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THEORISATION AND MODERN PRACTICAL APPLICATION OF EMPIRICAL
‘CIRCLE-ORDINATE METHOD’ TO PRODUCE THE OPTIMAL RAILWAY TRACK
GEOMETRY

Gaku EHARA

Railway track is basically defined as a system which requires periodical maintenance to adjust
track irregularity produced by cumulative axle load within tolerance of safety. Track irregularity
is mainly classified into vertical and horizontal irregularities. In Japan, major measurement
method of them has been 10-m mid chord versine method since the dawn era of the railway.
This simple method is to measure the ordinate gap between the midpoint on 10 m chord and the
corresponding point on the rail and is equivalent to successive measurement of the second-order
difference of track alignment. The theoretical effectiveness of this method is proved connected
to the corelation between track geometry and car body vibration. In addition, various
improvements and development of this method has proceeded according to rolling stock’s speed
increasing.

In terms of adjustment of track geometry, it is required to calculate the amount of track
displacement to realise an ideal track geometry based on the actual track irregularity derived
from the mid-chord versine method. There are two major methods to calculate optimal
displacement to realise the optimal track geometry; the circle-ordinate method and the restored
track irregularity method. The former one is a measure to transfer track irregularity into track
displacement from the geometrical perspective. This way has been introduced into Japan since
1930’s and has prevailed in practical use of track geometry adjustment. There are actually
sufficient results to prove the utility of this method. However, this method has a theoretical
problem about cumulative errors related to measurement accuracy. Therefore, this method has
not been strongly recommended to apply for the calculation of the track displacement in
practical use. This is because sufficient theoretical analysis of the circle-ordinate method has not
been conducted for a long time. In the background of the problem about accumulation of
measurement errors in the circle-ordinate method, alternative method, restored track irregularity
method, has been developed by using a filter calculation since 1980’s by the Research Institute
of Railway Technology (RTRI). This method has delivered improvement of practical track
geometry adjustment with the evolution of track geometry measuring technology. In contrast,
there are a few problems to introduce into practical use, e.g.: difficulty to understand the theory
of calculation and inconvenience to additional track geometry measurement even outside of the
scope section for the actual alignment correction.

This research clarifies the theory of empirical the circle-ordinate method which works well in
practical use of track alignment adjustment and formulises this method as an eigenvalue
problem in linear algebra for the purpose of modern application of this method. Two key
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implications of the research are identified:

The mid-chord versine method and the circle-ordinate method has the function to
decompose raw data measured by them into sine waves with  wave length in  string
vibration modes with fixed both ends (standing waves) by the simple calculation dealing with
variables.

More than a 95 % of the measurement errors of the circle-ordinate method accumulate
in the range between the first decomposed wave and the fifth one and it is possible to eliminate
and manipulate the influence of the errors significantly considering train speed and natural
frequency of rolling stock from the engineering point of view.

Throughout this analysis, the way of track irregularity correction based on the circle-ordinate
method has been enough useful and reasonable in practical use even now.

Chapter 1 explores the overview of railway track geometry, the background and the aim of this
research. The mid-chord versine method could collect track irregularity data very easily. In
order to correct track irregularity data measured by mid-chord versine method, it is necessary to
create track displacement to produce optimal track geometry from track irregularity data in the
circle-ordinate method. Meanwhile, this transaction way has a weakness of accumulation of
measurement errors due to characteristic of mid-chord versine method. This is demonstrated
from the geometric theoretical and academic historical perspectives. Despite of a weakness of
accumulation of errors in this method, there have been actually many successful results to adjust
track geometry in practical use since 1980’s. The aim of this research is to understand why this
method has been able to deliver good works in practical use in spite of this weakness.

Chapter 2 analyses the circle-ordinate method as a linear transformation apart from geometrical
issue. Hence, this idea takes mid-chord versine a vector of  axis on the partial orthogonal
coordinate system and sets conversion system from track irregularity to track displacement a
matrix of coordinate transformation between them. Furthermore, analysis of eigenvalue problem
of a matrix proves the nature of the circle-ordinate method.

Chapter 3 explains the meanings of values derived from analysis in chapter 2 and states the
meanings and the strength of formula in chapter 2 from the engineering point of view. The
eigenvalue derived from chapter 2 in the form of formula by using a trigonometric function is
equivalent to the data correction magnification of mid-chord versine method. Therefore, the
relationship between mid-chord method and the circle-ordinate method can be defined as a
linear transformation by a matrix. Based on this assumption, it is indicated that the matrix a
function to decompose all measurement waves into a sum of sine waves. Specifically, this can
transfer a primary measurement wave into  standing waves which wavelengths are . Here
is measurement interval and  is number of measurement points. For this reason, the function
of transformation into standing wave has a strength in engineering field which assures the
successive connection between both adjacent track sections.
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Chapter 4 proposes the solution of the theoretical problem of accumulation of measurement
errors with combination between numerical simulation for reproduction of accumulation of
errors, transformation into standing waves mentioned in chapter 3 and Singular Value
Decomposition (SVD). This analysis concludes that a 95 % of errors occur in the range from the
first standing wave to the fifth one intensively rather than irregularly. Specifically, the first
standing wave has a 72 % of errors according to the physical law of string vibration. Moreover,
the reasonableness of the past engineering woks of track geometry adjustment is proved
theoretically based on this fact. Besides of them, statistical presumption of the absolute values
of errors produced by two parametres are presumed statistically; the precision of track geometry
measurement in the mid-chord versine method and the wavelength of track irregularity. Also,
this statistical presumption enables examination of the output of track displacement calculation
in the circle-ordinate method to judge whether significant or not from the point of view of S/N
ratio. This concept of the examination can be applied for restored track irregularity method as
well.
Chapter 5 reports the fitness of the theory of the circle-ordinate method stated above to the
actual engineering works. The method of examination to avoid the influence of track geometry
measurement errors is detailed by using the examples of the sites in JR West for this 25 years.
As a result, it is confirmed that the actual track geometry adjustment can give the result within
the range of the theoretical precision.
Finally, chapter 6 summarises the main topic indicated in this research as follows,

The logic of the circle-ordinate method

The proof of the utility of the circle-ordinate method

Practicability and reasonableness of the circle-ordinate method to calculate actual
track geometry
On the other hand, there is an issue of further research. There is the limitation of the wave
length of track geometry adjustment by the examination method suggested in this research and
depends on the track geometry measurement precision. In order to solve this problem, the
further development of track geometry measurement technology is required with improvement
of precision of track measuring system.
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