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Accelerating convergence and tractability of
multivariate numerical integration when the
L1-norms of the higher order derivatives of the
integrand grow at most exponentially
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Abstract

Quasi-Monte Carlo integration is an equal weight rule for numerical integration.
Among other things, Dick proved that QMC rules using good digital nets achieve
the rate of convergence O(n~“%¢) for every ¢ > 0 for a integrand which has
mixed partial derivatives of order « for each variable. Later, Yoshiki, Matsumoto
and others proved analogical results for smooth functions using dyadic digital
nets. This thesis is devoted to develop these studies for b-adic digital nets for
an integer b > 2, and investigate weighted function spaces of smooth functions
which achieve tractability with very fast convergence.

The first contribution of this thesis is to extend the study by Matsumoto,
Saito and Matoba. They considered a discretized version of Dick’s results for
dyadic digital nets. In particular, they defined a practically computable crite-
rion WAFOM for dyadic digital nets. We extend the study to the b-adic case.
Moreover, we give upper and lower bounds on WAFOM as a generalization of
the works of Matsumoto and Yoshiki. Furthermore, we give a MacWilliams-type
identity on weight enumerator polynomials for the metric function we consider,
by which we can compute the minimum distance as well as WAFOM.

The second contribution of this thesis is, beyond the existence result given
as the first contribution, to give an explicit construction algorithm for low-
WAFOM digital nets. We use Niederreiter-Xing sequences and Dick’s interlacing
construction.

The third contribution of this thesis is to give formulas and bounds for b-
adic Walsh coefficients of smooth functions. First we establish a formula in
which b-adic Walsh coefficients of smooth functions are expressed in terms of
those derivatives. Furthermore, we give bounds on b-adic Walsh coefficients for
« times continuously differentiable functions. These results for the dyadic case
recover results for smooth functions by Yoshiki. In particular, we obtain a class
of infinitely differentiable functions whose Walsh coefficients decay sufficiently
fast as WAFOM works well. This part is a joint work with Takehito Yoshiki.

The last contribution of this thesis is to prove accelerating convergence and
tractability for a weighted normed space of non-periodic smooth functions whose
L'-norms of the higher order derivatives of the integrand grow at most exponen-
tially. The growth of the L!-norms of the higher order derivatives is controlled
by a weight sequence u. First we show that this space achieves accelerating
convergence for all s, which is the number of variables, and u considered. Ac-
celerating convergence roughly means that the integration error converges as
O(q1°8™") for some ¢ € (0,1) and p > 1. Second we establish the notions of
tractability which correspond to accelerating convergence: accelerating conver-
gence with polynomial tractability (AC-PT) and accelerating convergence with
strong tractability (AC-ST). Roughly speaking, AC-PT (resp. AC-ST) holds if
accelerating convergence holds and the number of function evaluation to guar-
antee the error depends only polynomially on s (resp. is independent of s). We
show that AC-ST holds for the space if weights w decay sufficiently fast.



Acknowledgments

First of all, I would like to express the deepest appreciation to my supervisor
Prof. Takashi Tsuboi for sincere encouragement and tremendous support during
my doctoral program. I am also grateful to Prof. Makoto Matsumoto for many
helpful discussions and comments. [ would like to thank my sub supervisor
Prof. Shigeo Kusuoka and members of our seminar.

In Chapter 4, I would like to thank Prof. Harald Niederreiter for helpful
comments and letting us know about the best known t-values for (¢, s)-sequences.
In Chapter 6, I am grateful to Prof. Josef Dick for many helpful discussions and
comments. [ would also like to thank Dr. Takashi Goda and Mr. Takehito
Yoshiki for valuable discussions and comments.

I was supported by the Program for Leading Graduate Schools, MEXT,
Japan and Grant-in-Aid for JSPS Fellows Grant number 15J05380.

Finally, I would like to give express my deep gratitude to my family for their
warm support and encouragement.

ii



Contents

1 Introduction 1
2 Notation and definitions 7
2.1 Walsh functions . . . . . . . ... .. ... ... .. 7
2.2 Digitalnets . . . . . ... 9
3 WAFOM over abelian groups for quasi-Monte Carlo point sets 11
3.1 Imtroduction . . . . . . . . ... ... 11
3.2 Preliminaries . . . . . .. ... 12
3.3 WAFOM over a finite abelian group . . . . .. .. ... ... .. 16
3.4 MacWilliams identity over an abelian group . . . . . .. ... .. 18
3.5 Estimation of WAFOM . . . .. ... ... .. .. ........ 21
4 An explicit construction of point sets with large minimum Dick
weight 31
4.1 Introduction . . . . . . . . . . . .. .. 31
4.2 Preliminaries . . . . . . . . ... 31
4.3 Mainresult . . . . ..o Lo 34
5 Formulas for the Walsh coefficients of smooth functions and
their application to bounds on the Walsh coefficients 38
5.1 Imtroduction . . . . . . . . . .. .. 38
5.2 Integral formula for the Walsh coefficients of smooth functions . 39
5.3 The Walsh coefficients of smooth functions . . .. .. ... ... 42
5.4 Another formula for the Walsh coefficients . . . . . .. ... ... 49
5.5 The Walsh coeflicients of Bernoulli polynomials . . . . . ... .. 50
5.6 Walsh coefficients of functions in Sobolev spaces . . . ... ... 55
5.7 The Walsh coefficients of smooth periodic functions . . . . . . . . 59
6 Accelerating convergence and tractability of multivariate inte-
gration for infinitely differentiable functions 60
6.1 Introduction . . . . . ... .. ... L Lo 60
6.2 Function spaces and embeddings . . . . . . .. .. ... ... .. 62

6.3 Integration . . . . . . ... ... oo 64

iii



6.4 Mainresults . . . . . . . ..
6.5 Lower bounds . . . . . . . . . . . ...
6.6 Upperbounds. . . ... ... ... ... ... .. ...

iv



Chapter 1

Introduction

Multivariate integration appears in many applications including finance, physics
and computer graphics [18, 19, 26, 30, 31]. In the univariate case, there are many
known integration rules such as trapezoidal rule and Simpson’s rule. If the num-
ber of variables increases, however, the problem generally becomes difficult. For
example, if we use the product of univariate integration rules, the computational
cost grows exponentially on the number of variables.

Monte Carlo (MC) integration and Quasi-Monte Carlo (QMC) integration
are successful methods for multivariate numerical integration. Both rules ap-
proximate the integration value by the average of function values. MC inte-
gration uses sample points taken independently and randomly, whereas QMC
integration uses well-designed sample points. Of course, how to design point
sets is a central issue of QMC integration. We restrict ourselves to integration
on the s-dimensional unit cube [0, 1)® since functions on general domains can be
transformed to functions on the unit cube. There are two construction schemes
which mainly have been investigated: lattices, see e.g., [49] and digital nets, see
e.g., [38, 14]. In this thesis we focus on QMC integration using digital nets.
Hereafter we often identify point sets with the QMC rule using the point sets.

It is well-known that the integration error by MC rules probabilistically
converges to zero as O(1/4/n), where n is the number of function values we use.
This rate of convergence is independent of the dimension but is considered to
be slow; in order to reduce the error by a factor of 10, we need 100 times as
many points. One advantage of QMC integration is that the rate of convergence
is faster than O(1/+/n) for sufficiently smooth integrands. The first success in
QMC integration is the Koksma-Hlawka inequality in [27, 24], which states that
if a function f: [0,1]®* — R has bounded variation then the integration error of
f is bounded by

|/[ o @ e = IPI7 3 f(@)] < o D7(P),

xEP

where || f||tot is the total variation of f in the sense of Hardy and Krause and



D*(P) is a measure of disuniformity of P called star-discrepancy. From this
inequality, we can adopt the star-discrepancy as a criterion of point sets for
QMC integration. There are many known point sets and sequences whose star-
discrepancy decays as D*(P) € O(n~1(logn)®*~!), see [38, Chapter 3] and the
references therein. Thus the convergence rate of QMC integration using low-
discrepancy point sets is faster than that of MC integration for functions whose
variation is finite. Recently, it has been known that we can improve the rate of
convergence if we require integrands to have much smoothness. Among other
things, Dick introduced a class of digital nets named “higher order digital nets”,
and proved that QMC rules using good higher order digital nets achieve the rate
of convergence O(n~**¢) for a integrand which has mixed partial derivatives of
order « for each variable. Later, Yoshiki, Matsumoto and others developed
Dick’s works for smooth (i.e., infinitely differentiable) functions [34, 35, 58].
This thesis is devoted to develop these studies for b-adic digital nets for an
integer b > 2, and investigate weighted function spaces of smooth functions
which achieve tractability with very fast convergence.

Let us recall numerical integration using digital nets. The first construction
of digital nets was provided by Sobol’ [51] and Faure [16]. Niederreiter [37]
gave the notion of (¢,m, s)-nets over Zj;, which consist of b™ points in [0,1)*
and which satisfy some geometrical condition. Here the value ¢ governs the
quality of (¢, m,s)-nets (it was also proved in [37] that the star-discrepancy of
a (t,m, s)-net is roughly bounded by a constant times b'~™ and so smaller ¢ is
better), and Z; is a cyclic group with b elements, which we identify with the set
{0,1,...,b— 1}. The general framework of digital nets are defined also in [37]
as an explicit construction of (¢, m, s)-nets. The construction of digital nets are
based on linear algebra over Z; and one important property is that digital nets
have the structure of a group with respect to the digit-wise summation modulo
b. Many constructions of digital nets with small ¢-values are known, see [14]
and the references therein.

Beyond these studies, how to exploit the smoothness of the integrand was
shown by Dick [8, 9, 10]. We now recall Dick’s results in more detail. Key
tools to analyze the integration error of QMC rules using digital nets are Walsh
functions and Walsh coefficients, which were first introduced by Walsh [57], see
also [17, 5]. Let k be a nonnegative integer whose b-adic expansion is k =
kb1 4o 4 k,b% 1 where k; and a; are integers with 0 < x; < b — 1,
ap > -+ > a, > 1. For k = 0 we assume that v = 0 and ag = 0. The b-adic
k-th Walsh function walg(z) is defined as

walg(z) := wbz:;'v:l mga"’,
for x € [0,1) whose b-adic expansion is given by @ = £1b71 + &b~ 2 + -+ | which
is unique in the sense that infinitely many of the digits &; are different from b—1.
We also consider s-dimensional Walsh functions. For k = (k1,...,ks) € N§ and
x = (21,...,x5) €[0,1)%, the b-adic k-th Walsh function walg(x) is defined as

walg(x) := H waly, (7).
j=1



For f:[0,1)* — C, we define the k-th Walsh coefficient of f as
f(k) = / f(x)walg(x) de.
[0,1)®

It is well-known that the Walsh system {waly, | k& € N§} is a complete orthonor-
mal basis in L?[0,1)%. Hence we have a Walsh series expansion

f@)~ > F(k)waly(z)

kcNs

for any f € L?[0,1]*. We can now give the integration error for a digital net
P. If f is given by Walsh series (this assumption is satisfied if f: [0,1]° — R
has continuous mixed partial derivatives up to order 1 for each variable), the

~

integration error of f for a digital net P is given by Zke]u\{o} f(k), where
Pt = {k € N§ | walg(z) = 1 for all z € P} is the dual net of P. Hence

o~

the QMC error of P is bounded by } . p.\ (o |f(K)|, and thus we would like
to know the bound on Walsh coefficients. Analogous to the well-known result
that the decay of Fourier coefficients reflects the smoothness of the function,
Dick proved that the decay of Walsh coefficients also reflects it. More pre-
cisely, he defined a metric function jio(k) = a1 + -+ + @min(a,s) for the one-
dimensional case and p,(k) = 2;21 tta(k;) for the s-dimensional case. He
proved that the k-th Walsh coefficient of a function f: [0,1]® — R which has
square-integrable mixed partial derivatives up to order « for each variable is
bounded by C’bvs,a||f||aysb*“ﬂ(k) where Cy s o is a positive constant which de-
pends on b, @ and s and || f]|«,s is a norm of Sobolev type which uses all mixed
partial derivatives up to order « for each variable. The above argument implies
the following Koksma-Hlawka type inequality for a digital net P:

/[Ol]sﬂw)dw—P1Zf<w><cb,s,a|f||a,s S e (L)

zcP kePL\{0}

Since the term WFq(P) := > pcpiy joy b~#«(k) depends only on P, it can be
used as a criterion for the quality of digital nets for numerical integration. Dick
introduced the notion of higher order digital nets and gave the construction
of them of which the criterion is sufficiently small to achieve “higher order
convergence” of order n~=“T¢,

As a discretized version of Dick’s results, Matsumoto, Saito and Matoba
introduced the notion of WAFOM [34]. They considered a metric poo(k) =
a1+ -+ a, and poo(k) = Z;Zl Koo (k;) instead of p, and a criterion named
WAFOM WF(P) := 3 icpiy oy b=+(*) (more precisely, a truncated summa-
tion of WF(P)) instead of WF,(P) for dyadic (i.e., b = 2) digital nets. The
decay of Walsh coefficients of order O(b~*>(*)) was not known at this moment.
They showed only a discrete version of (1.1) with some error due to the dis-
cretization. One advantage of WAFOM is that it is computable in a reasonable
time and thus we can search for good digital nets with respect to WAFOM



by computer, see [34, 22, 21] for numerical experiments. One important result
is that lowest-WAFOM decays “accelerating” as O(n~¢1°8") for some positive
constant C' [35]. The word “accelerating” means that the exponent logn of n
increases as n increases.

More recently, Yoshiki established a result for smooth functions in [58].
He introduced “dyadic difference” of a function and gave a formula in which
dyadic Walsh coefficients are given by dyadic differences multiplied by con-
stants. Moreover he established a formula for dyadic Walsh coefficients of
smooth functions expressed in terms of those derivatives. In particular, he
gave a function space of smooth functions whose Walsh coefficients decay as
|f(k)| < 257| f|ly p2 #=¥ ) where | f|ly,p is given by the supremum of all
LP-norms of the mixed partial derivatives, pico,y(k) = a1 + -+ 4+ a, + v and
Poo,y (K) = Z;Zl Poo,y (k;). This result gives a Koksma-Hlawka type inequality

as
‘/{ ] f(x)dx — |P|~* E :f(:c) < 2S/pr||Y,p E : 9—too,v (k)
0,1]¢

@EP kePL\{0}

for a dyadic digital net P. Considering that we achieve accelerating convergence
for the lowest WAFOM-values and that Yoshiki’s criterion ), p 1\{0} b Hoo,x (K)
is smaller than WAFOM, the space introduced by Yoshiki is a function space
of smooth functions which achieve accelerating convergence whereas it is not
explicitly written in [58].

We have reviewed about Koksma-Hlawka type inequalities and the rate of
convergence so far. Another important issue is the dependence on the number
of variables s since s can be hundreds or more in computational applications.
This is related to the notion of tractability if we require no exponential depen-
dence on s. Let us briefly recall the notion of tractability (see [41, 42, 43] for
more information). Let n(e, s) be the information complexity, i.e., the mini-
mal number n of function values which approximate the s-variate integration
within e. An integration problem is said to be tractable if n(e,s) does not
grow exponentially on € nor s. In particular, two notions of tractability has
been mainly considered: polynomial tractability, i.e., n(e,s) < Ce™™s™, and
strong polynomial tractability, i.e., n(e,s) < Ce™™ for 71,72 > 0. A common
way to obtain tractability is to consider weighted function spaces introduced by
Sloan and Wozniakowski [50]. Weighted spaces mean that the dependence on
the successive variables can be moderated by weights.

Now we are ready to explain the contributions of this thesis. The first
contribution of this thesis is to extend the studies in [34] on WAFOM for dyadic
digital nets. We extend the notions of the Dick weight and WAFOM over a
general finite abelian group G. We give a lower bound on WAFOM of order
N~—CcogN)/s and an upper bound on lowest WAFOM of order N—Cc(log N)/s for
given (G, N, s) if (log N)/s is sufficiently large, where Cf, and C¢ are constants
depending only on the cardinality of G and N is the cardinality of quadrature
rules in [0,1)®. These bounds generalize the bounds given for G = Fy in [35,
59]. Furthermore, we give a MacWilliams-type identity on weight enumerator



polynomials for the Dick weight, by which we can compute the minimum Dick
weight as well as WAFOM. This part is based on [54].

The second contribution of this thesis is to give an explicit construction
algorithm for low-WAFOM digital nets. In [35] and its generalization given
as the first contribution of this thesis, only the existence of low-WAFOM point
sets was proved. We construct low-WAFOM digital nets using Niederreiter-Xing
sequences and Dick’s interlacing construction. This part is based on [53].

The third contribution of this thesis is to give formulas and bounds for b-adic
Walsh coefficients of smooth functions. First we establish a formula in which
the b-adic Walsh coefficients of smooth functions are expressed in terms of those
derivatives as

N 1
k) = (-1 / £ (@)W (k) (2) dar,

where the function W (k)(+): [0,1) — C is given by the iterated integral of Walsh
functions as in Definition 5.2.1. This formula is a generalization of the formula
for the dyadic Walsh coeflicients of smooth functions in [58], however our method
is different from that in [58]. Our main idea is first separating the interval [0,1) to
appropriate intervals on which particular Walsh functions take constant values,
and then applying integration by parts iteratively. Furthermore, we give bounds
on the b-adic Walsh coeflicients for a times continuously differentiable functions.
Our bounds for the dyadic case recover results for smooth functions in [58]. Our
assumption is somewhat stronger than that of [10]. Instead, we obtain bounds
asymptotically better with respect to « than results in [10]. In particular, we
obtain a class of infinitely smooth functions whose Walsh coefficients decay as
|f(k)| € O(b~H=(*)). This result gives a Koksma-Hlawka type inequality with
respect to b-adic WAFOM. This part is based on [55], a joint work with Takehito
Yoshiki.

The last contribution of this thesis is to prove accelerating convergence and
tractability for a weighted normed space of non-periodic smooth functions

f(a17~--7as) )

Fowi= S & < 00

Fsui=qf€C™ [0, 1] s
(onnoeNy =1 vy

with a sequence of positive weights u = {u;};>1. Here flenmes) g defined as
flar ) .= (9/dx,)* - - - (0/0x4)* f. The space Fs,1/2 is a space considered
by Yoshiki (we note that he considered more general ANOVA-type function
spaces in [58]). It is easy to check that all functions in Fj ., are analytic from
Taylor’s theorem. This space can be regarded as a Sobolev space of infinite
order [15]. First we show that F; , achieves accelerating convergence for all s
and w considered. Accelerating convergence roughly means that the integra-
tion error converges as O(q°¢™") for some ¢ € (0,1) and p > 1. Note that
qleem)” = p=(oga Hogm)”™" "hence the exponent (logn)P~! of n increases as
n increases (which is why we call this accelerating convergence). Second we es-
tablish the notions of tractability which correspond to accelerating convergence:
accelerating convergence with polynomial tractability (AC-PT) and accelerat-
ing convergence with strong tractability (AC-ST). Roughly speaking, AC-PT



(resp. AC-ST) holds if accelerating convergence holds and n(e, s) depends only
polynomially on s (resp. is independent of s). We define the Walsh space W 4
into which Fj 4, is embedded and prove that the notions of AC-PT and AC-PT
are equivalent for W, 45 and that AC-PT holds for W, 4 iff the weights a grow
polynomially fast. These results enable us to show that AC-ST holds for Fj,,
if weights u decay sufficiently fast. This part is based on [52].

Finally, we remark that this thesis is based on the following papers:

e [54], see Chapter 3,
e [53], see Chapter 4,
e [55], see Chapter 5,
e [52], see Chapter 6.



Chapter 2

Notation and definitions

Throughout this thesis, we use the following notation. Let N be the set of
positive integers and Ny := NU {0}. Let b be an integer greater than 1. Let
Zy, = Z/bZ be the residue class ring modulo b. We identify Z; with the set
{0,1,...,b =1} C Z. Let wy, = exp(2my/—1/b). For a set S, we denote by
|S| the cardinality of S. For a group or a ring R and positive integers s and
n, we denote by R**™ the set of s x n matrices with components in R. The
operators @ and © denote the digitwise addition and subtraction modulo b,
respectively. That is, for k, k' € Ny whose b-adic expansions are k = Y .o k;b" !
and k' = Y2 Kb with K, K] € Zy for all i, & and © are defined as

o0 o0
kok = Znibi’_l and kO k' = anbi_l,
i=1 i=1
where n; = k; + &} (mod b) and 7, = k; — k] (mod b), respectively. In case of
vectors in N§, the operators @ and © are applied componentwise. We define
flonne) = gratetne £ /9T L Qe
In this chapter, we introduce notions including Walsh functions and digital
nets and consider QMC integration using digital nets.

2.1 Walsh functions

In this section, we introduce Walsh functions and Walsh coefficients, which are
widely used in analyzing QMC integration. More information of the Walsh
analysis can be found in the books [45, 20].

We first give the definition of Walsh functions for the one-dimensional case
and then generalize it to the higher-dimensional case.

Definition 2.1.1. Let b > 2 be a positive integer. We denote the b-adic expan-

sion of k € Ng by k = k1 + kob + -+« + kb~ with kq,...,K5; € Zy. Then the

k-th b-adic Walsh function ywalg: [0,1) = {1,wy, ... ,wé’_l} is defined as
bwalk(ﬂ,‘) — w51§1+"'+ﬁifi

)



for x € [0,1) whose b-adic expansion is given by x = &b~ +Eb72 + -+, which
s unique in the sense that infinitely many of the & are different from b — 1.

Definition 2.1.2. Let b > 2 and s be positive integers. Let @ = (x1,...,25) €
[0,1)° and k = (k1,...,ks) € N§. Then the k-th b-adic Walsh function
pwalg: [0,1)° — {1, wp,. .. ,wg_l} is defined as

S
pywalg(x) = H pwalg; (2;).
j=1

Since we shall always use Walsh functions in a fixed base b, we omit the sub-
script and simply write waly or walg in this paper. Some important properties of
Walsh functions, used in this paper, are described below, see [14, Appendix A.2)
for the proof.

Proposition 2.1.3. The following holds true:
1. For all k € N§, we have

1 e
/ walg(x) de = {1 ik =0,
0

0 otherwise.

2. For all k,l € N§, we have

_— 1 ifk=1
/ walg (z)waly () de = if N
[0,1)° 0 otherwise.

3. For all k,k' € N§ and = € [0,1)*, we have

walgagr () alg (x)waly (),

=w
walgor () = walg (z)walg ().

4. The system {waly, | k € N§} is a complete orthonormal system in L*[0,1)*
for any positive integer s.
We define Walsh coefficients as follows.

Definition 2.1.4. Let k € N and f:[0,1)° — C. The k-th Walsh coefficient
of [ is defined as

(k) = / F(@)waln (@) da.
[071)5
The Walsh series of the function f is given by
fla) ~ Y flk)wali()
keNg

for any f € L?[0,1)%.
We note that the notation f is used as discrete Fourier coefficients and F( f)
is used as Walsh coefficients in Chapter 3.



2.2 Digital nets

In this thesis, we consider the discretized setting as well as the non-discretized
setting. By abuse of notation, the words “digital net”, “dual net” and “Dick
weight” are used in the two settings. The discretized setting was first consider
in [34] for b = 2 and will be generalized in Chapter 3 for b > 2. We also
consider the discretized setting in Chapter 4. In this section, we consider the
non-discretized setting.

We introduce digital nets in [0,1)°. The definition of digital nets over finite
rings is given in [29]. we adopt an equivalent definition of digital nets, which is
proposed as digital nets with generating matrices in [13, Definition 4.3].

For a positive integer m and a non-negative integer k£ with its b-adic expan-
sion k = 77, kb1, we define the m-digit truncated vector tr,,(k) € Z" as
trm (k) = (K1, K2y -+ Em) |-

Definition 2.2.1. Let Gy,...,Gs € ZéXd be | x d matrices over Zy with d <.
Let 0 < k < b2, For1<j<sandl<i<l, definey;r; € Zy as

(Ykgs - Ykg) | = Gjtra(k).
Then we define

Yikj | Y2,k,j Yi,k,5
Thy = e b S E[0)])

for 1 < j <s. In this way we obtain the k-th point ) = (Tg1,...,Tks). We
define P = P(G1,...,Gs) := {zo,...,xpa_1} (P is considered as a multiset)
and call it a d-dimensional digital net over Zy with precision 1, or simply a
digital net.

The dual net of a digital net plays an important role in the subsequent
analysis, which is defined as follows.

Definition 2.2.2. For positive integers d, l with d <1, let P = P(Gq,...,Gs)
be a d-dimensional digital net over Zy with precision . The dual net of P,

denoted by P+ = P(G1,...,Gy), is defined as
Pti={k=(ki,...,ks) € N5 | G try(k1) + - + Gltr(ks) = 0}.
By easy calculation, we have the following.

Lemma 2.2.3. Let P be a digital net with generating matrices Gy, ...,Gs.
Then we have

Pt = {k € Nj | walg(x) = 1 for all x € P}.

The next lemma, which is a slight generalization of [14, Lemma 4.75] to our
context, connects a digital net with Walsh functions.



Lemma 2.2.4. Let P be a digital net over Zy and Pt its dual net. Then we
have

P71 walg(z) =

fupey 0 otherwise.

{1 if k € PL,

From now on, we consider integration using QMC algorithms over digital
nets. Assume that f is given by Walsh series and that P is a digital net. Then
we have

PN f) = I() = (P17 Y S Flk)wali (=) — I(f)

zEP z€P keNg

> FR)PIT Y wali(@) — I(f)
kENG xcP

> fk) - F(0)

kept

> k).

keP+\{0}

Hence we have

P Y f@) - IH[ < D k). (2.1)

xzEP kePL\{0}

10



Chapter 3

WAFOM over abelian
groups for quasi-Monte
Carlo point sets

3.1 Introduction

A strong analogy between coding theory and QMC point sets is well known
(see, e.g., [4, 38, 48]). In coding theory, the minimum Hamming weight is
used for a criterion for linear codes. Analogically, Niederreiter-Rosenbloom-
Tsfasman (NRT) weight is a criterion for digital nets in QMC theory [36, 44].
More precisely, the minimum NRT weight is essentially equivalent to t-value and
gives an upper bound on the star-discrepancy, which are important criteria for
QMC point sets. In this chapter, as a generalization of [34], we consider the Dick
weight ¢ on “codes over Z;” and connect them to a criterion WAFOM of digital
nets over Z; for QMC integration. Furthermore, we establish a MacWilliams-
type identity for the Dick weight, which gives a computable formula of the
minimum Dick weight and WAFOM.

As we have seen in Chapter 1, higher order convergence results for digital
nets, i.e., Err(f;P) converges faster than N—!, has been established. For a
given integer a > 1, Dick gave quadrature rules for a-smooth integrands which
achieve Err(f;P) € O(N~*"¢) [9]. He introduced a weight which gives a bound
on a criterion WF,(P) (he did not give a name and we use the name in [34])
for a digital net P over a finite field with cardinality b, and proved a Koksma-
Hlawka type inequality Err(f;P) < Cps.allflla.s - WEa(P), where || f||qa,s is a
norm of f for a Sobolev space and C}, 5 , is a constant depend only on b, s, and
«. Later he improved the constant factor of the lowest WF, for digital nets
over a finite cyclic group [10].

As a discretized version of Dick’s method, Matsumoto, Saito and Matoba
introduced the Dick weight 1 and a related criterion WAFOM WF(P) for an Fo-

11



digital net P [34]. One remarkable merit of WAFOM is that WAFOM is easily
computable by the inversion formula [34, (4.2)], which is easier to implement
than the formula of WF,, derived from [3, Section 4]. Using this merit, they
executed a random search of low-WAFOM point sets and showed that such point
sets perform better than some standard low-discrepancy point sets. There are
several studies on low-WAFOM point sets. The existence of low-WAFOM point
sets was shown by Matsumoto and Yoshiki [35].

In this chapter, as a generalization of [34] we propose the Dick weight and
WAFOM for digital nets over Z; and for subgroups of G**™ where G is a fi-
nite abelian group. WAFOM over Z; is also a discretized version of Dick’s
method and thus satisfies a Koksma-Hlawka type inequality. Moreover, we give
a MacWilliams-type identity of weight enumerator polynomials for the Dick
weight. Using this identity we obtain a computable formula of the minimum
Dick weight as well as WAFOM, which is a generalization of the inversion for-
mula for WAFOM in the dyadic case. Furthermore, we give generalizations of
known properties of WAFOM over Fy in [35] and [59]. More precisely, we give a
lower bound on WAFOM and prove the existence of low-WAFOM point sets. In
particular, we improve some of the results in [35]. These results imply that there
exist positive constants C, D, D’ and F depending only on b and independent
of s, n and N such that N=C¢1eN/s < min{WF(P) | P is a digital net, |P| <
N} < FN-DPUogN)/s+D" if (log N) /s is sufficiently large.

These results are similar to the works of Dick, but there is no implication
between them. Dick fixed the smoothness «, while our method requires n-
smoothness on the function where n is as above. Thus, in our case, the function
class is getting smaller for n being increased.

The rest of this chapter is organized as follows. In Section 3.2, we introduce
the necessary background and notation, such as the discretization scheme of
QMC integration and the discrete Fourier transform. In Section 3.3, we define
the Dick weight and WAFOM over a general finite abelian group G, and prove a
Koksma-Hlawka type inequality in the case that G is cyclic. In Section 3.4, we
define the weight enumerator polynomial, give the MacWilliams-type identity
for the Dick weight, and give a computable formula of WAFOM. In Section 3.5,
we give a lower bound on WAFOM, prove the existence of low-WAFOM point
sets, and study the order of WAFOM.

3.2 Preliminaries

In this chapter we use the following notation. We denote by O the zero matrix.
We denote by e the base of the natural logarithm.

3.2.1 Discretized QMC in base b

In this subsection, we explain discretized QMC in base b. This discretization is
a straightforward generalization of the b = 2 case in [34].

12



Let s be a positive integer. Let P C [0,1)° be a point set in an s-dimensional
unit cube with finite cardinality |P| = N, and let f: [0,1)®* — R be an integrable
function. Recall that quasi-Monte Carlo integration by P is an approximation
value

In(f) = 5 3 fl@)

xzeP

of the actual integration

1(f) = /H f(w) da.

The QMC integration error is Err(f;P) := [Ip(f) — I(f)|.

Here, we fix a positive integer n, which is called the degree of discretiza-
tion or the precision. We consider an n-digit discrete approximation in base b.
We associate a matrix B := (b; ;) € Z;*" with a point xp = (zk,...,2%) =
(i bab™7, . 300 by ib77) € [0,1)°, and with an s-dimensional cube Ip :=
[1;_, I; C [0,1)%, where each edge I; := [z%,2% + b~ ") is a half-open interval
with length b~". We define n-digit discrete approximation f, of f as

sXn L L 1
fa: Zy™" =R, B:=(b;;)— Vol(lp) /I f(x) de.

Let P be a subset of Z;*". We define n-th discretized QMC integration of f by
P as 1
Ipa(f) = ﬁ Z fn(B)

BeP

and define the n-th discretized QMC integration error as

EI‘I‘(f;P7 ’I”L) = ‘IP,n(f) - I(f)|

For each B € P, we take the center point of the cube Ig. Let P C [0,1)® be the
set of such center points given by P. By a slight extension of [34, Lemma 2.1],
if f is continuous with Lipschitz constant K then we have |Ip,(f) — Ip(f)] <
K./sb~". We take n large enough so that K+/sb™" is negligibly small compared
to the order of QMC integration error |Ip(f)—I(f)| by P. Then we may regard
the n-th discretized QMC integration error Err(f; P,n) as an approximation of
the QMC integration error Err(f; P).

As point sets, in this chapter we consider subgroups of Z;*" as well as digital
nets. The definition of digital nets over finite rings is given in [29]. we adopt
an equivalent definition of digital nets, which is proposed as digital nets with
generating matrices in [13, Definition 4.3].

Definition 3.2.1. Let Cy,...,Cs € Zb”Xd be matrices and let Xq,...,Xq €
Zy*™ be defined by the j-th row of X; is the transpose of the i-th column of C;.
Assume that X1, ..., Xq are a free basis of Zy*" as a Zy-module. For an integer

k with 0 < k < b® — 1, we define a matriz ), € 7" as wy, = Zle Ki—1X;,

13



where k = ko + K1bt + -+ + kg_1b41 (0 < k; <b—1) is the b-adic expansion
of k. We call the set {xq,...,zya_1} the digital net generated by the matrices
Ciy...,Cs.

It is easy to see that digital nets become subgroups of Z;*".

3.2.2 Discrete Fourier transform

In this subsection, we recall the notion of character groups and the discrete
Fourier transform. We refer to [47] for general information on character groups.
Let G be a finite abelian group. Let T := {z € C | |z| = 1} be the multiplicative
group of complex numbers of absolute value one.

Definition 3.2.2. We define the character group of G by GV := Hom(G,T),
namely GV is the set of group homomorphisms from G to T.

There is a natural pairing : GV x G — T, (h,g) — h e g:= h(g).

We can see that Z)/ is isomorphic to Z; as an abstract group. Throughout
this chapter, we identify Z)’ with Z;, through a pairing e: Z, x Z, — T, (h,g)
heg:= wgg, where hg is the product in Zj,.

Let R be a commutative ring containing C. Let f : G — R be a function.
We define the discrete Fourier transform of f as below.

Definition 3.2.3. The discrete Fourier transform of f is defined by f: GY —
R, h — |7C1;'\ZQGG f(g)(heg). Each value f(h) is called a discrete Fourier

coefficient.

We assume that P C G is a subgroup. We define P+ :={h € G¥ |heg =
1 for all g € P}. Since Pt is the kernel of the restriction map GV — PV, we
have |P+| = |G|/|P|. We recall the orthogonality of characters.

Lemma 3.2.4. Suppose that P C G is a subgroup and g € G. Then we have
|PH| ifg e P,
> nea= {00
heP+ ifg¢Pp.

This lemma implies the Poisson summation formula and the Fourier inversion
formula.

Theorem 3.2.5 (Poisson summation formula).
1 N
ﬁZf(g): Z f(h).
gepP he P+

Proof.



=Y /@ 3 heg

qEG hepPL
|G\ Z f(g9)- 1P| (. Lemma 3.2.4)
gep
O
S
geP

Theorem 3.2.6 (Fourier inversion formula) For a complex-valued function
f: G — C, we have f(g) = > hcav f( )(hog) for any g € G. Moreover, if f

is real-valued, we have f(g) = >, cqv F(h)(heg).

Proof. By Lemma 3.2.4, we have ), _.v heg =0if g # 0and ), v heg = |G|
if g = 0. Thus we have

> f(=h)(heg) = Z Z F(@)(~h) e g)(heg)

heGv heGV g eq
e Z £g) Y (he(g—g)
g'eG heGv
= f(9),
which proves the complex-valued case. If f is real-valued, we have f( —h) = A(h),
and thus the complex-valued case implies the real-valued case. O

3.2.3 Walsh coefficients and discrete Fourier coefficients

In this subsection, we see the relationship between Walsh coefficients and dis-
crete Fourier coefficients. As a corollary, we prove that the m-digit discrete
approximation f,, of f is essentially equal to the appropriate approximation of
the Walsh series of f. Let A = (a;;) € Z;*". We define maps ¢;: Z; " — Ny
as 6i(A) = S a; b1 and s 23" 5 N§ as ¢(A) = (61(A),.. ., 65(4)).
Note that ¢;(A) < b holds for all 1 <4 < s and A € Z;*". In this chapter, we
denote by F(f)(k) the k-th Walsh coefficient.

Lemma 3.2.7. Let f:[0,1)° - R and A = (a; ;) € Z;*". Then we have

F((A)) = fa(A).

Proof. Since ¢;(A) < b™ holds for all 1 < < s, for all & = (1,...,z5) € Ip we
have

bwal¢(A) waa1¢, (A) (x;) Hwal it Fainbin _ pg g

i=1

Therefore we have

FNGA) = [ s@hmalun (@) de
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= Z f(w)bwal¢(A)(w) dx

Bz X" s
= > f(z)(BeA)dz
Bez*" s
= Y (Bed)| f(z)da
BEngn Ip
= > (BeA) Vol(I)fu(B)
BezZy*"
= 3 (Bed) b fu(B) = fulA),
BEZZ'X"
which proves the lemma. O

Let f ~ ZkeNg F(f)(k)pwaly be the Walsh expansion of a real valued
function f:[0,1)°* — R. Lemma 3.2.7 implies that considering n-digit dis-
crete approximation f, of f is as same as considering the Walsh polynomial
Y k<tn F(f)(E) - pwaly, where k = (ky,...,ks) < b" means that k; < b" holds
for every i = 1,...,s, namely we have the following.

Proposition 3.2.8. Let f: [0,1)* — R. For B € Z;*", we have f,(B) =
Yk L () (K)pwaly(zp).

Proof.
fn(B) = Z };(A)B e A (" Theorem 3.2.6)
Aezy ™
= Z F(f)(o(A))pwalgay(xzp) (.- Lemma 3.2.7)
AeZan
= > F(f)(k)pwaly(zp). O
k<bn

3.3 WAFOM over a finite abelian group

In this section, we expand the notion of WAFOM defined in [34], more precisely,
we define WAFOM over a finite abelian group with b elements.

First, we evaluate the n-th discretized QMC integration error of f with its
discrete Fourier coefficients. Let P C Z;*" be a subgroup. We have I(f) =

E(O) by the definition of the discrete Fourier inversion, and we have Ip,(f) =

Yo AepL ?;(A) by the Poisson summation formula (Theorem 3.2.5). Hence we
have

Bre(f; Pon) =Ipn(H) = 1Nl =| Y. FuA)< D [Fal4),

AeP\{0} AePL\{O}
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and thus we would like to bound the value \E(A)| Dick gives an upper bound
of the k-th b-adic Walsh coefficient F(f)(k) for n-smooth function f (for the
definition of n-smoothness, see [9] or [14, §14]).

Theorem 3.3.1 ([14], Theorem 14.23). There is a constant Cy s, depending
only on b, s and n such that for any n-smooth function f:[0,1)* = R and any
k € N? it holds that

|F(F)E)| < Chooml fllns - b Hn ),

where || f||n.s is a norm of f for a Sobolev space and (k) is the n-weight of k,
which are defined in [14, (14.6) and Theorem 14.23], see also Chapter 1.

Instead of p,, we define the Dick weight © on dual groups of general finite
abelian groups below, which is a generalization of the Dick weight over Fy defined
n [34]. Actually, p is a special case of u, o ¢. More precisely, if G = Z;, and
a > n hold, then we have u = o © ¢ as a function from (Z)/)**™(~ Z;*") to
Np.

Definition 3.3.2. Let G be a finite abelian group and let A € (GV)**™. The
Dick weight u: (GV)**™ — Ny is defined as
p(A) =" j x 6(a;),
2]
with 6(h) =0 for h =0 and 6(h) =1 for h # 0.
We obtain the next corollary.

Corollary 3.3.3. There exists a constant C s, depending only on b,s and n
such that for any n-smooth function f:[0,1)* — R and any A € (Zy)**" it
holds that R

|fn(A)| < Cb,sm |f||n ’ biH(A)-

Proof. This is the direct corollary of Theorem 3.3.1, Lemma 3.2.7, and the
equality p(A) = pi, o p(A). O

By the above corollary, we have a bound on the n-th discretized QMC inte-
gration error

Ere(f; Pn) = [1(f) = Ipa(H] < Cosnllflln x D0 74,

AePL\{0}

for a subgroup P of Z;*".
Hence, as a generalization of [34], we define a kind of figure of merit (the
Walsh figure of merit or WAFOM).

Definition 3.3.4. Let s,n be positive integers. Let G be a finite abelian group
with b elements. Let P C G**™ be a subgroup of G**™. We define the Walsh
figure of merit of P by

WF(P):= Y b+
AeP\{O}
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In order to stress the role of the precision n, we sometimes denote WEF" (P)
instead of WF(P).
Then, as we have seen, we have the Koksma-Hlawka type inequality

EI‘I‘(f;P, TL) = ‘I(f) - IP,n(f)| S Cb,s,n”f”n X WF(P)

for a subgroup P C Z;*". This shows that WF(P) is a quality measure of the
point set P for quasi-Monte Carlo integration when G = Zy,.

3.4 MacWilliams identity over an abelian group

In this section, we assume that s,n are positive integers. Recall that G is a
finite abelian group and GV its character group. We consider an abelian group
G**™, Let P C G**™ be a subgroup.

We are interested in the weight enumerator polynomial of P+

WPL z y Z x]bf Hld) yu(4) € C[l’,y],
AepPL

where M :=n(n+1)s/2.

Let R := Clz; ;(h)], where z; ;(h) is a family of indeterminates for 1 <1 <'s,
1 <j<mn,and h € G¥. We define functions f; ;: G¥ — R as f; ;(h) = z; ;(h)
and f: (G=*™)V = (GY)**"™ — R as

H fi(ai;) H i,j(aij)-

1<i<s 1<i<s
1<j<n 1<j<n

Now the complete weight enumerator polynomial of P, in a standard sense
[32, Chapter 5], is defined by

GWpi(z;;(h) Z H x5 (aij),

AepPL 1<:i<s
1<j<n

and similarly, the complete weight enumerator polynomial of P is defined by

GWp(.,5(g E: H i, (i)

BeP 1<i<s
1<5<n

in R* := Clx.;,(g)] where z,; ;(g) is a family of indeterminates for 1 < ¢ < s,
1< j<n,and g € G. We note that if we substitute

2;;(0) <27,z (k) <y’ for h #0, (3.1)
we have an identity

GWp(zi,5(h)) Wp(z,y).

|ab0ve substitution —
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A standard formula of the Fourier transform tells that, if f: G; — R,
f2: G2 — R are functions and f fo: G7 X Go — R is their multiplication at the
value, then

fifs=hh
holds. This implies that

—~ —~ 1

B3 =11 fi,j(bi,ﬂ:W T D fis(y(heby).
1<i<s 1<i<s heGV
1<j<n 1<j<n

Hence, by the Poisson summation formula (Theorem 3.2.5), we have

GWps(zij(h) = Y f(A)

AepPL

P> (B

BeP

=ﬁ I S fihhen,).

1<i<s heGV
1<j<n

Thus we have the MacWilliams identity below, which is a variant of Generalized
MacWilliams identity [32, Chapter 5 §6]:

Proposition 3.4.1 (MacWilliams identity).

1
GWpi(z; (k) = Pl GW 5 (substituted),

where in the right hand side every x.; ;(g) is substituted by

@i g(9) = D (heg)aiy(h).

heGvY

We consider specializations of this identity. First, we consider a specializa-
tion GWpi(z1,...,%n,Y1,---Yn) of GWp(z; j(h)) obtained by the substitu-
tion

$i7j(0) — 2y, SCiJ(h) —Yj for h 7£ 0.

We have

> (heg)i (h) =(0eglz;+ Y (hegy
heGY above substitution heGVv\{0}
—zj—y;+ Y (heg)y
heGv

by; (if g =0)
AR { 0  (otherwise)

19



_ )zt (=1 (ifg=0)
Tj — Y (otherwise) ’

where we use Lemma 3.2.4 for the third equality. Thus, we have the following
formula.

Corollary 3.4.2.
- 1
GWpi(@1, oo Tns Y1y ey Yn) = ﬁ Z H (@5 +n(bi,;)y;),

BEP 1<i<s
1<j<n

where T](bl’]) =b—1 Zf bi,j =0 and ﬁ(bld) =-1 Zf bi,j # 0.

Second, we consider the specialization (3.1) of GWp.. We have already seen
that GWpL |(substitution (3.1))= WpL (z,y) holds. Since

Wpe(z,y) =GWp(al,...,z™ y', ..., y")
follows, Corollary 3.4.2 implies the following formula:

Theorem 3.4.3.

1 . )
Wpi(z,y) = 7| Z H (7 +n(bij)y’),
B€P11 z%rsl

IAIA

where T](bz,]) =b-1 Zf bi,j =0 and ?’](sz) =-1 ’Lf b@j }é 0.

Using Theorem 3.4.3, we can compute WF(P) and dp., the minimum Dick
weight of P~. The minimum Dick weight of Pt is defined as

OpL = i B
Pt Belfg<l{o}ﬂ( )

which is used for bounding WAFOM (see Section 3.5.3). First, we introduce
how to compute WF(P). The following formula to compute WAFOM is a
generalization of [34, Corollary 4.2] ,which treats the case G = Fa.

Corollary 3.4.4. Let P C Z;*" be a subgroup. Then we have
1 )
WF(P) = -1+ 7l ST @+nip).
BeP 1<i<s

1<5<n

Proof.

WF(P)= Y b+
AeP+\{O}
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-1+ Z b—M(A)

AeP+
LWl (1,07
1 .
—1‘*‘@2: T a+n)o). O

BeP 1<i<s
1<5<n

The merit of Theorem 3.4.3 and Corollary 3.4.4 is that the number of sum-
mation depends only on |P| linearly, not |PL| = b"/|P|. We can calculate
weight enumerator polynomials by sn times multiplication between an integer
polynomial with a binomial, and | P| times addition of such polynomials of degree
n(n 4+ 1)/2. In the case of computing WAFOM, we need sn times of multipli-
cation of real numbers and |P| times of summation of such real numbers, thus
we need O(sn|P|) times of operations of real numbers. On the other hand, to
calculate weight enumerator polynomials based on the definition, we need | P~ |
times of summations of monomials, and to calculate weight WAFOM based on
the definition, we need |P*| times of summations of real numbers.

For QMC, the size |P| cannot exceed a reasonable number of computer
operations, so |P*| = b*"/|P| can be large if sn is sufficiently large. This
implies that the computational complexity of calculating weight enumerator
polynomials or WAFOM using Theorem 3.4.3 or Corollary 3.4.4 is smaller if sn
is large.

Second, we introduce how to compute dpi. The minimum Dick weight dp.
is equal to the degree of leading nonzero term of —1 4+ Wp. (1,y), namely:

Lemma 3.4.5. Let Wp.(1,y) =1+ > oo, a;y’. Then we have §p. = min{i |

Thus we can obtain the minimum Dick weight of Pt by calculating the
weight enumerator polynomial of Pt.

Remark 3.4.6. Because of Lemma 8.5.15 in Section 3.5.5, in order to compute
Spu it is sufficient to compute Wp.(1,y) only up to degree Spr < d*/(2s) +
3d/2 + s.

3.5 Estimation of WAFOM

The following arguments from Section 3.5.1 to Section 3.5.4 are generalizations
of [35] which deals with the case G = F3, and arguments in Section 3.5.5 are
generalizations of [59], which deals with the case G = Fy. The methods for
proofs are similar to [35] and [59]. In this section, we suppose that s and n are
positive integers and that G is a finite abelian group.
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3.5.1 Geometry of the Dick weight

Recall that G is a finite abelian group with b > 2 elements, GV its character
group. The Dick weight u: (GV)**" — Ny induces a metric

d(A,B) := u(A— B) for A,B € (GY)**"

and thus (GV)**" can be regarded as a metric space.

Let S5 n(m) :=|{A € (GY)**™ | u(A) = m}|, namely Ss ,(m) is the cardi-
nality of the sphere in (GV)**™ with center 0 and radius m. A combinatorial
interpretation of S, ,(m) is as follows. One has s x n dice. Each die has b
faces. For each value ¢ = 1,...,n, there exist exactly s dice with value 0 on
one face and ¢ on the other b — 1 faces. Then, S;,(m) is the number of ways
that the summation of the upper surfaces of s x n dice is m. This combinatorial
interpretation implies the following identity:

ﬁ1+ b—1)x isw

m=0

You can also see this identity from Theorem 3.4.3 for P = {O}, « + 1, and
y < x. Note that the right hand side is a finite sum. It is easy to see that
Ss.n(m) is monotonically increasing with respect to s and n, and S ,,(m) =
Ss.mt1(m) = Sg my2(m) = --- holds.

Definition 3.5.1. Ss(m) := S5 ;n(m).
We have the following identity between formal power series:
o0 o0
H1+ (b—1)z%)* =Y Si(m (3.2)
k=1 m=0
For any positive integer M, we define
Bsn(M):={A€ (GY)™ | w(A) < M}, vols (M) == [Bs ., (M),

namely By ,, (M) is the ball in G**™ with center 0 and radius M, and vol, ,, (M)
is its cardinality. We have vol, ,,(M) = ZM Ss.n(m), and thus voly , (M) in-

m=0
herits properties of S ,(m), namely, vol, , (M) is also monotonically increasing

with respect to s and n, and vols as(M) = vols pr41 (M) = vols prye(M) = ...
holds.

Definition 3.5.2. vols(M) := vols ar(M).

3.5.2 Combinatorial inequalities

Lemma 3.5.3.

volg (M) < volg(M) < exp(24/(b—1)sM).
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Proof. We have already seen the first inequality. We prove the next inequality
along [33, Exercise 3(b), p.332], which treats only S = 1 and b = 2 case. If
M = 0 it is trivial, and so we assume that M > 0. Define a polynomial with
non-negative integer coefficients by

M

forr(@) = [ @+ - 1)a*).

k=1

Since fs a () has only non-negative coefficients, from Identity (3.2) we have
EM Ss(m)a™ < fom(x) (x €(0,1)). Hence we have

m=0"~$s
M M
volg(M) = Z Ss(m) < Z Sy (M)x™ ™M < fo p(x) /2™ (x €(0,1)).
m=0 m=0

By taking the logarithm of the both sides and using the well-known inequality
log(l+ X) < X, for all z € (0,1) we have

M
vols (M) <'s Zlog(l + (b — 1)z*) + Mlog(1/x)
k=1

M
1—
<s(b—1)2xk+M10g <1+ x)
k=1 *
T +M1—m.
1-—2z x

<s(b—1)

By comparison of the arithmetic mean and the geometric mean, the last ex-
pression attains the minimum value 24/(b — 1)sM when s(b — 1)z/(1 — x) =

M(1 — x)/z holds, namely = = (1 + +/(b—1)s/M)~* € (0,1). O
Lemma 3.5.4.
S (M) < Ss(M) < exp(2y/(b —1)a3).

Proof. Tt follows from Lemma 3.5.3 and the inequality Ss(M) < volg(M). O

3.5.3 Bounding WAFOM by the minimum weight

Definition 3.5.5. Let P C G**™ be a subgroup. The minimum Dick weight of
Pt is defined by

dpL = i B
P BEII}E?{O}M()

The next lemma bounds WF(P) by the minimum weight of P+.
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Lemma 3.5.6. For a positive integer M, define
Cyn(M) = > b = N S (m)p
AE(GV)sxn\ B, , (M—1) m=M
and -
Cs(M) = Z Ss(m)b™™.
m=M
Then we have

WE"(P)= Y b7 <Cn(dpr) < Culpr).
AePLt\{O}

Proof. The last inequality is trivial, so it suffices to prove the first inequality.
Since PA\{O} C (GY)**™"\ B, ,(6p+ — 1) holds, we have

ECEED SRS CERD DI
AcPL\{0} AE(GY)* X"\ Ba n(3pr—1)
:Cs,n((sPJ-)' -

We shall estimate C([M']) (C for the Complement of the ball) for rather
general real number M’: from Lemma 3.5.4 it follows that

CMN = > Sump™

m=[M"]
)
< Z bfmeZ\/(bfl)sm
m=[M"]

(o)
= b VDT N mm 2y e-em, (3.3)

m=[M"]+1
First, we estimate the second term of the above. The function
exp(2y/(b — 1)sm)b™™ = exp(2y/(b — 1)sm — mlogb)
is monotonically decreasing with respect to m if

d

2(b—1)s
— (2y/(b—1)sm —mlogh) <0 +— —F——F=—= —1logh<0
dm( (b—1) g)— N
wglogb
m

< m > (logh)2(b—1)s,
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hence we assume that M’ > (logh)~2(b — 1)s. Then, we have

Z b—meQ\/(b—l)sm
m=[M’]+1
< /OO e—mlogbe2\/(b—1)sm dm
m=[M"]
2
e (b—1)s (b—1)s
= exp | —(logb) | vmMm — —+--—"—| +
/m=(M/} ( ) ( log b ) log b
> G=Ds\ (b1
§/ exp | —(logb) [ vm — 1 i +( )s dm
meM’ ogb logb
= G=1Ds\  (b-1)
:/ exp | —(logh) | z — i) ( ° 22 da.
o=/ log b log b

In order to bound the last integral from above, for a positive number ¢ we assume
that /M’ > (14-c)\/(b — 1)s/log b or equivalently M’ > (1+c¢)?(logb)~2(b—1)s.
This assumption is stronger than the previous assumption M’ > (logb)~2(b —
1)s. Then, on the domain of integration x > v/M’ > (14¢)/(b — 1)s/ logb, we
have cx < (14 ¢)(x — /(b —1)s/logb). Hence the estimation continues:

Z h= 2 (b—1)sm
m=[M"]+1
2
o V(b=1)s (b—1)s
< —(logb —
- /xzmexp (logb) (33 log b + logb
c logd
2
1+c 1 (b—1)s (b—1)s
= R _(log b _
« Togp | P | (e )<x log b ) * Togh
=V M"
2
1+c 1 V(b=1)s b—1)s
- o “(logb) | VM —
c logb P (log b) < logb + log b
1 1
_ +C@exp(—(logb)M'+2\/(b— 1)sM’)
c lo
_lte 1w s
c logh '

Second, we consider the first term of (3.3). We have already proved that
exp(24/(b — 1)sm)b~™ is monotonically decreasing if m > (logb)~2(b—1)s, and
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thus the assumption M’ > (logb)~2(b — 1)s implies
b IM 12/ (0-1)sTM'T < =M’ 20/(o=T)sM”
Therefore we have

CS(|—M/-‘) < b—(]\/f/—\eZ\/(b—l)sHWﬂ + Z b—me2\/(b—l)sm

m=[M"]+1
< pM 2D l+c 1 M’ 21/ = T)s M’
- c logb
Lte 1 N\, —w o/0—1)smrr
=1+ — | e R
c logb

Now we proved:

Proposition 3.5.7. Let ¢ be a positive real number. Let M’ be a real number
with M’ > (1+ ¢)?(logb)~2(b — 1)s. Then we have the following bound

Cs,n([M/-D < CS(|—MI-‘) < <1+ 11_0101gb> b—M’eQ\/(b—l)SM’.

3.5.4 Existence of low-WAFOM point sets

We denote the probability of the event A by Prob[A]. Let p, be the smallest
prime factor of b. Let d be a positive integer. Choose d matrices By,..., By €
G**™ independently and uniformly at random. Let P = (By,..., Bg) C G**" be
the G-linear span of By, ..., Bg, namely P = {g1B1+---+¢aBa | 91,---,94 € G}
where g € G acts on B = (b;;) by gB = (gb;;). Note that |P| < b4

Remark 3.5.8. If G = Zp, by the theory of invariant factor decomposition,
we can say that there exist matrices By,..., B!, such that P' := (Bji,...,B})
includes P and becomes a free Zy-module of rank d. Thus if G = Zy, we can
replace “subgroup P” in this subsection with a “digital net P,” since in this
subsection we consider only the existence of a subgroup which has large minimum
Dick weight, and P C P' implies that p. < dpr1.

First, we evaluate Prob[perp;], where we define perp; as the event that
By, ..., By are all perpendicular to L € (GY)5*".

Lemma 3.5.9. Let L € (GY)**™ be a nonzero matriz. Then we have Prob[L L
B] < 1/py. Especially we have Prob[perp;| < pb_d.

Proof. We consider the map (Le): G**™ — C,B — L e B. Then we have the
surjective group homomorphism G**"™ — Im(Le), and thus |Im(Le)| divides
G**™, Moreover, since L is nonzero, |Im(Le)| is larger than 1. Hence we have
[Im(Le)| > py. Therefore we have Prob[L L B] = |[Im(Le)|~! < 1/py, and
especially we have Prob[perp;] = Prob[L L B]? < p, . O
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Let M be a positive integer. We evaluate the probability of the event that
dpr > M. We have

Prob[dpi. > M]=1—Prob[dp. < M —1]
=1 —Prob[3L € B, ,(M — 1)\{0} s.t. L € P*]
=1—Prob[3L € Byn(M —1\{O} s.t. L L By,...,L L By
=1—"Prob[Ures, ,(m-1)\({0}PerpL]

>1— Z Prob[perp; ]
LeBs,n(M-1)\{O}

>1— (volg (M — 1) — 1) - pp ¢

> 1 —volg (M —1)-p,~ @

This shows:

Proposition 3.5.10. If vols (M —1) < py? holds, then there exists a subgroup
P C G*™ with |P| < b? satisfying 6p. > M.

By Lemma 3.5.3, the condition of this proposition is satisfied if it holds that

log pp)2d?
2¢/(b—1)s(M—-1) . d M < (log py 1 34
¢ == Ms g T T (3.4)

Therefore we have the following sufficient condition on the existence of M.

Proposition 3.5.11. If M < (logpy)?d?/(4(b—1)s) + 1 holds, then Inequality
(8.4) is satisfied, and hence there exists a subgroup P C G**™ with |P| < b?
satisfying p. > M.

From now on, we define oy, := (logpy)/2 and M’ := A2%d?/((b — 1)s) where
A < oy and we take M to be [M’ + 1] so that P with |P| < b% and §p. >
M exists. Then, by Proposition 3.5.7, we have the following upper bound of
WEF(P):

Proposition 3.5.12. Let oy, := (logpy)/2. Take a real number A with A < oy
and an arbitrary real number ¢ > 0. Then for any positive integers s, n, and
d> (1+c)(b—1)s/(Alogh), there exists a subgroup P C G**™ with |P| < b?
satisfying

WE™(P) < |1+ 1+te 1 p—AZd?/((b-1)s) ,2Ad
¢ logb

Proof. Define M’ := A%d?/((b—1)s) and M := [ M’+1]. By Proposition 3.5.11,
there exists a subgroup P C G**" with |P| < b? and 6p. > M. For this P,
from Lemma 3.5.6 and Proposition 3.5.7 we have
WE(P) < C,(M)
= C([M'])
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< (1 n 1+c 1 ) =M’ 20/ = T)s M’

c logb
- (1 + ltc 1 ) p=A2d/((b=1)s) 2Ad
c logb
which proves the proposition. O

In particular, take A = a;, and we have the next theorem.

Theorem 3.5.13. Let oy, := (logpy)/2 and take an arbitrary real number ¢ > 0.
Then for any s, n, and d > (14 ¢)(b — 1)s/(aplogd), there exists a subgroup
P C G**™ with |P| < b? satisfying

WE(P) < (14 256 L) jmada?/(@-1)9) 20a.
- c logb

Applying Theorem 3.5.13 to the case G = Fy, we can improve [35, Theorem 2
and Remark 5].

Corollary 3.5.14. Let o := as = (log2)/2 and take an arbitrary real number
¢ > 0. Then for any n and d > (1 + ¢)s/(alog?2), there exists a linear subspace
P C F3*™ with dim P < d satisfying

l4c 1
WE(P) < 14+ ¢ g—o’d/s 2d
c log2

3.5.5 A lower bound on WAFOM

In this subsection, we show a lower bound on WAFOM(P), as a generalization
of [59]. The next lemma gives an upper bound on the minimum Dick weight of
P+ for given P C G**", which implies a lower bound of WAFOM(P).

Lemma 3.5.15. Suppose that s and n are positive integers. Let P C G**™ be a
subgroup with |P| < b%. Let q,r be nonnegative integers which satisfy d = qs+r
and 0 < r < s. Then we have the following:

1. 6pr <sq(g+1)/2+ (¢+1)(r+1) <d?/2s+3d/2 + s.
2. Let C be an arbitrary positive real number greater than 1/2. If d/s >
(/C+1/16+3/4)/(C —1/2) holds, then we have §pr < Cd?/s.

Proof. We define a subgroup @ := {A = (a;5) € (GY)**" | a;; =0if (¢ +2 <
j<n)or(j=qg+1and r+2 <i<s)}. Wehave |Q| = b95T"+1 = pd+1 There
is a Z-module isomorphism P+/(P+ N Q) ~ (P* + Q)/Q, and thus we have

|PL| . |Q| - bsn—d . bd+1 B
|PE+QI — [(GYV)¥*"

|PtNQ|= b,

especially there exists a non-zero matrix A’ € (P+ N Q). Therefore we have

dpr < pu(A") <max{u(A) | A= (a;j) € Q} =sq(qg+1)/2+ (¢+ 1)(r + 1),
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where the last equality holds if the components of A is as follows:

a; =0if (+2<j<m)or (j=qg+1landr+2<i<s)
ai; Z20if (1<j<q)or(j=qg+land1<i<r+1)

In particular, since ¢ < d/s and r + 1 < s, we have

dpr <sqlg+1)/24 (¢+1)(r+1)

S (TR WY D Dy
~—2\s s T \eTw T 2)

which proves the first statement.
Let C be a real number greater than 1/2 and we assume d/s > (/C + 1/16+
3/4)/(C —1/2). Then we have 1/2 + 3s/2d + s*/d?> < C. Thus we obtain

d2 1 3s 52 2
< — =4+ =+ = <
5Pi S <2 9 2) Cd /S7

which proves the second statement. U

The above lemma gives a lower bound of WF(P).

Theorem 3.5.16. Suppose that s and n are positive integers. Let G be a
finite abelian group with b > 2 elements. Let P C G**™ be a subgroup with
|P| < bl Let C be an arbitrary positive real number greater than 1/2. If

d/s> (/C+1/16+3/4)/(C —1/2) holds, then we have
WE"(P) > b~ C4/s,

Proof.
WE'(P)= Y o) > e > O,
AcPL\{0}

3.5.6 Order of WAFOM

In this subsection, we consider the order of WF(P) where P is a subgroup of
G**™ with |P| = b.

We fix the base b. Let D := ap = (logpy)/2. We fix a positive integer
E satistying E > (b —1)/(Dlogbd). Let ¢ be the real number such that E =
(1+¢)b—1)/(Dlogb) (by the assumption that E > (b — 1)/(Dlogb), c is
positive). Note that ¢, D and E depend only on b.

We assume that d/s > E. Then, by Proposition 3.5.12, there exists a sub-
group P C G**™ with |P| < b? satisfying

WEF"(P) < (1 + L+ Cl) p—D?d?/((b=1)s) 2Dd

c logb

Moreover, by Theorem 3.5.16, for every P with |P| < b we have WF™(P) >
b=C4*/s where C' = (1/2+ 3/(2E) + 1/E?). Thus we have the following lemma.
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Lemma 3.5.17. Ifd/s > E, we have

—Cd?/s < min{log, (WEF"™(P)) | P C G**™ subgroup, |P| < b*}

l1+c¢ 1
< D22 _ )
< —D*d?/((b—1)s) +2Dd/ logb + log, (1+ ; logb)

Especially, let N = b% and we have the following.

Theorem 3.5.18. Let G be a finite abelian group with |G| =b. Let P C G**™
be a subgroup with |P| < N. Letc, C, D, and E are constants as Lemma 3.5.17,
which depend only on b. Suppose that (log N)/s > E. Then we have

N=CUegN)/s < min{WF™(P) | P C G**" subgroup,|P| < N}

< (14 1EC 1\ y-DRaog N/ (ogb)(b-1)s)+2D/ log b,
c logb
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Chapter 4

An explicit construction of
point sets with large
minimum Dick weight

4.1 Introduction

In the previous chapter, as a generalization of [35] we proved the existence of
digital nets whose minimum Dick weight is large. However, the proof was not
constructive. Throughout this chapter we assume that b = p is prime. In this
chapter, we give a construction algorithm of digital nets over F, = Z;, whose
minimum Dick weight is large.

We use the same notation P C Z;*", P and dp. as in Chapter 3. In
this chapter, using Niederreiter-Xing sequences and Dick’s construction, we ex-
plicitly construct a linear subspace P C Z;*" of dimension m which achieves
Spr > |m/11s]|(m/2+8+/(s|m/11s] —2)/3+5/2+8)+ 1 when s|m/11s| > 2
for each m. This is the same order as m?/s. This implies that we can explicitly
construct point sets with low WAFOM.

The rest of this chapter is organized as follows. In Section 4.2.1, we recall the
definition of higher order digital nets and Dick’s construction. In Section 4.2.2,
we recall results on Niederreiter-Xing sequences. In Section 4.3, we show our
main results using Dick’s construction and Niederreiter-Xing sequences.

4.2 Preliminaries
In this section, we recall existing definitions and theorems necessary to prove

our results. Let s,n, m be positive integers. Let F" denote the set of row vectors
of dimension m over F,.
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4.2.1 Higher order digital nets

To define higher order digital nets, we recall digital nets with generating matrices
Cy,...,Cs € Fp*™. We define a map ®(Cy,...,C): F)' — F2*" by ¢ —
(CicT, ..., Csc)T namely the i th row of ®(Cy,...,Cs)(c) is cCL. We define
P(Cy,...,Cs) C F*" as the image of the map ®(Cy,...,Cs). P(Cy,...,C5)
is called a digital net with generating matrices C1,...,Cs , or shortly, a digital
net.

Definition 4.2.1 (Higher order digital nets). [9][14, Definition 15.2]. Let
s,a,n,m €N, let 0 < 8 < min (1,am/n) be a real number and let 0 < t < n be
an integer. Let C1,...,Cs € Fp*™. We define cgl) € ) as the j th row vector of
the matriz C; for1 <j<nandl <i<s. If, foralll <d;,, <---<d;;1 <n,
where 0 < v; <m and 1 <i < s, with

s min (v;,a)

Z Z di,jgﬂn—t

i=1  j=1

the vectors W o - o)
S S
Cay o€y 9 Ca,, v 1€,
are linearly independent over Fy,, then the digital net with generating matrices
Ci,...,Cs is called a higher order digital (t, o, B,n x m,s)-net over F,, or for

short, a digital (t,c, 8,n x m,s)-net over Fp,.

For « = 8 = 1 and n = m, we obtain a (classical) digital (¢,m, s)-net in base
p, which is compatible with Definition 4.2.7.

We state an equivalent definition in terms of the dual space using the Dick
a-weight with precision n [11, §2].

Definition 4.2.2 (Dick a-weight with precision n). Let p be a prime and s,n
be positive integers. Let « € NU {oo}. We define jiqn: Fyy — Z by

0 (ifa=0)
Ma,n(a) =93. . . s
i1 4+ min (a,0)  (0therwise)
where a = (ai,...,a,) € IE‘Z and iy, ...,1, are defined as follows: The non-zero
components of a are @iy, Qiy, ..., 0, Withn > 41 > iy > -+ >4, > 1.

Let A € F*™. Let al) ¢ [y be the i th row of the matriz A for 1 <i <s.
We define the Dick a-weight with precision n of A by

fa,n(A) = Z Ha,n (a(i))-
i=1

For any non-zero linear subspace P of F;*", we define the minimum distance

ban(P) = Amm fron(A).

In particular, we are interested in the case a = 0o and we define dp := doo 1 (P).
The next theorem characterizes higher order digital nets.
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Theorem 4.2.3. [11, Theorem 3]. Given matrices Cy,...,Cs € Fp <™ generate
a digital (t, o, B,n x m,s)-net over F,, if and only if

Sam(P(Cy,...,Co)Y) > Bn —t + 1.
To prove our results, we need the following construction by Dick.

Definition 4.2.4 (Dick’s construction). [14, 15.2]. Let d € N, let C1,...,Csq
be the generating matrices of a digital (t',m, sd)-net over F,, (in the sense of
(t,m, s)-net, see Definition 4.2.1 and the comment below Definition 4.2.1). Let

cy) be the j-th row vector of C; for 1 < j < m and 1 < i < sd. We define
the matrices D; € Fgmxm for 1 < i < s as below: Let dg-i) be the j-th row
vector of D; for 1 < j < dm and 1 <1i <s. We define dl(i) = cff) whenever
l=(u—i)d+v for1 <l<dm with (i—1)d+1<wv<id and 1 <u < m; that
18, the row vectors of D; from top to bottom are

cg(i_l)d—“) cgid)7 Cé(i—l)d—&-l)’ o Cgid)7 . ,cgg—l)d-{-l)? o ,cﬁff‘).

ey

Theorem 4.2.5. [14, Theorem 15.7]. Let d € N, let « € NU {o0}, and let
Ch,...,Csq be the generating matrices of a digital (t',m, sd)-net over F,,. Then
the matrices D1,..., Dy defined as above are generating matrices of a higher
order digital (t, o, min(1, o/d), dm x m, s)-net over F,, with

< i) (i + |41,

Remark 4.2.6. Theorem 4.2.3 and Theorem 4.2.5 are proved for finite a in
the references. The case o = oo reduces to the finite case, since a > n implies

Han = Unn-

4.2.2 (t,m,s)-nets and (t, s)-sequences

For our construction, we need good (¢,m, s)-nets. In this section, we recall
the definition of (¢, m, s)-nets and (¢, s)-sequences and known theorems (see the
recent survey [39] for details).

Definition 4.2.7 ((¢,m,s)-nets). Letb>2, m>1,0<t<m, and s > 1 be
integers. A point set P = {xq,...,Xpm_1} C [0,1)° is called a (t,m,s)-net in
base b if for all nonnegative integers dy,...,ds with dy +---+ds = m —t the
elementary intervals
u a; a;+1

[ 5)

i=1
contain evactly bt points for all choices of 0 < a; < b% (a; € Z) for 1 <i < s.

If a given (¢, m, s)-net is a digital net, we call it a digital (¢, m, s)-net. (¢, s)-
sequences are analogs of (¢, m, s)-nets.
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Definition 4.2.8 ((¢,s)-sequences). Let b > 2, t > 0, and s > 1 be integers.
A sequence Xg,X1,... of points in [0,1)% is a (t, s)-sequence in base b if for all
integers k > 0 and m > t the points x,, with kb™ < n < (k+ 1)b™ form a
(t,m, s)-net in base b.

Theorem 4.2.9. [40, Lemma 8.2.13]. Let q be a prime power and s > 1 be an
integer. If there exists a digital (t,s)-sequence over Fy, then for every integer
m > max(t, 1) there exists a digital (t,m,s + 1)-net over Fy.

Let d4(s) be the least value of ¢ for which there exists a digital (¢, s)-sequence
over F,.

Theorem 4.2.10. [0, Theorem 8.4.4]. For any prime power q and any di-
mension s > 1, we have

3¢—1 (2q +4)(s — 1)1/?
dq(s)ﬁqj(sfl)f q(q2_1)1/2 + 2.

Remark 4.2.11. The proof of this theorem uses algebraic function fields with
many rational places which are constructed by explicit extensions of algebraic
function fields, and thus constructive [40, §8.4].

Remark 4.2.12. There are tables of the value dy(s) provided by the database
at http: //mint. sbg. ac. at launched by Schiirer and Schmid [46], which lists
some better values of dq(s) than those given by Theorem 4.2.10 for some (s,q).

4.3 Main result

Theorem 4.3.1. Let s,m be positive integers and c be a positive real number.
We put d := \_ﬁj and s’ := sd—1. We assume that s’ > 1. If there exists a
(t', s")-sequence with a nonnegative integer t', then there exists a linear subspace
PC F;de of dimension m satisfying

de+1
opL >d —t 2 1.
pL > (4C+2m +s/>+

Proof. By assumption and Theorem 4.2.9, there exists a (min(t',m), m, s’ 4+ 1)-
net (namely a (min(t',m), m, sd)-net) over F,,.

By Theorem 4.2.5, from this digital net we can construct a higher order
digital (¢, 00,1,dm x m,s)-net P over F, with

t < dmin(m, min(t',m) + [s(d — 1)/2])
<d(t' +s(d—1)/2).

Therefore, by Theorem 4.2.3, we have

34



>dm—t' —s(d-1)/2) +1

} L o2 1 [ages. T m
>d(m—t' —m/(dc+2) +5/2) + ( sd < (2c+1)s 2c+1)
_ 4C+1 /

_d<46+2m t+8/2)+1~ =

Remark 4.3.2. d = L(zczlinsJ implies m > (2c + 1)sd. Moreover, the assump-

tion s’ = sd — 1 > 1 implies that the integer d must be positive, thus we have
m > (2¢+1)s.

The next lemma extends Theorem 4.3.1 to arbitrary precision.
Lemma 4.3.3. Let s,m,n be positive integers. Then we have
max{dp. | P C F;*", dim P =m} > max{dps | P C FZX(”H),dimP =m}.

Proof. There is a linear subspace Q) C FZX(HH) of dimension m such that

dgL = max{dpL|P C FZX("H), dim P = m}.

We define a map pr : IF;X(”H) — F,*" by cutting off the right-end column. We

have dim Q+ = s(n + 1) — m and dimpr(Q+) > sn — m, and hence we have
dimpr(Q+)* < m. Therefore
max{dp. | P CF*", dim P =m} > d,q1)
> 0L
=max{dp. | P C IF;X(”“), dim P =m}.O

The next corollary is an extension of Theorem 4.3.1 to arbitrary precision n.

Corollary 4.3.4. Let s, m,n be positive integers and c be a positive real number.
We put d := | z5y5] and s :=sd—1. We assume that s’ > 1. If there exists a
(t', s")-sequence with a nonnegative integer t', then there exists a linear subspace
P C ;X" of dimension m satisfying

Spi > (jgj: ;m 4 s/2> +1.
Proof. We may assume n > dm, since this corollary follows directly from The-
orem 4.3.1 and Lemma 4.3.3 if n < dm. We consider P of Theorem 4.3.1. Let
P’ be its image by the composition of two inclusions P C IE‘IS,de C <", where
the latter inclusion is given by supplementing 0 column vectors on the right side
(n — dm of 0 column vectors). Then we have

5P’l Z min((;pL y dm + ].)

de+1
— min (d (25 m—t' +s/2)+1,dn+1
4e+2
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4c+1
>d —t 2 1
> <4C+2m +s/>+ ;

where the last inequality holds because

(dm +1) — (d(iii;m—t’—i—sﬂ) +1>
=d(m/(4c+2)+t —s/2)
>d((2c+1)s/(4dc+2) +t' —s/2) (" Remark 4.3.2)
=dt’
> 0. O

We use the explicit bound on (¢, s)-sequences of Theorem 4.2.10 and we
obtain the following explicit bound on dp. .

Corollary 4.3.5. Let s,m,n be positive integers. We put ¢, :== (3p—1)/(p—1)
and d = L(%,%l)sj If sd > 2 and m < sn, then there exists a linear subspace
P CF;*"™ of dimension m satisfying

(2p + 4)(sd — 2)'/?
0 - 117
Proof. By Theorem 4.2.10, there exists a (', sd — 1)-sequence with
(2p + 4)(sd — 2)'/?
@ 117

Therefore, by Corollary 4.3.4, there exists a linear subspace P C F;*" of di-
mension m satisfying

OpL Zd(m/2—|— —|—s/2—|—20p—2)+1.

t' <ecp(sd—2) —

+ 2.

4e, +1
R} >d =2 ——
P= (4cp+2

4ep 41 (2p 4 4)(sd — 2)'/?
> L — -2) - 2 2)+1
_d<4cp+2m (cp(sd ) - 1)1 +2)+s/2) +

m—t'+s/2)+1

4ep +1 (2p 4 4)(sd — 2)'/?
=d| -2 —cpsd +2 -2 2) +1
<4cp+2m e N e LY /) +
4ep 41 m (2p +4)(sd — 2)Y/?
>d| -2 —Cpr——+2 —24+5/2)+1
- <4cp+2m “» 2cp—|—1+ &+ (p2 — 1)1/ +s/2) +
(2p 4 4)(sd — 2)'/?
Zd<m/2+ 1) +5/2+2c, -2 |+ 1 O

In particular, in the case p = 2 we obtain the next corollary.

Corollary 4.3.6. Let s,m be positive integers. We put d := |m/11s|. If
sd > 2 and m < sn, then there exists a linear subspace P C F5*" of dimension
m satisfying

opr = d(m/2+8\/(sd—2)[3+5/2+8) +1.
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Note that the right hand side is of order m?/s when m increases faster than
s, namely, if m/s — oo.

We shall give an upper bound on WF(P) for P of Corollary 4.3.6, by using
an upper-bound formula of WF(P) by dp1 given by Matsumoto and Yoshiki
[35]. We recall:

Proposition 4.3.7. [35, Proposition 1]. Let M be a positive integer, ¢ a positive
real number. Assume M > (1+c)?(log2)~2s. Then we have the following bound

1+c¢ 1 ~vi
Con(M) = 27HA) < g Me2VsM,
(M) Z < c log2 ¢
AeF3*™
n(A)>M

We consider P in Corollary 4.3.6, namely P is an m-dimensional subspace
P C F5*™ which satisfies dp1 > d(m/2 + 8+/(sd —2)/3 + s/2 + 8) + 1 where
d = |m/11ls|. We put M := d(m/2 + 8y/(sd —2)/3 + s/2 + 8) + 1 and

c:= (log2)(M/s)'/? — 1, then the assumption of Proposition 4.3.7 is satisfied.
Therefore we have

WE(P)= > 27+
Aep+\{0}
< Con(M) (0 PO} C {A € F3*"|u(A) > M})

l+c 1 9= M 250
¢ log?2 '

This shows:

Corollary 4.3.8. Let s,m be positive integers. We put d := |m/11s]|. If
s|m/11s| > 2, then P of Corollary 4.5.6 satisfies

1 1
WE(P) < —16_ 1 _o-M2VsM
c log2

where M := d(m/2+8+/(sd —2)/3+5/2+8) +1 and c := (log2)(M/s)"/? —1.

We remark on the asymptotic behavior of this bound when m/s — oc.
Then M is of order m?/s, and c¢ is of order (M/s)'/? and thus is of order m/s.
Thus, the coefficient of the right hand side % monotonously decreases and
converges to 1. This implies that WF(P) is of order O(2~M¢2VsM) for M being
of order m?/s, which is comparable with the nonconstructive bound given in
[35, Theorem 1]. and the previous chapter.
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Chapter 5

Formulas for the Walsh
coefficients of smooth
functions and their

application to bounds on
the Walsh coefficients

5.1 Introduction

Throughout this chapter we use the following notation: We assume that k is
a nonnegative integer whose b-adic expansion is k = kb=t + .-+ 4+ kb1
where k; and a; are integers with 0 < x; <b—1,a1 > - >a, > 1. For k=0
we assume that v =0 and ag = 0.

In this chapter, we focus on the decay of the Walsh coefficients of smooth
functions. There are several studies for the decay of the Walsh coefficients. Fine
considered the Walsh coefficients of functions which satisfy a Holder condition in
[17]. Dick proved the decay of the Walsh coefficients of functions of smoothness
a > 11in [8, 9] and studied it in more detail in [10]: It was proved that if a
function f has oo — 1 derivatives for which f (@=1) gatisfies a Lipschitz condition,
then |f(k)| € O(b~ "~ min(a.v)) [9]. Dick also proved that this order is the
best possible. That is, for f of smoothness «, if there exists 1 < r < « such
that f(k) decays faster than b=~ =% for all k € Ny and v > r, then f is a
polynomial of degree at most » — 1 [10, Theorem 20].

Recently, Yoshiki gave a method to analyze the dyadic (i.e., 2-adic) Walsh
coefficients in [58]. He introduced dyadic differences of (maybe discontinuous)
functions and gave a formula in which the dyadic Walsh coefficients are given
by dyadic differences multiplied by constants. Dyadic differences of a smooth
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function are expressed in terms of derivatives of the function. This enabled
him to establish a formula for the dyadic Walsh coefficients of smooth functions
expressed in terms of those derivatives. From this formula, he obtained a bound
on the dyadic Walsh coefficients for o times continuously differentiable functions
for o > 1.

In this chapter, we establish a formula in which the b-adic Walsh coefficients
of smooth functions are expressed in terms of those derivatives as

o~

1
k) = (-1 / F (@)W (k) (2) dar,

where the function W (k)(:): [0,1) — C is given by the iterated integral of
Walsh functions as in Definition 5.2.1. This formula is a generalization of the
formula for the dyadic Walsh coefficients of smooth functions in [58], however
our method is different from that in [58]. Our main idea is first separating the
interval [0,1) to appropriate intervals on which particular Walsh functions take
constant values, and then applying integration by parts iteratively. We also
establish another formula for the Walsh coefficients to use all of the smoothness
of functions.

Furthermore, we give bounds on the b-adic Walsh coefficients for a times
continuously differentiable functions. Our assumption is somewhat stronger
than that of [10]. Instead, we obtain bounds asymptotically better with re-
spect to a than results in [10]. Our bounds for the dyadic case recover results
for smooth functions in [58]. Moreover, we obtain a class of infinitely smooth
functions whose Walsh coefficients decay as |f(k)| € O(b~* =), We also
obtain improved bounds on the Walsh coefficients for functions in periodic and
non-periodic reproducing kernel Hilbert spaces which are considered in [10].

The rest of this chapter is organized as follows. We give two formulas for
the Walsh coefficients of smooth functions in Sections 5.2 and 5.4. Bounds on
the Walsh coefficients of smooth functions and Bernoulli polynomials are given
in Sections 5.3 and 5.5, respectively. In Section 5.6 (resp. Section 5.7), we give
a bound on the Walsh coefficients of functions in non-periodic (resp. periodic)
reproducing kernel Hilbert spaces.

5.2 Integral formula for the Walsh coefficients
of smooth functions

We introduce further notation which is used throughout this chapter. For k£ > 0,
let k' =k — rk,b% 1. Let v(k) := v be the number of non-zero digits of k.

In this section, we define the function W (k)(-) and establish a formula in
which the Walsh coefficients of smooth functions are expressed in terms of
W (k)(-) and derivatives of the functions.

Definition 5.2.1. For k € Ny, we define functions W(k)(:): [0,1] — C recur-
stvely as

W(0)(z) =1,
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W (k) (z) == / Sl W) () dy,

and the integral value of W (k)(:) as

)= /01W(k)(x) da

By definition, W (k)(z) is continuous for all k& € Ny. Note that we have
T
= / W (k') (y)dy  for z €[0,b~]
0

since we have wal, pao-1(y) = 1 for all y € [0,b~%). We show the periodicity
of W(k)(-) in the next lemma.

Lemma 5.2.2. Letk € Ng. Letz € [0,1) and x = cb™ % +1', where 0 < ¢ < b™
is an integer and 0 < ' < b~ is a real number. Then we have

W) () = D W (R + T W (k) ).

In particular, W (k)(-) is a periodic function with period b=%*1 if v > 0.

Proof. We prove the lemma by induction on v. If v = 0, trivially the result
holds. Hence we now assume that the claim holds for v — 1. Then W (K')(-) is
periodic with period b=%-1%1 and in particular with period =% if v > 1, and
W(K')() is constant if v = 1. Hence we have

c—1 (i+1)b~

W(k)(z)=>_ / wal,,, yoo—1 ()W (k') (y) dy

i=0 /b

b=
+ / wal,poo o ()W (K) () dy
b—

ay

b—av

=Sa [ s / i
1 —wy" a —CK
= FW(k)(b °) + @ W(k)(2) [
Now we are ready to show a formula for the Walsh coefficients. For n €
No, we define two symbols k2 and k2 as k2 := > ) kb% " and k% :=
Zyirf(n ) :b% 1 respectively. Note that k2 + kQ =k.

Theorem 5.2.3. Let k € Ny. Assume that f € C*[0,1] for a positive integer
a. Then for an integer 0 < n < min(«,v) we have

k) = (<07 [ 1) @ walis W (k2 () da
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Proof. We prove the formula by induction on n. For n = 0, the result holds by
the definition of the Walsh coefficients. Hence assume now that n > 0 and that
the result holds for n — 1. We have wal, -1 (z) = walyy (v)waly, pan-1(z) for all

z €[0,1) and
walyn (z) = walyn (ib*an+1) for x € [ibfan+1, (i + 1)b’“"+1)

for each integer 0 < i < b*~!. Hence we have

f) = (-t [ el W ) @) da

pan—t_q

= (1)t Z walgn (ib~an+1)x
=0

(i+1)b7ontt
/ o FO Y (@)wal, -1 ()W (K2 1) (2) do

pan—t_q

= ()" Yl (i) ([ﬂ"—”(x)vv( "))

1=0
(i+1)p—ant?
- / £ ()W (k) () d:c>

b—an+1

(i+1)p—antl

ib—antl

pen—1_1q (i+1)b7an+1

= (-1)" Z waljn (ib—an+T) / £ (@)W (k) (z) da

- ib—an+1
1 ’ S
= (—1)”/0 f(") (x)walk; (a:)W(k%)(gc) dz,

where we use the induction assumption for n — 1 for the first equality and
W (k%) (ib=%*1) = W(k2)((i + 1)b=%*1) = 0 by Lemma 5.2.2 for the fourth
equality, respectively. This proves the result for n. O

Now we consider the s-variate case. For a function f:[0,1)®* — R, let
feone) .= (9/0x)™ -+ (0)dxs)" f be the (ni,...,ns)-th derivative of f.
Considering coordinate-wise integration, we have the following.

Theorem 5.2.4. Let k = (k1,...,ks) € N§j. Assume that f: [0,1]° — R has
continuous mized partial derivatives up to order oy in each variable x;. Let n;
be integers with 0 < n; < min(a;,v(k;)) for 1 < j <s. Then we have

Fi) = (—pymsns /[ T ) T vl W 2 )
,1)° j=1
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5.3 The Walsh coefficients of smooth functions

Let f € C*[0,1] and p,q € [1,00] with 1/p+ 1/¢ = 1. By Theorem 5.2.3 for
n = min(a, v) and Holder’s inequality, we have

k)| < / ) ()l o (YW (K2 )|

< | pmintes ””\ILP\IW(k%)(-)IILq~ (5.1)

Thus, it suffices to bound ||W(k2)()||r« to bound |f(k)| We give bounds on
[W(k2)(-)||zo for the non-dyadic case, |[W(k2)(:)||ze for the dyadic case and

|f(k)| in Sections 5.3.1, 5.3.2 and 5.3.3, respectively.
We introduce a function p as follows. For k € Ny, we define

0 for k=0,
(k) = (5.2)
a1+ ---+a, fork#0.

For k = (k1, - ,ks) € N§, we define p(k) := Zj 1 (k).
For subsequent analysis, we give the exact values of I(k) and W (k)(b~%) in
the next lemma.

Lemma 5.3.1. For k € Ny, we have the following.
p— (k)
p— (k)

[T (-

(i) Let x € [0,1) and © = c¢b™ % + &’ where 0 < ¢ < b™ s an integer and
0 <2 <b % s a real number. Then we have

(i) I(k) =

(if) W(k)(b™") =

W(k)(w) = (1= @™ ) (k) + @™ W (k)(2").

Here, the empty products Hl . and Hl , are defined to be 1.

Proof. By Lemma 5.2.2 we have

b —1  L(i41)b %
I(k)= ) / W (k)(x) d

i=0 YibT

b —1 b~ v K
1—wire ,
2 / ( T WRe™) +w?f”’”W(k)(r)> da
bev —1 bev —1 p—av

= W) 0 5 (1 i) Z oy W (k) (z) dz

1 _ 71{'1)
“o i=0
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W (k) (b~*)

= oo (5.3)
Furthermore, W (k)(b~%) is computed as
b
W (k)(b™) :/ W (k') (z) dx
= bE‘“’I(lﬂ’)7 (5.4)

where we use the fact that W(k')(-) is periodic with period b=, which fol-
lows from Lemma 5.2.2, in the last equality. Using equations (5.3) and (5.4)
iteratively, we have (i) and (ii). Combining (5.3) and Lemma 5.2.2, we have

(iii). O

In the following, we consider two cases in order to bound |[W(k)(:)||p: the
non-dyadic case and the dyadic case. We define two positive constants my and
My as

mp = _ min |1 —wi| = 2sin(w/b),
2 ifbi
M e oz {2 £ s oven,
=1,2,....b—1 2sin((b+ 1)7/2b) if b is odd.

5.3.1 Non-dyadic case
The following lemmas are needed to bound sup,¢(g y—av) [W(K)(2)].

Lemma 5.3.2. Let A, B be complex numbers and r be a positive real number.
Then we have sup,c(o ) |Az + B| = max(|B|, [rA + BY).

Proof. We have

sup |Az+ B|= | sup |Az+ B|2= | sup (|A]222 + 2Re(AB)x + |BJ?).
z€[0,r] z€[0,r] z€[0,r]

Since |A|?z? + 2Re(AB)z + |B|? is a convex function on [0,7], its maximum
value occurs at its endpoints. O

Lemma 5.3.3. Leta and 1 < k < b—1 be positive integers. Then we have

/-1
sup E (1 —@y)| < ab.
c’=0,1,..., ab i—0

. b—1
Proof. Since Y.~ w;" = 0, we have

¢ —1 ab—1
sup E (1-w)| = sup |+ E wyt
c’=0,1,...,ab i—0 c¢’=0,1,...,ab i—



ab—1
< sup (c + Z ‘f“‘ > = ab. O

'=0,1,...,ab

We now have an upper bound on sup, (g p-av] |W (k) (z')].

Lemma 5.3.4. Let k be a positive integer. If b > 2, then we have

p—r(k) b M\
sup ka’<vO—())
m’e[o’b*av] | ( )( )‘ mb 1 b _ Mb b

Proof. We prove the lemma by induction on v. If v = 1, we have
sup  [W(k)(a")| = sup

/ W(0)(y) dy
z’€[0,b—a1] z’€[0,b—e1] [JO

= sup |2/|=b"" =pHR),
z’/€[0,b— 1]

Hence the lemma holds for v = 1.

Thus assume now that v > 1 and that the result holds for v — 1. Let
x’ € [0,b7%] be a real number and 2/ = /b~ %~ + 2" where 0 < ¢/ < b~ Hav—1
is an integer and 0 < 2 < b~%~! is a real number. Then by Lemma 5.3.1 (iii)
we have

(W (k) ()]

- 2: (@I B W) W) dy

[ (ams ) e w W) dy

c—1
< bt ST -y IR + 2 (1 —wp ) I(K)
=0
-1 b~ %v—1

HE

dy+fﬁ Fo= 1/ W(k
(5.5)

We evaluate the supremum of the first term of (5.5). Note that the first term
of (5.5) is equal to [b=4-1 3" (1 —w, ")I(K')| if 2/ = b=%-1. By Lemmas
5.3.2, 5.3.3 and 5.3.1 (i), we have

’
c —

sup b Y (=@, I(K) + 27 (1 — & I
0§c’<b7a”+a“_l i=0
x''€[0,b” *v—1]
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c—1

= sup b~ vt Z(l — *m” DI

0<e/<b™ v Fov—1 i=0
—p(k") N

—Qy—1 —QyTAy—1

< b v—1 b—*
b

p—H(k)
= v—1

my,

We move on to the evaluation of the second term of (5.5). We have

-1 b %v—1

—iKy—1
su E Wy,
c xI/)’ i /

W (k) (y) dy+*“‘“ / W (k

-1 b~ %v—1 7
= onp 3o /, dy+Z*m“ oww
c x| - 0
1— _cky_1 b %v—1 1_ f((' +1)ky—1
= sup W/ W (k') (y) dy + Jw : / Wk
c' x' — Wy x!’
M, M,
<sup (b —a”)+ —a”| - sup  [W(K)(y)]
x| Ty mp ye[0,b™%v—1]

My b ()T
- my mz_2 b— M, b

— (k) v—1
BN R A
- mg_l b— M, b
where we use the induction assumption for v — 1 in the forth inequality and

b-b~%-1 < b~ % in the last inequality.
By summing up the bounds obtained on each term of (5.5), we have

b=k p=n)  pf, M\t
sup (W) < el 1 T 1—()

z'€[0,b—av] my my L'y — M, b

p—H(k) b M \"Y
mb b— Mb b

Using the above lemma, we obtain an upper bound on ||[W(k)(-)|| ee-

Proposition 5.3.5. Let k € Ng. If b > 2, we have

p—r(k) bmy, My \"* i)
Moo < M I={= '
WOl < (575 (1 (5)))

Proof. The case k = 0 is obvious. We assume that k£ > 0. Let z € [0,1) and
x = cb™® + ', where 0 < ¢ < b% is an integer and 0 < 2’ < b™% is a real
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number. By Lemmas 5.3.1 and 5.3.4, we have

(W (k) ()] = [(1 =@y ) I (k) + @™ W (k)(2")]
< MplI(K)|+  sup ]\W(k)(m’)l

z’'€[0,b—av

b—,u(k) by, M, v min(1,v)
< M, 1—1—
<Sr (e (-(7)))

which proves the proposition. O

5.3.2 Dyadic case

In this subsection, we assume that b = 2. In the dyadic case, we can obtain
the exact values of ||W(k)()||zr and ||W (k)(:)||Le. First we show properties of
W (k)(z) for the dyadic case.

Lemma 5.3.6. Let k € Ny. Assume that b = 2 and x1,22 € [0,1). Then we
have the following.

(i) Assume that x1 + xo is a multiple of 2=% 1. Then we have W (k)(z1) =

(i) Assume that x1 + xo is a multiple of 27% and not a multiple of 2% *1,

If k # 0, then we have W (k)(x1) + W(k)(z2) = W(k)(27%).
(iil) The function W (k)(x) is nonnegative.

Proof. We prove the lemma by induction on v. The results hold for v = 0 since
W(0)(xz) = 1 for all z € [0,1). Hence assume now that v > 0 and that the
results hold for v — 1.

First we assume that z1 + x5 is the multiple of 27%*1. Since W (k)(:) has a
period 27% ! by Lemma 5.2.2, we can assume that z1,z2 € [0,27% 1. Then
we can assume that z; € [0,27%] and that x5 = 2%+l _ 2. Now we prove
that W(k)(xz1) = W(k)(xz2). By the induction assumption of (i) for v — 1, we
have W (k')(y) = W (k')(27 %+ — ) for all y € [0,27%F1]. Hence we have

27av+1

W (k) (22) = W (k)@ 2+1) — / walye, 1 ()W () () dy

—0- [ CowE -y
= [ weway
= W(k)(z1),
which proves (i) for v.

Second we assume that x; + x5 is a multiple of 27% and not a multiple
of 271 Similar to the first case, we can assume that z1,z2 € [0,27%] and
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that o9 = 27% — x7. By the induction assumption of (i) for v — 1, we have
WK (y) = W(K')(2 % —y) for all y € [0,27%]. Hence we have

W (k) (1) + W () (2) = / S W () dy + / W ) dy

-/ S W) () dy + / S W@~y dy
0 0 —ay

:/xl W(k:’)(y)dy—i—/ W (K')(y) dy
0

27—y

- / W) (y) dy
— W (k)2 ),

which proves (ii) for v.

Finally we prove that W (k)(x) is nonnegative. By the induction assumption
of (iii) for v — 1, W(k')(z) is nonnegative. For x € [0,27%], we have W (k)(z) =
Jy W(K')(y)dy, and thus W (k)(z) is nonnegative for z € [0,27%]. Hence by (i)
for v and Lemma 5.2.2, W (k)(z) is nonnegative for x € [0, 1). O

Now we are ready to consider ||W (k)(:)||z. for 1 < ¢ < oc.
First we consider ||[W(k)(-)||z:. By Lemmas 5.3.1 (i) and 5.3.6 (iii), we have

IW(E) Iz = /O W (k) (z)| dz = /0 W (k)(z) do = 27#8) v,

Second we consider |[W(k)(-)||r=. If & = 0, we have |W(k)(-)||L~ = 1.
We assume that £ > 0. Considering the symmetry and the non-negativity of
W (k)(x) given by Lemma 5.3.6, we have

W (E) ()L~ = 6[21;13%]|W(k)(x)|dx

= sup
z€[0,27%v]

= [ W
=W(k)(27%) = 9—n(k)—v+1

| ww dy]

Thus we have |[W (k)(-)||pe < 27 #F)=vtmin(Lo) for all k € N.
Finally we consider ||[W (k)(-)||ze. By Holder’s inequality, we have

1/q
W (E)()||pa = (/{0 N W () ()] - [W (k) (z)]9~" d;z;>

< (IW ROl W (k) ()l

47



< 2—;t(k)—v+(1—1/q) min(1,v) )

We have shown the following proposition.
Proposition 5.3.7. Let b =2. For k € Ny and 1 < g < oo, we have
||W<k)()||Lq < 2—/L(k)—v+(1—1/q) min(l,v)7

and the equality holds if ¢ =1 or q = co.

5.3.3 Bounds on the Walsh coefficients of smooth func-
tions

For a positive integer o and k € Ny, we define

0 for k =0,
palk) = puk) =qar+---+a, forl<ov<a, (5.6)
ar+ -+ a, forov>a,

as in [10]. By (5.1), Proposition 5.3.5 and Proposition 5.3.7, we obtain the
following bound on the Walsh coefficients of smooth functions.

Theorem 5.3.8. Let f € C¥[0,1] and k € Ng. If b > 2, we have

R , p—Ha(k)
[F(R)| < [ @D s
e,

b

: min(1,v)
by, M, min(a,v)
M, 1—|— .
( =T ( ( b >

Ifb=2, for 1 <p < oo we have

‘J/c\(k” < Hf(min(a,v))”Lp . 9~ o (k) —min(a,v)+min(1,v)/p_

The s-variate case follows in the same way as the univariate case.

Theorem 5.3.9. Let k = (ki,...,ks) € N§. Assume that f: [0,1]° — R has
continuous mized partial derivatives up to order o; in each variable x;. Let
nj :=min(aj,v(k;)) for 1 < j <s. Then, if b > 2, we have

S b_l"aj (k'j)

Fl < 5em ) o T *—x

j=1 b

Mot bmb - % n; min(1,v(k;))
T h—M, b '

Ifb=2, for 1 < p < oo we have

Lr X H 9 Ha; (kj)—nj+min(lv(k;))/p.

Jj=1

)| < g
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As a corollary, we give a sufficient condition for a infinitely smooth function
that its Walsh coefficients decay with order O(b=#(*)).

Corollary 5.3.10. Let f € C*[0,1]° and r; > 0 be positive real numbers for
1 <j <s. Assume that there exists a positive real number D such that

(e

L S D H T;Lj
j=1
holds for all ny,...,ng € Ng. Then for all k € N§ we have
N _ - —1\o(k; min(1,v(k;
[FR)] < D=+ T (rymy, ) 0 Gyt
j=1
where Cy is a constant defined as

2 forb=2,

Cb: bmb
M, 2.
b+b—Mb for b #£

In particular, if rj = my, holds for all 1 < j < s, then |F(k)| € O(b=®) holds.

5.4 Another formula for the Walsh coefficients

In this section, we give another formula for the Walsh coefficients. For this
purpose, we introduce functions W;(k)(-) and their integration values I;(k) for
j, k € Np.

Definition 5.4.1. For j,k € Ny, we define functions W;(k)(-): [0,1] — C and
complex numbers I;(k) recursively as

Wo(k)(z) == W (k) (x),
1
I(k) = / W, (k) (),

Wisa(b)(a) = [ OW3(R)(@) ~ L(0) d.

0

We note that W;(k)(0) = W;(k)(1) =0 for all j, k € Ny with (4, k) # (0,0).
We now establish another formula for the Walsh coefficients of smooth func-
tions.

Theorem 5.4.2. Let k,r € Ng and f € C*"[0,1]. Then we have

T

Flk) = S (=1 L) / £ (@) de

i=0 0

- 1
(1)U / FE (@) (W, () (@) — I(K)) da.

49



Proof. We prove the theorem by induction on r. We have already proved the
case r = 0 in Theorem 5.2.3. Thus assume now that r > 1 and that the result
holds for r — 1. By the induction assumption for v — 1, we have

r—1

k) = (-1 (k) / £ () da

=0

+ (=1 / FEATD @) (Wesa (k) (@) = L1 (k) de

I
—_

T

0
=S ()L / £ (@) da

(2

Il
=)

s ([f(“”‘”(w)Wr(k)(fc)]é - [ 1w me) dx)

1
_ _1\vtiT. +9) (2) dx
0 L(k)/o £ () d

N

+ (-1 / D @) (W (k) () — 1 (k) dar,

where we use W,.(k)(0) = W,.(k)(1) = 0 in the third equality. This proves the
result for r. 0

5.5 The Walsh coefficients of Bernoulli polyno-
mials

In this section, we analyze the decay of the Walsh coefficients of Bernoulli poly-
nomials.

For r > 0, we denote B,.(x) the Bernoulli polynomial of degree r and b,.(z) =
B,(z)/r!. For example, we have By(z) =1, Bi(z) =2 —1/2, Ba(z) = 2% — 2 +
1/6 and so on. Those polynomials have the following properties: For all » > 1
we have

W) = b_1(z) and /0 () di = 0, (5.7)
and for all » € Ny we have
by(1—x) = (=1)"br (), (5.8)
see [1, Chapter 23]. We clearly have b)(z) = 0 and fol bo(z) = 1.

The Walsh coefficients of Bernoulli polynomials are given as follows. If r < v,
then by Theorem 5.2.3 and (5.7) we have

b (1) = (1" [ @W k(e d =0
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If » > v, then by Theorem 5.4.2 and (5.7) we have

T—v

br(k) =Y (=) Li(k) / 1 bt (z) d

0

= 0
+ (—1)7”/O 0 (@) (Wr (k) (2) = Lo (k) dx
D)'T—y (k)

= (—
Now we proved:

Lemma 5.5.1. For positive integers k and r, we have

~ B 0 ifr <w,
br(k) = {(—1)7"1M(k) ifr>w.

In the following, we give upper bounds on [|[W;(k)(-) — I;(k)| e, |I;(k)]
and ||[W;(k)(-)||ze, which give bounds on the Walsh coefficients of Bernoulli
polynomials and smooth functions. First we compute W;(k)(-) and I;(k).

Lemma 5.5.2. Let k,j € Ng. Let © € [0,1) and x = ¢b™% + 2’ with ¢ € Ny
and ' € [0,b=%). Then we have

() Wy(k)(a) = = W (0)07") + @ W ()0,
(if) 1;(k) = le(li)flf;v)

Proof. We prove the lemma by induction on j. We have already proved the case
j = 0 in Lemmas 5.2.2 and 5.3.1. Thus assume now that j > 1 and that the
result holds for j — 1. Then we have

W) = | (W1 (6)(y) — T2 (k) dy

—iKy

c—1 b~ v
—Ww —ay — Ky
= Z/O (1 — %M W1 (k)(b™") +w, le(’@(@/)) dy
i=0 b

’

+/01 (Wle(k)(b‘““)erg"“ jl(k)(y)) dy

—FKy
1-w,

S G (R) (6 ) + @ () ()
1=0

1 - wgm —a —ck ’
= —— 5 Wi(k)(0™") + 1w W;(k) (),
1—-wy
where we use the induction assumption for j—1 in the second and third equalities
and the definition of W;(k)(-) in the third equality. This proves (i) for j.

Now we compute I;(k). Replacing W (k)(x) to W;(k)(x) in (5.3), we have
Ii(k) = W;(k)(b~*)/(1 —@w,"), which proves (ii) for j. O
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The following lemmas give bounds on ||W;(k)(-) — I;(k)|/z-=, |I;(k)| and
|W;(k)(-)|| o for the non-dyadic case.

Lemma 5.5.3. Let j € Ng. If b # 2, for any positive integer k we have

[W;(k)(-) = Li(k)|lLe < b::;ja <1 + bb_mz\l}b (1 - (A?>)> '

Proof. Let x € [0,1) and = ¢b™% + 2’ with ¢ € Ny and 2’ € [0,b7%). First
assume that j = 0. Then it follows from Lemmas 5.3.1 and 5.3.4 that

[Wo(k)(2) = Lo(k)| = [—w5™ (k) + @™ W (k)(«"))|

<HE)I+  sup  [W(k) ()]
2/ €[0,b—av]

—n(k) v
< (i (- ().
my b— M, b
which proves the case j = 0.

Now we assume that j > 0. Then it follows from Lemma 5.5.2 that

W (8)(0) = R = [ W ) (6) 57 W () ') — S5

= | W0 £ W)

= [ W) - W) - W ()
b b
p—av

<[ W) - ) dy

my z!

s [ W (B)() — I (k) dy

< Loy sup (Wima(k)(y) — I (K)

oMb y€[0,b ]

1
+—a' sup |W;_1(k)(y) — Ij—1(k)]
my y€[0,b—av]

Wi (90 — s ()]

<

Using the case j = 0 and this evaluation inductively, we have the case j > 0. O

Lemma 5.5.4. Let j and k be positive integers. If b > 2, then we have
biﬂ(k)ija” bmy, M, Y
Li(k)| < . 1 1— (=2 )
=2 2 - (4))
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Proof. By Lemmas 5.5.2 and 5.5.3, we have

12 (R)| = [W; (k)(b~") /(1 — ")

b—v
<o [ Wame) - Labldy
< T Wi (R)(w) — ()

biﬂ(k)ija” bmy, M, v
< , 1 1—|(— . O
< (e (0-(3))
Lemma 5.5.5. Let j and k be positive integers. If b > 2, then we have
p~rk)—jay by, M\
) k * oo < 7M ]_ 1 - — .
WSOl < ™ (152 (1- () )

Proof. Let x € [0,1) and z = ¢b™ % + 2/, where 0 < ¢ < b is an integer and
0 <2z’ < b % is a real number. Then we have

W (8) (o) = i W (007) + B W, ) =)
_ T“ﬁ(wj(k)(b—av) — W) () + ij(k)@f)
I [ ) - L)y
1 _1_*(’;13% [ 0w - 1)

Thus we have

W;(k) ()|

IN

/

1_ w}()c—i—l)m,

-/ W (B (y) — I (k) dy

1-wy

_ %b—au Wi—1(k)(-) — Ij—1 (k)| Lo

b*ll(k)*jau bmy, M, v
< —M, (1 1—|(— . O
< (e (7))

We also consider the dyadic case.

Lemma 5.5.6. Let k be a positive integer and j € Ng. If b = 2, then we have
the following.

(@) [W;(k)(2) = L (k)| < 2770 rDmnimr,
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(i) |I;(k)| < 27(avtD)—pk)—v,

(iii) W (k)()l|pee < 279levtDmut oL,

(iv) If j is odd, then I;(k) =0.
Proof. Lemma 5.3.1 and Proposition 5.3.7 imply (ii) and (iii) for j = 0.

Since Wy (k)(z) and Iy(k) are nonnegative, we have
[Wo(k)(x) = To(k)|| Lo < max (|[Wo(k) ()L~ — To(k)|, 0 = To(K)[)
< g—mk)—v

and thus (i) for j = 0 holds.

For the proof for the case j > 0, we note that parts of proofs of Lemmas
5.5.3, 5.5.4 and 5.5.5 are valid even in the dyadic case: For b = 2 we have

(W; (k) (z) — I; (k)| < b;; IWi—1(k) () = L1 (k)| Lo,
L)< W) ) — L),

Wi(0)@)] < 2207 W5 () — Ly ()~

Combining these inequalities and the case j = 0, we have (i), (ii) and (iii) for
j>0.

Now we assume that j is odd and prove I;(k) = 0. By Lemma 5.5.1, we
have

botj (k) = (=1)"*I; (k).
Hence it suffices to show b/v\ﬂ(k) = 0. Since j is odd, by (5.8) we have b,4,(x) =
(=1)""1b,1 (1 — z). Furthermore, waly(z) = (—1)"walg(1 — ) holds for all but

finitely many = € [0,1), since we have walya;—1(x) = —walye,-1(1 — ) for
z € [0,1)\{1/2% | 0 <1< 2%} and waly(z) = [[;_; walge,—1(2). Hence we have

1 1
byt (k) :/o byt (x)walg(x) da:—&—[ byt (x)waly(z) dz

1
= /2 byt j(z)waly(x) de + /2 byt (1 —x)waly(1l — z) dx
0 0
1 1
:/ byt (x)walg(z) dz —/ byt j(x)waly(z) dz
0 0
=0. 0

Now we are ready to analyze the decay of the Walsh coefficients of Bernoulli
polynomials. For a positive integer o and k € Ny, we define

0 for k=0,
poper(k) =<a1+ - +a,+ (@a—v)a, forl<v<a, (5.9)
a1+ -+ aq for v > a,
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as in [10]. By Lemmas 5.5.1, 5.5.4 and 5.5.6, we have the following bound on
the Walsh coefficients of Bernoulli polynomials.

Theorem 5.5.7. For positive integers k and v, we have
=0 if r <o,
R =0 ifr>v, r—vis odd and b = 2,

b (K)| § < 2= Hrper(k)—r ifr>v, r—wv is even and b = 2,

b_l“,per(k) .
STCM ifr>v and b # 2,
b

b Mp\"
ot (o (),

5.6 Walsh coefficients of functions in Sobolev
spaces

In this section, we consider functions in the Sobolev space
Ho = {f:[0,1] > R| f@: abs. conti. for i = 0,--- ,a — 1, £ e L?[0,1]}

for which & > 1 as in [10]. The inner product is given by

:a_l 1(i)xx 1(i)xx 1(0‘)33(0‘)33 x.
(f. 9)o g;A fO () d As;<>d«+A £ (@)g @ (z)d

and the corresponding norm in H,, is given by || flsob.a := /{f; f)a- The space
H, becomes a reproducing kernel Hilbert space (see [2] for general information
of reproducing kernel Hilbert space). The reproducing kernel for this space is
given by

[0}

K(@,y) =Y bil@)bi(y) = (=1)*Daalz —y),

=0

where

~ | ba(Jz =y, o even,
b“xy”{<—nh@axm—y» o : odd,

where we define 1,«, is 1 for z < y and 0 otherwise, see [6, Lemma 2.1]. We
have

f(y) = <f7’c("y)>a
_ 1(1)3333, _(_1\« 1(a)$~x_ . .
_;/0 fO () dz bi(y) — (—1) /Of (2)bo(z —y)dz,  (5.10)
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which implies that

D=3 [ 106 ariw - [ [ e -y
(5.11)

However, we have already proved two formulas for the Walsh coefficients: For
f € C¥[0,1], in the case o > v we have Theorem 5.4.2 for r = a — v, which is
written as

o

Fl) = >V () / 9 () de

+ (-1 / SO @) (W () (@) — T o(K)) dz,  (5.12)

and in the case a < v we have Theorem 5.2.3 for n = «, which is written as

o~ 1 [
Fk) = (-1)e / £ (@) wals (@)W (k2) () da. (5.13)

In this section, we show that Formulas (5.12) and (5.13) are also valid for f € H,,
and give an upper bound for the Walsh coefficients of functions in H,.

5.6.1 Formula for the Walsh coefficients of functions in
Sobolev spaces

First we consider the case o > v. The following lemma is needed to show that
(5.12) is also valid for f € H,.

Lemma 5.6.1. Assume a > v. Define functions hq,ha: [0,1] = C as

ha () / ba(w — y)waly(y) dy,
ha(x) i= Wo—y(k)(2) — La—u (k).
Then hq(z) = ho(x) holds for all x € [0,1].

Proof. For f € C*[0,1] both formulas (5.11) and (5.12) hold. Furthermore, by
Lemma 5.5.1, the first term of each formula is equal. Hence we have

/O FO (@) hy () da = /0 £ () ha(2) da

for all f E C“[0,1]. It is well known that if h: [0,1] — C is continuous and

fo = 0 holds for all continuous functions g € C°[0,1], then h(z) = 0
holds Thus it suffices to show that h; and hy are continuous.

By definition, ho is continuous. Now we prove that h; is continuous. Fix
e > 0. Since by(z) is uniformly continuous on z € [0,1], there exists d;
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such that |by(2z) — ba(2")| < €/2 for all z,2" € [0,1] with |z — 2| < §;. Let
62 = min (4~ e(max.cp,1) [ba(2)]) 71, 61) . We fix z € [0,1] and prove |hy(z) —
hi(z")| < € for all 2’ € [0, 1] with |z — 2’| < d3. Without loss of generality, we
can assume that x < 2/. Then we have

1

e =y - [ Bl - pvaly) dy]

(///)

<z yrerl[gg]Ib oz —y) — ba(2’ —y)l+(w’—w)yg[lgx (Iba(y — )| + [ba(z" —y)|)

+ (1 —2") max |bo(y —x) — bo(y —2')|
y€(a’,1]

< x€e/2 4 209 m[%yi] |bo(2)| + (1 — 2')e/2
z€|0,

IN

(o= )=l =)

< €,
which implies the continuity of h;. O

The following result follows now from the above lemma, Lemma 5.5.1 and
(5.11).

Proposition 5.6.2. Assume a > v. Then for f € H, we have

(e

f<k>=z<—1>if (k) / 9 () da

/ @) (W (k) (&) — Ta—y (k) da.

Now we treat the case a < v. Note that walye (v)W (k2)(z) is continuous
since W (k2)(z) equals 0 on the set where walye () is not continuous. In the
same way as the case ae > v, we have the following.

Proposition 5.6.3. Assume o < v. Then we have

1
— / bo(z — y)waly(y) dy = walgo ()W (k2)(x).
0
In particular, for f € Ho we have

k) = (-1)° / £ () walpa (@)W (2) (z) da.

5.6.2 TUpper bound on the Walsh coefficients of functions
in Sobolev spaces

In this subsection, we give a bound on the Walsh coefficients of functions in H,,.
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By Propositions 5.6.2 and 5.6.3, for f € H, we have

a I
0l < Yl | [ 10w do

where No = [[Wa—y(k)(") — Ta—u(k)|[z if @ > v and Ny = [[W(kZ)(")[ L=
otherwise. Thus, by Propositions 5.3.5 and 5.3.7 and Lemmas 5.5.3, 5.5.4 and
5.5.6, we have the following.

1
+ N, / |f() ()| da,
0

Theorem 5.6.4. Let o and k be positive integers. Assume f € Hy. If b > 2,

we have
_N'i,per(k) /\4 v
my, b— M, b
p—Haper (k) bm M\"°
(@) b 1_ b
¥ / P (a2 (1= (F2) ).

and if b =2, we have
[ 19w
0

HOIEEDY
where for v > a the empty sum >

b Hi, per(k) o —Ha, per(k)
b [ oast e

v<i<a
i=v mod 2

is defined to be 0.

1=v

For an integer ¢ with v < ¢ < «, 1 per(k) > pa(k) holds for all £ € Ny
by the definitions of p; per(k) and pq (k). Thus, applying Hélder’s inequality to
Theorem 5.6.4, we obtain the following corollary.

Corollary 5.6.5. Let o and k be positive integers. Then, for all f € Hy, we
have

[Fk)] < 67Oy o ol Fllpras

1/p
where |l = (S5 |fo £O@) da| + fy 17 @)Pda) ", 1/p+1/g = 1,

and
. 1/q
1 bmy \¢ 1 by \?
aqg = — (1 M,
Craa (Zle< +b—M,,> +mg‘“1( (VA

i=1 b

forb>2 and Co o 4= (35, 271 4 2@ ND)/4 for p = 2.

Remark 5.6.6. This corollary can be generalized to tensor product spaces, for
which the reproducing kernel is just the product of the one-dimensional kernel,
as [14, Section 14.6].
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5.7 The Walsh coefficients of smooth periodic
functions

As [10], we consider a subset of the previous reproducing kernel Hilbert space,
namely7 let ’Ha per e the space of all functions f € H, which satisfy the condi-

tion f f@ x)dx = 0 for 0 < i < «. This space also has a reproducing kernel,
which is glven by

Kaper(2,9) = ba(2)ba(y) + (1) baa(z — 1),

and the inner product is given by

1
<fa g>a,pcr = /0 f(a) (x)g(a) (l‘) dx

see [56, (10.2.4)]. We also have the representation
fy) = (f, Kaper (- 4))a,per

/ T () da bo( 1)ett / 9 —y)dzx

/f"‘) ) d b () a“/f / (& — y)walk () d dy.

By the condition fo f@(x)dx = 0 for 0 < i < a and Propositions 5.6.2 and
5.6.3, we have the following.

an

Lemma 5.7.1. Let o and k be positive integers. Assume f € Ha per- If @ > v,
then we have

1
—1)° /0 FON )Wy (k) (2) da.

If a < v, then we have

1
Fi = (- [ 5wl @W (k2) (z) da,
0 <
This lemma, Propositions 5.3.5 and 5.3.7 and Lemmas 5.5.4 and 5.5.6 imply
the following bound.

Theorem 5.7.2. Let o and k be positive integers. Assume f € Ho per- If b > 2,
then we have

—Ha,per (k) bmb Mb v
< )| d M, 1—(— .
1< [yt (52 (1 () )

If b =2, then we have
o b Mo, per(k
|</ (@) do—se— ST
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Chapter 6

Accelerating convergence
and tractability of
multivariate integration for
infinitely differentiable
functions

6.1 Introduction

In this chapter we approximate the integral on an s-dimensional unit cube

/ flz)dx
[0,1)s

by the algorithm which uses n function values of the form
Ans(f) = Zwif(ti) for w; € R, t; €[0,1)".
i=1

One classical issue is the optimal rate of convergence with respect to n. Another
important issue is the dependence on the number of variables s, since s can be
hundreds or more in computational applications. The latter issue is related to
the notion of tractability if we require no exponential dependence on s.

A large number of studies have been devoted to numerical integration on the
unit cube for various function spaces. One typical case is that functions are only
finitely many times differentiable, e.g., functions with bounded variation, peri-
odic functions in the Korobov space and non-periodic functions in the Sobolev
space, see [38, 49, 42, 14] and references therein. For these cases, it is known
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that the rate of convergence is O(n~%) for some a > 0 and thus we have poly-
nomial convergence. Another interesting case is that functions are smooth, i.e.,
infinitely differentiable. Dick [7] gave reproducing kernel Hilbert spaces based
on Taylor series which achieve a convergence of O(n~%) with a > 0 arbitrarily
large and the spaces were later generalized in [60]. It was proved in [12, 28]
that exponential convergence holds for the Korobov space of periodic functions
whose Fourier coefficients decay exponentially fast. Exponential convergence
means that the integration error converges as O(q"p) for some ¢q € (0,1), p > 0.
Note that exponential convergence was also shown for Hermite spaces on R?
with exponentially fast decaying Hermite coefficients [25].

In this chapter we focus on a weighted normed space of non-periodic smooth
functions

(a1)~~7a5)
Fow i=  SUP Hfs—oc]L1 <ocop (6.1)
(armaneNy  [lj—1u;

/]

Fou = {f e 00, 1*

with a sequence of positive weights u = {u;};>1. It is easy to check that all
functions in F; ,, are analytic from Taylor’s theorem. This space is motivated by
the results by Yoshiki [58] and can be regarded as a Sobolev space of infinite or-
der [15]. The space F; ,, is closely related to the notion of WAFOM. We observe
that generalized WAFOM works well for the space F5 ,,, see Remark 6.6.1.

The first purpose of this chapter is to show that Fs, achieves accelerat-
ing convergence for all s and u considered. Accelerating convergence roughly
means that the integration error converges as O(q°8™") for some ¢ € (0, 1) and
p > 1. Note that ¢1g™” = p=(esa™H(loen)”™" hence the exponent (logn )P~ of
n increases as n increases (which is why we call this accelerating convergence).
We remark that accelerating convergence was first observed in [35] as the de-
cay of the lowest-WAFOM value and that [35] and [58] imply the accelerating
convergence result for F 1 /5.

We also consider tractability for F, .. Let us briefly recall the notion of
tractability (see [41, 42, 43] for more information). Let n(e, s) be the informa-
tion complexity, i.e., the minimal number n of function values which approxi-
mate the s-variate integration within €. An integration problem is said to be
tractable if n(e, s) does not grow exponentially on & nor s. In particular, two
notions of tractability has been mainly considered: polynomial tractability, i.e.,
n(e,s) < Ce ™™, and strong polynomial tractability, i.e., n(e,s) < Ce™™ for
71,72 > 0. A common way to obtain tractability is to consider weighted func-
tion spaces introduced by Sloan and Wozniakowski [50]. Weighted spaces mean
that the dependence on the successive variables can be moderated by weights.
Our weights u play the same role. For tractability results for spaces of smooth
functions, see also [23].

The second purpose of this chapter is to establish the notions of tractability
which correspond to accelerating convergence: accelerating convergence with
polynomial tractability (AC-PT) and accelerating convergence with strong
tractability (AC-ST). Roughly speaking, AC-PT (resp. AC-ST) holds if accel-
erating convergence holds and n(e, s) depends only polynomially on s (resp. is
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independent of s). We define the Walsh space W; 4. into which Fj ,, is em-
bedded and prove that the notions of AC-PT and AC-PT are equivalent for
Ws.a,p and that AC-PT holds for W, 45 iff the weights a grow polynomially
fast. These results enable us to show that AC-ST holds for F,, if weights u
decay sufficiently fast.

The rest of this chapter is organized as follows. In Section 6.2, we give
necessary background including the Dick weight, definitions of our function
spaces and embeddings among them. In Section 6.3, we give precise definitions
of the notions of accelerating error convergence and tractability used in this
chapter. In Section 6.4, we present Theorem 6.4.1 and Corollary 6.4.2, which are
the summary of all results in this chapter. Necessary and sufficient conditions
for Theorem 6.4.1 are given in Sections 6.5 and 6.6, respectively.

6.2 Function spaces and embeddings

In this subsection, we introduce function spaces F; 4, Ws. a5 and W&a’b consid-
ered in this chapter and give embeddings from Fs ., to Ws q.p.

The space of smooth functions Fj ,, is defined as in (6.1). Throughout this
chapter, we always assume that

UL > ug > -+ > 0. (62)

In the previous chapter, we have proved that Walsh coefficients of functions
in Fj ., decay sufficiently fast. In order to introduce the result, we define the
generalized Dick weight p(a; k) for a € R® and k € Nj and a weight v(k) for
k € N. We also define the modified Dick weight ji(a; k), which is modified not
to take negative values. Note that the Dick weight is originally defined as the
case of @ = 0 in [34].

Definition 6.2.1. Let a = (a1,...,a5) € R® and k = (k1,...,ks) € Nj. We
denote the b-adic expansion of k; by k;j = > oo Kb with kj; € Zy, (this is
actually a finite sum). We define the generalized Dick weight p(a; k) and the
modified Dick weight fi(a; k) as

plask) == (i+a;)h(s;.),

j=1i=1

lask) == max(i+ aj, 1)h(r;,),

j=1i=1

where h(k) =0 for k =0 and h(k) =1 for k # 0. A weight v(k;) is defined as

v(k;) = Z h(kjq)-

We now modify the decay of Walsh coefficients given in Corollary 5.3.10 as
follows.
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Theorem 6.2.2. Put my, := 2sin(w/b) and M, := 2sin(|b/2|w/b). Assume
f € Fsu. Then it follows that

~

[f(R)| <[]

F p—(0;k) H(mgluj)U(kJ)D;nin(l’v(kj))’
j=1

where Dy, = 2 for b =2 and Dy = My + bmy /(b — My) otherwise.

This decay motivates us to define Walsh spaces W; 4,5 and V~Vs7a,b of Walsh
series whose Walsh coefficients are controlled by the generalized (resp. modified)
Dick weight. Let @ = (a;);>1 be a sequence of real-valued weights. Throughout
this chapter, we assume

ap <az<az<---, (6.3)

which corresponds to (6.2). We first define W 43 as

Waas =1 [110,1)" =R | f(z) =Y f(k)wale(z) and || f]w, ., < oo
keN;

equipped with the norm

[ £lw, o, == sup | f(k)bH @ik
keN;

and Ws .5 as

Ws,a,b = {f S Ws,a,b ||fHW

s,a,b

= sup |f(k)bM*®)| < oo}.
keNg

Note that all Walsh series in W; 4, and Ws,a,b converge. Indeed, for all X €
(=1,1) and a positive integer I, we have

Z xHlak) — Z ﬁﬁX(iJﬂl])h('ﬁj‘i)

keNg keNy j=1li=1
kj<b' Vj kj<bl Vg

ﬁﬁ § x (i+a;)h(s;,)

j=1 i=1 Iij’i:()

s l
=[]+ @®-1xite),

j=1i=1

and the rightmost product converges for I — oo if |X| < 1. This is also true
for the modified Dick weight with u(a; k) and i + a; replaced by fi(a; k) and
max(i + aj, 1). Hence we have

Z xulak) _ H H(l + (b —1)Xit) for all |X| <1, (6.4)

keNg j=1li=1
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> xiek) S TTT[+ (0 - xmextrenby - forall [X|<1. (6.5)
keNg j=1li=1

Thus all functions in W; 4 5 and Ws,a,b converge.
We now give embeddings from F; o, to Ws 4. From Theorem 6.2.2 we have

~

Fou H D;nin(lav(k'j))bfu(flogb(mb_luj);k)

[f(R) < |I/]
j=1
< Nl o r tos Doy tuidik),
j=1

Thus we obtain continuous embeddings

s
Jrs,'u. C Ws,u”,b with ||f||Ws‘u”,b S H Dlr,mn(Lv(kj))”f‘
j=1
Fouw CWerp  with [ fllw, ., , <]

Fous (6.6)

Fsur (67)

where u' = (- log,(Dym;, "u;))j>1 and u” = (—log, (m; 'u;));>1. Note that all
functions in F; ,, are equal to their Walsh expansions, see [9, Section 3.3] or [14,
Theorem A.20]. Embedding (6.7) implies that good algorithms for W . are
also good for F; .. Thus we mainly consider Wj 45 in the following sections.
The Walsh space Ws,a,b is considered instead of W; 45 in Section 6.6, since
the modified Dick weight does not take negative values and thus easier to treat.

Actually, Ws o4 equals to W 4 set-theoretically. Indeed, we have
plask) < fi(a;k) < plask) + > Y (1= (i+ay)
J=14ieN;

for all k € N§, where N is defined as NV, := {i € N |i+a; < 1}. Thus we have
Ws.a.b = Ws.a,p set-theoretically and
So1 Ysen, (1=(i4ay))
1£IWoas < s, <O e g (68

s,a,b

This inequality means that we can consider Ws,a,;, instead of W; 4., for accel-
erating convergence results. Furthermore, in Section 6.6.2, where we consider
tractability results, we shall assume some condition of weights which implies
that the constant factor of (6.8) is bounded independent of s.

6.3 Integration

Let H = Fans Waap OF Wi ap. We consider multivariate integration

I(f):/ f(x)dx forall feH.
[0,1)*
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Without loss of generality (see, e.g., [41, Section 4.2]), we can restrict ourselves
to approximating I(f) by linear algorithms A, s(f) of the form

where w; € R and ¢; € [0,1)*. For w; = n~!, we obtain quasi-Monte Carlo
(QMC) algorithms. They are stable and easy to implement and thus often used
in practical computations. The worst-case error of the algorithm A,, , is defined
by

e (Aps,H) = sup |I(f) — Ans(f)]-
feH
Il <1

Let e(n, s, H) be the n-th minimal worst-case error,

— — M wor
6(717 S> o e(n, 5 H) - Ans: 1inel£"falg0rithm ¢ (An’& H>7
where the infimum is extended over all linear algorithms using n function values.
For n = 0, the zero algorithm is the best, and thus we have e(0, s, ) = 1. Hence
the integration problem is well normalized for all s.

We say that we achieve accelerating convergence for e(n, s) if there exist a
constant ¢ € (0,1) and functions C,C;: N — (0,00) and p: N — (1,00) such
that

e(n,s) < C’(s)q(log"/cl(s))p(s) for all n,s e N. (6.9)

p(s)—1
5

The right-hand side of (6.9) can be modified as C (s)n~(1°8 a7"/Ca(s)")(logm)
hence the exponent (logn)P(*)=1 of n increases as n increases (which is why we
call this accelerating convergence).

We say that we achieve uniform accelerating convergence (U-AC) for e(n, s)
if the function p(s) in (6.9) can be taken as a constant, i.e., p(s) = p > 0 for all
s.

For € € (0,1), we define the information complezity of integration

n(e,s) =n(e,s,H) = min{n € N | e(n,s,H) < e}

as the minimal number of function values needed to obtain an e-approximation.
We note that if (6.9) holds, then for all s € N and ¢ € (0,1) we have

—1\ /p(s)
ne.s) < ’Vexp (Cl(s) (log0(8)+logfs 1) >-" (6.10)

logg~1! n

where (X)1 := max(X,0) for X € R. Furthermore, if (6.10) holds, then for all
s,n € N we have

e(n + 1,8) < C(s)q(logn/Cl(s))p(s).

This means that (6.9) and (6.10) are essentially equivalent. Accelerating conver-
gence implies that asymptotically n(e, s) increases of order exp(O((loge=1)/?(+)))
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with respect to . However, how does n(e, s) depend on s? This, of course, de-
pends on C(s), Ci(s) and p(s) and is the subject of tractability. Tractability
means that we control the behavior of C(s), Ci(s) and p(s) and rule out the
cases for which n(e, s) depends exponentially on s. In this chapter, we consider
following two notions of tractability.

We say that we have accelerating convergence with polynomial tractability
(AC-PT) if there exist real numbers w > 1, A, 75 > 0 and 7 € (0,1) such that

n(e,s) < Awllose™ )7 g7 forall seN,ee(0,1). (6.11)

We say that we have accelerating convergence with strong tractability (AC-ST)
if we have AC-PT with 79 = 0. We note that the notion of AC-PT and AC-
ST with 7 = ¢(0 < t < 1) coincides with the notion of T-tractability with
T(z,y) = exp((log x)")y, see [41, Section 8§].

We give relations between these notions. First we note that the right-hand
side of (6.11) equals exp((logw)(loge 1) +log(As™)). Applying the inequality
2T H(XT 4 YT) < (X +Y) < XT 4 YT for X, Y > 0, we obtain that (6.11)
is equivalent to the fact that there exists B > 0 such that

T2 /m\ ™
n(e,s) < exp (B <loga_1 + (UOg(AS))JF) ) ) . (6.12)

log w

Comparing (6.12) with (6.10), we obtain the following lemma.

Lemma 6.3.1. 1. Assume that (6.9) holds for C(s) =C >0, Cy(s) = Cy >
0 and p(s) =p > 1. Then AC-ST holds with 7, = 1/p.

2. Assume that AC-PT holds. Then U-AC holds with p = 1/71, log C(s) €
o(s) and Cy(s) = 1.

6.4 Main results

In this section, we present the main results of this chapter. The following
theorem gives necessary and sufficient conditions on the weight sequence a for
the notions of U-AC, AC-PT and AC-ST for W; 4.

Theorem 6.4.1. Consider integration defined over the Walsh space Ws o with
a weight sequence a satisfying (6.3). Then we have the following.

1. U-AC with p = 2 holds for all a considered, and U-AC with p > 2 does
not hold for any a considered.

2. AC-PT with 1 < 1/2 does not hold for any a considered.
3. Let 1/2 <t <1 be a real number. The following are equivalent:

(a) The sequence a satisfies liminf;_, a;/j0 =9/ > 0,
(b) we have AC-PT with 7 = t,

66



(¢) we have AC-ST with 7, =t.

This theorem and (6.7) imply the following U-AC and AC-ST results for
Fosu-

Corollary 6.4.2. Consider integration defined over F ,, with a weight sequence
u satisfying (6.2). Then we have the following.

1. U-AC with p = 2 holds for all u considered.

2. Let 1/2 < t < 1 be a real number. If the weight sequence w satisfies
lim inf; o0 log(u; ') /4 =9/=1 > 0, then we have AC-ST with T =t.

The proof of Theorem 6.4.1 will be done as follows. First, Ttem 3 (iii)
clearly implies Item 3 (ii). In Section 6.5, we prove necessary conditions for
Theorem 6.4.1. More precisely, we prove the second part of Item 1, Item 2, and
that Item 3 (ii) implies Item 3 (i) in Theorems 6.5.3, 6.5.4 and 6.5.5, respectively.
In section 6.6, we give sufficient conditions for Theorem 6.4.1 by proving the
existence of good QMC algorithms on digital nets. Corollaries 6.6.7 and 6.6.12
imply the first part of Item 1 and that Item 3 (i) implies Item 3 (iii), respectively.

6.5 Lower bounds

We prove the following lower bound on e(n,s, Ws o) along [12, Theorem 1],
which treats the Korobov space.

Lemma 6.5.1. Let A be a finite subset of N§. Then for all n < |A] we have

—1
e(n, s, Ws.ap) > (klil*aé(A pr(akok )) )

Proof. Take an arbitrary algorithm A, ;(f) = Y_;_; w;f(t;). Define g (x) =
> kea cewalg(x) for cp € C such that gi(t;) = 0 foralli =1,2,...,n. Since we
have n homogeneous linear equations and |.A4| > n unknowns ¢, there exists a
nonzero vector of such ¢g’s, and we can normalize the c¢g’s by assuming that

max|cg| = cx+ =1 for some k* € A
keA

Define the function

92(@) = Cgi (@) waly- (x) = C ) cpwalkep- (z),
keA

where C' = (maxg ge4 b (@*Ok )1 and g3(x) := go(x). Then we have

kOk™
1921, ., = € max e (==K

< C max bH@kSk") < 0 max pH@kOk™) _
— 7 ked ~ T kkCA ’
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where | - [y, ., is naturally extended to complex-valued Walsh series. Note
that [[g5lw, . s = 921w, .., snce u(ask © k') = p(ask* © k) for all k.

We now define a real-valued function f(z) := (g2(x) + g2(x))/2. The norm
of f is bounded by

[ lWeas < Clg2llw, s + 1921w, a,)/2 = llg2llw, a0, < 1.

Note that A, s(f) = 0 since f(t;) = 0 for all 7. Furthermore, I(f) = Ccgx = C.
Hence,

e(n787WS,a,b) > |I(f) - An,s(f)l = I(f) =C.

Since this holds for all w; and #;, we conclude that e(n, s) > C, as claimed. O

For a non-negative integer d, we now define
Asa={keNj |k <b? forall j=1,2,...,s}

The cardinality of the set |As 4| is clearly b¢. If a; > 0 holds for all j, then

-1 -1
( max b“(“?kek*)> = (maxb“(“;k)>
k.k*cA ke A

— p X il (tay) — = X5 (d(d+1)/2+a;d)

where we use k © k™ € A, 4 for all k, k™ € A, 4 for the first equality. This
implies the following corollary.

Corollary 6.5.2. Let d € N and assume a; > 0 for all j. Then we have
e(n, s, Wsap) > b~ 35-1(d/24(aj+1/2)d) for alln < b,

We prove necessary conditions for U-AC and AC-PT for W 4 in the fol-
lowing three theorems. We can assume a; > 0 for all j without loss of generality
and so we do.

Theorem 6.5.3. For any a considered, U-AC with p > 2 for Ws 4., does not
hold.

Proof. We will argue by contradiction. Suppose that U-AC with p > 2 holds.
Then (6.9) holds with p(s) = p. Taking s = 1, from Corollary 6.5.2 we obtain

p—(d?/2+(a1+1/2)d) < e(bd ~1,1)< e(bd—l’l) < C(l)q((logb)(d—l)/C’l(l))”
for all positive integer d. Taking the logarithms we have
(logb)(d?/2 + (a1 +1/2)d) > —log C(1) +log g~ (C1 (1)~ log b)P(d — 1)P.

However, this inequality does not hold for sufficiently large positive integer d
since p > 2. This is a contradiction. O
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Theorem 6.5.4. For any a considered, AC-PT with 71 = 1/2 for Ws o does
not hold.

Proof. We will argue by contradiction. Suppose that AC-PT with 7, = 1/2
holds. Then it follows from Lemma 6.3.1 that (6.9) holds with p(s) = 2,
log C(s) € o(s) and C1(s) = 1. Let s and d be positive integers. Then it follows
from Corollary 6.5.2 that

b—(Sd2/2+de=1((1«j+1/2)) < e(bsd _ 1,8) < €(b(s_1)d,8) < C(S)q((lOgb)(S_l)d)z.

Taking the logarithms we have

—log C(s) +log g '(logb)?(s — 1)%d? < (logb) | sd*/2 + di(aj +1/2)

j=1

< (logb) (sd*/2 + sd(as +1/2)) .
Considering the order of d, for all positive integer s we have
(logb)s/2 > log g *(logb)?(s — 1)2.

However, this inequality does not hold for sufficiently large positive integer s.
This is a contradiction. O

Theorem 6.5.5. Consider integration defined over Wy q.5. Assume (6.3) and
that AC-PT with 1/2 < 1 <1 holds. Putr:= (1—71)/(2m1 —1). Then we have

liminf & > 0.
j—=oo g7

Proof. Similar to the proof of Theorem 6.5.4, we have
(log g™ ")((logb)(s — 1)d)"/™ + o(s) < (log b)(sd?/2 + sd(as +1/2))

for all positive integers d and s, since AC-PT with 1/2 < 77 < 1 holds. Let N
be a positive integer and take d := [s”/N]. Then we obtain

(log q—l)(log b)l/Tl—lN—1/7152T+1 +0(52r+1) < N—282r+1/2+N—15r+1a5 + sas.

Now we will argue by contradiction. Suppose that liminf; ,. a;/j" = 0.
Then there exists arbitrary large s such that a; < s”/N holds. For such s, we
have

(logq_l)(log b)l/Tl—lN—1/71$2r+1 + 0(32r+1) < 3]\[—2827“—0—1/27

and thus
(logg~")(logb) /" "I N~1/™ < 3N~2/2.

We have thus proved that this inequality holds for any positive integer IV, but
this contradicts the assumption 7 > 1/2. O
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6.6 Upper bounds

In this section, motivated by [35] and its generalization given in Chapter 3, we
prove the existence of good QMC algorithms which achieve U-AC and AC-ST
in Sections 6.6.1 and 6.6.2, respectively. Such QMC algorithms are given by
digital nets.

From now on, we consider integration defined over Ws,a,b using QMC algo-
rithms over digital nets (in the sense of Definition 2.2.1). That is, for a digital
net P, weuse P(f) :=|P|™' > p f(x), where we identify the digital net P and
the QMC algorithm on P. Applying (2.1) to our setting, we have the following
bound on the integration error:

P~ Z flx) = I(f)| < Z |f(k)| < £l ., Z p—iilask)
zeh kePL\{0} kePL\{0}
(6.13)

Remark 6.6.1. WAFOM is defined as a truncated version of the sum on the
rightmost side of (6.13) for a = 0 in Chapter 3 and for a =1 in [58, 21]. Note
that i(a; k) = p(a; k) in these cases. Thus the sum (and the sum with fi(a; k)
replaced by u(a;k)) can be regarded as a non-discretized version of WAFOM
generalized by weights a and we can say that Fg o, Ws,ap and Ws,a,b are func-
tion spaces for which WAFOM works well.

We now define the minimal weight of P+ by

opr:= inf ji(a;k).
pL kel;g\{o}u(a, )
Then the rightmost side of (6.13) is bounded by || f[ly3, ., > & b=(ak) wwhere

the sum is extended over all k € N§ with fi(a; k) > dp.. This argument implies
the following lemma.

Lemma 6.6.2. Let P be a digital net. Then we have

e (P Waap) < D bR (6.14)
keNg
f(ask)>0p, 1

The right-hand side of (6.14) will be evaluated in the following sections.
We now prove a lemma which gives the existence of digital nets whose min-
imal weight is large. First we define

voly (M) = [{k € N3 | ji(as k) < M.

Lemma 6.6.3. Let M be a real number and py the smallest prime factor of b.
Let d and 1 > M — a1 — 1 be positive integers. If vols q(M) < ¢ holds, then
there exists a d-dimensional digital net P over Z, with precision | satisfying
opL > M.
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Proof. Let G1,...Gs € ZéXd be matrices. Recall
ke Pt (Gy,...,G,) <= Gltri(ky) + -+ Gltr(ks) = 0.
Thus it follows that
{(Gi,...,Gs) € (2 | k € PH(Gr,...,G)\{0}, k; < b Vi < 0% /p?,

where py, is the smallest prime factor of b. Hence we have

{(Gy,....G) € (Z*™)* | min fi(a; k) > M}
keP (le--wGS)\{O}
kj<bl' vj
="~ [{(G1.. G € (ZV) | min fi(a; k) < M}
keP (le"yGS)\{O}
k‘j<bl Vj
stdl_ Z |{(G17...,G5)6(Zé><d)s ‘kePL(Gh,,,,GS)\{O},kj <o VJH
0F#ji(a;k) <M

> bl — Vols’a(M)bSdl/pbd.
Thus, if vols o (M) < pp? holds, there exists (G1,...,Gy) € (Z*%)* with
inf ila; k) > M. (6.15)
kEP*(G1,....G:)\{0}
kj<bl Vg
Furthermore, from the the assumption [ > M — a; — 1 we have

min{fi(a; k) | k € N, k; > b 35} > max(1,a; +1+1) > M. (6.16)

Combining (6.15) and (6.16), we obtain the result. O

6.6.1 Accelerating convergence results

In this subsection, we prove accelerating convergence for W; 5 and Ws,a,b.
Taking account of (6.8), we have only to consider VNVS’a,b.

First we prove a bound on vol, o(M) along [33, Exercise 3(b), p.332] and
its modifications in [35] and Chapter 3, which treat the case of @ = 0. Since
vols (M) <1 holds if M < 1, we assume that M > 1. We have

vols o (M) = Z 1< Z X Fask)—M < Z ylak)—M

keNg keN; keNg
fi(a;k)<M f(ask)<M

for all X € (0,1), and the mostright hand side is equal to [T;_; [[;=, (1 + (b —

1) xmax(ita;, 1)) /XM from (6.4). By taking the logarithm of the both sides and
using the well-known inequality log(1 + z) < z, for all X € (0,1) we have

S oo
logvola(M) <> > (b— 1)Xm>x(+al) 4 Mlog X (6.17)

j=1i=1
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We proceed to bound y"5° | Xmax(i+ai.1) If q; > 0, it is equal to X%+ /(1—
X). Otherwise, we have

iXmax(i+aj,1) _ Z Xl + Z Xi+a]-
i=1

i:ita; <1 i ita;>1
[eS)
< 2 1+xX
i:i+a; <1 =1
=n;+X/(1-X),

where n; := |Nj| = [{i € N| i+ a; <1}|. Thus, in both cases, we obtain
max(i+aj,1 . a;
;X (i+a; )Snj-i-ﬂmm(Xﬂ,l).
Applying this inequality to (6.17), we have

S

X
log vol, o (M) < (b—1) ; <nj + 1 min(X®, 1)) + Mlog X!
(b—1)
J

<(b-1 Z( + (log X~ )" min(X%,1)) + Mlog X .
- (6.18)

Putting X = 1/exp(y/(b—1)s/M) and using min(X?,1) < 1, we obtain

log vols o (M) < Ng+24/(b—1)sM,
where we define N, := (b—1)37_; n;. We have thus proved the following.
Lemma 6.6.4. For all M > 0 we have

vols o (M) < exp (Ns +2/(b— l)sM) .

We note that Lemma 6.6.4 and the fact that vols o(M) < 1if M < 1 implies

voly o(M) < exp ((N + 2@) JM) . (6.19)

Now we give a bound on the right-hand side of (6.14). From Lemma 6.6.4
we have

[
DREECCES SR SRS
keNg =0 keNg

i(a;k)>M M+i<j(a;k)<M+i+1

< volga(M +i+1)b (M)
=0

72



< iexp (NS +2/(b—1)s(M +i+ 1)) b~ M+ (6.20)
=0

for all M > 0. We can easily check \/z < 2/(2VB) + vB/2 for all 2, B > 0.
Applying this inequality, the right-hand side of (6.20) is bounded by

iexp (Ns +V(b=1)s/B(M+i+1)++/(b— 1)33) b (M)

=0

=bexp (N, + /(b - 1)sB) iexp ((VO=1)5/B —logb) (M +i+1)).
=0

Taking B as y/(b—1)s/B = (logb)/2, we obtain a bound on the right-hand
side of (6.14) by

S @) < ¢, exp(—(logh)M/2),
keNg
filask)>M
where the positive constant Cy is defined by
Cs = exp (N, + (logh)/2 4+ 2(b — 1)s/logb) (1 — exp(—log b/2)) .
Hence Lemma 6.6.2 implies the following lemma.

Lemma 6.6.5. Let P be a digital net. Then we have
ewor(P’ Ws,a,b) < Cs eXp(—(SpL (log b)/2)

Put C, := Ny + 24/(b—1)s. It follows from (6.19) that the condition of
Lemma 6.6.3 is satisfied if exp(CZv/M) < p{, which is equivalent to M <
(dlogpy/CL)%. Therefore the following bound on the worst-case error follows
from Lemmas 6.6.3 and 6.6.4.

Theorem 6.6.6. Let d be a positive integer. Then there exists a d-dimensional

digital net P over Zy, with precision | with | > (logp,/C~.)?d*> —1 — a1 such that

~ 1 2logh
(P, Wy a0) < Cy oxp <_<ggo>gd) . (6.21)

In particular, e(b?, s) is bounded by the right-hand side of (6.21). Thus we
have the following convergence result.

Corollary 6.6.7. Spaces W; o, and Ws,a,b achieve U-AC with p = 2 for all a
considered.
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6.6.2 Tractability results

We have proved accelerating convergence for W 45 and W&a,b, but this con-
vergence heavily depends on s. In this subsection, we prove a tractability result
under the assumption of a sufficient condition of Theorem 6.4.1. That is, let
r > 0 and we assume that the sequence a satisfies liminf;_, a;/j" > 0. This
implies that there exist a positive real number a and a non-negative integer A
such that

a; > aj" forall j> A. (6.22)

Hence hereafter we assume (6.22). Under this assumption, N is empty for
sufficiently large j. Hence the constant factor of (6.8) is independent of s and
thus we have only to consider Ws’a}b. We also note that (b — 1) Z;; n; is
finite and we denote it by N. The following arguments are parallel to those in
Section 6.6.1.

First we prove a bound on vol, (1) under the assumption (6.22). We need
the following lemma to bound Z;Zl X%,

Lemma 6.6.8. For all 0 < X < 1, we have

> X" <r7'T(1/r)(alog XU

j=1
where T'(z) := [ t*Lexp(—t) dt is the Gamma function.

. T . . . .
Proof. Since X% is a monotonically decreasing function of x, we have

s

ZX‘”'Tg/ X‘“”szg/ exp(—az”log X ') dx.
0

j=1 0

Substituting az” log X ~' = z, which implies dz = ' (alog X 1)~ 1/72(0=7)/7 gz,
we have

e} oo
/ exp(—az"log X 1) dx = r"(a logX_l)_l/"/ 27/ exp(—2) dz
0 0

=7 'T(1/r)(alog X 1)~1/",
which proves the lemma. O
Combining (6.18) and Lemma 6.6.8, for all X € (0,1) we have

A s J
1 xor .
IOgVOIS,a(M) S (b — 1) Z ('I’LJ =+ log)(l) =+ Z longl + MlOgX
Jj=1 j=A+1
(b—1) A r (1 /r)a= /T
log X-1 = (log X—1)+1/r

) + N+ Mlog X!,
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Putting X = 1/exp(M /1)) and using M > 1, we obtain
log vols o (M) < ey M1/ @r+1)

where ¢; = (b — 1)(A +r~'T(1/r)a""/") + N + 1. We have thus proved the

following lemma.

Lemma 6.6.9. Assume (6.22). Then for all M > 0 we have
vols o(M) < exp (clM(T'H)/(QTH)) .

Note that the bound on vol; o (M) from this lemma is weaker than Lemma 6.6.4
with respect to M but independent of s instead.

In the following, we bound the the right-hand side of (6.14) along Sec-
tion 6.6.1. For M > 0 we have

ST bR < S explen (M 4 i 1)U/ @D (04D - (6.93)
keNg =0
w(ask)>M

We can easily check an inequality

LT/ 2r 1) < Il g + " Bt foralle, B> 0.
2+ 1 2+ 1

Applying this inequality, the right-hand side of (6.23) is bounded by

> r+1 r ;
B (M+i+1 ——_prtt) p= (M)

r > r+1
=b BTt B —logb| (M+i+1)].
eXp<cl2?"+1 >§exp<(612r+1 o8 >( A )>

Now we take B as

1 logb
ot g = 982
2r+1 2
Thus we have a bound on the right-hand side of (6.14) as

Z b—'u(a;k) S C2 exp(—M(log b)/2))
keNg
p(ask)>M

where the positive constant ¢y is defined as

oo log b L_ar 2¢1(r+1) (re)/r 1
=ex .
2 Pl 2r+1 \(2r +1)logb 1 —exp(—(logb)/2)

Hence Lemma 6.6.2 implies the following lemma.
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Lemma 6.6.10. Assume (6.22). If P is a digital net, we have
eV (P, Ws.ap) < czexp(—dp.i (logh)/2).

Now we prove the existence of good digital nets. By Lemma 6.6.9, the
condition of Lemma 6.6.3 is satisfied if exp(c; MT+D/Cr+1)) < pd which is
equivalent to M < (dlogpy/ci)?" /(1) Therefore we have the following
bound on the worst-case error independent of s.

Theorem 6.6.11. Let d be a positive integer and put cz = (logpy/cy )20/ (r+1),
Assume (6.22). Then there exists a d-dimensional digital net P over Zy with
precision | with 1 > c3d@+D/0+1) 1 — a1 such that

~ 1
ewor(P’ Ws,a,b) < ¢y exp (_C?’;gbd@r-l-l)/(r—&-l)) . (624)

In particular, e(b?, s) is bounded by the right-hand side of (6.24). Thus we
have the following tractability result.

Corollary 6.6.12. Assume (6.22). Then AC-ST with 7y = (r +1)/(2r + 1)
holds for W g5 and Ws q.p.
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