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Chapter 1

Introduction

1.1 History of soliton equations

011(' hUlldrcd ,,'cars agu. I\ortewcg and de \"riC's pruposed the cquatilHI I .

{It + (iliff.,. + Un')' = 0 (1,1)

as a IlH)(kl SI'Sic'1lI for shalloll" lI"alcr lI"al'C, lequation (I I) is 11011' callcd tlH' fl'd!'

(qll(J/iof! alld is 011<' or j!H' most fundallH'lltal a1ld illlplHlallt ('<jllations ill t1[(' solilull

IIH'or\', 11 \\';" no kss thall SCI'('UI.I' \'('","' la\<'r in 196,j II"h('1l Zahuskl' and I\ruskal

foulld Illulwrical 'olu\ ious lI"ill, pcriodic hOlllldary coudit iOll, Thc solut iOll, II"l,ich

t 11('.'" 1I<l1lH'<! a .... oli/oll ..... olal iOI1. n'pres('llls a st a \>1(' solitary wan' and ret aills ih id('111 it,\

ilrlcr it illtcracts with other solitons. III 1!)()T. (:ardnel". (:IT('I\('. 1\r1lskal. illl(l ~Iillril

disroH'I'C'd all ('poch~lllakillg Illct Ilod ror soh-jllg <'q. (1.1) UI1(iPl' a bOllndar.\' n>lldit iOll

() as 1.1'1 --;, :x:::. which is 1l0W railed I h(' i'lf'( / ..... ( ..... call, rifl9 III( thod.

,\ftcr Ihc discOI'('n' of tlH' inlTrsc scallcriug nwll,od, Illis sllcccssfulllll'thod IlilS

1)('('11 appli(ld to llIall)' ot her II01l1ill(\(ll' {'n)lll{ io" ('quat ions i:lIld ('xact sollll jorls 1'01'

I J:quat iOIl (1.1) i:-. wril1 (>11 ill a ~(,i.I1l'd form, which w(' now adopt
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Ill<'l11 11;-1\'(' IW('ll 1"00111C!' Typical (':'\<1I11pl('s or~ll("h IIOlllilH'il1' ('(jlwliull."i arc 1\](' llunlill

('ill' SciJr<Jdillgcl' <,quat iUll.

til(' SilJ('-(:urdoll ('quatiulI.

cUld tile Toda ('<lllatioll.

lIlt II 1'1//1111. = O.

U J: - lilt = ~ill /I.

II,:!I

(U)

Tll<'.\" (I]'{' !irs! pruposc<! (IS Illode] {'qUllli(JIlS 1'01 optical soliloll. dis[o(',l1ioll ill (']',\,s1<,[ .....

and lIolllill"ar lall in's, r"sp"rI i",'ly, TlJollp,1J Ihe" origillal" wil II dirr"ITIlI pllYsical

backp,rollnd, all or tlWlll aI'" call"r! il/lulu/bl,' in th" S"IIS<' 11"'1

• '1'11('.\" admit ,1I1 exact solution callee! tll<'.Y ~olitoll sulution.

b.\' Ill(' illq'l'S(' s('a! lcl'illg 111('1 hod

• TIJ,·.', salisl\- (IJ" Pailll""," prolwr(,',

S(,litull ('quatiolls. including the abon' 1"1IlIdall\('lItal pqllalioll:"l. 11(1\'(' 1)('('11 actin-I!'

('cHI.,' ,"-I(fs. Sato [:29] disruu'I"(,c! that til(' ....oluliolls for t!Jes(' equatiolls an' !'elilted

willi illfillit<'dillH'llsiollill (;raSSIlli:llllllllanifold alld thai t!lel'eare lillearized ('<[lIatio!ls

hiddel\ b(·hind til<' 110ldill('tH illt('grable equatinlls.



1 Introduction

1.2 Integrable discretization

III t Ilis s('('1 iUll. W(' n,\·j(·\y iIII <'grabl<' diserd izal ion of ~olit Ull ('qllal iO!ls. 1)('\"('IUpIlH'1l1

o!" cOlJlplllcrs lias (,Ilahlc'd liS to soh'(' 1I1111wI'icaily IH.)llliIlCar dilr('i'('111 itt! <,qllllt iOlls

,,"hieh do 1101 adlll;1 allald;e,,1 soluliolls. II should 1)('110\<'.1. hOIl·('HT. II,al Sillll'l"

disCTc-t izat iOIl of gin'll font illllOIlS ('qllal iOIlS <Io('s llut 11<'("('SSiHily pIT:,-('r\"(' 111(' IJri!.!,ill(ll

prup<'rti(·s. lH !-iullH'tiIlW.... !)rillgs aLolI1 1l1lIlH'ric(111.\" induced chilos .

.\s i:I Silllpl(' ])\11 rillllUUS ('Xi-llllp]('. [('I Wi cOllsidcr III(' log,isl ic ('quat iOll.

dll
-=,,"(1-") .
.II

TIJ(l iI!HJ\"(' ('quat ion has ill I exact solut iOIl .

. \crt
II(/)=~. ( Ui)

di ..... rn·l izal iOIl of ('q. (1 ..-»). w(' ma.'" consider t II<' following dilr(,I'('I1('(' <'qual iOIl,

11
11 + 1

,:-11/ = (/1I
1t

(1 -U,.). ( Ii)

11'1",,.(, i: sl,,"ds 1'0,." I"ttie" pil,.i1l1]('1I'!'. If 0 (',c""ds a c"!'I,,ill nilicill \·alll('. "q (I.i)

sllo\\'s il ch"ol ic I)('hil\'io!' illld do"s 1101 COil"'!'\'(' 1h" sl !'uel lIr(, of sollil iOIl ro!' ('q. (I.,»).

Oil 1111' 011",) halld. allolll1') discl'('l;zill;oll or('q. (I ..j).

II/+
I =-- tI" = (1/1, (I - II +1)'

do('s lJot show chaotic helta\'ior alld adlllils ell I f'xacl solution .

. \(1 +Oi:)

II, = 1+.\(1 +Oi:)"

( 1\)

(I.())

ro!' illl\' i: > n. Th" solill iOIl (I.q) !'('dllc"s 10 ('q. (I.G) ir II'" I ilk(' I Ii" 1'0111 i,IlIOIlS li'll;1

/I --; X. i: --; nwil h I = /Ii: k"pl lilliII'. II'" cilll I h(' discrd iz"d "q. (1,8) I h" illl, .'/nrb/'

di.,rrrli:olioll or "q. (I ..»).
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Illt('~rClhl(' di~cr('lizajiull or~(JlitoJl ('qllatil)ll~ \\"as lirsl prupo"'('c! h.," Iliruia [I" ill

Iq,l. ill which II<' pl'('s('llls all il1t(,~l'al)h' discl'<,tizatiDII 01" 11\(, I,d\" cqllalioll!2.iu'll h.\

X(II+I.III)-,y(II-I.II/+I)=. I (1.111)
.\(11,/11 + I) X(II,/II)

S;lIce Ihell. d ;SCI'C'l<' all"loi\lIes or "1""\' 01 her soliloll eqlla t iOlls. ;lIcllldill" eqs. ( I ,:! )-( I. I).

han' 1)('('11 cOllsl rtlded.

1.3 Discrete soliton equations and convergence

acceleration luethods

J{e"enlh', il has 1,,,,," 1'C'\','aled Ihal dis<T"l" soliton eqnidions "PP('ili ill ralh"l

('"pecl"d alTa, Ih" nlllller;"al allalysis, In I~J~:!. SYIll"s [:l,i] POinled Ollt Ihal til<'

linil<'. IlolIlH'riodic Tod" eqllati'J11. \\'lli"h 11'(' c'llI til<' To<l" IIh,l"culc eqlliltion ill this

Sillcc t \]('11 rc!ati()l1s \)('1 W('('II solitoll ('quat iOlls ilnd Illat rix ('i~('Il\'altl(' algoritlllllS 11(-1'"('

1)('('11 actin·I.," studied (-.:. II. IT. 2.). 21). In l!lq:~. Papa~('()r:.;ioll. (;ri\lllll1alinJs. (IIJc\

Halll<-llli [1rJ showed that 011(' of the weil-knowll ("l)J}\"('rgelln' accekrat iOIl SdH'IIl<'s.

th" ~-,t1i\or;thnL is lIothilli\ but the <l;S<T('[(' Jl0\(olllial I,d\' "qu"tioll.

Our lllilill inl{']'('sl ill this th('sis is 011 tlH' rorl\"('rgclln' cl("("('l<'l"atioll llH'tllOc1s \\'('

fir~t pn':-i<'1I1 <l sillll>1C' illt rodud iOll of ('OII\'('l"g<'IICC' lHT('l(,l'at iOIl 1lH'1 hud:-i, Let {.'-l'" }

\)(' a :-;('qll(')\('(' of nUIIlI)('rs which COIl\"('rge:-i 10 .'-1' .... " III order to filld (til appruxiIlJal<'

\'alll(, l)f ,t..,...... h.\' direct rakulill ion. we oneil 1I<,(,eI a large amount or elata. Sequ(,llces

(1.11)

(II:!)
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(11'(' typical (':,\(-1111pl('s. J-ksid(·s t I](,s(' simple' rases. OIl(' lias oftc1l 10 d,'al Willi :-do\\'I,\"

COJI\'('l'gCI11 se<jlH'Il(,('S ill the field of appli('d tllat]l('llli:llics. III ~lIch Ci!S(':-i we lr<lllsfurJJI

til(' original se<!lI('IIC(' {.,",'II'} into allot her S('<jIl('II('(' {r } illst(\i1d or falcula1 ill.~ dinTlly.

(J.I:l)

W(' say Iliat til<' trilllsl"Ol'lllatioll 7': {:...;,,} - {'I:,.} f/cnlr,.rrJ( ..... //if CO/JI'(/gfll{'( uf tIll'

S('qUl'IIIT {.";",}. III ('q. (I.I:!). O"(III);S" 1"IIIIcI;UII ill /II S"ell Illal "'ql[('IIIT {I }"=IJ;'

dctCl'Illillcd by {,"',}7~///). 11\ tl)(' case or tll(' ,\itk(,ll arce!('ratioll. for illstall(,('. a(lII) is

gin>I) by /1/ + :r

.\s pru\"(·d 1,.," I)c!aha.\'(' Cllld (;Cl'll1aill-!lollll(, [11]. a lI11in'l'sal tl'<lllsforJlliltiull 'J

ac("clcraliJlg all th" rOlln'rgillg S('qw'!I('('S ('anllul exist. This IIcgalin'I'('sltlt.llo\\'('\"('r.

llH'illlS that it will be aIWCl,\'S illlerf'still,l?, to lilld alld to Sllld,\- IH'W ~('(I'I('II(T lralls

f(JI'Il1aliOIlS sillce c'ach of tli('lII is 0111,\' al,l(' to accclerate- til<' COI1\'c'r!!/'IIC£' of cc,l"tilill

ods Slldl <I.'i z-algorillll11 (IU], fl-<t!gcJril hill [:i]. [J-algol'it hill [II]. I3S-alguril hill [7].

O-ali\or;111l1l [I]. LI"';"'" 1-./1-. a"d ,'-lr'"lSforlllal;o" [:W]. a"d !;'-ali\(ll";111l1l [.i].

!)eillg a strollg tic betwc(,1l tll('se algorithllls al1d di:-;crel<' solilull eqllatiolls.

1.4 Outline of the thesis

The' llwsis is orgalJizcd as follows, III r1wpl<'r 2, \\'(' discuss l!Je ,/-algorithlll.

I/~::' + I) + f/~::j~ll)

I I
~+~
11111+1 111./,

(1.11)
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Clild .:-al,!.;orillllll.

"-I,i,,h ar""qlli\-akllt 10 th"disn('\" I,d\- ill"lll", discr('\" pokllliilll,d\- "(I"ill;OIl. 1"('

Sp(·ct i\-"h-_ TI,,· "0111 illllolls lilllil frolll II,,· discr('\" I,d \ - "'I_ (:!_/) 10 II", I\d \ - "'I_ ( I _I )

i:-; also COllsid('J'{'d. \\"C 11 WIlt iult t h(' pcrl"orJlla!H'(' or 111<'<"(' algurit 11111:-. a .... CUll\"('rg('IIU'

;l('Cc[('l'ators and t IH' rcaSOlls for whicll ll}('sc algorilllllls <-lcn,I('l'at(' (ur f.:,il 10 ;I(,(,(,]CI"-

ill <') 11](· ('oll\'crg('lln' uf gi\'('1l S('<jll('I1(,('S. TII<'s(' algoritlHlls. "'\H'll \'j('\\'(·d ..\s dilr(']'('!H'('

('qllill iOlls. P()S~('ss soll11 iOltS ('Xp1"('SS(·<I as !'a t ins of II all 1\(.\ d<'1 CrJlIillrllll s. \\'11 iell it PI)('(11'

ii, II,,· li"ld of II", Pild<" ilppro,illlillioll_ \\-" also r"I"I(' tl", as.'-lllp(oli" 1,(,I"I\-ior of

('Olltillllcd fradiolls and gin' 011<' rea SOil wilY the ':-(01' fl-)algorithlll appears ill tlJ('

liC'idofsolilollll,,'o]"\-_

III chapter :~. we illl 1'0<111('(' it difrcrcllt type' of rOIl\'('rgell("(' (\c('c!crlll ion algol it JIIlL

til<' p-algoritlllll.

(1.Ili)

III "pil col" il S (l pparPllt ~illliIC\ril"\" \\"it h tIl<' z-al!!,orit hIII ( I .1.)). il I)('.... ~('"~(''' lIut in'a bl,\'

dill'cJ"('1I1 ("harart('ri~lics 1101 ollly as a (,011\'('1)2.,('I1C(, accelerator l)1It abo as (I diSClpl('

"olilull ('qllal iOIl. \\"(' s!Jo\\" lilitl OIJ(' gCl\eralized \"('r:,ioll of t 1\(, {Jalgoritlllll is nm-

sid('n'd as all illtegrable discret izat ion 01" t 11<' c,dindrical )"':d\" ('quat iOIl [~I}.

1/
1/1 + (il/I'.,- + 1/,.,._,- + Ti = 0_ ( 1_1/)

TIl(' p-alguritlllll. \\"hCll \'ic\\"cd as a difrcl'CllC(' cqllalioll. adlllits i-l dUllblc ('asurali

cl"lerillillillll solulioll_ \\-" "~i>I"ill tIlill tliis filel is qLli((' llillLlr,,1 if IV" diseLlss Iii"

"!clllC'L1ls of I Ii" double ('"sorill i (lel"],llliLlilLlls_ (h" p-algoritlllll is llillurillh- ,',teLld"d
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lot ]l(' algoril IlllJ of tIl<' follo\\'illg form:

\\.(' "illo\\' lllflt til(' ahuu' ('xl('lld<'d nT-.joll of p-al~oritllll1 (1('('('1('1"(\1(':-. Illn!,('1' c1i1:--:-- of

'"icqtl<'IIC<':i 111(ul tlIeorigillal p-al,!!,oritillll (1.lfi).

('Ililptcr I is mainl.," d('\'ot('d 10 OIJ(' of qllit<, tj<'IIC'ri:llize<! r1lullll)\I'-; algurillllll~.

111(' PC;H (t!gorithlll. The algorithm. \\'11('11 \'j('\\,cd Cls {t dilkn'llcc (·(illation. sati:-.li(·s

t \H' so-called sillgularilY COllfill('lll('1l1 condit iOll. \\"(, discuss it s !"('Iill iOI1 \\'il h discr('\('

i1l1q!,]"f\hlc ('<jUd! i01lS and t]1<' pCrfOrllli-lllC<' ;-IS (-J ('OI1\"('rg<'IIC(' (l('('(,I<'ndor.

Filially ill c]lilplel" .). \\"(' ~i\"(' cOlldlldillg ["('llIark'-i.
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Chapter 2

The 17- and c-algorithms

2.1 The T]-algorithm and the discrete KdV eqution

III lhi~ s('ctioll \\T shu\\' Ilia! I~all('r\ If-idgorithlll Pl. which is ol\e uf the falllOlis

('OII\'(ll)!}'IIU' ac('c!('l'ati(JIl algoritllllls. is cqlli\'a!elJt to tlH' discr<,t{· I\c!\' equalioll. 'I'll('

/1-al~()l'itlllll ill\"()h-es it two-dillH'llsiollal alTa.,' callpd lhe 'I-tahle (Figlln' 2.1). r1l<'

lalJk is rUlIstrllct(,d ("roill its lil'st lwo CUllllllllS. Let inilial YClIII('S 1/1\'1) alld II~ ) 11('

\\·11<'1"(' .:, is th" forward diff"I"('II{T "p,'r,""r gin'lI 1)\· ':'Ok = "HI - Ok· 11"'11 "II

til<' olhn ,,1""1('11(' ar" ("akulakd fro 11 I till' folloll"illg J"('("IIIT('IH"" J"(,laliolls ("all"d til<'

I,-algoril hm:

1
,/L'~, + ,11':") = 1/1::,+1) + I/\'.:,~[I)

_1_+_1_ = _1_+_1_ (r1[(>Jllhllsrlllc·s).
(I/o) (/II) (/11+1) (111+1)

'121l+2 //2,11+1 '}.!lJ+l 1/11,

":qllatioll (1.1) ddi[]('s a 1I'ilIJ:..;l"ul"111iltioll or"l gin'll s('ri('s ('/I = f/~I/,j.11I - 0.1.1 ..

to i\ !](',," series ('~l = ,/!/ol.1I = 1.1.. " such lllat LC:
1

COll\'('l'g('S 11101'{' l'ilpidl,\' tu til('
Il=!

SClllH'lilllit ,l...,.......
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(0)
'II

(x -)'/,!,') (0)
fl l

(I) (0)
'II 'I<

(') (I) (0)
(-- -)'/0- '12 'II

'I:!) (I) (0)'I, 'I>

(X=),,,(,') (!) (I)
'/1 'II

(") (1)
'7, 'Is

(X=}1},!,') 'II")

,,:1)

Fil'"r" 2.1: Th" 'I-I"bl<-.

.\s all {'Jllpirical ('\:(lI11pl(' \\-C' cOllsider (l slowl.,- cOlln'l'g('lIt "cries for lu2,:!.

I I I I 1
I - 1" + ~ - I" + ~ - (i + ... -t 101' :! = O.lj'):l I II' (:!.:q

"lid ,-ollslrllcl thc 'I-t"hll' lUI till' sni,'s (:!.:n. lI'c scc IrUlll I·'igllrl' L:! tllill tl,,·

t riltlsl'orllH'c1 series

I I 1 1 1
1--+---+----+

:l :10 I:l(j 91,) lin

COI1\"('l'g<'S !llore' rapidl,\' to 10gl thall til<' ()ri~illal s('ric"_ ""bile 'he SIIIlI of til<' firsl

S('\-('II 1('rlllS of the ori~illal series gin's O.t.)!).)·· '. that of til(' cO!Te:-,polldill1!, .... (·\"('11

1('rillS of Ill<' t rilllSforllH'd scri('s dews o.mn l·)~ .
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-Itl

-1jJ. I :HJ

II' -I I :Hl

I :l -I/lUi I 1)1.·'

-1/1 I TiO -I I/r,

-1/ I 1jJ.,i~ -1/1100 ItU,iU~

I/,! -I/Ili', 1/lii',(;1

Iii -I/I')i 1/ I ~iOi

-1/11 I / Ill~

-I/G ~.-)~

I/I:l

1/1

Figure 2.1: '1'1", 'I-t,,"'" 1'01' log~

{'I/I (1/ +,

I

('m+1 ('" +/,

('I/.+Il (",+1r ("1Il+" ('",+211-1
("I

'/!./ +1 (~, I)

~(' ~(' + -I

I

~('1I+1 ~(' +

I ~('/I +/-1 ...'ic" +1r-1 ...'i,C/I T ...'iC/I,+ll,_1

10
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I <.

I, I
II!. +!.

~('III+I'

Cm + IJ (11,+1 ... ell +, +1

\\'(' ]l<'XI show til<' ('qlli\'ct!{'llU' h('tW('('1l tIl(' II-algol'itlll11 illld 111(' disc!'d(' I\C\\'

(:!,(i)

th" ,/-ahsoritlllll (:!,:1) i, l'('I\'l'itl,," as

(:1,7 )

which is 1Ill' di,n('\{' I,d\' "qllatioll,

LC'i "' dnil'" till' I,d\' ('q, (I, I) fl'Olll 1Ill' di'(T"t" l,d\' "q, (:!,I), \\'" I'''pla("('

1 1 I cI
f1 = ~. 1/1 - ~ = -; - '0" (:1,K)

c. J1 lilT fillite constants n,laH'd I)~'

1
1- :1(=-;ii'

Th,," "q, (:!,7) 1)('("()ll1("

,21/(,,._~+('(,I+,,,)_,21/(,,.+~_('(,I_(:')= ,I, '
- - 1

'
+ ,-1/(,1 + ,,1)

II

(:!,'I)

1
'
+ ,21/(,1 ~,I)

(:!,II))
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[f 11"" lak" II", slI"dl [ill1il uf I, "'I. (~.IO) \'i"I,b lil" I,d\' "'1llillioll.

I I
/II - 7 1J11 .,. + I\J,I( I

at t!l(' order or .=.'.

II\(, discr"I" 1\<1\' (''I. (~.7) is r(,lI"rill('11 as

[
-)/1. =11
III

(:!.III

(T(/I +~.1I1 - 1);(11 - I. IIi) + T(/I + 1.III)T(/I.1I1 - I )}T(II - 1.111 + I)

= (T(/I - ~.III + 1 )T(/I + 1.111) + T(/I - [.//I)T(II.III + [llT(/I + 1.1/1- I). (~.[~)

s,(o) = T(/I 1.11I-[)T(/I-I.III)

T(/I. II/ liT! /1.111)

Sul.1 rilcl iu." T(II - I. III T I )T(II + 1 III - I )T( /I. III) fro," 1",111 sid,,> of "'I. (:!.I ~). liT

ol'laill III,' I,iliu(,ilr forlll of II\(, disCI'('I" I\d\' (''1uation.

T(II+~.III I)T(/I-I.III)+T(II+I.III)T(/I.III-I)-T(II+I.III-I)T(/I.//1) = O. (~.II)

II is lIul<'d 11,,11 lil" solillions (~.I) illid (~.·)I ar(' IT"m','n'd 11\' 1'111 I ill1\

T(2/1. III) _

T(~II + 1.111)

('n +1

I:::'

('111+"

('",+1,,-1

~(, + I

~("'+" I

(:!.Il»

in (''I. (1.1:l). Substilution of "'IS. (~.I.j) alill (L[G) ililo II", bi[in('ar (''I. (~.II) ,,,in's

I~



2 The '1- and o-algorithms

2.2 The E-algorithm and the discrete potential

KdV equation

('ql1i,"a!c'lln' betw(,(,11 til(' .:-alp,urithlll alld Ill<' di~(T('l(' PO!<'lItiall,d\- equatioll. Ill<'

_(0)0,
(0 =)o)i) _(0)

'::1

_(I) -'010, -,
(0 =k~J'1 :~I) _(OJ

'J
_(1I -") _1 0 )

'I -I -,

(0 _):!,I) _(2) _II)
':'1 "

-':1) -'2)0, '::1

(0 = k ,I, I) oIl}

-(I)
'I

(~.II )

Th,," "lltl,,, 01 h"I" qu,,"1 il ie's obe,· 1I", follo\\'illi\ I"hOlllblls 1".,1" ("i,[l"d 1I", o-i,[i\ol"illllll:

(~.I ~)



2 The '1- and ",-algorithms

\('cordirlg (IS /I ])('('0111<':" large. ~il:.'~l COIl\"c'rg<';-; more rapidl." to ,'-: ...... a:-i III -lo '-.

011 tl](' 0111<'r 11 ..\1\(1. E~I:,j) din'I'p,<'s as Ifl --,:x... rhis fad ]"('Jllill(b liS of t hI' idea uf

rcg'H<!c'd as the disen'le putcntial I\d\' <,qlli:lliull. It .... huuld II<' lIuled. iIO\\'('\'('L Ihitt

.\raj. OkCllllOlo. and I'ClIlH'laka [I] had <111'('(1.1.\' illdicalc'd ,IJ(' n'laliolJ IH'lw(,(,l1 ,Il<'

.:-algol'illlill (or .\itkcli i;lcn']aratioll 1l1<'lIl(Hl) (Illd til<' soliloll ('qll;-ltiull S('\"('11 ,\'(',II'S

'I'll<' qual11itics c!//!) an' also gin')1 lJ\ tIl(' following rcllios of 11(-1111..('1 <!('\Cl'Illil1illll .... :

: ...; I ,l..,', +1 :"';" +,

(:!.I!l)

II



2 The '/- and ,,-algorithms

I

":>'.\, ~:\.<""'I/+l

-.J,:I:·';",+I -.J,-I"";/1 +2

:

_("j
":>"S,,+ -I SIS

':'2" ,
":>'\" ..:>S +1

..J.'~'II,+I ..:> ...,' +'

..:>S +,

(:!.:!O)

l~qtl(\liU1J (~.I!J) is (',died the Shililks I l'llJ Ist'Url lla t i(Jl1 [:L~]. Sllhslilllliol1 uf /I - I ill

<'q. (l.IQ) gin's tll(' w(,II-kIlO\\'1I .\i1kC'1I arn'IcI'Cltioll algorithlll.

\\,,, hiln' so filr S"('II 11"'1 I h" '/- illld I h" "-,J!!1,or;ll,,m ill'<' i"I('rpr"l"d i" III(' dis

nTI<' I,d\' illld Ill(' dis<T"I<' pol,,"liill I\d\' (''1"ill;OIS. 1'("I)('('I;n'l\-. Tlwr<'fol'('. II",,,,

ril lillls. !'his ('qui\'alcIICl' rail also he 1I1ldcrsloud frolll t II(' feW! (:~] t Ilal III(' q\l (I 111 il i(':-\

(1/1) _(Ill-I) _(Ill)
'Iln = <:'211+1 - e1./I_l'

~ ,ill (i-) - "= :1.1 11.;(J~(i.;:I,-)"'91·

( 1)'-1
L~ - (I - V:1)<.(O..;) =()()()1"9..ilil:ll:.!I···.
,=1 \ k

.\\II1H'rica] resllits an' gin'lI ill Tables 1.1 alld 1.1

(111 )

(~.:.! II

lit i.... JIl!('IT:·;tlng In n'lllark lllal .IapillH':-;(> llli:\t]H'llwtiriall Takakil%1l Sl'kl ('otlsidl,]'('d 1111' qll:lJlI lIlt's

!~tl. !lilttl('ly tl](> Aitk('ll ,lc('I'II'ratioll 111('ll1od. ill ntl('ulillillg iT '111d ohlairwd i1;-; 1l\lIJlt'l'i('al ,"allll'

CIIJ'l't'cll: lo I Ill> !G1IJ dq!,it

I·;



2 The '1- and .:-algorithms

T"bl" :1.1: Th" .:-algorit hIll lor Ih,' "'qu"Ue<' S", = :1'" siu(;r /:1''')

-I",) jill)
~ I .::\

I I :1.000000 :\. 1):168:1

:1 :1.":1" I:!, :LlI:!:1:jl

:LO(;I Ili, :LlII(H:1

:1.1:1111.) :U 11·)')1

:l.1:Hi.-)I~ :L I 11.)~):1~O

:U 10:HI :1.111·)1):16(i

:\. I 11·)'):1(; I , :\. I 11.)'):1(;.-):j.),,')

:1.1 11.-)'J:1(;.)"

:j.1 11.)!):1(i'):l.)~,)

:jilln, :l.lII.),):1(i.)1

:U 11·)11

1(;



2 The '1- and E-algorithms

I;d,l" 1.1: Th" E-ak"rillllll f",. Ih" "''I''''W''~' - L. 1( I)' 1 1.. 1
,

.Iu) -I u ) :~,
) .1 ) I )

°1 'r '::;-

100lJOlJlJ (Uj IlJ/:HJ O.(iO·'O II (UiO 1!)(J:l O.lilJ I~')~ 1·'·'

0.1'W';'):l O.GO:!:!') I lJ.liOIX·')O (UiO 1,~91 O.(jOIW~(jll

(l.1':/011:j O.(jlJldll (UiO 1')1 'J lJ.(ilJ Iq991 (J.(iOIX')\li.')1

(U/011:1 O.(;OIO:j., O.hO IXX') (HO 1~9X I O.hOIX')\lj10

01':1/1.)/ lJ.liO.,l/lJ OliO IHO I lJGO 1t-i91':1

0.IOH10') O.hO II!)I lJ.lilJl1':1)(j lJGO 1t-i'J1':6

o11':/I/:j (l.hO·')I!J:l O.hlJ I!)OO

O.I:j:Hil0 O.(iO IlliG O.liO 11':91

0./GG9.':j O.ljO.,O/:j

10 0.1·')011·', O.GO I/hO

I"
O.1·')l:!:l I

11 O.IGr)Gl

.\~ far as \\"(' ~('(' frulll Ill<'s(, lables. til<' .:-cd~()rillllll ~(,('1l1S lik(' it nT\ pu\\"('rflll

ac("elCl"ill ion tool. The algorit hill. !lO\\"('H'L fails 10 <lr("('I(,l'at<' rat iUllall,'" d('ca,\-illg

S", = L -'-; - ~ = l.lill(J:lIOGGt-iI~·
k=1 1..- h

II

(L!.')



2 The ,/- and ~-algo.. ilhllls

_1°,) _(0,) ~.' I ~o ) ( I0, ,;: • ~

I 11.000ilOO 1.I.jOOOO I ..j.-, I Iii I 1..-,9IrllJ·-, 1.liO'IO"

., I.:!·-,OIJOO I.·-,O:!')li\ I.·j'l'l" I.·-,!J'l!hl I.lillill

Ulilill I ..-,:!II:!:! I.·j\ I\:!(i 1.liOlilll l.lil'IIi'

I. InGl1 I ..j.j l.j:!O I.·j'n'nl I.GII'!)') I ,I,:! 1·-, I:!

I IGllil1 I·jli~nl:! IliOlJliK, l-li l.jG.jK

191:IK') I,-"K 16 I l.liO.-,K,j I 161 Klili

I.·j I II'll l.jKli:! IIi l.liIJ9'l1:!

l.·j:!II:!:! I ..j'):!:j')') 1.(il:W'O

I.·-,:j'l/l';-' I.·-,'l':h'

IIJ I..j I'l/li\ I.liOI.jIO

III II.j.j~(W
I:! I.·jli I'l/I

2.3 The Richardson and the Aitken acceleration

methods

\\'p :-.('(' ill tile pn,\'iolls s(,ctioll that the .:-algoritlllll arc('I('ral('s ('xpoIl('lItii:lIl.\- aurl

ordcr 10 giu· its illtllitiu' account. w(' n,\-j{,\\, ill this s('ctiO)l the Hirhardsoll alld 111('

.\ilk"" a'T"lerali()" 1l\l'lltods. 011 ",hiclt Ih" i:-al~orilllJlI is bas"d. L,'I {S",} I", a

I ~



2 The ,/- and ,,-algorithms

I> ,\, > 1,\,1 > ,\" > ,.

(L!li)

(~.~I)

\'"('Iil'sl cOllsid{'r 111(' n:IS(, thai ('arh ,\ i~ klIO\\"11. Lc'l liS dclill(, <I lit'\\" S('qU('lI('(' {I ~1)}

"/'(1) = ,I..,'m+1 - "\1,1...,'1/'.

'" I-A,
(~.~K)

['11<'11 tlt(, sc'quencc' {7:~,')} ('Oll\'('rgcs to :...; ..... ill ()(,\~l) and 11\(']'('1'01'(' fast<'1 ,hillt til('

origillal ,-;('qll<'I\('(' {,l."',,,}. Similarl,'" if W(' !'('('ursin'I,'" dc·jill(· S('(I'I('II("('S rj'r~")}(1l

~.:L .. j I'."

I} ) = 'I} +,') \. r,~ -I}

1-\

II", algor;' 11111 (~.~!J) is calbl

tl", Ilicl'ardsllil acc"I,'!"at;llll l1J"thod.

\"xt \\'(' (ollsid"r alloth"r Cas": i.". "ach '\i;S IIllkIlOIl·Il. \\'" 1'('1'1'1('(' A, ill "'I. (~.~K)

h,' its "slilllat"d ",,111" X, ddi'J('d b.,

(Lilli

r!H'1I <'q. (:!.~,,) gin's 111(' fullowill,!!, trall"forillatieJlI:

'1'1](, a!lun' t rallsfortll;l! iOlt is railed j he .\il kCll i:lc('(']cral iO!l llH'\ 110<1.

(LlI)

lr<lIlSful'1I1cllioll (~.19) is (t gC']H'ralize<! \"('I'SiOII of the \itkc'll anTlcratioll. Sill('(' ulJ('

I!)



2 The '1- and ~-algo,.ithms

n('cds il large CllllUlllll or (',,1ndal ion ill order {u lilld Ill(' Illlll]('ri('(l] \'all1l' ur d(\]Cl'llli

lIilllh (:!.I'l). '1"\·1111 [lolpl"Opos('d til<' ~ ;Ii)!,or;tllll!. fl"OlIl \\'I,idl (!II(' Ii lid, il \\'ill'ulII

Sin('(' the .=--algoril hill urigillat(·s wit II til(' Hidlilrd~(jJl and 111(' .\it 1,;('11 cI<T('I('l"(ll iUIl

111('1 hods. il Illa\· ,\"(,11 ,,("("('!crat(' til(' s('qll('II(·I' (:!.:!:l). ",hidl d(,cil.'·s ('xpoll('1I1 ialh-. For

d('JlOlllillator or ('q. (1.2H) 1j("H O. Thcrcf(Jn'. t!Ie E-algorithlll. i111Uilin·'.\" sl)(·i\kill~.

\"('n' close to -I. appn)Xillli-d iOIl of ,\] = -I ill ('q. (1.2~) gi,'('-"

(:!.:l:!)

which is lh(' IlWClIl ,'alll(, of:"; and .l..,,'1/+1' It is wcll-kllowIIlhat the llH'illl \"ahl<'uflwlJ

Il<'igh hOl'i ll~ clellJ<'lIl'" uf a It ('1'11<:\1 i \"(,1,\' d('ra~'illg :--,('qll('II('(' {.,..; I } ~i\"(''''' (I 1)('11 {'r a ppllJxi

lllatioll uf :...: ....... \\"(, lTlllark that ,1](' HichardsoJl arcc!('ratioll llH'thucl for illl('rllatin'I.,

2.4 The Toda molecule equation and convergence

acceleration methods

_( -(I!,,+l-(J,,) + (-((J,,-<i.'-ll

(-((J.\-I!.\-ll.

10

(II = 1.2 .. .. S - I). (Ll:l)



2 The '1- and o-algorithms

1';'1"al iOIl (L.:;:n is 01,1 iI ill"d 11\' illiposillg II", rorilial J,ollllda 1'\' "ood il i')II,

00 = -x, Ch+, = X (2,:11 )

ill IIJ(' loda laltic" "'I, (1,1), Ch\'illg 10 its IlOlIlldarl' nJlldilioll (2,:11), ,'al'h panicl"

d,',cril)('d J,\' Ih" Toda 11Iol"nrl" "'I, (2,:l:q 1I1lJ\"'S 1'1'<",1\, alld disl all'T IH'I \\'C'C'1l t 11"<1

1'01' Ih" Toda lIlOleCIlI" "'I, (2,:H) lI'ilh co"\','rg""("" a("(""I,'ratioll, II shoold \)(' lIol<'d

Ihal III" r"latioll 1)('1\\""'11 III<' Toda 11Iole("1I1" "'1,(2.:1:1) alld II,,, 1l1atrix "ig"Il\'irill"

algorilllllls has h""11 c1arili"d (S"" ,\pp"llelix ,\ or 1"'1'. [2.i].).

a a k-1 a kd an
...~ ...~ ... v-O-

Figur,'2.1: Todillllol"("lIl"(>(lualioll

SillC(' tlJ(' c:-algorithlll (2.18) i~ regarded as (\ full elis('I'<'t(, ('qllatioll. \\,(,11('1'('

collsid"r III" lilll(' discret" I','rsioll or IIJ(' Toda 11IOI"("1I1e (''1ualioll [17].

I,I,~: 1;,I",j

/,1'''+1) - J,\"') II",) - \ ;~~, I)

(Lli)

The qllillltilies 1,\"') alld \ '(,,) ("orrespolld to C) (I) alld ,'x!,(-((j,,+I(/) - q, (/))),

I'<'s!,c'din'h', Therefore 1'1"') l<'llcls "XIHlll"lltialh' to zero as III ---; x, \\'" r"lal" Ih"

I illlC' "\'01111 ;011 or "q, (1.:1,-,) lI'il hill(' .:-algorillllll 1)\· llH'alls or Ih" Paelc; a!'!'roxilllat iOIl

illld ('0111 illlH'd fl'(\CI ion.

:11



2 The ,/- and c:-algorithms

2.4.1 Pade approximation

Ld

((./) I>·I (LHil

!H'il gin'lI fOl"lllal po\\'('r s('rips. Sub.... til111iull of.f = I ill <'q. (:.!.:$(»)~i\·(·s i11l illlillil('

"';(Tit's. I'ad('· appruximatioll 01" f(.r) CtJIIsi .... ls ill finding a raliullid rllllnioll II (.r)

wit h 11](· 1I11111('r(ltOI' of 1he II1-t Ii degre(' and tIl(' d('llolllilli:llol' uf t II(' II-I II d('~n'("

(2" .J/)J(./) - /'",.,,(./) = ()(.I'''+' +') (:!.:\!))

h"lds. 1'1111 illi\ b" = I. In' SP,' I hal P'I. (:!.:\I)) is <''1"i\'akll I" II", f"ll"will!!, 1',,,1,',

<''1l1al i"", for (0",0,_ ... ,0" ) a"d (lh b2..... b,.):

{'/I -/,+1 {'m-Il+l. {'I/ -Il+:\ ('III b"

('II/-rl+l. ('1Il-1l+;{ {'m-u+·l ('111+1 h,l_l

C",_II+:{ CI/l-II+1 ('1I4-n+El ('Ill +1 /)11-2

C" ('m+1 (",1,+1 C" +,-1 b,

(10 Co-

0, (', + b,c".

(/2 ('2 + b,(', + b2('o-

('111+1

(''''+' (:!.IO)

(:!.II)

"';"1"'·")
(1m ('m+ L lrcl/l_'

i=1
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SOI"jllg Ii II ('ill' (,<[S. (:!.III) illld (2.11). \\,(' llill,(, iI l'iI <I " ilppru,illlillli Ii" .,,(.,.) for I(·r)

NIl .1l Ifll . l Ifll.,

Nil -J.tl H" _1.1 If" 1.1 N",_I.I If, -I ,

HI/I,ll HI/I.J 1f,,,.2 /1"':1 1-1".,

"m+I.U 11 111 +1.1 I1 m +1.2 11 111 + 1.:3 11",+1.1

HI/J+l.1I 11/1,+2.1 11",+2.2 /In,+2.:~ 1-11//+2.1

N",+:I.1l H"J+:tl 1f",+:1.2 If" +:<.:l 1l,11+:S.1

N,,+1.1l If, +1.1 If, +1.2 If" +1.1

N +~,.11 If +,-,.1 /111 +-1.1 If" +'.1

H"+h.U If, +".1 N" +h.2

I:igur(' Li: '1'1)(' I'"d,' I"bl('

Example 2.1 Lri Iii iI 1'1 ill II Il.r) v,

~ I +~119 ,
((.1') = --- = I - -.1' + -r-
. 1-;-:2.1' 1:3:2

J/" IJlld,' IIpp/'o.rilll II II I., III/' f(.r) II/"

1 1 _1 I'

NIl .1l = T' Nu , = -1-'-'

I' - I 1/1.1 = 1 + I~;r.
1i1.1 - 1 + f.r· 1 + -;;-.1



.f(:)-V(l+: 1)(1+1-)
trlllll'illl'" I<ly!or:--ni,':--

P;lIlt'-ilpl'rIlXlIll;llll 1-1 1.,(.1')-

2 The '/- and z-algorithms

lUI:,

O!I 

() ....;~) 

0.' 

07:;

0.7 

lUi·; 

lUi 

0:;:' -
0.:) ---L l....-__--L -'---__--l

()

FigUrl·1.(): \·,t1u,·,of.f(.I). it, l'ad,;approxilll'\I11 Fll.l. alld i" 111111Cil1"d -'a\·I",,,·,;,,,

1- :l: 1+:!'):' :l1.

2.4.2 Pade approximation and the ::-algorithm

\rC ' 11<'1'<' 1"<,\,(,,,1 the J"('!<lliulllH'lw('('1l1!l<' Pad('appruxilllati(JII lllld til(' ::--alp,ol'illllll (~.I~).

approxilllfll1t Hm.n(.r) are ('xp['('s:'wd as th(' following (ktcrJllill1l1l1 rOrlJl

(""'_'1+1 ("1/,-1,+2 C" +1

e" -1.+2 el/ -r +:~ ("11 +1

!)".,.(.r) (:!.11)

I
c" c +1 ( +

L:~7," c .r'+ L:~7",+1 (",.r'l+ -I L ="c..r

11



2 The '/- and .,-algorithms

{'II - + I (. I - +l ... C +I

('" +1

(2,,,, (.r)

('" +

II (1) =~ = -;----'__s_"'__'''_'I1I_+_1_'_'_'_'_'""II_'+_"---'-----c
,,,., (2,,,.,,(1)

s, =Lc,

(2,11 )

(2. I»

Eqllalioll (:2.11) i111 11 l<'d iat<·I\· J'('lll;llds IIsoflh"Shallk, Irallsfol'lllalioll (2.1'1). III farl.

tilt' Pa<l<" approxilllation i\lId til<' .:-al~oritlllll an' n,lal<'d b.\"

(2 I(i)



2 The '1- and ~-algorithms

2.4.3 Pade approxil1latioll alld the discrete Toda molecule

equation

\\'('\"'1'(' rlaril\- tlJ(' rdatiun I",tll"('('n th" I'ad(' a ppl'OxilllatiUII alld th" QI) al.!!,(lriillnl

hy ll)('clilS of coot illucd frart iOlls.:\ LeI liS I'<',!!,ill wit h 1lie roll()\\'ill~ 111<'01TI11.

Theorem 2.1 (Crag!!, [II], Hak"r ill,,1 Cra,'('s·\I(lITis [1])

/.Ii

tlr 1/01, fI ..... ((!IUlI(·( of eof!f' fI/)!JI·o.,.i"WIlI ..... for /(.1'). (Illy thru ('0/1''''(('/111,'( fl/ !1I1 1/1 ..... of

1I,1r;,·1r 111'1 diU" /., III, 7'1/111 1Ir,I'I / .1';',1., II ('0111;1/1/(// II'II(/;oll.

'" '/",+1.1'",+1 I '/,,,+2'( 1 '/",n'l'l
'/1/+rll,I'+",+rI",.1' +-1--

1

-+1--
1

-+-1-
1

-+

"I/,·Ir Ilrlll 1//1 1/-11r 111'1'1'0.1'11//1/111 "I "I, (:1,1'-,) I,' /lfl/"/I" 1//1 (1/ + I)

./"/1'//1//11/:2: I,

UI~)

.,11/1'11/ "I '/

L"t "" (,I') I", a rolltinll"d frartiun II"hoS(' I/-th approximallt is "qnid 10 Ih" (1/ +
')-sl t('l'llI 01'7;" for all." I/. "'(' II"ril<' .If" (.1') as folloll"S:

Co + ("\.r!I", (.1') =

.,.1 I /(' +1) I
" ('" +1·1" l·r

'+(',1' +1--'--\-1-
1,(" +1)·1 /(" "'11,1 \ ,(, +1 1 .1 /1" "'1 1 ,11 ./ 1. ./ 1 ./ .~ ./

-1--1--1--1--" (:1.1!1)

'\';Iking tl,,' ("'('11 part of "'I, (1.19). \\,(,I'i1l'(' ilnoll,,'!' ('xpr(-"ioll for ",,,(.1') .

.1f",(·I') = ('U+ (','"+ .

IEli'IlH'1l1ary propi'l'til':-O of "Otllilllll'd rra('!IOI]:-- <In' (!,i\TII ill :\PPPJldix B or in rI'I':--. [:m l!l].

1(;
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,---- ~I + .... (2.;01
+1 1).,.

III Ill(' St.lIlH' \YilY. we cOllsid('1' i:l COllI illll('d rl'ael iUII.

.'1",-1 (.,.)

(' I/.r I I ~" ),r I
Co "1'" + ... + C" _I'"'' -I + -1-

1

- -I-I-
1/"",.1 !j'''I, I It"', 1 1.\'''1,1

-\- -1--1- -1-- (:2.;1)

II", 1/-1 II ilppro"ill""11 "I' whirll (''1"ills II", (1/ + I )-sl ("I'lll "I' {n,-I. 'I ilkill!; t I", "dd

pilr1 of "q. (L;I). \\.,' 1",,'('

rh" II-tl, appro"illiallt' of (''IS. (:! ..;O) al,,1 (2 ..;:!) ar" "qual 10 UII I )-sl I<'I'llI of 1

alld (111 + :!)-Ild I"rlll of '1;,,-1. r"sp,'ci i\'(,I,·. hOi h of ",hich is 1101 hill!; hUI H ,,+ ., (.,.).

follu\\'ill~ relatioll hct\\,('Cll1hc qualltities {/,\m l } and {\ ~!'J.)}.

I,I:~~ lin)

1,1,"')+ \',1"')

I ;~"'I = O. 1~1lI)=~.
('Ill

(:!.'.I)

",I,i .. 11 is lIolhillg hul (h" lill)('·disn<'l(' Toda IlI(J!<-CU!<- "q. (:!.:\.;). or "'I 11 i "a 1"111 1\. ,I",

Qil algorillllll ill l"rlllS of 1II1Il)('ri ..al allal.,·sis [:l Ij. '1'1)(, QI) alg,orilhlll is )(s"d ID 'Din'



2 The '1- and .':-algorithms

Il.,.) = Co + c'," + C,.,.' + c,.,." +

11(1:-' i:\ ('Ollt illll('d fract i011 (·xprcSSiOll.

,,,,+11 /1",+1) ,I \,(",+1) ,I
('0 + CI'" +'" + (',,,.!"" +~ -1-1

-

1

-'-' -1-1

-

1

-'

/ 1",+1) ,I \,(,,,+1) ,I /1",+1) ,I \,1",+1) ,I
1 ./ 1. ./ :~ .1 :~ ./

-1--1--1--1--'
(:!,il)

al1d j 11(11 ('(lell c(}('fliricllt is gOH'I"I]('d hy Ill<' t illH'-disCT('lP Toda l11ule·nIl(· ('qllell iOIl.

Pill t illg .I = I ill <'q. (J ..-)/). we' 11(1\"(' ..1 ('Ullt iutH'd rl"a('\ iOIl ('xl)I"(·:-..sioll 1'01' <Ill illlillil<'

Cu + ('I + ' ,,+ (' ,
, I /'" +1) I 1,1" ,.-II 1

(" +1 1 I

1-'-1--1-
Il" +1) 1 \}' +1 11 I\H+III \:,I'dl)1

-1- -1--1--1--'

I""') illid /,',m) (,ol'respond lo"xp(-(q"+I(I)-q,,(I))) alld /J"(I),I',,sp('('liu'h', l;t")

d('('ill'S ('xpolll'n(iillh' 10 0 ilS ,/I (,,"ds 10 illfinil\', 11'11'(' ilpproxilllilt<' \ ;1",+1) = 0 ill

(''I. (Lill 1'01' lix"d /I ::=: I, II'" "ill'" Oil" ilpproxilllalioll rul' I"" illfilli(' s"l'i"s LC'
I=(J

The approxilllat ion of \ ~~III+l) = () is cqui\";1!(,111 to taking I he 111-111 C011\'crgclll of tIl<'

('Old illll"<! rl'il('1 iOIl (Lii)), 1-'1'0111 I I", 1111'01'('111 :!,I, II", :!/1 -III (,()III'('I'~('1I1 or "'I, (:!"i1'i)

(''1"i1ls (:!/1 + I )-si lnlll or 1111' S"'I"('II('(' '/;,,( I), "'"IWh' 11",+"",( I),
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1)('1\\"('('11 til<' E-al,2,oritlllll (Ind til(' tilll(' c1i ..... cn·!c lurla lIlukCIl!C ('q. (~.:{,-»):

, (' +11 /1»+1 1
1 \','dlll d +1 1

1

,~" +1-1 -1-1 -1-1 -1-1
\},,,+III I~"+III I}'''+ill /,1,+1 11

-1--1--1--' -1-'

('l'illiOll. \\"(. s('(' fl'uIl1 prop<'rti('s or COlllilllH'd fractioll tlla! tll(' enOl l){,jW('('ll tIl<'

(:!,liO)

(:!,hl)

pl''''';'!<-'' Ihill 1,1,') ~ 0(1), Silln'lh" <jllillli it i", 1;, .. +11 ,,,"d, "Xj)\)IlI'llliillh-lo I"ro

(IS "I ----. x. the right Ili:llld ..... ide uf ('q. (:!.{jl) abc) lclld ..... ill til<' "i:1I1H' on!<'r \(J zeru.

which lllaldJ('s ('xactl~' 11)(' ddillitioll of ronn'r2,('II(T (:lrC('!Pl'atioll.

Ill(' 'lucia IIlU!eCu!(,c(juatioll. tlHJlI~h it 1ll{t.\"1I0t \)(' intcrc..... tillg ill a ph.'"siud S('I1""(' .

..... tands for a dYllillllical s~-st(,1ll which rOIlH'l'gps to a diagollal lllalri:-.: and app('cH ill

solit{)!1 equations which arcC'xpected to find applications in lllat!JeJlliltica! (\llgilH'('rill~.

',<;"<' also ('lIyl [10]



Chapter 3

The p-algorithm

3.1 The p-algorithm and the Cylindrical KdV

equation

Ill<' p-al~ol'ithlll is traced IJark 10 Thi(·h'":-; rational interpoiatiull [:Hi]. 11 was lir"t

IIsed CIS il rOIl\"('rgcll('c acceleratur b.\" \\-,\"1111 [II). TIl(' initial \";-du('s uf III(' al~orilll1ll

(:LI)

i1l1d i11111,,· olhn ,,1""1<'lls rulfill Ih" rollowillg rholllbus rul,,:

(:\:1)

'I'll<' p-algorit 11111 is allllost 1 he Scllll<' as til<' z-algorit 11111 cxcq>! t Illlt "j" ill 111(' rigll1

llillld sid" or "C[, (:1,[~) is r"pla('"d In' ",," ill "'I' (:l.:!) , This sligl'l ('hallg", ho\\'('\'n,

,,'ic'lds cOllsid('rahlc dilklTllCC'S ill \'aritHIS aspects bet \\"('('11 t \l('SC t\\'o algorit 11I11S.

['h" firsl dill'cr""(,,, is ill Illf'il' p"l'rOl'lllilll(,(' [:JJ] , '1'1,,' c-i1lgol'ill'lll i1(,(,"["I'i1I"s

('Xlh)Jl('llt iall.\' or altCl'llat in'I," (\(,ci-l.\'ill,f; scQUClIr<'S. whil(' t h(' p-cl Igorjt 11111 dues rat io-

:1O



3 The p-algorithm

1""\,1,, :1.I' Th" p-;dp,ol'ithlll 1'01' th" "''I'"'I1('(' S, = LI=' I k'

lu,) (,,) lui I, I lUi
P, PI f'-. p; p"

1000000 1.li·iOOOll 1.li II~!).-) 1.li II'HI:!, 1.lill'):IIIHil

1.:!.iOllOO l.() 1I)~2·i I.lill!):!:! l.lill'HIII Ilill'HIlHili2

I.:j(ilill 1.(il.j~T! l.(i I II):Hj 1.li II'HIO,) Ilili'HIlHili(i

I. InGII Iii I·i 12!) 1.li II'H2 1.1) 11!):l10, 1.li II'Hllllili,

1. lli:j(j I I Ilil-,Ui 1.lill')T! I.G 1I'):lIO,

II) Il~') I.li 1·-)\:lU I.li II'):! I·i' l.lill'HIOIi

I.·j 1111), 1.li l·jOli') I.li II'n,,~

1.·inI22 I.li l·jO:ll 1.lill'n I~I)

I.·i:!')'(i~ I.li l·iOlHi

10

I
I ..j I!),li~ I.GII!hl)

II l.j.j,():l2

I:! 11 ..ili 1'111

r1H' second difkrcllC<' is ill t\H'ir d<'l(,r1nillilJlI (·xprcssiulI:-;. The' (j1l;11l1 it it'" ~"l (liT

gi\TIl I).," ratio:-- 01" Ili-Il1k('\ dcl(,r111il1<llll:-.. while til(' quantities p{' ) an' gi\'('l1 I,," [:Hi]

IU)=(_I)[9IT,~ul (:'.:1)
p" (",I' ,

T"

wll<'1'C [.r] stdllds for the gn'<ll('st illl('g('l' I(,ss thall 01 eqUid to.l :\Iul'cu\'<'l'. 111('

= {

:1I

(:\. I)



3 The p-algorithm

1/1+ I

(1/1 I)'

1/1 +1'+1/- I

(1/1 +/1+1/_ I)'

(11/ + /1+1/- I)" ,

(II/ + /1 + 1/ I)."" +1+1- /

(I/I+I'-t- I/- I )'.""+I+I"

(I/,-t-I'+I/-I),-I.",,+I+I-I

(:I.(i)

Ill(' 1hinl dilf('ITIl("(' j:-- ill ,1](' n'laliull with di:-;nT1(' ~oli\oll equatiun ..... ""c·llan'

S('('II ill til<' pn·\·iou ........ ('Cl ion lhat t he .:-al,~orit IIIIl i.... rcgar<!pd as t 1](' discrcte pu\clll ial

I,d\' "qual ion, Ilht"ad or III<' (i-algorilhlll (:Ln its"lf. w" wl1sid"r th" al!!,orilhll1 or

1he following rOrln:

(Li)

(III + lim + Ii 1111 + bl/I

1}"'+1) -~



-----..------------------------...
:3 The p-algorithm

f ..onl (''I. (:1.7). Equation (:l.!)) pl""'''('S il f01ll1 silllilar 10 I Ill' di" ..('1,,1,,1\ "'I. I:.'.I\.

110\\'('\'('1'. 1he IIUllilUloIlUIIlOIl:-' prupt'rl \" uf <'q. I :L~)) \"it,ld;-. (\II ('''' .... (·1l1 iill dilklt'lI(T ill il",

I I' I
~ = (til ')lfl. 7= ('II + "' - ~. (:LIU)

illld ..('\\" .. it" 1:,1:") as ,-'l/lJ/ {p+ (1 11 (", - (/:.'.I)). \\"h('l'(' ( is a snlilIIIJi''''IIll('I(' .. ililfl

I). can' lillit<, COllstants sillisl\illg,

:!.u - h

I I h - 0
('=---=--

:.' !.I,2 h

(1 11 (,1' -} + ('(.1 + 11(") (1 11 (.1' +} - (.(. 1+ (h - oV I
)

I I

- I' + (2 11 (,1' + ~.I + h('l) + I' + (1 11 (.1' - ~./)

+ ~ [II {I' (1 11 (.1' - ~ + ('(.1 + (lei)}
!.I !.

,(o-h){p (l l1 (.I'+}-n.I+(h-(l)e l
,}

,h , ] = U. (:L1:.')
1'+ (-11(,1'+ ~.I I,,')

Takill~ til<' :-illlallliJllit of c. we Ililn'

1 I 1 (!.o - h) (:1.1:11
(!.o - h)II, - ?'/(' + l~pl(1 - 10)11,.., + -~-)/-II = U

ill Ih(' o ..d('1 of (' frolll (''I. (:L1!.). Sill('(' IIIl' ('(",(lie;(,111 of "I is al\\"ill's I\\"in' iIS

Iilq.~(' ,IS Ihal ur II/t. cq. eLf) i:--; COllsidered as Ollt' illj('~rahl(' di:-,('n'lizalioll 01' til('

n·lilld .. ieill I,d\' ('qllalion II is illl('l'('siing 10 1I0i<' thill II", p-algo .. itilin (:I.!.) is

I' = (J ill (''I, (:l.1 I) alld eodliei(,111 s of 1111., illld II,,,,.,, 11('COlll(' illlillil (' ill I Ill' (',I'" of I Ill'

(J-il!gorit 11 Ill.
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rJH' Illird diff('J'{'I1c(' call 1)(' IIndcl'stood d('arl~- 1'1'0111 a \oj('\\, poi 111 ul" III(' Ilitulil-""

-j.-I-'I - 0'
frol11 ('q. eLl). \lon'on'l'. 111l'ulIgh ,Il(' <.;iH1J(' <!('pcll<!('1l1 Yill'ial,!(' 1 I'll 11 ".,fOri llCl I ion as

"'1. (:!.I :l).
j.("'1 = 1-'(11 + 1.111- 1)1-'(11 - 1.111)

H 1-'(11.111_1)1-'(11.111)

('<I. (:Lq) is t"<'\\Til1('11 (IS jl1c fol1o\\'il1g trilill(,ill' l'Orltl

-1-'(11 + :!.1I1 - I) 1-'(11 + 1.111 I) 111"(11. 111- I)

I~(J/·'(11+ 1.111) 1-'(11 - I III) (:L1(i)

-111"(11.111+ I) 1-'(11-1 III + I) /"(II-:! III + I)

rh" rllllcliolls F(II.1I1) alld T,('H) ill "'I. (:l.I) ar" r"lal<'d b,·

\\"h('l'(, 1f(1I) sal islips

(/(II)=(/(II-:!) ["~:!] (lIll)d:!). u(lJ)=(/(I)=II. (:L1~)

rorlll with a sillgle ,·ariabl" nil. III) rmlll lh" trilill"ar "q. (:UI)). I his ral"! r"lllillds

'IS or Ill<' silnilarity ("()nstrailll or th" di,nTi<' I'd\· ('quation [:10). It shollid 1)(' lIo1<'d.

(:L1'I)

(:UII)

wl,icl, ar" cOlIsid"r"d I" 1)(' Ih" .Jacohi a,,,1 Ih" Pli·,e1«.,. idenliti"s ror d"I,·rll,illilll1s.

l"('sl)('cl in·h·.
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3.2 Reciprocal differences

III III<' IH('\'iul1S s('c1 iUII. W(' sho\\" Illiit t \1(' p-algorit 11111 arcckrilil's rid iOllilll.\ dC'Cil\"illg

d<'1<'l"lllilltllll s. III t Ilis sed ion. \\'(' show thai t Il<'s(, facts iH(' qnit(· llilllll"i11 if \\"t' disCll:-<S

11j(' (J-idgorit IlIll ill n'lat ion wi1 iJ Thielc"s illt('rpulal iOll l"orllluia [:Hi]

IIU III'u ul' whirh ill'" cqllill '1'1"," rcripl'<J(,i1I <lilrcrclilTs p,(,I'(,l'k+"" 1'/.+ ) ill'" <1('1;,,,,<1

",1' _I), (:LF,)

p,(.I'lI)

(J1(.fU·f"\·l'.!·f:t)

f(,l'lI)'

f(l- .rl

p,(,l'lI)-(l,(.I',)'
I'll-,I")

pA,l'lI'I',) - (1;(,1"'('1) -r- pd,I',).

fJ.ll'lIl"I'~';=;':(1"1'11'.) + Pl(I',l'l).

\\.(' relllark that suhs1 it tit iOIl of .,.~. = h' ill t II(' a ho\"(' ('qua I iOlls !!,in·;-,; til(' p il h.!,urillllll (:L~ l.

Iellt \0 til<' following id(,lltiti<'s:

J(,I') - pd,l'),

(11('1'.1',)

.r-.I'I

(1,(,1',)+ (12('1',1',)'

l' -./,)

Pl(.I'"l'l) + (I:,(.I'.1",l'l)-'p,(.I',)'

.r -.1':\
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(J ..,+I(·I"\·f.!· ..f, +1)

\\"c 01,1 aill t II<' rolll)Will,~ Cull I illlwd fra("/ iUII ('xpr('ssioll fur I(.I') fro!ll ('q ..... (:~.:2(;)

.r -.1'[

((.1') = (1,(.1',) +--------------------

CUI)

.f\ •.I'.!.···,.1'

which i, called TI,i"I,,·, in1"l'polation fOrtl1nla.

L(,\ liS ('(Jllsidcr [{>Ill illlH'd frtKl ion of 1he fOrtll.

",+------
Ii"

(/2+----

h,
(/:t+-

"I

If!2 d('1101('s 1he f/-t h (,()1l\'('''~('1l1 or ('<I (:L:Ln· we 11(1\'(' 111(' well-knuwll IT('IIIT('IlC('

1/1,

l'<'!atiolls.

{/'" :
lJn - (/ Ii ql/-l + h,JIII-2

:Hj
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II\\t'lI"rill' 1'''= 1"1" =1I. I"""

[
I' fl· _,] ["' I] [", I]
'f. '1,,-1 = I 1I {" 1I . [

" 1 I] [" I]
{" _I () b, IJ

III part indaL t iJ(, COl11pOIl(,I1I:-- P". (j" arc gin'lI 1),\'

[ I'''] ["' I] ["2 I] [",,-I I] [" ] (:Ui)
'I" = I 1I b, () ... b,,_1 0 b.

If = I(·,.)· I), = I(.f,). p., = P"('''I''',· . f,)

lor hrt'l'il Y. If II"t' pili ,,-Iii COIII'tTg('I" 01 (''I. (:l.:j I) ii' ~. \\'(' S('I' Imlll I h(' ill,,)\'('
'1,,(.,.)

Iilrt ,I"d tl,,' COlllPOllCIIIs I,,,(·r) illld '1,,(.,.) ilrl' gin'lIb.'·

[ fI'(''')] = ['11 I] [ 1', I] [fI'-'1i I] [fI'- fl.' I]
'f.(''') I 1I .r -'''1 () .,. -.,., IJ .r - .,., 1I

x [P: - P -2 I] [P'+I - P,,-I ] .

., -.' -I IJ ., -.'

while ftlllctioll (/1./1('1') i:-; a jlUI.\"IlOllIial uf d('~I'('(' t/- I. Cllld lhat llH'~(, pulYIlUillial~ ill"('

writt('11 as

I~('gal'dillg

fI',,!·,.)
'1",1·")

fI,,,(·f,)
'1"'('''J = y.,

(.s = I 2.'

a/,_l.r' -I + .r l
.

.'!.,,).

(:l.11I)

III I )

1l.1'!.)
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_"1//+ I) I-I. l:lI

(I" silllllltc\lJ('DUS eqllatiolls fur ((10.(11.···.(/ _1.hu.hl.···.h_1.Pl ) dlld

(Cll.CI.···.C,._I.du.d\. ··.d,_l.p! +1). 1'('''IH'cti\"(·I,\ w{' ""('(' frullI ('l'llllH'r· ... fUlllll!lil

.'JI Y2 .II!.,

r, 1'2 1'2"

1'1.1/1 1'2Y2 (lllY2,

del

1';1-'2 .I'~-'l .r~,~l

.,.;1-1 Y1 r~-2Yl .1'~,~2Y!.11
11-1 I.-I ,,-1

.r] ·1'1 ,1"21.

(_rl-l"l _r",)
.r ~I .r~ '''~,

(:I- I I)Pl./ = Pl.1 =

!II Y2 !I!.·

·1'1 .1"> 1'2,

·1'1.111 ·1"1.112 1'2, .'11

,!<-\

.r; -1 .r'1
-1

·1'1,-

,I'I -1.111 1'~-2y!. ,1"11,-.112

·1"1
-I , -I -I

.f 2 '/'1'

-I , -I -I
./'1 !II ·1"1 Y2 1"11, l/J.,
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clllCl

.til .tI!. .'/2 .,-1

.rl .r2 ,I'.!, +1

tI,,!
1'1.'11 f2.112 .f2, +1.//2 +1

,/,'1
-1 I.~l

1'2
1

,1'2 +1
,,-I "-] 1,-1

.r[ Yl /,,!. .tI!. 1"21,+1.112, +1

,1" 1'.'11 I'~Yl .. r~,.+I.'I!.I,+l
(:1 Ii)

'11 .II'!. .1/2,,+1

1'1 1'1 1"2,,+1

til'!
1'1.111 1'2.112 /"211+1.'12, +1

, -I , -1 , -I
.f] 1"1 .f 2/,+1

, -1 1,-1
.J'!.

-I
,I'I !II .f,! .til +I!J!.'+1

1"] .r~ .I'~, +1

Ikl"l'Illi"",," ill "'I" (:1.11) a"d (:l.l.i) 1)(,(,0,,1(' doubl" ('a,ul'a1; tI"!"l'lll;"'lllh I,,'

cilallp,ill,2, t IJ(·ir rows. It shollid \)(' Iloled Ihal ('q. (:Lb) i~ l'('c'U\'(,I'('c! In pili t illg

Ol'ip)lIl1!<'S wit Ii rat iOllal illtcrpolat iOIl forlllula, This fact Illilkrs jl rlcar 111al tIl<'

algol'illllll accelcrates sPqUCIl(,('S ",Ilose as,\"Illptotic !>c!la\"ior is P,i'"('ll b,\"

exact pruof or which is gin'll ill n,L (~()j.

(I. 17)
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3.3 Thiele's p-algorithm

[II this sectioll. w(' ('xt(,lId 1!I(' p- alRuritlllll according lu lll(' nutioll ul I hit·le· .... illl('!

(J(III)

(JIIII)."",

(J(III + I)

(JIIII+ I)'

(J(III + 1 )"-1

fT(1I1 + 1).",,+1

fT(III+II+'/ I)

(J(III +/1 II I)'

(J(III t /1+1/ I)" I

,;
, II +f+1 1

\\"(' call COlIslrllcl an ('xl('lId('d \'('rsiol1 of til(' p-algorithlll.

Silln' \n' ohlaill II", p-algoril hill (:l.2) h.'· 1'1111 illg fT(.r) = .r. \\'(' (',lIl <''I. (:l. I!)) rill'" '.,

{I-a/florilll/o. This algorithlll acc('I<'ral('s S('(I1H'11U'S of the follu\\'illg forJ1l:

(' (. ('

.,'" ~ .,', +~ + (fT(II~))' + ((J(II:)) , +.

('" + ClfT(llI) + (',fT(III)' + .. + C,,_lfT(III),,-1 + P,,,+Irr(III)"

till + "lfT(llI) + ",J(III)' +.. + rI,,_I(J(III),,-1 + (J(III)"

10

III = I . .!.:l.
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III "'I. (:1.:;:q. (',(i = 1.2... ) ill'" n)IISlilllls. \\'" pili rr(.I') = 1"/' ill "'I. (:1. l'l) illld

('OlllPilr<' t]l<' lTSlll1 wi1h tIl<' p-algorillllll.

.\'(':-.:1 we CUllsider the prohl(,111 or ('\'(-lllli-ding

/
.,

,";, = .'I(.I')d.,
.11

1,\ III<' Irilp"zoidid rill". Delill" S \)\

\{I -, (k) \ }S, =- :).It!O)+L.'1 - +:).'1(1) .
III - J,;;:;I "I -

II" y(.l') is 'illflici('tltl.\" Slllooth. all il\\"Illplotic hclta\'ior 01" .l...,' i" ,2,in'll In"

/), /), f),
-+--"+-_.
H'.! 1/1' Jill.

\ {' '} I 1 {'"/), =T! .'/(1)-.1,(0). )'=-,20.'1 (\) .'I"'(O)} ..

\\'" pili .'1(.1') = (O.O.j + .1')-1' ill "'I. (:1.,')1) illld appl\' Thi"I,,', (I al!',()ritlllll will,

rr(.r) =.1" .

.\s 01](' rail S('(' fr01l1 Figures :Ll and :{.~. Thiele's p-algoriilJllI (lc('('!e!'ill<'s ("ull

II
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(I

Ihil'll'!(T(.r)=,J.)-

II -

~'l. 

IOf\IIII·r!,"1 - .'i,- I
~ I -

-l'\

~ III -
II IIJ I:; 'l.1I 'l.:; :30 :1:; IIJ

/I
'- I

F'iglll'<' :L I: .\('('('I(,l'a! iOIl Ilwlllu<!s for {; J,-:f/l.

(I

Thil'll'(T!.I')=.r ' )-

~ '1

IO~1lJ I.r
ltl

) - .11· ..... 1

~ I

-(i -

-~ -

~ IIJ __-'---_.....L..._---.L_---l__.l...-_...L..-_..:::s,..~=__

IJ 10 I:; 'l.1J 'l..; :30 :j:j 10

Figure :1.1: .\c('e1<'riili,," !lwtl,,,", for {' I .1./
./" (O.Oj + .r)l/l
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Chapter 4

The PGR algorithm

4.1 Discrete integrable systerns and singularity

confinen'lent Inethod

1«'n'IIlI,\', (:rClllllllal ico~. HClIll<llli. alld Papag('ol'giuu [I.")] propo;-;('c! ,I\(, sillglliaril,\'

C<JIlIiIH'IlH'lll Ipsl as a discl'et(· \"('rsioll (Jf 111(' Pailll('n~ l('-.;t. The id('cl of 111(' singular-

il." C()IJfiIH'lllCllt is as follows: TIlC' IlH}\'abl<' singularities of illtegrahk Iliappillg:-. arc

j'UldilWd. i.('.. they (lrt' CillU,(·lcd olll afh'l" a linit(· 1l1l1l1lwr of st('ps. \luITu\'('r. t \1('

llH'lllury ur til(' initial cUlldiliull is lIut 11I .... t \\"11<'11<'\'('1' a singlliarity i:-- (Tus,,('d .

.\s a Silllplc ('xaillple. we fin,l (,ullsidc! til<' folluwing dis(T('t(· illt('~ral,I(' ('qlla

li,," [:ll].

1'lId,,!" Ih" illilial colldi!iolls \",,_, = o(lillil<'). '\""-1 I + r. \\"I",!"(, ( is " "Ilidl

parillllC! ('I". W(' ha \"(' 1'1'0111 st raight forward ('a kula! iOI1

I
\"" = -~-(:!+())+()(). (l.:!)



'J The PGR algorithm

X +1

.Y +'

I + ()I,).

-(J + ()(,).

(I.:!

11.1\

hJllu\\'illg tll(' r('snlt b.\· (;]'(\lllJllillinJs ('\ a1. [I.>]. wc ]J('xl c!crin' the disClTl('

frOlll a 11()[]flll!lllI01l10IlS lllappillgs.

,,,+' = -.'" I '" + 11(11) +~
r"

l'Jld(']' tIl<' illitial cunditions ,1"/1 1 = f/(Iillite) (111<\ .1'" = C. wc 11(1\'('

~+(IJ(II)-II)-',
-('(II)
--+(IJ(IIT 1)-IJ(III+ II )

(

,1',,+1

.r +1

.r, +1

n ll + I ),+()((')
('( II)

11(1I+:!)-I1(1I 1)+ ('(11)-('(11+ I)-('(II+:!)( +()I(')
('(II)

('(II) ('(11-'-:1)
-(-+

11(11 :!)_H(I1+I)+C(II)-('(II+IJ-('(II+:!)(
('(II)

-11(1I+:!)+I1(II)-I(+()(<).

(I(i)

( 1./)

( I.~I

(1.'1)

III<' sin!!,lliarit.\" COlliil1C!Il('111 ("l)llditioll. i.e ...r +1 lillit£' is ~iY('11 1)\

11(1( :!) -IJ(I( + I) = O.

('(II +:l) - ('(II +:!) - ('(II + I) + C(II) = O.

['\l<' :-iOlliliollS for these' ('quatiolls ar<'

1J(1I)=h(=COIISI). ('(II)=nl1+'

II

Il.tO)

(1.11)

11.1l)
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011 f -j
.1"+1+.1' +.1'_1=11+-.,.-

fllllll "'I. (I ..;). i.,' .. till' <lisen'\(' I'ailll"u', "'IlIati"lI "I' ll'\)(' II.

11.I:q

di~<'IT1(' -"Olitoll ('qualiulls ClIT kllow!I lu PilS~ ,IIi..., 1('''1. rll('I'('fuIT it hi:l" 1)('('11 Ils('11 It}

4.2 The PGR algorithm

111 this s('c1iull. wc disrllSS .. tlu' 11 (;1{ illg()l'itlltll" First or alL we ("OIISid<'l' 111<' algu-

si 1l!!,lIla rill' nJlllilll'Il11'1I1 I"sl 10 "'I. ( 1.1 I) (S"" Fig. 1.1). If 11"1' haH' .,.! -'-I) - .,.!" I +~.

111<'11 .r~.'~)1 din'rg<'-., as .:!/I,) f\ .. \1 the Hext it<'ration. We find

c' )
·1',+2

I -I)

.,.~, )+ : T.: I ~ + ()(~').
:,

( (")).,.!' +II..L 1- :.(~; ~ -j- ()(~'). (1.1(;)

rhe sillglliarit.\· cOlllillCl1H'lIt cOllditiun. i.c . .r~·+~J) tillite. t4in·-., tl\(, folluwing ('011-

dit iO!1 for .:.~.m)

( 1.1 i)

\\'" call this 1\"II"raliz,,<I class "I' alg<lrillllllS (1.11). \\·I,,'n' :~:"I Sillisl;", l''I. (1.Ii) .

.. till' I'ell alg"ritlllll" TIll': (:!:,,) - I). (i (:!:" , = 11). il,"1 TI,i"I,,', (I (:~:"I

I·;
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(n -II
.r'+1

r!,n) .1'( ~~')(flllil()

.r~'~),(,-) r~~~'I('!)

.r!,,,+I)(=r!:") +~) .r"~~(fil/ll()

(110+1)
,l"/J+I

to 1'<'l1lark th"t (\m"'lli"" [9] Iii" "11'<,,,,1.', propoS('d th" algo"ithrll (1.11) s"t;sl\';l1g

tIl(' sillgulCll'il.\ CtHdiIH'IlH'lJl condit j01l (1.17). \\'Ilich II<' \('rllH'd "1 h(' Ilulllugrclj)]li(

rll'o 'I II<'S Iion <Hi,,'s: (I) whal kil1d or ;111 "1\"a 1,'" "qllat ;OIlS is Ih" 1'(: Il ,lIgorit hIll

C1~socii:lt('d wit h if it is cOllsidc'n'd itS Cl diff('rel\c(' ('qllat i(JIl'! (2) how is ,I\(, !)('I'f"UrlllClIlC<'

or tl\(, P(:H algorithm as a CUIl\'('rg<'llu' cl('C('lerator"!

.\s (HlP solutioll to the first qll('<.;1i~)l1. W{' ,-;110\\' that it is relat<'d to Ill(' discretc'

l'"i"I,'\·(' "qualioll or Iyp" I (1.1:l). I.,,) 'IS ('o"sider a sp('('ial ('''s<' or II", I'CB al.'",,<

"itl",l.

which passes llw sillgularit.\· ronfill('11H'llt C(mditio!l (I.li). Thr()lI~h \'ariahl(· 11"1l1lS-

forlllat iOlls.

\\,(,11(\\'('

I.. = n -If1. 1=1/1. (1.1<))

(\'(k+I./)-.\(h-l.I+I))(.\'(k-I.I)-X(k.I))=nk+(' (UO)

IG
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.\(k+ I) .\(k-~)

1'llrOII,!?)1 <!('!H'IH!('llt ,"aria \,]<, 1rall~f()l"Ill<1t iOII.

-"k - ('
.\(k) - .\(k - I)

-"k - ('
\(1,+ 1)+\(I.)+\(k-IJ=~

( I.~~)

(I.n)

frOlll "Ci (1.21). TIJ{' ",!lIiltioll (I.n) is IIJ{' disn<'!,· Pililll,',·" "Ci"ill;OI I (l.l:jJ lI'ill,

(,=0

Ld lIS go to tllf'S('COlld questioll. i.c. (lce(,I('ratiolJ perfUl"lll<lIIC<'UI' 111(' 11(;H (II

,!.;orilhill. Illtllilin·I.\" speakinp,. 11IOsl or til<' P(:H alg(Jrithlll do 1101 w(,ll (\('('(,I('ral<'

COll\'('l'g('lln' as far as we ha,"(' t('sled. 110\\,(""('1". ",11<'11 \\"(' take'

.1") _ 1

.,-~
(UI)

\\"(. ('1111'10.'" ~-algurit 11111. p-a!gorit IJlll_ and PC; H algurit hill wil h :: I I

lu Clcn'lcrat<' t IJ(' series.

/I' + /I I

~' _ " (_I )'-'

''''-f; k

'" I
S", = f; J:l

~ (~1.-1)11

"", = f; (2k)II( II. + I)

IOp,L(= (),(j<J:lII'h· --).

-,
~(= l.(jll~):j:l(j···).

r' d.,..Ill )1 _,.' - 1(= o.:lIl()L,~1I . '),

(UI;)

(UI)

b""11 clill'if;"c! \'('1. Th" P(;I{ illp,orilhlll. II'hich is cOllsid"r"d ilS il lIolllill"ilI' illl"p,rill,I,·

II
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lu ]'('11141I"k. ull til<' utll('(' h{lnd. l!Jal lilt' () -al!!,IJl'itlllll [I].

[)~, ) - [), +1) + ---,---...,...,,-_-,-,---
2 -2 [)~', ~i) IJ\;' 2,

1;1",+1) + ~1J\;:~i)~IJ\',:'+I)

2" I ~21J\:'.)

O\lId = ,,,'n = Co + Cl + . + e",.

II.:." )

(1.1 '))

i~ 1101 jill ('p.,ra 1>1(' ill t 1](' S('llS(' or 111<' si rigId" rit.," (,Oil fil}('llH'll1. '1'11(' alguri 111 Ill. IIU\\"('\'('r.

U.).

IO!!.llJ .r~(J1
.j

S"I

-10

II
'- (-I )1.-'

Figure 1.2: .\('('('lcrillillll 111<'tliods I'llI' I: ---
1.=1 k

1;-:
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1I -

-:-, 
IO'!'!'IlJ 1·1'~~lJ) _ ,'),1

-Ill -

-I:;

fI
I'(;H(:()=~I-

I

10 [.-, :i0 :l0 :10 :;.)
1/

'- I
I'igllrl' I.:\: .\("("('kr<l1 iOIl 11]('1 hods 1'01 ~ J:i

fI
I'(;H(:~," I=~) -

-:i

loglUl·I'!() - S,-I
-I

10

-K -

-Ill __--'--_---"---_----'--_--'__"-----_--"---_---'---_----.J
o 10 1.-, :i0 :i:; :10 :1:; 10

1/

Figur(' 1.1: .\('('('I('riliiolllllclilod, for t (lle-I)II
!=, (n )li( II, + I)

1(1
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T;tlJl<- 1.1 U-i:llgorillllll for I h(' seque!lc(, :":,,, = L~~,( -I )k-I //;1/2

01''') li\"') 0\"') oi"') oi,"')

1.000000 O.GOGI'j:j OGO 1902 0601898G,11921 O.GO 189861:) 112

0.2928~):j 06011:lQ 0.601899 060 1i:l98G 12991 OGO 189t\(i 1:1121

0.87021:) 060.)116 06018989 060189861:j.)(;2 1J60 1898G I:) 121

O:17021:) O.GO 178:) 0.6D 1898;) I oGO 1898G I:;:j 70

0.8171.-)7 O.GDI%6 0601898G9 0.60 1898G I:) III

0-109209 0.6018:j6 0.601i:l9862 06018986 I:j IlL

D.78717:j 0.601927 0.60 1898G.)~

D.I:):1620 0.601879 06018()81i:J6

0.7669'-,:j 0.60191 :) 0601898617

10 0.I·j072·i 0601888

II 0.7.in:)7 06D 1906

·jO
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Tahl(' 1.1: f)-algorithlll fur tIl<' S('qllC'IlC(' ,",'1/, = Lt:::l 1//,.-2

0\"') r!:l,n) ol",j o~"') 0,\''')

1.000000 1.(H~t'~9 I.GII'):lI') 1,(, 11'):l 10~"2 I.G 11'):l lOG,"

I.FlOOOO I.GI2:;G] I.GI19:jl.) 1.6119:; IO,O:j I.G 119:\ 10G,G

:;61111 I.G I:HiII J.(jll'):ll:; I.(j II~H 10(;,8 I (,II'):lIOG"

I. I2:;GII 1.(; I 11(" 1.(; II'):; 11 I.G II~H IU(;n

I. 1(;:HiII 1.(,111.")0 !.(;II'):;II 1.(; II'):; IU(i(H,

I. I')!:h') 1.(ill(i1l) I.h 11'):l II I.h 11'):lIOh\'l

I..") I lI'lI I.G II,OG 1.('II'):lIO'l

1..")11121 J.(j 111(;\ J.(iI19:jl(h

') I.·"):HJ'(;~ 1.611\l)') I.(ill!):llih

'" I'.; ""Ii' I.G 11\:1~

II I ..).)~(W 1.(; 118·-,\

·")1



Chapter 5

Concluding remarks

!T('I(' I\d\' alld Iii" dis(T"I(' P"I""I;al I,d\' ('q"al;""s, r('sp"('li,,,'h' alld lilill liI,,;r

j)crfUl'IlliIIH'(' ,IS COli \'('rg<'I\("(' ;-1('('('I(,l"at iOll algurit hills is rOlllp!<'l('],\' the :-ialll<'. Ilu'

applinltioll of til(' .:-algorithlll is eCjlli,'al('llt to til(' Dioplldl1till(, appruxilllaliol! fur

the lilllit 1,1~1l....,",·" alld coefficicnts app<'arillg ill the C<JlltiIlUCt! fractioll olJ(',\ til<' tillW

discrete' Toda Illo\cculf' equatiol1. r!H' lilll<' ('\"l)llltioll 01" tll(' Tuda IlloknJlc cqllaliull

lrlal('s strullgl," with (OIlH'rgcll("(' c.lCTc]cratioll 1,-" til<' =-i:d2,uritlllll.

diS(T('I;ZiII;,," "r II", n'I;lIdri(',,1 I\d\' ('q"ilt;"", Til" 0;- allli liI(' p- ill,\"rilllJlJs,

despite tllPir apparent silllilaril,\'. PW'S('SS dilf('I'('Jll propcrt it's IH)l1J a:-. rOl1\'crg('IlCC

acn']cralors alld as discrete soli1oll eqllilt jOlls. TIl<' dirrcn'llC<' ill pcrfurJllillln' uf ,Iws('

1wu algorit Illlls depellds oil 1heir differclll (\c·tcl"tllilli:lllt ('xpn·ssiolls. B.,· rlJelllgillp, t Ii('

'I'll<' PCH algorithm. quilcg('llCral iIJtegrabl(· rholllbusidgorillJlll. l'('latcs \\'itlll!Jc
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di"rl'('l(' I'ailll(·\"(" ('qllatioll ur 1,"1)(' I IH'sid('s tll(' disrn'lc I":d\' I\IH' t'<jllCllilJll". Iii....

lIlI illl('I'('st illg prohlclll 1(, nJlIsid('r til(' 1'('lal ion ))('1 \\T('11 ("(1II\Trg('III"(' (lcn,le'lat iUIl fllld

tl", ""i"len', prul'''r1\',

\\"1[('11 \\'(' (lppl,\" Z- alld p-ll]gorit IIIllS to (l ColI\'('r!?,(,llt <";('<]11<'11("('. udd 1<'r1n:-. Cull

\'('I'.!.;(' 10 til(' Sillll<' lilllit as t IIC origillal S('<lUCIlC<' j hough ('\"('11 terms di\'('I~(" lilis fact

ll~r<'('S WillI t!le idea of t \](' sillglliarit.\, COllfillCI1I('111. 11 is II fut lin' pl'ul,I('11I tu c1aril\

huw 1\\'0 diffcn'lll Ilotiolls. (l('('(,le'ratio]l cUld illtc·grabilit.\". ill'(' associated with ('(lCll

oj 1]('1'. III 01 IH'1' words. w(' ShOldd COlISid('1' \\'11<'111('[' wc C(-111 COIlst rllcl llC'\\' ('Ull\'('I).!,('IICl'

ac("('I(,l'alioll algoritl1111s fro!l1 Ill<' 0111(-'!' discJ'(II(1 soliloll ('C[ll;:l1iolls 1 and wl, ..11 killd or

(''!llil! ions tIl(' 0111('1' alg,CJl'ii lUllS COIT('SIH)lld to,

\\'il," (H(' tl](I~(' two aJ'('as. solitoll tll('or," alld 111111l('l'ical i:lllal.,'sis. 1"('!al('c! wilh (,ilch

0111('1' ('\"('11 though th('.'" l1a,·(' c1ilkrcllt larppls'! TIl<' sO!1l1iDI1 of 111('s(' pl'obl(,llI:-- will

she'd a ]IC'W lighl 011 til<' stud.,· of illte'~rahl(' s.,'ste'IllS alld 11I11IH'rica! i:l1l(d,,·sis,

ljl;lpagl'ol'gioll ('I al han' propo:-;t'd il 11('\\' (llp,oritlllll ha.':i"<! 011 111(' di:-;('l't'lc 111()llifil'll 1,<1\'

(lqUilt 1011
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I\ak"i. Dr, I\atsuhiro .\isllil1ari. Dr. Daisuk" I'mihata. Dr, \["kolo Torii. \11'. I\"i

\Ialsui. \11'. Sll!oslli .\Ioriwilki 1'01' 111<111\" usel"ul dis(,llssi()l1~ alld ill~lrIlCliul1:-; ill tl]('

]·'illalh- illld lIlost or {lll. [ wiS!l to gi\'<' spccial tll<lllks to Pru["cssIJr .Jlllikiclii Sal

sullla rot' 111<-1I1y \'(llu;-l!Jlc i llst !"ud iOllS ft)[' t lJ<'s(, Ii U' years ill spi I (' or \"(\ ri()llS d111 i('s. II is

1110th) is 111(' 1)(lsl teaching is 110t jC{lchillg al all but creating a clillla1<' for studellts.

\\'Ilich gil'l's Ill<' all (\l<' cOllfid('llc(' 10 choos" 111\' palh of stud,
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Appendix A

The Toda molecule equation and

matrix eigenvalue algorithms

A.I The Toda molecule equation and the QR al

gorithm

\\',. 11,,1'" giu'" silllpic illtroductioll of tl,,' QH illgoritlllll ilild 1'("';""" its rdilt;oll with

tl", T"dil Illolccuk "'1l1iltioll [:3.)], III ilcicliti"II, \\"(' discllss 11011' solutiol" for till' Tod"

tllo]('('1II(' ('quatio!l reflect 011 111(' ('\,OI1ItiOll or (1 gi'"('ll Jllatrix ill dcnt1iolls or 111<' QI<

Cllgol'itlJlll.

The QI{ <dgol'ithlll is til(' most popular llH'thod to firld ('ig('Il\'id\l('~ of it gi'"('ll

11Iiltrix X E ,'/(n,C) This is bas"d Oil tl,,' QH c1"colllpositiol,I,

X =(28,

\\,11<']'(' Cd is a unitar,\ matrix (or all orthogonal Illatrix ill the (lIS(' of I'cal) alld Ii is

l'l'IH' QH t1(,(o[llpo~ilioll ('qlli\"aklll to (;ralll-Srhmidt":-; ortllol-!>onalizalio!l.

GO



A The Toda molecule equation and matrix eigenvalue algorithms

.\. = (jN "lid IJilillil'k th" f"rlols ill IT'·'TS(' old"l w" oi>laili " IJialli~ .I' lie;
\\'hus(' (,jpptl\",dlH'S arc ('<jll(ll to those 01" Ill(' illilialllllltrix.\ If \\,(' l'<')li:lllH' 111(' initial

11lal rix ,\"u- t Itc)l t \)(' algorit Jllll is cldi[]('d b.\' t he equal iOJls.

(\.:!)

Sill("(' tIl<' r('la! ion

111<l! lIndel' (Trtaill !"cslrirtiolls tl]{' l11i-ltrix '\'/1 alld its diagollill ('llll'ics rOIl\'('I"gc 1\)

llppcl'-tl'iatlgulal Illatrix alld ('igcll\'alucs of the initial lllatrix .Yu. I'cspccti,'('!.\' as /I

I"nds 10 x.

\\." II,'~I "~I'I"ill ,,1"'lIllll" QH Ilow. Ciu'n a liX<'d IJialli~ '\' E .\/(IJ.C). 1"1 (;(:)

1)(' dll a'Ii,I\·lic fliliciioll defin"d ill ~1 Clililailling "II "ig<'lI,·"llI"s 01 .\·u. Til" QI~ 11011

is \\'rit1c'11 ill tIl<' folluwing matrix dill'('l'<'ll1iil] ('C[llatiull'

~\(/) = [.\'(/).11,((;(.\(/)))1· .1(0) =\u E .\I(n.C) (.\.J)

III ('c[. (,·\.:3). i\](' operator [1\ lllaps a ccrtain 1l1atrix )' illto its skC\\'-]l<']"llli1<' pari

\Y]H'lI tlH' matrix )" is decolllposed inlo 11](' dil'(~cl SllIll of sk('\\'-lwl"lllil(' parI and

II pp('r~1 riilllgllial pil ["I" 'I'll(' QI~ 110\\" is ('q1li \"a1crl1 lot!w J"ulln\\'i ng, s('l oj" ('qll,ll ions

fUI lllillli~ 0(/):

~O(/) = 0(/)· (11,((,'(.\'(/)))). 0(0) = I, .\(/) = Q"(/).\oQ(/) (.\.1)

TIll' Illal li~ Q(/) is lll,it"n· fOI all 1 E rnt. [11 addil io". if 1111' II lid li~ ,,/(;(So) lias a QI<

dC("l)J11pnsil iOI1 as

,";ISo) = Q(/)iI(/),

GI

(.\.i)



A The Toda molecule equation and matrix eigenvalue algorithms

111<'11 III<' IIlili 1';' q(l) soh,s <'q. (.1.1) I':qual;oll (.I..j) ;lIll'li"s IIlil1 ill;I;;.! ,·,,111"

Irll'('I)UI

(,'(:)=-:

[Ill·

1

(1" = (/,,(h,,+I-h,,) (11=1.2. ...\'-1).

h" = :!((I;,-O;_I) (11=1.2. .. \').

(llJ = (1/1 = O.

11'11<'1''' (I,,(I).h,,(I) "nd q,,(I) in eq. (:!.TJ) ;lIe related b,

(,\.(»

(/,,(1) ~("p [ q,,+I(I):!- q,,(I)].

I·
:/2(1)

( .\./)

(.\.~)

l:urll"'rIlIOr('. I he rolloll'illg 11"'OITIII COIIIII'ctillg llw QI! ,dgorit 11111 ,,1,,1 \ 1((' To.!"

IIlokcuk eq. (. I.G) I",ld"

Theorem A.I (S\'II\('S [:J.jj)

If II" m(ll,·i.r ",p[-X(!»] hf/.s II" QII rl!romposilioll.

(',p[-X(I,)] = (j(k)F!(A). (.\.'»)



A The Toda molecule equation and matrix eigenvalue algorithms

/!I'/1 ii" ,rllliio/l.

!lolds.

11(/,)(j(k) = ,'xl'[-.\'(I, + I)] (\.IUI

Th" "bo\'(' 111<'01'''111 sl"\,,s 11,,11 til<' I,.-lil ikralioll of Ih" QI< algorillllll is "'1"i"al"111

10 II", lill1<' "\'()I,,lioll of Ih" Tori" 1l1<)I"Clllc "'I. (:!.:H) fro 11 1 I = I,. I" 1= k+ I

Tilis ,'C!"i""lcll(,(' 1,,'111""'11 II", Tori" 11")1"1'111,, "'I. (:!.Tn alld II", QI< algurillllll is

also interpreted as !"olluws; Sinc(' dis! (]I1("(' 1><'1 \\'{'('11 t\\'o llC'ighboril1g, pill'! ie[('s ]H'("OIIH'S

10 %"ro. This is 1I011lillg bill rli"gOIl"liz"lioll of tl,,' illilialllialrix StU) ill 1<'1'111' 01

1111111Crica] <wah·sis.

A.2 The discrete Toda rnolecule equation and the

LR algorithm

[II flJis sectioll. wc discuss t!Ie integrable discretizatio1\ of the 'J'u<!(1 molecul(' ('qll<:l-

lion aIle! its !'e]alioll wdh allother Illatrix cig<'ll\'aluc algoritflJl1. 1]1(' 1..1{ algul'illll11

TIJr(llIgh c\"I'"Ic\""1 "ariabl" I r,,"sforl11al iOIl.

\\,{'ll(\\'('

(.\.11)

d'cli2 log \ ;, (I) (.\.I:!)

frolll "'I. (2.:H). IlIlrodlll'illg "i11'i"bl" T,,(I) ddill"d h,

d'
\ ;,(1) = cli21"g T,,(I). (,Un



A The Toda molecule equation and matrix eigenvalue algorithms

\\'(' ohfaill j II<' hililH'iH ('(jllat iOIl.

(.\.11)

TIl(" s"lulio" ror "q (. \.11) is i\i,·,·" ill II,,· rollo\\'i"i\ Ila"k,,1 d"lnllli"il"l:

"IV ""-'111
\11

-;[I dl/ i - 1

dlv "'III ""\11

7,,(/) =
-;[I --;[iT ~

c!n-I \IJ d"l1l c\211-2\IJ

d/"-' ~ d/',,-2

",Ii"r" 111(/) is "dill"c! b,'
\"

\jJ (I) = L ("J. 'I) = P, I + II.~O)
1=1

(.\.IG)

"·ill, II", ill")\·,, ""fi"itio" or III(" r",,("lioll \V(t). (';1(,1, qUilllli!.,· 7,.(1) is r"",rillell ilS

7,,(/) = L \.(/1".11" ..... 1" ,,)' ,'XI' ('I" + Iii, + ... + II,,,)· (.\.17)

",ll("r(' \'(/".1'2' .pd slallcls ror III(" \'a"c!('rrllo"c!" "('lenni"a"l

(.\.It')

I)~'-l /);-1 jJ;~-l

111 ordc'l" to cliscrctiz(' tl)(' Toda Illolecule cqualioll. W(' reddillc 111<' disc!"('t(, alii-dogue

or 7,,(t) by·

(1)(/) (1)(1 + b) (1)(1 + (II - I)b)

7,,(1) =
(1)(1 + b) (1)(1 + 2b) (1)(1 + lib)

(,\.I'l)

(1)(1 + (II - I)b) ~)(I + lib) (1)(1 + (211 - 2)b)

GI



A The Toda molecule equation and matrix eigenvalue algorithills

\\·11<'1(' <1>(1) is dclillcd 1)\
\

<1>(1) = '[>,1';;-'
,=1

(U(J)

TII<'II \\"(' SCI' fro II , .Jacobi·s idclllil\' 1'01 dl'jcllllinaliis Il'ill T,.(I) ill C'I. (.1.1 1)) ",Iislics

III<' Idln\\"ill?, discrcte bilillcal cquill ion.

T,,(I + 2h)T,,(I) - T,,(I + b)' = h'T,,+,(/)T, _1(1 + 2h). (.\,21)

1,,(1)

1;,(1)

T,,_I(I)T,,(I + h)

T,,_,(I + h)T,,(I)'

T,,+,(I)T,,_,(I + b)

T,,(I)T,,(I + II)

(.\.22)

(.\2!)

filled].\" oblaill til(' discH'lc' Toe];·j 1l1ol('cule equation.

1,,(1 + h) - 1,,(1)

TIl(' (lbo\"(- ('quat iOIl is rcwrittell as

1,,(1 +b)\;,(1 +n

b'[i ;,(1) - 1;,_,(1 + b)].

(.\2 I)

1.(1 + b)N(1 + b) = N(I)I(I).

",1"'1<' 1.(1) illid H(I) arc ')lill liccs dclill<'d I"

o
\,(/)

12(/)

o

G.)

(.\.2G)

(.\21)



A The Toda molecule equation and matrix eigenvalue algorithms

1,(/) 0
1,(1)

1((/) (.\2<')

0 1,,(/)

'1'1", ('qual iOll (:\.26) is IIoll,illg bul 11,(' Lli algoril hill. \\'l,i('l, is ""(' of II", fall'ollS

('quatioll alld th(' Ll< algorillll". 'I'h I'<)ugl , II", i'('ra,iolls (.\.2(i). th(' II,,,'ri,

.\(1) = L(/)H(/) =

1,(1)

\ ·,(/)1,(/) 1,(/) + h\·,(/)

\2(/)/.(1)

o

o

\ ;,~,(I )1,,(1) 1,,(1) +hi ;~,(I)

(.\.2lJ)

is 1\.110\\'1110 ('ullu'rg<' to {HI upper iriallgular lllatrix with diagollal ('lllric's apPl'(J(lchillg

\ ;,(1). \\'h;('h ('orr('spolld 10 ("1'( -( (2,,+, (I) -(2" (I))) alJd d('('iI,\' ('.'l'olJ('1J1 i"II.'· 10 %"1'(1.
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Appendix B

Fundamental properties of

continued fraction

beell IIs(·d illliJis tl"'sis (See rds. [:j<). Il)] for delails.)

B.1 Basic definitions of continued fractions

\\.(' lirsl gin' a ["('("ursin' ddillitiull ror tll(' c01l1illUnl fractilJlI.

'"hu+------

h,+----

(/,1 (/21 (/,1
hu +-+-+-+'

I h, I h, I h,

()7

(Ill )

(IU)



B Fundamental properties of continued fraction

h,,+K(a./h,) (Ill)

"S Idloll"s. I,d {a,,} "lid {h,,} I", S(''1"('IC<'S of 1I111111)('rs lI"itll "II (/, =I 0 "lid if, } I",

r, = -",,(0). II = D. I L· (IL I)

"1/(11') = _"_"-. /I = I 2.:L
h" + II'

(lUi)

TII<'II (,ilel, (" ddill('s II~I h eOIlI','r!>"II! of I h(' cord illu"d frilel iOIl (/J.I). (/J.J.). or

(/In

Theorenl E.! Lf I. \/1 olld lill bf /llflilf /'(//(". {fllr! d( 1101Ill//(/lor of til( /I-III rOIl!'( Iffr III

(/I" flu 1/ fh( Y {fl"( (It II Ulliflfr! n (·or.-.:i/'{/y by

'\-1 = I .Iu = hu.II_ 1 = D./J" = I. ( IL,)

(IL~)

(IUJ)

B.2 Equivalence transformations and contractions

\\"(' Sin" that two corl1irl1lcc! l"ractions.

h" + K(a,,/h,,)

h~ + K(a;,/h~)

f,. =1,7

( 11ID)

(Ill I)

(Ill J.)



B Fundamental properties of continued fraction

"old, for ""." 1/ 2': 0,

Theorem B.2 '111'0 col/lil/II"I II'I1('/IOI/,' (11.10) I/I/d (1J.11) I//,( ''I"il'll/, 1/1 ,I IIl/d 01//"

If III( "( (.rI .... I ... a .... ( qllr 11(( of II ()fI:;{ J"{J ('01/... /0111 .... {/',,} .... /It'h tho/

'-u = I

1',,1),,. 1/ = O. I.!..·,

(ll,I:\)

(1l.11)

( Ill"»)

\'('xl \\'(' discuss cOlltractiol1S illld ('X!('11Si(JI1S of COlltilllJ('d fri:lctiollS .. \ COlllillll('d

fr"cl iOIl b~+K( 1/; /b;) is s"id In 1)(' i\ ('()/Il 1'I1t1 ;0/1 of" ('0111 illll('d 1'1',,('1 iOIl b,,+K( I/,,/b,,)

if {I~} is" sllb"''I"('II('" of 1.1',,}. 11I1'('rs('I\' \\'(' sal' I""I bu +K(o,./b,,) is "" "r/I 1/"iO/l

of b~ + K(o;,/b:) .

.\s a sp('cial rasc, if

"olds for anI' 1/ 2': O. I "ell b~ + K(I/" b") i, calkd I III' ,/'( /I IJlI/'I of b" + Kill b,).

Theorem B.3 .1 ('(JIIlil/lI,d II'I1('/IO/I b" + K(II b,) 1111.' 0/1 II" /I pllrl ,I II/ld 0/11.'1 ,I

(B.li)

1/,'1, (/J.I7) !Io!rk I!IIII I!I, ,!rlllill/.' oIII" "·"II)(I/·lb~+K(a;. b") 11/" .'/1/',/1 (lip

10 ''1";''11/, /1('( 1I'II/I ...jr)l'IIlIIl;o/l) by

( IUK)

(HIIJ)

(IUD)

G'l



B Fundamental pl"Operties of continued fraction

(lUI)

holds for ",,,. 1/:::- 0.111<'11 "C + K(a:'/":') is ("lied III<' or!r! pllrl of "" +K(II,,/",,).

Theorem B.4 ,I cOlililllllflI,."ctioll "" + K(II,,/",,) !JIIS (/II Or!rll)Orl rI 1I1Ir! olillf ~/

Iru _, i' o. I· = 1.2.:j (IU~)

II((( (/j.2~) !Jold,. I!J'IIII" 1/111/1111., oIiI" IIdd pr/l·II'C+K(II:'/";,) (lIT .'/inll (III) In

(q/lil'(I!rl/('( I'·all·....lo/·/I/(flioll) by

(I, + ""'"", .
(II (/2h:J ,.

--Ir-,-. Ir, = o,lr:, + ",(0:3 + 1r,1r,,).

-(/.2k-1 (/u·h!.~+ I h2k_:~.

70

(HJl)

(H.~ I)

(IU,)

(lUG)
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