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1. Let A be a commutative ring with an identity 1. The “Stufe” of
A is the smallest number of squares possible in such a representation that
—l=al+--+a, a;eA (i=1,--,5), and is denoted by s(A4). If such a representa-
tion is impossible, s(A)=oco. A. Pfister [6] has shown that, for arbitrary field
F of characteristic not 2, s(F) is a power of 2 or oco. M. Knebusch [4] has
shown, in generalizing Pfister's theorem, that s(4) of a local ring A is a power
of 2 or oo if 2 is a unit in A; if 2 is not a unit, s(A) is a power of 2 or co or
a number of form 2"—1.

Now, let F be a field with an additive valuation, and O be the valuation
ring in F. Then O is a local ring with its quotient field F. In this case, we
shall prove the following proposition.

Proposition. Let F be a field with an additive valuation and O be the
valuation ring in F. Then we have s(OQ)=s(F).

Proof.* It suffices to. prove s(Q)ss(F)=s. Let —1=ei+-- +ei, e;eF. If
all e;€0, then done. Suppose Wl(e:)= min {W{e;)} <0, where W denotes the
1<iLs

2 2 .
valuation of F. Then —1:(@,“)2+<~z—2—> ++<Z~s> , ert, {—5 €0 (i=2, -, 53),

1 -1
whence s(O)=s=s(F". '

2. Let F, be a finite extention of ratim}al p-adic number field @, and O, be
its ring of integers. The quadratic form }j X% has, by a well known theorem,
a non-trivial zero in F., whence s(F )<4. lffl p-+2, Le, F. is an extension of @
p=2, then —1=z*+9y*modp has always a solution in O.. Hence, by Hensel's
lemma, —1l=ug°+y* has a solution in O, whence s(F,)=2. Note that if p+2,
s(F)=1e v =1eF, & Np=1 (mod4) and s(F.)=2e Np=3 (mod 4).

Now let pl|2, ie, F, be an extension of 2-adic number field Q..
We may suppose vV —1¢F,. Then “—l=z2+3* has a solution in F” &
“ —1eNry,=iyr(FA(V=1))” & “ cyclic algebra A, = (-1, F,q) splits ”, where &
denotes a generating automorphism of (v —1) over F,. But the cyclic algebra

*  Author owes this proof to Prof. Y. Watanabe, to whom he is thankful.
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A is nothing but the quaternion algebra over F., F,+Fyi+Fj+F.k, with
P=ji=~1, k=ij=—]i.
Dencting by D, the quaternion algebra over ., Q.+ Quf+ Quj + Q:k,

with #=*= -1, k=i = ~ji, we have =Ds® g, 0", and the invariant
inv, Ay =[Fy: Q:linvs(D:)(mod 1). As it is well known that inv.(D.) =712« Aw

splits if and only if [F.: @.]=0 (mod 2). Hence we have the following proposi-
tion. (cf, [1])

Proposition. Let F. be a finite extension of p-adic field Q. If p+2 then
S(FY=2. If v|2 and V=1&F, then s(Fy)=2 if and only if [Fy: @:1=0 (mod 2),
and s(F)=4 otherwise.

Corollary. (cf. [1] p. 21). Denoting by (—){’{) the quadratic norm residue

symbol in Fy. we have

< -1, —1 ) I' 1 for p+2
p l—nerien  for p2.
-1, =1y . . . Y L
Proaf. __.___> is 1 if and only if 1=—1z*—¢® has a solution in F,

and —1 otherwise.

3. Let F be an algebraic number field of finite degree. The Stufe s(F)=co

if and only if F has a real conjugate, whence s(F)<co implies that F is a

totally imaginary number field. Suppose s(Fy<co. Then the Hasse principle

shows that the quadratic form Z}L has a non-trivial zero in F, whence
=1

s(FY=4. Hence s(F)=1,2,4 or oo. But s(F)=1 means simply vV —1¢F. We
shall give another proof of the following well known theorem ([1], [2], [3]). Our
proof is essentially the same as one in {2].

Theorem. Let F be an algebraic number field of Jfinite degree. Then
SU=2 if and only if F is totelly imaginary and the local degrees of F at all
primes of F extending the rational prime 2 arve even.

Proof. We may suppose vV —1é¢F. Then, “~1=2+y* has a solution in
P if and only if —1eNp,=nr(F(V=1)), which is equivalent to the state-
ment: “the cyclic algebra A=(—1, F(vV=1)/F,¢) splits, where ¢ is a generat-
ing automorphism of F{(~—1)/F.” A splits over F if and only if A splits
locally everywhere. But A is nothing but the ordinary quaternion algebra
F+E+F+Fk, i*=j=-1, i{j=k=—ji, whence A=D®qF, where D is the
ordinary quaternion algebra over @, and the p-invariant inp A=[F,: Qlinv,D
for p|p. Since D has invariant 5 at prime divisor 2, 5 at oo, and 0 at all

other prime divisors of @, A splits, therefore, if and only if Fy=C (the complex
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field) for all infinite primes p and [F,: @.]=0 (mmod 2) for all p|2. This proves
the Theorem.

4., Finally we shall make a simple remark on the Stufe of fields.

Proposition. Let F be a field of characteristic not 2 and v —1¢F. Then
S(FY=2 if and only if there exists such a cyclic extension E over F that
[E: Fl=4 and ESF(~VI).

Hence, for a finite algebraic number field ¥, not containing Vv —1, there
exists a cyclic extension E over F, of degree 4 and E> F(~/~1), if and only
if F is totally imaginary and the local degrees of F at all primes extending
the rational prime 2 are even.

This proposition follows, for example, from N. Bourbaki, Algebre, Chap. V
§11 Exercices 7).
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