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Uniformization of Cyclic Quotients of Multiplicative

A-singularities

By Kenjiro Sasaki and Shigeru Takamura

Abstract. This work is motivated by the canonical model of de-
generations of Riemann surfaces. For a quotient space Ad−1/Γ of
a ‘multiplicative’ A-singularity Ad−1 in C

n+1 under a certain cyclic
group action Γ on Ad−1, we explicitly construct a small finite abelian
subgroup G of GL(n, C) such that Ad−1/Γ ∼= C

n/G. A resolution of
C

n/G gives a decomposition of the monodromy (a higher-dimensional
fractional Dehn twist) of a degeneration Ad−1/Γ → C into subtwists
along the exceptional set (it seems that T. Ashikaga’s work on resolu-
tions is related to this). Moreover: (1) We give a numerical criterion
for a certain subgroup of GL(n,C) to be small. (2) For a certain family
of subgroups of GL(n, C), we show that if one subgroup of this family
is small, then all subgroups of this family are small (equi-smallness
theorem).

1. Introduction

Let d be a positive integer and consider the following two complex vari-

eties:

V =
{
(x1, x2, . . . , xn, t) ∈ C

n+1 : x2
1 + x2

2 + · · · + x2
n = td

}
,

W =
{
(z1, z2, . . . , zn, t) ∈ C

n+1 : z1z2 · · · zn = td
}
.

We say that V is an additive A-singularity and W is a multiplicative A-

singularity. If n = 2, they are isomorphic via (x1, x2) = (z1 + iz2, z1 − iz2).

In contrast if n ≥ 3, they are not isomorphic: The singular locus of V is

isolated, while that of W is not isolated — the former is the origin, while

the latter is the union of nC2 hyperplanes Hij = {zi = zj = t = 0},
1 ≤ i < j ≤ n.
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Now let f : V → C and g : W → C be projections f(x1, x2, . . . , xn, t) =

t, g(z1, z2, . . . , zn, t) = t. A smooth fiber f−1(s) (resp. g−1(s)), as s → 0,

degenerates to the singular fiber f−1(0) (resp. g−1(0)). When n = 2, the

topological monodromy of f : V → C (and g : W → C) is a (−d)-Dehn

twist (Figure 1.1). When n ≥ 3, the topological monodromy of f : V → C

is a generalized Dehn twist, and is described by using the double covering

method (see [AGV], p.6). The topological monodromy of g : W → C is

another generalization of a Dehn twist. In what follows, we exclusively

consider W , and write it as Ad−1.

Fig. 1.1. (1) The topological monodromy of f : V → C. (2) It is a (−d)-Dehn twist.

We next introduce a fractional Dehn twist. Where a and m (0 < a <

m) and b and n (0 < b < n) are two pairs of relatively prime integers,

an
(
a
m, bn

)
-fractional Dehn twist is a self-homeomorphism of an annulus

[0, 1] × S1 illustrated in Figure 1.2. It is explicitly given by (t, eiθ) �→
(t, e2πi{(1−t)a/m−tb/n}eiθ).

More generally, where κ is an integer, an
(
a
m, bn, κ

)
-fractional Dehn

twist is defined as the composite map of a (+κ)-Dehn twist and an
(
a
m, bn

)
-

fractional Dehn twist (Figure 1.3). If a
m + b

n + κ > 0, the −
(
a
m, bn, κ

)
-

fractional Dehn twist appears as the topological monodromy of a degen-

eration: Set c := gcd(m,n), m′ := m/c, n′ := n/c and d := n′a +

m′b + m′n′cκ, or d = m′n′c
(
a
m + b

n + κ
)
. Let Γ be the cyclic group

acting on Ad−1 generated by an automorphism γ : (z, w, t) ∈ Ad−1 �→
(e2πia/mz, e2πib/nw, e2πi/m′n′ct) ∈ Ad−1. The induced map Φ : Ad−1/Γ → C
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Fig. 1.2. An
(
a
m, b

n

)
-fractional Dehn twist.

Fig. 1.3. An
(
a
m, b

n , κ
)
-fractional Dehn twist.

by a Γ-invariant map Φ : (z, w, t) ∈ Ad−1 �→ tm
′n′c ∈ C is a degeneration

whose topological monodromy is the −
(
a
m, bn, κ

)
-fractional Dehn twist.

We point out that Φ : Ad−1/Γ → C arises as a local model of a degener-

ation of Riemann surfaces; recall that a proper surjective holomorphic map

π : M → ∆ from a smooth complex surface M to ∆ := {s ∈ C : |s| < 1}
is a degeneration of Riemann surfaces (of genus g) if π−1(0) is singular and

π−1(s) for s 
= 0 is a Riemann surface (of genus g). Figure 1.4 (1) illus-

trates an example of a singular fiber, which consists of cores, branches and a

trunk. Contracting the branches and the trunk of this singular fiber yields

the canonical model π′ : M ′ → ∆ of π : M → ∆; the branches and the

trunk become cyclic quotient singularities of M ′ (because the contraction of

a chain of projective lines yields a cyclic quotient singularity). The singular

fiber (π′)−1(0) is thus as illustrated in Figure 1.4 (2). Let p ∈ π−1(0) be
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Fig. 1.4. Intersections of irreducible components are transversal. The positive integer on
an irreducible component denotes the multiplicity of that component. The five bold
points on (π′)−1(0) denote the cyclic quotient singularities of M ′.

the point resulting from the contraction of the trunk. A neighborhood of

p ∈ M ′ is then isomorphic to Ad−1/Γ (for a/m = 4/11, b/n = 3/5, κ = 0).

Moreover the restriction π′ |Ad−1/Γ coincides with Φ : Ad−1/Γ → C, and

the topological monodromy of π′ |Ad−1/Γ is a −
(

4
11 ,

3
5 , 0
)
-fractional Dehn

twist.

More generally, for any trunk (see Figure 1.5), the same holds: A neigh-

borhood of its contraction is isomorphic to Ad−1/Γ (for some a/m, b/n,

κ), and the local topological monodromy is a −
(
a
m, bn, κ

)
-fractional Dehn

twist, and Ad−1/Γ is a cyclic quotient singularity.

In the above, the contraction of a trunk yields Ad−1/Γ, which is a cyclic

quotient singularity. In fact, for any Γ (that is, for any a/m, b/n, κ), the

quotient Ad−1/Γ is a cyclic quotient singularity, that is, Ad−1/Γ ∼= C
2/G for

some cyclic group G = 〈g〉, where g is of the form (u, v) �→ (e2πi/lu, e2πiq/lv)

where l and q are some relatively prime positive integers. This is the starting

point of our present work — we generalize it to the higher-dimensional case

in order to apply it to degenerations of complex manifolds.

Let ai and mi (i = 1, 2, . . . , n) be relatively prime integers such that

0 < ai < mi. Set c := gcd(m1,m2, . . . ,mn) and m′
i := mi/c. Take an
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Fig. 1.5. A trunk is a chain of projective lines connecting cores. (k0, k1, . . . , kδ+1 are
multiplicities.)

integer κ such that a1
m1

+ a2
m2

+ · · · + an
mn

+ κ > 0, and set

d :=

(
n∑

i=1

aim
′
1 · · · m̌′

i · · ·m′
n

)
+m′

1m
′
2 · · ·m′

ncκ,

where m̌′
i means the omission of m′

i. Or

d = m′
1m

′
2 · · ·m′

nc
( a1

m1
+

a2

m2
+ · · · + an

mn
+ κ
)
.(1.1)

Now let γ be an automorphism of C
n+1 given by

γ : (x1, . . . , xn, t) �−→ (e2πia1/m1x1, . . . , e
2πian/mnxn, e

2πi/m′
1m

′
2···m′

nct).

Then (1.1) ensures that γ preserves Ad−1 :=
{
(x1, x2, . . . , xn, t) ∈ C

n+1 :

x1x2 · · ·xn = td
}
. Let Γ be the cyclic group generated by γ. Let Φ :

Ad−1 → C be a Γ-invariant holomorphic map given by Φ(x1, x2, · · · , xn, t) =

tm
′
1m

′
2···m′

nc, and Φ denote the holomorphic map on Ad−1/Γ induced by Φ.

The topological monodromy of Φ : Ad−1/Γ → C is called a −
(
a1
m1

, a2
m2

, · · · ,
an
mn

, κ
)
-fractional Dehn twist. This will be described in [SaTa].

The present paper shows that the cyclic quotient Ad−1/Γ is uniformized

by a small abelian group. Here a finite subgroup of GL(n, C) is small if it

contains no pseudo-reflections. The following was originally proved by the

second author:

(i) Uniformization theorem for dimension 2 There exists a small

cyclic group G ⊂ GL(2, C) such that Ad−1/Γ ∼= C
2/G (Theorem 2.1).

(This ensures that the minimal resolution of Ad−1/Γ is obtained by

the Hirzebruch-Jung resolution.)
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(ii) Moreover under this isomorphism, Φ : Ad−1/Γ → C corresponds to

the map φ : C
2/G → C induced by the G-invariant map φ : C

2 → C,

φ(u, v) = unvm (Lemma 2.4).

This is generalized as follows (a diagonal matrix

(
λ1 O

. . .
O λn

)
is denoted

by diag(λ1, . . . , λn)):

Main Theorem A. (i) There exists a small finite abelian group G ⊂
GL(n, C) such that Ad−1/Γ ∼= C

n/G (Theorem 6.3), where G is cyclic

only when n = 2. Next set li :=
m′

1 · · · m̌′
i · · ·m′

n

lcm(m′
1, . . . , m̌

′
i, . . . ,m

′
n)

where m̌′
i means

the omission of m′
i. Then li is a positive integer (Remark 3.1) and G is

generated by the diagonal matrices Q, R1, R2, . . . , Rn−1 given by

Q = diag
(
e2πil1a1/cd, e2πil2a2/cd, . . . , e2πiln−1an−1/cd, e2πiln(an+mnκ)/cd

)
and

Ri = diag
(
1, . . . , 1, e2πilim

′
i/d, 1, . . . , 1, e−2πilnm′

n/d
)
, where e2πilim

′
i/d lies

in the ith place (Corollary 7.13).

(ii) Under the isomorphism in (i), Φ : Ad−1/Γ → C corresponds to the map

φ : C
n/G → C induced by the G-invariant map φ : C

n → C,

φ(v1, v2, . . . vn) = vk1
1 vk2

2 · · · vknn where ki := lcm(m′
1, . . . , m̌

′
i, . . . ,m

′
n)c (The-

orem 6.6 (2)).

Remark. A resolution of C
n/G gives a decomposition of the mon-

odromy (a higher-dimensional fractional Dehn twist) of Φ : Ad−1/Γ → C

into subtwists along the exceptional set. It seems that T. Ashikaga’s work

on resolutions [Ash], [AsIs] is related to this.

The construction of G in Main Theorem A uses the following diagram

of coverings:

Ãd−1 = C
n

q
������� p

��������

C
n

r
�����

��
Ad−1,

C
n

(1.2)

where p, q and r are covering maps given by

• p(X1, X2, . . . , Xn) = (Xd
1 , X

d
2 , . . . , X

d
n, X1X2 · · ·Xn) (note: p :

Ãd−1 → C
n is the universal covering of Ad−1),
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• q(X1, X2, . . . , Xn) = (X
m′

1
1 , X

m′
2

2 , . . . , X
m′

n
n ),

• r(u1, u2, . . . , un) = (ul11 , u
l2
2 , . . . , u

ln
n ), where li is the positive integer

appearing in Main Theorem A.

We lift and descend Γ with respect to the diagram (1.2): Lift Γ to a

group Γ̃ (acting on Ãd−1), and then descend Γ̃ to a group H (acting on

C
n), and next descend H to a group G (acting on C

n). Then Ad−1/Γ ∼=
Ãd−1/Γ̃ ∼= C

n/H ∼= C
n/G and G ⊂ GL(n, C) is a small finite abelian group.

We remark that in the case n = 2, H is always small, so the descent with

respect to r is actually unnecessary. Even for n ≥ 3, it may occur that H

is small. Indeed:

Main Theorem B (Theorem 5.14 (2)). The finite abelian group H is

small if and only if gcd(m′
i, m

′
j) = 1 for any i, j such that i 
= j.

Next let P be the pseudo-reflection subgroup ofH, that is, P is generated

by all pseudo-reflections of H. Regard κ as a ‘parameter’, and write Γ̃, H, P

as Γ̃κ, Hκ, Pκ. Then the following holds:

Main Theorem C (Lemma 6.7 and Theorem 6.8).

(1) The pseudo-reflection subgroup Pκ of Hκ does not depend on κ: Let κ0

denote the least integer among κ in the definition of d, then

Pκ0 = Pκ0+1 = · · · = Pκ = · · · .

(2) (Equi-smallness) If Hκ0 is small, then Hκ is small for any κ, and if

Hκ0 is not small, then Hκ is not small for any κ.

2. Uniformization Theorem for Dimension 2

Let a and m (0 < a < m) and b and n (0 < b < n) be two pairs of

relatively prime integers, and set c := gcd(m,n), m′ := m
c , n′ := n

c . (Note

that m′ and n′ are integers.) Take an integer κ such that a
m + b

n + κ > 0,

and set d := an′ + bm′ +m′n′cκ. Let γ be the automorphism of C
3 given by

γ : (z, w, t) �→ (e2πia/mz, e2πib/nw, e2πi/m′n′ct). Then γ preserves Ad−1 :=

{zw = td} in C
3. Let Γ be the cyclic group generated by γ. Then:
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Theorem 2.1 (Uniformization theorem [Tak]). There exists a small

cyclic group G ⊂ GL(2, C) such that Ad−1/Γ ∼= C
2/G. Here G is ex-

plicitly given as follows: Let a∗ (0 < a∗ < m) be the integer such that

aa∗ ≡ 1 mod m, and let q (0 < q < cd) be the integer such that q ≡
a∗d− n′

m′ mod cd (the right hand side is indeed an integer; see Remark

2.2 below). Then G is generated by the automorphism g of C
2 given by

g : (u, v) �→ (e2πi/cdu, e2πiq/cdv).

Remark 2.2. Substituting d := an′+bm′+m′n′cκ into a∗d− n′

m′ yields

aa∗ − 1
m′ n′+a∗b+a∗n′cκ. Here since aa∗ ≡ 1 mod m, we may write aa∗−1 =

Km (= Km′c), where K is an integer. Then a∗d− n′

m′ = Kn′c+a∗b+a∗n′cκ.

Proof. Note first that the universal covering p : Ãd−1 (= C
2) → Ad−1

of Ad−1 is a d-fold covering given by p(X,Y ) = (Xd, Y d, XY ). Next let

q : Ãd−1 → C
2 be an m′n′-fold covering given by q(X,Y ) = (Xm′

, Y n′
), and

consider the following diagram:

Ãd−1 = C
2

q
�����

�� p
������

C
2 Ad−1.

(2.1)

Let Γ̃ be the lift of Γ with respect to p, and G be the descent of Γ̃ with

respect to q. Then Ad−1/Γ ∼= Ãd−1/Γ̃ ∼= C
2/G.

We next show that G is generated by g. For j = 1, 2, . . . ,m′n′c and

k = 1, 2, . . . , d, let γ̃j,k : Ãd−1 → Ãd−1 be the automorphism given by

γ̃j,k : (X,Y ) �→ (e2πi(ja+km)/mdX, e2πi{j(b+nκ)−kn}/ndY ), and gj,k : C
2 → C

2

be the automorphism given by gj,k : (u, v) �→ (e2πi(ja+km)/cdu,

e2πi{j(b+nκ)−kn}/cdv). Then for each j = 1, 2, . . . ,m′n′c, the set of all lifts

of γj ∈ Γ with respect to p is {γ̃j,k : k = 1, 2, . . . , d}, and for any j, k, the

descent of γ̃j,k with respect to q is gj,k. Hence Γ̃ and G are explicitly given

by

Γ̃ =
{
γ̃j,k : j = 1, 2, . . . ,m′n′c, k = 1, 2, . . . , d

}
,

G =
{
gj,k : j = 1, 2, . . . ,m′n′c, k = 1, 2, . . . , d

}
.
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Therefore G is generated by the following two automorphisms α, β:

α : (u, v) �−→ (e2πia/cdu, e2πi(b+nκ)/cdv),

β : (u, v) �−→ (e2πim′/du, e−2πin′/dv).

Let l (0 < l < cd) be the integer such that l ≡ 1 − aa∗
m mod cd. Then by

Corollary 7.17,

αa∗βl = g, ga = α, gm = β.

Hence g ∈ G and G is generated by g.

We next show that G is small. Recall that G is generated by g : (u, v) �→
(e2πi/cdu, e2πiq/cdv). Here q and cd are relatively prime (Lemma 2.3 (2)

below), so G is small. �

Explicit form of Ad−1/Γ
∼=−→ C

2/G: Since Γ̃ is the lift of Γ with

respect to p, the map p induces an isomorphism p : Ãd−1/Γ̃ → Ad−1/Γ,

and since G is the descent of Γ̃ with respect to q, the map q induces an

isomorphism q : Ãd−1/Γ̃ → C
2/G. The isomorphism Ad−1/Γ ∼= C

2/G

in the uniformization theorem (Theorem 2.1) is then given by Ψ := q ◦
p−1 : Ad−1/Γ

∼=�� C
2/G. We show that this map is explicitly given by

Ψ
(
[x, y, t]

)
=
[
xm

′/d, yn
′/d],(2.2)

where [x, y, t] ∈ Ad−1/Γ and
[
xm

′/d, yn
′/d
]
∈ C

2/G denote the images of

(x, y, t) ∈ Ad−1 and
(
xm

′/d, yn
′/d
)
∈ C

2 respectively. To see (2.2), first note

that since p(X,Y ) = (Xd, Y d, XY ), we have p
(
[X,Y ]

)
=
[
Xd, Y d, XY

]
, so

p−1
(
[x, y, t]

)
=
[
x1/d, y1/d

]
. Next since q(X, Y ) = (Xm′

, Y n′
), we have

q
(
[x1/d, y1/d]

)
=
[
xm

′/d, yn
′/d
]
. Hence q ◦ p−1

(
[x, y, t]

)
=
[
xm

′/d, yn
′/d
]
.

Supplement Let a∗ (0 < a∗ < m) be the integer such that aa∗ ≡ 1 mod

m, and let q (0 < q < cd) be the integer such that q ≡ a∗d− n′

m′ mod cd,

where the right hand side is indeed an integer (Remark 2.2). Similarly let b∗

(0 < b∗ < n) be the integer such that bb∗ ≡ 1 mod n, and let r (0 < r < cd)

be the integer such that r ≡ b∗d−m′

n′ mod cd, where the right hand side is

an integer as for q.
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Lemma 2.3.

(1) qr ≡ 1 mod cd, that is, r = q∗.

(2) q and cd are relatively prime.

Proof. (1): It suffices to show that a∗d− n′

m′
b∗d−m′

n′ ≡ 1 mod cd.

Here

a∗d− n′

m′
b∗d−m′

n′ = d

(
aa∗ − 1

m′ b∗ +
bb∗ − 1

n′ a∗ + a∗b∗cκ

)
+ 1.

Write aa∗ − 1 = Km (= Km′c) and bb∗ − 1 = Ln (= Ln′c). Then

a∗d− n′

m′
b∗d−m′

n′ = cd
(
Kb∗ + La∗ + a∗b∗κ

)
+ 1

≡ 1 mod cd.

(2): Since qr ≡ 1 mod cd, qr = 1 + Mcd for some integer M . Then

qr −Mcd = 1. Here gcd(q, cd) divides the left hand side, so divides 1, thus

gcd(q, cd)=1. �

Correspondence between functions Let Φ : Ad−1 → C be a holo-

morphic map given by Φ(z, w, t) = tm
′n′c. Then Φ is Γ-invariant, so induces

a holomorphic map Φ : Ad−1/Γ → C. As explained in § Introduction, the

topological monodromy of Φ is a −
(
a
m, bn, κ

)
-fractional Dehn twist.

Under the isomorphism Ψ : Ad−1/Γ
∼= �� C2/G in the uniformization

theorem, the holomorphic map Φ : Ad−1/Γ → C corresponds to a holomor-

phic map on C
2/G. This map is explicitly given. First let φ : C

2 → C

be a holomorphic map defined by φ(u, v) = unvm. Then φ is G-invariant.

To see this, recall that by Theorem 2.1, the cyclic group G is generated by

g : (u, v) �→ (e2πi/cdu, e2πiq/cdv), where q (0 < q < cd) is the integer such

that q ≡ a∗d− n′

m′ mod cd. Then

φ ◦ g(u, v) = φ(e2πi/cdu, e2πiq/cdv) = e2πic(n′+m′q)/cdunvm

= e2πica∗d/cdunvm by n′ +m′q ≡ a∗d mod cd

= e2πia∗unvm = unvm

= φ(u, v).
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Thus φ is G-invariant, so induces a holomorphic map φ : C
2/G → C.

Lemma 2.4 ([Tak]). Under the isomorphism Ψ : Ad−1/Γ
∼= �� C2/G

given by (2.2), Φ corresponds to φ, that is, Φ = φ ◦ Ψ.

Proof. Note first that

φ ◦ Ψ
(
[x, y, t]

)
= φ

(
[xm

′/d, yn
′/d]
)

= xm
′n/dyn

′m/d = (xy)m
′n′c/d.

Here xy = td (because (x, y, t) ∈ Ad−1), so φ ◦ Ψ
(
[x, y, t]

)
= tm

′n′c. Thus

φ ◦ Ψ
(
[x, y, t]

)
= Φ

(
[x, y, t]

)
. �

Where r : R → Ad−1/Γ is the minimal resolution of Ad−1/Γ, the compos-

ite map π := Φ◦r : R → C is a degeneration. As we see immediately, thanks

to the uniformization theorem, the degeneration π : R → C is isomorphic

to a degeneration which is easy to describe.

Where r′ : R′ → C
2/G is the minimal resolution of C

2/G, the composite

map π′ := φ ◦ r′ : R′ → C is a degeneration. Since Ad−1/Γ and C
2/G

are isomorphic (Theorem 2.1), two minimal resolutions r : R → Ad−1/Γ

and r′ : R′ → C
2/G are isomorphic, that is, there exists an isomorphism

Ψ̃ : R → R′ that makes the following diagram commute:

R
Ψ̃
∼=

��

r
��

R′
r
′

��
Ad−1/Γ

Ψ
∼=

�� C
2/G.

(2.3)

Theorem 2.5. The following diagram commutes:

R
Ψ̃
∼=

��

π �������� R′

π′��������

C.

(2.4)

Hence two degenerations π := Φ ◦ r : R → C and π′ := φ ◦ r′ : R′ → C are

isomorphic.
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Proof. By Lemma 2.4, the following diagram commutes:

Ad−1/Γ
Ψ
∼=

��

Φ ���������
C

2/G

φ��������

C.

(2.5)

Combining the commutative diagrams (2.3) and (2.5) yields the commuta-

tive diagram (2.4). �

The degeneration π′ := φ◦r′ : R′ → C may be described as follows: Since

G is cyclic, C
2/G has a (unique) cyclic quotient singularity, which is resolved

by a chain of projective lines (Hirzebruch-Jung resolution). Accordingly the

singular fiber (π′)−1(0) of π′ : R′ → C is as illustrated in Figure 2.1 (see

also Remark 2.6).

Remark 2.6. The multiplicities of the singular fiber (π′)−1(0) in Fig-

ure 2.1 is explicitly determined from m, n, a, b, κ. Let a∗ and b∗ (0 < a∗ <
m, 0 < b∗ < n) be the integers such that aa∗ ≡ 1 mod m and bb∗ ≡ 1 mod n.

Define then two sequences of integers m0 > m1 > · · · > mλ = 1 and

Fig. 2.1. The positive integers k0, k1, . . . , kδ+1 are multiplicities. They are explicitly
determined from Γ, more specifically, from m, n, a, b, κ (Remark 2.6).
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Fig. 2.2. The singular fibers for (1) κ ≥ 0 and (2) κ = −1. A circle stands for P
1 and a

hemicircle for C. (Each intersection is a node.)

n0 > n1 > · · · > nν = 1 inductively by the division algorithm with negative

residues:{
m0 := m, m1 := a∗,
mi−1 = simi −mi+1 (0 < mi+1 < mi), i = 1, 2, . . . , λ− 1,{
n0 := n, n1 := b∗,
ni−1 = tini − ni+1 (0 < ni+1 < ni), i = 1, 2, . . . , ν − 1.

Then:

(i) If κ ≥ 0, then (π′)−1(0) is as illustrated in (1) of Figure 2.2.

(ii) If κ = −1, then there exists a unique pair of integers λ0 and ν0 (0 <

λ0 < λ, 0 < ν0 < ν) such that mλ0+1 + nν0+1 = mλ0 = nλ0 , and

(π′)−1(0) is as illustrated in (2) of Figure 2.2.

3. Lifting and Descent

3.1. Diagram of covering maps

We generalize the uniformization theorem for dimension 2 (Theorem

2.1) to an arbitrary dimension. First let ai and mi (i = 1, 2, . . . , n) be
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relatively prime integers such that 0 < ai < mi. If κ is an integer satisfying
a1
m1

+ a2
m2

+ · · · + an
mn

+ κ > 0, then

κ ≥ −n+ 1.(3.1)

Indeed since 0 < ai < mi, we have 0 < ai
mi

< 1 (i = 1, 2, . . . , n), so
a1
m1

+ a2
m2

+ · · ·+ an
mn

< n, thus a1
m1

+ a2
m2

+ · · ·+ an
mn

+κ < n+κ. Here the

left hand side is positive by assumption, so 0 < n+ κ, that is, −n+ 1 ≤ κ.

Next set c := gcd(m1,m2, . . . ,mn), m′
i := mi/c and

d :=

(
n∑

i=1

aim
′
1 · · · m̌′

i · · ·m′
n

)
+m′

1m
′
2 · · ·m′

ncκ,(3.2)

where m̌′
i means the omission of m′

i. Note that d > 0, indeed

d = m′
1m

′
2 · · ·m′

nc

(
a1

m1
+

a2

m2
+ · · · + an

mn
+ κ

)
> 0.(3.3)

Rewrite the equation on the left hand side as

a1

m1
+

a2

m2
+ · · · + an

mn
=

d

m′
1m

′
2 · · ·m′

nc
− κ.

Then e2πi(a1/m1+a2/m2+···+an/mn) = e2πid/m′
1m

′
2···m′

nc. Here e−2πiκ = 1, so

e2πi(a1/m1+a2/m2+···+an/mn) = e2πid/m′
1m

′
2···m′

nc.(3.4)

Now let γ be an automorphism of C
n+1 given by

γ : (x1, . . . , xn, t) �→ (e2πia1/m1x1, . . . , e
2πian/mnxn, e

2πi/m′
1m

′
2···m′

nct).

Then γ preserves Ad−1 :=
{
(x1, x2, . . . , xn, t) ∈ C

n+1 : x1x2 · · ·xn = td
}
,

that is, γ maps Ad−1 to itself. Namely if x1x2 · · ·xn = td, then

(e2πia1/m1x1)(e
2πia2/m2x2) · · · (e2πian/mnxn) = (e2πi/m′

1m
′
2···m′

nct)d,

that is, e2πi(a1/m1+a2/m2+···+an/mn)x1x2 · · ·xn = e2πid/m′
1m

′
2···m′

nctd. This in-

deed holds by (3.4). Now let Γ be the cyclic group generated by the auto-

morphism γ of Ad−1.

The universal covering p : Ãd−1 (= C
n) → Ad−1 of Ad−1 is a dn−1-fold

covering given by p : (X1, X2, . . . , Xn) �→ (Xd
1 , X

d
2 , . . . , X

d
n, X1X2 · · ·Xn).
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Consider the following diagram of coverings:

Ãd−1 = C
n

q
������� p

��������

C
n

r
�����

��
Ad−1,

C
n

(3.5)

where

• q : (X1, X2, . . . , Xn) �→ (X
m′

1
1 , X

m′
2

2 , . . . , X
m′

n
n ) is an m′

1m
′
2 · · ·m′

n-fold

covering,

• r : (u1, u2, . . . , un) �→ (ul11 , u
l2
2 , . . . , u

ln
n ) is an l1l2 · · · ln-fold covering.

Here

li :=
m′

1 · · · m̌′
i · · ·m′

n

lcm(m′
1, . . . , m̌

′
i, . . . ,m

′
n)

(i = 1, 2, . . . , n),

where m̌′
i means the omission of m′

i. Note that li is a positive integer

(see Remark 3.1 below).

Remark 3.1. li :=
m′

1 · · · m̌′
i · · ·m′

n

lcm(m′
1, . . . , m̌

′
i, . . . ,m

′
n)

is a (positive) integer, be-

cause from the definition of lcm, the denominator lcm(m′
1, . . . , m̌

′
i, . . . ,m

′
n)

divides the numerator m′
1 · · · m̌′

i · · ·m′
n.

Now let Γ̃ be the lift of Γ with respect to the covering p, H be the descent

of Γ̃ with respect to the covering q, and G be the descent of H with respect

to the covering r. We will show that G is a small finite abelian group such

that Ad−1/Γ ∼= C
n/G (the uniformization theorem). We begin with some

preparation.

3.2. Γ̃, H and G are finite groups

We first show that Γ̃ is a group.

(i) 1 ∈ Γ̃: This is the trivial lift of 1 ∈ Γ (that is the identity map of

Ãd−1).

(ii) ξ ∈ Γ̃ ⇒ ξ−1 ∈ Γ̃: If ξ is a lift of γj ∈ Γ, then ξ−1 is a lift of γ−j ∈ Γ.

(iii) ξ1, ξ2 ∈ Γ̃ ⇒ ξ1ξ2 ∈ Γ̃: If ξ1, ξ2 are lifts of γj , γk ∈ Γ, then ξ1ξ2 is a

lift of γj+k ∈ Γ.
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We next show that H is a group as follows (similarly we can show that

G is a group):

(i)’ 1 ∈ H: This is the descent of 1 ∈ Γ̃.

(ii)’ h ∈ H ⇒ h−1 ∈ H: If h is the descent of ξ ∈ Γ̃, then h−1 is the

descent of ξ−1 ∈ Γ̃.

(iii)’ h1, h2 ∈ H ⇒ h1h2 ∈ H: If h1, h2 are the descents of ξ1, ξ2 ∈ Γ̃, then

h1h2 is the descent of ξ1ξ2 ∈ Γ̃.

The orders of Γ̃, H and G are determined as follows (below, |Γ̃|, |H| and

|G| denote the orders):

Order of Γ̃: Since Γ̃ is the lift of Γ with respect to the dn−1-fold

covering p, we have |Γ̃| = dn−1|Γ|. Here |Γ| = m′
1m

′
2 · · ·m′

nc, so

|Γ̃| = m′
1m

′
2 · · ·m′

ncd
n−1.

Order of H: Since H is the descent of Γ̃ (or Γ̃ is the lift of H) with

respect to the m′
1m

′
2 · · ·m′

n-fold covering q, we have |Γ̃| =

m′
1m

′
2 · · ·m′

n|H|. Here |Γ̃| = m′
1m

′
2 · · ·m′

ncd
n−1 so |H| = cdn−1.

Order of G: Since G is the descent of H (or H is the lift of G) with

respect to the l1l2 · · · ln-fold covering r, we have |H| = l1l2 · · · ln|G|.
Here |H| = cdn−1, so |G| = cdn−1

l1l2 · · · ln . (This is indeed an integer. See

Remark 3.3 below.)

The results obtained in this section are summarized as follows:

Proposition 3.2. Let Γ̃ be the lift of Γ with respect to the covering p.

Let H be the descent of Γ̃ with respect to the covering q, and let G be the

descent of H with respect to the covering r. Then:

(1) The lift Γ̃ of Γ is a finite group of order m′
1m

′
2 · · ·m′

ncd
n−1. (In fact,

Γ̃ is abelian. See Lemma 4.7.)

(2) The descent H of Γ̃ is a finite group of order cdn−1. (In fact, H is

abelian. See Lemma 4.8 (3).)

(3) The descent G of H is a finite group of order cdn−1

l1l2 · · · ln . (In fact, G

is abelian. See Lemma 6.1 (C).)
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Remark 3.3. The fact that |G| = cdn−1

l1l2 · · · ln is an integer is reconfirmed

as follows (we show this only for n=3): Using
d=m′

1m
′
2m

′
3c
(
a1
m1

+ a2
m2

+ a3
m3

+ κ
)

(see (3.3)),

l1 :=
m′

2m
′
3

lcm(m′
2,m

′
3)
, l2 :=

m′
1m

′
3

lcm(m′
1,m

′
3)
, l3 :=

m′
1m

′
2

lcm(m′
1,m

′
2)
,

rewrite |G| = cd2

l1l2l3
as

|G| = c
{ ∏

i�=j

lcm(m′
i, m

′
j)
}
c2
(
a1
m1

+ a2
m2

+ a3
m3

+ κ
)2

= c
∏
i�=j

lcm(m′
i,m

′
j)

{
(cκ)2 +

3∑
i=1

(
2aicκ
m′

i
+

a2
i

(m′
i)

2

)
+
∑
i�=j

2aiaj
m′

im
′
j

}
.

Here
∏
i�=j

lcm(m′
i,m

′
j) = lcm(m′

1, m
′
2)lcm(m′

1, m
′
3)lcm(m′

2, m
′
3) is divisible

by m′
i, (m′

i)
2, m′

im
′
j , so the last expression is indeed an integer.

4. Determination of H

We keep the notation concerning the diagram (3.5). Moreover we adopt

the following notation: For j = 1, 2, . . . ,m′
1m

′
2 · · ·m′

nc,

• Lift(j): The set of all lifts of γj ∈ Γ with respect to the covering map

p : Ãd−1 → Ad−1.

• q∗
(
Lift(j)

)
: The descent of Lift(j) with respect to the covering map

q : Ãd−1 → C
n.

• r∗ ◦ q∗
(
Lift(j)

)
: The descent of q∗

(
Lift(j)

)
with respect to the covering

map r : C
n → C

n.

Then

• Γ̃ =
m′

1m
′
2···m′

nc⋃
j=1

Lift(j) is the lift of Γ with respect to the covering map

p : Ãd−1 → Ad−1.
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• H =
m′

1m
′
2···m′

nc⋃
j=1

q∗
(
Lift(j)

)
is the descent of Γ̃ with respect to the cov-

ering map q : Ãd−1 → C
n.

• G =
m′

1m
′
2···m′

nc⋃
j=1

r∗ ◦ q∗
(
Lift(j)

)
is the descent of H with respect to the

covering map r : C
n → C

n.

Actually, Γ̃ =
m′

1m
′
2···m′

nc⋃
j=1

Lift(j) is a disjoint union. Namely, if j 
= k,

then Lift(j) ∩Lift(k) = ∅. On the other hand, H =
m′

1m
′
2···m′

nc⋃
j=1

q∗
(
Lift(j)

)
and

G =
m′

1m
′
2···m′

nc⋃
j=1

r∗ ◦ q∗
(
Lift(j)

)
are not disjoint unions. In fact, a descent of

an element of Lift(j) may coincide with that of an element of Lift(k) (j 
= k).

In this case, q∗
(
Lift(j)

)
∩ q∗
(
Lift(k)

)

= ∅, and moreover, r∗ ◦ q∗

(
Lift(j)

)
∩ r∗ ◦

q∗
(
Lift(k)

)

= ∅.

In what follows, we write Γ̃ as a disjoint union: Γ̃ =
m′

1m
′
2···m′

nc∐
j=1

Lift(j).

4.1. The lifts of each element of Γ

We next determine the set Lift(j) of all lifts of γj ∈ Γ with respect to

the covering p. For j = 1, 2, . . . , m′
1m

′
2 · · ·m′

nc, we first define a set Λ(j) of

n-tuples of integers as follows:

Λ(j) :=
{

(p1, p2, . . . , pn) ∈ Z
n : 0 ≤ pi < d,

n∑
i=1

pi
d

≡ jκ

d
mod Z

}
.(4.1)

Lemma 4.1. The number of elements of Λ(j) is dn−1.

Proof. Setting Ξ := {(p1, p2, . . . , pn−1) ∈ Z
n−1 : 0 ≤ pi < d}, con-

sider a map ϕ : Λ(j) → Ξ given by (p1, p2, . . . , pn−1, pn) �−→ (p1, p2, . . . ,

pn−1). Here Ξ consists of dn−1 elements, thus it suffices to show that ϕ is

bijective.
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Surjectivity: We show that for any (p1, p2, . . . , pn−1) ∈ Ξ, the inverse im-

age ϕ−1(p1, p2, . . . , pn−1) is not empty. Set N := jκ−
n−1∑
i=1

pi and let pn (0 ≤

pn < d) be the integer such that pn ≡ N mod d. Then (p1, p2, . . . , pn) ∈ Λ(j).

Moreover ϕ(p1, p2, . . . , pn) = (p1, p2, . . . , pn−1), thus ϕ−1(p1, p2, . . . , pn−1) is

not empty.

Injectivity: We show that for any (p1, p2, . . . , pn−1) ∈ Ξ, the inverse

image ϕ−1(p1, p2, . . . , pn−1) is a single point. Note that (p1, p2, . . . , pn)

is contained in ϕ−1(p1, p2, . . . , pn−1) precisely when pn satisfies
n∑

i=1

pi
d

≡

jκ
d

mod Z, that is, pn ≡ jκ−
n−1∑
i=1

pi mod d. Such an integer pn (0 ≤ pn < d)

is unique, so ϕ−1(p1, p2, . . . , pn−1) is a single point. �

Let Λ(j) be the set given by (4.1). For each (p1, p2, . . . , pn) ∈ Λ(j), define

an automorphism γ̃
(j)
p1,p2,...,pn : Ãd−1 → Ãd−1 by

(X1, X2, . . . , Xn) �−→(
e2πi(ja1+m1p1)/m1dX1, e

2πi(ja2+m2p2)/m2dX2, . . . , e
2πi(jan+mnpn)/mndXn

)
.

Lemma 4.2. For any (p1, p2, . . . , pn), (p′1, p
′
2, . . . , p

′
n) ∈ Λ(j), the fol-

lowing hold:

(1) For i = 1, 2, . . . , n,

e2πi(jai+mipi)/mid = e2πi(jai+mip
′
i)/mide2πi(pi−p′i)/d.

(2) If (p1, p2, . . . , pn) 
= (p′1, p
′
2, . . . , p

′
n), say pi 
= p′i for some i, then

e2πi(jai+mipi)/mid 
= e2πi(jai+mip
′
i)/mid.

(3) If (p1, p2, . . . , pn) 
= (p′1, p
′
2, . . . , p

′
n), then γ̃

(j)
p1,p2,...,pn 
= γ̃

(j)
p′1,p

′
2,...,p

′
n
.

Proof. (1): From
jai +mipi

mid
− jai +mip

′
i

mid
=

pi − p′i
d

, we have

jai +mipi
mid

=
jai +mip

′
i

mid
+
pi − p′i

d
, which yields the equation in assertion.
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(2): Since 0 ≤ pi < d and 0 ≤ p′i < d, pi 
= p′i implies pi 
≡ p′i mod d,

accordingly
pi − p′i

d

≡ 0 mod Z. Hence e2πi(pi−p′i)/d 
= 1 in (1), implying that

e2πi(jai+mipi)/mid 
= e2πi(jai+mip
′
i)/mid.

(3): This follows from (2). �

We next show the following:

Corollary 4.3. The number of elements of
{
γ̃

(j)
p1,p2,...,pn : (p1, p2, . . . ,

pn) ∈ Λ(j)
}

is dn−1.

Proof. By (3) of Lemma 4.2, the number of elements in the set{
γ̃

(j)
p1,p2,...,pn : (p1, p2, . . . , pn) ∈ Λ(j)

}
coincides with that of Λ(j), and by

Lemma 4.1, it is dn−1. �

Recall that d = m′
1m

′
2 · · ·m′

nc

(
n∑

i=1

ai
mi

+ κ

)
(see (3.3)), so

n∑
i=1

ai
mi

= d
m′

1m
′
2 · · ·m′

nc
− κ.(4.2)

Lemma 4.4. For any (p1, p2, . . . , pn) ∈ Λ(j),

n∑
i=1

jai +mipi
mid

≡ j
m′

1m
′
2 · · ·m′

nc
mod Z.

Proof. Using (4.2), the left hand side is rewritten as

n∑
i=1

jai +mipi
mid

=
j

m′
1m

′
2 · · ·m′

nc
− jκ

d
+

n∑
i=1

pi
d
.

Here
n∑

i=1

pi
d

≡ jκ
d

mod Z (because (p1, p2, . . . , pn) ∈ Λ(j)), so

n∑
i=1

jai +mipi
mid

≡ j
m′

1m
′
2 · · ·m′

nc
mod Z. �

Corollary 4.5. For each j, let Lift(j) be the set of all lifts of γj ∈ Γ

with respect to the covering p : Ãd−1 → Ad−1. Then the following hold:
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(1) The number of elements of Lift(j) is dn−1.

(2) For any (p1, p2, . . . , pn) ∈ Λ(j), γ̃
(j)
p1,p2,...,pn ∈ Lift(j).

(3) Lift(j) =
{
γ̃

(j)
p1,p2,...,pn : (p1, p2, . . . , pn) ∈ Λ(j)

}
.

Proof. (1): Since the covering p is dn−1-fold, for each j, γj ∈ Γ has

dn−1 lifts, so Lift(j) consists of dn−1 elements.

(2): It suffices to show that the following diagram commutes:

Ãd−1

γ̃(j)
p1,p2,...,pn ��

p
��

Ãd−1

p
��

Ad−1
γj �� Ad−1.

For (X1, . . . , Xn) ∈ Ãd−1,

p ◦ γ̃(j)
p1,p2,...,pn(X1, . . . , Xn)

= p
(
e2πi(ja1+m1p1)/m1dX1, . . . , e

2πi(jan+mnpn)/mndXn

)
=
(
e2πija1/m1X1, . . . , e

2πijan/mnXn, e
2πi

∑ n
i=1{(jai+mipi)/mid}X1X2 · · ·Xn

)
.

Here e2πi
∑ n

i=1{(jai+mipi)/mid} = e2πij/m′
1m

′
2···m′

nc by Lemma 4.4, thus

p ◦ γ̃(j)
p1,p2,...,pn(X1, . . . , Xn)

=
(
e2πija1/m1X1, . . . , e

2πijan/mnXn, e
2πij/m′

1m
′
2···m′

ncX1X2 · · ·Xn

)
.

On the other hand,

γj ◦ p(X1, . . . , Xn)

=
(
e2πija1/m1X1, . . . , e

2πijan/mnXn, e
2πij/m′

1m
′
2···m′

ncX1X2 · · ·Xn

)
.

Hence p ◦ γ̃(j)
p1,p2,...,pn = γj ◦ p, confirming the assertion.

(3): From (2),
{
γ̃

(j)
p1,p2,...,pn : (p1, p2, . . . , pn) ∈ Λ(j)

}
⊂ Lift(j). Here “⊂”

is “=”, because the numbers of elements of both sets are equal, indeed they

consist of dn−1 elements ((1) and Corollary 4.3). �
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The following will be used in later discussion:

Corollary 4.6. γ̃
(j)
p1,p2,...,pn descends to γj. Moreover if γ̃

(j)
p1,p2,...,pn is

of the form (X1, . . . , Xi, . . . , Xn) �→ (X1, . . . , e
2πi(jai+mipi)/midXi, . . . , Xn),

then it descends to γj of the form

(x1, . . . , xn, t) �−→ (x1, . . . , e
2πijai/mixi, . . . , xn, e

2πi(jai+mipi)/midt).

Proof. The first statement follows from Corollary 4.5 (3). The second

one is restated as p ◦ γ̃(j)
p1,p2,...,pn = γj ◦ p, which is confirmed as follows:

p ◦ γ̃(j)
p1,p2,...,pn(X1, . . . , Xi, . . . , Xn)

= p(X1, . . . , e
2πi(jai+mipi)/midXi, . . . , Xn)

= (Xd
1 , . . . , e

2πijai/miXd
i , . . . , X

d
n, e

2πi(jai+mipi)/midX1X2 · · ·Xn)

= γj ◦ p(X1, . . . , Xi, . . . , Xn). �

By Corollary 4.5 (3), Lift(j) =
{
γ̃

(j)
p1,p2,...,pn : (p1, p2, . . . , pn) ∈ Λ(j)

}
.

Since Γ̃ =
m′

1m
′
2···m′

nc∐
j=1

Lift(j) (disjoint union), we have

Γ̃ =

m′
1m

′
2···m′

nc∐
j=1

{
γ̃(j)
p1,p2,...,pn : (p1, p2, . . . , pn) ∈ Λ(j)

}
.

Or

Γ̃ =
{
γ̃(j)
p1,p2,...,pn : (p1, p2, . . . , pn) ∈ Λ(j), j = 1, 2, . . . ,m′

1m
′
2 · · ·m′

nc
}
.

We thus obtain:

Lemma 4.7. The lift Γ̃ of Γ consists of the automorphisms γ̃
(j)
p1,p2,...,pn :

Ãd−1 → Ãd−1 given by

(X1, . . . , Xn) �−→
(
e2πi(ja1+m1p1)/m1dX1, . . . , e

2πi(jan+mnpn)/mndXn

)
,

where (p1, p2, . . . , pn) ∈ Λ(j) and j = 1, 2, . . .m′
1m

′
2 · · ·m′

nc. (In particular,

any two elements of Γ̃ commute, so Γ̃ is abelian.)
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4.2. Determination of H

Recall that Γ̃ =
m′

1m
′
2···m′

nc∐
j=1

Lift(j), where Lift(j) denotes the set of all

lifts of γj ∈ Γ with respect to the covering p : Ãd−1 → Ad−1. Accordingly

H =
m′

1m
′
2···m′

nc⋃
j=1

q∗
(
Lift(j)

)
, where q∗

(
Lift(j)

)
is the descent of Lift(j) with

respect to the covering q : Ãd−1 → C
n. We determine q∗

(
Lift(j)

)
. To that

end, for j = 1, 2, . . . ,m′
1m

′
2 · · ·m′

nc and (p1, p2, . . . , pn) ∈ Λ(j), define an

automorphism h
(j)
p1,p2,...,pn : C

n → C
n by

(u1, . . . , un) �−→
(
e2πi(ja1+m1p1)/cdu1, . . . , e

2πi(jan+mnpn)/cdun
)
.

Lemma 4.8.

(1) h
(j)
p1,p2,...,pn is the descent of γ̃

(j)
p1,p2,...,pn with respect to the covering q :

Ãd−1 → C
n.

(2) q∗
(
Lift(j)

)
=
{
h

(j)
p1,p2,...,pn : (p1, p2, . . . , pn) ∈ Λ(j)

}
.

(3) H =
{
h

(j)
p1,p2,...,pn : (p1, p2, . . . , pn) ∈ Λ(j), j = 1, 2, . . . ,m′

1m
′
2 · · ·m′

nc
}
.

(Thus any two elements of H commute, that is, H is abelian.)

Proof. (1): Indeed since
(
e2πi(jai+mipi)/mid

)m′
i = e2πi(jai+mipi)/cd, the

following diagram commutes:

Ãd−1

γ̃(j)
p1,p2,...,pn ��

q
��

Ãd−1

q
��

C
n

h(j)
p1,p2,...,pn �� C

n.

(2): By Corollary 4.5 (3), Lift(j) =
{
γ̃

(j)
p1,p2,...,pn : (p1, p2, . . . , pn) ∈ Λ(j)

}
,

accordingly by (1), q∗
(
Lift(j)

)
=
{
h

(j)
p1,p2,...,pn : (p1, p2, . . . , pn) ∈ Λ(j)

}
.

(3): This follows from H =
m′

1m
′
2···m′

nc⋃
j=1

q∗
(
Lift(j)

)
and (2). �
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5. The Pseudo-Reflection Subgroup of H

5.1. Cyclic subgroups Γi of Γ and Γ̃i of Γ̃

Let γ : Ad−1 → Ad−1 be the automorphism given by

γ : (x1, . . . , xn, t)(5.1)

�−→ (e2πia1/m1x1, . . . , e
2πian/mnxn, e

2πi/m′
1m

′
2···m′

nct).

(The order of γ is m′
1m

′
2 · · ·m′

nc.) Consider the cyclic group Γ generated by

γ:

Γ = {γj : j = 1, 2, . . . ,m′
1m

′
2 · · ·m′

nc}.

Let Γi (i = 1, 2, . . . , n) be the subgroup of Γ consisting of automorphisms

of the form

(x1, . . . , xi, . . . , xn, t) �−→ (x1, . . . , e
2πijai/mixi, . . . , xn, e

2πij/m′
1m

′
2···m′

nct),

that is,

(:) e2πijak/mk = 1 (k = 1, 2, . . . , ǐ, . . . , n).

Lemma 5.1. For j ∈ Z,

γj ∈ Γi ⇐⇒ j is a multiple of lcm(m′
1, . . . , m̌

′
i, . . . ,m

′
n)c.

Proof. =⇒: If γj ∈ Γi, then from (:), jak is divisible by mk (k =

1, 2, . . . , ǐ, . . . , n). Here ak and mk are relatively prime, so j is divisible

by mk (k = 1, 2, . . . , ǐ, . . . , n). In particular, j is a multiple of lcm(m1, . . . ,

m̌i, . . .mn) = lcm(m′
1, . . . , m̌

′
i, . . .m

′
n)c.

⇐=: If j is a multiple of lcm(m′
1, . . . , m̌

′
i, . . .m

′
n)c, then j is divisible

by mk (k = 1, 2, . . . , ǐ, . . . , n), so
jak
mk

is an integer. Thus e2πikak/mk = 1

(k = 1, 2, . . . , ǐ, . . . , n), so γj ∈ Γi. �

From Lemma 5.1, the following holds:

Corollary 5.2. Γi is generated by γi := γlcm(m′
1,...,m̌

′
i,...,m

′
n)c.
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This element is explicitly given by

γi : (x1, . . . , xi, . . . , xn, t) �−→(
x1, . . . , e

2πiailcm(m′
1,...,m̌

′
i,...,m

′
n)/m′

ixi, . . . , xn,

e2πilcm(m′
1,...,m̌

′
i,...,m

′
n)/m′

1m
′
2···m′

nt
)
.

Here e2πilcm(m′
1,...,m̌

′
i,...,m

′
n)/m′

1m
′
2···m′

n = e2πi/m′
ili , because

lcm(m′
1, . . . , m̌

′
i, . . . ,m

′
n)

m′
1m

′
2 · · ·m′

n

=
1

m′
i

lcm(m′
1, . . . , m̌

′
i, . . . ,m

′
n)

m′
1 · · · m̌′

i · · ·m′
n

=
1

m′
ili
.

Thus

γi : (x1, . . . , xi, . . . , xn, t)

�−→
(
x1, . . . , e

2πiailcm(m′
1,...,m̌

′
i,...,m

′
n)/m′

ixi, . . . , xn, e
2πi/m′

ilit
)
.

Set Li := lcm(m′
1, . . . , m̌

′
i, . . . ,m

′
n), then

γi : (x1, . . . , xn, t) �−→
(
x1, . . . , e

2πiaiLi/m
′
ixi, . . . , xn, e

2πi/m′
ilit
)
.

For k ∈ Z,

γki : (x1, . . . , xi, . . . , xn, t) �−→
(
x1, . . . , e

2πiaiLik/m
′
ixi, . . . , xn, e

2πik/m′
ilit
)
.

In particular,

γki = id if and only if e2πiaiLik/m
′
i = 1 and e2πik/m′

ili = 1.

Here:

(A) e2πiaiLik/m
′
i = 1 if and only if Lik

m′
i

is an integer (because ai and m′
i

are relatively prime).

(B) e2πik/m′
ili = 1 if and only if k

m′
ili

is an integer.

We restate (A). First write Li

m′
i

as
L′
i

m′′
i

where L′
i and m′′

i are relatively prime

positive integers (or, L′
i := Li

gcd(Li,m
′
i)

and m′′
i :=

m′
i

gcd(Li,m
′
i)

). Then

Lik
m′

i

(
=
L′
ik

m′′
i

)
is an integer if and only if m′′

i divides k. Thus (A) is restated

as:
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(A)’ e2πiaiLik/m
′
i = 1 if and only if m′′

i divides k.

From (A)’ and (B),

γki = id if and only if k is a common multiple of m′′
i and m′

ili.

Here m′
i is a multiple of m′′

i (because m′′
i :=

m′
i

gcd(Li,m
′
i)

). Thus any common

multiple of m′′
i and m′

ili is necessarily a multiple of m′
ili. Therefore:

Lemma 5.3. γki = id if and only if k is a multiple of m′
ili. In particular,

the order of γi is m′
ili.

We summarize the above results (Corollary 5.2 and Lemma 5.3) as fol-

lows:

Corollary 5.4. For each i = 1, 2, . . . , n, let Γi be the subgroup of Γ

consisting of automorphisms of the form

(x1, . . . , xi, . . . , xn, t) �−→ (x1, . . . , e
2πijai/mixi, . . . , xn, e

2πij/m′
1m

′
2···m′

nct).

Then Γi is a cyclic group of order m′
ili generated by the automorphism

γi : (x1, . . . , xi, . . . , xn, t) �−→
(
x1, . . . , e

2πiaiLi/m
′
ixi, . . . , xn, e

2πi/m′
ilit
)
,

where Li := lcm(m′
1, . . . , m̌

′
i, . . . ,m

′
n) and li :=

m′
1 · · · m̌′

i · · ·m′
n

Li
.

Let p : Ãd−1 (= C
n) → Ad−1 be the covering of Ad−1 given by

p(X1, X2, . . . , Xn) = (Xd
1 , X

d
2 , . . . , X

d
n, X1X2 · · ·Xn),

and Γ̃ be the lift of Γ with respect to p. Next let ξi : Ãd−1 → Ãd−1 be the

automorphism given by

ξi : (X1, . . . , Xi, . . . , Xn) �−→ (X1, . . . , e
2πi/m′

iliXi, . . . , Xn).(5.2)

Then:

Lemma 5.5.

(1) The order of ξi is m′
ili. (The order of γi is also m′

ili by Lemma 5.3.)
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(2) ξi ∈ Γ̃. In fact, ξi is a lift of γi ∈ Γi (⊂ Γ), that is, the following

diagram commutes:

Ãd−1

ξi ��

p
��

Ãd−1

p
��

Ad−1
γi �� Ad−1.

Proof. (1) is clear. We show (2). It suffices to show that p◦ξi = γi◦p.
Note first that

p ◦ ξi(X1, . . . , Xi, . . . , Xn)

= (Xd
1 , . . . , e

2πid/m′
iliXd

i , . . . , X
d
n, e

2πi/m′
iliX1X2 · · ·Xn).

On the other hand,

γi ◦ p(X1, . . . , Xi, . . . , Xn)

= (Xd
1 , . . . , e

2πiaiLi/m
′
iXd

i , . . . , X
d
n, e

2πi/m′
iliX1X2 · · ·Xn).

Thus to show that p ◦ ξi = γi ◦ p, it suffices to show that e2πid/m′
ili =

e2πiaiLi/m
′
i , that is,

d

m′
ili

≡ aiLi

m′
i

mod Z.(5.3)

Since d = m′
1m

′
2 · · ·m′

nc
(
a1
m1

+ a2
m2

+· · ·+ an
mn

+κ
)

and li =
m′

1 · · · m̌′
i · · ·m′

n
Li

,

the left hand side of (5.3) is

d

m′
ili

=
a1Li

m′
1

+
a2Li

m′
2

+ · · · + anLi

m′
n

+ cκLi

≡ a1Li

m′
1

+
a2Li

m′
2

+ · · · + anLi

m′
n

mod Z.

Here Li := lcm(m′
1, . . . , m̌

′
i, . . . ,m

′
n) is divisible by m′

k (k = 1, 2, . . . ,

ǐ, . . . , n), so akLi

m′
k

∈ Z, that is, akLi

m′
k

≡ 0 mod Z (k = 1, 2, . . . , ǐ, . . . , n),

hence d
m′

ili
≡ aiLi

m′
i

mod Z, confirming (5.3). �
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As we saw in the paragraph above Lemma 4.7,

Γ̃ =
{
γ̃(j)
p1,p2,...,pn : (p1, p2, . . . , pn) ∈ Λ(j), j = 1, 2, . . . ,m′

1m
′
2 · · ·m′

nc
}
,

where Λ(j) =
{

(p1, p2, . . . , pn) ∈ Z
n : 0 ≤ pi < d,

n∑
i=1

pi
d

≡ jκ
d

mod Z

}
and

γ̃
(j)
p1,p2,...,pn : Ãd−1 → Ãd−1 is the automorphism given by

(X1, . . . , Xn) �−→
(
e2πi(ja1+m1p1)/m1dX1, . . . , e

2πi(jan+mnpn)/mndXn

)
.

Here Corollary 4.6 states that (i) γ̃
(j)
p1,p2,...,pn descends to γj and (ii) moreover

if γ̃
(j)
p1,p2,...,pn is of the form (X1, . . . , Xn) �→ (X1, . . . , e

2πi(jai+mipi)/midXi,

. . . , Xn), then it descends to γj of the form

(x1, . . . , xn, t) �−→ (x1, . . . , e
2πijai/mixi, . . . , xn, e

2πi(jai+mipi)/midt).

Note the following:

Lemma 5.6. In the case of (ii), there exists an integer si such that

e2πijai/mi = e2πiaiLisi/m
′
i and e2πi(jai+mipi)/mid = e2πisi/m

′
ili.

Proof. Since the γj in (ii) is an element of Γi, and Γi is generated by

γi (Corollary 5.4), there exists an integer si such that γj = γsii . Here{
γj : (x1, . . . , xn, t) �→ (x1, . . . , e

2πijai/mixi, . . . , xn, e
2πi(jai+mipi)/midt),

γsii : (x1, . . . , xn, t) �→
(
x1, . . . , e

2πiaiLisi/m
′
ixi, . . . , xn, e

2πisi/m
′
ilit
)
,

so e2πijai/mi = e2πiaiLisi/m
′
i and e2πi(jai+mipi)/mid = e2πisi/m

′
ili . �

Let ξi : Ãd−1 → Ãd−1 be the automorphism given by

ξi : (X1, . . . , Xi, . . . , Xn) �−→ (X1, . . . , e
2πi/m′

iliXi, . . . , Xn).

Then ξi ∈ Γ̃ (Lemma 5.5 (2)). In fact, ξi ∈ Γ̃∩Ξi, where Ξi (i = 1, 2, . . . , n)

is the multiplicative group of automorphisms consisting of scalar multipli-

cation of the ith coordinate of Ãd−1 (= C
n):

Ξi :=
{

(X1, . . . , Xi, . . . , Xn) �−→ (X1, . . . , λXi, . . . , Xn) : λ ∈ C
×
}
.
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Setting Γ̃i := Γ̃ ∩ Ξi, we claim that ξi in fact generates Γ̃i, that is, any

element of Γ̃i is a power of ξi. To see this, note that Γ̃i consists of γ̃
(j)
p1,p2,...,pn

of the form

γ̃(j)
p1,p2,...,pn : (X1, . . . , Xi, . . . , Xn)

�−→ (X1, . . . , e
2πi(jai+mipi)/midXi, . . . , Xn).

Here for each γ̃
(j)
p1,p2,...,pn ∈ Γ̃i, there exists an integer si such that

e2πi(jai+mipi)/mid = e2πisi/m
′
ili (Lemma 5.6). Then

γ̃(j)
p1,p2,...,pn : (X1, . . . , Xi, . . . , Xn) �−→ (X1, . . . , e

2πisi/m
′
iliXi, . . . , Xn),

so γ̃
(j)
p1,p2,...,pn = ξsii , confirming that ξi generates Γ̃i. Here the order of ξi is

m′
ili (Lemma 5.5 (1)), so the order of the cyclic group Γ̃i is m′

ili.

We formalize the above result as follows:

Proposition 5.7. For each i = 1, 2, . . . , n, let Γ̃i be the subgroup of Γ̃

consisting of γ̃
(j)
p1,p2,...,pn of the form

(X1, . . . , Xi, . . . , Xn) �−→ (X1, . . . , e
2πi(jai+mipi)/midXi, . . . , Xn).

Then Γ̃i is a cyclic group of order m′
ili generated by the automorphism

ξi : (X1, . . . , Xi, . . . , Xn) �−→ (X1, . . . , e
2πi/m′

iliXi, . . . , Xn),

where li :=
m′

1 · · · m̌′
i · · ·m′

n

lcm(m′
1, . . . , m̌

′
i, . . . ,m

′
n)

.

5.2. Cyclic subgroups Hi of H

We have described cyclic subgroups Γ̃i (i = 1, 2, . . . , n) of Γ̃. We next

describe subgroups of H corresponding to them. Here H is the descent of

Γ̃ with respect to the covering map q : Ãd−1 (= C
n) → C

n given by

q(X1, X2, . . . , Xn) = (X
m′

1
1 , X

m′
2

2 , . . . , Xm′
n

n ).

Explicitly H is given by (Lemma 4.8 (3)):

H =
{
h(j)
p1,p2,...,pn : (p1, p2, . . . , pn) ∈ Λ(j), j = 1, 2, . . . ,m′

1m
′
2 · · ·m′

nc
}
,
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where h
(j)
p1,p2,...,pn : C

n → C
n is the automorphism given by

(u1, . . . , un) �−→
(
e2πi(ja1+m1p1)/cdu1, . . . , e

2πi(jan+mnpn)/cdun
)
.

Now let Hi (i = 1, 2, . . . , n) be the subgroup of H consisting of h
(j)
p1,p2,...,pn

of the form

(u1, . . . , ui, . . . , un) �−→ (u1, . . . , e
2πi(jai+mipi)/cdui, . . . , un).(5.4)

Let hi : C
n → C

n be the automorphism given by

hi : (u1, . . . , ui, . . . , un) �−→ (u1, . . . , e
2πi/liui, . . . , un).(5.5)

Then hi ∈ H. In fact, hi is the descent of ξi ∈ Γ̃i (⊂ Γ̃), that is, the following

diagram commutes:

Ãd−1

ξi ��

q
��

Ãd−1

q
��

C
n

hi �� C
n.

Since Γ̃i is a cyclic group generated by ξi (Proposition 5.7) and hi is the

descent of ξi with respect to q, the descent of Γ̃i is a cyclic group generated

by hi. As we show subsequently, this cyclic group coincides with Hi.

To show this, it suffices to show that for any h
(j)
p1,p2,...,pn ∈ Hi, there

exists an element of Γ̃i that descends to h
(j)
p1,p2,...,pn . Here{

h
(j)
p1,p2,...,pn : (u1, . . . , un) �−→ (u1, . . . , e

2πi(jai+mipi)/cdui, . . . , un),

q : (X1, X2, . . . , Xn) �−→ (X
m′

1
1 , X

m′
2

2 , . . . , X
m′

n
n ).

Thus an automorphism ζ : Ãd−1 → Ãd−1 given by

ζ : (X1, . . . , Xn) �−→ (X1, . . . , e
2πi{(jai+mipi)/mid}Xi, . . . , Xn)(5.6)

descends to h
(j)
p1,p2,...,pn . We show that in fact ζ ∈ Γ̃ (then from the form of

ζ, ζ ∈ Γ̃i, so ζ is a lift of h
(j)
p1,p2,...,pn).

Step 1. Since q(X1, X2, . . . , Xn)=(X
m′

1
1 , X

m′
2

2 , . . . , X
m′

n
n ), the set of all

lifts of h
(j)
p1,p2,...,pn : (u1, . . . , un) �→ (u1, . . . , e

2πi(jai+mipi)/cdui, . . . , un) with
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respect to the covering q consists of automorphisms

(X1, . . . , Xn)

�→ (e2πik1/m′
1X1, . . . , e

2πi{(jai+mipi)/mid+ki/m
′
i}Xi, . . . , e

2πikn/m′
nXn),

where k1, k2, . . . , kn are integers.

Step 2. Since γ̃
(j)
p1,p2,...,pn ∈ Γ̃ is a lift of h

(j)
p1,p2,...,pn with respect to q

(Lemma 4.8 (1)), γ̃
(j)
p1,p2,...,pn coincides with one of the automorphisms in

Step 1. Namely for some integers k1, k2, . . . , kn,

γ̃(j)
p1,p2,...,pn : (X1, . . . , Xi, . . . , Xn) �−→

(e2πik1/m′
1X1, . . . , e

2πi{(jai+mipi)/mid+ki/m
′
i}Xi, . . . , e

2πikn/m′
nXn).

Next for each k = 1, 2, . . . , n, take the automorphism

ξk : (X1, . . . , Xn) �→ (X1, . . . , e
2πi/m′

klkXk, . . . , Xn).

The composite automorphism γ̃
(j)
p1,p2,...,pnξ

−l1k1
1 ξ−l2k2

2 · · · ξ−lnkn
n is then given

by

(X1, . . . , Xi, . . . , Xn) �−→ (X1, . . . , e
2πi{(jai+mipi)/mid}Xi, . . . , Xn).

This coincides with the automorphism ζ given by (5.6), thus

ζ = γ̃(j)
p1,p2,...,pnξ

−l1k1
1 ξ−l2k2

2 · · · ξ−lnkn
n .

Step 3. Since γ̃
(j)
p1,p2,...,pn ∈ Γ̃ and ξk ∈ Γ̃ (k = 1, 2, . . . , n), we have

γ̃
(j)
p1,p2,...,pnξ

−l1k1
1 ξ−l2k2

2 · · · ξ−lnkn
n ∈ Γ̃. Hence ζ ∈ Γ̃, confirming the assertion.

We thus obtained the following:

Lemma 5.8. For each h
(j)
p1,p2,...,pn ∈ Hi, there exists an element of Γ̃i

that descends to it (with respect to the covering q). In fact, the automor-

phism ζ : Ãd−1 → Ãd−1 given by ζ : (X1, . . . , Xn) �→ (X1, . . . ,

e2πi{(jai+mipi)/mid}Xi, . . . , Xn) is an element of Γ̃i that descends to

h(j)
p1,p2,...,pn : (u1, . . . , un) �→ (u1, . . . , e

2πi(jai+mipi)/cdui, . . . , un).
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Corollary 5.9. Hi is the descent of Γ̃i with respect to the covering

q.

The descent of Γ̃i with respect to the covering q is a cyclic group gen-

erated by hi in (5.5). On the other hand, this descent coincides with Hi

(Corollary 5.9). Thus:

Lemma 5.10. Hi is a cyclic group generated by the automorphism hi :

(u1, . . . , un) �→ (u1, . . . , e
2πi/liui, . . . , un). Thus the order of Hi is li.

5.3. The pseudo-reflection subgroup of H

We retain the notation above. Let H be the descent of Γ̃ with respect

to the covering q : Ãd−1 → C
n. Let Hi (i = 1, 2, . . . , n) be the subgroup of

H consisting of h
(j)
p1,p2,...,pn of the form

h(j)
p1,p2,...,pn : (u1, . . . , ui, . . . , un) �→(5.7)

(u1, . . . , e
2πi(jai+mipi)/cdui, . . . , un).

In fact, Hi is a cyclic group of order li generated by hi (Lemma 5.10). Note

that if i 
= j, then Hi ∩Hj = {1}. In particular,

H1H2 · · ·Hn = H1 ×H2 × · · · ×Hn.(5.8)

Note also that the set of all pseudo-reflections in H is given by

(
n⋃

i=1
Hi

)
\

{1}.
Here a pseudo-reflection is a diagonalizable matrix such that one of its

eigenvalues is a root of unity (distinct from 1) and all other eigenvalues are

1. Note that the identity matrix is not a pseudo-reflection.

Now let P be the pseudo-reflection subgroup of H that is the subgroup

generated by all pseudo-reflections in H, that is, by

(
n⋃

i=1
Hi

)
\ {1}. Here

Hi (i = 1, 2, . . . , n) is a cyclic group generated by hi, so P is generated by

h1, h2, . . . , hn, thus P = H1H2 · · ·Hn = H1 × H2 × · · · × Hn (see (5.8)).

Since the order of Hi is li, the order of P is l1l2 · · · ln. This confirms the

following:

Proposition 5.11. Where Hi (i = 1, 2, . . . , n) is a cyclic subgroup

of H generated by the automorphism hi : (u1, . . . , un) �→ (u1, . . . , e
2πi/liui,
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. . . , un), the pseudo-reflection subgroup P of H is the direct product P =

H1 ×H2 × · · · ×Hn and the order of P is l1l2 · · · ln.

In particular, P = {1} if and only if l1 = l2 = · · · = ln = 1. Thus:

Corollary 5.12. H is small if and only if l1 = l2 = · · · = ln = 1.

Now let G be the descent of H with respect to the l1l2 · · · ln-fold covering

r : C
n → C

n given by r(u1, u2, . . . , un) = (ul11 , u
l2
2 , . . . , u

ln
n ). Then l1 = l2 =

· · · = ln = 1 if and only if r is the identity map, or equivalently H = G.

This, combined with Corollary 5.12, gives the following:

Lemma 5.13.

H is small ⇐⇒ l1 = l2 = · · · = ln = 1

⇐⇒ r is the identity map

⇐⇒ H = G.

The following arithmetic results are proved later (Corollary 5.19):

(1) If n = 2, then l1 = l2 = 1.

(2) If n ≥ 3, then l1 = l2 = · · · = ln = 1 if and only if gcd(m′
j ,m

′
k) = 1

for any j 
= k.

This, combined with Lemma 5.13, yields the following:

Theorem 5.14 (Numerical criterion of smallness).

(1) If n = 2, then H is always small.

(2) If n ≥ 3, then H is small if and only if gcd(m′
i, m

′
j) = 1 for any i, j

such that i 
= j.

Example 5.15. If n = 3, a1 = a2 = a3 = 1, m1 = 2, m2 = 4 , m3 = 6

and κ = 0, then c = gcd(m1,m2,m3) = 2, m′
1 = 1, m′

2 = 2, m′
3 = 3 and d =

2+3+6 = 11. In this case, Γ is generated by the automorphism γ of Ad−1 (=

A10) given by γ(x1, x2, x3, t) �→ (e2πi/2x1, e
2πi/4x2, e

2πi/6x3, e
2πi/12t). Let Γ̃
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be the lift of Γ with respect to the covering p : Ã10 → A10, p(X1, X2, X3) =

(X11
1 , X11

2 , X11
3 , X1X2X3), and let H be the descent of Γ̃ with respect to

the covering q : Ã10 → C
3, q(X1, X2, X3) = (X1, X

2
2 , X

3
3 ). Then, since

gcd(m′
1,m

′
2) = 1, gcd(m′

1,m
′
3) = 1 and gcd(m′

2,m
′
3) = 1, Theorem 5.14

ensures that H is small.

5.4. Supplement: Arithmetic result

This section is devoted to proving an arithmetic result used in §5.3.

Let λ1, λ2, . . . , λn be positive integers such that gcd(λ1, λ2, . . . , λn) = 1,

where n ≥ 2. Set li := λ1 · · · λ̌i · · ·λn
lcm(λ1, . . . , λ̌i, . . . , λn)

, where λ̌i means the omission

of λi. Note that li is a positive integer (cf. Remark 3.1). We show that if

n ≥ 3, then l1 = l2 = · · · = ln = 1 if and only if gcd(λj , λk) = 1 for any

j 
= k.

Remark 5.16. If n = 2, this equivalence is vacuous, because l1 = l2 =

1 always holds (and gcd(λ1, λ2) = 1 by assumption). In fact l1 = λ1
gcd(λ1)

=

1 and l2 = λ2
gcd(λ2)

= 1.

We begin with some preparation:

Lemma 5.17. For any i, j, k such that i, j and k are distinct, li ≥
gcd(λj , λk).

Proof. We only show the assertion for i = 1, j = 2 and k = 3

(the assertion for other cases are similarly shown). Note first that λ2λ3 =

gcd(λ2, λ3) · lcm(λ2, λ3). Multiplying λ4 · · ·λn to this yields:

λ2λ3λ4 · · ·λn = gcd(λ2, λ3) · lcm(λ2, λ3)λ4 · · ·λn.

Here, since lcm(λ2, λ3)λ4 · · ·λn ≥ lcm(λ2, λ3, λ4, . . . , λn),

λ2λ3λ4 · · ·λn ≥ gcd(λ2, λ3) · lcm(λ2, λ3, λ4, . . . , λn).

Dividing this by lcm(λ2, λ3, λ4, . . . , λn),

λ2λ3λ4 · · ·λn
lcm(λ2, λ3, λ4 · · ·λn)

≥ gcd(λ2, λ3).
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Since the left hand side is l1, we have l1 ≥ gcd(λ2, λ3). (Note: If n = 3,

then the equality holds. In fact, l1 = λ2λ3
lcm(λ2, λ3)

= gcd(λ2, λ3).) �

We next show that:

Lemma 5.18. For each i = 1, 2, . . . , n,

li = 1 ⇐⇒ gcd(λj , λk) = 1 for any j 
= k (distinct from i).

Proof. =⇒: By Lemma 5.17, for any i, j, k such that i, j and k are

distinct, li ≥ gcd(λj , λk). In particular if li = 1, then gcd(λj , λk) = 1.

⇐=: If gcd(λj , λk) = 1 for any j 
= k such that j and k distinct from i,

then lcm(λ1, . . . , λ̌i, . . . , λn) = λ1 · · · λ̌i · · ·λn, and thus li = 1. �

From Lemma 5.18, l1 = l2 = · · · = ln = 1 if and only if gcd(λj , λk) = 1

for any j 
= k. (Actually if n = 2, then l1 = l2 = 1 always holds (Remark

5.16).)

Now let m1,m2, . . . ,mn be positive integers. Set c := gcd(m1,m2, . . . ,

mn) and m′
i := mi

c (i = 1, 2, . . . , n). Then m′
1,m

′
2, . . . ,m

′
n are positive

integers such that gcd(m′
1,m

′
2, . . . ,m

′
n) = 1. So we may apply the above to

obtain the following:

Corollary 5.19. Let m1,m2, . . . ,mn be positive integers. Set c :=

gcd(m1, m2, . . . ,mn), m′
i := mi

c and li :=
m′

1 · · · m̌′
i · · ·m′

n

lcm(m′
1, . . . , m̌

′
i, . . . ,m

′
n)

, where

m̌′
i means the omission of m′

i. (Note that li is a positive integer (cf. Remark

3.1).) Then the following hold:

(1) If n = 2, then l1 = l2 = 1.

(2) If n ≥ 3, then l1 = l2 = · · · = ln = 1 if and only if gcd(m′
j ,m

′
k) = 1

for any j 
= k.
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6. Uniformization Theorem for Arbitrary Dimension

6.1. Determination of G

Recall the diagram (3.5) for the covering maps p, q, r:

Ãd−1 = C
n

q
������� p

��������

C
n

r
�����

��
Ad−1.

C
n

(6.1)

Then

• Γ̃ =
m′

1m
′
2···m′

nc∐
j=1

Lift(j) (disjoint union) is the lift of Γ with respect to p,

where Lift(j) is the set of all lifts of γj ∈ Γ.

• H =
m′

1m
′
2···m′

nc⋃
j=1

q∗
(
Lift(j)

)
is the descent of Γ̃ with respect to q, where

q∗
(
Lift(j)

)
is the descent of Lift(j).

• G =
m′

1m
′
2···m′

nc⋃
j=1

r∗ ◦ q∗
(
Lift(j)

)
is the descent of H with respect to r,

where r∗ ◦ q∗
(
Lift(j)

)
is the descent of q∗

(
Lift(j)

)
.

Here Lift(j) =
{
γ̃

(j)
p1,p2,...,pn : (p1, p2, . . . , pn) ∈ Λ(j)

}
(Corollary 4.5 (3))

and q∗
(
Lift(j)

)
=
{
h

(j)
p1,p2,...,pn : (p1, p2, . . . , pn) ∈ Λ(j)

}
(Lemma 4.8 (2)).

We next determine r∗ ◦ q∗
(
Lift(j)

)
. For j = 1, 2, . . . ,m′

1m
′
2 · · ·m′

nc and

(p1, p2, . . . , pn) ∈ Λ(j), define an automorphism g
(j)
p1,p2,...,pn : C

n → C
n by

(v1, . . . , vn) �−→
(
e2πil1(ja1+m1p1)/cdv1, . . . , e

2πiln(jan+mnpn)/cdvn
)
.

Then as for Lemma 4.8, we can show the following:

Lemma 6.1.

(A) g
(j)
p1,p2,...,pn is the descent of h

(j)
p1,p2,...,pn with respect to the covering r :

C
n → C

n.

(B) r∗ ◦ q∗
(
Lift(j)

)
=
{
g
(j)
p1,p2,...,pn : (p1, p2, . . . , pn) ∈ Λ(j)

}
.
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(C) G =
{
g
(j)
p1,p2,...,pn : (p1, p2, . . . , pn) ∈ Λ(j), j = 1, 2, . . . ,m′

1m
′
2 · · ·m′

nc
}
.

(In particular, any two elements of G commute, so G is abelian.)

6.2. Uniformization theorem

Let H be the descent of Γ̃ with respect to the m′
1m

′
2 · · ·m′

n-fold covering

q : C
n → C

n and P be the pseudo-reflection subgroup of H, that is, P is

generated by all pseudo-reflections in H. The descent G of H with respect

to the l1l2 · · · ln-fold covering r : C
n → C

n is regarded as the quotient group

H/P . Indeed the kernel of the surjective homomorphism r∗ : H → G (given

by r∗(h) := descent of h) is P , so G ∼= H/P . Thus G is obtained from H

by collapsing the pseudo-reflections in H, consequently:

Proposition 6.2. G contains no pseudo-reflections, that is, is a small

group.

Now Ad−1/Γ ∼= Ãd−1/Γ̃ ∼= C
n/H ∼= C

n/G. Here G is a finite abelian

group (Proposition 3.2 (3)) and small (Proposition 6.2). The following is

thus established:

Theorem 6.3 (Uniformization theorem). Let Γ be the cyclic group

generated by the automorphism γ : Ad−1 → Ad−1 given by

γ : (x1, . . . , xn, t) �−→ (e2πia1/m1x1, . . . , e
2πian/mnxn, e

2πi/m′
1m

′
2···m′

nct).

Then there exists a small finite abelian group G ⊂ GL(n, C) such that

Ad−1/Γ ∼= C
n/G.

We explicitly give the isomorphism Ad−1/Γ ∼= C
n/G in the uniformiza-

tion theorem. The covering maps p, q and r appearing in the diagram (6.1)

induce isomorphisms p : Ãd−1/Γ̃ → Ad−1/Γ and q : Ãd−1/Γ̃ → C
n/H and

r : C
n/H → C

n/G. The isomorphism Ad−1/Γ ∼= C
n/G in the uniformiza-

tion theorem (Theorem 6.3) is then given by

Ψ := r ◦ q ◦ p−1 : Ad−1/Γ
∼= �� C

n/G.(6.2)

Explicitly:

Lemma 6.4. Ψ
(
[x1, . . . , xn, t]

)
=
[
x
m′

1l1/d
1 , . . . , x

m′
nln/d

n

]
,
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where [x1, . . . , xn, t] ∈ Ad−1/Γ and
[
x
m′

1l1/d
1 , . . . , x

m′
nln/d

n

]
∈ C

n/G denote

the images of (x1, . . . , xn, t) ∈ Ad−1 and
(
x
m′

1l1/d
1 , . . . , x

m′
nln/d

n

)
∈ C

n respec-

tively.

Proof. Since p(X1, X2, . . . , Xn) = (Xd
1 , X

d
2 , . . . , X

d
n, X1X2 · · ·Xn), we

have p
(
[X1, X2, . . . , Xn]

)
= [Xd

1 , X
d
2 , . . . , X

d
n, X1X2 · · ·Xn], so

p−1
(
[x1, x2, . . . , xn, t]

)
=
[
x

1/d
1 , x

1/d
2 , . . . , x1/d

n

]
.

Next since q(X1, X2, . . . , Xn) = (X
m′

1
1 , X

m′
2

2 , . . . , X
m′

n
n ) and r(u1, u2, . . . ,

un) = (ul11 , u
l2
2 , . . . , u

ln
n ), we have q

(
[X1, X2, . . . , Xn]

)
= [X

m′
1

1 , X
m′

2
2 , . . . ,

X
m′

n
n ] and r

(
[u1, u2, . . . , un]

)
= [ul11 , u

l2
2 , . . . , u

ln
n ], so

r ◦ q
(
[x

1/d
1 , x

1/d
2 , . . . , x1/d

n ]
)

= r
(
[x

m′
1/d

1 , x
m′

2/d
2 , . . . , xm

′
n/d

n ]
)

=
[
x
m′

1l1/d
1 , x

m′
2l2/d

2 , . . . , xm
′
nln/d

n

]
.

Hence Ψ := r ◦ q ◦ p−1 is explicitly given by

Ψ
(
[x1, x2, . . . , xn, t]

)
=
[
x
m′

1l1/d
1 , x

m′
2l2/d

2 , . . . , xm
′
nln/d

n

]
. �

6.3. Correspondence between functions

We use the notation in §6.2. Besides, let Φ : Ad−1 → C be a holomor-

phic map given by Φ(x1, x2, . . . , xn, t) = tm
′
1m

′
2···m′

nc. Then Φ is Γ-invariant,

so induces a holomorphic map Φ : Ad−1/Γ → C. As we explained in § In-

troduction, the topological monodromy of Φ is a −
(
a1
m1

, a2
m2

, . . . , anmn
, κ
)
-

fractional Dehn twist: If n = 2, then the topological monodromy of Φ is the

−
(
a1
m1

, a2
m2

, κ
)
-fractional Dehn twist.

Under the isomorphism Ψ : Ad−1/Γ
∼= �� Cn/G in (6.2), Φ : Ad−1/Γ →

C corresponds to a holomorphic map on C
n/G. We describe this map. To

that end, we need the following:

Lemma 6.5. For an element g ∈ G given by

(v1, . . . , vn) �−→
(
e2πil1(ja1+m1p1)/cdv1, . . . , e

2πiln(jan+mnpn)/cdvn
)
,
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write ηi = e2πili(jai+mipi)/cd (i = 1, 2, . . . , n). Next for i = 1, 2, . . . , n, set

ki := lcm(m′
1, . . . , m̌

′
i, . . . ,m

′
n)c, where m̌′

i means the omission of m′
i. Then

ηk1
1 ηk2

2 · · · ηknn = 1.

Proof. Since li =
m′

1 · · · m̌′
i · · ·m′

n

lcm(m′
1, . . . , m̌

′
i, . . . ,m

′
n)

, we have kili =

m′
1 · · · m̌′

i · · ·m′
nc, so

ηk1
1 ηk2

2 · · · ηknn = e2πik1l1(ja1+m1p1)/cde2πik2l2(ja2+m2p2)/cd · · ·
· · · e2πiknln(jan+mnpn)/cd

= e2πim′
1m

′
2···m′

nc
∑ n

i=1(jai/mi+pi)/d.

Here
n∑

i=1
pi/d = jκ/d (because (p1, p2, . . . pn) ∈ Λ(j)), so

e2πim′
1m

′
2···m′

nc
∑ n

i=1(jai/mi+pi)/d = e2πijm′
1m

′
2···m′

nc
(∑ n

i=1 ai/mi+κ
)
/d

= e2πij by (3.3).

Hence ηk1
1 ηk2

2 · · · ηknn = e2πij = 1. �

We next show the following (this generalizes Lemma 2.4):

Theorem 6.6. Let φ : C
n → C be a holomorphic map given by

φ(v1, v2, . . . vn) = vk1
1 vk2

2 · · · vknn , where ki := lcm(m′
1, . . . , m̌

′
i, . . . ,m

′
n)c.

Then:

(1) φ is G-invariant. In particular, this induces a holomorphic map φ :

C
n/G → C.

(2) Under the isomorphism Ψ : Ad−1/Γ
∼= �� Cn/G in (6.2), Φ corre-

sponds to φ, that is, Φ = φ ◦ Ψ.

Proof. (1): For (v1, v2, . . . , vn) ∈ C
n and an element g ∈ G given by

g : (v1, v2, . . . , vn) �→ (η1v1, η2v2, . . . , ηnvn),

φ ◦ g(v1, v2, . . . , vn) = φ(η1v1, η2v2, . . . , ηnvn)

= (ηk1
1 ηk2

2 · · · ηknn )vk1
1 vk2

2 · · · vknn
= ηk1

1 ηk2
2 · · · ηknn φ(v1, v2, . . . , vn)

= φ(v1, v2, . . . , vn) by Lemma 6.5.
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Thus φ ◦ g = φ, confirming the assertion.

(2): Note first that

φ ◦ Ψ
(
[x1, x2, . . . , xn, t]

)
= φ
(
[x

m′
1l1/d

1 , x
m′

2l2/d
2 , . . . , xm

′
nln/d

n ]
)

(Lemma 6.4)

= x
m′

1l1k1/d
1 x

m′
2l2k2/d

2 · · ·xm′
nlnkn/d

n .

Here since kili = m′
1 · · · m̌′

i · · ·m′
nc, we have m′

iliki = m′
1m

′
2 · · ·m′

nc. Thus

the last expression is rewritten as

x
m′

1l1k1/d
1 x

m′
2l2k2/d

2 · · ·xm′
nlnkn/d

n = (x1x2 · · ·xn)m
′
1m

′
2···m′

nc/d

= tm
′
1m

′
2···m′

nc because x1x2 · · ·xn = td.

Hence φ ◦ Ψ
(
[x1, x2, . . . , xn, t]

)
= Φ

(
[x1, x2, . . . , xn, t]

)
. �

6.4. Equi-smallness theorem

Let Γ be the cyclic group generated by the automorphism γ : Ad−1 →
Ad−1 given by

γ : (x1, . . . , xn, t) �−→ (e2πia1/m1x1, . . . , e
2πian/mnxn, e

2πi/m′
1m

′
2···m′

nct),

where d :=
n∑

k=1

akm
′
1 · · · m̌′

k · · ·m′
n + m′

1m
′
2 · · ·m′

ncκ. Here κ is an integer

satisfying (∗) a1
m1

+ a2
m2

+ · · · + an
mn

+ κ > 0. Then κ ≥ −n+ 1 (see (3.1)).

Let Γ̃ be the lift of Γ and H is the descent of Γ̃. The pseudo-reflection

subgroup P of H is generated by the automorphisms hi : C
n → C

n (i =

1, 2, . . . , n) given by hi : (u1, . . . , ui, . . . , un) �→ (u1, . . . , e
2πi/liui, . . . , un)

(Proposition 5.11). Here li =
m′

1 · · · m̌′
i · · ·m′

n

lcm(m′
1, . . . , m̌

′
i, . . . ,m

′
n)

does not depend on

κ. Thus:

Lemma 6.7. The pseudo-reflection subgroup P of H does not depend

on κ.

In what follows, regarding κ as a ‘parameter’, write Γ̃, H, P as Γ̃κ, Hκ,

Pκ. These are subgroups of GL(n, C). From Lemma 6.7,

Pκ0 = Pκ0+1 = · · · = Pκ = · · · ,(6.3)
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where κ0 denotes the least integer in the set S of integers κ satisfying (∗).
If Hκ0 is small, then Pκ0 = {1} and by (6.3), Pκ0 = Pκ0+1 = · · · = Pκ =

· · · = {1}. Thus Hκ is small for any κ ∈ S. This confirms the following:

Theorem 6.8 (Equi-smallness). Let S be the set of integers κ satisfy-

ing a1
m1

+ a2
m2

+ · · · + an
mn

+ κ > 0, and let κ0 denote the least integer in S.

Then Hκ0 is small ⇐⇒ Hκ is small for any κ ∈ S. (In other words, Hκ0 is

not small ⇐⇒ Hκ is not small for any κ ∈ S.)

Example 6.9. (i): When n = 3, a1 = a2 = a3 = 1, m1 = 2, m2 = 4

and m3 = 6, c = gcd(m1,m2,m3) = 2, m′
1 = 1, m′

2 = 2 and m′
3 = 3. Then

a1
m1

+ a2
m2

+ a3
m3

= 1
2 + 1

4 + 1
6 = 11

12, and thus 11
12 + κ > 0. Hence κ0 = 0.

Here by Example 5.15, Hκ0 is small. Thus by Theorem 6.8, Hκ is small for

any integer κ such that κ ≥ 0.

(ii): When n = 3, a1 = 1, a2 = 2, a3 = 3, m1 = 2, m2 = 3 and

m3 = 4, c = gcd(m1,m2,m3) = 1, m′
1 = 2, m′

2 = 3 and m′
3 = 4. Then

a1
m1

+ a2
m2

+ a3
m3

= 1
2 + 2

3 + 3
4 = 23

12, and thus 23
12 + κ > 0. Hence κ0 = −1.

Here since gcd(m′
1,m

′
3) = 2, Theorem 5.14 ensures that Hκ0 is not small.

Thus by Theorem 6.8, Hκ is not small for any integer κ such that κ ≥ −1.

7. Generators of Γ̃, H and G

Let Γ̃ be the lift of Γ with respect to the covering p. Let H be the

descent of Γ̃ with respect to the covering q, and G be the descent of H with

respect to the covering r. Then G is a small finite abelian group such that

Ad−1/Γ ∼= C
n/G. We explicitly give generators of Γ̃, H, G.

7.1. Generators of Γ̃

Recall that (see the paragraph above Lemma 4.7)

Γ̃ =
{
γ̃(j)
p1,p2,...,pn : (p1, p2, . . . , pn) ∈ Λ(j), j = 1, 2, . . . ,m′

1m
′
2 · · ·m′

nc
}
,

where Λ(j) =
{

(p1, p2, . . . , pn) ∈ Z
n : 0 ≤ pi < d,

n∑
i=1

pi
d

≡ jκ
d

mod Z

}
and

γ̃
(j)
p1,p2,...,pn : Ãd−1 → Ãd−1 is an automorphism given by

(X1, . . . , Xn) �−→
(
e2πi(ja1+m1p1)/m1dX1, . . . , e

2πi(jan+mnpn)/mndXn

)
.
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Recall that Γ is generated by the automorphism γ : Ad−1 → Ad−1 given by

γ : (x1, . . . , xn, t) �−→ (e2πia1/m1x1, . . . , e
2πian/mnxn, e

2πi/(m′
1m

′
2···m′

nc)t).

The automorphism δ : Ãd−1 → Ãd−1 given by

(X1, X2, . . . , Xn)

�−→ (e2πia1/m1dX1, e
2πia2/m2dX2, . . . , e

2πi(an+mnκ)/mndXn)

is a lift of γ ∈ Γ with respect to the covering p : Ãd−1 → Ad−1. Hence δ ∈ Γ̃.

The automorphism ηi : Ãd−1 → Ãd−1 (i = 1, 2, . . . , n− 1) given by

(X1, X2, . . . , Xn) �−→ (X1, . . . , Xi−1, e
2πi/dXi, Xi+1, . . . , e

−2πi/dXn)

is a lift of the identity 1 ∈ Γ with respect to the covering p. Hence ηi ∈ Γ̃

(i = 1, 2, . . . , n− 1).

Lemma 7.1. Any element of Γ̃ is expressed by δ, η1, η2, . . . , ηn−1 ∈ Γ̃.

In fact, γ̃
(j)
p1,p2,...,pn ∈ Γ̃ is expressed as γ̃

(j)
p1,p2,...,pn = δjηp1

1 ηp2
2 · · · ηpn−1

n−1 .

Proof. It suffices to show that γ̃
(j)
p1,p2,...,pnδ

−jη−p1
1 η−p2

2 · · · η−pn−1

n−1 is the

identity. For brevity, express γ̃
(j)
p1,p2,...,pn(>x) = A>x, δ(>x) = B>x and ηi(>x) =

Ci>x, where

A = diag
(
e2πi(ja1+m1p1)/m1d, e2πi(ja2+m2p2)/m2d, . . . , e2πi(jan+mnpn)/mnd

)
,

B = diag
(
e2πia1/m1d, e2πia2/m2d, . . . , e2πian−1/mn−1d, e2πi(an+mnκ)/mnd

)
,

Ci = diag
(
1, . . . , 1, e2πi/d, 1, . . . , 1, e−2πi/d

)
, where e2πi/d lies in the ith

place. Then γ̃
(j)
p1,p2,...,pnδ

−jη−p1
1 η−p2

2 · · · η−pn−1

n−1 (>x) = AB−jC−p1
1 C−p2

2 · · ·
C

−pn−1

n−1 >x. It thus suffices to show that the matrix D := AB−jC−p1
1 C−p2

2 · · ·
C

−pn−1

n−1 is the identity matrix. Since A, B, Ci are diagonal, D is also di-

agonal, so it suffices to show that any of its diagonal entries is 1. This is

confirmed as follows:

• For i = 1, 2, . . . , n− 1, the (i, i) entry of D is

e2πi(jai+mipi)/mid(e2πiai/mid)−j(e2πi/d)−pi = 1.

• The (n, n) entry of D is

e2πi(jan+mnpn)/mnd(e2πi(an+mnκ)/mnd)−j(e2πi/d)p1+···+pn−1

= e2πi(p1+···+pn−jκ)/d.
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Here since (p1, p2, . . . , pn) ∈ Λ(j), we have
n∑

i=1

pi
d

≡ jκ
d

mod Z, and

thus e2πi(p1+···+pn−jκ)/d = 1. �

Lemma 7.1 implies that:

Corollary 7.2. Γ̃ is generated by δ, η1, η2, . . . , ηn−1, or as a subgroup

of GL(n, C), generated by the matrices B, C1, C2, . . . , Cn−1 appearing in the

proof of Lemma 7.1.

7.2. Relations among generators of Γ̃

Recall that Γ̃ is a finite abelian group of order m′
1m

′
2 · · ·m′

ncd
n−1 (Propo-

sition 3.2 (1)) and is generated by δ, η1, η2, . . . , ηn−1 (Corollary 7.2). These

generators are generally not independent. In fact, the following holds (the

proof is the same as that of Lemma 7.1):

Lemma 7.3. δm
′
1m

′
2···m′

nc = η
a1m′

2m
′
3···m′

n
1 η

a2m′
1m

′
3···m′

n
2 · · ·

η
an−1m′

1···m′
n−2m

′
n

n−1 .

If the order of δ is m′
1m

′
2 · · ·m′

nc, then this relation is actually vacuous.

To see this, we need the following:

Lemma 7.4.

(1) Express δ(>x) = B>x, where B is the matrix appearing in the proof of

Lemma 7.1. Then detB = e2πi/m′
1m

′
2···m′

nc.

(2) If δk = 1, then k is a multiple of m′
1m

′
2 · · ·m′

nc. In particular, the

order of δ is a multiple of m′
1m

′
2 · · ·m′

nc.

(3) lcm(m′
1,m

′
2, . . . ,m

′
n)cd is a multiple of m′

1m
′
2 · · ·m′

nc, and

δlcm(m′
1,m

′
2,...,m

′
n)cd = 1.

(4) Write lcm(m′
1,m

′
2, . . . ,m

′
n)cd = Nm′

1m
′
2 · · ·m′

nc where N is a positive

integer. Then the order of δ is lm′
1m

′
2 · · ·m′

nc for some positive integer

l (1 ≤ l ≤ N).
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Proof. We show the assertions only for n = 3 (the proof is the same

for any n).

(1): Since B =

 e2πia1/m1d 0 0

0 e2πia2/m2d 0

0 0 e2πi(a3+m3κ)/m3d

, we have

detB = e2πia1/m1de2πia2/m2de2πi(a3+m3κ)/m3d = e2πi(a1/m1+a2/m2+a3/m3+κ)/d.

Here (a1/m1 + a2/m2 + a3/m3 + κ)/d = 1/m′
1m

′
2m

′
3c (because d :=

m′
1m

′
2m

′
3c(a1/m1 + a2/m2 + a3/m3 + κ)), confirming the assertion.

(2): If δk = 1, then Bk = I (the identity matrix), so det(Bk) = 1. Then

e2πik/m′
1m

′
2m

′
3c = 1 by (1). Thus k is a multiple of m′

1m
′
2m

′
3c.

(3): We first show that lcm(m′
1,m

′
2,m

′
3)cd is a multiple of m′

1m
′
2m

′
3c, for

which it is sufficient to demonstrate that
lcm(m′

1,m
′
2,m

′
3)cd

m′
1m

′
2m

′
3c

is an integer.

Using d := m′
1m

′
2m

′
3c
(
a1
m1

+ a2
m2

+ a3
m3

+ κ
)
, we rewrite:

lcm(m′
1,m

′
2,m

′
3)cd

m′
1m

′
2m

′
3c

= lcm(m′
1,m

′
2,m

′
3)c

(
a1

m1
+

a2

m2
+

a3

m3
+ κ

)
=

lcm(m′
1,m

′
2,m

′
3)c

m1
a1 +

lcm(m′
1,m

′
2,m

′
3)c

m2
a2 +

lcm(m′
1,m

′
2,m

′
3)c

m3
a3

+ lcm(m′
1,m

′
2,m

′
3)cκ.

Since mi = m′
ic, the last expression is equal to

lcm(m′
1,m

′
2,m

′
3)

m′
1

a1 +
lcm(m′

1,m
′
2,m

′
3)

m′
2

a2 +
lcm(m′

1,m
′
2,m

′
3)

m′
3

a3

+ lcm(m′
1,m

′
2,m

′
3)cκ.

This is an integer, because

lcm(m′
1,m

′
2,m

′
3)

m′
1

,
lcm(m′

1,m
′
2,m

′
3)

m′
2

,
lcm(m′

1,m
′
2,m

′
3)

m′
3

are integers.

Thus
lcm(m′

1,m
′
2,m

′
3)cd

m′
1m

′
2m

′
3c

is an integer, confirming the assertion.

We next show that δlcm(m′
1,m

′
2,m

′
3)cd = 1. For an integer k, the automor-

phism δk : Ãd−1 → Ãd−1 is given by

(X1, X2, X3) �−→ (e2πia1k/m1dX1, e
2πia2k/m2dX2, e

2πi(a3+m3κ)k/m3dX3).
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Here if k = lcm(m′
1,m

′
2,m

′
3)cd, then

k/m1d = lcm(m′
1,m

′
2,m

′
3)/m

′
1, k/m2d = lcm(m′

1,m
′
2,m

′
3)/m

′
2,

k/m3d = lcm(m′
1,m

′
2,m

′
3)/m

′
3,

hence k/m1d, k/m2d, k/m3d are integers, consequently δlcm(m′
1,m

′
2,m

′
3)cd :

(X1, X2, X3) �−→ (X1, X2, X3), so δlcm(m′
1,m

′
2,m

′
3)cd = 1.

(4): This follows from (2) and (3). �

Since ηi : Ãd−1 → Ãd−1 (i = 1, 2, . . . , n− 1) is given by

(X1, X2, . . . , Xn) �−→ (X1, . . . , Xi−1, e
2πi/dXi, Xi+1, . . . , e

−2πi/dXn),

the order of ηi is d.

Lemma 7.5.

(1) There is no nontrivial relation among η1, η2, . . . , ηn−1: If ηk1
1 ηk2

2 · · ·
η
kn−1

n−1 = 1, then ηk1
1 = ηk2

2 = · · · = η
kn−1

n−1 = 1.

(2) Let k be an integer such that δk 
= 1. If δk is expressed by η1, η2, . . . ,

ηn−1, that is, δk = ηl11 η
l2
2 · · · ηln−1

n−1 for some integers l1, l2, . . . , ln−1,

then k is a multiple of m′
1m

′
2 · · ·m′

nc.

(3) If an integer k is not a multiple of m′
1m

′
2 · · ·m′

nc, then δk 
= 1. More-

over δk cannot be expressed by η1, η2, . . . , ηn−1.

(4) Let 〈δ〉 and 〈η1, η2, . . . , ηn−1〉 denote the subgroups of GL(n,C) gener-

ated by δ and η1, η2, . . . , ηn−1 respectively. If the order of δ is

m′
1m

′
2 · · ·m′

nc, then 〈δ〉 ∩ 〈η1, η2, . . . , ηn−1〉 = {1}.

Proof. We show this for n = 3 (the proof is the same for any n).

(1): The automorphism ηk1
1 ηk2

2 : Ãd−1 → Ãd−1 is given by

(X1, X2, X3) �→ (e2πik1/dX1, e
2πik2/dX2, e

−2πi(k1+k2)/dXn). If ηk1
1 ηk2

2 = 1,

then e2πik1/d = 1, e2πik2/d = 1, e−2πi(k1+k2)/d = 1. Accordingly ηk1
1 = 1 and

ηk2
2 = 1 hold.

(2): Suppose that δk = ηl11 η
l2
2 . Here since δ ∈ Γ̃ is a lift of γ ∈ Γ, δk ∈ Γ̃

is a lift of γk ∈ Γ and since η1, η2 ∈ Γ̃ are lifts of 1 ∈ Γ, ηl11 η
l2
2 ∈ Γ̃ is a lift

of 1 ∈ Γ. The relation δk = ηl11 η
l2
2 thus implies that δk is a lift of both γk
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and 1, so γk = 1. Since the order of γ is m′
1m

′
2m

′
3c, this implies that k is a

multiple of m′
1m

′
2m

′
3c.

(3): Since the order of δ is a multiple of m′
1m

′
2m

′
3c (Lemma 7.4 (2)),

if an integer k is not a multiple of m′
1m

′
2m

′
3c, then δk 
= 1. The rest is a

restatement of (2).

(4): This can be shown by contradiction. If 〈δ〉 ∩ 〈η1, η2〉 
= {1}, then

there exist elements δk 
= 1 of 〈δ〉 and ηl11 η
l2
2 
= 1 of 〈η1, η2〉 such that

δk = ηl11 η
l2
2 . Then (2) implies that k is a multiple of m′

1m
′
2m

′
3c. But

δm
′
1m

′
2m

′
3c = 1 by assumption, accordingly δk = 1. This contradicts that

δk 
= 1. �

By (4) of Lemma 7.4, the order of δ is lm′
1m

′
2 · · ·m′

nc for some positive

integer l (1 ≤ l ≤ N), where N =
lcm(m′

1,m
′
2, . . . ,m

′
n)cd

m′
1m

′
2 · · ·m′

nc
. The following

holds:

Corollary 7.6.

(1) If the order of δ is m′
1m

′
2 · · ·m′

nc, then the relation in Lemma 7.3

is vacuous, that is, δm
′
1m

′
2···m′

nc = η
a1m′

2m
′
3···m′

n
1 = · · · =

η
an−1m′

1···m′
n−2m

′
n

n−1 = 1.

(2) If the order of δ is m′
1m

′
2 · · ·m′

nc, then Γ̃ is isomorphic to the product

of cyclic groups 〈δ〉 × 〈η1〉 × 〈η2〉 × · · · × 〈ηn−1〉, where 〈δ〉 and 〈ηi〉
denote the cyclic groups generated by δ and ηi respectively.

Proof. We show this for n = 3 (the proof is the same for other cases).

(1): If the order of δ is m′
1m

′
2m

′
3c, then δm

′
1m

′
2m

′
3c = 1, so

η
a1m′

2m
′
3

1 η
a2m′

1m
′
3

2 = 1 by Lemma 7.3. Consequently η
a1m′

2m
′
3

1 = η
a2m′

1m
′
3

2 = 1

by Lemma 7.5 (1), confirming the assertion.

(2): By Lemma 7.5 (4), if the order of δ is m′
1m

′
2m

′
3c, then 〈δ〉∩〈η1, η2〉 =

{1}. Since Γ̃ is generated by δ, η1, η2 (Corollary 7.2), we obtain Γ̃ ∼= 〈δ〉 ×
〈η1, η2〉. Here 〈η1, η2〉 = 〈η1〉 × 〈η2〉 because there is no nontrivial relation

between η1 and η2 (Lemma 7.5 (1)). Hence Γ̃ ∼= 〈δ〉×〈η1〉×〈η2〉, confirming

the assertion. �

Remark 7.7. If the order of δ is greater than m′
1m

′
2 · · ·m′

nc, then Γ̃ is

not isomorphic to 〈δ〉×〈η1〉×〈η2〉×· · ·×〈ηn−1〉, because there is a nontrivial

relation among δ, η1, η2, . . . , ηn−1 (Lemma 7.3).
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7.3. Generators of H and relations among them

Recall that (see Lemma 4.8 (3))

H =
{
h(j)
p1,p2,...,pn : (p1, p2, . . . , pn) ∈ Λ(j), j = 1, 2, . . . ,m′

1m
′
2 · · ·m′

nc
}
,

where h
(j)
p1,p2,...,pn : C

n → C
n is an automorphism given by

(u1, . . . , un) �−→
(
e2πi(ja1+m1p1)/cdu1, . . . , e

2πi(jan+mnpn)/cdun
)
.

Recall that Γ̃ is generated by δ, η1, η2, . . . , ηn−1 (Corollary 7.2), where

δ : (X1, X2, . . . , Xn)

�−→ (e2πia1/m1dX1, e
2πia2/m2dX2, . . . , e

2πi(an+mnκ)/mndXn),

ηi : (X1, X2, . . . , Xn) �−→ (X1, . . . , Xi−1, e
2πi/dXi, Xi+1, . . . , e

−2πi/dXn).

Let α, βi (i = 1, 2, . . . , n− 1) be automorphisms of C
n given by

α : (u1, u2, . . . , un) �−→ (e2πia1/cdu1, e
2πia2/cdu2, . . . , e

2πi(an+mnκ)/cdun),

βi : (u1, u2, . . . , un) �−→ (u1, . . . , ui−1, e
2πim′

i/dui, ui+1, . . . , e
−2πim′

n/dun).

They are respectively the descents of δ, ηi ∈ Γ̃ (with respect to the covering

q : Ãd−1 → C
n), hence α, βi ∈ H.

Lemma 7.8. Any element of H is expressed by α, β1, β2, . . . , βn−1. In

fact, h
(j)
p1,p2,...,pn ∈ H is expressed as h

(j)
p1,p2,...,pn = αjβp1

1 βp2
2 · · ·βpn−1

n−1 .

Proof. Since α, βi ∈ H are the descents of δ, ηi ∈ Γ̃ respectively,

αjβp1
1 βp2

2 · · ·βpn−1

n−1 ∈ H is the descent of δjηp1
1 ηp2

2 · · · ηpn−1

n−1 ∈ Γ̃. On the other

hand, h
(j)
p1,p2,...,pn ∈ H is the descent of γ̃

(j)
p1,p2,...,pn ∈ Γ̃ (Lemma 4.8 (1)).

The relation γ̃
(j)
p1,p2,...,pn = δjηp1

1 ηp2
2 · · · ηpn−1

n−1 (in Lemma 7.1) then implies

h
(j)
p1,p2,...,pn = αjβp1

1 βp2
2 · · ·βpn−1

n−1 . �

Lemma 7.8 implies that H is generated by α, β1, β2, . . . , βn−1. Here α

and βi are expressed by the following diagonal matrices:

S = diag
(
e2πia1/cd, e2πia2/cd, . . . , e2πian−1/mn−1d, e2πi(an+mnκ)/cd

)
and

Ti = diag
(
1, . . . , 1, e2πim′

i/d, 1, . . . , 1, e−2πim′
n/d
)
, where e2πim′

i/d lies in the

ith place. Thus:
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Corollary 7.9. H is generated by α, β1, β2, . . . , βn−1, or as a sub-

group of GL(n, C), generated by the matrices S, T1, T2, . . . , Tn−1.

Here α, β1, β2, . . . , βn−1 are actually not independent. In fact, there are

relations among them:

Lemma 7.10. The generators α, β1, β2, . . . , βn−1 of H satisfy the fol-

lowing relations:

(a) αm′
1m

′
2···m′

n−1c = β
a1m′

2m
′
3···m′

n−1

1 β
a2m′

1m
′
3···m′

n−1

2 · · ·βan−1m′
1m

′
2···m′

n−2

n−1 .

(b) For i = 1, 2, . . . , n− 1,

αm′
1···m̌′

i···m′
nc = β

a1m′
2···m̌′

i···m′
n

1 · · ·β(aim
′
1···m̌′

i···m′
n−d)/m′

i
i · · ·

· · ·βan−1m′
1···m̌′

i···m′
n−2m

′
n

n−1 ,

where note that (aim
′
1 · · · m̌′

i · · ·m′
n − d)/m′

i is an integer.

Remark 7.11. The existence of nontrivial relations among α, β1, β2,

. . . , βn−1 implies that H = 〈α, β1, β2, . . . , βn−1〉 is not isomorphic to the

product of cyclic groups 〈α〉 × 〈β1〉 × 〈β2〉 × · · · × 〈βn−1〉.

7.4. Generators of G and relations among them

Recall that (see Lemma 6.1 (C))

G =
{
g(j)
p1,p2,...,pn : (p1, p2, . . . , pn) ∈ Λ(j), j = 1, 2, . . . ,m′

1m
′
2 · · ·m′

nc
}
,

where g
(j)
p1,p2,...,pn : C

n → C
n is an automorphism given by

(v1, . . . , vn) �−→
(
e2πil1(ja1+m1p1)/cdv1, . . . , e

2πiln(jan+mnpn)/cdvn
)
.

Recall that H is generated by α, β1, β2, . . . , βn−1 (Corollary 7.9), where

α : (u1, u2, . . . , un) �−→ (e2πia1/cdu1, e
2πia2/cdu2, . . . , e

2πi(an+mnκ)/cdun),

βi : (u1, u2, . . . , un) �−→ (u1, . . . , ui−1, e
2πim′

i/dui, ui+1, . . . , e
−2πim′

n/dun).

Let f, gi (i = 1, 2, . . . , n−1) be automorphisms of C
n given by

f : (v1, v2, . . . , vn) �−→ (e2πil1a1/cdv1, e
2πil2a2/cdv2, . . . , e

2πiln(an+mnκ)/cdvn),

gi : (v1, v2, . . . , vn) �−→ (v1, . . . , vi−1, e
2πilim

′
i/dvi, vi+1, . . . , e

−2πilnm′
n/dvn).



Uniformization of Cyclic Quotients 723

They are respectively the descents of α, βi ∈ H (with respect to the covering

r : C
n → C

n), hence f, gi ∈ G. As for Lemma 7.8, we can show the following:

Lemma 7.12. Any element of G is expressed by f, g1, g2, . . . , gn−1. In

fact, g
(j)
p1,p2,...,pn ∈ G is expressed as g

(j)
p1,p2,...,pn = f jgp1

1 gp2
2 · · · gpn−1

n−1 .

Lemma 7.12 implies that:

Corollary 7.13. G is generated by f, g1, g2, . . . , gn−1, where f and gi
are expressed by the diagonal matrices

Q = diag
(
e2πil1a1/cd, e2πil2a2/cd, . . . , e2πiln−1an−1/cd, e2πiln(an+mnκ)/cd

)
and

Ri = diag
(
1, . . . , 1, e2πilim

′
i/d, 1, . . . , 1, e−2πilnm′

n/d
)
, where e2πilim

′
i/d lies

in the ith place.

Here f, g1, g2, . . . , gn−1 are actually not independent. In fact, there are

relations among them:

Lemma 7.14. The generators f, g1, g2, . . . , gn−1 of G satisfy the fol-

lowing ralations:

(a) f lcm(m′
1,m

′
2,...,m

′
n−1)c = g

a1lcm(m′
1,m

′
2,...,m

′
n−1)/m′

1

1 · · ·
g
an−1lcm(m′

1,m
′
2,...,m

′
n−1)/m′

n−1

n−1 ,

where note that aklcm(m′
1,m

′
2, . . . ,m

′
n−1)/m

′
k (k = 1, 2, . . . , n − 1) is

an integer (because m′
k divides lcm(m′

1,m
′
2, . . . ,m

′
n−1)).

(b) For i = 1, 2, . . . , n− 1,

f lcm(m′
1,...,m̌

′
i,...,m

′
n)c

= g
a1lcm(m′

1,...,m̌
′
i,...,m

′
n)/m′

1
1 · · · g(aim

′
1···m̌′

i···m′
n−d)/lim

′
i

i · · ·

· · · gan−1lcm(m′
1,...,m̌

′
i,...,m

′
n)/m′

n−1

n−1 ,

where note that (aim
′
1 · · · m̌′

i · · ·m′
n − d)/lim

′
i is an integer and for k =

1, 2, . . . , ǐ, . . . , n, aklcm(m′
1, . . . , m̌

′
i, . . . ,m

′
n)/m′

k is an integer (because

m′
k divides lcm(m′

1, . . . , m̌
′
i, . . . ,m

′
n)).

Remark 7.15. The existence of nontrivial relations among f, g1, g2,

. . . , gn−1 implies that G = 〈f, g1, g2, . . . , gn−1〉 is not isomorphic to the

product of cyclic groups 〈f〉 × 〈g1〉 × 〈g2〉 × · · · × 〈gn−1〉.
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Case n = 2. Let a∗1 (0 < a∗1 < m1) be the integer such that a1a
∗
1 ≡

1 mod m1. If n = 2, then G is a cyclic group generated by g : (u1, u2) �→
(e2πi/cdu1, e

2πiq/cdu2), where q (0 < q < cd) is the integer such that q ≡
a∗1d−m′

2

m′
1

mod cd (Theorem 2.1). Note that
a∗1d−m′

2

m′
1

is an integer (cf.

Lemma 2.3 (1)). Here the automorphism g is expressed by the matrix

P :=

(
e2πi/cd 0

0 e2πiq/cd

)
, and as a subgroup of GL(2, C), G is generated

by P . On the other hand by Corollary 7.13, G is generated by two matrices

Q =

(
e2πia/cd

0 e2πi(b+nκ)/cd

)
and R1 =

(
e2πim′/d

0 e−2πin′/d

)
. Note

that l1 = l2 = 1, thus G = H, f = α, g1 = β1. We describe the relations

among P and Q, R1.

For simplicity, write m1, m2, a1, a2, a
∗
1, β1, R1 as m, n, a, b, a∗, β, R,

and set c := gcd(m,n), m′ := m
c , n′ := n

c and d := an′ + bm′ +m′n′cκ.

Proposition 7.16. The matrices P, Q, R ∈ GL(2, C) expressing the

automorphisms g, α, β are related as follows:

(1) P a = Q, Pm = R.

(2) Noting that 1 − aa∗
m is an integer (because aa∗ ≡ 1 mod m), let l

(0 < l < cd) be the integer such that l ≡ 1 − aa∗
m mod cd. Then

Qa∗Rl = P .

Proof. (1): We first show P a = Q. Since aq ≡ a(a∗d− n′)
m′ ≡

d− an′

m′ ≡ b+ nκ mod cd,

P a =

(
e2πia/cd 0

0 e2πiaq/cd

)
=

(
e2πia/cd 0

0 e2πi(b+nκ)/cd

)
= Q.

We next show Pm = R. Since mq ≡ m(a∗d− n′)
m′ ≡ a∗cd− cn′ ≡ −cn′ mod

cd,

Pm =

(
e2πim/cd 0

0 e2πimq/cd

)
=

(
e2πim′/d 0

0 e−2πin′/d

)
= R.



Uniformization of Cyclic Quotients 725

(2): We first show P aa∗+ml = P . Since l ≡ 1 − aa∗
m mod cd and aa∗ +

m1 − aa∗
m = 1, we have aa∗ +ml ≡ 1 mod cd. Hence

e2πi(aa∗+ml)/cd = e2πi/cd, e2πi(aa∗+ml)q/cd = e2πiq/cd.

Accordingly, P aa∗+ml = P . Then (P a)a
∗
(Pm)l = P . Here since P a = Q

and Pm = R hold by (1), Qa∗Rl = P . The assertion is thus confirmed. �

Corollary 7.17. The automorphisms g, α, β : C
2 → C

2 are related

as follows:

(1) ga = α, gm = β.

(2) Noting that 1 − aa∗
m is an integer (because aa∗ ≡ 1 mod m), let l

(0 < l < cd) be the integer such that l ≡ 1 − aa∗
m mod cd. Then

αa∗βl = g.
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