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Appendix D

Proof of Proposition 2.47

Here, Proposition 2.47, which is a f1at-opcrator "ersion of '\ehari's thcorem. is prOl·('11. Some

prcparation is needcd for this.

Lct F be a real flat operator that maps £2[0,T)" to 1(;/. Since pp' is a real symm<'lrie

matrix and is semi-positi"e definite. we can choose a real orthogonal matrix \. and a real

diagonal non-singular matrix .\ so that

Suppose that tlH' matrix. \ has (hc sizc J x J. Then, J is equal to rank FP', and to rallk F in

turn. Dcfine Y b,'

Y:=F'V' [iI I]
o '

which is a real tall operator mapping 1(;1 into £2[0, T)". 1t is not difficult to show that Y*Y = I

and YY' is the orthogonal projection from £210, T)" to .\'(P)·L Ilcre, let .\'(F) denote the

nnll space of the operator P and Ict J\r(p)l. dcnote its orthogonal complemcnt in £2[0. T)". Tn

particnlar, thcre holds P(J - YY') = O. Furthermore, wc can sho\\' that T is an isometric

isonlOrphislll from 1(;1 to ;{(F)l.. Hcre, wc have the [allowing l('mmas.

Lemma D,l. For ilny matrix ,II snch that JI F is \\'elJ-defin£'d, ther£' holds

!I(.II FY) = IIJI Pili"

Lemma D.2, For ilm' lwltrix-vlllu£'d fl/netioll (J(z) having 110 po}e all Izi = I, \\'£' h",'e
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Thesp Ipmmah mpan I hat problpmh on a f1at-opprator or a f1at-opprator-valupd function can bp

simpliril'd into CO!Tpsponding probkms on a lIIalrix or a matrix-valued functioll, respectively,

by concatpnation of T.

Proof of Lemma D.l. Odinp an opprator = : C/ t .£:2[0, T)" -> .£:2[0, T)" by

=:= IT J - TT*j.

HPrp, (j) stands for thp dirt'ct Sllln of linear spacps. Then, ==* = J holds. Just like the proof

of Proposition 2.46. wp can show that

and

if it is shown. thp proof is colllplp\('d.

For a matrix-valupd function 17' E 9'\5')"", (klinl' a f1at-op('rator-valupd function l; by 5;

E'T*. Then t l1<'rp holds

IIQF - EII~~ = sup IIQ(z)F - E(z)IIf.· = Slip II{Q(z)F - 5;(z)}=II~'d
F I'll I' 1

= ~:~~ II [Q(z)FT -E(z)T {Q(z)F-E(z)}(f -TT*)] II~nd

= sup II [Q(z)FT-E'(z) 0]11 2

12:1=1 mel

= IIQFT - 5;'II~~

o

"'ow. Proposition 2.47 is proven.

IIAI F=llind = II[M FT Ol[hnd = a(i\l FT).

I!"'nce. \\'e ha\'''' shown th", claim.

Proof of Lemma D.2. First, lei us show

Ol'finiug an operator = as abo\·I'. \\'p have

IIQF - EII£F' = sup IIQ(z)F - E(z)liF = sup II{Q(z)F - E(z)}=lhnd
1'1=1 1'1=1

= sup II[Q(z)FT-~(z)T -E(z)(I-TT*)] II..
12 I md

Heuce. there holds

inf IIQF - EII~~ = inf Slip [a{Q(z)FT - E(z)T}2 + IIE(z)(I - TT)II~]
EE9UYf f' 2.;E9lfJf Izl=1

> inf sup a{Q(z)FT - E(z)T}2
-l:eRnFlzl=l

= !."j~~F' IIQFT - ETII~~

~ !""~~~ IIQFT - 'II~~·

f\ow. (0.1) is proven.

"'ext, wp show that for any 5;' E 9UjOO there exists 17 E 9'\5')j::' that satisfies

o

(0.1)

Proof of Proposition 2.47, First, it is shown that we can ('xpress our (P(z) as <P(z)F using

a real ratiollal lIIatrix-\·alued function <Ji(z) and a flat opprator F. Supposp for tbp till\(' bping

that the provided p(z) bas no pole a1 z = 00. Then. by considPring its observPr canonical form

just as \1"(' did to prO"e Proposition 2.23. we can represent p(z) as

using real matrices .4 and C and real flat operators Band D. Putting the first factor in the last

expression as <Ji(z) and the secoud facLor as F. WI' SCI' that our claim is proven in a special case.

rn the case that </>(z) has a poll' at z = 00, trausforrn p(z) by z' = (-O'z + l)/(z - 0) choosing

0> I sO that </>(z) has no poll' at z = 0. Since in the z'-domain our p(z) does not ha\'1' a pok

at z' = 00, we can represent our p(z) as above and transform it back to the z-domain. Then,

we have a rl'prl'spntation </>(z) = lj)(z)F'.
For a real flat operator F. define a tall operator T as before. Then. we have

p(z)T = lj)(z)FT

and p(z)T is a matrix-valued function. :\otp that Proposition 2.18 (:\ehari's theorem for

matrix-vainI'd functions) implies

In the following, wpshow

(0.2)
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IIPTII II = Ilplln. (0.3)

Then, tht, desired equality illf.!;(9IfJ' lip - ~ll.q" = Ilpllll follows.

Equatioll (0.2) follows from Lemma 0.2 easily. Let us consider Equation (0.3). \\'heu In'

expand p(z) = </i(z)F illto the Laurent expansion Lk 00 Lk zk each Lk can be writ tt'n as !Ilk F

using a matrix ,\I k Then. just like the proof of Lemma 0.1, it can b(' shown that

and

Hence. Equation (0.3) is established. 0

:\ote that the aboye proof shows how we can compute the Hankel norm of a f1at-operator­

valued function p(z) and how we can obtain E(z) that approximates p(z). That is. usiug

tlw formula (0.3). computatiou of Ilplln is reduced to that of IlpTII II , which is carried out I'ia

matrix calculations. Besides. if a matrix-mlued function E'(z) approximates p(z)T well, then

E(z) := ~'(z)T' approximates (P(z) equally well.

Appendix E

Proof of Proposition 3.24

We prol'e Proposition 3.2~. which states prop('rties of th(' 25 operators from w(I). b(t). a(I).

a,dkj, b,dk] to z(t). y(I), Pd[kj, q~[kj, q(t) in Figure E.l. (This figur(' is tht, same as Figurt, 3.:>.)

Namel,', it is prol'en that, if the system in Figure E.1 is input-output stabl('. th('s(' 2:> op('rators

have Iifting-bas('d transf('r functions, and ther(' ('xists 0 < P < 1 such that S(z). l/(z). and

thes(' 25 trausfer functions arc analytic in lDp .

Figure E.!. A sampled-data control system.

First, let us consider the operator (I - SGn !-! [(d) \, which i, the dio(T('te-time operator

mapping ad to p~. \\'rite t his operator as 1d temporarily. Because the operator from ad to Pd

is bounded by as,umption. this operator 1;\ is bounded. too. :\ote that both Gll (z) and J{d(Z)

are ratiollal functions. '\loreover, S(z) and l1(z) arc analytic in lDpo for ,onw 0 < Po < 1 by

Proposition 3.13. Hence. 1'(Z) := det(J - SGll ii kd)(z) is meromorphic in lD"".

Since v(z) takes a nonzero value at least at one z in lD by assulllption. a function (I ­
S(;22 11 r(d) \ is well-defined and is nwromorphic in lDpo ' This is exactly the lifting-bas('d transfer

function of I'd. i.e.. 1~I(z). Suppose that ,'(z) = 0 for sOllie z in lD or on Izl = 1. Then. (;I(Z)

has a pole there. HOII'ever, if \;I(Z) has a pole in lD or on Izi = 1. there ('xist, ad E f/ such

141
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that Idad docs not b"long to f/. This ml'ans that til<' o)wrator I;, is not bonnckd. which

contradicts thl' assnmption. IIl'nce. ,'(z) =I 0 in iDl or on Izi = l. N"xt. 1"" show that w,' can

choosl' (II so that 0 < (10 < PI < 1 and ,'(z) is not l'qnal to ZNO in iDlp,. In order to show it.

SUppOSI' tbat 1'(:) has a ZNO in iDlp, for any Po < P, < 1. Odine "-(11') := ,'(1lz). Thl'l\. v (w)

has a Zl'ro in 11111 < lip, for any (10 < PI < l. 13l'cause the disc Iwl :s 1 is compact, there is a

sl'qnencl' {II"J}j, snch that " (lI'J) is l'qual to ZNO and II'J con"<'rgI'S to some point in 111'1 :s 1.

This contradicts with the pl"("'ious rl'snlt. \"ow. "'1' haw shown that v(z) =I 0 in iDlp, for some

(10 < P, < 1. This implies that t hI' op,'rator has tlw t ransfl'r fuuction v'1(Z), which is analytic

in iDlp,.

\"l'xt, WI' consider tbe opNator (J - GnH [(dS) '. Since this is the op<'rator from a to p,

it is honnded byassnmption. Note that

WI' have shown that v'1(Z) is anah'lic in iDlp,. lu thl' same region, O(z) and r<d(Z) arc llIero­

morphic and 5(z) and (T(z) are analytic. This means that the function

havl' finitl' nnml"'r of poll's in iDlp,. t hl'l"(' l'xists (I, < (I < 1 snch that til<' consi,!<'rl'd tmnsfN

function is analytic in iDlp.

It is possibll' to choos(' a cOll1l11on 0 < (I < 1 so that th(' t ransfN functions of all thl' 25

opNators togl'tlwr with 5(z) and 1I(z) arl' analytic in iDlp. \"01" til<' proof is compl<'lNI.

(E.l)

is nl<'romorpbic in iDlp, and it is l'xactly the transfer fnnction of (I - GnH /(dS)-I. From thl'

assumption that the operator (1 - GnH /(dS)-' is bounded. the function (E.!) cannot have a

poll' in iDl or on Izl = 1. Furthl'rmorl', note that this function can havl' only a finitl' nUIllIJ<'r

of poles in iDlp, since O(z) and J(d(Z) are rational functions. Hence, there exists P2 such that

P, < P2 < 1 and the fUllction of Equation (E.l) is analytic in iDlp,. In SUIII llIary, the opNator

(1 - GnH I<dS) , has its lifting-based transfer fnnction and it is analytic in iDlp,'

In a similar way, "'e can deri"e that (J - H [(dSGn) I and (J - T\dSGnJ-T)-1 havl' their

lifting-based transf<'r functions, wbich arc analytic in iDlp3 and iDlp., respectivdy. wherl' PI <
P3 < 1 and PI < P4 < l.

\"ow. "'1' consider the 25 operators in question. Thl' claim is proven almost in til<' saml'

procNlnre for each operator. For exampll', kt ns considl'r the operator from w to z. This

operator is exprl'ssed as

(E.2)

Since each of GIl, G 12 , H, /(d. (J - SG22H/(d)-I, 5, and G21 has its lifting-basl'dtransfer

function. so docs the above opl'rator. Furthermore, 5. fT, and the transfer fnnction of (J ­
SGnJTT(d) , is analytic in iDlp,; O(z) and r<d(Z) arc merolllorphic and have only finite nnmbN

of poll'S. Therl'fore. the lifting-based transfer function of (E.2) is meroll1orphic in iDlp, and has

finitC' nnmb<'r of poles thNe. From the assumption that the considered opl'rator is bounded. it

follows that this transfer function cannot have a pole in iDl or on Izi = 1. Sincl' this fnnction can
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Appendix F

Supplement to the Proof of

Theorem 4.12

Thc aim o[ this appclldix is to prove thc followillg two statc'lllcllts arc cquintlclll. This [act Iyas

left llnprO\'cll ill Section ,1..1.

(0) For allY n> 0,

COl1\"crgcs to zero uui[ormly [or any 1"'1 < n as j -- 00. lIerc, W m := W + 21r1ll/Tr

(j -- 00).

The proof procTc'ds b,' two stcps. At the first stcp. (b') is showll to 1)(' eqllivalcllt to

(b") "In> O. V( > O. 3J > 0 s.t. IIU - Hj"(ci"'T')H;"-(ci">T')}E~"'IIT < ( for any j > J alld

Iwl < n

Theil, at the secolld st('p. equivalcnce betwecn (b") alld (b) is prO\·cIl. I!c'rea[ter. !('t us IITite

"t := J - f/;n('iwTJ)Jijll"'(('iuJTJ ) and write' RTtq just as R.

[(b')=;.(b")1 AssulIle (b") docs not hold. That is. we aSSllllle that there exists n > 0 alld

( > 0 sllch that we can attaill

[or illfillitcl\' lIlallY is by choosing each wJ appropriately with IwJI < n. 13)' redefilling the

sequellce {(TJ, 5J, HJ)}~" we can aSSllme 11\ t E~""lh 2: ( [or am' j without loss o[ generality.

Sillce {Wj} is a bounded s('qUCIICe' there exists r > 0 such that g:{R(i"'J)} 2: r [or each j. III

the "eque\. IYC will show that 11(1 - JJj" ifj"-)RII.cL' 2: 1'(. l3('cause this contradicts with (b').

(b')=}(b") is cOllfirmcd.

14;:;
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:"ote that

Here, the first inequality is deri\'cc! from the d<'finition of the £r-norln (Section 2.6.1) and the

second from Proposition 2.27. Bv Propositions 2.26 and 2.28, tlwre holds

As \I',' saw above. III tilL ~ 1. Besides. IIE;~lh = 1 by Proposition 2.26. :"oting that

o-{ R(iw + i27r1n/TJ )} ('oUV<"W'S to Zl'I'O uniformly for any Iwl < f2 as j ---> 00. we can se<'

that 11\ j'"R(e;WTJ)E;~lh' eOtl\'<'rges to zero uniformly for any IJJI < f2 and any nonz<,1'0 integ('r

Tn. By these facts together with (F.2), the uniform cotl\wgence of 11\ t R(e'WTJ )IIL is confirmed

iu Iwl < fl, too.

I(b")=}(b)] Ddin" a finite-dimensional matrix Z", by

(F1)

using this. we obtain

:"ow. the proof of this part is completed.

[(b')<=(b")1 Let f be any positive number. Choose fl so that o-{R(iw)} < f for any IJJI 2: fl.

I\loreover. let us consider large enough j's such that fl < 7r /'1'], We \vill show that II {I ­
H;n(e''''TJ)H;n-(c;'''TJ)}Ji'(e'wTJ)IIL = II'j"'R(e;wTJ)IIL cOI1\'CI'ges to zero as j --> 00 uniformly for

any Iwl ~ 7r/TJ . This implies (b').

First, we consider the range of fl ~ Iwl ~ IT /'1'], In this range, there holds

v . { ~ ( i27rm) }1lIi'(e''''TJ)liL = sup 0' Ii' iw + -- < (.
m_O,±I,... TJ

Here. the first equality is based on Proposition 2.28. Since the l..;(z) in Section 2.6.1 satisfies

U-(z)U(z) == I, there holds Il'tliL ~ 1. This gives

Hence, the uniform COI1\'ergence we arc iulerested in has been proven in fl ~ Iwl ~ IT/Tj.

:"ext, consider the range of Iwl < n. Here. we use the relationship

Although Z", depends ou j and JJ. this dep<'ndeuce is suppn'ssed for notational simplicity.

Then, t here holds

We used Proposition 2.27 to obtain the first inequality and used H;n-(e;"'TJ) = IIt(e'WTJ)"

and Ebw = (Eft)" to ha\'e the last equality. Note that for a square matrix /\/. there holds

0'(1 - ,\1.1/') = 0-(1 - ,\/' '\1) in general. Furthermore, from Proposition 2.26. it follo\\'s that

1= kr(e;"'TJ)fljn(e;WTJ) = f: fljn-(e;wTJ)E:~E;~fJj"(e;"'TJ) = f: Z~,Z",.
m -00 In ~

Hence. it is deri\'ed that

II{ 1- flj"(e;WTJ)lij"-(,';"'TJ)} Eb"'IIT 2: 0'(1 - ZoZ~) = O'(J - Z~Zo) = o-{ L Z~,Zm}. (F.3)
m:;i"O

On the other hand, b.\· the definition of lij"'(z),

(F.2)
Hence, fJ'j"'(e''''TJ) can be represented as II'{L",=_ llJ(iw",)'llJ(iw",)}t '2 with an appropriat<,

unitary matrix IV. This further gives a representatiotJ

Substitutiug this into (F.3). \I'e can see that (b") implies (b).

[(b")<=(b)] Define a matrix Z'" as before. By assumption. for auy n > 0 and f > O. thel'('

exists J > 0 such that

which is obtained from Proposition 2.27. :"ote that there holds

where the first equality follows from (F.1). By assumption. the above quantity II' j'" R(e''''TJ)Eh"'lh'

converges to zero uuiformly in Iwl < n. Ou the oth,'r hand, for any nonz('ro integer Tn,

Z E';wH~ ( 'wT )/vfOU'( ;"'TJ ) 1_ -fJ (. ) { '" -f'T (. )'-fJ (. )}
m = .m J (' ) - j (' - -j lWm m~oo lJ IWm J l.:.um

'/2
II".

(F.l)
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holds for any j > .J and 1"'1 < n. fh'call 1= L::;:' '00 Z~,Z",. Ilcnc('. there holds

a(I - Z;Zo) = a(2: Z;.,Zm) < ~.
1I1¥-0 v2

This implies that

IIE~W(I - ZoZ;)II~ = a(I - ZOZ;)2 < ~

On the other hand, again from (F. I), it is dcril'ed that

This gives

2 (a(Zo) :::: 1 + j2 < 1 + (.

(F.5)

(F.6)
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