a more precise estimate for f; than Proposition 2.3 :

PrOPOSITION 2.13. Suppose Conditions 4 and 5 are satisfied. There
exrists f? > 0 such that, for ¢ € I, f; tends to O with the same order i.e.
there is A > 0 such that fi(t) = e 2\ DP;(t) with P; polynomial in t and
that, for i € Iy, fi(t) is increasing and bounded, so tends to a limit > 0 as
t — +400.

PROOF. Let’s put a matrix £ = (ag — 8ij > &4 )ijer,- Then let n be
a positive constant and M = L’ + n. The matrix M is nonnegative for
sufficiently large n. We have then

(2.65) exptM = e™exptl’ thatis exptl =e ™exptM .

Hence exptL’ is a positive matrix. The Perron-Frobenius theorem for the
matrix theory says that exp t£’ has a real and positive eigenvalue which is a
simple root of the characteristic equation and exceeds the moduli of all the
other eigenvalues and that, to this ‘maximal’ eigenvalue, there corresponds
an eigenvector z = (z;); with positive coordinates z; > 0 (i € I;). Let e=2*
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be its ‘maximal’ eigenvalue for t = 1. Let fO = (f);cs, be a corresponding
eigenvector with positive coordinates f° > 0(i € ;). It implies that

filt) = exp (tL) f7
(2.6 SO
=e f; for iel.
Moreover using Lemma 2.4 and Condition 5, we easily obtain that each
eigenvalue of matrix £’ is of real part negative and then we have A > 0. We
prove then the assertion for ¢ € I;. On the other hand, the assertion for
1 € Iy is clear, because we have

(2.67) filt) = f0+ / t S abe 7 fldr O

0 kery

~—

ui(x,t
V filt)
and put w;(z,t) = 2, emap(™ (x,t). Then we have for m =0,1,2,--- |

7

1
) 2\  (m) k(e \2 m) i (m)
(E + CZ%> w; = Z {ai (—Z wy " — qpw;

k

Let put w;(z,t) = . Now we write down the equation for w;(x,t),

(2.68) L) )w§m) + F" (w)
2f;
(m) _ { ud(z), m =0
\ w; ‘tZO_ 07 m:1’27'“ )

where

m—1 o Fif 3

Z ZBljk< jfk:) wﬁn)w’(cm—n—l)
(2.69) F™ () = { =0 * '

form=1,2,--- |
0 form=0.

The energy estimate leads us :
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PropPoOSITION 2.14.  Suppose Conditions 4 and 5 are satisfied. For
82071727"' ’

(m) (m)

dtZH ’Zo‘ffk pe | i - Tk

(2.70) : 1 ) e

+2Z{( D)

and especially for m =0,

(0) (0)

2
Z k ekl ns | Wi Wy
= — Oéif D -1 1 O
ik

e e ) e

A

d s (

(2.71) E; HD w!

COROLLARY 2.15. Suppose Conditions 4 and 5 are satisfied. Then we
have, for s =0,1,2,--- ,

(2.72) HDSU}’(O)HB < Culs for all i

where Iy = (ZZ HD%?H;)é

ProOPOSITION 2.16. Suppose Conditions 4 and 5 are satisfied. For
s=1,2,---,

(2.73)

(1)(w)HHsdt < ¢, ZOI,% .

PrROOF. By the equation, we have

27 riV) = 3B () Pl
ik
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On the other hand

a1 0+, 1,
| T

Condition 4 and Proposition 2.13 give us

(2.76) Bf’“(%)a < Ce M.

These estimates and Corollary 2.15 imply

[
)

Fi(l)(w)HHsdt <c, ”Zk Hw]@)H

o0
w,io) HHG /0 e Mdt

HS
(2.77

S
<G IO
k=0

ProrosSITION 2.17.  Suppose Conditions 4 and 5 are satisfied. Then
we have, for s =1,2,--- ,

(2.78) ’

wgl)HHs < C*if,f for all i .
k=0

PrOOF. Using Proposition 2.14, we have

2 (Sl ) (511,
- &2 I

e s,

Fz'(l) (w) H

ul)

Fz'(l) (w)‘

)
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This implies that

RIS S EL
2.80 - <
(2:80) dt Wi g = w) H
Hence we have,
03 ] . = Xl heco] . Fw)] .
(2.81) ' ’ .
S0+C ) I}
k=0
by virtue of the previous proposition. [
Now let’s put sz(m)’ . < agm) for s = 1,2,---, then we have, by
induction,
(2.82) V<e Z
Let’s put f(x Z (Mg and F(z) = Fy(z) = ZAg")x”, where
n=0
Angrl C, ZA m n)
(2.83)

=C, <Z I,f) 2
k=0

Then the inequality (2.82) means that
(2.84) al™ < Ay(m) and A" >0 form=0,1,2, -

i.e. F(x) is majorant series of f(x). By the definition, F'(x) satisfies

(2.85) = C{F(x)})
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Then we have

2C.x

(2.86) Fla) = 12V 402FO) - py 6 (Z 1,3) "
k=0

It is easy to see that the right-hand side can be written in infinite series
with a positive convergence radius. Hence the series F'(x) and f(x) have a
positive convergence radius. Consequently we achieve the proof.

2.4 Proof of Theorem 5

As in the previous section, we consider the following equations with
parameter € :

— +ci— =¢eR; Li(u) ,
(M) 5 TG, eR;(u) + Li(u)

ui|t:0 = U?(') )

where ¢ is a positive constant.
The similar argument shows

A

(2.85) Hw(m) B for s =1,2,--

where

bgm+1) g CZU: Z bgnl) e bgnp) )

p=2ni1+-np=m

1
s 2
b\ = (Z 1,3) .
k=0

(2.86)

In the same way, we complete the proof.
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