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Introduction

1.

Let fo, f1, - -+ fmymzn+1 be linear functions in the complex affine space C"
and S be the union of the hyperplanes S;: f;=0,1=j=m. We are going to
compute the global monodronmy and the Gawss-Manin connection of the integral:

j[S f;lff:“)‘ . 'f;:,’,f‘(l.‘l)l/\- . -/\\d‘)}" or
1.1 J=!
{7 oppexp oo

for A=, ++-, )€ C™ and to express them in ferms of the simplices <iy, -+,
or iy, i1, -+, 4> attached to the configuration S (See §4. Theorem and the
Appendix). To apply for | Pham's generalized Picard-Lefschetz formula ([10]
p. 128) we shall define certain real twisted cycles called “visible cycles” and derive
a connection formula among them (See [1] p. 2563 and also [4]). As is shown in
(2], by Deligne-Grothendieck comparison theorem, the above integral can be regarded
as the duality between de Rham rational cohomology H"(M,F.) and the homology
H. (M, &_.) in the space M=C"—S, where f, denotes the Gauss-Manin connection
corresponding to the 1-form w= X%, 2;dfylf; or Ty 24dfilf i+ D pydz; with fo=
N, pazs, and S-, the local system or the relative local system modulo at infinity
defined by the holonomy group of [, respectively, according as g=(pt, ="+, tta)
equal to zero or not.” In the sequel we shall assume

(H,1) Sy, +**,Sw Suu are all veal and normally crossing each other where Sma
(Zenaies the hyperplane at infinity.

1 The integral (1,1) can also be formulated by means of Ext of certain modules
of differential operators with coefficients of hyperfunctions done by M. Kashiwara and
T. Kawai, For this see [5].



50 Kazuhiko AonoTo

(H,2) 7y, dey v, Aw are all veal and positive and p is veal. These are all generic,
namely i 4z, i 82 for any 1£26<6<---=m+1,1zp=n, where

dma1 denofes — 3" 4.

The integral (1, 1) contains in its limit cases various classes of hypergeometric
functions, for example, of P. Appell or L. Pochhammer (See [6] and [11)).
HnlM, S _.) has also been determined in [4]. In the case where m=4,n=2, =
0(1=i=2) and % are all equal to 1/2 a cell structure of algebraic surfaces related
to (1,1) has been investigated by T. Nakamura in an unpublished note [8].

2. Numbering of visible cycles.
The following lemma is proved in [1] and [2] (See [2] pp. 292-294).

Lemya 1o HY(M, o)y s0"AM, log Yo" (M, logS) if =0 and =M, logS)
if p=0, where QUM log Sy denotes the space of logarithmic p-forms on M along
S, spanned by the forms dlog fi /- - Adlog fi, with 1 =i,< i<+ - - <ip=m. There-

fore its vank is equal to (m;l> if p=0 or C’:) if px0. If w=0 this is also

equal to the number of relatively compact connected components of R*—R"NS.
If p=0, this is equal to the menber of relatively compact components and con-
ponents contained in the halfspace T, pju;<0 at the infinity. Actually the set
of the closures in R* of these components can be regarded as *“twisted cycles”
which constitute a basis (denoted bv o) of (M, S ..).

The set of the closures in R" of components of R"—R"NS will be denoted
by 4. Each element of 4 will be called “wisible cycles®. We denote by [[]=
[f1, 82y ooy Iy LE0<lae - - - <dn=m+1 the point in R" defined by fi=fi,=- =
fi,=0 (Remark that [/] is to be at the infinity if i,=m+1). We shall fix the
lexicographic order for [/] as follows: [7]<[J] if and only if ii=j,, -, {p-1=Fp
and i,<(j, for some p. Let f; have an expression a-+ D47 i@, and Fi be the
principal part 3%, @ -x,. We choose a special configuration £, of S such that
if [Z77<<TJ], then

FllIDN=FolTD, -+, FoasllID=Fpa((JD and (=D FoLID<(=1)" T[] D)
for some p (See the figures 1,2). We denote by
Fliyy ey by &1 (0 Zuliy, oy by 0]), LSl - <l Em 41,
the relative chain in (R", SN R") defined by ( 1)“ ~f:, =0 (or (=1)""f;, =0 respec-

tively) for 1=v=n with the orientation (— 1) (if,l/\(z’f”/\ - /N\dfi, >0, and by
ZXy, » -+, i ®e] the intersection of Z.[7; §] Wlth the half-space (—1)"fi=0. We
put FH1,ds, -+ -, in; ] to be equal to 0 for 1<lip<- - - <in=m+1. Let J(I;§%) be
be the closure of the unique connected component of R"~SNR" contained in
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A = 4[36; K]
B =%-[45; &]
C =ZH34; &)
D =4[13; 8]

Ss St S5 S S S
N Y N M
B

Fig. 1 (n=1,m=5) Fig. 2 (n=2,m=5)

%.[L; R,], which contains the point [/] but any point [ /] for [J1>[I] We put
Ay, oy, m+2; &) to be I, 4y, <o v, iy (=17, 1<, by introducing an
accessary hyperplane Sp... In view of Lemma 1, the following Proposition can
be proved by induction with respect to s and 7.

PropositioN 1. Inthe configuration S, of S ¥y, -+, i Rel250,< - < Em,
p=0 0r Z.[iy, -+, by K], 125<C - <dwZm, o0 form a basis of Hy(M, §-.). In
Jact NI R) can be expressed as

T To TR (LR, g0 and
@1 JLRy=1_ -
Ty Tor - - TuZHIL 801, p=0,

where T, denotes the v-th difference operator:

(2y 2,) T»:Z-iz.l) MY iw fT in; 8}0]:.%—[7:11 Tty i;y Tty in; Rﬂ]
R 2R RN B WEEEN g Y

By replacing them by the contour integrals if necessary, the non-compact
components of R*—SNR" can also be regarded as cycles in (M, S-.).  4(J; &),
1=7,< < jn=m+1, is contained in &_[L ®] if and only if ji=i<Gosin< -
< jn=i, and in $.[L; R if and only if 4,<j,=ie< - £iu<{ju. Let L be a real line
in [, 81U % [, R, going through [I] and choose an affine coordinate » on L
such that Z_[I; ®,10 L corresponds to the half-line »=0. We denote by vy, - -,
25,0, 0501, ++ -, 0pss the intersection points of LNS; in increasing order. Then
vy s= 400 and », corresponds to LNS;, and each interval corresponds to LN4(J; &)
for a certain A(J: &). We first assume p=0. Consider a loop 7. homotopic to
zero in LE—~LEN(SUSn.1), LE being the complexification of L, and turning round
once counter-clockwise all the points vy, 0s, » -, 00,0004, - -+, 0r,; and retract it
into the upper and lower sides of the real interval [v;, +co] (See the figure 3).
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& 0 /A )

The branch of the function U=exp (f)-fit---fip is different on the upper and
lower sides but does not depend on the variation of L provided L c%-[]; R]U

Z. 058 In fact the branch of U on the upper side of LN4[J; K] is

exp 2xilin .+ 3 A,) times

NSegin—

InE asm

that of U on the lower side of LN4[J; &), because J4[/; &) is divided from the
point [/] by the hyperplanes S; where 7,< <7y, - -+, or i, <k<j, or f1<lk<dy, +*+,
Ju<lh<ldp according as H(JiR)CZ.[LR] or I R)CZ (LR Therefore we
have the identity in H,(A, S )

(2» 3) Z (l‘f‘-XP (‘2;7[.;‘1/0’.1)>J(j]1 ot ',jnAh”Z";‘l;-@U)
SR BB
Jp=ml
+ by {I”GXP (Zrildm: 1+ PN DA ) =0
ey BB Jigesta-1 .
JpEm P Zasi 1
TiZezn "

Now -consider the path j, starting from —co to »,, turning round », counter-
clockwise and coming back from u, to —oo, and retract it into the upper and
lower side of the real interval [2., +co] (See the figure 3). The same argument
as in the preceding shows that

(2,4) 2 {exp Cridm )= 1d(71, ++ o) Juer, 1 R0)
AWg0) - B B3~
Jp=m+1
+ z {exp 2xi( — &)=L (G, oo s R0)=0
1Sj1C -« jpEm 1=e8 1 .
GRS B B aSogje

i S0 iy
in Hu(M, S-,). |

In case of p=0, by eliminating from (2,3) and (2, 4) the term 4(ji, -+, fu-1»
m—+1; §%,) we have

(2,5) > {1—exp 2zi( - 2ot Am1) (T 80)
R 1053 110 R UM Jigesia 1
. CipEm ' . e st
et
{exp2zi(— 3 A)—114(7; Re)=0,
AWLR T B U B 18051
InEm wggg.l:

ipSaSjy
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seeing that the chain d(j;, -+ -, 7,1, m+1; &) cannot he defined as an element in
Hn(]k[y KS"‘m) if p#(). »

It seems probable that any chain 4(Z; &) can be expressed as a linear com-
bination of the basis in Proposition 1.bv means of the identities (2,3),(2,4) and
(2,5).2

3. Choice of special paths in the configuration space of S.

From now on we shall fix all @, n=v=1,m=iz1. We denote by X p-vn
the affine spaces. C"~**! of the points (¢, ---,{m) Where f;=—ay. The configura-
tion § of S becomes degencrated if and only if the determinant

; Qi M '(Zile~Jai17¢ %
. A | igo Bigu-alipn |
(31 ]-) D[Zl’ oy ing In :'1]=J -

Tiy 0 Qi m-1liy 0

vanishes for a certain sequence [i,2, +--in.:), Which defines the hyperplane
D, -+ ipyfnar) iIn Lo We denote by 4, the union of such hyperplanes. We
shall call 20— Y to be the “ restricted configuration space™. Let b=(by, +--,bu)€
X n—Yn denote the base point corresponding to &..

For an arbitrary i, we fix 4, -+, ¢, biyer, +» <2 8n and varies #;, in C. We
denote by g (i, --,ix] the unique solution of the equation D[iy i, -+, in]=
0, 49<dy<{» - -<[in, With respect to £, Then by (H,1) ¢s[is, -+-,in] are all real
and we have ¢;,[/]<y;[/] provided [J1<[J]. Now consider the path ali, ] in
C— Urian gi,[J] as follows. Let : be a small positive number such that g;[ 1]+
elgif Jol—e if [Li<[J.] Let wy, 25, -+, be all the values ¢;[ /1 for [J1<[[]
in increasing order, so that by <loy<lwa<l - <w<gy[L1~2  Then afiy,I] is
defined as:

iy =g [ L1—¢), 050 5 (o0 —)/(gi [L]1—2),

A
A

i
il

‘ (gs [ L) &) — (24, —2) ) U, —z %,
fi,=u,—zexX <—~z R ~h ], Hrg—r
) “io P 2¢ gi[I]—= RVEEE

| by =clgil]—e) (w4 o)(gs [ 11— )= e = (00, 11— 2) s [ 1],

\ i,):T((/'i,D[I]""S; (741""5)/({]1”[[:‘—3)%7%1,

(3,2)

(See the figure 4). We denote by o-[is, [] (or o.[4s, [1) the displacement of #;, in
C— U< 03,0 J] from g [I]1—¢ to gy [L]+< (or from g;[{1+e to g;[/]—¢) along
the lower half-circle (or the upper half-circle respectively): and by Ao, ] the
composite of ¢_[iy, I] and ¢ .[iy, []:

2 This problem was stated by A. Hattori.
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1;,-0 1 ua ] g io[l 1-:

Fig. 4 «li, 1]

[ [iﬂ; I]

111

T

g; [I]—¢ g; L1+

O'_[io, I]

Fig‘. 5 Uiitl'u,[]

(3, 3) "3[i41, I]:O' [in,]], O'-Eiu,]].

Then the path y{is, I1=alie, I17 - flio, I1-alio, I defines an element of the funda-
mental group (X m—~Ym, $o) with base point &, The following Proposition
immediately follows from the definition.

ProrosiTION 2. The variation of E.[J; 8] in H(M, S..) from & to afiy, I]
Ko=8 along the path aliy,I] is given by the formula;

3, 4) 2T, ®1=Valiy, I1)- Z-[ ]; §] =IE! Wia-[in, K1)- Z-1T; 8]
where ﬁ xes 0 denotes the ovdered product o-[io, K. o [io, Ker] - o-[10, K] for

Ky <Ky< - <Ky and 3={Ky, Ko, -- -, K}

Let 9p-,., be the set of points in ¥ m-,.; such that for at least one p with
p<v and I, JC{y,v+1, -+, m} we have f([I])=/[J]). Then Yp ,.;DUp-,., and
K m—Yhy is the topological fibre bundle over X u-1—%Yn-1 with the fibre Fy,
homeomorphic to C--{f (], I={is, -+, @}, 2=41}. The group = (Fy) is isomorphic
to the free group generated by 31,41, - -+, 7a), 254, <« -+ i, and we -have the exact
sequences '

{”*"Z:(Fm)‘”“’fl(ffm"'q}fn)"‘-"ﬁl(‘%mvl “Q;Hn—l)'—"’{l}
and
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pm- N 7:1(.%) m-1"" a;,lfnml)‘-—’fl(j? m-1 "E[}lnr»l)ﬁ""‘*'ll}

where Ker p,-, is generated by the loops ¢.[/, K1 (and their conjugates) turning
round the hyperplanes defined by A{JD=AKD for J, Kci2, ---,m} such that
TN K|, the size of JNK, =n—2.

According to Zariski-Van Kampen theorem (see [3]), in a similar way to
Artin formula (see Theorem N 8, p. 173 in [7]) we have

ProposiTiON 3. The group =( w—Y,u) i generated by y[i, s, -+ - 00 1], 1S
U<y < <l Z=m o with the defining relations i)

s
R ey . “ N - - ,t" . - . ‘!_, . -
(3r4) ”‘ ,7'[2!: . ')\\;"/: . ‘;Zn,»zj';'[zh EEPRVIE ";lu»ﬂjzi'[zh . '-\f'a oy sl
v
norz
' ”‘ [ily .t '1\7; o '1il! ;2],1:—?‘![5724‘2,
e

i) For 1,< 4,
(3, 5) ]"Uh ey iu'lj')'[jh . ‘zjuf»l]:;'[jh i 'y.irz.»lj‘;‘[ih seey iy ;1]

Zf Hil) -t ':Z‘nkl} n{jh vt ':jﬂ:l}i”\/\.”a (Z?’ld {jly M 'aj7¢}>{i37 ctty in»:'l} or {ZAa M ';invux}t>
{Jes » - dnishy and iil) For i< jy,

(3) 6) ;‘[]-1, b ':jn’ju 1]'}{2‘1’ Tty Z',;,, Z.'IL ‘;‘1]'}"[]‘1' e 9.7.11,,]‘n“ 1]"2
:0)[1(il;jly i ,jn,.'jn,u)d ‘7'[i1, ety in; Z.u— 1]’(‘),‘(i1,j1, e ajn,jw 1)
i W s twdd O 70, - o dwnad <o @nd {Goy <o oy uidd ooy -y inead > {70 oy -V,
. . . .. a1, R L. .
Jneab {fay oo s tubddnu day oo ™0 o o T, where ‘”/x(l!;]h “reyJae) denotes  the
words, 1=p=n+1,
ni1

pum v . St .. 3
{U ‘/‘[Zh]h Y \'\/: e a]Tl«:lJ-}’ '7‘[“1]2; oy Ins I]“]

7l

T . v . . . -
" ” 7‘[%.71, Tty \'v/x v '1]71*1]';"[217]2) ot ’r]n»‘dj‘
PEY

We shall now define the space of full configurations of S %m—dJ,. We

put @m.1,0=1 and @m.1.,=0,v=1. We denocte by ;f»Cm-m the quotient of the affine
space CP~+D@D Ty <, of (m—yv+1)x(n+1) matrices

lﬂp()y avl) crry

‘4’:( ---------------

Aoy Amyy * ) Umn,
by the natural action of the multiplicative group (€*)*-**! of diagonal matrices.
Let fm-..1 be the union of analytic subsets D[z, - -+, ini1=0 for v=i, <+« <ipu=

m+1.. Then i%,,,v——@m will be called the “ full configuration space of m hyper-
Planes S”. We have the natural projection
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a * ~ A
) o .
D=1 WAL q]m”"“‘* A men Qf'm—-ly

with a general fiber F,,, where F,, denotes the space of hyperplanes S, in general
position to (S., - -, S,1), homeomorphic to the projective space P" minus the
hyperplanes defined by D[1,i,, ---,i,]=0 for any 2=i,<C-- - <ip=m+1. Consider
the generic line L in F, containing &, and fixing a:,,2=i=m, 1=v=n, and move
S, from &, so that L is isomorphic to C— Usq[J] for 2=5,< -+ <. Then the
standard argument shows ::l(ji"',,,wffl o So) s genevated by i, day -y ina ), 1S
L T Sm+ 1.

It seems interesting to find the fundamental relations for 31(5%,,‘-—(?;1,”, §a)
with respect to the above generators.

4. Connection formula and monodromy.

We are going to compute the variation formula by ¢.[i, I] after afi, I'] for
1=i < <iy=m+1l. At Li,=g[l]—¢ in Xn, by taking the coordinates Xi=
(=1, -, Xo=(=1)" ", « o+, Ny=—F5, We may assume that (—1)"f;, =X, has
the following form:

1) —X,=3 bue b
vax]

where b,>0 (See the figures 6,7), so that the vanishing cycle ¥€=4[7] attached
to the point #;,=g;,(/] is defined as follows: X;=0,---,X,=0 and X,=0. We

I

— liis; 81 lidd s W] )

* XXt Xo=0

¥ AN X XL
4, X 1 ARG XXX,
! t 1
! l ! s Y [iis; 8]
Xo=0 X1=0 F=0 AX XXt
fio":Xa ’ f,']’=X1
= =0 DRSS
-+ [itlig N S?] ] [iuix : .@] JX(,*X,.*,X;“
AXFN X AX P AL X

A\ Xi=0
15=0

—f'io’-:XU) —‘fil zlY.l) fig‘zXﬂ

Fig. 6 (n=1) | Fig. 7 (n=2)
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denote by AXpX3...X% the visible cycle contained in the domain &X,=0,
aXiz0,--+,6.X,20,5;=+1 which has a non-empty intersection with (Z; &),
and with the orientation dX;A - - AdX,>0. We exclude the case z=-1,5=
-+ =%,=1 where JXpX:...Xin is empty. An elementary but tedious calculation
shows

ProrosiTion 4.

AXpXpe e X
=(1—z)/2- T P20 T2 Z iy, oy s ]

4,2) Fe(l=en)[2- DD s T2 G [y, day + o vy dng B
et

+eozr, vy snet(L—20)/2- Zldy, <+ -y dery 8]
where T, denotes the v-th difference operator:
4,3) T2 iyt iy R]=FB Ly o b L, o Gy 81=F 0, vy dy ooy 1 BL
In particular the vanishing cycle L is equal to
4, 4) AXTX T Xy =F iy, oy tny R]— B[l 82y -, z‘n;m
+o (=1 Z iy By e B R

Suppose that X, has been 1_:ransformed into X, by the displacement o_[i,, i,
-+, 1y where — X=X, b2, +by, bo<<0. Then in the same way as Proposition 4
and by putting &=0c-[iy, IR,

ProposiTION 5.
ARp Xy X
=(1-g0)/2 Tz, O [ @]
Feo(L—en)f2e TP 2 T2 iy iy - -, i3 §]
o
taperena(l—2a)2 BLio iy - - vy dney; §8

(4,5)

n P
+cpsyt gp Z (-1)”“”.%~[iu, Tty fu-1, i S E I in; R]

v=0
In particular the transformed vanishing cycle T is equal to
r ki » - - . ol P v
(41 6) —’IXOL—\ 1r * AYVI:' Z z—-[zﬂy ey bty yrry vy Iny R}(__l)lz—- .
»a)
Now we apply Pham’s generalized Picard-Lefschetz formula for the cycles

AXpXp- - Xip and 4X9Xa... Xz, The variation formulae of V(e.[is, I]) of 4
in H,(M, S-.) are given as follows:
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ProrosiTion 6,

Vi (i, I dX0X 3 X i AKX . Xt
TRyt 3 OXD (27‘ ’\'H’.’:»I(l“*sn)/u ,” 3 XD AX, 'Ilr

4,73

except for sy=z =+ =z,=—1. In this case we have
JX7 X Xy (= 1) exp (224 — 1 ) A X X+ X
The remaining visible cyvcles are left unchanged.
Proof. See T. Pham 8] p. 128
In the same manner we get
ProrosiTiOoN 7.
Vi i, T X0 X5 X —s IX X e X

4,8) — 158y - 2 €XD <2m' 1 v _(:_Jf___m_f__)_; XX

except for sa=z=+-=z,=1. In this case we get

~

AX0X -

»(—1)" exp (u,.v':l" > .2,:U>JX,;X;- - X
vl
Caorollary (Local monodromy formula)
ey I I X XX X
4,9) {1 snsr -+ - 2q XD <2::V/:I > sz) .

. { (—exp (2.':«"":'1-“(‘1 20l ) +exp (2—mf -1 i‘ /i”m(séw b ) }JX(,’XP X7,

excepl for sy=g=+--=¢g,=~1, in which case we have
PR L]
AXT X7 -X;—~~>exp(2mf’-l > 25})JXJX;‘ X
P

Finally we have come to the following conclusion:

THEOREM ('Farmula of global monodromy).  The set of paths ali,, 117 fliv, I]

ofde, TNy i<+« - <0, generate the gmnp (X ¥m ff;}"",;ﬁ"‘a). ‘Their representation
on the space I—[,,JI, S-w) 18 given by Vialde, I7)7 V(e ID)- Vialio, I where
Vialiy, I3) and Viplia 1) are given by (3,4) and (4,2)~(4,9).

Appendix. Differential equations satisfied by J.

We denote by oI}, I'=(i, -+ +,in), 1=20<C -« - <liy=m the form dlog fi, A-+- A -
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dlog fi, and by ¢(/; z) the integral

¥
«

A1) \ U- (T

with Us=exp (fo)-fit-«-fim and yeH, (M, $.,). The differentiation with respect

to wi, 0=vsEn, 1si=m,

(A,2) W“SD gmns (U Sc Y
shows
(A,3) de(L =73, ;V"_, da; Ro[0a;: .1 )

Tyl v=0

+ 3 Y da Qdfoa;, (1 1)

=1 v={

~folz & et £ 3 do,

1y lg§d we=) 'u aurl o=t

®(""f 1), }(-([)-Hz’log Diiy, - -+, i )R 2),
T,

where D[4y, - --,1,] denotes the determinant (—1)*Dy, - -, tu,m+1]

..........

..........

Because of the formulae

i N @, dfs af
— U - m( Jz P Jn) S U' ~ m( ? A ﬂ Jn)
S r -f.?g fJn r fjl fJJ j]n,

and by expansion of partial fractions for a./fy, /i~ Fiw @lfi i Ui Fiy-e

and 1/f.]1 j‘ig‘ ) 'fj,p we haVe

2 da, 00/6a:,.¢(1; 1)
v=0
"  Dliyeei ; o
=7, Z(”’)" — -Elh . »in) - iy, e N ey )
F=0 D[Zﬂr 1y '“?,Z"]D[Zu, "’;\\/; M "11'“]

d(l{on, daiox, crey, (Z(liun

Qigoy Qig, "+ Aign

.................

| @iy Wigsy sy Aign

'fjn
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] D[ih R 7

and
a n
2 2 dai Ribjaa, Fi, i )
g=1 w={
!d(Zi.”u y Ty dﬂi‘,ni
2 Di0,dy, -+, "/, -+ vy il ' iy -y i
— ' W Tty igmy
— E (__1)1‘ by B .i k i n([’ /.)
I

i Uiy * 7y iy
dai g, dag
i1y * 0y (liln,‘

x

<
ainh ] ainn !

noon DIO, By, - v Ny eyl
+Z Z(,'—]»)“” - ]L v.ljy 1'\. “.2’ .l : -
el @l DEII‘ Tty Z'u_ID[O7 Iy sy Ve, Z?L]

m
. E Z /iz(,g:;»(iq,, By, - Ty \\‘/’ R /)

=1 r€l

+Z Z E(«"l)”““)' Dligy iy, oy Ny ooy in]

- ] P i, . e s L
{nel s=1 a=1 D[Z(], Tiy v e, \\/‘ L, )ZVZ:E'DLZ(H gy * v,y Z"]

;idcz;,:ﬂ“,dalzd., b, d(liﬁn

~

Dl @iy vty Qe
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so that the Jacobi identity concerning “determinants ” simplifies the above in the

following manner :
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This defines the Gauss-Manin connection in the space of full configurations of

S, ,f{‘m—(i}m, and a generalization of the classical Jordan-Pochhammer linear
differential equations. In particular, in case of g=0, this is reduced to
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which has logarithmic poles along fl,}m i the sense of P. Deligne.
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