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In 1938 A.N. Kolmogorov raised the problem of determining the set of eigen-
values of all the stochastic matrices of order ». A partial answer to this pro-
blem was given in 1945 by N.A. Dmitriev and E.B. Dynkin [1], [2]. But it is
F.1. Karpelevich [4] who solved the problem completely in 19519,

In connection with these results, we prove a theorem which is an extension
of Corollary of Proposition 11 in I. Sawashima and F. Niiro [6].

THEOREM. Let ¢ and r be positive numbers and k be a natural number.
Then there exists a compact sel C in the complex plane such that
i) Ccla: la|=1),
i) CNI'® consists of @ finite number of elements,
iity o(T)»CC for any positive bounded linear operator T in any Banach
lattice E which satisfies

r(T)=1, ‘ (1)
e O<|a—1| <P o(T) (2)
and

sup |a—1[¥|R(a, T)||=c. (3)

0<{a~1{<r
To prove the theorem we give two lemmas.

Lemma 1. Let E be a Banach lattice and T be a positive operator of YE)

1) . For these, see Gantmacher [3].

2) I' is the unit circle {a: |a|]=1}.

3y o(TY, #(T), o(T) and R(e, T') is the spectrum, the spectral radius, the resolvent
set and the resolvent operator of T respectively.

4) 8(E) is the set of bounded linear operators in Z.
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with r(T)=1 and 1 be a pole of Rla,T). If v is a positive number such that
{a: 0<ja—1|<rtCp(T) and m is the smallest natural number satisfying

|1 exp( 2+1>}<1’, (4)

then

m p-1
dHnl'cy U exp<2k"Z )

n=1k=0p

Proof. By Theorem 4.10 in H. P. Lotz [5] we see that, any element a,=1
of o(T)NI" has the form exp (2kzi/n) where k=n~—1, n, ke N and k% is relatively
prime to # and also that exp (2xi/n) is in (7). This implies »=m and the
lemma is proved. -

LEMMA 2. Let ¢ and v be positive numbers and k be a nonnegative number
and T be a positive bounded linear operator in a Banach lattice such that

nTH=1,

{a: O<|a—1|<rico(T)
and
sup |a—1[¥|R(a, T)||=c.

0<ja—-1]<r
Then for any positive number a in the open interval (1,1+7) we have the inequality

nile

m—y for neN. (5)

1T S — (

Proof. Let 1<a<1l+7r. Since #(T)=1, we have the expansion
oo Tn
R((X T) Z n+1 *

Therefore for positive element f of E we have

{

l
;

n‘—l

1 <||R(a, T)f|).

From the well known property of positive operator that
|Tf1=T\f] for any feFE

and th'at '

R(a, T') is a positive operator for a>1.7

we get the inequality in the lemma easily.

Proof of the theorem. Put
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m n~—1 7
A=U Uexp<2};”) (6)

n=1k=0
where m is the smallest natural number satisfying (4).

To prove the theorem it is sufficient to prove the assertion: For any a,eI"\A®
there exists a positive number b(w,) independent of both T end E such that

1R (a0, T)I| = b(ero)

for any positive bounded linear opevator T in any Banach lattice E which satis-
fies (1), (2) and (3) in the theorem. For, if the assertion is proved, then the set

C={a:|e| :<:1}\4r 3\4 {“: la—an| < Z(%;o—i

satisfies i), ii) and iii) in the theorem.
We shall show in the remaining part of the proof that the assumption of
the non-existence of such b(a,) vields a contradiction. Assume that

acelMN\A : (7)

and that there exists a sequence of positive operators T, in Banach lattices E,
which satisfy (1), (2), (8) and

[ Ry, To)l|>n  for neN. (8)
Let ﬁ‘:{{ Tk fu€Ey, sup || full < oo, ne N} With linear structure and order defined
coordinatewise and with norm defined by ||[{f}H]=sup || fall, E is a Banach lattice.
By (5) in Lemma 2 with n=1, we can define a bounded operator Tin B by

T{fn}z{Tnﬁz}

It is clear that 7' is a positive operator of E(E). By lemma 2 we get

- Noil
HT”Hé((—g:T;L; for neN and ae(l,1+7)

which yieldé

nTH=1.
Let
0<]|a—1|<r.
< Then it is easy to show
aeo(T),

R, D) fat={R(at, Tw)fn}

5) Lemma 1 implies that ay€o(T) for such T.
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and also
la—1]¥|R(e, T)|| =c.
If
nT)=1,

then T satisfies (1), (2) and (3) in the theorem. Therefore, by Lemma 1 and (7),
we get

€ p('f‘).
If

7’(’.7‘) <1,
then clearly

azeo(D).

Since £, 1s isomorphic as as a Banach lattice to the subspace { fl}eﬁ‘ fi=0 for
Is=n} of E we shall embed E, into £. Then E, is a T-invariant subspace of B
and the restriction of 7' on E, is the operator T,. Since a, is in o(T)NI" and
HT)=1, the restriction of R(a, T) on E, is R(as, T%) and ||R(eo, Tull=|[R(ao, T)I.
This contradicts (8) and the theorem is proved.

The following corollary is clear from the proof of the theorem.

CoroLLARY 1. Let ¢ and v be positive numbers and k be a monnegative
integer. If A is the set defined in (B), then for ayel’\A there exists a positive
number ban) such that

[1R(ae, T)l|=blas)

For any positive bounded linear operator T in any Banach lattice E which satis-
fies r(T)Y=1, (2) and (3).

A direct consequence of Corollary 1 is the following.

CoROLLARY 2. Let ¢ and v be positive numbers and k be a nonnegative in-
teger. Then there exists a compact set C in the complex plane such that C satis-
fies 1) and ii) in the theovem and iii’), where iii’) is the assertion that we obtain
from iii) in the theovem by veplacing condition (1) by v(T)=1.

Remark. Condition (3) in the theorem is indispensable.

Counter-example . Let E, be the two dimensional vector space with the
usual order and 7, be the positive oprator in £, defined by the matrix

1 =
T"'(o 0).

Then {a:O<]gx—1!<1}c,o(Tn). However T, is not norm bounded and the con-
struction of T in the proof of the theorem fails.
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In contrast to the counter-example, we have the following.
ProrosiTION. Let v be a positive number and n ¢ natural number. Then

sup sup |a—1] [|R(a, T)|| <eo

T€Sp,» 0<|a—1]<r/3
where S,.» is the set of all stochastic matrices T of ovder n which satisfy
{a: 0< e —1|<rico(T).

Proof. By a well known theorem of algebra we see that the roots of the
characteristic equation
det (A/—T)=0
are continuous on the compact set of all stochastic matrices of order ». There-

fore S, , is compact. Since ||R(e, T)]| is a continuous function of (a, T') on the
compact set .

B={<a, T):la=1l=7, Tesn.,.}, (9)
we have

sup |[R(a, T)||<oo.
(e, TIEB

By Lemma 4 in I. Sawashima and F. Niiro [6], we see that 1 is a pole of R{a, T)
of order 1. Consequently we have

R(a, T):kilAk(cv—l)’“ for 0<|a—1|<7 and Te€Su.r,

where

1 R(B,T)
k| EED g
b oni lp—1y=rs2 (B—1)F*1 dp

Therefore, for 0<|a—~1]<#/3 and T€S,,,, we have

© e ((1"“].)’“41
|a=1]=r/2 koty (B—1)F11

since the series in the right hand side converges uniformly by (9). Then, we
get ‘ ,

(@—D)R(, T)= -~ S

Sy R(B, THdp

co E+1
=R D=, (3) s 1R DI

3 ‘
=57 sup || R(ex, T)I
(a, T)EB

Thus the proposition is proved.

6) We regard that T are positive bounded linear linear operators in the space ot
n-dimensional vector lattice with supremum norm. .
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Taking into account of the problem of A. N. Kolmogorov and the theorem
in our paper, we are interested in the following.

ProsLEM 1) Is it possible to express the set C in the theovem explicitly by
¢, rand k?

Since the set CN/" in the theorem is included in the set A of (6) deter-
mined only by 7, the following problem seems reasonable.

ProsLeM ) Under what conditions which E and T satisfy in addition to
(1), (2) and (3) in iii), is the set C in the theorem detemined only by v and k?

If we alter Problem II) slightly, then we have the following.
ProsrLem III) We consider instead of (3) in the theovem the following con-
dition :
1 is a pole of R, T) of order k. (39

Under what conditions which E and T satisfy in addition to (1), (2) and (3'),
does there exist positive numbers ¢ and v, determined only by v and such that

sup |a—1¥|R(a, T)||=¢

0« ja—1]<ry
Jor any positive bounded. linear operator T in any Banach lattice E?

In the case where T is any Markov® operator in the usual n-dimensional
vector space, Problems I) and II) are trivial. Indeed according to F.I. Karpele-
vich [4] C is independent of ¢, » and .2 Our proposition provides an affirmative
answer to Problem III) in this case. However, as is shown easily from the
counter-example in p. 96, Problem III) is solved negatively without any further
assumption for 7" even in the case where £ is the usual two dimensional vector
space. We don't know if Problem III) is solved in the case where 7T is any Mar-
kov operator in the space C(X) or in the case where T is any Markov operator
in any of the usual finite dimensional vector spaces.
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7) A positive . linear operator in the finite dimensional vector space is Markov if
and only if it is defined by a stochastic matrix,



