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Abstract

In the present dissertation, we consider the approximate controllability and inverse source
problems for fractional diffusion equations. In Chapter 1, we consider the fractional diffusion
equation with homogeneous boundary data and prove the approximate controllability via dis-
tributed control on an arbitrarily given subdomain. In Chapter 2, we prove the approximate
controllability by Dirichlet boundary data. To this end, we also consider the regularity of
the solution with non-homogeneous boundary value. The main tool in these two chapters
is the transposition method, which is the application of integration by parts. In Chapter 3,
we prove the stability of the inverse problem of determining the time-dependent factor in a
source term or a coefficient of reaction term from the one-point observations.

The contents in Chapters 1 and 3 are based on the collaborations with Professor Masahiro
Yamamoto and Professor Yavar Kian respectively. Especially, Chapter 1 is the author’s
accepted manuscript of an article published as the version of record in Applicable Analysis
©25 Oct 2013 (http://www.tandfonline.com/doi/full/10.1080/00036811.2013.850492).
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Chapter 1

Approximate Controllability

1.1 Introduction

In this chapter, we consider the controllability for the fractional diffusion equation which
evolves in a bounded domain in the Euclidean space.

Let  be a bounded domain in R? with smooth boundary 9. We consider the following
initial value/boundary value problem of fractional differential equation:

ofu+ZLu=f inQx(0,7),
u=70 on 092 x (0,7, (1.1.1)
u(+,0) = ug in Q.

In (1.1.1), u = u(z,t) is the state to be controlled and f = f(x,t) is the control which is
localized in a subdomain w of 2. Here the Caputo fractional derivative 0 is defined by

O h(t) = ;)/O (t—r)a%(T)dT (1.1.2)

Nl -«
for 0 < a < 1 (see [20] and [28] for example). Moreover .Z denotes a symmetric and
uniformly elliptic operator, which is specified later and 7" > 0 is a fixed value. If Jfu is
replaced by dyu, then (1.1.1) is a classical diffusion equation.

Equation (1.1.1) is called a fractional diffusion equation and regarded as a model of
anomalous diffusion in heterogeneous media. Adams and Gelhar [1] pointed out that the
field data in a highly heterogeneous aquifer cannot be described well by the classical diffusion
equation. Hatano and Hatano [17] applied the continuous-time random walk (CTRW) as a
microscopic model of the diffusion of ions in heterogeneous media. From the CTRW model,
one can derive equation (1.1.1) as a macroscopic model. For the derivation, see Gorenflo and
Mainardi [16], Metzler and Klafter [25] and Roman and Alemany [34] for example.

As for mathematical treatments of fractional diffusion equations and fractional calculus,

we can refer to many literature. As monographs of fractional calculus, see Kilbas, Srivastava
and Trujillo [20], Podlubny [28] and Samko, Kilbas and Marichev [38] for example. These
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books mainly deal with basic properties of fractional derivatives and ordinary differential
equations of fractional orders. As for mathematical works concerned with partial differential
equations with time fractional derivatives, see the following literature and the references
therein; Gejji and Jafari [15] solved equation (1.1.1) with 0 < o < 2 in a one-dimensional or
two-dimensional bounded domain. Agarwal [3] solved equation (1.1.1) in a one-dimensional
bounded domain by means of finite sine transform and presented some numerical results
for it. Luchko [22, 23] considered a diffusion equation in a multi-dimensional bounded
domain and showed the unique existence of the solution to (1.1.1) with f = 0 using Fourier’s
method—constructing the solution by eigenfunction expansion. In the same way, Sakamoto
and Yamamoto [36] established the regularity and qualitative properties of solution to (1.1.1),
and discussed some inverse problems.

In spite of the importance, there are very few works on control problems, especially
the controllability for fractional differential equations. The purpose of this chapter is to
discuss the approximate controllability where we are requested to steer a given initial state
ug = ug(x) to a prescribed target function g (z) in time T' by means of the control f = f(z,t)
which is distributed on w € 2. We say that equation (1.1.1) is approzimately controllable
if for any u; € L*(Q) and € > 0, there exists a control f € C{°(w x (0,T)) such that the
solution u to (1.1.1) satisfies

[u(-,T) = urr20) < e

If for any u; € L*(Q), there exists f such that
u(+,T) = u,

then (1.1.1) is said to be exactly controllable. It is known that equation (1.1.1) is approx-
imately controllable for arbitrary 7' > 0 and subdomain w €  if a = 1 (see Fattorini
[11] for example). In this article, assuming that 0 < o < 1, we will show the approximate
controllability of equation (1.1.1) for arbitrarily given w € Q and 7" > 0. To this end, for
the solution u of (1.1.1), the value of u(-,T) should make sense in L?(£2). Therefore, we will
show in Section 1.3 that u € C([0, T]; L?*(Q2)) with an appropriate regularity of f.

Here we refer to the literature of control theory. As for works of control problems, see
Coron [9], Micu and Zuazua [26] and Russell [35] for example. Sakawa [37] represented the
solution of a classical diffusion equation by the Green function and proved the approximate
controllability. Fattorini [12] studied equations in a Hilbert space and considered the ap-
proximate controllability for heat equations as an application. As for boundary control for
classical diffusion equations, see MacCamy, Mizel and Seidman [24], Russell [35], Schmidt
and Weck [39] and the references therein. In order to prove the approximate controllability
for (1.1.1), we consider the dual system and show a weak type of unique continuation (see
Sections 1.3 and 1.4). See also Dolecki and Russell [10] and Triggiani [41] which discuss the
relation between controllability and observability.

The remainder of this chapter is composed of four sections. In Section 1.2, we define
the solution of initial value/boundary value problem (1.1.1) and state our main results. In
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Section 1.3, we study the fundamental properties—the unique existence and regularity of
the solution to (1.1.1), and we reduce the proof of the main result to the case of the zero
initial value. In Section 1.4, we discuss the dual system and prove a weak type of unique
continuation property. Thanks to the non-local property of dfu, the dual system is rather
different from the original system (1.1.1) and we need an independent analysis. In Section
1.5, we complete the proof of the main results.

1.2 Main result

In this section, we define the solution of the fractional diffusion equation and state our main
result.

Let us denote by L?*(€2) a usual L?-space equipped with the scalar product (-,-) and by
HY(Q) and HJ*(), I,m € N, the Sobolev spaces (see Adams [2] for example). We define the
differential operator .Z by

d
0 ou
N e R e 0 1.2.1
2ue) =3 5 (@) @)) + clauta). a0 (12,0
where the coefficients satisfy the following:

ai; = aji, a;; € CHQ), 1<i,j<d, ce€C(Q), c(z) >0, r€Q, (1.2.2)
and there exists a constant p > 0 such that
d
3 ay(@)&g > plel?, v e EeR? (1.2.3)
ij=1

Henceforth we always regard L as the operator . in L?*(2) whose domain D(L) is H*(Q) N
H}(Q). That is, we understand that u(-,¢) € D(L) means u(-,t) € H*(Q) N H(Q) for t > 0.
Thus we are now ready to define a solution to (1.1.1).

Definition 1.2.1. We call a function u a solution to (1.1.1) if the following conditions are
satisfied:
(a) Ofu(-,t) + Lu(-,t) = f(-,t) holds in L?(Q) for almost all t € (0,7).

(b) uw e C([0,T]; L*(R2)) and limy_,q [Ju(-,t) — o || r2(0) = 0.

Our main result is stated as follows:



Theorem 1.2.1. Let 0 < o < 1. Then equation (1.1.1) is approzimately controllable for
arbitrarily given T' > 0 and an arbitrary subdomain w in . That s,

{u(-T); f€C5(wx(0,T))} = L*Q),

where u is the solution to (1.1.1) and the closure on the left-hand side is taken in L*(£2).

By Proposition 1.3.1 in Section 1.3, we know that the solution u exists uniquely and
u(-,T) € L*(2) and so the statement of the theorem is well-defined.

Fattorini [11] showed that approximate controllability for classical diffusion equations is
independent of 7' > 0. As is shown in the above theorem, fractional diffusion equations have
the same property. The rest part of the chapter is devoted to the proof of Theorem 1.2.1.

1.3 Regularity of the solution to (1.1.1)

For the proof of Theorem 1.2.1, we first have to show that the assertion in the theorem
makes sense, that is, we will show that equation (1.1.1) possesses a unique solution u €
C([0,T]; L* ().

In order to state the result, we prepare the notation. Since L is a symmetric and uniformly
elliptic operator, the spectrum of L is composed entirely of eigenvalues and we can number
them with multiplicities:

D<A < hog < oo <\, < one

By ¢, € H*(Q) N H} (), we denote an orthonormal eigenfunction corresponding to A,
L@n:)\n@na n=12---

The eigenfunction ¢,, is uniquely determined up to the factors +1. Then it is known that
the sequence {©, }nen is an orthonormal basis in L?(£2).
Moreover we define the Mittag-Leffler function by

Zk

['(ak + B)’

NE

E.p(z) == 2 €C,

e
Il

0

where o« > 0 and 5 € R are arbitrary constants. We can directly verify that E, s(z) is an
entire function of z € C (see [20] and [28] for example).

Henceforth C' denotes the generic constant which is independent of f in (1.1.1), but may
depend on « and the coefficients of the operator L.

Then we can state the unique existence of the solution to (1.1.1) as follows:

Proposition 1.3.1. Let 0 < a <1 and uy =0 in (1.1.1).
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(i) Suppose that f € LP(0,T; L*(Q)) with p > 2 and p > 1/a. Then there exists a unique
solution u € C([0,T]; L*(Q)) N L*(0,T; H*(Q) N HY(Q)) to (1.1.1) such that

llull 20,7120 < Cll fllro,mL2(02)) (1.3.1)
u(- )| z2) < Ct* Y2 £l ogo.riz2 )

Moreover we represent u as
o0 t
u(z,t) = Z (/ (f(,t—1), gOn)TalEa7a(—>\nTa)dT> on(x). (1.3.3)
n=1 0

(17) Suppose that f € C§°(w x (0,T)). Then the solution u given by (1.3.3) further be-
longs to C=([0,T); H*(Q) N HL(Q)). Moreover the series in (1.3.3) is convergent in
C™([0,T]; H*()) and satisfies

105" u(-, )| mr2(0) < CO)" f| oo 0,75 112(02)) (1.3.4)

for anym=20,1,2,....

Remark 1.3.1. Since we have C§°(w x (0,7)) C C§°(2 x (0,T")) by the zero extension, we
apply Proposition 1.3.1 to see the unique existence of the solution u € C([0,T]; L*(2)) to
(1.1.1) with f € C§°(w x (0,T)). By the above proposition, the source term f needs not very
smooth. In other words, as space of controls, we can take any function space X satisfying

Cs°(w x (0,T)) C X C LP(0,T; L*(Q)),

so that the approximate controllability holds. Indeed, by X C LP(0,T; L?(Q2)) and Proposi-
tion 1.3.1, the value u(-,T) with f € X belongs to L*(Q2). Moreover, since C5°(w x (0,T)) C
X, we have

{u(T); f € C5%(w x (0,T)} € {u(-, T); f € X} € L*(Q).

Applying Theorem 1.2.1, we find that

{u(-,T7); f € X} = L*(Q).
In order to prove Proposition 1.3.1, we show the following lemmata.

Lemma 1.3.2. Let 0 < a < 1 and 8 € R be arbitrary and p satisfy ma/2 < p < wa. Then
there ezists a constant C' = C(«, 3, ) > 0 such that

| Ea5(2)] < <C, p<|arg(z)] <7

14 |z2|



In particular, we have
C
|E’oz7 (_77)| <
’ L+l

for n > 0. The proof of Lemma 1.3.2 can be found on p. 35 in [28].
Now we are ready to prove Proposition 1.3.1.

Proof of Proposition 1.3.1. (i). Noting that f € LP(0,T; L*(Q?)) € L*(Q x (0,T)), we
apply Theorem 2.2 (i) in [36] to see that there exists a unique solution u € L?(0,T; H*(2) N
H}(Q)) to (1.1.1) given by (1.3.3) with the estimate

ull 20,7020 < Cll flle2xo,1y) < Cll fllLro,rL2@))-

Next we prove that u € C([0,T]; L*(Q2)) and estimate (1.3.2). A straightforward calcula-
tion yields that

oaes )2y = ( ), )7 B~ ww) o
n= L2(Q)
= / ( ‘Pn) “ lEoca( AnTa)90n> dr
0 L2(Q)
< / SOt = 1) o)™ Baal A )n||
0

n=1 L2(Q)

00 1/2
/ Z ’(f(,t - T)a (pn>7—a1Ea,a(_)\n7—a>|2) dr.

0

Noting that |7%7 E, o(=A,7*)| < C7% by Lemma 1.3.2, we have

t [ oo 1/2 .
Hu(’t)HL2(Q) < C/O (Z ’(f(?t - T)? (pn)|2> TaildT = C/() ”f(at — 7—)”L2(Q)7'aild7'.
n=1

Now we take ¢ € [1,00) so that 1/p+1/¢ = 1. Then we see that t*~* € L%(0,T) by p > 1/a.
Therefore by Holder’s inequality, we have

1/q

t
(s )2y < Ol losiossny ( / qu-”dr) < CE ) flipioocen)-
0

Thus we have proved estimate (1.3.2). Moreover the above calculation also indicates that
the series in (1.3.3) is convergent in C([0,T]; L*(Q2)).
(ii). Since f € Cg°(w x (0,T)), we also have

f € C*([0, T]; H*(Q) N Hy () = C*([0, T]; D(L)).
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Therefore we have

107 (s )l 20 < CllO ul- D)D)

m  ° t
= D(L)
S t
=C (/ (8;7110(7 l— T)7 Son)Ta_lEaﬂ(—)\nTa)dT) ©n
net 2 D(L)
t o)
=C / (Z(atmf(>t - T)> Spn)Ta_lEa,a(—AnTa)30n> dr
° An=l D(L)
t 00
<C [ D@ fult = )T B (—Aa™)pa|| dr
? lln=t D(L)

. o 1/2
= C/ Z /\?Ll(a:lf(at - T)v gpn)’2|7—a_1Ea,Oé(_/\nTa)|2> dT
0 n=1

. 1/2
< C Z)\i‘(a:nf(vt_T)ﬂon)P) TaildT
n=1

t
— O [ 10t = Pl tdr < ClOP ooy (/ TaldT)
0
< Ct|0]" fl| Loe (0,112 () -

Similarly to (i), we have proved estimate (1.3.4) and the convergence of the series in (1.3.3)
in C™([0,T]; H*()). O

Remark 1.3.2. We conclude this section with the reduction of Theorem 1.2.1 to the case
of ug = 0. Let u(f,up) be the solution of (1.1.1) and assume that

{u(£,0)(-\T); f € Cg°(wx (0,T))} = L*(9). (1.3.5)

Let ug,u; € L*(Q2) be arbitrary. By (1.3.5), noting u(0, uo)(-,T) € L*(2) by Theorem 2.1 in
[36], for any € > 0 we can choose f. € C5°(w x (0,T")) such that

”u<f€70>(7T) o (ul - u(oauO)(vT))HLQ(Q) <eé.
Noting that u(f., ug) = u(0,ug) + u(fz,0) by the linearity, we have
[u(fe, uo) (- T) — walr20) < e,

Thus for the proof of Theorem 1.2.1, it suffices to assume that uy = 0.



1.4 Solution of the Dual System

In this section, for the proof of the theorem we study the dual system for (1.1.1).
Let us consider the following initial value/boundary value problem:

Dfv+Zv=0 in Qx(0,7),
v=20 on 090 x (0,7), (1.4.1)
I;7v(, T)=v, in Q.

Here Df* and I7._ denote the backward Riemann-Liouville derivative and integral, which are

defined by

Diu(t) :== _F(l;—oz)%/t (1 —t) %(r)dr (1.4.2)

for a € (0,1) (see pp. 69-71 in [20] for example) and

I w(t) = F(ly) /t (1 —t)" to(r)dr

for v > 0 respectively. Note that in particular, if 0 < o < 1, then we can rewrite D{v(t) by

d
Do(t) = —%I}:%(t). (1.4.3)
The third equation in (1.4.1) means that
1 T
I (2, T) = }Ln%m/t (1 —t) " %v(z, 7)dT = v9(z), O0<a<l.

We define the solution to (1.4.1) similarly to (1.1.1).

Definition 1.4.1. We call v a solution to (1.4.1) if
(@) Dfo(-,t) + Lo(-,t) = 0 holds in L*(Q2) for almost all ¢ € (0, 7).

(b") Ir—*v € C([0,T]; L*(Q)) and limy_7 || I7-*v(-,t) — vo||12(q) = 0.
We first show fundamental results for (1.4.1).

Proposition 1.4.1. Let vy € L*(Q2). Then (1.4.1) possesses a unique solution v and v is
represented by

oo

o(@,t) =D (00, 0)(T = 1)* " Eaa(=Aa(T = )*)¢n(x) (1.4.4)

n=1

and there exists a constant C > 0 such that

HD?il’l)Hc([oyT};Lz(Q)) S CHUOHLQ(Q)' (145)

Moreover



(i) v e C([0,T); H*(Q) N Hy () and Dv € C([0,T); L*(2)), and
oG Ol + D70 D)z < C(T = 1) Hlvollz2(e)- (1.4.6)

(ii) Let ¢ € R satisfy 1 < ¢ < 1/(1 — ). Then v € LU0, T; L*(Q)) and there exists a
constant C' > 0 such that

||U||Lq(O,T;L2(Q)) S CHUOHLZ(Q)- (147)

If we further assume vy € H?(Q) N H3(Q), then v € L9(0,T; H*(Q) N H}(Q)) and
satisfies

| DF ]| Lago,rsz2(0)) + 1Vl zago,rsm2(0)) < Cllvoll m2()- (1.4.8)

(ii7) v : [0,T) — L*(Q) is analytically extended to Sy :={z € C;Rez < T}.

Remark 1.4.1. We note that (1.4.1) has a character of a backward problem in time, that
is, a value at t = T is given. Therefore the regularity of the solution is worse at t = T" and
the analytic extension is impossible over T'.

As is seen in the next section, the following proposition plays an essential role in the
proof of Theorem 1.2.1.

Proposition 1.4.2. Let vg € L*(Q) and let w @ Q be an arbitrary subdomain. If a solution
ve C([0,T); H*(Q) N HY(Q)) to (1.4.1) vanishes in w x (0,T), then v =0 in Q x (0,T).

For the proof of the above propositions, we state the following lemma.

Lemma 1.4.3. For A\,a > 0 and positive integer m € N, we have

dm

r Bad(FA) = MO B (M), £ 0. (1.4.9)

Proof. Since E, s(z) is an entire function of z, equation (1.4.9) can be obtained by termwise
differentiation. O



Proof of Proposition 1.4.1. The proof is composed of five steps.

Step 1. We first show the uniqueness of the solution to (1.4.1) within the class given in
Definition 1.4.1. Tt is sufficient to prove that system (1.4.1) has only a trivial solution under
the initial condition vy = 0.

Let v be a solution to (1.4.1) with vy = 0. By taking the inner product (-,-) of (1.4.1)
with ¢, and by setting v,(t) = (v(-,t), ¢n), we obtain

D, (t) = =M\o,(t), ae t e (0,7T). (1.4.10)

Since Dy~ 'v € C([0,T); L3(R2)), we see that I7 v,(t) = (I3-v(-,t),¢n) is continuous in
t € [0,7]. Moreover,

(e}
0P < D 0] = |20 ()| [raqy = 0 ast— T

n=1
Therefore we have
I7-%v,(T) = 0. (1.4.11)

Due to the existence and uniqueness of the ordinary fractional differential equation (see p.122
in [28] for example), (1.4.10) and (1.4.11) yield that

Since {, }nen is a complete orthonormal system in L?(€2), we have
v=0 1in Q x (0,7).
Thus we have proved the uniqueness of the solution to (1.4.1).

In the rest four steps, we will show that v given by (1.4.4) satisfies the assertions of
Proposition 1.4.1.

Step 2. Second, we prove that condition (b’) in Definition 1.4.1 and estimate (1.4.5) hold.

We set
N

on(2,1) = Z(UO, ) (T — t)a_lEmoc(_)‘n(T — 1)) pn(z).

n=1

By termwise integration, we have

I~ %N (1) = ﬁ/t (1 —t) vy (-, 7)dT
- 1 T . N . a_lE o ) )
‘r<1—a>/t =9 ;(W")( = 1) Baa(=M(T = 7)%)pn | dr
1 & T . . )
RLEERPE (/ (r =T =) Baa=AnlT =) >dT) o
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WE

(o, ) 17— (T = )*7 Baa(=Aa(T = 1)) 90

3
Il
A

] =

(UO> Spn)Ea,l(_An(T - t)a)gpn

i
L

in L2(Q) (see p.78 in [20] for example). Moreover, for any ¢ € [0,7] and M, N € N with
M > N, by Lemma 1.3.2, we have

M 2

> (10, 00) Bt (=Ml = 1))
- Z |(v0, Pn) Ean (= A (T — 1)) ?
n=N+1

<C? Z |(vo, pn)]* = 0 as N, M — oc.
n=N+1
That is, 357 (vo, ©n) Ea1(=A(T — t)*) ¢, converges to I;-*v(-,t) in L*(Q) uniformly in
t € [0, T]. Therefore

3= on (1) = o (D) 2y =

L2(9)

1w € O((0, T} 12(9).
Similarly, by Lemma 1.3.2, we have

11720 ()1 20y ZI V0, #n) Bat (=M (T = 1)*)F < C* > |(vo, 0n)* = C%[Jvol 720y,
n=1

that is,
17— *v]leqorrz@y) < Cllvoll 2y

Furthermore we have
17220 (1) = voll 2y = D 1(v0, 00) [ (Baa (= An(T = £)%) — 1)%,
n=1

lim (B (—A(T —1)*) —1) =0, n €N,

t—T
D 100, 00) P (Ban (AT = £)*) = 1)* < (C+1)>> [(vo, n)]* <00, 0<t<T.
= n=1
Therefore the Lebesgue theorem yields
-« —
Lim [17=v( ) = U0HL2(Q) =0.

Step 3. Third, we prove that condition (a’) in Definition 1.4.1 and (1.4.6) hold. For
simplicity, we set

Ir—%v(t) = Z(UO: ) Eai(=An(T" = 1)%)ipn = Z hun ()

11



Then each h,, is continuously differentiable in [0,7). For any ¢t € [0,T — §] with arbitrarily
fixed § > 0, by Lemma 1.4.3, we have

2 2

o0

dh, = o o
Z E(t) Z A (o, n) (T — 1) lEa,a(_)‘n<T —£)%)n
n=N+1 L2(Q) n=N+1 L2(Q)
= Z | An(vo, on)(T" — t)a_lEowz(_)‘n(T — 1))
n= N+1
> )
S | V0, Pn | )\2 )Za 2 ( a)
n=N+1 L+ (T =)
(T — 1) \?
= C*( “ 1.4.12

n=N+1

<0 Z |(vo, on)|> = 0 as N — oo.

n=N+1
Hence Y > | % (1) converges in L?(€2) uniformly in ¢ € [0,7 — §]. By (1.4.3) and Lemma
1.4.3, we have
d d & — dh
Dov(-t) = —— 11" (-,t) = —— ) Ry —(t
PoC,0) = =gl ) = =5 D ha i

n=1 n=1

— = > M0, )T = " B~ AalT = ))pn = —Lo(-,)

in L?(Q2) and
Djv = —Lv € C([0,T); L*()),

which yields
v e C[0,T); H*(Q) N Hy(Q)).

Similarly to (1.4.12), we have

N =< dh,, _
||Dt ’U(-,t)HLQ(Q) = ||LU(,t)||L2(Q) = H— Z E(t) S C(T — t) 1||'U0||L2(Q)

12(Q)

n=1

for 0 <t < T, which implies estimate (1.4.6).

Step 4. Fourth, we prove (1.4.7) and (1.4.8). Direct calculations yield

[e.9]

()220 ZI V0, 0u) (T = )" Ega(=Xa(T = )%)]* < OHT — )% Jug|[F2(q)

which implies
o, )12y < CUT = g |72 -

12



Moreover since ¢ < 1/(1 — «), we have
T T
a—1
Iolnoizsay = | 1o OlLadt < Cllunllaggy [ (T = 071Vt < ol
0 0

Hence we have

vl zaco,7522(0)) < Cllvoll 2@

If vy further belongs to H?(2) N Hi (), then we have
IDPv (- Ol Z2) = IILv( )l Z2 ) ZAQ v0,9) (T = )" Ega(=Aa(T = 1)%)/*
< CX(T —t)** Y ZV Vo, n)[? < C(T = 1)V o2

Therefore we can show (1.4.8) similarly to (1.4.7).

Step 5. Finally, we prove the assertion (iii). It follows that (7' —t)* ' Eq o (=X (T — 1)%) is
analytic in St because E, (—\,2) is an entire function (see Section 1.8 in [20] and [28] for
example). Therefore Zi\;l(vo, on) (T — 1) Ey o (=M (T — £)*)py, is analytic in Sy. If we fix
0 > 0 arbitrarily, then for z € C with Rez < T — §, we have

2

Z (00, ) (T = 2)* Ega(=2n(T = 2))n
n=N-+1 L2(Q)
= > (00, 0u)(T = 2)* " Baa(=2a(T = 2)*)|
n=N+1
= i [(vo, ) [*|T — 2[**~ < 2
- ’ 14+ M\|T — 2]
n=N+1
< CP%? Z |(vo, on)|*> = 0 as N — oo.
n=N+1

That is, v(-, 2) = > o0 (vo, eu)(T — 2)* ' Eg (=M (T — 2)*)¢, is uniformly convergent in
any compact subset of Sp. Hence v is also analytic in S. O

Proof of Proposition 1.4.2. Since v(z,t) = 0inw x (0,T) and v : [0,T) — L*(Q2) can be
analytically extended to S, we have

[e.9]

v(z,t) = Z(vo,gpn)(T—t)o‘_lEma(—/\n(T—t)o‘)gon(a:) =0, rz€w,te(—o0,T). (1.4.13)

n=1

13



Let { g }ren be the set of all the eigenvalues of L. We note that {1 }ren is numbered without
multiplicities. By {¢; }1<j<m, we denote an orthonormal basis of ker(u; — L). Then we can
rewrite (1.4.13) by

Z (Zk(vo,gokj)gokj(x)> (T—t)* " "Eyo(—un(T—1)*) =0, z€w,te (—00,T). (1.4.14)

k=1 \j=1

Moreover, for any z € C with Rez = £ > 0 and N € N, noting that ¢;, 1 < 7 < my,
1 <k < N are orthonormal, we have

2

D (kaoa%)so ) T — ) By (—pa(T — 1)°)

k=1

o L2(2)
N
=> (Z! Vo, 1) ) S (T — 12072 By o (— i (T — 1)) 2
k=1
S C2e2€(t T)(T o t>2a QHUOHL2(Q)
that is,
( (vo, ¢ S%> T — 1) oo (— (T — £)%)
k=t L2(9)

Cetlt — ) Mvoll 20

The right-hand side of the above is integrable over t € (—o0,T');

T 00 r
/ ett=T) (T —t)* 'dt = / e S ldp = éf)
o 0

Hence the Lebesgue dominant convergence theorem yields that

/ o (ZZ o0, 9k1) kg (@)(T = ) Ela (=T t)a)> dt

k=1 j=1
oo Mg T
=SS (w0, 1) () ( | T 0 BT - t)%dt)
k=1 j=1 —o0
:ZZ (0 205) (), e, Rex >0, (1.4.15)
k= =1 z + /1/

For the calculation on (1.4.15), see p.21 in [28]. By (1.4.14) and (1.4.15), we have

0o my
ZZ U07<Pk] wri(z) =0, 2z €w, Rez >0,
e
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that is,

oo mg

YOy ) (0 1) o (2) =0, 2 €w, Ren>0. (1.4.16)
k=1 j=1 77+’u

By using analytic continuation in 7, equality (1.4.16) holds for n € C\ {—p }ren. Then we
can take a suitable circle which includes —p, and does not include {—pu } 2. By integrating
(1.4.16) on the circle, we have

my

ve(z) = Z(Uo,wy')@ej(ﬂ?) =0, zew.

j=1

Since (L — pg)vy = 0 in  and v, = 0 in w, the unique continuation result for an elliptic
operator (see Isakov [19], Nirenberg [27] and Protter [30] for example) implies v, = 0 in
for each ¢ € N. Since {¢j }1<j<m, is linearly independent in €2, we see that (vg, ;) = 0 for
1 <j <my, £ €N. This implies v = 0 in Q2 x (0,7). O

1.5 Proof of Main Result

In this section, we prove Theorem 1.2.1 using Propositions 1.4.1 and 1.4.2. For convenience
of calculation, we introduce the notation of fractional integrals for a > 0;

) = g [ =

13 f(t) = ﬁ / (r — ) f(r)dr

In particular, we have

O F(6) = 15" F(1) and DEF() = — 5 120

if 0 < a < 1. The following lemma holds.
Lemma 1.5.1. Let « > 0 and 1 < p,q < oo satisfy 1/p+1/qg <1+ a«. If f € LP(0,T) and

g € L0,T), then
/1 £)dt = /f V2 g(t)
0

For the above lemma, see p. 34 in [38] for example.
Now we are ready to prove Theorem 1.2.1.

15



Proof of Theorem 1.2.1. Let us be the solution to (1.1.1) for f € C§°(w x (0,T")) and
up = 0, and v be the solution to (1.4.1) for vy € L*(2). We first prove that

/Quf(-,T)vodx—/OT/wfvdmdt. (1.5.1)

holds for every f € C°(w x (0,T)) and vy € H2(Q2) N HL(Q).

Since the first equation in (1.1.1) holds in C*°([0,T]; L*(€2)) by Proposition 1.3.1 and v
belongs to LI(0,T; H*(2) N H}(Q)) with some ¢ > 1 by Proposition 1.4.1 (ii), we can see
that

T
02/ /(af‘uf+$uf—f)vdxdt
0 Q

= /0 ' /Q (0% us)vdadt + /0 ' /Q (Luy)vdadt — /0 ' /Q fodadt. (1.5.2)

In terms of Lemma 1.5.1, we calculate the first term on (1.5.2) as follows;

/ / (0P uy)vdrdt = / / I&f (915 -vdrdt = / / Ous L -ovdadt
= /uf-]}:avdx —/ /ufa }:avdmdt
Q t=0 0 Q
T
:/uf(-,T)voda:~l—/ /uf(D,?‘U)dxdt. (1.5.3)
Q 0o Jo

Here we have used the integration in ¢ by parts and initial conditions in (1.1.1) and (1.4.1).
In terms of uy € C>([0,T); H*(Q)NH(Q)) and v € L9(0,T; H*(Q)NH(2)) by Propositions
1.3.1 and 1.4.1, we apply the Green formula to the second term on (1.5.2) to have

an
/ / (ZLus)vdrdt = / /uf (ZLv) d:vdt+/ /aQ (u 130, 8_VLU) dodt

= / /uf(fv)dxdt, (1.5.4)
o Jo
where .
ou ou
a—l/L(fL’) = l; aij(x)a—gci(x)’/j(x)
and v(z) = (1 (x),...,v4(z)) is the outward unit normal vector to 9 at z. In the above

calculation, we have used boundary conditions in (1.1.1) and (1.4.1). We substitute (1.5.3)
and (1.5.4) into (1.5.2) and have

0= (/Quf(-,T)voder/T/uf(Dto‘v)dmdt) +/T/uf($v)dxdt—/0T/wfvdxdt
:/Quf(-,T vodﬂc—l—/ /uf (Df'v + Lv) dxdt — / /fvda:dt
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[ustctyto— [ [ sutea

Thus (1.5.1) holds for f € C5°(w x (0,7T)) and vy € H*(2) N HJ ().
Let f € C§°(w x (0,T)) be fixed. Then the mapping

T
UOH/uf(-,T)vod:B—/ /fvdxdt
Q 0 w

is a linear and bounded functional on L?(§2) by (1.4.7). Hence the density argument implies
that (1.5.1) holds for any vy € L*(Q2).

In order to prove the density of {us(-,T); f € C5°(w x (0,T))} in L*(£2), we have to show
that if vy € L?(Q) satisfies

/ us(-, T)vodr =0 (1.5.5)

for any f € C§°(w x (0,7)), then vy = 0. This can be shown as follows. By (1.5.5) and

(1.5.1), we have
T
/ /fvd:cdt:O
0 w

for any f € C5°(w x (0,7")). Then by the fundamental lemma of the calculus of variations,
we have
v(x,t) =0, (x,t) €wx(0,T).

By Proposition 1.4.2, we have
v(z,t) =0, (x,t) € Qx(0,7T).
By the uniqueness of the solution to (1.4.1),
vo(z) =0, =€l

Thus we have completed the proof. O]
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Chapter 2

Non-homogeneous Boundary Value
Problem

2.1 Introduction

Let Q be a bounded domain of R? with smooth boundary I' = 9. We consider the following
initial value/boundary value problem of partial differential equation with non-homogeneous
boundary value:

Hu+Lu=f in Qx(0,7),
u=g on I'x(0,7), (2.1.1)
u(-,0) =y in €.

In (2.1.1), u = u(x,t) is the state to be controlled and g = g(z,t) is the control which is
localized on a subboundary I'y of I'. The functions f = f(x,t) and ug = ug(z) are given
in Q x (0,7") and €2 respectively. Here £ is given by (1.2.1) with the coefficients satisfying
(1.2.2) and (1.2.3) and 0f* denotes the Caputo derivative (see (1.1.2)).

The aim of this chapter is to study the boundary control problem for fractional diffusion
equations. We say that equation (2.1.1) is approzimately controllable for T' and Ty if for any
uy € L*(Q) and e > 0, there exists a control g supported in 'y x (0, T') such that the solution
u of (2.1.1) satisfies

|u(-,T) — w20 <e.

We can refer to [9] and [35] for the general theory of control problems for partial differential
equations. These works deal with controllability of equations with integer order and the
relations with other concepts—observability, stabilizability, pole assignability, etc. There
are various works about control problems for equations with integer orders. In particular,
for the boundary control of heat equations, see MacCamy, Mizel and Seidman [24], Sakawa
[37], Schmidt and Weck [39], Washburn [42] and the references therein. As for the control
problems of fractional diffusion equations by interior control, we can refer to Fujishiro and
Yamamoto [13]. However, to the author’s best knowledge, there are few works on the control
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problems for fractional diffusion equations, especially the controllability by the boundary
control.

The remainder of this chapter is composed of four sections. In Section 2.2, we state
the main result. In Section 2.3, we represent the solution by eigenfunction expansion to
show its unique existence and regularity for smooth g. In Section 2.4, we study the dual
system of (2.1.1) and prove their properties—regularity, analyticity and weak type of unique
continuation. In particular, unique continuation property plays an essential role in the proof
of our main result. In Section 2.5, we complete the proof of our main result.

2.2 Main result

In this section, we prepare the settings and state our main results.
We first note that by the linearity, we can assume uy = 0 and f = 0 without loss of
generality (see Remark 1.3.2):

Hu+ZLu=0 in Qx(0,7),
u=g on I'x(0,7), (2.2.1)
u(+,0) =0 in Q.
Henceforth we mainly consider (2.2.1) instead of (2.1.1).
Next we prepare the notations. Let L?(T") be the usual L%-space with the scalar prod-
uct (-,-) and H*('), s € R, be the Sobolev spaces on I'. As in the previous chapter, let
L : L*(Q) — L*(Q) be the differential operator . with its domain H?*(Q) N H}(Q) and

{(An; ©n) }nen be the eigen system for L (see Section 1.3). The operator 0,, : H*(2) —
H*73/2(T"), s > 3/2, is defined as

) = (o) = 3 aia) S (o),

where v(x) = (v1(z),...,vq(x)) is the outward unit normal vector to I" at . In particular,
., pn belongs to L*(T) since ¢, € H?(2). Now we are ready to state the following result;

Theorem 2.2.1. Let 0 < o<1l and0< 60 <1/4. If g € C*(I' x (0,T)), then there exists
a unique solution u € C>([0,T]; H*(Q)) to (2.2.1) such that

[u(-, )]l z2i) < Ctllgllzoeqo,rsr2ry).

107w (-, )| 20y < C (DN gll e .22y + 1079 Ol v ) (2.2.3)
form =20,1,2,.... Moreover we represent u as
oo t
u(a,t) =—=> ( / (g(-.t = 7), 0y, 0n) Ta—lEa,a(—AnTa)dT) on(), (2.2.4)
n=1 0

and the series is convergent in C™([0,T]; H*(Q2)) for any m € N.
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By the above theorem, equation (2.2.1) has a unique solution v € C°°([0,T]; H*(f2)) for
any g € C5°(Ig x (0,7)) (g is regarded as a function on I' x (0,7) by the zero extension). In
particular, the value u(-,T) at time ¢ = T makes sense in L*(2) and we are ready to state
the following result;

Theorem 2.2.2. Let 0 < o < 1. Then equation (2.2.1) is approzimately controllable for
arbitrarily given T' > 0 and an arbitrary relatively open subset I'y of I'. That is,

{uy(-,T); g€ C&(To x (0,7))} = L*(Q),

where g is the solution to (2.2.1) and the closure on the left-hand side is taken in L*(£2).

2.3 Proof of Theorem 2.2.1

For the representation of the solution to (2.2.1), we study the following elliptic boundary
value problem;

ZLu=0 in Q,
{ (2.3.1)

u=g on I

where g is given on I.
In order to describe the regularity of the solution of (2.3.1), we first consider the fractional
power of the operator L, which is represented as follows;

D(L") = {u € L) Y N l(u e < OO} ,

n=1

Lo =" M (u, n)pn, u€ DL,
n=1

where 6 > 0. Then D(L?) is a Hilbert space equipped with the norm || - |p(zey defined by

00 1/2
lullpey = 1 L7ull L2) = (Z A N (uy son)l2> , ue D).
n=1

The domain D(L?) with 0 < # < 1 is expressed by using the Sobolev spaces with norm
equivalence;

(L) - HY(Q), 0<6<1/4,
O\ HYQ), 1/4<6<1,

O Ml < l[ullos) < Cllulls,  w e D(L?), (23.2)

where H$(Q) := {u € H*(Q) | you = 0} and the operator v, : H*(2) — H*"Y/?(I') maps
a function u to its restriction u|r to the boundary I' for s > 1/2. Note that henceforth C
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denotes the generic constant which may depend on « and the coefficients of the operator L.
For the details of D(L?) and the Sobolev spaces with fractional powers, see Fujiwara [14]
and Yagi [43] for example.

For g € H3/%(T), by using the trace theorem and lifting and applying the well known
results for the elliptic boundary value problems with homogeneous data (see Theorems 8.1
and 9.8 in Agmon [4] for example), we see that (2.3.1) has a unique solution v € H?(Q)
satisfying

lullrsy < Cllgllasaey
In the following, we will discuss (2.3.1) for non-smooth g by the transposition method. To
this end, we consider the dual system;

2.3.3
v=20 on I, ( )

{.,%zf in Q,

where f is given in . It is well known that for any f € L?*(), (2.3.3) possesses a unique
solution v € H?*(Q) satisfying

In particular, 9,,v belongs to HY*(T'). By _4(-,-),, s > 0, we denote the duality paring in
H=*(I') and H*(I"). Now we can define the solution of (2.3.1) in a weaker sense.

Definition 2.3.1. A function u is called a weak solution of (2.3.1) if
(u7 f) + -1/2 <ga auva>1/2 =0 (235)
holds for any f € L?*(§2), where vy is the unique solution of (2.3.3).

According to Chapter 2 of Lions and Magenes [21], we see that for g € L*(T'), (2.3.1) has
a unique weak solution u € H/2(Q) satisfying

ull 12y < Cllgllz2(ry-

Let A : L*(T') — H'Y2(2) be the linear operator which maps g to the unique weak solution
u of (2.3.1). Then we have

[AGl 12 ) < Cligllzeery-
In particular, for any 0 < # < 1/4, Ag belongs to D(LY) and satisfies

[Agllperey < ClIAGN H20 ) < ClAGI 120y < Cllgll 2y (2.3.6)
where we have used (2.3.2). By substituting f = A\,¢, and u = Ag in (2.3.5), we obtain
M(Ag,on) = —(9,0,,0n), n=12.... (2.3.7)
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For the proof of Theorem 2.2.1, we also recall the notation of fractional integrals and
state some formulae. A straightforward calculation yields

['(v+1)
F'v+a+1)

v+o

I, [ty] -
for v > —1 and a > 0. By the analyticity of Mittag-Leffler functions, we have
e (taflEa,a(—Ata» = Baa(=M%), t>0. (2.3.8)

for 0 < a < 1, which is a particular case of (1.100) in [28]. Moreover from Lemma 1.5.1, it
follows that

/Ot Ig f(t —1)g(r)dr = /Ot ft—7){g g)(T)dr. (2.3.9)

Now we are ready to prove Theorem 2.2.1.

Proof of Theorem 2.2.1. Step 1. First we show that u in (2.2.4) is a unique solution of
(2.2.1). Since the uniqueness can be shown similarly to Theorem 2.1 in [36], it is sufficient
to confirm that equation (2.2.1) is satisfied.

By (2.3.7) and Lemma 1.4.3, we have

u(w,t) = — nf; (/Ot (9(-;t = 17), 00, 0n) r“—lEa,a(—AnTa)dT) on ()
= g (/:(Ag(»t —7), wn)AnT‘”Ea,a(—Anr“)dT) on() (2.3.10)
- g (/Ot(/\g(»t —T),%n) - ;-T(Ea,l(—AnTa))dT> on ().

Since g € C3°(I' x (0,T)), the integration by parts yields

Z(Ag ot [ gl 7)) Easl )i ) )

_ 2:: ( / (BuAg)( ),gpn)Ea,l(—)\nTa)dT> onl).

We set

w(z,t) = u(x,t) — Ag(z, 1)
- Z (/ (OAg) (-t —7), (Pn)Ea,l(_)‘nTa)dT> ©on(x). (2.3.11)

Then by (2.3.8) and (2.3.9), we have
w(z,t) = — i (/Ot ((@Ag)(-,t — T),gon) -]3;0‘ (Ta_lEOé’a(—/\nTa))dT) on(T)
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f: (/ (1570 Ng) (-t — 7), ¢n)7“_1Ea7a(—AnTa)dT) ©on ()

:ii ( / (07 Ag) (-t —7), son)T“Ea,a(—AnTa)dT) on().

By Theorem 2.2 in [36] (or Proposition 3.1 in [13]), w solves

Ofw+ Lw=—-0fAg in Qx(0,7T),
w=0 on I['x(0,7),
w(-,0)=0 in Q.

By substituting w = u — Ag, we see that u(-,0) = 0 and
K u(-,t) + Lu(-,t) =0

holds in L?(2) for almost every ¢ € (0,T). Moreover since w € L?(0,T; H*(2) N H(9)), we
have

o = Yo(w + Ag) = 10(Ag) = 9.
Step 2. Next we prove that the function u given by (2.2.4) satisfies estimates (2.2.2)-(2.2.3).
Using representation (2.3.10),

00 t
-y ( JRtverE T>,¢n>7a—1Ea,a<—w>dT) .
n=1 0 L2(Q)
_ / (Z)\ (Mgt = 1), )7 Ena(— )anO‘)gon> dr
12(2)
t
S/ Z)‘ (Ag(, ), )T lEaa( AnT)n dr
0 L2(9)

. 1/2
:/ Z‘)\ (Ag(-;t = 7), 0n) T Eg o~ /\nTO‘)|2> dr
0

t 1/2
:/ ZA?I(Ag(-,t—T),%)P- \A;—Ora—lEa,a(—Anr“)f) dr. (2.3.12)
0 n=1

By Lemma 1.3.2, we have

C B (A7)0

)\179 aflEaa _)\n AP )\170 a—1 _
AT al=AT) S AT 1+ A7 1+ A7

S0l < 0Tl (2.3.13)

Applying (2.3.6) and (2.3.13) to (2.3.12), we obtain

t [ oo 1/2
Ju(s Ol e < C/ <Z M|(Ag(-t — 7)7%”2) Laf—1
0 n=1
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=0 [ Iagtet = Dloasr®dr < € [ gt = Dl
<C (/ o= 1d7‘> gl o= 0,2 (1)) < Cta9||g||L°°(O,T;L2(F))~
0

Thus we have proved estimate (2.2.2).
In order to show (2.2.3), we estimate w = u — Ag. By (2.3.11),

| Lw(-, )| 2 = Z/\ (/ ((0Ag)(-,t T),QDn)EaJ(—)\nT“)dT) ©On
L2(Q)
t
= / (Z A ((0:Ag) (-t — 7), gon)Ea,l(—AnTa)%) dr
O \n=t 12(2)
< atAg —7), gpn) Eo1(—AT)en dr

L2(2)

¢ [ 1/2
S/O (ZAZG}((@AQ)(-J—T)mon)}z-IAL‘QEa,l(—Anra)|2> dr. (2.3.14)

Similarly to (2.3.13), we have

C _c (A7)0

)\1—9Ea _)\n a <)\1—0_—_ S\t )
| n ,1( T )| = 'n 1+)\n7—a 1+)\n7—a

o0 < ore@=b_  (2.3.15)

Applying (2.3.6) and (2.3.15) to (2.3.14), we obtain

t [ o 1/2
2 l6—
| Lw(-, )| L20) < c/ <Z)\ff)|((at/\g)(~,t—T),gon)l ) r0-Nqr
0 n=1
t
= [ 109t = 7o dr
0
t t
<€ [ 1@t = Dy ar <0 ([ 7700 ) o=
0 0
< thx(@—l)—H HatgHLoo(O,T;LQ(F)).
Since u = w + Ag, we have

- Dllag@) < Nl 0) 2@+ [Ag(- )l < ClLw 1) 2@ + Cllg e Dllsrzqry
<C (ta(0—1)+1||atg||Loo(0’T;L2(F)) -+ “9('775)”}13/2@)) )

Similarly we can also show
107 (-, )l 20y < C (|0 gl po o 2y + 1079 ) | sr2ry)

for any m € N.
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Moreover the above estimates also indicate the convergence of the series in (2.3.11) in
C™([0,T]; H*(€2)). Hence we see that (2.2.4) is convergent in C™([0,T]; H*(2)) and con-
sequently v € C™([0,T]; H*(Q)) for m = 0,1,2,.... Thus the proof of Theorem 2.2.1 is
completed. O

2.4 Dual System

In this section, we prove some properties of the solution to (1.4.1), which we have studied
also in the previous chapter. In order to prove Theorem 2.2.2, we also need more results
for it—especially the unique continuation property from the subboundary I'y (Proposition
2.4.2). To this end, we also prove the analyticity of d,, v in Proposition 2.4.1.

Proposition 2.4.1. Let 0 < a < 1,0< 60 < 1/4 and r € (1,00) satisfy r(1 —af) < 1. Let
v e C(0,T); H*(Q) N Hy () be the solution of (1.4.1) for vy € L*(). Then d,,v belongs
to L™(0,T; L*(T")) with the estimate;

||8VL'U||LT‘(O7T;L2(F)) S CHUOHL?(Q) (2.4.1)

Moreover 0,,v : [0,T) — L*(T") is analytically extended to Sy :={z € C;Rez < T'}.

Proposition 2.4.2. Let Ty be open in T and v € C([0,T); H*(Q2) N Hy(Y)) be the solution
of (1.4.1) corresponding to vy € L*(Q). If 8,,v =0 on T x (0,T), then v =10 in Q x (0,T).

Proof of Proposition 2.4.1. We first prove d,,v € L"(0,T; L*(T")) and estimate (2.4.1).
By 0 < 6 < 1/4 and the boundedness of the operator 9,, : H*(Q) — H*3/%(T"), s > 3/2, we
have

10,0 O 2y < 100, 0( O Fp2-20(r) < Cllv () [7a-20(0) < Cllo(, ) Do)

= O A N(00,00) (T =) Eaa (AT = 1))

n=1

= C Y [(vo, o) - AT = 1) Ega(=Ma(T — 1)),
n=1

By Lemma 1.3.2, we have

C
-0/ pa—1 . _ )| < M0 _ el
‘)\n (T t) Ea,&( An(T t) )| —)‘n (T t) 1+/\n<T_t)a
AT — £)*) 10 af— ah—
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Therefore we have

1/2
18, 0(, )l 2y < C(T — 1) <Z| V0, ¥n) ) = C(T = t)* ol L2

Hence we obtain
||8VLU||LT(O,T;L2(F)) < C”UOHL?(Q)
Next we prove the analyticity of d,,v(-,t) in t € Sp. Since 9,, : H*(Q) — L*(T) is
bounded, we have

[e.9]

Oy v(-t) = Z(UO; Pu)(T = 1) Ega(=An(T = 1)) 8y, 0n (24.2)

n=1
and the series in (2.4.2) is convergent in L*(T"). We note that E, ,(—\,2) is an entire function
(see Section 1.8 in [20] for example). Therefore each (T'—2)* ' E, o (= A\ (T — 2)®) is analytic
in z € Sy and so is their linear combination 32 (vg, 00 )(T = 2)* " En.o (= A (T = 2)*)8,, @n.
If we fix 6 > 0 arbitrarily, then for z € C with Rez <T — ¢, we have

N

Z (an (Pn)<T - Z)a_lEa,a(_An(T - Z)a)alm‘ﬂn

n=M L2(r)

< C ) (o, 0n)(T = 2)* 7 Eaa(=An(T = 2)%)n

IN
Q

M= L=
%
E

(UOv SOH)(T - Z)a_lEa,a(_)‘n(T - Z)a)gpn

N
€3 Pl eu) (T = 2" Eaa=ulT = )P

n=

al 2 L MalT =2 N
CZK’UO,SDn)’ T = 2| L+ M\ |T — 2|

n=

IN

N
<062 Z |(vo, pn)|> =0 as M, N — oo.

n=M

That is, (2.4.2) is uniformly convergent in {z € C;Rez < T —¢}. Hence 0,, v is also analytic
in ST. ]

Proof of Proposition 2.4.2. Since d,,v =0 in Ty x (0,7) and d,,v : [0,T) — L*(Q) can
be analytically extended to St, we have

o0

Oy, 0(x,t) = (v0,0)(T = 1)* ' Eaa(— (T = £)*)y0n(x) =0, €Ty, t € (—00,T).
"~ (2.4.3)
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Let {ux}ren be all spectra of L without multiplicities and we denote by {@k;}i<j<m, an
orthonormal basis of Ker(u; — L). By using these notations, we can rewrite (2.4.3) by

) (Z( %)%%(if)) (T = ) Bu (T —1)%) =0, 2 €Ty, t € (~00,T),

k=1 \j=1

(2.4.4)
Let 0 < 0 < 1/4 be fixed. Then for any z € C with Rez =¢ > 0 and N € N, we repeat the

similar calculation as in the previous proof and obtain

N mg
= 12(r)
N % 2
<|2 (Z v, 917)0 @> DL = 1) B (=T = 1)°)
k=1 \j=1 H1/2-20(T)
N mp 2
<C Z (Z s i %) DT = ) By o= (T = 1))
=1 ‘7 1 H2—20(Q)
N mpg 2
S ¢ Z (Z Yos Pkj @k]) =D (T - t)a_lEa,oz(_:uk(T - t)a)
k=1 \j=1 DL
N mp )
ey (z| ) ) ) | 0T (T — 1))
k=1 \j=1

By Lemma 1.3.2, we have

C
1-0/ _ pna—1 _ — | < T — )t
|/Lk, (T t) Ea,a( ,uk(T t) )‘ > (T t) 1 +/U€<T_ t)Oé
_ \a\1-0
) (,uk:(T t) ) . (T B t)a@—l
L+ (T — 1)
< O(T —t)* 1.

Therefore we have

> (Z(an ©kj) O, Sij) e INT — 1) Ego(—p(T — 1))

k=1 7=1

L*(D)
S Ceg(tiT) (T — t)aail H’UO ”LQ(Q)

The right-hand side of the above is integrable on (—oo,T);

T
r
/OO 6{(t—T) (T . t)a@—ldt _ 22599) )
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Hence the Lebesgue theorem yields that

[ (S nor = Bt

k=1 j=1
oo Mg T
=S (o nlo) ([N 0 BT - i)
k=1 j=1 -
o mi
= Z Z (o, Sok] l,Lgokj(x), a.e.x €, Rez > 0. (2.4.5)
e

By (2.4.4) and (2.4.5), we have

ZZ (vo; i) Oy, 0ki() =0, a.e.x €l Rez >0,
— = 2%+ g

that is,

oo myg

ZZ UO’% Oy, oui(z) =0, a.e.x €Ty, Ren > 0. (2.4.6)

k=1 j=1

By using analytic continuation in 7, we may assume (2.4.6) holds for n € C\ {—p }ren-
Then we can take a suitable disk which includes —p, and does not include {—p}rze. By
integrating (2.4.6) in the disk, we have

my
Z(vo, 00 )0y, pui(x) =0, a.e.x €l
j=1
By setting vy := 37", (vo, ¢ej) e, we have
(L—p)oe=0 inQ and 9,0, =0 only.

Therefore the unique continuation result for eigenvalue problem of elliptic operator (see
Corollary 2.2 in [39] for example) implies

myg
?}2(1.) = Z(U07 @Zj)%oéj(m) = 07 T e Q
j=1
for each ¢ € N. Since {@y; }1<j<m, is linearly independent in 2, we see that
(vo, pej) =0, 1<j<my €N
This implies v = 0 in Q x (0,7). O
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2.5 Proof of Theorem 2.2.2

In this section, we complete the proof of Theorem 2.2.2 by using the results which we have

proved in Sections 2.3 and 2.4.
Let u, be the solution to (2.2.1) for g € C5°(Iy x (0,7")), and v be the solution to (1.4.1)
for vy € L*(Q2). We first prove that

U de—i-// _dadt—O 2.5.1
[ w1 o5 251

holds for any g € C5°(T x (0,7)) and vy € H*(2) N Hy ().
Since the first equation in (2.2.1) holds in C*°([0,77; L*(Q2)) and v € L%(0,T; H*(2) N
H(2)) by Theorem 2.2.1 and Proposition 2.4.1 respectively, we can see that

T T T
0= / /(8t‘"ug + ZLug)vdrdt = / /(8fug)vdxdt + / /(.Zug)vdxdt. (2.5.2)
o Jo 0o Ja o Jo
We calculate the first term on the right-hand side of (2.5.2) as follows;
le 1 aaug 11—«
8 ug)vdrdt = Io+ ~vdtdr = 8t - I %vdtdx
= / Ug - L_lpjo‘vdm — / / Ug - —I%j%dtdx
Q =0 aJo ot
T
= / ug(+, T)vodx + / / ug(Dyv)dxdt.
Q 0o Ja

Here we have used the integration in ¢ by parts and the initial condition in (2.1.1). In terms
of u, € C>([0,T); H*(Q)) and Lv € L9(0,T; L*(2)) by Theorem 2.2.1 and Proposition 2.4.1,
we apply the Green formula to the second term on the right-hand side of (2.5.2) and have

T T T v Ouy,
/0 /Q(Zug)vdxdt = / / uy(ZLv)dzdt +/ / (uga—yL - 0_1/LU) dodt
/ /ug (ZLv)dxdt +/ / a—VLdadt

In the above calculation, we have used boundary conditions in (2.2.1) and (1.4.1). Therefore

we have

T
0= {/ug(-,T)vod:z:+/ /ug(Df‘v)dxdt} {/ /ug (Lv dxdt+/ / gﬁ—dadt}
ro 9VL
/ug vodx—l—/ /ug (Df'v + ZLv) dwdt+/ / —dadt
Iy aVL
Ug (-, de—i—/ / —dadt
/ g 0 FogayL
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Thus (2.5.1) holds for g € C5°(T'y x (0,7T)) and vy € H*(Q2) N Hy(Q).
Let g € C3°(T'g x (0,7)) be fixed. Then the mapping

r ov
voﬁ/ug(-,T)vodx%—/ / ga—dadt
Q 0 Jro 9VL

is a linear and bounded functional by (2.4.1). Hence the density argument implies that
(2.5.1) holds for any vy € L?(Q2).
In order to prove the density of {u,(-,T); g € C5°(To x (0,T))} in L*(Q), we will show
that
{ug(-T); g € C3(To x (0, 7))} = {0}. (2.5.3)

This can be shown as follows.
Let vy belong to the left-hand side of (2.5.3), then (2.5.1) yields

T
/ / gaa—vdadt = — / ug (-, T)vodx = 0
0 Jro 9VL Q

for any g € C3°(I'y x (0,7)). By the fundamental lemma of the calculus of variations, we
have

ov
o (x,t) =0, (x,t) €lyx(0,7T).
By Proposition 2.4.2, we have

vo(z) =0, =€

Thus we have shown (2.5.3) and the proof of Theorem 2.2.2 is completed.
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Chapter 3

Inverse Source Problem

3.1 Introduction

Let Q be a bounded domain of R?, d = 1,2, 3, with C? boundary 992. We set ¥ = 9Q x (0,T)
and @ = Q x (0,7). We consider the following two initial-boundary value problem (IBVP
in short) for the fractional diffusion equation

Ot u(z,t) + Au(z,t) = f(t)R(z,t), (x,t) € Q,
Byu(xz,t) =0, (z,t) € X, (3.1.1)
u(z,0) =0, z€Q
and
ofv(x,t) + Av(z,t) + f(t)g(x, t)v(z, t) =0, (z,t) € Q,
Byv(z,t) =0, (z,t) €X, (3.1.2)

v(z,0) =v(z), =€
with 0 < a < 1. Here we denote by 05 the Caputo fractional derivative with respect to ¢
(see (1.1.2)). The differential operator A is defined by

d

Au(z,t) =~ 3 a% (aij(x)%(m,t)) ,

i,j=1 J
where the coefficients satisfy
d
Qij = Qjs, 1 S 7’7.] S d? and Z aij(x)gifj Z N’fﬁ US ﬁv é € Rd
ij=1
for some p > 0. Moreover B, is defined as
Byu(z) = (1 —o(x))u(x) + o(x)0, u(x), x € I,

where



and v = (vy,...,vy) is the outward normal unit vector to 92. Here o is a C? function on
0N satisfying
0<o(r) <1, x€d

For the regularity of a;;, we assume

a; € CHQ) ifo=0,
Qi € 02(5) if o 7_é 0.

Note that the regularity for a;; depends on whether o = 0 or not, which is due to condition
(3.2.3) in the next section.

In this chapter, we consider the inverse problem which consists of determining the function
{f(®)}ieo) in (3.1.1) and (3.1.2) from the observation of the solution at a point g € Q for
all t € (0,7).

The partial differential equations with time fractional derivatives such as (3.1.1) and
(3.1.2) are proposed as new models describing the anomalous diffusion phenomena. In partic-
ular, the fractional diffusion equation can be used as a model for the diffusion of contaminants
in a soil. Therefore the inverse problem considered in this chapter means the determination
of the time evolution of pollution source in (3.1.1) and reaction rate of pollutants in (3.1.2)
respectively. In this chapter, we consider such problems assuming the boundedness of the
time-dependent parameter {f(¢)}co17) (see (3.2.1)).

The remainder of this chapter is composed of four sections. In Section 3.2, we state our
main results. In Section 3.3, we study the forward problem for the IBVPs (3.1.1) and (3.1.2)
and prove the unique existence and regularity of the solutions. In Sections 3.4 and 3.5, we
complete the proof of our main results—Theorems 3.2.1 and 3.2.2 respectively.

3.2 Main results

By L?(Q2), we denote the usual L%-space equipped with the inner product (-,-) and the norm
-1l =1 |l z2(). Moreover H*(Q2), s € R, and W™P(Q2), m € N, 1 < p < oo, are the Sobolev
spaces (see Adams [2] for example).

For the time dependent parameter {f()}ic(o.1), we always assume

feL=0,T). (3.2.1)

For other given functions in (3.1.1), we suppose

R € LP(0,T; H*(Q)), 2 <p<o and B,R=0 onX. (3.2.2)

On the other hand, in the IBVP (3.1.2), we suppose

(3.2.3)

q€ L>(0,T; H*(Q)) (and d,g=0on X if o # 0),
vg € HY(Q) and B,yvg = B,(Avg) =0 on 9.
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Assuming these conditions, we prove in Section 3.3 that the IBVPs (3.1.1) and (3.1.2)
admit unique solutions u,v € C([0,T]; H*(Q)) with d*u € LP(0,T; H*(Q)) and d%v €
L>(0,T; H*(R2)) for some s > d/2. Therefore, using the Sobolev embedding theorem (see
Theorem 9.8 in Chapter 1 of [21] for example), for any x( € §2, we see that

O u(xg,-) € LP(0,T) and 0Ofv(xg,-) € L=(0,T).

Then our main results can be stated as follows;

Theorem 3.2.1. Let condition (3.2.2) be fulfilled and u; be the solution of (3.1.1) for f =
fi € L=(0,T), (i =1,2). We assume that there exist xo € Q and 6 > 0 such that

|R(zo,t)| >0, a.e.te(0,T). (3.2.4)
Then there exists a constant C' > 0 depending on p, T, Q, 6 and || R||reo,r;m20)) such that

If1 — f2||LP(0,T) < C|0fur(zo, ) — Of ua (o, ')||LP(0,T)7
105w (2o, ) — O ua(wo, )|l zeo,r) < Cllf1 = foll=(0.1)- (3.2.6)

In particular, if we take p = 0o in (3.2.2), then

C Y07 ur (o, -) — O ua(wo, )l zeo,r) < I1fr — folleom)
< C||07ur(zo, ) — O ua(wo, *)|| Lo 0,1)-

Theorem 3.2.2. Let condition (3.2.3) be fulfilled and v; be the solution of (3.1.2) for f =
fi € L=(0,T) with || fill o) < M (i =1,2). We assume that there exist xy € Q and § > 0
such that

lq(z0, t)va(zo,t)| >0, a.e. t€(0,T). (3.2.7)

Then there exists a constant C' > 0 depending on M, T, 2, 6 and ||q|| (o,r;H2(q)) such that

C™H 07 v1 (o, -) — B va (o, ) lzeor) < 11 = folleom)
S C||8?1)1(ZE0, ) - 8;"7;2(950, ‘)||Loo(07T). (328)

In Theorem 4.4 of Sakamoto and Yamamoto [36], a similar problem to Theorem 3.2.1
is considered, but our result is more applicable in the point of view that the factor R(x,t)
is also allowed to depend on t. Moreover, we may assume less regularity for R in Theorem
3.2.1. The arguments of Theorem 3.2.2 can also be applied to parabolic equations in order to
consider the result of Theorem 1.1 in [8] with observations of the solution at a point xy €
when Q C R?, d = 1,2, 3.

For such inverse problems with o = 1, we can also refer to Section 1.5 of Prilepko,
Orlovsky and Vasin [29], Cannon and Esteva [7] and Saitoh, Tuan and Yamamoto [31, 32],
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for example. In our main results, we assume conditions (3.2.4) and (3.2.7), which means
that the observation point cannot be far from the source. On the other hand, in [7] and
[31, 32|, the determination of time dependent factor in the source term is considered without
assuming such conditions and the logarithmic type and Holder type estimates are proved
respectively. However, the results for fractional diffusion equations without these conditions
have not been obtained yet. Here we restrict ourselves to the case with assumptions (3.2.4)
and (3.2.7), and show the Lipschitz type stability.

Let us remark that the results of this chapter can be extended to the case d > 4. For
this purpose additional conditions such as more regularity for a;; and 02 are required. In
order to avoid technical difficulties, we only treat the case d < 3.

3.3 Forward problem

This section is devoted to the proof of unique existence and regularity of the solution of the
IBVPs (3.1.1) and (3.1.2).

Proposition 3.3.1. Let conditions (3.2.1) and (3.2.2) be fulfilled. Then the IBVP (3.1.1)
admits a unique solution u € C([0,T]; H*(Q)) satisfying

Au € C([0,T]; H(Q)) and 02w € LP(0,T; H*())
for all0 <~y <1—1/(pa). Moreover we have
[ Al co.rym2 ) + 107 ull Lo, 1m20 ) < Cllf R 2o0,7:m2(0))- (3.3.1)
with C' > 0 depending on ), T and ~y

Proposition 3.3.2. Let conditions (3.2.1) and (3.2.3) be fulfilled. Then the IBVP (3.1.2)
admits a unique solution v € C([0,T]; H*(Q)) satisfying
Av € C([0,T); H(Q)) and 0%v € L>(0,T; H*(Q))

for all 0 < v < 1. Moreover, we have

[ Avllco,rym2 @) + 1050 Loo (0.1;1270)) < Cllvollmage) (3.3.2)

with C depending on Q, T, || fllo,1), |||l 0102020 and 7.

If all coefficients are independent of time variable ¢, then we can apply eigenfunction
expansion and the problems can be reduced to ordinary differential equations of fractional
order (e.g. [36]). However, since we consider the determination of the time dependent factor
of coefficients, we apply fixed point theorem to show the unique existence of the solutions to
(3.1.1) and (3.1.2) as in Beckers and Yamamoto [5].

In order to prove these results, we consider the IBVPs with more general data in the
next subsections.
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3.3.1 Intermediate results

We introduce the following IBVPs
OFulz,t) + Au(z,t) = F(z,t), (2,1) € Q,

Byu(z,t) =0, (x,t) € X, (3.3.3)
u(z,0) =0, z €,
Ofo(e 1) + Av(a, )+ pla, (e 1) = Fla 1), (2,0) €Q,

B,v(z,t) =0, (z,t)€X, (3.3.4)

v(z,0) =0, x€Q,

and

o v(z,t) + Av(z,t) + p(x, t)v(z,t) =0, (x,t) € Q,

Byv(x,t) =0, (x,t) €, (3.3.5)

v(x,0) = wvo(x), x€ Q.
We also consider the following conditions
8
FelP0,T;H*(Q)), —<p<oc and B,F=0 onX (3.3.6)
a
and

{? pe L>0,T; H*(Q))) (and d,p =0 on X if o # 0), (3.3.7)

)vo € HY(Q) and Byvg = B,(Avg) =0 on 0Q.

Note that if we set F'(x,t) = f(t)R(x,t), then conditions (3.2.1) and (3.2.2) are equivalent
o0 (3.3.6). Similarly, if we assume p(z,t) = f(t)q(x,t), then conditions (3.2.1) and (3.2.3)
are equivalent to (3.3.7). Now let us consider the following intermediate results.

Lemma 3.3.3. Let condition (3.3.6) be fulfilled. Then the IBVP (3.3.3) admits a unique
solution u € C([0,T); H*(Q)) satisfying
Au € C([0,T); H(Q)) and 07w € LP(0,T; H*())
for all0 <~y <1—1/(pa). Moreover we have
| Aulloqo,r1.m2v ) + 197wl oo, 1;2 () < CIF || Lo0,1:12(0) (3.3.8)
with C' > 0 depending on ), T and 7.

Lemma 3.3.4. Let F € L>(0,T; H*(Q)) satisfy B,F = 0 and condition 1) of (3.3.7) be
fulfilled. Then the IBVP (3.3.4) admits a unique solution v € C([0,T]; H*(Q2)) satisfying

Av € C([0,T); H(Q)) and 0°v € L>=(0,T; H*())
for all 0 < v < 1. Moreover, we have
AVl co.1y;120 @) + 1050 oo 0,7127 @) < ClEF || Lo 0,712 () (3.3.9)
with C depending on 0, T, ||p|| oo o,r;m2(0)) and 7.
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Lemma 3.3.5. Let condition (3.3.7) be fulfilled. Then the IBVP (3.3.5) admits a unique
solution v € C([0,T]; H*()) satisfying

Av € C([0,T); H () and 0%v € L>(0,T; H*(Q))
for all 0 < v < 1. Moreover, we have

AVl o2 @) + 105 oo o 7520 < Cllvoll e (3.3.10)

with C depending on 0, T, ||p|| poeo,m;2(0)) and 7.
From these three lemmata we deduce easily Propositions 3.3.1 and 3.3.2.

3.3.2 Preliminary

We define the operator A as A+1 in L?(Q) equipped with the boundary condition B,h = 0;

{D(A) = {h € H*(Q); B;h =0 on 00}, (3.3.11)

Ah:=Ah+h, he D(A).

Then A is a selfadjoint and strictly positive operator with an orthonormal basis of eigen-
functions (¢, ),>1 of finite order associated to an increasing sequence of eigenvalues (A, )n>1.
We can define the fractional power A7, v > 0, of A by

D(A7) = {h e L2(); 32 (hy 4] < oo} ,

n=1

oo (3.3.12)
A'h =Y " N(h,¢n)dn, h € D(A).
n=1

Then D(AY) is a Hilbert space with the norm || - ||p(ar) defined by ||h|[pavy = ||A7A].
Since D(A) is continuously embedded into H?(€2) with norm equivalence (see Theorem 5.4
in Chapter 2 of [21] for example), we see by interpolation that

D(A") € H*(9),
CH[Al ) < Ihllpeary < Cllhllzz @), h € D(A7)

for 0 <~ < 1.
In order to prepare for the arguments used in this chapter, we consider the following
Cauchy problem in L?(2);

{afu(t) + Au(t) = F(t), te(0,7), (3.3.13)

u(0) = 0.
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We define the operator valued function {S4(t)}i>0 by
t)h = Z On)Eat (=Mt b,  h € L*(Q), t >0,

with F, 5, o > 0, 8 € R, the Mittag-Leffler function given by

Zfak—i-ﬁ

k=0

Recall that S4(t) € WHH0,T; B(L*(2))) (e.g. [5] and [36]). Moreover, similarly to Theorem
2.2 in [36], for F' € L>(0,T; L*(Q)), problem (3.3.13) admits a unique solution given by

/A LS, (t — ) F(s)ds (3.3.14)

This solution is lying in L>(0,7; D(A")) for 0 < v < 1, and, in view of Theorem 1 in [5],
we have

|47 SR < oI R, ke L2(Q), ¢ >0, (3:3.15)

In particular, the mapping ¢ — A~'S’,(t) belongs to L(0,T; B(L*(2))) if ¢ € (1, 00) satisfy
q(1 — ) < 1. Now we apply the following Young’s inequality to (3.3.14);

Lemma 3.3.6. Let f € LP(0,T) and g € L%0,T) with 1 < p,q < o0 and 1/p+1/q = 1.
Then the function f * g defined by

Fro = [ 75
belongs to C[0,T) and satisfies

[F* 9@ < 1 fllronllgllzeon, te0,T]

Proof. Let f and § be defined by

. J 70 te©1), o felt), te (0.7),
f(t).—{Q E 1) d g(t): {07 L& (0.T).

Then applying the Young’s inequality for functions on R (see Exercise 4.30 in Brezis [6] or
Appendix A in Stein [40] for example), we obtain the desired result. O

Let p € (1,00] be as in (3.3.6). Noting that A and A~'S’,(t) commute, we see that for
F e LP(0,T; D(A)),

Au(t) = /0 t AL (t — 5)AF(s)ds
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By p > 1/a and (3.3.15), the mapping t — A~1S’,(t) belongs to L4(0,T; B(L?*(Q2))) where
q € [1,00) satisfies 1/p + 1/q = 1. Therefore by Lemma 3.3.6, u belongs to C([0,7T]; D(A))
and satisfies

t t
[Au)] < [ 14740 = IIAF)ds < C [ (1= IFG)lods (3316
t 1/q
<o [ semas) IFlamon < OO Flarom. G317
0
Thus we can define the map #H : LP(0,7; D(A)) — C([0,T]; D(A)) by

t
H(w)(t) == / AL, (t — s)w(s)ds, w € LP(0,T; D(A)). (3.3.18)

0

By using these estimates, we will show the unique existence of the solution applying the
fixed point theorem.

3.3.3 Proof of Lemmata 3.3.3-3.3.5

Proof of Lemma 3.3.3. Let A be the operator defined by (3.3.11), then the IBVP (3.3.3)
can be rewritten as

{&?u(t) + Au(t) = u(t) + F(t), te€(0,7), (3.3.19)

u(0) =0,

where u(t) := u(-,t) and F(t) := F(-,t). Noting that F' € L?(0,7; D(A)) by (3.3.6), we see
from (3.3.14) that the solution u of (3.3.19) satisfies

u(t) = H(u)(t) + H(F)(), te€(0,T),

where the map H is defined by (3.3.18). Therefore we will look for a fixed point of the map
G:C([0,T]; D(A)) = C([0,T]; D(A)) defined by

G(w)(t) := H(w)(t) + H(F)(t), we C(0,T];D(A)), te (0,T). (3.3.20)
By (3.3.16), for w € C([0,T]; D(A)), we have

t t
1H(w) (1) | oy < C / (t — 5)° " Jw(s) | poayds < C ( / (i - s>“ds) lolleqo oy

Cte
= Tlleo([o,T];D(A))'

Repeating the similar calculation, we get

t C t
1H2w(t) o < € / (t = ) [ Haw(s) | pads < ( / <t—s>a-1sads) lwlloqzroe)

(67
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= A
- F(20é+ 1) C([0,T];D(A))-
By induction, we have

C (D(a)t*)"

n < NN
HH w(t)HD(A) = F(na—i— 1)

[wlleqom;pay,  w € C([0,T]; D(A)). (3.3.21)
Therefore we obtain

1G™ (w1) — G™"(wa2) || cqo,m;peayy = [[H™ (w1 — w2)l|co,r1:0a))
C (T(a)T*)"

['(na+1) [wy = walleqorpeay

for wy,wy € C([0,T]; D(A)). Since G" is a contraction for sufficiently large n € N, G admits
a unique fixed point u € C([0,T]; D(A)) C C([0,T); H*(£2)). Moreover we have

u=G(u) = G"(u) = H"(u) + 3 HH(F)
k=1

for any n € N. Now we estimate each H*(F). First, by (3.3.17), we have
IH(E) Oy < Ct VP Flliooripay-

Next we apply (3.3.16) to have
t
) ow < C [ (0= 9 IHE biwds

t
<c ( - s)alsal/pds) TP
0

_ CT(a)l(a+1—-1/p)

 T(2a+1-1/p)
CT (a)t?e—1/p

['(2a+1—1/p)

22| Fll ooy

IN

| 'l e 0.7:0(a)) -

Repeating the similar calculation,

t

IH(F) (1)l by < C / (t — ) H2(F) (3) pgayds

CT'(«) ¢ 1 e
F(QOé 1 1/}?) </0 (t — S) 152 l/pds) HFHLP(O,T;D(A))

B CT (a)?t3a—1/p 17
T TBa+1—1/p) EPOIPEA)

<

By induction, we obtain

Cr(a)kflTkafl/p

k
F . <
I (E)leomipeay < Tlka+1—1/p)

| [ v 0,750 4)) -
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Therefore

[ulleo,ripay < IIH™(w)llcqoripa +ZHH )leo,ry;p(a))

C (T(a)T™)" o)k 1 ha—1/p
< -~ 7 7 , '
S Tha+1) [ulleqo.mpeay + Z I ka + =1/ ||| e (0,7;Da))

and by taking sufficiently large n € N, we obtain

lulleqomypayy < CIF | Lro.1:p(a)) (3.3.22)

with C depending on 7" and (2.
Now fix 0 < < 1—1/(pa). Then for all t € (0,7"), we have Au(t) € D(A”) with

A (Au)(t) = /0 A1 (¢ — 8)(Au(s) + AF(s))ds
and by (3.3.15), we have

AL () sy < CH*1,

where p := a(1—~). Since 1 > 1/p, the mapping t — A7~15" (¢) belongs to LI(0, T; B(L?*(Q))
where ¢ € [1,00) satisfies 1/p + 1/q = 1. Therefore Au belongs to C([0,T]; D(A7)) and

| Au(t) || pary = i ALS (t — ) (Au(s) + AF(s))ds

t

t
< C/ (t — 3)“_1||u(3)||D(A)dS + C/ (t — 3)“‘1||F(3)||D(A)d8
0 0

t t 1/q
<C ( / (t— 8)“1618) lulleqo.ripay +C < / Sq“‘l)dS) | E'l| e 0.4:D( )
0 0

< CT"|ulleqor:pay + CT* Y| F|| too.r:na) (3.3.23)
Combining this with (3.3.22), we have
lAu@)][ ) < ClEzror.p0) < CIE | Lro,7:52(0)-
Hence we deduce that Au € C([0,T); H*(Q)) and
[Aullco 2@ < ClF | 1oor,m2(0))-

By the original equation 9fu = —Au + F, we see that 9%u belongs to LF(0,T; H*'()) with
the estimate;

105 ull Lo 0,152 () < Cll AU Lo o312 (52)) + ClIF o0, 20
< CHAU”C([O,T];HZV(Q)) + C||F||LP(0,T;H2(Q))
< C||F|te(o,r5m2(02)

which implies (3.3.8). Thus we have completed the proof. ]
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For the proof of Lemma 3.3.4, we prepare the following fact;

Lemma 3.3.7. Let u,v € H*(Q) and d < 3, then wv € H*(Q) with the estimate

|uv]| g2y < Cllv]| a2

with C' depending on ||ul| g2(q).
For this lemma, see Theorem 2.1 in Chapter II of Strichartz [33].

Proof of Lemma 3.3.4. Similarly to Lemma 3.3.3, the IBVP (3.3.4) can be rewritten as

{aww + Av(t) = (1 — p())u(t) + F(t),

o0) = G, (3.3.24)

where v(t) := v(-,t) and F(t) := F(-,t). Moreover p(t) denotes the multiplication operator
by p(x,t). Then we can see that the solution v of (3.3.24) is a fixed point of the map
K:C([0,T]; D(A)) — C([0,T]; D(A)) defined by

K(w)(t) := (H(1 = p(t)w)(t) + H(F)(), w e C([0,T]; D(A)), t € (0,T).

Indeed, Lemma 3.3.7 and 1) of (3.3.7) yields that (1 — p)w belongs to L>(0,7; D(A)) and
satisfies

11 = p(O)w(®)][pay < Cllw®)l[pay

with C' depending on ||p||pe,7;m2(q)). Therefore we can see that I maps C([0,77; D(A)).
Moreover, by the similar calculation to (3.3.21), we have

n C(T(a)t*)"
[(H(1 = p)" (w)|leqo,r;pa)y) < mﬂwllcc[m;mm)a w e C([0,T]; D(A)) (3.3.25)
and
- C(T(a)t*)" o
[(H(L = p))" " (HE)| cqorpa) < mHFHLm(&T;D(A))’ F e L>(0,T;D(A)).
(3.3.26)
By (3.3.25), we find
" n C(I'(a)T)"
K" (w1) — K™ (wa)lleo,r1:00a)) < mel — wa|c(o,T1;0(A))

wy, wy € C([0,T]; D(A)),

which implies that K admits a unique fixed point v € C([0,T]; D(A)) C C([0,T]; H*()).
Then we have

v=K() =K"(v) = (H(1 = p(t)"(v) + Y (H(L = p(t))" " (HF). (3.3.27)
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Repeating the argument in the proof of Lemma 3.3.3, we deduce from (3.3.25), (3.3.26) and
(3.3.27) that

vl qo,m;pca)y < ClF || Lo ©m;pa)) (3.3.28)
with C' depending on T, 2 and ||p|| o (0,7;12(0))-
Next we fix 0 < v < 1. Similarly to (3.3.23), we have

Av(t) € D(AY), te(0,T)

and

At < € | / AT 1 ) (AL = pls))6) + AF(s)) ds

< C/ I = p(s)v(s)|peay + 1E(s) || peay) ds
<cC /0 (t = )" ([o(s)llpay + 1 F ()l pay) ds

with ¢ = (1 — 7). Therefore Av belongs to C([0,T]; H**(Q)) and satisfies

AVl co.a12v@)) < IAvlloqorypany < CTH (Ivlleqoripwy + I1Fllzeo.r:pea))
< C|[Fllze0r:pa) < CIF| oo 0.1;020))

where we have used (3.3.28). Moreover, combining this with the original equation, we also
have 9%v € L>=(0,T; H*(€)) and (3.3.9). O

Proof of Lemma 3.3.5. We split the solution v of (3.3.5) into two terms v = w4+ vy where

w solves
ofw(x,t) + Aw(x,t) + p(z, t)w(z, t) = F(z,t), (z,t) € Q,
B,w(x,t) =0, (x,t)€X, (3.3.29)
w(z,0) =0, x€Q
with F(x,t) := —(A+ p(x,t))ve(x). Then (3.3.7) implies F € L*>°(0,T; D(A)) with the
estimate

[ '] oo 0,752y < Cllvoll o)
By Lemma 3.3.4, the IBVP (3.3.29) admits a unique solution w € C([0,T]; H?(92)) satisfying

Aw € C([0,T); H(Q)) and 0°w € L>=(0,T; H*()).
Moreover
[ Awloqo,1y:27 @) + 105w Lo 0.7:120 (0)) < ClF|| Lo 0,7:m2(0)) < Cllvollaage)-
Therefore the IBVP (3.3.5) admits a unique solution v € C'([0, T); H*(f2)) satisfying
Av € C([0,T); H(2)) and 0% € L™(0,T; H*(Q)).

From the above estimate, we deduce (3.3.10). [
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3.4 Proof of Theorem 3.2.1

In this section, we prove Theorem 3.2.1. To this end, we prepare the following lemmata with
Gronwall type inequalities;

Lemma 3.4.1. Let C,a > 0 and u,d € L'(0,T) be nonnegative functions satisfying
t
u(t) < Cd(t) + C'/ (t —s)* tu(s)ds, t€(0,T),
0

then we have

u(t) < Cd(t) +C/ $)*~Yd(s)ds, te (0,T).

For the proof, see Lemma 7.1.1 p.188 of [18].

Lemma 3.4.2. We take 2 <p <oo and u > 2/p. Let f € L>=(0,T) and u, R € L*(0,T) be
non-negative functions satisfying the integral inequality

F(@) <ult) +/0 (t—s)" 1 f(s)R(s)ds, a.e.t€ (0,T). (3.4.1)

Then we have
[ fllzeor) < Cllullzeor), (3.4.2)

where the constant C' depends on p, p, T and ||R|| Ly (0.1)-

Proof. We set d(t) := ||f||Lp 0.+ From equation (3.4.1), we have

[f()I" < Clu(s)]” + C

/O (s — M FOR(E)

which implies

&) FOR(E)

d(t) < (3.4.3)

Now we estimate the right-hand side of the above. By the Cauchy-Schwarz inequality,

[ renerea= [ror moptas ([isera) ([ imopa)”

that is,
1f Rl or20,6) < 1f[12r0,5) 1Rl £o(0,)-
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Therefore if p > 2, then Lemma 3.3.6 yields that

s 1/r
tA( e f(OR d4 (/’8“]%m) 1Rl o0 < Clf ol Bl oo

where r € [1, 00) satisfies 2/p + 1/r = 1. For p = 2, we also have

lks—SWﬂﬂoR@mqsSwwfmum@SCMﬂum@wwp@w

Thus for any p > 2, we have

(A?s—&%*f@ﬂﬂ@dﬂféCﬂﬁ, (3.4.4)

where C' depends on 7', p, pn and ||R||1r(0,7). By (3.4.3) and (3.4.4), we have

t
d(t) < Cllulfy o + C [ dsds, te ©.7)
0
Hence by the Gronwall inequality, we have
d(t) < Cllullfeory, te€(0,T)

with C' depending on p, p, T' and || R||zr(0,7). Thus we have proved (3.4.2). O
Now we are ready to prove Theorem 3.2.1.

Proof of Theorem 3.2.1. Let u; be the solutions to (3.1.1) corresponding to f; (i = 1,2)
and set u := u; — ug and f := f; — fo. Then u solves (3.1.1) and is given by

/AlsAt—s /AISAt—Sf()R( )ds,

where u(t) := u(-,t) and R(t) := R(-,t).
First we estimate ||u(t)||p(4). Similarly to the calculation in (3.3.16), we have

@l < € [ 6= 55 ods + C [ (¢ =1 FIRE oiads
—C’/O( — 8)* Hu(s) || payds + Cd(t), (3.4.5)

where we have set

ae) = [ (= FEIRE) s
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Applying Lemma 3.4.1 to (3.4.5), we have
lu(t)||pay < Cd(t) + C’/ (t —s)*d(s)ds, 0<t<T. (3.4.6)
0
Here for v > 0, we note
[e=sraas = -t ([ - g n@ia@loma ) a
0 0 0
= [([ sy 0mas) @@ o
0 13
= Blna) [ (¢ =/ AOIRO louns (3.4
where B(-,-) is the Beta function. In particular, for v = «, we have

A@_@awthMm@Aa—Wwawmwmwm

< TBlava) [ (=9 FOIIAE) louds
< Cd(t).
Hence the following estimate follows from (3.4.6);
|lu(t)||pay < Cd(t), 0<t<T. (3.4.8)

Next we estimate || Au(t)| pav) for d/4 <~ <1 —2/(pa). Repeating the calculation in
(3.3.23), we find

Aoy <€ [ =9 (o + I ONRG o) ds, - ae. € 0.7)
where it = a(1 — 7). By (3.4.7) with v = 4 and (3.4.8), we obtain
AUy < € [ (0= pas)ds +C [ 6= 91 IR o

= CBGna) [ (0= P RO o s
+0 [l6= o HEIRE o

< 1Bl ) [ (¢ P RO o
+0 [[lt= oy HOIRE o

<0 [[t= oy R s
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Finally we estimate |Au(xg,t)| and complete the proof. Since v > d/4, the Sobolev
embedding theorem yields

t
[Au(zo, )] < Cl|Aul-, )| 12 @) < CllAu(t) | parn < C/O (t = )" FSIIR(S) I peayds.
(3.4.9)

From the original equation, we get
f(t)R(zo,t) = O u(zo,t) + Au(xo,t), a.e. t € (0,T). (3.4.10)

Combining this with (3.2.4) and (3.4.9), we get

[f ()] < < (107 ulwo, )] + [Au(zo, 1)])

|05 u(xg, )| + C’/Ot(t — )" (SR (s)|payds, ae. te€(0,T) (3.4.11)
with C' depending on ¢, 2 and T. By Lemma 3.4.2, we see that
1 llzeor) < CllOFulzo, )|l rom),
which implies (3.2.5). Moreover, by (3.4.9) and (3.4.10), we have
|07 (o, )] < [ f(8) R(wo, )] + [Au(zo, 1)|

< ClFONIRC, Dl a2 + C/Ot(t = 8)"Hf(SIIR() I peayds

< Cllflle=on 1B pay + Cllfll e o.) /Ot(t — s)" I R(s) [l payds

< Cllf = IBO by + Cllf = T I Rl oy, ae. t € (0,T).

Therefore,

107 u(o, )| e o) < CIl fllzoe o) | Rl zro,1;004)) + Cllf | oo 0,0y T || R| o 0,70 a))
< Ol f|zeeo,1)-

Thus we have proved (3.2.6). O

3.5 Proof of Theorem 3.2.2

In this section, we prove Theorem 3.2.2. We first prepare the following generalized Gronwall’s
inequality;
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Lemma 3.5.1. Let p,a,b > 0 and f € LY(0,T) be nonnegative function satisfying the
integral inequality

f(t) < a+b/0t(t —s)" " f(s)ds, a.e.t€(0,T).

Then we have
f(t) <aE,; ((bF(,u))l/“t“) , ae te(0,T).

For the proof, see Lemma 7.1.2 on p.189 of [18]. Now we are ready to prove Theorem
3.2.2.

Proof of Theorem 3.2.2. Let v; be the solutions to (3.1.2) corresponding to f; (i = 1,2)
and set v := v; — vy and f := fo — f1. Then v solves (3.3.4) with p(z,t) = fi(t)q(x,t) and
F(z,t) = f(t)q(x,t)va(x,t). Recall that v is given by

v(t) = /0 AL (t—s)((1 — / f(s)ATLS" (t — s)R(s)ds,

where we have set v(t) := v(-,t) and R(t) := q(-,t)va(-,t). Moreover, p(t) denotes the
multiplication operator by p(z,t) := fi1(t)q(x,t).

First we estimate ||v(t)||p(a). Since (1 —p(t))v(t), R(t) € D(A) by (3.2.3), we repeat the
calculation in (3.3.23) to have

lo(®)llpeay < C / 9711 = p(6))u(s) [ payds + C / (t — 52 F($)]| R($) ] ppayds
<0 [t o loonds + € [ =9 i)ds

with C' depending on €, M and ||q||=(rn2(0)- Then repeating the arguments used in
Theorem 3.2.1, we obtain

t
oo <€ [ (=5 (s)lds, 0<t<T.
and from this estimate we also deduce that for any 0 < v < 1,
t
[0y < € [ (6= 9 (s)lds. 0 <t<T,
0

where p := a(1 — 7). Therefore by taking v € (d/4, 1), we have

[ Av(ao, £) + p(o, oo, )] < CllAV( 1) + p(- o, 8) |y
< Ol vl )2y + Cllo ) oo

< ClAvOlloy <€ [ = M@l 35)
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From the original equation, we have
F(t)R(xo,t) = Ofv(xg, t) + Av(zo, t) + p(xo, t)v(x0,t), a.e. t € (0,T). (3.5.2)
On the other hand, from (3.2.7), we deduce that
|R(zo,t)] > ¢c>0, ae te(0,7T)

with ¢ depending on 4, Q and 7. Therefore, combining this with (3.5.1) and (3.5.2), we
obtain

[F ()] < Clo7v(o, )| + ClAv(wo, ) + p(o, t)v (20, 1)]
< It Mimion +C [ (=5 Flds, ac.ve O.7)
Applying Lemma 3.5.1, we see that
[F O] < Cllo7 (0, )| o< 0.7)
Thus we have proved the second inequality in (3.2.8). Moreover, by (3.5.2), we have
|07 v (o, 1) < [f(£) R(wo, t)| + [Av(20, 1) + p(wo, t)v(20, 1)]
< PRl +C [ (6= 17()lds

T.“
<c (||RHL°°(O,T;D(A)) " 7) TP,

Thus we have proved the first inequality in (3.2.8). ]
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