
Appendix A

Note on the Damping Term

A.I Abstract

A rigorous equation of polar motion is presented on the assumption of familiar ";\'ewtonian"

damping. As long as the Q-\"alue is independent of frequency and as high as 0(100) or

less as estimated in pre\'ious "'orks [e.g.. Wilson and Vicente. 1990: Fumya and Chao.

1996], the difference bet\\"een the con\"entional and present equation of motion would be

insignificant.

Key words: polar motion. ,,·obble. equation of motion. damping.

A.2 Motivation

The con\"entionally employed equation of the Earth's wobble is the following:

i dnl _ _
(Tell" dt + 111= \,

(A.l)

where the In represents wobble, and is defined as 1JlI + i1Jl2 when! he variable angular

velocity vector is set to be n(ml' 1712.1 + 1n3); the subscript 1 and 2 deno! e t he Greenwich

meridian and 90 deg. east longitude, respectively. The RBS of Pq. (A. 1), \, rppresents

the excitation, which is dpfined as \1 + i)(2 [e.g.. MUl1k and MnrDonald. 1960: Lmnbeck,
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oscillator with its resonant frequency. aCI\". "'hich is defined in terms of Chandler period,

1980: Eubanks. 1993]. :\ote that the eq. (A.l) allmvs for a 2 dimensional damped linear

T. and Q-value:

aCI\" == ~(1 + i.2.-).
T 2Q

(A.2)

(.,Ub)

where (J" is defined as (J'Cldl + 1/4Q2). It is certain that this equation allo,,'s the free

damped oscillation of eq. (AA):

torque acting in a direction opposite to the motion of the shell shifting in response to the

frictional torque. This type of torque has been considered to work as the dissipation in the

wobble, It turns out that the Q-value in eq. (A.l) defined as (A.2) originates in the above

core [ Munk and MacDonald, 1960: Ln.mbeck, 1980],

(AAa)

(AAb)

exp( -t/2QT)cos(27rI/T),

exp( -t/2QT)sin(27rf /T).

However, we should note t hal the damping term is not a familiar ":\ewtonian" damping;

Munk and MacDonald [1960) states that the torque above corresponds to the frictional

In \'ie,,' of the eqs. (A.l) and (A.2), the i in m, + im2 as \vell as in \ I + i\2 is obviously

1980]. It is true that the complex Lm'e number itself is allom'lble for some linear rheologies

[Lambeck, 1980]. but it is defined not in time domain but in frequency domain: it would not

be legitimate to meet the two different i in one equation. Rather, despite that the explicit

form of damping term had not yet been confirmed, it appears that t he real eigenfrequency

was simply replaced with the complex eigenfrequency in ad hoc manner in the previous

for a numerical cOll\'enience in expressing a 2-D quantity. On the other hane\. the i in

aC\\' has been connected to the imaginary part of the complex LO\'e number [e.g.. Lambeck,

works. As shown in Munk and MacDonald [1960], there is another choice for the damping term.

\,"e add the well-known ':\ewtonian' damping into the original equation for rigid body.

A.3 Formulation and Result How will be the cOIl\'entional eq. (A.l) altered? The ':\ewtonian' damping is the third

term of LHS of eq. (A,5) below.

the equatorial principal moment of inertia for only the mantle. L:nlike Ihe conYentional

respecti\'ely. and LJ(j = 1. 2) is the torque around the axis denoted as j: .1", represents

where C and .-\ are the principal moments of inertia around the polar and equatorial a."is.

fn the conYentional derivation of eq. (A.l). the feed back term "'ith complex coefficient is

added to the Euler equation for rigid spheroid. which allows for both the elastic yielding of

the mantle by the real part and the phase lag associated with dissipation by the imaginary

part [e.g.. Lambeck. 1980]: at this time. the 1"'0 i are errorneously mixed together. The

Q-\'alue has often been related with the imaginary part of Love number. and this has been

the basis for arguments on mantle anelasticity. Howe\·er. if we regard that the i in eq. (A.l)

dm k U '..lm-;i + II(C - .-1)(1 - :0 )m2 + Cl1Jl,
rim k U '.-Imdf -II(C - .-1)(1 - :0 )mt + om2

(A,5a)

(A.5b)

is just for numerical convenience. what kind of term is invoked as the dissipati\'e torque'! derivation, the wobble Lovc number, k~". is not a complex bul a real \'alue, Combining

Decomposing the eq. (A.l) into real and imaginary part, one arri\'es at Ihe damping term eqs. (A.5a) and (A.5b) in tCrIns of i and based on the eq. (A.2), we arri\'e at the following

as the second term in the LllS of eq. (A.3) below: equat ion:

Real 2..(_ dm2 +.2.- dm,) + m,
(J" df 2Q df

0, (A.3a) \', (A.6a)
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(G - A)I1(l_ q\
Am 1.:0

2u

(A.6b)

(A.6c)

be retilined if both Q ilnd Q' are numerically the same with eilch olher:

(A.8)

Here. \\'e attached the asterisk in both the excitation and Q in order to distinguish them in

eq. (A.3). The fundamental di£rerence from the aboye derivation is that the i in eq. (A.6a)

is used just for the purpose of numerical conyenience. The real and imaginary part of

eq. (A.6a) are the follo\\'ing:

If the Q-\'alue is independent of frequency and as high as 0(100) or less as estimated in

pre\'ious works [e.g., Wilson and Virente, 1990: Fumya and Chao, 19961. the difl"erence

\\"ollld be insignificant in spite of the considerable difl"erence in the appearance bet\\'een

eqs. (A.3) ilnd (A.7).

1 dm, 111.,
--+111.2+-
!Tnl' dt 2Q

1 d111.2 111.2---111.,+
0"('11' dt 2Q

which ob\'iously yield the eigen solution of eq. (A.4).

A.4 Discussion

(A.7a)

(A.7b)

\\'e re-examined the polar motion equation from the standpoint that two distinct; shollld

not be used in one equation of motion. As long as we assume the simple linear damped

oscillation of eqs. (A.4). and allo\\' for only the i used just for numerical conYf'nience. there

are two kinds of strictly permissible damping terms. i.e .. the second terms in eqs. (A.3)

and the third terms in eqs. (A.7). Thus. both eqs. (A.3) and (A.3) can be the polar

motion equation. while eqs. (A.3) ha\'e been traditionally employed. \\'hen \\e resort to

the ':\e\ytonian' damping as in eqs. (A.7). the eq. (A.6a) haye to be employed in place of

eq. (A.1).

In the preYious literature on the excitation of Earth's \\"obbk, the deconvolution of ob-

served wobble into its excitation has been carried Ollt in lerms of eq. (A.1) by assuming

the Chandler period and Q-\'alue [e.g., Wilson and Hauhnrh, 1976; Wahr, 1983: Wilson,

1985]. If one employes eq. (A.6il), what difl"erence would be seen in the inferrNj excita-

lion"! Comparing the \; in eq. (A.1) \\'ith the X· in eq. (r\.6il), the following relMion can
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Appendix B

Note on the Bias for Chandler

Frequency Estimate

B.l Abstract

Based on the recent unclerstilnding thilt the atmospheric ilngular momel1lum (AAII1) fluc-

tUiltion is paniil]]y responsible for the excitillion of Chandler ,,·obbleo a few groups ha,oe

tried to estimate the Chandler frequecy by minimizing the difference between AAI\I and

inferred excitation [ Furuya and Chao. 1996]0 The purpose of this note' is to show that

the Chandler frequency estimate tends to be biilsed to,,·ard higher ,0ilIue t han the true

frequency.

B.2 Formulation and Result

Polilr motion is thought 10 follow the basic equation of polar mol iou, eq. (B.l):

i din _ _
-:;--- + 111 = X,
0"("\\. dt

'Tlds appelldix has beclI al'raug('d for Fun..tya (mel Chao [1996J.
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where rhe rn rf'presf'nts ,,·obble. and is df'finf'd as m, + im2 whf'n thf' ,·ariable angular

,"f'loci!y wctor is Sf't to hf' n(Ill,. m2. 1 + 1ll3): thf' subscript 1 and 2 df'note thf' Greenwich

meridian and 90 df'g. f'ast longitudf'. respf'cti,·ely. The \ rf'prf'sf'l1ts its f'xcitation. which is

definf'd as \1 +;\2 [e.g., Munk and MacDonald. 1960: Lnmbeck, 1980: Eubanks. 1993]. :\ote

that the eq. (B.1) allows for a 2-dimf'nsional damped linear oscilJator with its resonant

B.2. FORMULA.TION .41\'0 RESULT

At somf' specned frequency <I" thf' residual power 1'(<I,) is,

1'(<I,) = [\o404M - In + \sj2( o-~ll· f
<Ia

-2[ \o404M - In][ \0404." - III + \.,.j( o-~·ll·)
<Ia

+[\Ao4M - Int
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(B.6)

frequency, o-CII", ,,·hich is defined in terms of Chandler period, T, and Q-,·alue:

(13.2)

:\ow, If't us considf'r a statistical propertif's of 1'(<I,). If thf' following f'quality is assumed

to hold. i.f'.,

We can inff'r thf' f'xcilaion by prf'scribing tllf' complf'x Chandl,.,. frf'quf'ncy as 0-".: thf'

Wilson's fiJtf'[ is uSf'd hf'rf' [ Wilson, 1985]

E[(Xo4AM - rn)· XN] = 0,

11lf' f'q. (B.6) will lead into t he following.

(B.7)

\Vhen thf' prf'scril",d 0-" difff'rs from the true o-CIl' (which wouk! bf' probably always thf'

which ob,·iously illllstratf's that "·e cannot know the true \ until Ihe 0-" coinsidf's with tllf'

case l ). how difff'rf't1t is th0 inff'rrf'd excitation X" from Ihe tme \"1 After a simple algebra,

the \a can bf' "Til tf'n as folJows:

\,,(1) = o-(;"ll· [X(t) - ril(t)] + met).
<Ia

(B.3)

£[1'(<I,)1 = [\Ao4M-rn+;\N]2(0-~ll·f
<I"

-2[Xo404M - ril](o-(;""·)
<I"

+[\.4.4.\1 - rilj2

(R, + .\,.)(a~·"·)2 _ 2R,(0-~ll·) + R,.
au (In

wherf' R, and X, arf' definNI as follows. rf'specti'·f'ly:

(B.8)

(8.9)

Suppose that the \ consists of both \04 ..1.\1 and otllf'r unknown \s,

\ = \0404.\1 + \s· (B.-1)

R,

;Y,

[\0404.\1 - Int (B.lO)

(8.11)

In order to estimate thf' optimum Chandlf'r frf'quf'ncy, we minimizf' thf' rf'sidual I",twf'en

\" and Xo404M. \\'ith thf' USf' of eq. (B.3). ,ye Sf'e that the difJerence is Ihe follo,,·ing:

Hf're. thf' assumption of f'q. (B.7) wilJ bf' legitimatf' as long as thf' non-.\ .....rI1'f'xcitation

\N has no cohf'rf'ncf' with thf' .'1.'1/11. /llorf'O\·f'r, tllf' dot-product, rl1· ;\,v. corrf'sponding to

o-~.\\. (XAAM + XN - rl1) + '11 - Xo404M
<I"

(\o404M - rn + XN )(0-(;"11·) - (XAAM - In),
<I"

which can be vif'wf'd in hoth timf' and frf'quf'ncy domain.

(B.5)

thf'ir cot1volution in time domain will be small ill its f'xpf'ctation ,·aluf'.

Tbf' minimum rf'sidual power of is achie'·f'd when thf' prescribed frequency is

(13.12)
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B.3 Conclusion Afterword

fr"qu"ncy.

II"h"r" th" summMion is p"rform"d 01'''1' the fr"qu"nci"s tak"n into account. Thus. I\''' Bre

I"d to conclude thBt th" Chandler frequency tends to b" estimated high<'l' thBn the tru"

If on" "mploys wid" fr"qu"ncy bBnd Bnd minimizes th" r"sidual pow"r, tl1<' minimum is
This th"sis is concerned with the classicBl geophysicBI prohlem, to examin" th" excitation

somce(s) of th" EBrth's wobble. Some people will consider th" term, classic, as "old

fashioned", but I am using the term BS having a high quality that is l'eCognized and un

queslzonecf-. tdy impression is that th" "amest work has just beglln Ol'er the pBSt decad".

partly b"cause the spBce-geodetic t"chniqu" CBn proYid" a good quality data set and parly

b"cause the global atmosph"ric anBlysis dBta hal'e proY"n to be us"ful for studying the

YMiab!e Earth rot at ion. Indeed. aJl t h" r"sults shown in latN Chapt"rs are my original

resulls which. to my knowledge, hal'" n"Yer appear"d in previous literature.

In the near future, th" time spBn of spBce-geodetic observation will b" extend"d. I\lore

01'<'1', the global data assimilation techniqu" will inl'oll'e not only the atmospher" but also

the oc"an and hydrosphere on the land. Hopefully, this book "'oldd s"n'" as one step for

the fut me research in this ar"B.

(B.13)E[ - ] _ I: R, + I: N, -
aa - I: R, . aCII'.

achi"lwlwh"n th" pr"srrih"d frequ"ncy is

20xford A(h'iUIl'C'd Lerner's Dictionary of Currcnl Ellglbh. -1th ('clition
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