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In 1973 Mikio Sato presented the following problem in contact geometry
which is concerned with the geometrical structure of boundary value problems
describing diffracted rays (cf. [2]).

Let ¥, and V. be hypersurfaces in a (2n-+1)-dimensional contact manifold
X which intersect normally at a point P. Assume the Hamilton foliation of ¥;
(resp. V) is simply tangent to V. (resp. V) at the point. Let (Vy/, I3’) be any
other pair of hypersurfaces in X which satisfies the same condition as the pair
(V;, Vs). Then is there a local contact transformation ¥ such that the following
condition holds?

(1) U(P)=P and ¥(V;)=Vy for i=1,2.

In 1975 the existence of a counterexample for the problem in the real analytic
category was announced at a symposium held at RIMS in Kyoto University (cf.
[5]). Here we give it with the whole proof. On the contrary R. Melrose proved
in [ 3] that it is affirmative in the C™-category and treated a more degenerate
situation in [4]. This suggests us some difficulty in analysing analytic singulari-
ties of diffracted rays.

Since our situation is local, all structure will be considered at the germ level
at the point P. Thus let (X, w) be a germ of a real analytic (2»+1)-dimensjonal
contact manifold. That is, @ is a germ of Pfaffian form on X such that the
(2n-+1)-from wA(dw)" vanishes nowhere on X, Let

(2) Vi={reX; filx)=0} for i=1,2
with germs of real-valued real analytic functions f; and f. which satisfy
FAP)=FoP)=[f1, [21(P)=0,

(3) L4, U £20)(P)#0, [f s, [ £2I(P)#0,
l(w/\dfl NAf2)(P)#0.

This is the assumption of the Sato’s problem and the hypersurfaces V; and V2
are said to be glancing at P. A real analytic contact transformation ¥ of (X, w)
is by definition a real analytic diffeomorphism of X satisfying ¥*(w)=cw with
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a function ¢ and under the canonical coordinate system (p, x, 2)=(p1, ***, P, &1, >+,
Zn, 2) of X such that w=dz— 5%, pidz, the Lagrange bracket [,] is expressed as

. n(af L, 0f N\ & ( g of
(4) L 01# <U,L+p’ 62)(7191 ;(m (72)015,

for functions f and ¢ on X (cf. [1]). Then the following theorem gives the coun-
terexample.

THEOREM Retain the above notation and assume nz3. Use the canonical
coordinate system (p,x,z) so that P corresponds to (0,0,0) and put

(V} =V"={(p, =, z)eX; x:=0},

(5) Va ={u>, x,2)eX; z+ —1‘P12+P2=0 ,

/"*[(1),1 zeX; ¢1+~ ~~~~~ Dt Do Py, e )paten=0

for a non-negative integer . Let (Cilicpo1.o,... be a sequence of real numbers satisfying

(6) Tim ]G < oo, Tim Wil|Ci| =co0.

Then if h( j);,:zrz)=<:,l‘

oL
transformation ¥ satisfyving (1).

b >( p1 DeCinat), there is no real analytic contact
u,

Proof of Theorem. To prove the above statement we prepare the lemma:

LemMa Let X be a 2m-dimensional symplectic manifold with the canonical

comdmaz‘e Spstem (Z, 2)=(E1, =, Emy 1y =, m) SUCH that the canonical 2-form equah

o dENdag. Assume m=2 and umszdm the two hvpersurfaces defined near P =
(0,0):

[ Wy={(&, x)eX; & =0},

(7) | ~ .
l[Vz,t:{(S, x)eX; 51'%% a2 e A(E, 2)ast =0
"\ a :
If h= < pE p )(.1;15(5, x)) for a rveal-walued real analytic function §(& x)=
o

Dli(Ge, ey Emy Ty, oo, n)ést satisfying 1im Wil]g(0)]=ce, there is no local symplec-
tic transformation @, with the real analytic pavameter t near the ovigin such that

(8) Bo(P)=P, 0 W,)= Wi, O Wa, )= We.

Suppose that the required contact transformation ¥ exists. Use the canonical
homogeneous coordinate system (£, ) of X such that py=—&/&... for i=1,- n
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and z=u@y.,. Then by the symplectic transformation of the (&, z)-space

& ’_-17!(511z1+132 3, &g e +1) , Sgr—>— i,
i *$; for .7"__41 ey SnaEy (l"{"l

=3 Ey(En o 1), e Ea(Ep 1) Ly >f~,

. 2
rp——x; for j=4, - 0, 1y p——ray ,~<~3~ / «é—— 20y )(c;n 1+1)7!

we have
=V/=1{E »)eX; & =0},

. 1 ”
Vg:[@, r)eX; &+ 5 ~7?1"+-‘L‘2=OJ ’

) 1 ¥ s
V! ={(f, z)eX; &+ 5 '7:'1"'+-"1?2+h(L'2’§3=0}

where 2=/h(a,(Z0 0+ 1), &a(En 1 +1)719)(E0, +1)20-0% The existence of ¥ implies
that the existence of an analytic local symplectic transformation 7. (&, Z)—(p, )
of the (g, x)-space such that ¥((0, 0))= (0,0) and ?lf(Tr o=V, for i=1,2. This shows
that the differential (@), (&', = ')»————>(/; 4"y of ¥ at the origin must be of the
form

{51,:‘4]7”1/, .]‘}9/‘-—-‘.44.9‘1/2/ +(Au".¢4])'f)1’ s

'.’L’]’——« ?2 Z A i '+ Z "’lj?/.] [
<11 i=1

with real numbers A4,, 4s, A" and A satisfying 4,%0, 4,0 and 4.4, =(A4,— A,)]

Ay, where (&, 2') is identified with the tangent vector Y%i!&/3/08,+ Y1ite,d(0mx;.

Since |8y, y2)[8(2:, 22)1(0, 0)=+0, by the elementary symplectic transformation with

respect to a suitable set of indices /< (3,4, ---, n+1}:

" wpifjer {:f if j¢7
’“fP"’{sj if jey’ % —u; if jef

and by the transformation of some indices in (3,4, -, n+1) (remark that these
transformations fix ¥V, and Vz), we may assume

sy s Y 1)[ Oy, Yo Y, * 5 Yusr)
L4 N0, 0)£0, [ ER Y s 0,0)0.
16(1’1, oy i) §( ) f;‘(r;, Loy Lq, ;J"nw)]( )¢

Then ¥ can bhe represented by a generating function Q(3, «, y) as follows (cf. [1]):

n+1

[Q =0(&,9)— 2 &
J=1

! Q7 .
L= ey, 0=y for =L, mrd,
;g 9%,
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Set O/ =0"(y,%,1, 84, ,fnvsl, Y1s U2 O, 4y -+, yner)e Then the equations 7,=032."[dy;,

F;=00268; for j=1,2,4,---,n+1 define the symplectic transformation @,: (£, &,
Sayory Snrty T1y Toy By oy T 1)"“’(’1, Tios Tay =t Tus 1y Y1, Y2y Yy *0°s ya-1) which satisfies
the condition (8) with m=mn. Thus the proof of the theorem reduces to that of
the lemma.

Proof of Lemma. Suppose there exists @, satisfying (8). Replacing @, by
@70, we may assume @,=id. Then the generating function 2, of &;: (§, z)—>
{n,9) is of the form :

m

=0/, y)"‘Z; £t

.

(q) "(")"/:Z J?/J+C 5,7/, )l‘ L/"Z Uts;’/)[
b F=1

.-\

,j=1 W [0y ;= §5+talfoy;
for j=1, -, m.
r;=00, |0t ;=y;+1toU[0%;

Since @ (W)=1{(x, ?/)e ; =0}, we have

'\U H .
10 ? =0
( ) 01 |zi=0

and since O We.)={(5 e X; 7+(1/2)y.2+y.=0}, we have

3 +~é— (10 U022 + (ye + 10 UJ0S2) +£h(E, y + 18 UJ05) (s +10 U 0%

1
=(1+1c) <51 +taUloy +“—2“ '’ +‘.1/2>

for a function ¢= X7 (& v, where y+toUjos=(y,+taUl0%, -, ym+10U[05m).
Therefore

o oU  oU 1
(11) M‘a?'/‘l‘ Y1 =— e FEN < 1+ 5 ¥ +?/°)
: 2 ! bl L
=~L(2§£) ~(y2+t ?wg> h(g,yH U)—Hw 1{
2 \0&, . 0&s of al/1

By the coordinate transformation ;=& +(1/2)y:% ca=Ea+y1, 21=y1, 22=Ys, the
left hand side of (11) equals —aU/[oz;—(c;+ ). Hence we have

SUL
10 = =0,
(10) OY1 tg1=0
Uy
(11} —————(r1+2)¢gr=the function determined only by (U}, ¢:igisi-1

021
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for £=0,1,2,---. Especially when %A=0,
U,

(10)0 a?/l =0 =0 )
(1), U eyt zn)pn=— gl )
021

Now we fix a function f(z,, z», 71, 7a) such that 2f/az =y«th(&, y). For simplicity
we don’t write the variables (&g, -+, &m, ¥s, ==, ym) hereafter. Then (10), and (11),
imply

(12) Uv=f(z1, 2s, 71, 72)—(T1 + 22)p0(21, 22, 71, 72)—i(2e, 71, T2)

=Yz, &) +E:a(y1, Y2, &1, E2)

z1
for some functions ¢y, -, ¢, where <,/,:¢,=S wodz;. Put §=0,y.=-—(1/2)y,* and
0

Flys, &)=y, — (122, U/2)n:% E+11). Then by (12) we have the representation
(13) Fyy, &) =Filys?®, &+ y) + Faly:®, &)

On the other hand if F can be written in the above form, it is clear that there
exist functions ¢, ---, ¢ satisfying (12).
Next we shall study the representation (13) for a given F. Put

N
&Y= 3] o S YYD
=0

N
+ 20 Droowr, j£y* N =P for k=0, -, 2N,
j=0

N
ko 2N+ 1k R eV i
EogAN Ik = 5 g oy geg, 7 (E )BTy AN =D

J=0

N
A+ 30 braniaor, £ YAE D for k=0, -, 2N+1.

J=0

Here ay:; and by ; are real numbers. Since 2(N+1)—@N-+1)=1, 2k ox—r.0+
br.ax-w.0 and Qg ox-x.; and bgan-i,; for j=1,---, N can be uniquely defined and
since 2(N+1)—(2N+2)=0, ar,2nv1-1,; and by ans1-545 for j=0,--, N can be also
uniquely defined. (Their existence will be proved later.) Therefore we can put

1if k=2f or 2j+1,

rlk. 20, ik, gimn, =00 = g0, ;=0
O otherwise,

Ok, i, j =0k, 910, j =+ =0 0,7 = {

Ak, 2i+1, j =k, 2i-1, 77 =k, 1, j =, j,

\Dpo2ict, j =0k, 011, 5= =0g 1, 5= lg 5.
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Here a..; and #; ; are defined to satisfy

(14) &~ I”Z(’u 1+ H‘szx 1,5
J=0
k-1

(15) =T iy AL T b, 2
=0 i=0

Applying ‘7i'g dz and (Zk—l)gc d¢ to (14) and (15), respectively, we have
0

k
prf B e

Doy, 8301

s 1o k-1 2k— 1b ajes
22]+9aax2:(5+) +ZZ+2 S

J

b rn

kel 2k—1
J=0 2]+2

Aag—2, jo

Therefore ai,; and by, ; are defined by

2k .
Aog, j= 2 +1 Qsk-1, j Qo0=1, (lu.j=0 for i=l,
2k .
bzk‘j =§7:f 1)21.:~1.j, by,o=—1, bo.j=0 for ]:>_—1,
2k—1 .
azk»l,j:_a;' Qa2 51 for jz1,
2k—1 ..
bk ;——"T bogn, j-1  for j=1,
k 1 ko 2kR—1
ﬂgkfl.(l— "‘Jg 2j+1— (l:zk—l.,j——jg:l 2](27_1_1) Aop-2, j~1,
| ' ko1 9p—1
ekt 0= —Qapey. 0— s Qag-s, §e
2k-1,0 Qap-1,0 j}_;:) %5+2 Dok, j
Hence we have the following
2k . 2k(2k—1)

Aspe, j=

Py “%—*Fm"‘ Bk =

Zk)' .-
BRCTEUE TSN I
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b(2R)(2kR—1)
o :2 Bopy, 0= — ), 2k-2, §-
Qate 0 =2RAap-1.4 721(2])(2]'1']) Qog—n, j-1

__ Lo R
= Z“"” T YO TS

Jj=

ack—jy. 00

To estimate the asymptotic behaviour of ws;. when & tends to infinity, put
{/'k:('"l)k[luk,(J/(Zk)I. Then

L L 1 =
(16) (‘1.:='3'!‘ (‘/;"1_“5? (»k—z'I"TI.,TCI;—:: ~~~~~ mtu, co=1
and thus
oy - .
s 2k S
(a7 Z Ci (1+Z (=1 (27 +1)l ) T sinz

Hence 1im *[c;] =% because the radius of convergence of z/sin z equals 7. There-
fore Tim *[aar.o|/(2k)1>0, which proves the lemma. (Remark that lim ci./cx=7"
and (2k)lc;=(2*—2)B; with Bernoulli’s numbers B;.)

Supplement Considering the above argument, we see that the Sato’s problem
is affirmative in the ring of formal power series.

K. Masuda proved in our seminar that the equation (13) is always solvable
in the C=-category.

The author expresses his sincere gratitude to T. Yagami who pointed out
the equation (17). This makes the proof shorter than the original one.
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