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Abstract
In an influential paper, Engel and West (2005) claim that the near random-walk behavior of nom-
inal exchange rates is an equilibrium outcome of a variant of present-value models when economic
fundamentals follow exogenous first-order integrated processes and the discount factor approaches
one. Subsequent empirical studies further confirm this proposition by estimating a discount factor
that is close to one under distinct identification schemes. In this paper, I argue that the unit
market discount factor implies the counterfactual joint equilibrium dynamics of random-walk ex-
change rates and economic fundamentals within a canonical, two-country, incomplete market model.
Bayesian posterior simulation exercises of a two-country model based on post-Bretton Woods data
from Canada and the United States reveal difficulties in reconciling the equilibrium random-walk
proposition within the two-country model; in particular, the market discount factor is identified as
being much lower than one.

Key Words: Exchange rates; Present-value model; Economic fundamentals; Random walk; Two-
country model; Incomplete markets; Cointegrated TFPs; Debt elastic risk premium.

JEL Classification Number: E31, E37, and F41

T T would like to thank Kosuke Aoki, Martin Berka, Shin-ichi Fukuda, Kazuko Kano, Toshi Mukoyama, Jim Nason,
Makoto Saito, Etsuro Shioji, Christoph Thoenissen, and seminar participants at Hitotsubashi University, the Univer-
sity of Tokyo, Victoria University of Wellington, and the 2013 Summer Workshop on Economic Theory at Hokkaido
University for their discussions and useful suggestions. I wish to thank the Seimeikai foundation and a grant-in-aid
for scientific research from the Japan Society for the Promotion of Science (number 24330060) for their financial

support. I am solely responsible for any errors and misinterpretations in this paper.



1. Introduction

Few equilibrium models for nominal exchange rates systematically beat a naive random-
walk counterpart in terms of out-of-sample forecast performance. Since the study of Meese and
Rogoff (1983), this robust empirical property of nominal exchange rate fluctuations has stubbornly
resisted theoretical challenges to understand the behavior of nominal exchange rates as equilibrium
outcomes. The recently developed open-economy dynamic stochastic general equilibrium (DSGE)
models also suffer from this problem. Infamous as the disconnect puzzle, open-economy DSGE
models fail to generate random-walk nominal exchange rates along an equilibrium path because

their exchange rate forecasts are closely related to other macroeconomic fundamentals.

In a recent paper, Engel and West (2005, hereafter EW) establish the near random-walk
behavior of nominal exchange rates within a partial equilibrium asset approach. Their model
implies that equilibrium nominal exchange rates are given as the present discounted values of the
expected future values of economic fundamentals. If economic fundamentals are integrated of order
one (hereafter I(1)) and the discount factor approaches one, a nominal exchange rate then follows
a near random-walk process in equilibrium. This equilibrium random-walk property is attributable
to the fact that only the Beveridge-Nelson trend components in the I(1) economic fundamentals are
reflected in present-value calculation at the limit of the unit discount factor. Because the Beveridge-
Nelson permanent component is a random walk, the current economic fundamentals lack the power

to forecast future depreciation rates even along an equilibrium path.!

Because the assumed non-stationarity of economic fundamentals seems to hold without
question, subsequent studies within the literature have focused on the empirical validity of the
assumption that the discount factor is close to one. Examining data on different currencies and
spanning distinct sample periods, Sarno and Sojli (2009) and Balke et al. (2013) identify a discount
factor based on partial equilibrium asset approaches seminar to that of EW and infer that the

estimated discount factor is indeed distributed near to one.

Nason and Rogers (2008, hereafter NR) attempt to generalize EW’s proposition more rig-
orously and preserve the random-walk property of nominal exchange rates within a two-country
dynamic stochastic general equilibrium (DSGE) model that includes incomplete international fi-
nancial markets. NR rely only on a subset of the first-order necessary conditions (FONCs) of the
proposed two-country model, i.e., the utility-based, uncovered interest rate parity (UIP) condition,
money demand functions, and purchasing power parity (PPP) condition, to construct the present
value model of nominal exchange rates (DSGE-PVM). In their DSGE-PVM, an equilibrium nominal

exchange rate is given as the present discounted values of the expected future values of fundamen-

'Nominal exchange rates, therefore, need to Granger-cause future economic fundamentals, not vice versa. The
empirical exercises of EW based on vector autoregressions (VARs) provide solid evidence for this implication of

Granger-causality across different currencies.



tals that consist of cross-country consumption and money supply differentials. As claimed in EW,
if these fundamentals are I(1), the nominal exchange rate behaves like a near random-walk at the

limit of the unit market discount factor.

Utilizing the cross-equation restrictions (CERs) of the DSGE-PVM and specifying the ex-
ogenous I(1) processes of the economic fundamentals, NR estimate a restricted unobserved com-
ponent (UC) model for the bilateral exchange rate between Canada and the United States. Their
Bayesian posterior inferences using post-Bretton Woods data support the hypothesis of EW, finding
that the market discount factor is close to one. Moreover, they observe that permanent shocks to
the money supply and consumption differentials dominate the historical movements of the bilateral

exchange rate.?

In this paper, I try to go beyond the theoretical and empirical achievements of NR. My chal-
lenge of reconciling random-walk exchange rates within a two-country general equilibrium model
begins by arguing that NR somehow stop short before closing their two-country model. There
are three areas for concern in their empirical exercise based on the DSGE-PVM. First, NR con-
struct their DSGE-PVM by taking the log-linear approximations of the stochastically de-trended
FONCs around a stable, deterministic, steady state. The incompleteness of the international fi-
nancial market in their two-country model, in which only state non-contingent bonds are traded
by representative households across the two countries, might lead endogenous variables to exhibit
permanent unit-root dynamics. In this case, there is no guarantee that any stable, deterministic,

steady state will exist.?

Second, the assumed I(1) consumption differential is inconsistent with the balanced growth
path of the two-country model, which is endowed with single consumption goods. The source of the
non-stationary consumption differential is the assumption that the cross-country differential in the
total factor productivity (TFP) is I(1). In the exercise of NR, each country’s endogenous variables
are stochastically de-trended with their own countries’ TFPs. The de-trended market-clearing
condition of consumption goods, which is equivalent to the de-trended resource constraint, depends
on the TFP differential. In this case, the non-stationary TFP differential makes the de-trended

resource constraint violate the balanced growth restriction.

Finally, the third concern is that NR omit the Euler equations for the optimal intertemporal
consumption allocations of both countries and treat the consumption differential as an exogenous
random variable. The omitted CERs that the Euler equations impose on the consumption differ-

ential, however, might result in the serious misidentification and misevaluation of the two-country

2This empirical result is consistent with the argument known as the PPP puzzle (Rogoff 1996) because, by
incorporating price stickiness, many open-economy DSGE models emphasize the role of mean-reverting monetary
policy shocks as the main force driving nominal exchange rates.

3See the detailed discussions of Ghironi (2006) and Boileu and Normandin (2008) regarding the non-stationarity

problem inherent to incomplete asset market models.



general equilibrium model as the true data-generating mechanism of random-walk exchange rates.
The third concern is primarily relevant once I recognize that each country’s consumption is deter-
mined by the permanent income hypothesis (PTH) and depends substantially on the I(1) endowment
and the unit market discount factor, as does the nominal exchange rate. In fact, to my best knowl-
edge, no past study has taken into consideration the endogeneity of economic fundamentals toward
the discount factor. The joint determination of nominal exchange rates and economic fundamentals
within a single two-country model, hence, might lead to a statistical inference on the discount factor

that is sharply different from those of past studies.

To address these three concerns, I investigate a canonical, single-good, two-country, en-
dowment economy model in which international financial markets are utilized as a device for in-
tertemporal consumption-smoothing. The model used in this paper is quite stylized but similar to
that of NR except with regard to two important aspects. The first is that the model contains a
debt-elastic risk premium. As characterized by Schmitt-Grohé and Uribe (2003) in a small open-
economy model and Boileu and Normandin (2008) in a two-country international business cycle
model, a debt-elastic risk premium has served as a popular instrument to induce the stationarity of
the equilibrium-balanced growth path.* I show that by introducing a wedge between the world and
country-specific interest rates, the debt-elastic risk premium alters the UIP condition and makes
the resulting present-value model of the nominal exchange rate different from the DSGE-PVM in
NR.

The second aspect that differentiates this paper’s model from that of NR is that the stochas-
tic trends in both countries appear to be independent in the short run but dependent in the long
run. In this model, the exogenous endowment processes of the two countries consist of both perma-
nent and transitory components. I then allow the stochastic trends of the two countries, which are
interpreted as their TFPs, to be cointegrated, as emphasized in recent papers by Mandelman et al.
(2011), Rabanal et al. (2011), and Ireland (2013) in the context of international business cycles. In
this case, because the TFP differential is stationary in population, the equilibrium-balanced growth
path is guaranteed to exist. Moreover, if the technological diffusion speed reflected in cointegration
is set as sufficiently slow, the TFP differential is empirically identified as an I(1) process with a
finite sample. This conjecture is consistent with the empirical finding of NR that a unit root in the

cross-country consumption differential cannot be rejected.

Harnessing all the FONCs of the model to endogenously determine the nominal exchange
rate and the consumption differential along the unique equilibrium path, I show that the expected

equilibrium currency return is characterized by a linear function of the de-trended net foreign

4A non-exhaustive list of studies that adopt a debt-elastic risk premium as a device to avoid the non-stationarity
problem in open-economy DSGE models includes Nason and Rogers (2006), Adolfson et al.(2007), Kano (2009),
Justiniano and Preston(2010), Garcia-Cicco et al. (2010), and Bodenstein (2011).



asset position and other transitory components.” When the market discount factor approaches
one, this dependence of the expected currency return on the transitory components of the model
vanishes asymptotically. Therefore, the near random-walk property of the equilibrium exchange
rate indeed holds even after the two-country model is suitably closed. Importantly, the model
generates a tractable analytical solution of equilibrium random-walk exchange rates in cases with
two symmetric countries. The resulting closed-form solution reveals that the exchange rate is
primarily driven by permanent shocks to the money supply differential, among other stationary
shocks. This stringent theoretical prediction echoes the findings of NR. However, in contrast to
the claim of NR, the permanent but cointegrated TFP shocks cannot be significant drivers of the
random-walk nominal exchange rate because the TFP differential should be stationary to close the

two-country model.

In addition, the investigation in this paper goes even further. I also characterize the equi-
librium consumption differential through an analytical solution. The resulting closed-from repre-
sentation of relative consumption reveals that at the limit of the unit market discount factor, the
consumption differential is perfectly correlated with the PPP deviation, i.e., the real exchange rate
(RER). This implication stems from two theoretically crucial facts. First, consumption in each
country does not rely on any monetary shocks due to the classical dichotomy of this model, which
does not include price stickiness. Second, at the limit of the unit discount factor, no country-specific
endowment shock has a significant impact on the present discounted values of expected future en-
dowment differentials because of the balanced growth restriction. The resulting homogeneity of
the permanent income calculation across the two countries makes their consumptions, defined as
half of the global aggregate endowment, identical. Consequently, neither permanent nor transi-
tory idiosyncratic endowment shock matters for the consumption differential. Only the relative
price, i.e., the RER, has an immediate effect on the consumption differential. The resulting perfect
correlation between relative consumption and the RER has been recognized as a major empirical
difficulty related to a broad class of international business cycle models since that of Backus and
Smith (1993).5

A macroeconometrician who tries to fit the model to both the exchange rate and consump-
tion fundamental data then faces a serious trade-off. On the one hand, if he or she fits the model to
the near random-walk exchange rate, the market discount factor should be close to one. The model,
however, tends to impose two unrealistic theoretical restrictions on the data — a permanent money
supply differential shock as the dominant driver of random-walk exchange rates and the infamous

Backus and Smith problem of an implausibly strong connection between relative consumption and

®Such transitory components include transitory money supply differentials, transitory money demand differentials,
and transitory PPP deviation shocks.
5Because the model used in this paper does not include non-tradable goods, the RER is not determined endoge-

nously in this model, as in the two-country incomplete market model of Benigno and Thoenissen (2008). Rather, the
RER is defined as the exogenous shocks to the PPP deviation, as specified in EW and Balke at al. (2013).



the RER. On the other hand, if she or he tries to avoid these counterfactual restrictions by suffi-
ciently lowering the discount factor, the model loses its ability to generate the near random-walk

behavior of nominal exchange rates.

An obvious empirical question then is how seriously is the statistical inference on the market
discount factor affected by this theoretical trade-off? To address this question, I estimate a statisti-
cal UC model that is fully restricted by the proposed two-country model with a Bayesian posterior
simulation method. Given relevant prior distributions of the model’ s structural parameters, which
are especially intended to identify permanent and transitory shocks, the same post-Bretton Woods
data for Canada and the United States investigated in NR then finds that the market discount
factor is a posteriori distributed around 0.62. Notice that this market discount factor size is far
below the size close to one that is statistically inferred by many recent empirical studies under
different identification strategies. The observation of this paper, hence, implies the theoretical
trade-off mentioned above is indeed severe: It is still a quite difficult task to explain data varia-
tions in the nominal exchange rate and the corresponding macroeconomic fundamentals jointly and
consistently within a canonical, open-economy, general equilibrium framework once such a stylized,

two-country, incomplete market model is closed correctly.

The remainder of this paper is organized as follows. In the next section, I introduce the
two-country incomplete market model employed in this paper. Section 3 then derives and discusses
the equilibrium random-walk property of nominal exchange rates and the Backus and Smith puzzle
of a perfect correlation between relative consumption and the RER at the limit of the unit market
discount factor. After reporting the main results of the Bayesian exercises in section 4, I conclude

in section 5.

2. A two-country incomplete market model

2.1. The model

In this paper, I investigate a canonical incomplete market model with two countries, the
home (h) and foreign (f) countries. Each country is endowed with a representative household

whose objective is the lifetime money-in-utility

o.9]
> BB {lnci,tﬂ- + i p4j In <”J> } . 0<B<1, fori=hf,
= Piyj

where C; ¢, M;;, and P;; represent the ith country’s consumption, money stock, and price index,
respectively. The money-in-utility function is subject to a persistent money demand shock ¢; ;.
The representative households in the home and foreign countries maximize their lifetime utility

functions subject to the home budget constraint

B +SiBY 4 PoyChy+ My = (1470 ) Bl +Si(1+r] )BL  + M1+ PogYne+The, (1)



and its foreign counterpart

h
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respectively, where Bﬁ?t, rét, Yi+, Tit, and Sy denote the 7th country’s holdings of the /th country’s

nominal bonds at the end of time ¢, the ith county’s returns on the [th country’s bonds, the
ith country’s output level, the ith country’s government transfers, and the level of the bilateral
nominal exchange rate, respectively. Each country’s output Y; ; is given as an exogenous endowment
following a stochastic process Y;; = v;+A;+, where y;; is the transitory component and A;; is
the permanent component. Below, I interpret the permanent component A;; as the TFP in the

underlying production technology.

The first-order necessary conditions (FONCs) of the home country’s household are given

by the budget constraint (1), the Euler equation

1

_ h 1
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and the money demand function

My, ¢ 147,
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The foreign country’s FONC counterparts are the budget constraint (2), the Euler equation

1
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the utility-based uncovered parity condition (UIP)

o e

St41Pri+1Cr 41 Pri11Cf 41
and the money demand function
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Each country’s government transfers the seigniorage to the household as a lump-sum. Hence,

the government’s budget constraint is

My —M;y—1 =Ty, fori=h,f.



The money supply M, ; is specified to consist of permanent and transitory components, M/, and
mig: My =m; M, for i =h, f.

To close the model within an incomplete international financial market, I allow for a debt-

elastic risk premium in the interest rates faced only by the home country:
Thi = e[l + 0{exp(=B /M, +d) = 1}], d<0, ¢>0, for I=h,f (9)

where Tiu,t is the equilibrium world interest rate of the {th country’s bond. The risk premium is
given as an externality: The household does not take into account the effect of the debt position
on the risk premium when maximizing the lifetime utility function. On the other hand, I do not

attach a risk premium to the foreign country’s interest rates: Ti‘,t = riu,t forl=h,f.

Following EW and Balke et al. (2013), I assume throughout this paper that purchasing
power parity (PPP) holds only up to a persistent PPP deviation shock In ¢:

StPf,t = Ph,tQt~
The market-clearing conditions of the two countries’ bond markets are

Bl,+B},=0 and B,{,t + B}it =0,

i.e., along an equilibrium path, the world net supply of nominal bonds is zero on a period-by-period

basis.

As in NR, I assume that the logarithms of the total factor productivity (TFP) and the
permanent component of the money supply, In 4;; and In M, are I(1) for ¢ = h, f, and the

cross-country differential in the permanent component of money supply, In M;, — In M}t, is also
I(1):
Assumption 1: In A;; and In M, are I(1) fori=h, f.

1/1

Assumption 2: In My, —In M7, is I(1).

Following Assumptions 1 and 2, I specify each country’s monetary growth rate Aln M/, to be an

independent AR(1) process:
Al M, = (1—py)Inya + pu A M],  + €y, fori=h, f.

where Invyy; and pps are the mean and AR root, respectively, of the money supply growth rate

common to the two countries.

Importantly, I do not make NR’s assumption that the cross-country TFP differential, In a; =
InApy —InAyy, is I(1). Rather, I assume that the TFP differential is integrated of order zero



(I(0)). This deviation from NR'’s key assumption stems from the fact that an I(1) TFP differential
is inconsistent with the stationarity of the stochastically de-trended model and the deterministic
steady state of the resulting equilibrium-balanced growth path, as I will show below in more detail.
Notice that Assumption 1 and the stationary TFP differential jointly imply that the TFP of the

home country must be cointegrated with that of the foreign country:

Assumption 3: InAy; and In Ay, are cointegrated with the cointegrated vector [1,—1] and have

the error correction models (ECMs)
A h
AlnAps =Inyy — §(ln Apg—1—InApy 1) + €4y
A
AlnApy=Inya+ Z(nApey —InAga) + ey, (10)

where y4 > 1 is the common drift term and X € [0, 1) is the adjustment speed of the error correction

mechanism.

The cointegration restriction that Assumption 3 imposes on the two countries’ TFPs is adopted
by recent open-economy DSGE studies by Mandelman et al. (2011), Rabanal et al. (2011), and
Ireland (2013). ECMs (10) imply that the cross-country TFP differential is I(0) because

Ina; =(1—A)Ina;—1 + ELL},t - eit.

Importantly, if the adjustment speed A is sufficiently close to zero, the cross-country TFP differential

can be realized near I(1), as maintained by NR.

The stochastic process of the logarithm of the transitory output component for each country,

Iny; ¢, is specified as the following AR(1) process:

Inyis = (1—py)Iny; + pyInyis1 + €,

for ¢ = h, f. Similarly, the stochastic process of the logarithm of the transitory money supply

component for each country, Inm;, is specified as the following AR(1) process:

Inmis = (1 — pm)Inm; + ppInm; 1 + ein,t,

for i = h, f. The three other structural shocks, the home and foreign money demand shocks ¢y, ;
and ¢y, respectively, and the PPP shock ¢, follow persistent stationary processes. Specifically,

they are characterized by AR(1) processes in terms of the following logarithm:

Ingis = (1—pg)Ind+ pyIn i1 + €y,

for i = h, f and
Ing = pglng—1+ e



Throughout this paper, I assume that all structural shocks are distributed independently.

2.2. Stochastically de-trended system and log-linear approximation

Define stochastically de-trended variables as ¢;; = Cjii/Ait, pip = Pi,tAm/M[’t, bé,t =
Bf’t/let, 7f4,t = Ai+/Ait-1, 7}'\/[7t = Mgt/MZt_l, and s; = StAh,tM}:t/(Af,tM];t)- The stochas-
tically de-trended PPP condition is s; = pp+q:/pse. 1 can take the stochastic de-trending of the
home country’s FONCs, (1), (3), (4), (5), and (9), as

aiPheChe + bl + Stbg,t = (L4 rfn)adly 1 /e + (1 + 7“;{7t,1)8tb£’t,1/71]\04,t + appynt, (11)
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ph,t Th,t
ri}zL,t = Tz}f;,t[l + ¢{6XP(_bZ,t +d) —1}], (15)
and
rf = [+ o{exp(=bf , +d) — 1}]. (16)

Similarly, the stochastically de-trended versions of the FONCs of the foreign country, (2) (6), (7),
and (8), are

@pnacre — sl — aby, = —(L+rd s, /7,
—(1+ Tfu,t—1)atbz,t—1/%}f4,t + @pneyre  (17)

St St+1
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These ten equations (11) - (20), determine the ten endogenous variables cp, ¢, cf¢, Pht, St bZ o bfl ”
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Let & denote a percentage deviation of any variable x; from its deterministic steady state
value z*, & = Inz; — In2*.8 Also, let & denote a deviation of = from its deterministic steady state,

# =z —2*.% The log-linear approximation of the stochastically de-trended home budget constraint
(11

\/

is

P (ch — yn)Phe + Gi) + DjCTCht — PRYRTRE + bht +d(1— B~ )(8 St+ay) + s b
=g d[(1 + f’h,t—1) - ’3’M,t] + 587N d[(1+ rht 1)~ ] + 87 1bht 1+ 5*5 lbht no(21)

that of the home Euler equation (12) is
Phyt + Che + (14 fﬁ,t) = Ei(Phiq1 + Chpgr1 + ’%\%,t-}—l); (22)
that of the home UIP condition (13) is
Eidtpn =8 = (L4 70) = (L4 7 )+ Br(h o1 = Fhopn = W +3ppn)s (23)
t5t4+1 — St Tht rh7t t\VAt+1 7A7t+1 YM t+1 FYM,t—i-l >

and that of the home money demand function (14) is

. . . 1 . 2
Dhit + Cht — Mpt = 17*(1 + Tz,t) — Pht- (24)

"If the TFP differential a; is I(1) as assumed in NR, the above system of stochastic difference equations becomes
nonstationary through the home and foreign budget constraints (11) and (17) and there is no deterministic steady
state to converge. Notice that the cross-country permanent money supply differential In My, , /M7, does not appear
in the stochastically de-trended system of the FONCs. In contrast to the TFP differential a¢, the I(1) property of
In My, , /M7, in Assumption 2 does not matter for the closing of the model. This might be an obvious result of the
model’s property that the super-neutrality of money holds in the money-in-utility model: Money growth does not
matter for the deterministic steady state.

8Notice that at the deterministic steady state, the TFP differential a* is one. Because of the stationarity of the

system of equations (11)-(20), the deterministic steady state is characterized by constants c;,, c}, p,, s*, i, b,c*,

e r,{*7 rh* and rf* that satisfy

bt =bl" =d,

= —r}”*—rw =l =m/p -1,

o _ ysor) T+ (yn +y)A =BT Hd
yn(dyar)~tr* — (yn +ys) (1 — B~1)d’

pryn = (1= B +8")d+ (¢yar) 77,
phen = ($yar) 17,

* * %k
Cr =8 Cp-

Below, the steady state value of the nominal market discount factor is denoted by k = 1/(1 4+ r*) = 8/vm.
°In particular, for an interest rate r¢, (1 + ) = (ry — r*)/(1 +r%).
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The foreign country’s counterparts are the log-linear approximation of the stochastically de-trended

foreign budget constraint (17)
P (Ch = yp) (Brg + Ge) + D CFers — Pyl — Oy — d(1 = B71)(s%8¢ + ar) — 5*5£7t
—17 ~h ~h * n—1 7] N 2 —17h * n—17
= =87+ ) = And = BTN+ 7 1) = Al = B B — 58T B s (25)
that of the foreign Euler equation (18)
8¢ — DPne — Cre —Gr — (14 725;,;:) = Ei(8¢41 — Phyit+1 — Crae1 — Qi1 — %{4,t+1); (26)
that of the foreign UIP condition (19)
N A “h A ~h A A N
Bisipr — 8= (1470 — L+ ,) + B i1 — Vs — Yrenr + Fhris)i (27)
and that of the home money demand function (14)
A . . . 1 f 2
St + gy = Dne = Cpe = Qe = — (L4 Fyy) + Opee (28)
The log-linear approximations of the home country’s interest rates (15) and (16) are
(L+7h) = U+ =9 = m,, and (147 ) = (L+7) — v —r)b,.  (29)
Notice that the home interest rates (29) redefine the home UIP condition (23) as
Biden = = (L+7l0) = L+ 7) = o(1 = w) (B, — B] )
~h A “h .
+ Bt (Y4041 — ’Y,J;tﬂ — M1 T ’Y]]\c/[,tJrl)'

Comparing the above home UIP condition with the foreign UIP condition (27) implies that the home
and foreign bonds are perfectly substitutable along the equilibrium path. Hence, the equilibrium
condition lN)t = lNJZt = l~)£t holds.10

3. Random-walk exchange rates and Backus and Smith’s anomaly

3.1. Equilibrium random-walk property of nominal exchange rates

I will now show that the equilibrium random-walk property of the exchange rate holds in
this two-country model. To prove this proposition, I first derive the DSGE-PVM of the exchange
rate as an equilibrium condition. Let ¢;, m;, and ¢; denote the de-trended consumption ratio,

the transitory money supply ratio, and the money demand shock ratio between the two countries,

10 Appendix A characterizes the equilibrium transitory dynamics of the model for a simplified case including two

symmetric countries.
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Ct = Cht/Cre, My = Mpg/Myy, and ¢y = ¢p /gy, respectively. Furthermore, let M denote the
ratio of the permanent money supplies of the home and foreign countries M, It /M/I,ﬁ let M; foreign
money supplies of the home to the foreign countries My, /My, = m;M]; and let Cy denote the ratio
of the consumptions of the home and foreign countries Cp,+/Cy. The home and foreign money
demand functions, (24) and (28), and the home interest rates (29) yield the following interest rate
differential:

(L+70 ) — (L+7L,) = (8 + & — iy + b — @) + (1 — w)by. (30)

Substituting the interest rate differential (30) into the foreign UIP condition (27) leads to the

expectational difference equation of the de-trended exchange rate §;:

b0 = kBSi1 — (1 — k)& + (1 — k) (e — & + Gr)

~h N ~h A 7
- FéEt(VA,tH - ’Yf;tﬂ —VM+1 T 7]]:4,t+1) — Pr(1 — K)by.

After unwinding stochastic trends, the above expectational difference equation can be rewritten as

InS; =kE;nSi1+(1—kr)InM; — (1 — k) InCy — (1 —k)(Ingpy — Ing) — Yr(1 — K)by.

Solving this expectational difference equation by forward iterations under a suitable transversality
condition provides the DSGE-PVM of this model:

o0
InS; = (1—k) Z K E, <ln Miy; —InCypj —Prbiyj —Ingyj +1In qtﬂ-) . (31)

j=0
If the fundamental In M; — InC}y is 1(1), so is the exchange rate. Moreover, the exchange rate
should be cointegrated with the fundamentals. To signify this property, the DSGE-PVM (31) can

be rewritten as

IS, —InM,+InCy =Y K E (Aln My — AlnCyy;)
j=1

[e.e]
— (1 — H) Z fijEt (l/llibt+j + In (bt_t,_]‘ —1In qt+j) . (32)

§=0
Since the RHS of eq.(32) is I(0), the exchange rate In S; and the I(1) fundamental In M; — In C} are
cointegrated. NR hypothesize the cointegration relation among In S, In M;, and In C} based on their
DSGE-PVM. The model in this paper theoretically restricts the stationarity of the consumption

differential In C; because of Assumption 3 due to the requirement of closing the two-country model.!!

EW and NR, however, reject the cointegration relation between the exchange rate and

fundamentals in actual data for major currencies. In particular, EW suggest other unobservable

11f the adjustment speed of the error correction mechanism of both countries’ TFPs, ), is sufficiently slow, the

maintained stationarity of the consumption differential is unlikely to be detected with a finite sample.
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I(1) components that the standard asset approach does not identify as primary reasons for the
failure of the cointegration hypothesis (32). Notice that in the DSGE-PVM (31), the equilibrium
exchange rate also depends on the present discounted values of expected future de-trended net
foreign asset positions by, the relative money demand shock In ¢, and the PPP shock lng;. As
shown in Appendix A in a case including symmetric countries, the stationarity of the de-trended
international bond holding b; relies on the sizes of the debt elasticity of the risk premium ¢ as
well as the market discount factor x: if either v is sufficiently close to zero or xk approaches one, by
follows a near-I(1) process. Moreover, as stated by Balke et al. (2013), the relative money demand
shock and the PPP shock could be unobservable near I(1) components. The theoretical result
of (32) can be interpreted as the empirical failure of cointegration among the exchange rate and

economic fundamentals, which is consistent with EW’s proposal.

NR claim that the DSGE-PVM (31) implies an error-correction representation of the cur-
rency return Aln S, in which A In Sy depends on the lagged error correction term In Sy_1 —In M;_1+
InC;—1. Their argument also holds even in this model. Appendix B shows that after rearranging
the DSGE-PVM (31) in several steps and using the cointegration relation (32), the currency return

is
1-— -
AlnS; = Tﬁ (InSi—1 —ImM;_1+InCyy +Ingy—1 —Ing—1) + (1 — K)bp—1 + usy, (33)

where ug; is the i.i.d., rational expectations error

Ugt = (1 — H) Z I{j(Et — Etfl)(ln MtJrj —1In Ct+j - @ZJHEtJrj + In Qt+j — In ¢t+j)-
j=0

Recall that the DSGE-PVM (31) is constructed as an equilibrium condition from some of
the model’s FONCs. The general equilibrium property of the model, however, imposes another
restriction on the present value of the future fundamentals in the DSGE-PVM (31). Note that
combining the log-linearized Euler equations of the home and foreign countries, (22) and (26),
with those of the home country’s interest rates (29), yields the first-order expectational difference

equation of InSy — In My + InC; — In ¢4:

InS; —InM;+InCy —Ingy = kE(In Spp1 —In Mg +InChyq — Ingyq)
+ kpmne + £(pm — 1) Inmy — (1 — k) In ¢y,

where Yy = %}\L/I,t — ’y]{“ is the money supply growth rate differential. Because « is less than one,

the difference equation above has the unique forward solution

. K= pm) Inm, 1-k

In S; zlth—lnCﬁ—lnqt-f—ﬁi’yMt
1 —rkppy 7 1 —kpm 1 —kpy

In ¢ (34)
under a suitable transversality condition.
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Imposing the CER (34) on the error-correction process (33) provides the equilibrium cur-

rency return

~ 1-k A
AlnS; =1 — K)bi—1 + Sﬂ’YM,t—l
— KPM
1 — ]_ — ]. - 1 - Fm
X (1—#)(1 = pg) In¢y_1 — (L= #){ = pm) Inmi—1 +use. (35)
1—kpgy 1 —Kpm

Equation (35) clearly shows that any dependence of the currency return on past information emerges
through the persistence of the net foreign asset position, the money supply growth differential, the

transitory money demand shock differential, and the transitory money supply differential.

The important implication of the equilibrium currency return equation (35) is that the
logarithm of the exchange rate follows a Martingale difference sequence at the limit of K — 1
because

él_)ml EAln S =0.

Therefore, in this paper, the exchange rate behaves like a random walk when the market discount
factor approaches one along the equilibrium path of the two-country model. The equilibrium
currency return equation (35) exhibits no dependence of the currency return on past information
in this case. Hence, the equilibrium random walk property of the exchange rate, as found in EW

and NR, is also preserved in this model.?

In the limiting case with the unit market discount factor, the equilibrium currency return is
dominated by the i.i.d. rational expectations error us;. An advantage of working with a structural
two-country model is that the rational expectations error us; is now fully interpretable as a linear
combination of structural shocks. To see this, note that the rational expectations error wus; in

equilibrium is represented by
st = (Bt — Ey1)AIn Sy = epp —€ar + (B — Er—1) 3,

where ey = eﬁu —eﬁu and €4 = eﬁl?t—ef;’t denote the relative permanent money supply shock and
the relative TFP shock, respectively. It is not straightforward, however, to calculate the equilibrium
surprise of the de-trended exchange rate (E; — Fy_1)8;. Appendix A shows that in the special case
of two symmetric countries, assuming d = 0 and y;, = Y, the equilibrium de-trended exchange rate

is determined by a linear function of Bt_l, Inas, Inmy, In @y, Iny, Ingy, and Aary:

é_ﬁn—1~ BnA 1—-k 11—k

——b 1+ ——F—F—ha+ ———Inmy — ——Ino
By N == T kpm  1—wpe
1—fn 1 —fn KPM .
——— Iy + ———Ing + ———Auy, (36
1 — Bnpy 1 — Bnpq T rpar 2t (36)

12A caveat of the above result is that in this model, x is given as a function of structural parameters 8 and ~yas:
k = B/vm. If yasr > 1, as found in the postwar data on money growth rates in Canada and the United States, the
admissible range of 8 between zero and one implies that s is strictly less than one. In this paper, I assume that the

limit of Kk — 1 is well approximated by the limit of 5 — 1 because s takes a value that is very close to one.
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where the constant 7, which is less than one, approaches one at the limit of k — 1.3 Hence, the

surprise in the de-trended exchange rate between times ¢ and ¢t — 1 is

. BnA 1—x 1—x 1—pBn
E,—FE;_ = _ _
(Ey t—1)5t 1= Bn(i— )\)GA,t + 1~ rpm Em,t Ty €pt 1~ Bupy €yt
1—pPn KpM

————€gt + €M
L—Bnpy ©° 1= kpu

where €,,; = eﬁw - d;t, €pt = (egt - eg;t), and €,; = € egt denote the relative transitory

Yt
money supply, the relative transitory money demand, and the relative transitory income shocks.

The rational expectations error is then given as an explicit linear function of the structural shocks:

1 1—06n 1—« 1—«
1-— /@pMEM’t 1 Bn(1 — /\)ﬁA’t * 1-— /fpmem’t 11— /ip¢6¢’t
_ A= 1B
L—Bnpy " 1= Bnpg ™

Us,t =

)

Notice that at the limit of k — 1, the model also implies the subjective discount factor
B — 1 under a positive deterministic money supply growth rate, yp; > 1, which is close to one. In
this limiting case, observe that the permanent monetary shock €, surely dominates the rational

expectations error us; and, as a result, the random walk of the exchange rate.

EMt-

)

1
Iim AlnS; = lim wug; =
k—1 K,Bn—1 7’ 1—pm
Therefore, no transitory shock matters for the total variations in the random-walk exchange rate.
This is because when xk — 1, or equivalently, r* — 0, the interest rate differential (30) becomes
insensitive to the transitory money supply, money demand, and consumption differentials. Hence,

the exchange rate turns out to be neutral to any transitory monetary and real shocks.

In contrast to the empirical result of NR, which depends on a more flexible reduced-form
specification of the consumption differential, no permanent TFP shock can be a primary driver of
the random-walk exchange rate. This result is due to the cointegration of the two-country TFPs:
No discrepancy between the two countries’ TFPs can be permanent in order to guarantee the
equilibrium-balanced growth path. The model’s theoretical implication of the dominant role of the
permanent money supply shock on the random-walk exchange rate, hence, is too restrictive to trace
out the actual data variations in the bilateral nominal exchange rate, at least between Canada and
the United States.

3.2. Backus and Smith’s puzzle at the limit

13As defined in Appendix A, the constant 7 is one of the two roots of the expectational difference equation of the

de-trended net foreign asset position be. A simple calculation shows that the equilibrium currency return (35) can be

derived directly from the CER (36) once the approximated relation §; ~ In S; 4+ In A; — In M is recognized.
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This model, moreover, has another unrealistic implication on the consumption differential
equilibrium dynamics In Cy when the discount factor approaches one. At the limit of the unit
discount factor, Backus and Smith’s (1983) problem of a perfect correlation between relative con-
sumption and the RER emerges even under incomplete international financial markets. To observe
this property, taking the first difference of the CER (34) yields

(L—K)pm . 1

AlnC; = —-AlnS; + YMp—1+——
OM 1—kpum

EM,t

1- 1-—
+ 7/{A1nmt— 7KA1H¢t+Alnqt.
1 —kpm 1—kpy

Substituting the equilibrium currency return (35) into the above equation and exploiting the ra-

tional expectations error u,; leads to the following consumption differential dynamics:

- 1—pn 1—pn 1—pn
Ahlc :Aln — 17:‘4}()7 +—€ + — € — —————€,
' B VU= b Ty A T B, W T T B,

Notice, therefore, that except through the net foreign asset position, no monetary shock directly

t- (37)

matters for the change in the equilibrium consumption differential: As in the standard interna-
tional business cycle model, only real shocks to the endowments and the PPP deviation affect the

equilibrium consumption allocation between the two countries.

Taking the limit of equation (37) above with respect to x results in

lim AInC;=Alng.
K,B,n—1

Thus, relative consumption becomes unrelated to any shocks to the endowments of the two countries
but is rather perfectly correlated with the exogenous RER. The intuition behind this result is quite
straightforward. In this incomplete market model with the PIH households, consumption in each
country is determined by splitting the global aggregate endowment across both countries in each
period. The portion of the global aggregate endowment allocated to one country is simply given
as the present discounted values of the expected future relative endowments of this country to the
other. Because the endowment differential is stationary due to the balanced growth restriction, the
unit discount factor at the limit makes the portion converge to a constant; in particular, one-half
in the case of two symmetric countries. Consumption in both countries, hence, responds to any
endowment shocks in the same fashion. As the result, with the discount factor being close to one,
relative consumption depends neither on permanent nor transitory endowment shocks. The only

shock that can affect the relative consumption is in the corresponding relative price, i.e., the RER.!*

“More precisely, from Appendix A, the consumption logarithms of the home and foreign countries in terms of the

home currency can be solved as

1—p8n

1-Bn | L—pn 1—Bn;
L=pn(1 =)

Ina; + ny; — Ing: + ———bt—1
1 — Bnpy 1= Bnpq Boyy*

2InChy =Y +1InqYys: +
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4. A Bayesian unobserved component approach

This section empirically explores the question of how significantly the tension emerging at
the limit of the unit market discount factor among the three theoretical implications — the random-
walk exchange rate, the dominance of permanent money supply differential shocks in the variations
in the random-walk exchange rate, and the perfect correlation between the relative consumption
and the RER — affects posterior inferences in relation to the market discount factor. For this
specific purpose, I simplify the estimation exercise as much as possible by adopting the symmetric
version of the two-country model, in which the same structural parameters are shared by both
countries. This paper then takes a Bayesian UC approach to the proposed structural two-country

model.

4.1. The restricted UC model and posterior simulation strategy

Under the symmetric case with d = 0, FONCs (21)-(28) are degenerated to the following
three expectational difference equations with respect to the three endogenous variables §;, ¢;, and

by, given the six exogenous variables 4ar ¢, My, Qt, Uty ¢, and Gp:

§¢ = kEdip1 — (1= )&+ (1 — k) (1iy — ¢ + i) + Mkéy + KB A1 — ¥i(l — K)by,
St4 6 — G = KE(3i41 + 1 — o) + (1= 8) (0l — &) + KB 41,
by = B b1 + Py (e — 1), (38)
where y* = y/4 and y = y, = ys. Let X; denote an unobserved state vector defined as
Xo = [3 & Eid0 Evéy by Anre e i e e &)’

Furthermore, let ¢; and w; denote random vectors consisting of structural shocks and rational
expectations errors: € = [€nrs €At €myt €yt €qt €¢¢] and wy = [§; — Ey_15; ¢ — Ey_1&)’, respectively.

In particular, for empirical investigation purposes, I presume that the structural shock vector ¢,

1—-8n - Bn 1-8n 1—Bns
S SeallcL/ S MO Sellc A/ SR St - N RO by
1—Bn(l-N) 1= Bnpy VT 1= Bnpg T Bppyr

Each country’s consumption depends on the log-linearized global aggregate endowment InYj ¢ + Ingq; Yy, the log-

2111 th'f,t = ln Yh,t + hl thf,t —

In at

. . . . 1-8 1-8 1-8
linearized country-specific portion of the aggregate (indowment [17&](1’1)\)] Ina;+ (17&];’) lny,— (17,8"2(1) In ¢¢, and the

wealth effect of the net foreign asset position ﬁbhl. If the discount factor approaches one, both the log-linearized
BE

country-specific portion and the wealth effect of the net foreign asset position disappear and the log consumption
levels become

1 1 1 1
InCp: = 5(1n Yie+InYr,) + 3 Ing:, InCs:= 5(111 Yie+InYy,) — 3 Ing;.

Relative consumption then turns out to be correlated perfectly with the RER because

InChy —InCyy =1ng.
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is normally distributed, with a mean of zero and a diagonal variance-covariance matrix >: € ~
i.i.d.N (0, %) with diag(X) = [03, 03 02, 05 04 03)]’.

Accompanied by the stochastic processes of the exogenous forcing variables, the linear

rational expectations model (38) then implies that
PoXy = I Xy—1 + Powr + Prey,

where Ty, I'1, ®g, and P are the corresponding coefficient matrices. Applying Sims’s (2001) QZ
algorithm to the linear rational expectations model above yields a unique solution as the following

stationary transition equation of the unobservable state vector:
X =FX;_1+ Pe, (39)
where F and ® are confirmable coefficient matrices.

To construct this paper’s UC model, I further expand the unobservable state vector X; by
the permanent money supply differential In M, to obtain the augmented state vector Z;: Z; =
[X} In M[]]'. The stochastic process of In M] and the state transition (39) then imply the following

non-stationary transition of the expanded state vector Z;:
Zt = GZt_l + \IIQ, €t ~ ZZdN(O, Z), (40)
where G and ¥ are confirmable coefficient matrices.

In this paper, I explore time-series data on the log of the consumption differential In C;,
the log of the output differential In Y;, the log of the money supply differential In M;, the interest
rate differential r; = r,}f’t — r}c’t, and the log of the bilateral exchange rate In S;. Let Y; denote the
information set that consists of these five time series: Y; = [InC; InY; In M; r, In S)’. Tt is then
straightforward to show that the information set Y; is linearly related to the unobservable state
vector Z; as

Y;: = HZ;,, (41)

where H is a confirmable coefficient matrix. The transition equation, the unobserved state (40),
and the observation equation (41) jointly consist of a non-stationary state-space representation of

the two-country model, which is the restricted UC model estimated in this paper.'®

Given the data set Y? = {Y;}]_,, applying the Kalman filter to the UC model provides
model likelihood L(Y7T|6), where 6 is the structural parameter vector of the two-country model.

Multiplying the likelihood by a prior probability of the structural parameters, p(), is proportional

5The state-space form of the model, (40) and (41), decomposes the I(1) difference-stationary information set Y,
into permanent and transitory components exploiting the theoretical restrictions provided by the two-country model.

Recursion of the Kalman filter for a non-stationary state-space model is explained in detail by Hamilton (1994).
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to the corresponding posterior distribution p(0|YT) o p(6)L(YT|#) through the Bayes law. The
posterior distribution p(G\YT) is simulated by the random-walk Metropolis-Hastings algorithm, as
implemented by Schorfheide (2000), Bouakez and Kano (2006), and Kano (2009).

4.2. Data and prior construction

The two countries that I empirically examine in this paper are Canada and the United
States as the model’s home and foreign countries, respectively. I examine post-Bretton Woods
quarterly data for these two countries because they satisfy the model assumptions. The data span
the period from Q1:1973 to Q4:2007. All the data included in the information set Y7, except

nominal exchange rates, are seasonally adjusted annual rates.!®

Table 1 reports the prior distributions of the structural parameters of the two-country model,
p(#). Since the main goal of this paper’s empirical investigation is to draw a posterior inference
on the market discount factor k = /vy, 1 elicit a uniform prior distribution of x and let the data
tell the posterior position of k given the identification of the restricted UC model. In so doing,
on the one hand, the prior distribution of the mean gross monetary growth rate, s, is intended
to tightly cover its sample counterparts in both countries through the Gamma distribution, with
a mean of 1.015 and standard deviation of 0.005.7 On the other hand, the prior distribution of
the subjective discount factor § is uniformly distributed between zero and one. As a result, the
prior distribution of the market discount factor k is well approximated as the uniform distribution

spread over the support of the unit interval.

To guarantee the stationarity of the de-trended net foreign asset position by, the debt elas-
ticity of the home risk premium v should be positive. I therefore set the prior distribution of v to
the Gamma distribution, with a mean of 0.010 and standard deviation of 0.001. Closing the model
also requires the technological diffusion speed A to be positive but less than one. This necessary
condition for the equilibrium-balanced growth path elicits the prior distribution of A\ as the Beta
distribution, with a mean of 0.010 and standard deviation of 0.001. The slow technological diffusion
that the prior mean of A implies is intended to capture the slow-moving time-series properties ob-
served in the actual consumption and output differentials between Canada and the United States.
The prior distribution of the mean monetary demand shock ¢ follows the Gamma distribution,
with a mean of 1.000 and small standard deviation of 0.010. By doing so, I assume a priori that

the monetary demand shock has no effect on the deterministic steady state.

I admit a small persistence of the permanent money growth rate by setting the prior dis-
tribution of the AR(1) coefficient pps to the Beta distribution, with a mean of 0.100 and standard
deviation of 0.010. The PPP deviation shock, i.e., the RER shock, is presumed to be very persis-

16 Appendix C provides a detailed description of the source and construction of the data examined in this paper.
1"The sample mean of the M1 money supply’s gross growth rate is 1.016 for Canada and 1.014 for the United
States.
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tent, as observed by many past empirical studies on the RER. The AR(1) coefficient of the RER,
Pq- is then accompanied by the Beta prior distribution, with a mean of 0.850 and standard deviation
of 0.050. This prior distribution mimics fairly well the posterior distribution of the same structural
parameter reported in Figure 3 of Balke et al. (2013), who used a long annual sample of data from
the United Kingdom and the United States.'® On the other hand, there is no robust empirical
consensus on the extent of the persistence of the money demand shock. Hence I allow the prior
distribution of the AR(1) coefficient of the money demand shock, pg, to be distributed around
0.900 following the Beta distribution, with a mean of 0.900 and a large standard distribution of
0.100. The resulting 95 % coverage, indeed, is [0.633 0.998], which also covers the corresponding
posterior distribution displayed within Figure 3 of Balke et al. (2013). Furthermore, to better
identify the permanent components of the money supplies and TFPs of both countries, I assume
that the corresponding transitory components are white noise by setting the prior mass points of
the AR(1) coefficients p,, and p, to zero. Finally, the prior standard deviations of all the structural
shocks are assumed to share the identical inverse-Gamma distribution, with a mean of 0.010 and
standard deviation of 0.010. This prior distribution of X yields a higher marginal likelihood among

small perturbations. Below, I refer to this prior specification as the Benchmark model.

4.8. Main Results

The second, third, and fourth columns of Table 2 describe the posterior distributions of
the structural parameters under the Benchmark model. The most striking posterior inference
conveyed by these columns is that the market discount factor k is identified as being far below
one. As displayed in the first row, the data pin down the location of k very tightly around the
posterior mean of 0.612, with a standard deviation of 0.002. This posterior distribution of the
market discount factor is too low to guarantee the second necessary condition of the equilibrium
random-walk exchange rate established by EW and NR, i.e., that the market discount factor is
sufficiently close to one. The other significant result in Table 2 relates to the posterior inferences
on the money demand differential shock, ps and o4: The data show a more persistent and volatile
money demand differential shock compared to the prior specification of the Benchmark model.
Notice that the posterior mean of py is 0.996 and almost 10 % larger than its prior mean value; the
posterior mean of o4 is 0.027 and 17 % larger than its prior mean value. The very persistent money
demand differential shock provides evidence that such a structural shock could play a significant

role in actual exchange rate movements.

Does this lower market discount factor deteriorate the model’s fit to actual exchange rate
movements? The answer is clearly no, although the equilibrium currency return depends slightly

on past economic fundamentals. The estimated Benchmark model is indeed successful in explaining

181n fact, the 90 % interval of [0.739 0.933] includes the most inferences on RER persistence established in major
past studies (see, e.g., Rogoff 1996 and Lothian and Taylor 2000).
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the historical trajectory of the exchange rate. Figure 1 plots the actual depreciation rate of the
Canadian dollar against the United States dollar as the solid black line. The same figure also
displays the sum of the Kalman smoothers of the impact effects of both the permanent money
supply differential shock €+ and the money demand differential shock €4 ; for the Benchmark model
(the dashed blue line).!® Although several sharp deviations from the actual data are observed, the
impact effects of the two monetary shocks ejr; and €4, jointly track the actual depreciation rate

of the Canadian dollar fairly well, even under such a low market discount factor.

More generally, each window in Figure 2 corresponding to a particular structural shock
exhibits the Kalman smoothed impact effect of the corresponding shock on the actual depreciation
rate; the upper-left window corresponds to the TFP differential shock €4 ; the upper-middle win-
dow corresponds to the transitory money supply differential shock €, ; the upper-right window
corresponds to the transitory output differential shock €, +; the lower-left window corresponds to
the PPP deviation shock ¢, ; the lower-center window corresponds to the money demand differ-
ential shock €4 ;; and, finally, the lower-right window corresponds to the permanent money supply
differential shock epr;. The six windows in Figure 2 reveal that the most important structural
shock for the near-random-walk exchange rate between Canada and the United States is identified
as the very persistent money demand differential shock in conjunction with the permanent money
supply differential shock. This result strongly echoes the finding of Balke et al. (2013), which was
based on a different identification in which the persistent money demand differential shock domi-
nates the historical movements of the exchange rate between the United Kingdom and the United
States. Nevertheless, it is important to note that the estimated low discount factor allows the TFP
differential and the transitory money supply differential shocks to contribute to actual exchange
rate fluctuations to some non-negligible degree. In particular, the impact effect of the TFP differ-
ential shock appears to be significant, although much smaller than those of the permanent money
supply and the money demand shocks. This result is in sharp contrast to NR’s inference that the

permanent TFP differential is a major driver of the Canada-United States exchange rate.

The Benchmark model also does an excellent job of explaining actual data variations in
the output, consumption, and money supply differentials. Figure 3 demonstrates this impressive
property of the Benchmark model. The left window in the figure plots the actual log output
differential as the solid black line and the Kalman smoother of the TFP differential In A; as the
dashed blue line. The window clearly shows that the smoothed TFP differential explains almost all
the variations in the actual output differential. The right window of this figure indicates the close fit
of the Kalman smoother of the permanent money supply differential In M; (the dashed blue line) to
the actual money supply differential (the solid black line). Finally, the middle window of the figure

19The Kalman smoothers are evaluated at the posterior means of the structural parameters. The impact effects of
the structural shocks on the depreciation rate are calculated as the last row of the matrix HWe, 1, where e, is the

Kalman smoother of the structural shock e;.
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then depicts the actual log consumption differential (the solid black line) and the Kalman smoother
of the TFP differential In A; (the dashed blue line). Notice that the smoothed TFP differential
tracks the slow-moving trend component of the actual consumption differential quite successfully,
although there are significant deviations of the smoothed inference from its actual data counterpart,
especially at the beginning and end of the sample. The structural shock that dominantly generates

the actual consumption differential, hence, is identified as the TFP differential shock.

The dominant role that the TFP differential shock plays in the actual consumption dif-
ferential is also confirmed in Figure 4. In this figure, each window corresponding to a particular
structural shock exhibits the Kalman smoothed impact effect of the corresponding shock on the
consumption differential change (the dashed blue line) along with the actual consumption differ-
ential change (the solid black line). Observe, in the upper-left window, that the smoothed TFP
differential shock almost matches its actual-data counterpart. The other structural shocks are

unlikely to have any significant effect on the variations in the consumption differential at all.

4.4. Understanding lower discount factors: The High Discount Factor model

Why does the Benchmark model result in such a lower discount factor? To understand
this question, I conduct an alternative Bayesian posterior simulation exercise. In this exercise, I
intend to fix the discount factor close to one and observe how the empirical performance of the
model changes relative to that of the Benchmark model. In so doing, I replace the uniform prior
distribution of 8 in the Benchmark model with a more informative Beta distribution, with a mean of
0.999 and standard deviation of 0.001, and stay with the same prior distributions of the remainder
of the structural parameters as in the Benchmark model. I refer to this new specification as the
High Discount Factor (HDF) model.

The fifth, sixth, and seventh columns of Table 2 correspond to the posterior distributions of
the structural parameters under the HDF model. Observe that the resulting posterior distributions
of both the market and subjective discount factors are much closer to one, with posterior means
of 0.926 and 0.998, respectively. Crucial changes in the posterior distributions of the structural
parameters from the Benchmark model, then, are recognized as significant increases in the posterior
means of the standard deviations of the three monetary shocks, oys, 04, and o4. The HDF model,

therefore, requires greater volatilities in all the monetary shocks to explain the data.

An important difference between the Benchmark and HDF models is related to the overall
fit to the data as well as the Kalman smoothed inferences. First, the last row of Table 2 reports the

estimated marginal likelihood for each model.?Y The HDF model yields a smaller marginal likelihood

20This paper estimates the marginal likelihoods by using Geweke’s (1999) modified harmonic mean estimator. A
marginal likelihood is the probability of data YT conditional on an underlying model. In general, the higher the
marginal likelihood is, the better the underlying model’s overall fit to the data.
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of 1787.058 compared to that of the Benchmark model, which was 2145.267. The difference in the
marginal likelihoods of the two models is so significant that I conclude that forcing the discount
factor to be close to one makes the HDF model’s overall fit to the data much worse than that of the
Benchmark model. Figure 5 more clearly reveals the source of this significant deterioration of the
HDF model compared to the Benchmark model with respect to the marginal likelihood. This figure
plots the one-period-ahead forecast errors of the Benchmark and HDF models toward the actual
data as the dashed blue and dotted red lines, respectively.?! The figure clearly shows the greatest
difficulty for the HDF model relative to the Benchmark model relates to its fit to the money supply

differential.

Furthermore, the dotted red and dashed blue lines displayed in Figures 1, 2, 3, and 4 indicate
the HDF and the Benchmark model’s Kalman smoothers, respectively. These smoothed inferences
convey three properties of the HDF model: (i) the permanent money supply differential shock and
the persistent money demand differential shock jointly and dominantly explain actual exchange rate
movements; (ii) the PPP deviation shock, not the TFP shock as in the Benchmark model, is the
dominant driver of the consumption differential; and (iii) the permanent money supply differential
shock fails to track the actual money supply differential as sharply as in the Benchmark model.
The first property echoes the main finding of the Benchmark model. The second property, however,
represents the drawback of the HDF model. As seen in section 3, with a high discount factor, the
consumption differential almost perfectly matches the exogenous PPP deviation shock, of which
the exchange rate becomes independent. In the HDF model, the PPP deviation shock, hence, acts
as a free latent variable to dominantly explain the consumption differential. This second property,
however, is counterfactual and known as the Backus and Smith puzzle.?? The third property again
confirms my conjecture from the low marginal likelihood and the forecast errors of the HDF model

relative to the Benchmark model.

Why does the HDF model fail to explain the money supply differential? Remember the
model’s implication at the limit of the unit discount factor: in contrast to the Benchmark model,
with a lower discount factor, the exchange rate data should be explained exclusively by either the
permanent money supply differential shock or the very persistent money demand differential shock
or both. No TFP differential shock has any effect on the exchange rate in this case. The permanent
money supply differential shock, however, needs to track the actual trajectory of the money supply
differential as well. These two restrictions on the permanent money supply differential shock then
force (i) the persistent money demand differential shock to play a dominant role in explaining
the exchange rate and (ii) the white noise transitory money supply differential shock to act as a

significant driver of the money supply differential. Because the second requirement implies that an

21The forecast errors of the two models are calculated through the Kalman filter forward recursion.
22This result implies that if I expand the information set Y7 by including the PPP data, the HDF model further

loses overall data fit.
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i.i.d. noise is not negligible in the money supply differential, the in-sample fit of the HDF model
to the money supply differential should deteriorate.

5. Conclusions

In this paper, I try to reconcile the random-walk property of nominal exchange rates with a
canonical two-country endowment model including incomplete international financial markets. The
main challenge undertaken in this paper is to establish the joint equilibrium dynamics of nominal
exchange rates and economic fundamentals, both of which should be endogenously determined by
the two-country model. After closing the model correctly by allowing the TFPs of both countries
to be cointegrated, I discover the equilibrium random walk property of exchange rates when the
cross-country money supply differential contains a permanent component and the market discount
factor approaches one. The assumption for the equilibrium random-walk exchange rate that the
discount factor is close to one, however, imposes unrealistic restrictions on the data — permanent
money supply differential shocks as the dominant driver of random-walk exchange rates and the

Backus and Smith puzzle of a perfect correlation between relative consumption and the RER.

Bayesian posterior simulation exercises based on post-Bretton Woods data from Canada
and the United States reveal a major difficulty in reconciling the random-walk exchange rate and
the economic fundamentals with the proposed two-country model. Indeed, under the benchmark
identification of the model, the data change the value of the market discount factor to far below one.
A more detailed investigation of the model in which the market discount factor is set sufficiently
high a priori empirically confirms the theoretical conjecture that the posterior inference of a low
market discount factor stems from the fact that the model suffers from the Backus and Smith puzzle

and that it fails to explain the actual money supply differential.

This paper’s findings of such a low discount factor are in sharp contrast to those of high
market discount factors in past empirical studies such as NR, Sarno and Sojli (2009), and Balke
at al. (2013). Because these past studies did not jointly consider the endogenous determination of
economic fundamentals with nominal exchange rates, the general equilibrium consideration sought
by this paper is relevant to the better understanding of the near random-walk behavior of nominal
exchange rates within structural open-economy models. Identifying an open economy DSGE model
that can reconcile the joint equilibrium dynamics of random-walk exchange rates and economic
fundamentals under an empirically plausible market discount factor value is a serious open question
to be addressed. Since the most crucial difference between the empirical exercise in this paper and
that of NR’s is in the differing stochastic treatments of the TFP differential and, as a result, the
consumption differential, it would be a promising research direction to search for a model-consistent

way of allowing the TFP differential to be I(1) without violating the balanced growth restriction.
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I leave this challenging question as a valuable for future studies on open-economy macroeconomics

to undertake.

Appendix A. Solving a case with two symmetric countries

To understand the equilibrium transitory dynamics of the exchange rate in this model, it is infor-
mative to scrutinize a simpler version of the model that includes two symmetric countries. For this purpose,
I set the parameter d to zero and assume that the transitory output components of the two countries, yy

and yy, are equal to y. Notice that the deterministic steady state in this case is characterized by s* = 1,

¢y = ¢ =y, and pj, = (¢yar) ', where r* = 5/ — 1.

I combine the log-linearized Euler equations of the home and foreign countries, (22) and (26), with
those of the home country’s interest rates (29) to yield the first-order expectational difference equation of

ét + éhﬂg — éﬁtl
S+ Cne— Crr — G = KE (8441 + Cher1 — Cp i1 — Geg1) + 6EA 1 + (1 — &) (1 — br).

Since k takes a value between zero and one, the above expectational difference equation has a forward
solution of §; 4+ éxy — 5 — Gr = kpamr (1 — kpar) YA+ (1= &) (1 — kpp) ~ Ly — (1 — k) (1 — /<;p¢)’1q3t under
a suitable transversality condition. By, exploiting this forward solution and the stochastic processes of both
countries” TFPs (10), I rewrite the foreign UIP condition (27) as

rpm (1 — pur) A=r)d=pm) . (=K1 =pg)

FE;s — & = (1 — k)b, — Nay — ——A = PMJ — b Al
18141 — 8 = Y( )by ag 1= repar VM ¢t 1= repm mg + 1~ rpy (oT8 ( )

Furthermore, taking a difference between the log-linearized budget constraints of the home and foreign

countries, (21) and (25), I find the law of motion of the international bond holdings

Pry“mon o phyt (A= k) o PRyt (1= k)

be + Py A2
1 —rpn 1M 1= rpy, 1~ ropy bt + PRY Yt (A.2)

by = B by + Ry 8t — Phy e —
where y* = y/4 and §; = Jn.t — Yy.t-

Combining equation (A.1) with equation (A.2) then yields the following second-order expectational

difference equation with respect to international bond holdings:
Epbypr — [L+ B+ pjy (L — m)]b + B b1 = —Apjy*ae + piy* (1= pg)de — piy™(L— py)i  (A.3)

It is straightforward to show that equation (A.3) has two roots, one of which is greater than one and the

other of which is less than one.23

Without losing generality, let n denote the root that is less than one.
Solving equation (A.3) by forward iterations then shows that the equilibrium international bond holdings

level is determined by the following cross-equation restriction (CER):

by = b1 + S0Py Y (Bn) Evaery + Bnphy™(1— py) > _(Bn) Eiiy; — Bnphy™ (1= pg) Y (Bn) Erdey
7=0 j=0 =0
- Bodpry* . Boppyt(L—py) . Bupry(1—pg) .
=nbi_1 + a; + — . A4
P T T - )™ 1= Bp, L= Bipg " (44

23To characterize the roots of the second-order expectational difference equation, see, for example, Sargent (1987).
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Substituting equation (A.4) back into equation (A.2) provides the CER for the exchange rate (36):

5 _ pn—1= L BnA 4 1—r . 1—k =
R B I ) e e
1—-8n . 1—pBn . KPM .

- Yt + qr +
1 — Bnpy 1 — Bnpq 1 —kKpm

Therefore, in this symmetric case, the competitive equilibrium along the balanced growth path is character-

ized by a lower dimensional dynamic system of (;, Bt, Qs Mt M, QASt, Tty Gt)-

Adding the log-linearized home and foreign budget constraints together implies the resource con-
straint ¢ny + ¢ry = Yne + Yy Since the equilibrium dynamics of the consumption differential follow
eht — Cpp = =8t + G + par(1 — kpar) A + (1 — 6)(1 — Kpm) "t — (1 — k) (1 — Hp¢)_1<£t, the home
country’s consumption obeys 2é, ; = (Gt +Uf.t) — 8¢ + G + kpar (1 — kpar) " Anre + (1 — 6) (1 — kppm) "L —
(1-xr)(1— Iip¢)71(;gt, while the foreign country’s is 2¢¢; = (Jnt+Uf.t) + 8t — Gt — kpar (L —kpar) A — (1 —
K)(1 = kpp) "t + (1 — k) (1 — /ip(z,)_lét. The home country’s price pp, ¢ then is determined as follows. The
Euler equation and the money demand function of the foreign country, (26) and (28), imply the expectational

difference equation of §; — pp+ — ¢r+
8t =Pt — Crt — Ge = KE (8441 — Prey1 — Crep1 — Geyr — %{MH) — (1= &) (hss — dre).

Solving the above equation by forward iterations and imposing a suitable transversality condition yields the
CER 3 *ﬁh,t — éf,t — (jt = 7I~€pM(1 — I{pM)il’A}/J)\th — (]. — Ii)(l — I‘Cpm)ilﬁlf,t + (]. — Ii)(]. — I<Lp¢)71¢f7t. This
CER characterizes the equilibrium home price

KPM 1—-k

7(%}\51,1& + 'A7]fv[,t) + (éh,t + (if,t)-
— KpM

(Mt +1g) —

—K
s =5t — (ns +370) — G " -
Dt = St — (Gnt + Gpe) — @ + 1= rpm 1~ rpy

1
The money demand functions of both countries, (24) and (28), imply that the interest rates in the two

countries are

h PM  .n 1—-pm 1—pe
14+ y=(01— M - Pm - Fe
(T4+7he) = ( “)(IHPMVM,t 1*/€pmmh’t+ lin%(bh,t

" PM . ¥ 1—pm 1—pe 5
1+7f )=(1- P - —_— .
(U0 = =) (24— g {2
Finally, as the last endogenous variable, the world interest rate of the home bonds then fluctuates in response
to the risk premium, following (1 + fﬁ)’t) =1 +7p) +(1— /<;)l~)t.

Suppose that ¢ = 0: There is no debt elastic risk premium in the home country’s interest rate. It is
easy to show that in this case, the second-order expectational difference equation (A.3) has a unit root, i.e.,

n =1, and the resulting forward solution turns out to be

Brpny” . Bory (A —py) o Bpry (1 — pq)qt

R T (T VA T Y S 7

Hence, the stochastic process of the de-trended international bond holding b, contains a permanent unit root
component and never converges to the steady state. This lack of stationarity of the equilibrium balance
growth path motivates this paper to allow for a positive elasticity of the risk premium with respect to the
debt level.
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Importantly, a permanent stochastic process of the de-trended international bond holding also
emerges even when x = 1. Because the log-linearized home country’s interest rates (29) imply that un-
der k = 1, the debt elastic risk premia in play no role in determining the interest rates faced by the home
country. As a result, the de-trended international bond holding b, contains a permanent unit root compo-
nent, as in the case where ¢ = 0. Hence, the closing of the two-country DSGE model in this paper requires

the market discount factor to be strictly less than one.
Appendix B. Derivation of the error correction representation (33)

Let ny denote the fundamental of the DSGE-PVM (31): n; = InM; — InC; — ’l/)lil;t —Ing¢; + Ing;.
Consider the currency return AlnS; adjusted by the fundamental (1 — k)n;—1: AlnS; + (1 — k)ng—1. The
DSGE-PVM (31) then implies:

Aln St + (1 — H)nt,1 = (1 — H) Zlﬁj(Et — Etfl)’l’LHi + (1 — Ii) Z ﬁjEt,1Ht+i

j=0 7=0
— (1= R)Y K E i1+ (1= k)ng_q,
j=0
=(1- H);H (Ey — Ey_1)neqi + T;H L
oo
; — K 1—k)?
= (1 - K‘,) ZHJ(Et - Et_l)nt_ﬂ» + i hlSt_l - %nt_l.

<.
I
o

This result means that the currency return has the following error correction representation, given by equation
(33):

1—k

AlnSt =

(InSy—y —InM;_y +InCyy + kb1 +Ingpp_1 — Ingy_1)

+ (1 — R) Z Iij(Et — Et_l)nH_i.
7=0

Appendix C. Data description and construction

All data for the United States are distributed by Federal Reserve Economic Data (FRED), operated
by the Federal Reserve Bank of St. Louis (http://http://research.stlouisfed.org/fred2/). The consumption
data are constructed as the sum of the real personal consumption expenditures on non-durables and ser-
vices. FRED, however, distributes only the nominal values of the two categories of personal consumption
expenditures as Personal Consumption Expenditure on Non-Durables (PCND) and Personal Consumption
Ezpenditure on Services (PCESV). To construct the real total personal consumption expenditure Cys s, 1
first calculate the share of the two nominal consumption categories in the nominal total personal consump-

tion expenditure Personal Consumption Expenditure and then multiply the real total personal consumption
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expenditures, Real Personal Consumption Expenditures at Chained 2005 Dollars (PCECC96), by the calcu-
lated share. Following NR, I adopt the M1 money stock, M1SL, as the aggregate money supply Mys . The
nominal interest rate r,s is provided by three-month Treasury Bill (TB3MS). All the variables except the
nominal interest rate are seasonally adjusted at annual rates and converted to the corresponding per capita
terms by Total Population (POP).

All Canadian data are distributed by Statistics Canada (CANSIM) (http://wwwb5.statcan.ge.ca/cansim/).
The real consumption data Cgqp ¢ are constructed as the sum of Personal Expenditure on Non-Durables at
Chained 2002 Dollars, Personal Expenditure on Semi-Durables at Chained 2002 Dollars, and Personal Fx-
penditure on Services at Chained 2002 Dollars. 1 use the M1 money stock as the money supply Mcqrn,:. The
nominal interest rate r¢qn,; is provided by three-Month Treasury Bills. All the variables except the nominal
interest rate are seasonally adjusted at annual rates and converted to the corresponding per capita terms by

Estimate of Total Population.

The output measures for Canada and the United States, Y.qn: and Y,s ., are constructed as in
a model-consistent way. In this two-country endowment economy model, a country ' s output is given by
the sum of consumption and the trade balance. To measure the bilateral trade balance between Canada
and the United States, T'B;, I use the Canadian goods trade balance for the United States included in
CANSIM’s balance of international payments data (CANSIM Table 376-0005). The Canadian output Yean ¢
is constructed by Cegn .t + T By and the United States output Yy is constructed by Cys ¢ — T B/ Sy, where
St is the bilateral exchange rate between Canada and the United States.
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Table 1: Prior Distributions of Structural Parameters

Parameters Distribution Mean S.D. 95 % Coverage
Ié] Household Subjective Discount Factor Uniform(0,1)  — — [0.025 0.975]
vm  Deterministic (Gross) Money Growth Gamma 1.015 0.005 [1.005 1.024]
P Debt Elasticity of Risk Premium Gamma 0.010 0.001 [0.008 0.012]
A Technology Diffusion Speed Beta 0.010 0.001  [0.008 0.012]
) Mean Money Demand Shock Gamma 1.000 0.010 [0.981 1.019]
pyv Permanent Money Growth AR(1) Coef. Beta 0.100 0.010  [0.081 0.120]
Pq RER AR(1) Coef. Beta 0.850 0.050 [0.739 0.933]
Po Money Demand AR(1) Coef. Beta 0.900 0.100 [0.633 0.998]

Note 1. The AR(1) coefficients of the transitory money and output shocks, p» and p, respectively, have the mass
points of zero for identification.

Note 2. The standard deviations of all the structural shocks, oar, 04, Om, 0y, 04, 04, have the identical inverse
Gamma prior distribution, with a mean of 0.01 and standard deviation of 0.01 for the benchmark information set.
Note 3.: The prior distribution of g is given by the Beta distribution, with a mean of 0.999 and standard deviation
of 0.001 for the High Discount Factor model.
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Table 2: Posterior Distributions of Structural Parameters

Benchmark HDF
Parameters Mean S.D. 90 % Interval Mean S.D. 90 % Interval
K 0.612 0.002 [0.608 0.615] 0.926 0.003 [0.920 0.931]
I} 0.622 0.002 [0.619 0.626] 0.998 0.001 [0.998 0.999]
YM 1.016 0.003 [1.009 1.021] 1.078 0.003 [1.072 1.084]
P 0.010 0.001 [0.008 0.012] 0.011 0.001 [0.009 0.013]
A 0.009 0.001 [0.008 0.011] 0.006 0.000 [0.005 0.007]
10) 0.993 0.002 [0.990 0.997] 0.999 0.006 [0.989 1.008]
PM 0.096 0.003 [0.091 0.099] 0.096 0.003 [0.091 0.100]
Pq 0.919 0.002 [0.916 0.923] 0.901 0.005 [0.894 0.909]
P 0.996 0.001 [0.994 0.998] 0.987 0.001 [0.984 0.990]
oM 0.018 0.001 [0.015 0.019] 0.034 0.002 [0.031 0.038]
oA 0.006 0.000 [0.005 0.006] 0.006 0.000 [0.005 0.006]
Om 0.009 0.001 [0.008 0.010] 0.064 0.002 [0.059 0.067]
oy 0.003  0.000 [0.002 0.003] 0.003 0.003 [0.002 0.003]
o 0.007 0.001 [0.006 0.009] 0.007 0.000 [0.006 0.007]
o 0.027 0.002 [0.024 0.030] 0.047 0.002 [0.042 0.050]

Marginal Likelihood 2145.267 1787.058

Note 1: The “Benchmark” represents the Benchmark specification of the two-country model and the “HDF” represents
the High Discount Factor specification.
Note 2: The marginal likelihoods are estimated based on Geweke’s (1999) harmonic mean estimator.
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