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Abstract

In response to building up of stresses within a medium like the crust of the Earth, fracturing may
occur generating fractures distributed in the medium. We assume any fractured region is composed
of fracture unit elements, which are fundamental fractured regions with a constant linear dimension.
Fracture unit elements with their representative linear dimension d are assumed to be randomly
distributed with a mean interval of L. By chance, two of the fracture unit elements occupy adjacent
locations and are to be connected each other. A group of the fracture unit elements, which occupy a
closed space discriminating from other unit elements outside the space, is important for our model. If
the number of elements of the group is s, then we call it an s-group. The s-group domain is defined to be
the space occupied by the s-group. A dense region of the elements in the s-group domain so that they
are connected each other is defined to be a connected domain for the s-group. If all of the unit elements
are connected and make a cluster, then it is called an s-cluster. The probability ¢, that a fracture unit
element emerges in the connected domain for the s-group, is k/s, where £ = L/d. The probability for
the generation of an s-cluster is in proportion to (e/k)*s~2/3, where e denotes the exponential constant.
This formula was first presented by Petrov(1978). The present paper reconstructs the framework of
this theory and presents a method of deriving the above formula, whose descriptions were insuﬂicientl
in the Petrov's paper. This theory involves the parameters in the medium structure, whereas other
models based on branching process model or percolation mode! do not. The power law probability
distribution at the critical state, i.e. k = tte, is discussed in relation to the Gutenberg-Richter’s law
in earthquake magnitude distribution. The size s of the s-cluster is here assumed to be in proportion
to the area of the dislocation surface produced by fracturing. When the elements are distributed
homogeneously in the three dimensional space, the b value of the Gutenberg-Richter’s law is 0.75. If
the elements are complicatedly configurated at the end of the generated fractured region, the fractal
dimension becomes higher and the b value will accordingly increase. As the fractal dimension increases
‘up to 4, the b value rises up to 1.

Key words: fracture unit element, s-cluster, Galton- Watson branching process, percolation theory,

connection process of fractures, Gutenberg-Richter distribution.
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Fig. 1. Schematic view of the distribution of fracture unit elements for (a) the branching process model
or percolation model and (b)the stochasic connected fracture model. For the branching process model,
branches for connecting fracture unit elemnts are shown, and the potential fracture unit elements are
indicated by broken lines. For the stochastic connected fracture model, the fracture unit elments are

assumed to emerge randomly with a Poissonian statistical law.
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Iig. 2. Branching process model (¢ = 3) by Otsuka(1971b}. The domain occupied by open circles
represents fractured area. The solid circle shows the end of the branching process. The generation

number is attached to each generation.

Fig. 3. Bethe lattice (or Cayley tree)(c = 3) as similarly as Fig. 2. The generation numbers are

attached.



BFEFAODEESITPB LTSI, s - 0o & LItk EOWLEAT, E£NTH,

1 o- pU s —3/2
1/ 1
-,/211- -1 pa( g~ 1 (1)

c+1 l(cr pcr)
\/ﬁ\/cr(a—l)pcr o—1

PB ,.Ys —-3/2 (2)

=L,

C— PO .,
—7) (3)

¥ = po(

L3 [l (978)]. BEEesticxt LT Stirling P2K[§8 DX (14) #8M] 2EHLTWD
3, s DEOEVEERTLIVENEZELS. EREFADNITA—F o b p BEEDED L ) 2ERE
UL DMMIHONTIE §4 THRETS.
§3. HIRBUEEHRETI

HAEETRIC b BRI 5 L, SRORENEET S THA ). BEIEENICHER
WMETBRET BN, FLLBBEHIVERT 32, Lkl HBELEERIICRVEY. 20
RREFNOERTHRICT 51D, £, W OROREERL, ELBESCHEOERETD
<{RFE 8-1> MEESRIL, EERLKE E£ b OB EUTHEEINTNS.
<EH31> FTORMOZLE [HHEHEM) LaMHT5.
<{FSE 3-2> WEEEOYA XEE LblLOESTRRTIUE, TOFBHENTFEL d L&Y (Fig
1) . FR -1k, FHEDTED Y DRE FIWNEVDT, TRTOBREMOY A X% d L R2T.
<{FFE 8-8> MGBHL, TRICT A AICHRLAHT DY, TOREEOTHEIFETSH (2
£ Y Poisson B9 CH3B) . TOBELFRRTION, SHREBUOPLEOBEELERICTS. TOM
BMOTHY L 235 (Fig. 4). 2B, RRAMBEIIER-Y, F—0BFZ SOV LTS.
<EE 32> BBEEMTOVAX dIZRT D, TOEMI/RONRTA—F L Dk k= L/d #HFiig
FA—z L LCERL, BEEISHROBEL TS, JOENPSWVIEEREFEROSMRES B,
<BH 3-3> MEHMMIRINEETSLE, ZABIKEELTVS, HIVIEREBLTVD NI,
AVES L TWARERNOEY s LT5L &, TOREEY eI T AT~ LS.
<EE 34> LTHENORZHAC-ERERE SDABBRENOHEELD. OB s BDOLE,
Z O s TA—TLRE. FRBNEDZERE s IN—TREE S,
<EH 35> HATHMOMEHAN N BEETDHLE, TORBBMLEROITIBRBARETHD



LEZD, FON1OERDOTDHMEEZLUTOIICERTS.
po=1/N (4)

T OFERT, —oOMBEEMOHBRRERL B THIV. FREPNOKESAHRTSERBER—T,
F ORFN
N
E(l/N )=1 (5)
i=1

LR20, BEMCHERLEXTLIWI LAbhE. ZOBROZ LR ORI T [FERESR] LBHZ
LIZ§5. N EOMBHEMAEET S I L CBRBREVILTHD.

LET, TEREALAENL S HH—EORBANIL, BRI, H2EMOFITEE 8-3
RS TT L X ACHET 5. FHMREERRESTVES, BT L o TRkEH 5. EE L7l
ERMBMN N BVORETHET 202 b bBERTS. T4bb, s 77 AV —BHRTLIHE
BERDDZEICTS.

9, s /N—7REVHT. ThOIE N/s BEELES. BH 8-51C8D L, TOWRIFER
BTHHND, 2LEEOFNE s FA—FEFOIT DR p1id

P1L=8'Po (6)

ThD. TIT RE) BAVE.

DX, S IN—TWHEE LT o7 T AF—RERTHRELRDD. TOMT, EHEELITY.
<ES 3-6> EiELI- sHOMEYALT, HIBENBEVENEHDLH, T OFESITREELHE
HELTHTAY— (FEE) HTELEMTHS. ZhE s FA—THEAOESRIELATITS.

EATEROMER LT s BOMEENICZ > ClBES TIH B - LR CE S (Fig 5) . =i
PARBETHLLEL, 57 FRY—DONEE—EEXTREDLD, HDHVIEFig 6 DX 5 I25kk LI HifR
BAEz 3, WThOBES LSEOMBROE Xiisd Th 5. EEOHEICIIFHIEN L = & ICREEAL
BEETS. LehoT, 75AF— 2T 5EMICITTH LT sd/L BEOMBEMBFETHIL
(D, TOEBNL, BE S-5ICHELT, ROREVHINDLESLI.
<RE 8-4> &7 TFAF—EELSEIBAERICENENOBREMMILRT D8R g &

g = L/(sd) = k/s, (7)



Fig. 4. The mean interval L of the distributed fracture unit elements and the representative size d of

a fracture unit element for the stochastic connected fracture model.

Fig. 6. Branching connection of fracture unit elements. The total length of the broken curves

corresponds to the length sd.
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Fig. 7. (a) An s-group domain, where s fracture unit elements emerge in a group, and the connected
domain, where the elements are connected each other in a body. The disconnected domain in the s-
group domain is also shown. The occurrence probabilities for the connected, disconnected and outside
the s-group domain are q, r, and 1-g-r, respectively. (b) An s-group domain with two patches for the

connected domain.

Fig. 8 An s-group of fracture unit elements is shown for one dimensional configuration. m unit

elements (shaded circle) are connected, while other s —m unit elements (open circle) are disconnected.
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Fig. 9. Generation probability for the s-cluster in terms of the stochastic connected fracture model.

The forms of Eq.(15) are shown for different values of & in the vicinity of the eritical state k=e.
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