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Abstract

This thesis focuses on designing and evaluating various wireless power transfer design for

charging while moving of electric vehicles. Vehicle electrification has become a recog-

nized solution to oil shortage and pollution problems from engine-driven vehicle. Electric

vehicles are also cleaner, quiet and more energy efficient. Renewable energy sources can

be used especially with the recent development of distributed energy system. However,

energy storage is a bottleneck for rapid development and wide adoption of electric vehicles.

Batteries for supporting the same or close to the driving range of drivers used to enjoy are

costly, heavy and with long charging time.

Wireless power transfer alleviates above mentioned problems by providing a safer

and more convenient charging method compared to plug-in charging. For charging while

parking, the wireless charging facility is more durable, space saving and does not pollute

the city view with overhead electricity grid. Current development of wireless power trans-

fer technology enables the possibility of dynamic charging on highways and roads. The

wireless power transfer system is constructed to support certain distance and vehicles pick

up power while moving along the road. The challenges of constructing the system include

complexity of the wireless powering network underneath the ground, cost, transfer gap,

efficiency and power levels.

In this work, wireless power transfer configurations which consist of combination of

multi-receiver and repeaters are proposed for dynamic charging. Power division method

between receivers with different amount of coupling to the transmitters is proposed. On the

other hand, repeaters are also used in a system to extend the effective range. New methods
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for power division and impedance matching are derived and then generalized for arbitrary

number of receivers and repeaters including cross coupling consideration. Impedance

inverter representation is used to simplify the analysis and calculation. Additionally, a

special case where the existence of repeaters causes dead zone is analyzed. The simplicity

of using impedance inverter representation compared to only solving conventional equiv-

alent circuit equations is further demonstrated in the analysis of this special case. All the

methods proposed are validated using simulations and experiments.

Above mentioned work generalized the analysis of wireless power transfer using

impedance inverter representations of coupling for arbitrary combinations of receiver and

repeaters. Using this theory as basis, a dynamic charging system using two transmitters

simultaneously powering a receiver to achieve even magnetic field and therefore constant

power level during running is proposed. Mutual inductance is calculated using Neumann

formula. Maximum efficiency depends on the ratio of mutual inductance to the coil re-

sistance if the frequency is fixed. When using long transmitters, the mutual inductance is

similar to using short transmitters but the coil resistance is larger. Therefore multiple short

transmitters are connected in parallel to the power source via impedance inverter circuit is

proposed. The coupling design which depends on the size and turns of the transmitters, and

receiver size determines the power level. Spacing between transmitters is also designed

to achieve even magnetic field. Additionally, cross coupling between the transmitters

does not affect the power level due to the impedance inverter circuit. The hardware setup

for this even magnetic field system including the transmitter module, the receiver module

and the magnetic sensors for sensing the position of the receiver is shown in the last chapter.

In the next chapter, the steady state and transient analysis of one-to-one wireless power

transfer are discussed. In series-series compensated wireless power transfer, the maximum

efficiency depends on both the receiver and the transmitter. However the maximum power

depends dominantly on the transmitter. This characteristic is exploited to achieve a flatter

efficiency curve across different power levels as different power is required when the

vehicle is at different moving speeds. A design flow is then proposed using efficiency

vs. power level curve. The design method is discussed using round spiral coils and the
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AC resistance is approximated using extended Dowell formula. However the method can

be applied to other coils once the AC resistance calculation method is developed. The

transient of the wireless power transfer is then studied using general state space averaging

(GSSA).
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Chapter 1

Introduction

This dissertation aims at developing theory of wireless power transfer network which con-

sists of arbitrary number of coils and application to the dynamic charging system.

In this chapter, research backgrounds of related theories and applications of wireless

power transfer are first introduced. Then, motivations of this research are explained. The

outline of this dissertation is then provided in the last section.

1.1 Research Background

The idea of using wireless power transfer was first conceived and explored in 1899 by

Nikola Tesla [1]. His experiment in Colorado Springs consists of a gigantic coil in a large

square building which rose a 60 m mast with a 1 m diameter copper ball at the top. The

coil was resonated at frequency of 150 kHz and 300 kW power was fed to the mast. RF

potential approaching 100, 000, 000 V was produced on the sphere. Fast forward to not

too long ago, in year 2007, Witricity team from Massachusetts Institute of Technology

demonstrated wireless power transfer based on near field and magnetic resonance is able

to transfer power across mid-range gap, which is a distance of one-time up a to few-times

the diameter of the coils [2, 3]. Fig. 1.1 shows the team positioned themselves between the

experimental source coil and the power receiver coil as 60 watts of power are being safely

transferred across a distance of 2.5 m to illuminate the light bulb. The demonstration gener-

ates a wave of interest in wireless power transfer technology due to practicality for current

1



CHAPTER 1. INTRODUCTION 2

Figure 1.1: Witricity team positioned themselves in a wireless power transfer demonstra-
tion [4].

and near future applications. Due to electrical grid is able to transport electricity almost

everywhere, medium range wireless power transfer would have many new applications in

homes, factories, and public facilities. Some examples including charging portable devices

[5]-[7], powering medical implantable devices [8]-[10], position sensing [11], power sup-

ply in remote locations using aerial vehicles [12], power supply for underground nuclear

waste storage to achieve complete isolation [13]-[15], factory automation [16]-[18] and

charging electric vehicles [19]-[22].

Coupled mode theory [2, 3] was proposed to model the wireless power transfer sys-

tem. The power transfer medium is omnidirectional but stationary or non-lossy near field.

Medium range wireless power transfer can be achieved if the system is designed to operate

in a regime of “strong coupling” where the coupling rate is much faster than the loss rate

in terms of coupled mode theory. Coils are conductive loops of high quality factors and

capacitive-loaded to achieve resonance. When a resonator is excited by a power source,

cyclic energy exchange occurs from the electric field inside the capacitor, due to voltage

across it, and to the magnetic field in free space, due to the current in the wire. If the

resonator is ideal, energy is driven back into the source with no loss [2, 23]. When a re-

ceiver with a load is placed nearby, energy can be transferred to the load via magnetic field.

This reactive near field responds to coupled loads and does not radiate energy to the free

space due to the size of resonator coils used are usually less than 0.1 wavelength of the

electromagnetic field [24]. Therefore, by controlling the impedance, the amount of power
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extracted by the load can be controlled. Equivalent circuit model which is in terms of volt-

age, current and impedance can also be used to model the wireless power transfer which

can be approximated as lumped element model. Using equivalent circuit model [25], vari-

ous wireless power transfer configurations are studied for example using repeaters [26] to

extend the transfer distance and multiple receivers [27, 28] to transfer power to multiple

loads simultaneously. Transfer equations are complex and the wireless power transfer phe-

nomena is difficult to be analyzed [29, 30]. Band-pass filter representation [31, 32] is then

proposed. The design equations are simple even with many repeaters. The model however

cannot be applied to multiple receivers. Furthermore, all the gaps between resonators need

to be controllable. Efficiency analysis and tuning algorithm for multiple receivers can be

found in [5, 27, 28]. In Chapter 2 and Chapter 3 of this work, new methods for power

division and impedance matching are derived and then generalized for arbitrary number of

receivers and repeaters including cross coupling consideration. Impedance inverter repre-

sentation is used to simplify the analysis and calculation. Analysis of a special case where

the repeater causes dead zone is also included. The simplicity of using impedance inverter

representation compared to only solving conventional equivalent circuit equations is further

demonstrated in the analysis of this special case.

The research and development of wireless power transfer for electric vehicles has gain

the fastest traction compared to other applications. Growing world population and urban-

ization has increased the number of vehicles on the road. Electrification of vehicles reduces

environmental pollution and relaxes oil depletion issues. However, heavy on-board battery

storage and long charging times remain as barriers. The benefits of using wireless power

transfer include mobility, safety, high reliability and low maintenance. For EV applica-

tions, the operating frequencies are typically in several tens of kilohertz. For ease of use,

tolerance of misalignment and large transfer gap are needed between the transmitter and

receivers. The coupling strength is therefore small to achieve transfer distance comparable

to the coil diameter. Compensation circuits are then used to achieve resonance and desired

power at high efficiency can be transferred. The equivalent circuit modeling is therefore

similar with magnetic resonant coupling method, except that only the operating frequency

is in kilohertz range. There are four basic compensation topologies [33] for primary and
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secondary sides: SS compensation, SP compensation, PP compensation and PS compensa-

tion, where S denotes series connection of the coil with the capacitor and P denotes parallel

connection of the coil with the capacitor. SS compensation capacitors do not depends on

the mutual inductance and effective load and therefore is suitable for many applications

[34, 35]. SS compensation has inverting characteristic, that is if the load has high resis-

tance, the reflected impedance seen by the power supply will be low and more current will

be drawn from a constant voltage source supply. As the resistance reduces, the current

drawn is reduced when the load is taken away, the series compensated transmitter acts like

a short circuit to the power supply. In order to mitigate this issue, a more advanced com-

pensation technique, impedance inverter [36, 37] circuit is used at the transmitter side. This

way, not only the reactive power is compensated, the current in the transmitter is also con-

stant regardless of the mutual inductance and load resistance. The power drawn from the

power supply increases when the receiver is closer and the load resistance is smaller.

Wireless power transfer has been researched since 30 years ago for charging electric

vehicles [38]. The power transmitter portion is composed of an inverter to convert DC

power into the operating frequency, 85 kHz, which is the frequency proposed by Society

of Automotive Engineers for electric vehicle usage [39]. The power receiver portion is

comprised of pick-up module, rectifier and regulator. The pick-up module receives power

via magnetic flux from the transmitter, the rectifier converts AC power to DC power. In

dynamic charging, regulator controls the output voltage which is supplying to the motors

and batteries. Some of the transferred power is used to drive the motors and the remainder

is used to charge the batteries. During static charge, all of the power is used to charge

the batteries. Several aspects of WPT have been studied, such as magnetic coupler design

techniques, compensation topologies, control methods, foreign object detection algorithms,

and the radiation safety issues [40]. In this work, coupler design and impedance inverter

compensation method for configuration of multiple coils are studied for dynamic charging.

1.2 Wireless Power Transfer while Stopping

Electric vehicles (EV) are cleaner, quieter and more efficient compared to internal com-

bustion engine vehicles. Although the initial purchase cost is higher, price per distance
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Figure 1.2: Comparison between wireless charging and wired charging [41].

traveled is significantly lower for EVs considering the difference between the electricity

and gasoline price. Using EVs is therefore more cost effective. Furthermore, with the ad-

vancement of wireless power transfer, the requirement for high storage batteries will be

relaxed and thus the price will be even more competitive. More importantly, the energy for

EVs can be generated from renewable sources such as solar power and wind power. With

the development of distributed systems, these renewable energy generators can be located

close to the charging facilities and provide energy for electric vehicles.

On the other hand, contactless charging increases ease of use and safety for EV users.

Instead of depleting the battery storage energy, the vehicle battery can be topped off fre-

quently while parked at home or at work, when shopping and at traffic lights. Cables and

cords are eliminated, so as the range anxiety of the users. As shown in Fig. 1.2, the plugged

in charging facilities include the risk of vandalism and added clutter in an urban environ-

ment. Wireless charging facility is safer, more durable, save space and does not pollute the

view with cables. Frequent charge in between usages is also possible in this mode of charg-

ing. Example of currently available wireless charge module is shown in Fig. 1.3. HaloIPT,

a New Zealand based company acquired by Qualcomm Incorporated, also produced a 7 kW

charger for Rolls Royce Phantom 102 Ex experimental EV and Delta EV. The PLUGLESS

system offered by Evatran and Bosch provides 3.3 kW wireless charge for Nissan Leaf and

Chevrolet Volt.

The input power to the system is usually either from the AC mains which is converted

to DC in an AC/DC rectifier block, or alternatively, a DC voltage directly from a battery or

other DC supply. In high power applications a power factor correction stage may also be

included in this block. A high efficiency switching amplifier converts the DC voltage into
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Figure 1.3: Halo IPT charging pad [42].

Figure 1.4: Online electric vehicle (OLEV) tram in Seoul Grand Park [43].

an RF voltage waveform used to drive the source resonator. The magnetic field generated

by the source resonator couples to the device resonator or receiver. This energy from the

nearby receiver is then used to charge the battery, usually via an impedance transformation

network or DC/DC converter to control the charging current. Stationary charging has better

coupling, tuning, lateral alignment and higher efficiency than moving charging methods.

1.3 Dynamic Wireless Power Transfer

As mentioned, there is a growing interest in EVs due to low environmental impact and high

energy efficiency. Battery and charger systems play a critical role in the development of

EVs. Costly and heavy on-board battery storage and long charging time are the bottlenecks

of widely adoption of electric vehicles. The benefits of wireless power transfer charging

include mobility, safety, high reliability and low maintenance. This type of system transfers

power from a stationary primary source embedded under the road to moving secondary
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load. With good alignment, high efficiency and high power wireless power transfer can be

achieved.

Compared to static wireless power transfer, constraints on storage and charging problem

can be relaxed with dynamic wireless power transfer. If the facility is widely available, the

requirements of high capacity, heavy and costly batteries in EVs can be reduced. Dynamic

charging is accomplished by installing transmitter coils under the roadbed and the EVs

with receiver pickup can be charged while moving along the road. One example system

is implemented by [34, 43]. The online electric vehicle (OLEV) tram shown in Fig. 1.4

runs in a 2.2 km loop in Seoul Grand Park of which 370 meter is installed with transmitter

coil. Using the charging system, the tram runs with a 40% smaller capacity battery and 6%

lighter in weight. The long charging time in plugged-in or static wireless power transfer

can also be reduced using dynamic charging.

According to the proposal from Ministry of Land, Infrastructure, Transport and Tourism

of Japan, the transmitter coils should be buried 60-80 cm below the ground as the road sur-

face is subject to frequent digging and refurbish for maintenance [44]. In [45], the vertical

gap achieved is 50 cm at 78% coil to coil efficiency. Coils with ferrite cores [34] or bars

[46] to improve coupling are costly and fragile [47]. Multiphase tracks are used to maintain

the power level with misalignment however mutual inductance between tracks disrupts the

operation of the power supply and causing additional loss in the inverter [48, 49]. Various

multi-coil configurations such as double-D (DD), double-D quadrature (DDQ) and bipolar

BP [50] has been explored to increase the misalignment tolerance. Though there is im-

provement, the misalignment is still limited to 30 cm. Buried coils under the road can act

as sensors to guide the vehicles to stay within the lane and maintain in optimum charging

position. The voltage or current generated at the receiver can be continually measured by

the receiving sides on board the vehicle and position deviation can be detected. This infor-

mation can then be used for autonomous or semi-autonomous vehicle controls. Researches

such as [51, 52] aim at automated guidance for the driver to stay within the lane. Apart from

the misalignment issue, dynamic charging system also needs a long charging area [53] so

that the moving vehicles can receive sufficient power. Different coil configurations such as

spaced loops [22, 54], sectional loops [55], or long wire loops [56, 57] have been explored
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Figure 1.5: Infrastructure management system for activation of transmitters [59]. Magnetic
sensors are used in placed of the RFID TAG for experimental purpose.

for dynamic charging. Long track distance leads to low coupling due to large leakage flux

[55] and possibility of energizing and heating unwanted loads [58].

In this work, generalized theory of wireless power transfer system is first proposed.

Then, configuration which is suitable for practical on-road implementation is proposed.

Multiple small coils are used to achieve high transfer efficiency, and are activated only

when the vehicle is approaching. Additionally, stable power level is obtained via even

magnetic field design. Magnetic sensors are used to control the turn-on and turn-off of

the transmitters for experimental purpose. In real highway, vehicle identification is also

needed for charging and authentication. Therefore a RFID TAG system which can store

information can be used to turn on the transmitters ahead. Fig. 1.5 shows an example of

infrastructure management system (IMS) using RFID TAG to activate the transmitters and

for billing purpose [59]. Here, magnetic sensors are used to demonstrate the activation and

deactivation of the transmitters for dynamic charging.
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1.4 Motivation

As aforementioned, wireless power transfer has become a practical technology in home

and industrial environment due to growing usage of portable devices, electric vehicles and

automation in factories. Wireless power transfer plays a critical role in the development of

EVs. Convenient charging facilities allow frequent charge and dynamic charging reduces

the long waiting time to refill. Both static and dynamic charging could potentially eliminate

the bottleneck in the development of EVs which is costly and high capacity battery.

Using resonance, WPT system can transfer power effectively across gap with size of

one to two times the dimension of the coils. The size of the receiver is usually restricted due

to space constraint of the devices and EVs. Although the static transmitters can be larger,

the transferable distance will still be limited by the receiver size. Therefore repeaters are

used to extend both the vertical and horizontal effective areas. With larger effective area,

the system should be able to support multiple receivers. Chapter 2 and Chapter 3 deal with

the mathematical model for wireless power transfer with arbitrary number of repeaters and

receivers. Impedance matching and power division methods are also proposed. Compared

to past works, inverter representation is able to model a complex wireless power transfer

system into multiple power flow paths, therefore various phenomena such as dead zone,

power division and efficiency can be understood and generalized.

Compared to static charging, dynamic charging has more technical issues such as

lower coupling coefficient, misalignment, efficiency, on-line activation of transmitters and

power flow control. The research in Korea Advanced Institute of Science and Technology

(KAIST) focuses on large vehicles [34] and public transportation where the traffic flow is

constant. Oak Ridge National Laboratory (ORNL) uses ultra-capacitor to achieve power

flow smoothing [60] whereas the University of Auckland [61] proposed pulse charging. In

this work, even magnetic field is achieved via the coupled coil design and the power trans-

ferred can used to power motors directly. Multiple small transmitters are used to ensure

high transfer efficiency.

Lastly the effect of impedance inverter characteristic to transferable power range and

efficiency is studied using one-to-one and series-series compensated wireless power trans-

fer. In practical, different power levels are needed when the vehicle is in different speeds or
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accelerating. Therefore a flatter efficiency curve across different power range is proposed

by exploiting the inverting characteristic of wireless power transfer. Future work includes

applying the flat efficiency design for even-magnetic field configuration. Basic transient

study is also performed using the widely known general state-space averaging (GSSA) for

AC signals.

1.5 Dissertation Outline

The outline of this dissertation is illustrated in Fig. 1.6. The research is divided into

theory portion and practical implementation portion. The details of this dissertation are

summarized as follows:

1) Research background

• In Chapter 1, the history of wireless power transfer and application for electric ve-

hicles are reviewed. Then the motivation and structure of this dissertation are also

explained.

2) Theory of wireless power transfer

• In Chapter 2, impedance inverter representation of coupling is proposed. Then the

generalized theory for arbitrary number of receivers and repeaters are explained.

• In Chapter 3, a special phenomenon when using repeaters in wireless power transfer

for dynamic charging is explained. Using derived method from Chapter 2, the dead

zone case is generalized into two different cases which are the even repeater and odd

repeater.

3) Practical dynamic configuration

• In Chapter 4, a practical wireless power transfer method is proposed using multi-

ple transmitters to one receiver to achieve even magnetic field. Neumann formula,

maximum efficiency and AC resistance calculation method are also explained in this

chapter.
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• In Chapter 5, the effect of impedance inverting characteristic to power level and

efficiency is studied. Design method is proposed to achieve flat efficiency across

different power level. GSSA modeling method to study wireless power transfer small

signal transient is also presented in this chapter.

• In Chapter 6, the hardware built for even magnetic field experiment is described.

4) Conclusion

• Chapter 7 lists the conclusion and future works of this dissertation.
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Figure 1.6: Dissertation structure.



Chapter 2

Impedance Inverter Based Analysis of
Multiple Coils

Nomenclature

ω0 Resonant angular frequency.

C0 Capacitance of transmitter.

L0 Inductance of transmitter.

R0 Power supply output resistance.

ke0 External coupling coefficient of transmitter.

Ci j Capacitance of ith coil in jth transmission path.

Li j Inductance of ith coil in jth transmission path.

ki j Coupling coefficient of ith coil with (i−1)th coil

in jth transmission path.

Lmi j Mutual Inductance of ith coil with (i−1)th coil

in jth transmission path.

13
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Ki j Coupling of ith coil with (i−1)th coil

in jth transmission path represented with

characteristic impedance.

RL j Load resistance of jth receiver.

ke j External coupling coefficient of jth receiver.

Ke j Inverter characteristic impedance in jth receiver.

Ce j Capacitance in jth receiver’s inverter circuit.

Le j Inductance jth receiver’s inverter circuit.

η0 Loss in ith transmitter coil.

ηi j Loss in ith coil in jth transmission path.

ηe j Loss in inductor of jth receiver’s inverter circuit.

2.1 Introduction

An ideal wireless power transfer must be able to transfer power efficiently regardless of

the receiving end in the effective region. However magnetic resonant coupling method is

efficient only in a fixed distance and orientation. When the receiver is moved away from

its optimal operating point, the efficiency falls off rapidly [63]. Furthermore, in a wireless

power transfer consisting of multiple receivers, receivers nearer to the transmitter tend to

absorb more power [64]. Many past papers have proposed different ways to resolve the

efficiency issue but not on power distribution.

Papers [27, 28, 65] explore the possibilities of multi-receiver system using either equiv-

alent circuit or coupled mode theory. Efficiency analysis for different conditions is pro-

vided but methods for improving efficiency and power distribution are not proposed. Often

wireless power transfer is analyzed using equivalent circuit [30],[65]-[70], however the

equations for system with more coils quickly becomes complex or rigorous to be analyzed

[30, 65]. Therefore, band-pass filter representation is proposed by [31, 32]. The design

equations are simple even with many repeaters added in the power transfer system. The

method is impractical due to inapplicable to multi-receiver and position of each coil need

to be controllable.
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Other attempts include adding and adjusting a medium coil to improve the transfer ef-

ficiency [71], [72]. The method however is limited to specific case. Frequency tracking

method where the frequency of the source is varied for different conditions has also been

proposed [63, 73, 74]. In practical applications, the wireless power transfer should stay

inside an allowable industrial, scientific and medical band which is narrow. Therefore, tun-

ing frequency is not a feasible method for wireless power transfer. In [67, 75], impedance

matching circuit is inserted in the transmitter side based on equivalent circuit model. Trans-

fer efficiency is optimized regardless of the receiving end. However controllable power

distribution is not possible using this method.

In a multi-receiver system, not only the transfer efficiency is important but also the

power distribution among the receivers. Power distribution depends on both the load

impedance and relative positions of receivers to the transmitter. Assuming identical load

connected to each receiver, the receiver nearest to the transmitter tends to absorb most of

the power while the furthest receiver may not obtain enough to function properly. In this

paper, method for impedance matching and controllable power division for a 13.56 MHz

system [76, 77] is proposed. The design equations are derived and then generalized for ar-

bitrary number of receivers and arbitrary number of repeaters. Simulations using LTspice

and experiments are performed to validate the new method.

2.2 Multi-receiver and Repeater Wireless Power Transfer

2.2.1 Impedance Inverter

Impedance inverter is a type of circuit which has input impedance inversely proportional to

the impedance connected at the other end. There are many applications and many types of

impedance inverter [78]. In this paper, impedance inverter is used to represent the coupling

between coils and impedance transformation.

Consider the equivalent circuit of one-transmitter and one-receiver wireless power

transfer shown in Fig. 2.1. When coupling strength, k11 is expressed in mutual inductance

terms [79], the equivalent circuit can be redrawn into Fig. 2.2 where:
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k11 =
Lm11√
L0L11

(2.1)

The components in the dashed rectangular forms an impedance inverter circuit and

impedance Z1, viewed from the transmitter towards the load, is:

Z1 = − jω0Lm11 +[ jω0Lm11//(− jω0Lm11 +RL1)]

=
(ω0Lm11)

2

RL1

=
K11

2

RL1
(2.2)

Provided that the internal resistance of each coil is small enough and can be ignored, and

the system is in resonance. Therefore:

jω0L0 +
1

jω0C0
≈ 0

jω0L11 +
1

jω11C11
≈ 0 (2.3)

Magnetic resonant coupling coils have low internal resistance [2]. For simplicity, small

impedance of the resonators is omitted in the design equations and dissipation loss calcu-

lation is performed afterwards.

Term K11 is the characteristic impedance of inverter [80] in Fig. 2.2. Relating coupling

coefficient, k11 in (2.1) and K11 in (2.2), inverter characteristic impedance can be used to

represent the coupling strength in between two coils.

K11 = ω0Lm11

= ω0k11
√

L0L11 (2.4)

The advantage of using inverter characteristic impedance representation is equation of form

(2.2) simplifies impedance calculation in magnetic resonant circuit.
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C11

RL1
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Figure 2.1: One-transmitter and one-receiver wireless power transfer.
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C0 L0 −Lm11
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−Lm11 L11
C11

RL1
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Figure 2.2: Impedance inverter as coupling strength representation.
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C0

L0 L11
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RL1

RL1
′
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Figure 2.3: Impedance inverter for impedance transformation.
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Besides coupling representation, inverter circuit is also used for impedance transforma-

tion. Fig. 2.3 is the same one-transmitter and one-receiver system in Fig. 2.1 except that

an inverter circuit is implemented in between the receiver and load.

External coupling coefficient is defined as the ratio of each resonator termination resis-

tance to the resonator “reactance slope parameter” [31, 80]. External coupling coefficients

of transmitter, ke0, and the receiver, ke1 for the one-transmitter and one-receiver system

before implementing load impedance transformation are:

ke0 =
R0

ω0L0
ke1 =

RL1

ω0L11
(2.5)

After impedance transformation using the inverter circuit in dashed rectangular of Fig. 2.3,

the new ke1 is:

ke1 =
RL1

′

ω0L11

=
(Ke1

2/RL1)

ω0L11
(2.6)

The derivation and calculation of required receiver external coupling coefficients are given

in subsequent sections.

Lumped inductors and capacitors are used in the impedance inverter circuit shown in

the dashed rectangular in Fig. 2.3. The configuration is chosen so that the number of

inductors can be minimized and the inverter circuit will be smaller. From (2.6), the required

characteristic impedance of the inverter, Ke1 is determined and is realized using an inductor

and two capacitors with values [80]:

Ke1 = ω0Le1 =
1

ω0Ce1
(2.7)

2.2.2 System with Multi-receiver

Fig. 2.4 shows an equivalent circuit of a two-receiver wireless power transfer. Both re-

ceivers are coupled to the transmitter but cross coupling is not considered in this method.
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Vs

R0

C0

L0

L11

C11

RL1

L12 RL2

k11

k12

Z1

Z2

Z0

C12

Figure 2.4: Equivalent circuit of a two-receiver system.

In actual applications, receivers are integrated into electric vehicles or other devices. The

receivers therefore will not be overlapping and will be separated at least by 10% of the

largest dimension. In this case, cross coupling will be significantly weaker compared to the

coupling with transmitter [81].

The external coupling coefficients of this two-receiver system before impedance trans-

formation are:

ke0 =
R0

ω0L0
ke1 =

RL1

ω0L11
ke2 =

RL2

ω0L12
(2.8)

Assuming all the coils are similar and the power source is operating at their resonant fre-

quency, the impedance of coils is therefore ignored in the design equations for simplifica-

tion. Deducing from (2.2), (2.4):

Z1 =
K11

2

RL1

Z2 =
K12

2

RL2

K11 = ω0k11
√

L0L11

K12 = ω0k12
√

L0L12 (2.9)
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Where Z1 is the impedance looking from transmitter to the first receiver in Fig. 2.4 and Z2

is the impedance looking from transmitter to the second receiver. Substituting (2.8) into

(2.9), the power supply output impedance, Z0, Z1 and Z2 in terms of coupling coefficients

and external coupling coefficients are:

Z0 = R0 = ke0ω0L0

Z1 =
k11

2

ke1
ω0L0

Z2 =
k12

2

ke2
ω0L0 (2.10)

Circuit in Fig. 2.4 is redrawn into Fig. 2.5 with mutual inductance terms to derive

impedance matching and power division equations. Deducing from (2.1):

k11 =
Lm11√
L0L11

k12 =
Lm12√
L0L12

(2.11)

The current loop equations for Fig. 2.5 are given as:

Vs =I1R0− I2 jω0Lm11− I3 jω0Lm12

0 =I2RL1− I1 jω0Lm11

0 =I3RL2− I1 jω0Lm12 (2.12)

Solving current I2 and I3 in terms of I1:

I2 =
jω0Lm11

RL1
× I1

I3 =
jω0Lm12

RL2
× I1 (2.13)
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Vs

R0

C0 L0−Lm11−Lm12 L11−Lm11 C11

RL1

RL2

C12
L12−Lm12

Lm2

Lm1

I1

I2

I3

Figure 2.5: Circuit of two-receiver wireless power transfer in terms of mutual inductance.

Substituting (2.13) in the transmitter loop equation of (2.12), replacing load impedance

with external coupling coefficient from (2.8) and mutual inductance with coupling coeffi-

cient from (2.11) :

Vs

I1
= ke0ω0L0 +

k11
2

ke1
ω0L0 +

k12
2

ke2
ω0L0

= Z0 +Z1 +Z2 (2.14)

Equation (2.14) implies that circuit in Fig. 2.4 and Fig. 2.5 can be simplified into circuit

shown in Fig. 2.6. The first term in (2.14) is the power supply output impedance, the second

term is impedance Z1 and the third term is impedance Z2 in Fig. 2.4. Using maximum

power transfer theorem [79], impedance matching is achieved when:

Z0 = Z1 +Z2

ke0 =
k11

2

ke1
+

k12
2

ke2
(2.15)

Same current I1 is flowing through impedance Z1 and impedance Z2 and both receivers are
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Vs

Z0 Z1

Z2

I1

Figure 2.6: Simplified two-receiver circuit.

not coupled, therefore the power division ratio is:

P1 : P2

Z1 : Z2

k11
2

ke1
:

k12
2

ke2
(2.16)

where P1 and P2 are power across RL1 and power across RL2 respectively.

Power division ratio can also be derived using current flowing through each load. For

system in Fig. 2.4 or Fig. 2.5, P1 and P2 are respectively:

P1 = |I2|2RL1

P2 = |I3|2RL2 (2.17)

Again using (2.8), (2.11) and (2.13):

P1 =
k11

2

ke1
×ω0L0×|I1|2

P2 =
k12

2

ke2
×ω0L0×|I1|2 (2.18)

The power division ratio, P1 : P2 is therefore once again agreeing with (2.16).
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For controllable power division and impedance matching without having to change the

position of each coil, impedance inverter circuit as shown in Fig. 2.3 is used for impedance

transformation. The new external coupling coefficients of receivers after impedance trans-

formation are:

ke1 =
RL1

′

ω0L11

=
(Ke1

2/RL1)

ω0L11
(2.19)

ke2 =
RL2

′

ω0L12
(2.20)

=
(Ke2

2/RL2)

ω0L12
(2.21)

External coupling coefficient of transmitter, ke0 is fixed since impedance transformation

is not implemented in the transmitter. Given the position of each coil, the required external

coupling coefficient of every receiver is calculated by solving (2.15) and (2.16) where P1 :

P2 is the desired power division ratio.

2.2.3 System with Repeaters

Although wireless power transfer via magnetic resonant coupling is able to transmit power

more efficiently compared to induction method, the transmittable distance is still limited

to a few meters. This range is extendable using repeater coils. However when more coils

are added into the system, existing equivalent circuit equations become complicated. Paper

[67] resorts to search algorithms and [30] uses computer aided design (CAD). Band-pass

filter design method [31, 32] is simple but is impractical due to stringent conditions exerted

by band-pass filter equations. New impedance matching method for wireless power transfer

with repeaters is proposed. The new method combines the advantages of both existing

equivalent circuit and band-pass filter method.

Consider the equivalent circuit of a wireless power transfer with a repeater coil in be-

tween transmitter and receiver shown in Fig. 2.7. Assuming impedance matching is to be

carried out by transforming impedance Z4:
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Z4 = Z3 (2.22)

The external couplings of this system before impedance transformation are:

ke0 =
R0

ω0L0

ke1 =
RL1

ω0L21
(2.23)

In order to satisfy (2.22), the required new ke1 is calculated. Assuming the system is in

resonance and the impedance of each of the coils is ignored. Using equation of form (2.2)

to calculate impedance in Fig. (2.7):

Z1 = R0

Z2 =
K11

2

Z1

Z3 =
K21

2

Z2
(2.24)

Deducing from (2.4):

K11 = ω0k11
√

L0L11

K21 = ω0k21
√

L11L21 (2.25)

Substituting (2.22), (2.23) and (2.25) into (2.24), the required external coupling of the

receiver is:

ke1 = ke0×
k21

2

k112 (2.26)

An inverter circuit can then be inserted into the receiver side, similarly to Fig. 2.3, to realize

the required external coupling coefficients.
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Figure 2.7: Equivalent circuit for wireless power transfer with repeater.

2.2.4 Generalized Equations for System with Both Multi-receiver and
Repeaters

The equations derived in previous subsections are generalized for wireless power transfer

with arbitrary number of repeaters and arbitrary number of receivers. Consider a wireless

power transfer with m number of receivers and n( j)−1 number of repeaters in between jth

receiver and transmitter in Fig. 2.8.

Firstly, external coupling coefficient of the transmitter, ke0 is broken down into m-

number of parts:

ke0 =
R0

ω0L0
=

j=m

∑
j=1

ke0, j (2.27)

Where ke0, j is the external coupling coefficient of the transmitter (ke0) distributed to jth

receiver. According to (2.16), the percentage of power received by jth receiver will be:

%Pj | j=1 to m=
ke0, j

ke0
×100% (2.28)

Finally, external coupling coefficient of each receiver has to be:

ke j | j=1 to m= ke0, j
(−1)n( j)

×
i=n( j)

∏
i=1

ki j
2(−1)i+n( j)

(2.29)
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Figure 2.8: Wireless power transfer with arbitrary number of receivers and repeaters.

Where ke j | j=1 to m is realized using impedance inverters with characteristic impedance:

Ke j | j=1 to m=
√

ke jω0Ln( j) jRL j (2.30)

2.3 Simulation Results

Calculation and simulation results of multi-receiver and repeater are given in this section to

demonstrate the proposed power division method. The equivalent circuit of a two-receiver

system and with one repeater inserted between the first receiver and the transmitter is sim-

ulated using LTspice. Fig. 2.9 shows the simulation circuit after implementing impedance

transformation at both receivers. The element values of the system are listed below:
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Figure 2.9: Simulation circuit.

ω0 = 2π×13.56 MHz

L0 = L11 = L21 = L12 = 9.4 µH

C0 = C11 =C21 =C12 = 14.7 pF

R0 = RL1 = RL2 = 50 Ω

k11 = k21 = 0.066

k12 = 0.084 (2.31)

The internal resistance of each of the resonant coil is set to 1 Ω and the internal resistance of

inductors in inverter circuits are set to 0.5 Ω. The power ratio P1 : P2 for this first simulation

is set to 1, where P1 is the power received by load RL1 and P2 is the power received by load

RL2. Using (2.27) to (2.30):
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ke0 = 0.062

ke0,1 = ke0,2 = 0.031

ke1 = 0.031

ke2 = 0.225

Ke1 = 35 Ω

Ke2 = 95 Ω (2.32)

Using (2.7), the element values in the dashed rectangles of Fig. 2.9 are:

Ce1 = 335 pF

Le1 = 0.41 µH

Ce2 = 126 pF

Le2 = 1.1 µH (2.33)

Fig. 2.10(a) shows the simulation results before applying the method. Due to

impedance mismatch, the reflection ratio, η11 is around 22% at the resonant frequency

13.56 MHz. The transmission ratio, η21 to the first receiver, which is separated with the

transmitter by a repeater coil is around 27%. The transmission ratio, η31 to the second

receiver is around 48%. The simulation results after inserting inverter circuits with charac-

teristic impedance calculated above is shown in Fig. 2.10(b). Reflection ratio is reduced to

almost none, and both receivers obtain almost equalized power as desired.

In the second simulation, power ratio P1 : P2 is set to be 7
3 . Using the same calculation

steps as the previous simulation case, the characteristic impedance of the inverters and

element values are:
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Figure 2.10: Simulation results of equal power division: a) before method b) after method.
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Figure 2.11: Simulation results of 70%-30% power division.
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Ke1 = 42 Ω

Ke2 = 122 Ω

Ce1 = 281 pF

Le1 = 0.49 µH

Ce2 = 96 pF

Le2 = 1.43 µH (2.34)

Fig. 2.11 shows the simulation results after applying the method. Similar to equal power

distribution case, reflection ratio, η11 is reduced to almost none. Transmission ratio, η21 to

the first receiver is around 64% and transmission ratio, η31 to the second receiver is around

29% as desired.

2.4 Experiment Results

Experiments are performed for the simulation cases discussed in the previous section. The

experiment setup is shown in Fig. 2.12. The equipment used is Agilent Technologies

vector network analyzer E5061B (VNA). All the coils are open type helical, 150 mm in

radius, 5 mm in pitch, five copper wire turns and with internal resistance around 1 Ω. They

are tuned to resonate at (13.56± 0.01) MHz. Transmitter, repeater and first receiver are

arranged side by side horizontally. The second receiver is placed 16 cm vertically above

the transmitter. Measurements of the coupling coefficients and coils are the same as the

values given in the simulation results section. Port-1 of VNA which acts as source is

connected to the transmitter. One receiver is connected to the port-2 of the VNA at a time

to measure the power received. The other receiver is terminated by a RF 50 Ω as shown in

Fig. 2.13. When measuring reflection coefficient, S11, both receivers are terminated by RF

50 Ω resistor. Reflection coefficient, S11 and forward gain, S21 are then recorded from the

VNA. The reflected power ratio η11, power ratio for the first receiver η21, and power ratio

for the second receiver η31 are then calculated:



CHAPTER 2. IMPEDANCE INVERTER BASED 31

Figure 2.12: Experiment setup.

η11 = |S11|2×100%

η21 = |S21|2×100%

(first receiver connected to port-2 )

η31 = |S21|2×100%

(second receiver connected to port-2) (2.35)

Plots in Fig. 2.14(a) show the frequency response before applying method. At 13.56

MHz, reflected power η11 is 23%, η21 is 25% and η31 is 48%. Impedance transformation is

applied at both receivers for impedance matching and equal power division. The capacitors

in the inverter circuit shown in Fig. 2.13 are ceramics capacitors and the inductor is ferrite



CHAPTER 2. IMPEDANCE INVERTER BASED 32

Figure 2.13: Inverter circuit.

core wounded with cooper wires. The internal resistance of each inductor is measured to

be around 0.5 Ω. The capacitance and inductance chosen are close to the calculated values

in (2.33). The plots in Fig. 2.14(b) show that the reflection ratio, η11 is reduced to around

4%, while η21 is 38% and η31 is 49% after implementing the proposed method.

In the second experiment, inverters with capacitance and inductance values listed in

(2.34) are implemented in both receivers to obtain P1 : P2 ratio of 7:3. Reflection ratio, η11

is reduced to around 5%. Transmission ratio, η21 to the first receiver is around 55% and

transmission ratio, η31 to the second receiver is around 31%.

Table 2.1 shows the summary simulation and experiment results of the system at the

frequency of interest, 13.56 MHz. From simulation results, first receiver will suffer more

loss as there is an additional repeater loss compared to second receiver. There are maybe

other non-ideal parameters that cause lower η21 values compared to calculation for exam-

ple the tolerance of capacitors and inductors in the impedance transformation circuits. In

all experiment cases, the higher reflection coefficients compared to the simulation results

may be due to a different connector interface used in VNA calibration from the connec-

tor interface used in actual measurement and the resonator coils do not have perfect 13.56

MHz resonant frequency.
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Figure 2.14: Experiment results of equal power division: a) before method, b) after method.
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Figure 2.15: Experiment results of 70%-30% power division.
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Table 2.1: Simulation and experiment results at 13.56 MHz.

Simulation Experiment
Before Method
η11 22% 23%
η21 27% 25%
η31 48% 48%
After 50%-50% division
η11 0% 4%
η21 45% 38%
η31 48% 49%
After 70%-30% division
η11 0% 5%
η21 64% 55%
η31 29% 31%

2.5 Discussion

2.5.1 Dissipation Loss in Coils

As can be seen in both the simulation and experiment results at 13.56 MHz, loss occurs in

the system. Assuming the loss is caused by heat dissipation in internal resistance of coils in

resonators and inverter circuits, and this internal resistance is in series with the coils. The

loss can then be calculated using square of magnitude current flowing through the coils

multiplied by internal resistance, |I|2r. Further assuming that the dissipation loss in capac-

itors is small and can be ignored, we can estimate where the bulk of loss is coming from by

using the current measurement in simulations where the resonators coils are estimated to

be having 1 Ω resistance and the inductors in inverter circuits are having 0.5 Ω resistance.

Table 2.2 shows the percentage loss in all coils including the coils in inverter circuits for

the 50%-50% case.



CHAPTER 2. IMPEDANCE INVERTER BASED 35

Table 2.2: Loss in coils for the 50%-50% division system.

Percentage loss
η0 1.9%
η11 0.4%
η21 1.9%
η12 0.6%
ηe1 1.4%
ηe2 0.6%

Total 6.8%
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Figure 2.16: Method sensitivity toward coupling variations.

2.5.2 Sensitivity towards Coupling Variations

In actual applications, the position of transmitter and repeaters installed will be fixed. The

coupling coefficient towards receiver however will vary each time the receiver is placed. A

preliminary study of the sensitivity of proposed method towards small coupling variations

is provided in this section. Using the 50%-50% case, plot in Fig. 2.16 shows the reflection

coefficient, and percentage power received by both receivers when coupling coefficient, k21

is varying linearly from 0.049 to 0.083. Within the coupling coefficient range, reflection

ratio is below 3%. However power received by each receiver varies from 30% to 60%.
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2.5.3 Sensitivity towards Component Variations

Proposed method offers a simple and fast calculation method for impedance matching and

power division for wireless power transfer consisting of multiple repeaters and receivers.

In real implementation however, exact element values do not exist. A Monte Carlo simula-

tion is performed to investigate the sensitivity of the proposed method towards component

variations. Again the 50%-50% case is used as example. Assuming the components are

normally distributed, with means given by the derived components formulas and with stan-

dard deviations σ such that at least a proportion of p=99% falls within the component

tolerance. All the components at the second receiver are fixed. One of the capacitor in the

inverter of the first receiver is simulated with tolerance 25% for three inductor values, the

nominal value 0.41 µH and ±25% from the nominal value.

Fig. 2.17(a) shows the distribution of reflected power ratio for 1000 samples of capaci-

tors. For all three inductor values, the reflection is below 5%. As for the power distribution,

an obvious pattern can be seen from 2.17(b) and 2.17(c). Increasing the inductance in the

inverter circuit increases the impedance viewed towards first receiver. However this change

has less impact on the reflection coefficient compared to power division between the two re-

ceivers. The distribution of the reflected power and power division for each inductor value

only spreads slightly from the mean value with 0.33 µH showing the most dispersion.

Applying auto-tuning on the method depends on the requirement of each application.

High frequency relays [67] can be used to switch between blocks of inverter circuits in-

stalled at the receiver sides. Based on Monte Carlo simulation results, the inductors used

in actual applications can be built with tighter tolerance and capacitors within ±25% tol-

erance are acceptable for the method. If high accuracy of power division ratio is required,

a finer auto-tuning circuit can be built. Reflection coefficient on the other hand, is more

robust towards coupling variations and component variations.

2.6 Chapter Summary

New impedance matching and power division method is proposed and generalized for ar-

bitrary number of receivers and arbitrary number of repeaters. Due to uniform equations
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Figure 2.17: Power distribution for 25% component tolerance: a) reflected power ratio, b)
power ratio of the first receiver, c) power ratio of the second receiver.
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resulted when using impedance inverter representation, the design equations are simple.

Impedance matching and power division conditions are expressed in terms of coupling co-

efficient which is the commonly used representation. In order to implement controllable

power division without having to change the position of each coil, the external coupling

coefficients of the receivers can be modified by inserting impedance inverter circuit in be-

tween receiver and the corresponding termination resistor.



Chapter 3

Repeater System for Dynamic Charging

Nomenclature

ω0 Resonant angular frequency.

C0 Capacitance of transmitter.

L0 Inductance of transmitter.

R0 Power supply output resistance.

ki j Coupling coefficient between coil i and coil j.

Ki j Impedance inverter representations of ki j.

Li Inductance of coil i.

Ci Capacitance of coil i.

ri Internal resistance of coil i.

ZLi Load impedance of coil i if there are

multiple receivers.

ZL Load impedance if there is only one receiver.

Zci Impedance sum of the inductor, capacitor and

internal resistance of coil i.

Zi Impedance viewed from one point to one point

showed in the corresponding diagram

Zin Input impedance viewed by the power supply

39
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Figure 3.1: Conceptual wireless charging while moving system.

3.1 Introduction

Using wireless charging for electric vehicle is safe and convenient compared to plugging

the vehicle into power outlet. This mid-range transfer method enables wireless charging

while the vehicle is moving on the road and range extension can be achieved with repeater

coils.

The wireless power transfer coils can be embedded beneath and arranged along the

road. The car is then charged while moving on the road. However dead zones exist in cer-

tain positions where the power does not transfer to the load [82]. Conventional equivalent

circuit equations is complex and difficult to understand due to number of coils involved

[30, 65]. This paper analyzes the dead zone condition using impedance inverter repre-

sentation of coupling and power division principle in wireless power transfer derived in

Chapter 2. The analysis method can be easily extended for a section of road that consists of

one transmitter and arbitrary number of repeaters. The conceptual wireless charging while

moving system that will be studied in this paper is explained in the next section.

3.2 Conceptual Wireless Charging while Moving System

Fig. 3.1 shows the wireless charging system studied in this paper. Power supply receives

power from the 3-phase transmission grid and performs frequency conversion to the reso-

nant frequency of the wireless power transfer system. The power supply is connected to
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the transmitter coil via cable and this coil will be referred as transmitter from here on. Re-

ceiver is the coil installed on-board of the electric vehicle to charge the battery. Repeater

coils as shown in Fig. 3.1 can be used to expand the charging system coverage [83] while

simplifying the underground connection network. Also, the transmitter and subsequent re-

peaters are placed side by side horizontally. Therefore, repeaters will not be overlapping

each other as shown in Fig. 3.1. Assuming the transmitter and all the repeaters are the

same, non-adjacent resonant coils will be separated at least one time the diameter. Cou-

pling between non adjacent transmitter or repeater can be ignored in this case [81].

The analysis is limited to the cases where the receiver is coupled to either the transmitter

only or one of the repeaters only. The case where the vehicle is between two resonator

coils and receiving power simultaneously from both is not included in this investigation. A

13.56 MHz system [76], [77] is used as the case analysis in this paper. The findings are then

generalized for arbitrary number of repeaters. Simulations using LTspice and experiments

are performed to validate the mathematical analysis.

3.3 Derivation

This section provides the basis needed which are impedance inverter representation and

power division equations to analyse the system. Five example analysis cases are then given

in the subsequent sections.

An equivalent circuit of a two-receiver wireless power transfer system is shown in Fig.

3.2. The couplings between coils, k01 and k02 are expressible in terms of characteristic

impedance of inverter, K01 and K02 respectively [80]:

k01 =
K01

ω
√

L0L1
k02 =

K02

ω
√

L0L2
(3.1)

Impedance inverter, as the name implies, inverts the impedance connected to the in-

verter. Fig. 3.3 and (3.2) show the impedance Z1 looking into a general impedance inverter

with characteristic impedance, K that is connected to load, ZL at the other end. Similar to

the discussion in Chapter 2, impedance inverter is used to represent the couplings between

coils given as in (3.1).



CHAPTER 3. REPEATER SYSTEM 42

Vs

R0

C0

L0

r0

L1

C1 r1

ZL1

L2

C2 r2

ZL2

k01

k02

Z1

Z2

Z0

Figure 3.2: Equivalent circuit of a two-receiver system.
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Figure 3.3: Operation of impedance inverter.
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Figure 3.4: Simplified two-receiver circuit.

Z1 =
K2

ZL
(3.2)

From Fig. 3.2, (3.1) and (3.2):

Z0 = R0

Z1 =
K01

2

ZL1 +Zc1

Z2 =
K02

2

ZL2 +Zc2

Zc0 = r0 + j(ωL0−
1

ωC0
)

Zc1 = r1 + j(ωL1−
1

ωC1
)

Zc2 = r2 + j(ωL2−
1

ωC2
) (3.3)

where Z1 is the impedance looking from the transmitter to the top receiver in Fig. 3.2 and

Z2 is the impedance looking from the transmitter to the bottom receiver.

Impedance Zc0, Z1, and Z2 appear in series connection when viewing from the source

[84] and therefore circuit of Fig. 3.2 can be simplified into Fig. 3.4.
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Figure 3.5: Case I analysis.

3.4 Case Analysis

A section of charging while moving wireless power transfer, which consists of a transmitter

and three repeaters embedded beneath the road, is used as an example. Five different cases

are considered in this section. The coil numbering convention applied in this section and

subsequent sections is subscript 0 for the transmitter, 1, 2 and 3 for repeater 1, repeater 2

and repeater 3 respectively, and 4 for the receiver. For Case V, there is no repeater 3, but

subscript 4 will still be used for the receiver.

Assuming the vehicle is at the beginning of the charging system and is coupled only

to the transmitter as shown in Fig. 3.5, impedance Z1 is the impedance looking from the

transmitter towards the load through coupling k04. Coupling k04 can be represented by an

impedance inverter with characteristic impedance K04. Therefore from (3.2),

Z1 =
K04

2

ZL +Zc4
(3.4)

Again using impedance inverter representations for the impedance viewed from the trans-

mitter towards the transmission path that contains all the repeaters:

Z2 =
K01

2

K122

K23
2

Zc3
+Zc2

+Zc1
(3.5)

Term Zc1, Zc2 and Zc3 are the impedance sum of the inductor, capacitor and internal

resistance of the first repeater, second repeater and third repeater respectively. In all cases
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Figure 3.6: Case II analysis.

discussed in this paper, each of the coils is in resonance with the capacitor that is connected

in series. Also internal resistance should be small for magnetic resonant coupling [2]. Both

the real part and imaginary part of these impedance are small and impedance Z2 will be

large. If impedance Z2 is assumed to be large enough compared to the power supply output

impedance, this impedance can be assumed open-circuit. According to Sec. 3.3, impedance

Z1, Z2 and Zc0 appear as series when seen from the power supply. The power supply input

impedance is given by (3.6). The load appears as open-circuit to the supply and almost all

the power is reflected back instead of traveling to the load.

Zin = Z1 +Z2 +Zc0 (3.6)

In case II analysis which is shown in Fig. 3.6, the vehicle is located above the first

repeater and coupled to only that repeater, and the impedance becomes:

Z1 =
K14

2

ZL +Zc4

Z2 =
K12

2

K232

Zc3
+Zc2

Zin =
K01

2

Z1 +Z2 +Zc1
+Zc0 (3.7)

Impedance Z2 is close to zero and is assumed short-circuit. This short-circuit impedance is

in series with the load. The load impedance is seen by the power supply and power is able

to be transferred to the load.
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Figure 3.7: Case III analysis.

Figure 3.8: Case IV analysis.

Using the same argument as case I and case II, the impedance in case III shown in Fig.

3.7 which is when the vehicle is above the second repeater and coupled only to that repeater

becomes:

Z1 =
K24

2

ZL +Zc4

Z2 =
K23

2

Zc3

Zin =
K01

2

K122

Z1+Z2+Zc2
+Zc1

+Zc0 (3.8)

Impedance Z2 is again large and therefore impedance Zin in (3.8) is also large compared

to the power supply output impedance. Therefore the load appears as if open-circuit to the

supply and almost all the power is reflected back instead traveling to the load.

In case IV shown in Fig. 3.8, the vehicle arrives above the third repeater and is coupled

only to that repeater. The impedance seen by the supply is only impedance ZL inverted
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Figure 3.9: Case V analysis.

by each impedance inverter representations of coupling. Impedance Zin is given by below

equation and the power is transferred to the load.

Zin =
K01

2

K122

K23
2

K34
2

ZL+Zc4
+Zc3

+Zc2

+Zc1
+Zc0 (3.9)

When the charging system contains even number of repeaters, the dead zones will occur

as in to case I and case III. However the reason is not close to open-circuit condition but

instead close to short-circuit condition. Case V as shown in Fig. 3.9 is an example of this

condition. Impedance in this case can be calculated as:

Z1 =
K14

2

ZL +Zc4

Z2 =
K12

2

Zc2

Zin =
K01

2

Z1 +Z2 +Zc1
+Zc0 (3.10)

Impedance Z2 is large and therefore impedance Zin in (3.10) is close to zero. The

power supply sees a close to short-circuit input impedance and therefore almost all power

is reflected back and is not transferred to the load.

From above 5 analysis cases, when the charging system contains odd number of re-

peaters, the dead zones will occur when the receiver is coupled either only to the trans-

mitter, second repeater or all other even number repeaters. On the other hand, when the
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charging system contains even number of repeaters the dead zones will occur the receiver

is coupled only to the first repeater or all other odd number of repeaters. This due to the

open-circuit impedance is inverted odd number of times and the power supply will see an

almost short-circuit input impedance.

3.5 Simulation Results

All five analysis cases are simulated using LTspice. Percentage reflected power, transferred

power and power supply input impedance are plotted. Circuit parameters chosen are to be

the same as experiment parameters given in the next section.

L0 = 9.2 µH C0 = 15 pF

L1 = 9.3 µH C1 = 14.8 pF

L2 = 9.1 µH C2 = 15.1 pF

L3 = 9.65 µH C3 = 14.3 pF

L4 = 9.2 µH C4 = 15 pF

r0 = 1.1 Ω r4 = 1 Ω

r1 = 1 Ω R0 = 50 Ω

r2 = 1 Ω ZL = 50 Ω

r3 = 1.1 Ω

ω = 2π×13.56MHz (3.11)

The supply is outputting a.c power with 13.56 MHz resonant frequency. Term R0 is the

supply output impedance and all other symbols are the same as previous section.

3.5.1 Case I

The coupling coefficients in Fig. 3.5 are also chosen to be the same as the experiment:
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k01 = k12 = k23 = 0.063

k04 = 0.065

From (3.1) and putting in all the parameters in (3.11), the characteristic impedance of the

inverter representing each coupling coefficient is:

K01 = 50 Ω K23 = 50 Ω

K12 = 49 Ω K04 = 51 Ω

The internal resistance of the coils at resonant frequency point:

Zc0 = (1.1+ j1.4)Ω Zc3 = (1+ j1.4)Ω

Zc1 = (1− j0.7)Ω Zc4 = (1.1+ j1.4)Ω

Zc2 = (1− j2)Ω

Putting in the values into (3.4) to (3.6), the calculated input impedance:

Z1 = (51− j1.4) Ω

Z2 = (1152− j378) Ω

Zin = (1204− j378) Ω

From Fig. 3.10(a), reflection ratio η11 is high around frequency of interest, 13.56 MHz.

The transfer ratio η21 to the load is nearly zero. This is due to high impedance seen by the

supply as shown by the impedance plot in Fig. 3.10(b) and by above calculation.

3.5.2 Case II

The coupling coefficients in Fig. 3.6 are chosen to be:
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Figure 3.10: Simulation results of case I: a) transfer and reflection plot, b) input impedance.
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k01 = k12 = k23 = 0.063

k14 = 0.065

Using the same calculation method as in Case I, the characteristic impedance of the inverter

representing each coupling coefficient is:

K01 = 50 Ω K23 = 50 Ω

K12 = 49 Ω K14 = 51 Ω

Putting the values in (3.7), the calculated input impedance at resonant frequency point is:

Zin = (48+ j2) Ω.

In this case impedance seen by the supply is nearly 50 Ω at resonant frequency as shown by

the impedance plot in Fig. 3.11(b) and by above calculation. Therefore reflection ratio η11

in Fig. 3.11(a) is close to zero. Most of the available power is being transferred to the load

as shown by η21 plot. Some power is lost due to the internal resistance of the resonators.

3.5.3 Case III

The coupling coefficients in Fig. 3.7 are chosen to be:

k01 = k12 = k23 = 0.063

k24 = 0.065

The input impedance calculated for resonant frequency point is:

Zin = (1163− j344) Ω
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Figure 3.11: Simulation results of case II: a) transfer and reflection plot, b) input
impedance.
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Again the impedance seen by the power supply in this case is high compared to the

output impedance as shown in Fig. 3.12(b). Therefore almost all the power is reflected as

indicated by reflection ratio η11 plot in Fig. 3.12(a) and almost no power is being trans-

ferred to the load.

3.5.4 Case IV

The coupling coefficients of case IV are chosen to be:

k01 = k12 = k23 = 0.063

k34 = 0.065

In this case, the supply only sees one transmission path towards the load. The load

impedance is inverted once with each repeater. Power is being transferred as indicated by

the transmission ratio η21 plot in Fig. 3.13(a). As the input impedance is close to 50 Ω as

shown in Fig. 3.13(b), the reflection ratio η11 is close to zero. Some power is lost due to

the internal resistance of the resonators.

3.5.5 Case V

The coupling coefficients in Fig. 3.9 are chosen to be:

k01 = k12 = 0.063

k14 = 0.065

The input impedance calculated for resonant frequency point is:

Zin = (2.2+ j0.6) Ω

In this case, almost all the power is reflected as indicated by reflection ratio η11 plot in Fig.

3.14(a). Almost no power is transferred to the load as indicated by η21 plot. However the



CHAPTER 3. REPEATER SYSTEM 54

13 13.56 14
0

20

40

60

80

100

Frequency (MHz)

(%
)

η11
η21

(a)

13 13.56 14

−500

0

500

1000

Frequency (MHz)

Im
pe

da
nc

e
(Ω

)

Zin [Re]
Zin [Im]

(b)

Figure 3.12: Simulation results of case III: a) transfer and reflection plot, b) input
impedance.
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Figure 3.13: Simulation results of case IV: a) transfer and reflection plot, b) input
impedance.
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reason in this case is not due to high impedance but low impedance compared to output

impedance seen by the power supply as shown by the plot in Fig. 3.14(b) and by above

calculation.

3.6 Experiment Results

Experiments are performed for the simulated cases. The equipment used is Agilent Tech-

nologies vector network analyzer E5061B (VNA). All the coils are open type helical, 150

mm in radius, 5 mm in pitch, five copper wire turns and with internal resistance around 1Ω.

They are tuned to resonate at (13.56±0.01)MHz. Transmitter and repeaters are arranged

side by side horizontally to simulate a small section of charging lane. The experiment setup

is shown in Fig. 3.15. The receiver is placed 19 cm vertically above the transmitter or each

repeater for different cases. For case I to case IV, three repeaters are used and for case V,

only two repeaters are used. Coupling coefficients and coil measurements are the same as

the values given in the simulation results section. The repeaters are shorted using BNC

shorting plug. Port-1 of VNA which acts as source is connected to the transmitter. The

receiver is connected to the port-2 of the VNA to measure the power received. Reflected

power ratio and input impedance are also read from the VNA. Two port calibration is

performed to eliminate the cable effects and other errors [85]. The calibration kit used is

Agilent 85032F Type N.

In actual experiment, the resonant frequency tends to shift when the system consists

of more resonators as indicated in the plot of Fig. 3.16. This may be due to small cross

coupling existing among the coils. Although all the coils are tuned before experiment,

small shift in resonant frequency occurs when the polystyrene gap and receiver are placed

on the transmitter or each repeater. In the experiment measurements, the peak impedance

is shifted as shown in Fig. 3.10(b). Nevertheless, the input impedance, Zin around the

resonant frequency is still high compared to 50Ω output impedance causing high reflection

ratio and low transmission ratio. At 13.56 MHz point, Zin, η11, and η21 (111− j228)Ω,

72% and 14% respectively.
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Figure 3.14: Simulation results of case V: a) transfer and reflection plot, b) input
impedance.
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Figure 3.15: Experiment setup.

In case II, the repeater impedance path is close to zero. The power supply sees the

impedance path towards the load which is close to 50Ω around resonant frequency. Re-

flection ratio is close to none, and almost all available power is able to be transferred to the

load as shown in Fig. 3.17

Similar to case I, the peak impedance in the experiment results is shifted. However,

the high imaginary impedance in the region around resonant frequency causes most of the

power being reflected and not transferred to the load as shown in Fig. 3.18. The input

impedance seen by the power supply in this experiment is (57− j231)Ω, the reflection

ratio is 83% whereas the transmission ratio is close to zero.

In case IV, the receiver is at the end of the charging system. The power supply only

sees one impedance path towards the receiver which is close to 50Ω as shown in Fig. 3.19.

Almost all power is transferred to the load as shown by the reflection ratio and transmission

ratio plot.

Only two repeaters are used in case V, and the receiver is above the first repeater. As

shown in plot of Fig. 3.20, the transmission ratio is low at 13.56 MHz. However in this

case, this is due to the low impedance seen by the power supply. Similar to above cases, the

frequency response is shifted compared to simulation, and the input impedance is (3− j7)Ω

which is slightly higher than the calculations.
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Figure 3.16: Experiment results of case I: a) transfer and reflection plot, b) input
impedance.
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Figure 3.17: Experiment results of case II: a) transfer and reflection plot, b) input
impedance.
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Figure 3.18: Experiment results of case III: a) transfer and reflection plot, b) input
impedance.
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Figure 3.19: Experiment results of case IV: a) transfer and reflection plot, b) input
impedance.
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Figure 3.20: Experiment results of case V: a) transfer and reflection plot, b) input
impedance.
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3.7 Chapter Summary

This paper shows a mathematical explanation of the dead zones observed in a wireless

power transfer system for moving vehicles containing repeaters. Wireless charging system

for moving vehicle contains transmitter and repeaters arranged along the road. However,

the mentioned dead zone condition appears when the vehicle is above interval of resonators.

This paper provides mathematical explanation on the condition by using impedance inverter

representations and generalizes the findings to arbitrary number of repeaters.

When the system contains odd number of repeaters and the receiver is coupled either

only to the transmitter, or one of the even number repeaters, the small impedance of the

repeaters is inverted and is in series with the load. The power supply views an almost

open-circuit input impedance and therefore almost no power is being transferred to the

load. When the charging system contains even number of repeaters and the receiver is

coupled only to one of the odd number repeater, the small impedance of the repeaters is

also inverted and is in series with the load. This series impedance is then inverted odd

number of times towards the power supply and the total input impedance in this case will

be close to short-circuit instead.

Although in actual experiment the resonant frequency of the system tends to shift, the

input impedance, transmission ratio and reflection ratio in the region around the resonant

frequency still agree with the mathematical findings. Future work of this study will in-

clude effect of internal resistance and cross coupling and combining the results to derive an

optimized solution for the dead zone condition.



Chapter 4

Even Magnetic Field Design for
Dynamic Charging

In this chapter, a practical configuration suitable for on-road implementation is proposed.

Even magnetic field is achieved via the coupled coil design and the power transferred can

be used to power motors directly. In real highways, RFID sensors can be used to acti-

vate transmitters when the vehicle is approaching and also for billing the users. Magnetic

sensors are implemented in place of RFID sensors in this experiment to prove the method.

Neumann formula and maximum efficiency formula are used to explain the relationship be-

tween the size of static transmitters and the efficiency of the wireless power transfer system.

When coupling large transmitters with small receiver, the maximum efficiency is reduced

compared to symmetry coils. Therefore, multiple small transmitters connected in parallel

via impedance inverter LCL circuit to ensure high transfer efficiency is proposed. With

impedance inveter, the current flowing in the transmitters is constant regardless of the load

and cross coupling between transmitters. Design of the physical dimension of the coils to

achieved desired nominal power level is also discussed. The gap between the transmitters

is designed to achieve even magnetic field coupling to the receiver.

65
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Figure 4.1: Compensation methods of wireless power transfer [86].

4.1 Coil Consideration in terms of Maximum Efficiency

4.1.1 Maximum Efficiency Formula

The equivalent circuits of six basic compensation methods are shown in Fig. 4.1. They are

the series-series, series-parallel, parallel-series, parallel-parallel, uncompensated primary-

series and uncompensated primary-parallel. The maximum efficiency of all six configura-

tions is given in (4.1) [86].

ηmax =
X

(1+
√

1+X)2
(4.1)

where

X = k2Q1Q2 =
(ω0LM)2

r1r2
(4.2)

and k is the coupling coefficient, Q1 and Q2 are the quality factors of the transmitter and

receiver respectively.

Equation (4.1) tells us that the maximum efficiency will be close to 1 if X is much

larger than 1. Mutual inductance, LM is calculated using Neumann formula which will be

explained in the next subsection. Coil resistance r1 and r2 are obtained from real measure-

ments.
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Figure 4.2: Neumann formula calculation method.

Figure 4.3: Fabricated three-meter coil and receiver coil.

4.1.2 Neumann Formula

Mutual inductance between two coupled coils is given in (4.3) where the coils are di-

vided into small sections shown in Fig. 4.2.

LM =
µ0

4π

∮
C1

∮
C2

dl1.dl2
D

(4.3)
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Figure 4.4: Plot of maximum efficiency vs. lateral displacement.

dl1 and dl2 are the differential length of these small sections of transmitter and receiver

respectively. Term D is the distance between the sections. Mutual inductance is sum of

mutual inductance contributed by each of these small sections.

The receiver coil is chosen to be 40 x 40 cm which is the size commonly used in both

dynamic and static wireless power transfer at the vehicle side [59]. Transmitter length is

extended to achieve larger charging coverage. The overlapping area of the coils is simi-

lar with using identical transmitter and receiver case. The resulted mutual inductance is

similar, however with a longer transmitter, the coil resistance is larger. From Neumann

calculations, when using identical coils and with 10 cm vertical gap, the mutual inductance

is 22.98 µH and the coil resistance is measured to be 0.26 Ω. Therefore using (1) and

(2), the maximum efficiency is 95.9%. A 10 turn, (40x300) cm transmitter shown in Fig.

4.2 is fabricated and the coil resistance is measured to be 1.52 Ω. The mutual inductance

calculated using Neumann formula when placing the (40x40) cm receiver 10 cm above the

middle of long transmitter is 19.41 µH and the maximum efficiency is reduced to 88.6%.

Fig. 4.4 shows the efficiency plot vs. lateral displacement of the receiver when the vertical

gap is 10 cm. The 0 cm point is referring to the center of transmitter. If longer transmitter

is used, the maximum efficiency will tend to reduce further.

4.2 Two transmitters to One Receiver with LCL

Since coupling a long transmitter with small receiver results in low efficiency and may

cause field leakage to the environment, simultaneous charging from two small transmitters
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Figure 4.5: System overview of the proposed method.

Figure 4.6: Equivalent circuit of the proposed method.
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is proposed. Fig. 4.5 shows an illustration of the proposed method where the transmitter

coils are arranged along the ground. When the receiver is above the first transmitter and

second transmitter, these two transmitters are activated. When the receiver is moving to-

wards the third transmitter, the second and third transmitter are activated and so on. LCL

circuit is used for each transmitter to allow multiple small transmitters to be connected in

parallel to a common inverter. Constant current is achieved in the transmitters and the low

coupling condition or no-load condition will not short circuit the inverter. The combination

of two transmitters results a flatten magnetic field coupled to the receiver as also shown in

Fig. 4.5.

Fig. 4.6 shows the equivalent circuit of the proposed wireless power transfer system.

The components at the primary side are designed such that:

ω0L11 =
1

ω0C11
= ω0L12−

1
ω0C12

ω0L21 =
1

ω0C21
= ω0L22−

1
ω0C22

Z11 = r11 + j(ω0L11−
1

ω0C11
)≈ 0

Z21 = r21 + j(ω0L21−
1

ω0C21
)≈ 0 (4.4)

Resistor r11 and r21 are the parasitic resistance of the inductor L11and L21 respectively and

is assumed to be sufficiently small. Looking at the I11 and I21 current loop:

V1 = Z11I11 +
j

ω0C11
I12

V1 = Z21I21 +
j

ω0C21
I22 (4.5)

Since impedance Z11 and Z21 are zero, transmitter current I12 and I22 are constant.

Furthermore applying the same design in every parallel branch and from the I3 current

loop:
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I12 = I22

0 = I3(RL + r3)+ jω0LM1I12 + jω0LM2I22

I3 = − jω0(LM1 +LM2)

(RL + r3)
I12 (4.6)

where secondary resonance is implemented:

j(ω0L3−
1

ω0C3
) = 0 (4.7)

Since the transmitter current is constant, receiver current I3 will be constant if we can ensure

the sum (LM1 +LM2) is constant when the vehicle is moving along the dynamic charging

lane. Thus power received by the load will also be constant.

4.2.1 Efficiency Analysis

The transfer efficiency is given in (4.8).

η = ηpri×ηsec (4.8)

where

ηsec =
RL

RL + r3
(4.9)

and

ηpri =
|I3|2(RL + r3)

|I3|2(RL + r3)+ |I12|2(r12)+ |I22|2(r22)
(4.10)

Substituting (4.6) into (4.10) and cancelling the common terms, we obtain:

ηpri =

(ω0LM1+ω0LM2)
2

(RL+r3)

(ω0LM1+ω0LM2)2

(RL+r3)
+ r12 + r22

(4.11)

Equation (4.8), (4.9) and (4.11) have the same structure as the series-series wireless

power transfer. Therefore the same maximum efficiency equation with modification can be
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Figure 4.7: Coil dimension.

used. In this two transmitter case, the maximum efficiency is the same as (4.1). However

the X is now given as:

X =
(ω0LM1 +ω0LM2)

2

(r12 + r22)r3
(4.12)

and the load for maximum efficiency is:

RLmax =

√
r3

[
(ω0LM1 +ω0LM2)2

r12 + r22
+ r3

]
(4.13)

Equation (4.13) is the modified version of the maximum efficiency load equation from [45].

4.2.2 Coupling Coil Size

Fig. 4.7 shows the physical parameters of the coupling coils including the spacing between

adjacent transmitters. The lateral coverage between two consecutive transmitters depends

on the receiver size. Considering that the overlapping area of the receiver and the transmit-

ter coil contributes dominantly to the mutual inductance, the smaller coil size determines

the sum of mutual inductance, LM1 +LM2. According to (4.6), LM1 +LM2 determines the

constant current in the receiver, I3. In order to achieve even magnetic field, the design

conditions are:

1. The receiver size is first designed according to space limitation.
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Table 4.1: Dimension of the transmitters in Fig. 4.7.
Transmitter wt(cm) lt(cm) s (cm) end point position, x (cm)

(a) 40 10 26 36
(b) 40 20 16 36
(c) 40 30 6 36
(d) 40 40 -2 38
(e) 40 50 -4 46
(f) 40 60 -4 56

2. The smaller coil in terms of either width (wr or wt) and length, (lr or lt) determines

the sum of mutual inductance, LM1 +LM2.

3. If the transmitter is smaller in length than the receiver, the space, s between transmit-

ters should be approximately equal to length of the receiver, lr minus the length of

the transmitter, lt.

4. If the transmitter is larger in length than the receiver, the space, s is approximately

zero. Overlap of transmitters maybe be required and results in negative s value.

Different transmitter designs to achieve constant power during dynamic charging are dis-

cussed. The receiver is with lr and wr equal to 40 cm mentioned in the last section. Mutual

inductance is calculated using Neumann formula. Fig. 4.8 shows the sum of mutual induc-

tance, LM1 +LM2 when the receiver moves along the charging lane. The width of all the

transmitters, wt is 40 cm, the length, lt and spacing, s for different transmitters are listed

in Table 4.1. The chosen spacing, s is approximately equals to lr- lt or zero if transmitter

length is equal or larger than receiver. Adjustment of +/-4 cm has been made by trial and

error. Overlap of transmitters may occur when transmitter is larger and is represented by

negative s value. Sum of mutual inductance increases with transmitter size and saturates

when the transmitter size is equal to the receiver size. Charging coverage, x is approxi-

mately equals to the receiver length, lr. Further increased in transmitter length, lt will only

increase the charging coverage. Larger transmitters simplify the underground installation,

however the efficiency will be lower as discussed in the Section 4.1.2.
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Figure 4.8: Plot of sum of mutual inductance with different transmitter designs vs. lateral
positions.

4.2.3 Experiment

Fig. 4.9 shows the coils used for the experiment to verify the proposed method. The dimen-

sion of the receiver is (40×40) cm and transmitter (b) from Table 4.2.3. The component

parameters are listed in Table III. The horizontal gap between two transmitters is chosen

such that the sum (LM1 + LM2) is constant where LM1 is the mutual inductance between

the receiver and the left transmitter and LM2 is the mutual inductance between the receiver

and the right transmitter. Both the transmitters are identical and the vertical gap is 10 cm.

Figure 4.9: Experiment setup.
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Table 4.2: Parameter List.
Parameter Value

V1 30 V
L11 30 µH
r11 0.1 Ω

C11 110 nF
L12 55.3 µH
r12 0.25 Ω

C12 136 nF
L21 30 µH
r21 0.1 Ω

Parameter Value
C21 110 nF
L22 56 µH
r22 0.26 Ω

C22 136 nF
L3 88.9 µH
r3 0.33 Ω

C3 38.5 nF
RL 5 Ω

Figure 4.10: Mutual inductance plots.
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Figure 4.11: (a) Transfer efficiency and (b) power for 0 cm point to 36 cm point.

Plots in Fig. 4.10 show the mutual inductance and the horizontal axis is the position of the

center of the receiver. The 0 cm point and 36 cm point are indicated in Fig. 4.7. The solid

lines are the calculation data using Neumann Formula implemented in Matlab. The dotted

lines are the measurement data using open-short method with a LCR meter. As shown by

the plots, the measurement data matches with the calculation data except for the negative

mutual inductance region where the open-short method is not valid.

The power supply used is NF HSA4014 high speed bipolar amplifier and the 85 kHz

square wave input reference is provided by Tektronix AFG3021 arbitrary/function genera-

tor. The voltage and current waveforms are captured using Tektonix MSO3034 mixed sig-

nal oscilloscope. Power and efficiency measurements are performed using NFL PPA5530

precision power analyzers. Efficiency plots in Fig. 4.11(a) show that the efficiency re-

mains constant when the center of the receiver travels from 0 cm point to 36 cm point. The
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Figure 4.12: Source voltage, V1, current in the transmitters, I12, I22 and current in the
receiver, I3.

measurement data is close enough to calculation data. RL is chosen to be the optimized

load, 5 Ω. The power plots are shown in Fig. 4.11(b), the power across RL remains con-

stant throughout the experiment region. The lower measured power is due to the reactive

impedance seen by the power source that is not accounted by the derived equations. The

imaginary impedance is caused by the imperfect matching and harmonics that is present at

the power source. Compared to SS configuration, where the resonant circuit is connected

directly to the source, these harmonics from square wave voltage output is not filtered at

the source.

The voltage source waveform, current waveforms of the transmitters, current I12 and

current I22, and receiver I3 are shown in Fig. 4.12. These waveforms remain nearly

unchanged throughout the lateral displacement experiment therefore only one of them is

shown. The amplitude of the square wave is 30 V and taking only the fundamental compo-

nents and according to (4.5) the rms transmitter current are:

I12 = I22 =
4√

2×π
× jV1ω0C11 = j1.69 A (4.14)

and according to (4.6), the calculated rms receiver current is

I3 = 1.77 A (4.15)

where LM1+LM2 is taken to be in average of 10.44 µH. The measurements show the actual

results are slightly lower than calculation results.
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4.3 Chapter Summary

When coupling long coils with small coils of general size EVs, transfer efficiency tend to

be lower. This phenomenon is explained using Neumann formula and maximum efficiency

formula. Additionally, leakage field may occur as the activated transmitter is not fully cov-

ered by the vehicles. However long coils are able to provide steady power flow for certain

distance. Therefore, simultaneous power transfer from two short transmitters is proposed to

emulate the long coils. LCL circuit is used in each transmitter to allow inverter sharing. The

coil arrangement is designed such that, the sum of mutual inductance between the receiver

and first transmitter and mutual inductance between the receiver and second transmitter is

constant. In this way, receiver is able to receive almost constant power while moving along

the dynamic charging lane. The proposed configuration is verified by experiments.



Chapter 5

Steady and Transient State Design of
Wireless Power Transfer

5.1 Circular Spiral Coil

In dynamic charging, different power levels are required from the wireless power transfer

system. Reference [59] lists the power level during acceleration, deceleration, and var-

ious speeds for light and heavy vehicles. Voltage source is fixed at the transmitter side

to simplify the construction of ground facility. In this chapter, one-to-one wireless power

transfer, series-series compensated wireless power transfer is discussed in terms of steady

power and efficiency. Modeling method for ac and dc section of wireless power transfer

is also discussed. Furthermore, two power control methods are then proposed using the

secondary side dc/dc converter as a preliminary review.

5.1.1 Power and Efficiency Characteristic

Fig. 5.1 shows the equivalent circuit of wireless power transfer. The dc/dc converter con-

trol secondary side voltage V2 and the effective resistance, RL can be controlled through

following equations.

AV =
V2

V1
=

ω0LmRL

r1r2 + r1RL +(ω0Lm)2 (5.1)

79
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−
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V2
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Figure 5.1: Equivalent circuit of the wireless power transfer.

where

k =
Lm√
L1L2

(5.2)

ω0 = 2π×85kHz (5.3)

and capacitor values are always chosen such that

C1 =
1

ω02L1
(5.4)

C2 =
1

ω02L2
(5.5)

V1

r1

Zr r2 RL

Figure 5.2: Equivalent circuit of the wireless power transfer when in resonance.

As the primary and secondary sides are in resonance, we can omit the reactance values

and study the loss using the resistance values that appear in different parts of the circuit

shown in Fig. 5.2. Zr is the reflected impedance from the secondary to the primary [87, 88].
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Zr =
(ω0Lm)

2

r2 +RL
(5.6)

Transmission efficiency of the wireless power transfer, η is then the efficiency of the pri-

mary coil, η1 multiply the efficiency of the secondary coil, η2.

η = η1×η2 =
Zr

r1 +Zr
× RL

r2 +RL
(5.7)

The power received by the effective load:

Pnorm = η× 1
r1 +Zr

(W/V 2) (5.8)

where Pnorm is the power normalized against V1
2 and the power received by equivalent load

RL is:

P = Pnorm×V1
2 (5.9)

Figure 5.3: Spiral coil wounded using Litz wire.

Consider a wireless power transfer using identical coils shown in Fig. 5.3 to transfer

across 25 cm gap. The coils are wounded on Duracon plastic frame using Litz wire con-

sists of 301 strands of individual cooper wire, divided into seven bunches that are twisted

together. The Litz wire reduces skin-effect losses and proximity effect losses in high fre-

quency signal [89] compared to a solid round wire. The diameter of the conductor is 1

mm and the diameter of the individual strand is 0.1 mm. Other parameter values are given
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Table 5.1: Parameter values of coil in Fig. 5.3.
Gap 25 cm

Turn, n1, n2 40
L1, L2 337 µH
r1, r2 0.56 Ω

Din 10 cm
Dout 34 cm

f 85 kHz
k 0.055

Q1, Q2 326
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Figure 5.4: Efficiency and power vs RL.

in Table 5.1 and are inputted into (5.7) to (5.8). The self inductance of the coils, L1 and

L2, and coupling coefficient is calculated using Neumann formula discussed in the previ-

ous chapter. The internal resistance of the Litz wire wounded coils is approximated using

extended Dowell method [91] for helical coils.

The efficiency and normalized power plots when effective load RL is changing are given

in Fig. 5.4. When RL is small, the efficiency increase sharply with increasing RL. The

expanded view of this region is given in Fig. 5.5 and the efficiency is separated to primary

contribution and secondary contribution. At small value of RL, η1 in (5.7) is high and the

loss is mainly due to the secondary coil. As r2 is less than 1 Ω, the efficiency increases

rapidly as RL rises to a few ohms. This region of operation is undesirable due to the



CHAPTER 5. STEADY AND TRANSIENT STATE DESIGN 83

0 0.1 0.2 0.3 0.4

0

0.25

0.5

0.75

1

RL (kΩ)

R
at

io

η

P (W/V 2)

Figure 5.5: Expanded plot at small region of RL.

heat loss occurs in the vehicle side which is surrounded by other mechanical and electrical

parts. Furthermore, the change in efficiency is steep and small decrease in RL will cause the

efficiency to drops significantly. Secondary efficiency, η2 is ignorable when RLis further

increased. At this time, the total efficiency decreases mainly due to the decrease of η1.

Normalized power, Pnorm, on the other hand is increasing due to the second term in (5.8)

until the maximum power is reached. At this point, efficiency is too low and power does not

increase. The optimal operating region is then from the maximum efficiency point towards

the right side of the plot until the acceptable efficiency level is reached. For this system, the

normalized power at the maximum efficiency point is 0.09. Given the chosen input voltage

120 V, the power transferred is 1296 W and the efficiency is 89% at this point.

The required range of RL is realizable by choosing the proper dc/dc converter. We can

design the coil parameters by omitting RL and looking only at the efficiency vs. desired

power level plot shown in Fig. 5.6. The efficiency changes considerably for different power

levels. In order to design the coils optimized for desired power level, two figures of merit

are proposed.
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Figure 5.6: Efficiency vs. desired power level.

5.1.2 The Figure of Merit (FOM)

The maximum efficiency is given as:

ηmax =
X

(1+
√

1+X)2
(5.10)

where

X = k2Q1Q2 =
(ω0LM)2

r1r2
(5.11)

and

Q1 =
ω0L1

r1
, Q2 =

ω0L2

r2
, k =

Lm√
L1L2

(5.12)

The maximum efficiency equation is the same equation given in Chapter 4, however we

will use the equation specifically for series-series compensated wireless power transfer

in this chapter. From (5.10), term k2Q1Q2 should be as large as possible compared to 1

and maximum efficiency, ηmax will be close to 1 or 100%. First figure of merit, FOM1,

x = k2Q1Q2 determines the highest point in Fig. 5.6 and is in terms of quality factor of

primary coil and secondary coil and the coupling coefficient between the two coils.

The normalized maximum power against squared of source voltage, V1 is given as [45]

Pmax/V1
2 =

1
4r1[1+ r1r2

(ω0Lm)2 ]
=

1
4r1[1+ 1

X ]
≈ 1

4r1
(5.13)
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The second figure of merit, FOM2 is equal to 1
4r1

which is the approximate maximum

power. Term ω0Lm is typically more than 10 Ω for charging electric vehicles as L1 and

L2 are in the range of few hundreds µH and k is in medium range (>0.05) to ensure high

efficiency. Therefore the second term of the denumerator is usually much smaller compared

to 1. FOM2 depends only on the internal resistance of transmitter coil. We can exploit

the characteristic of FOM1 and FOM2 to achieve flatter efficiency across different power

levels.

In order to demonstrate the characteristic of the two FOMs, namely FOM1= k2Q1Q2

and FOM2= 1
4r1

, we compare the efficiency and power level plots by changing only the

receiver to a larger one. The desired power level and input voltage remain the same. The

new parameters of the receiver are shown in Table 5.2. The new receiver has more turns,

larger outer diameter and higher quality factor. The coupling factor is also higher, k =

0.0716. With this system FOM1 is higher due to higher k and Q2 while FOM2 remain the

same as the transmitter is not changed. As shown in the plot of Fig. 5.7, maximum power

is not changed but with higher maximum efficiency, every power level is improved. The

efficiency at the desired normalized power level 0.09 is now 92%, for i.e. to transfer 1296

W with 120 V input voltage.

Table 5.2: New parameters of the receiver.
Transmitter
n1 40
L1 337 µH
r1 0.56 Ω

Din 10 cm
Dout 34 cm
Q1 326

Receiver
n2 57
L2 781 µH
r2 0.97 Ω

Din 10 cm
Dout 44 cm
Q2 417

If the transmitter is changed instead of the receiver, both FOM1 and FOM2 are changed.

FOM2 is lower due to higher r1 of transmitter. Although maximum efficiency is higher, we

could not achieve improvement at the desired power level 1296 W as shown in plot of Fig.

5.8.
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Figure 5.7: Efficiency with larger receiver.

Table 5.3: New parameters of the transmitter.
Transmitter
n1 57
L1 781 µH
r1 0.97 Ω

Din 10 cm
Dout 44 cm
Q1 430

Receiver
n2 40
L2 337 µH
r2 0.56 Ω

Din 10 cm
Dout 34 cm
Q2 326

5.1.3 Proposed Design Method

As demonstrated from the example in previous section, receiver design only affects FOM1

but not FOM2. Therefore we can design the receiver with highest quality factor possible.

For example, the space constraint at the vehicle only allows 44 cm diameter circular coils,

the number of turns is varied to find the highest Q2. In this case, inner diameter and internal

resistance are also changed accordingly. The resulted Q2 vs number of turns is shown in

Fig. 5.9.

Next we choose the transmitter by first setting the internal resistance or the cable length

to a reference value. With FOM2= 1
4r1

fixed, we will choose the transmitter that can provide

maximum FOM1=k2Q1Q2. Quality factor of the receiver, Q2 at this point is designed.

Substituting (5.12) into (5.11), we obtain k2Q1 =
ω0Lm

2

L2
, therefore a transmitter is designed
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Figure 5.8: Efficiency with larger transmitter.
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Figure 5.9: Q2 vs. number of turns of receiver with 44 cm outer diameter.

to maximize Lm. As shown in Fig. 5.10. An optimum number of turns for transmitter

can be designed to maximize FOM1 with the designed receiver and chosen r1. We then

repeat the transmitter design procedure to check whether other r1 could produce a plot with

higher efficiency at the desired power level. We begin sweeping values of r1 by increasing

r1 from the reference value. We can stop increasing r1 by checking whether the new plot

intersects the reference plot at the desired power level or lower power level. As shown in

Fig. 5.11, r1 = 0.6 Ω is the starting reference and the desired power level is 0.09 W/V 2.

Both r1 = 0.7 Ω, r1 = 0.8 Ω plots intersect the reference plot at power level lower than

0.09 W/V 2 and are unable to improve efficiency at the desired power level. We then begin

sweeping at decreasing r1 from the reference. When the maximum efficiency of the new
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Figure 5.10: Mutual inductance plot vs. number of turns of transmitter coupled with de-
signed receiver.
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Figure 5.11: Efficiency vs. power level plots for increasing r1.

plots is lower than the efficiency of the reference plot at the desired power level, we can

stop searching the lower r1 region. The plot with highest efficiency at the desired power

level is then chosen. If there are more than one plot with the same/similar efficiency, choose

the plot with lowest r1. As shown in Fig. 5.12, the maximum efficiency of this plot is less

than the reference at desired power level when r1 = 0.2 Ω. On the other hand, r1 = 0.4 Ω

plot has around the same efficiency as r1 = 0.6 Ω reference plot. Therefore we choose this

as the final transmitter design as the efficiency across different power range is flatter. We

then check whether the desired point is at the left side of the maximum efficiency, if yes,

discard the plot and search for next plot with second highest efficiency. The left region is

not desirable due to steep changes in efficiency when there is small change in load. The
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Figure 5.12: Efficiency vs power level plots for decreasing r1.

design flow chart is shown in Fig. 5.13. With small modification to the design flow, we

can optimize efficiency for power level range shown in Fig. 5.14 in red font. In order to

perform range modification, we optimized the efficiency at highest desired power level and

check whether the lowest desired power level is at the left side of the curve.

5.2 AC Resistance Calculations

The winding losses of the coils are frequency dependent. Skin effect and proximity effect

between strands and between bundles alter the current density distribution and increases the

resistance of the coils compared to DC losses. Litz wire which consists of many individual

insulated strands, up to couple of thousands of strands in a bundle is used to reduce the

effects and maintain low winding AC resistance at higher operating frequencies. The coils

in above discussion are wounded using Litz wire consists of 301 strands of individual

cooper wire, divided into seven bunches that are twisted together. The diameter of the

conductor is 1 mm and the diameter of the individual strand is 0.1 mm. Each spiral turn is

buried into a 2 mm wide opening and spacing between each turn is 1 mm. The resistance

calculation method is using Dowell’s equation [91]. The model takes into account of both

the proximity effect and skin effects. A factor obtained from real measurements is added

to the AC resistance equation as the equation is not accurate for spiral coils. Although the
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Figure 5.13: Design flow for maximum achievable efficiency at desired power level.
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Figure 5.14: Design flow for maximum achievable efficiency at the desired power level
range.
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equation does not accurately describe the proximity effects in between turns of the spiral

coil, the estimation is sufficient to be used in the proposed coil design method.

The DC resistance of a Litz wire winding is

rdc =
4ρl

kπdstr2 (5.14)

where k is the number of strands, ρ is the conductor resistivity, dstr is the diameter of a

single strand, l is the total length of the cable. For spiral coil the total length is:

l = (
Dout−Din

2
+Din)×n×π (5.15)

The resistivity of copper is

ρ = 1.68×10−8
Ω/m (5.16)

where n is number of turns. The modified Dowell’s equation for AC resistance ratio in Litz

wire is:

FR = 1+
ηw

2(5Nll
2−1)

45
(
π

4
)3(

dstr

δ
)4 (5.17)

where ηw is the porosity factor, Nll is the number of layers of strands, and δ is the skin

depth. The distance between strands is described by porosity factor. In this calculation the

Litz wire is assumed to be tightly pack and the porosity factor, ηw is equal to 1. It also

assumed that individual strands are parallel to the axis of the bundle, and each bundle has

a square shape, therefore the number of layers is given by:

Nll =
√

k (5.18)

where k is 301 in this study. Skin effect, δ is frequency dependent and is equal to:

δ =

√
2ρ

µ0ω0
(5.19)

where µ0 is the free-space permeability. The AC resistance of the coil is then:

r = rdc×FR (5.20)
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Table 5.4: Dimension of the measured coils.
Coil Inner Diameter, Din Inner Diameter, Dout Number of turns, n

1 22.5 cm 43.5 cm 35
2 10 cm 34 cm 40
3 10 cm 44 cm 57
4 43.5 cm 58 cm 25

In this study, the Litz wire used is the same. Only the dimension of the coils is changed.

Furthermore, the proximity effect between turns in the spiral coil is not considered in the

equation. Therefore, the frequency dependent AC resistance ratio, FR in all coils is equal

to

FR = 1+aω0
2 (5.21)

where a is a constant given by:

a =
ηw

2(5Nll
2−1)

45
(
π

4
)3dstr

4 µ0
2

4ρ2 (5.22)

5.2.1 Measurement Results

The AC resistance of four different spiral coils is measured using Agilent Vector Network

Analyzer (VNA) from 1 kHz to 150 kHz. The dimension of the coils is given in Table 5.4.

Fig. 5.15 shows the plot of coil resistance vs. frequency for the four different spiral

coils. The DC to low frequency resistance matches with calculation from (5.14) and is

depending on the cable length of the winding as other parameters of the cable are fixed.

As the frequency increases, the measured resistance is less accurate. Fig. 5.2.1 shows the

plot of FR for the four coils. The fitted line is obtained by using a = 5.0884E−012 and the

calculated a is 2.2649E-012.
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(a)

(b)

(c)

(d)

Figure 5.15: Coil resistance vs. frequency for a) coil 1, b) coil 2, c) coil 3, d) coil 4.
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Figure 5.16: FR ratio of the coils vs frequency.

Figure 5.17: Wireless power transfer circuit.

5.3 Generalized State Space Averaging

The equivalent circuits of wireless power transfer for dynamic charging is shown in Fig.

5.17. The inverter converts DC supply power to ac power at resonant frequency and acti-

vates the transmitters. The coupled receiver then converts the ac power back to dc via the

full bridge rectifier and a dc/dc converter performs charging control where constant cur-

rent charging is desired [90]. The average equations in one sampling frequency for all the

inductors and capacitors are firstly listed:

L1
di1
dt

= vab− v1− lm
di2
dt

(5.23)

L2
di2
dt

=−v2− vcd− lm
di1
dt

(5.24)

C1
dv1

dt
= i1 (5.25)
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C2
dv2

dt
= i2 (5.26)

Cf
dvf

dt
= |i2|−diL (5.27)

L
diL
dt

= dvf− vC (5.28)

C
dVC

dt
= iL−

vC

RL
(5.29)

(5.23)-(5.26) are the equations for the ac portion of the wireless power transfer and is

rearranged to obtain:

di1
dt

=
vab

Leq2
− v1

Leq2
+

v2

Leqm
+

vcd

Leqm
(5.30)

di2
dt

=− v2

Leq1
− vcd

Leq1
− vab

Leqm
+

v1

Leqm
(5.31)

C1
dv1

dt
= i1 (5.32)

C2
dv2

dt
= i2 (5.33)

Leq1 =
L1L2− lm2

L1
(5.34)

Leq2 =
L1L2− lm2

L2
(5.35)

Leq1 =
L1L2− lm2

lm
(5.36)

Assuming high quality factor resonant circuit, the excitation input from the inverter is :

vab =
4vg

π
sin(ωst) (5.37)

Other waveforms are also sinusoidal with phase shift compared to vab and can be separated

into d-q components.
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x(t) = xd(t)+ jxq(t) (5.38)

Furthermore

vcd = sgn(i2)Vf =
4
π

i2dvf

i2p
+ j

4
π

i2qvf

i2p
(5.39)

|i2|=
2
π

i2p (5.40)

i2p =
√

i2d
2 + i2q2 (5.41)

Separating the signals into their respective d-q components in (5.30) to (5.33), and rear-

ranging:

di1d

dt
=

vab

Leq2
− v1d

Leq2
+

v2d

Leqm
+

4i2dvf

πi2pLeqm
+ω0i1q (5.42)

di1q

dt
=−

v1q

Leq2
+

v2q

Leqm
+

4i2qvf

πi2pLeqm
−ω0i1d (5.43)

di2d

dt
=− vab

Leqm
− v2d

Leq1
+

v1d

Leqm
− 4i2dvf

πi2pLeq1
+ω0i2q (5.44)

di2q

dt
=−

v2q

Leq1
+

v1q

Leqm
−

4i2qvf

πi2pLeq1
−ω0i2d (5.45)

dv1d

dt
=

i1d

C1
+ω0v1q (5.46)

dv1q

dt
=

i1q

C1
−ω0v1d (5.47)

dv2d

dt
=

i2d

C2
+ω0v2q (5.48)

dv2q

dt
=

i2q

C2
−ω0v2d (5.49)

(5.42) to (5.49) are average equations for one sampling frequency. Values of passive ele-

ments are assumed to be constant and large signal state variables contain steady state values

and small signal variations:
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Ast =



1 − Leq2
Leqm

0 −Leq2Re
Leqm

0 0 −ωsLeq2 0

1 −Leqm
Leq1

0 −LeqmRe
Leq1

0 0 0 ωsLeqm

0 0 1 0 ωsC1 0 0 0
0 0 0 1 0 ωsC2 0 0
0 0 −ωsLeq2 0 −1 Leq2

Leqm
0 Leq2Re

Leqm

0 0 0 −ωsLeqm 1 −Leqm
Leq1

0 −LeqmRe
Leq1

−ωsC1 0 0 0 0 0 1 0
0 −ωsC2 0 0 0 0 0 1


(5.60)

i1d = I1d + î1d (5.50)

i1q = I1q + î1q (5.51)

i2d = I2d + î2d (5.52)

v1d =V1d + v̂1d (5.53)

v1q =V1q + v̂1q (5.54)

v2d =V2d + v̂2d (5.55)

v2q =V2q + v̂2q (5.56)

Similarly for the state variables in DC portion:

vf =Vf + v̂f (5.57)

iL = IL + îL (5.58)

vc =Vc + v̂c (5.59)

Substituting (5.42) to (5.49) into (5.50) to (5.56) and let the steady state equations equal to

zero as differentiating constant we obtain zero, we can solve for all steady states variables.

Bst =
[

Vab Vab 0 0 0 0 0 0
]T

(5.61)

Xst =
[

V1d V2d I1d I2d V1q V2q I1q I2q

]T
(5.62)
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Re =
8

π2
RL

D2 (5.63)

Xst = Ast
−1Bst (5.64)

And from (5.27) to (5.29) and (5.57) to (5.59)

IL =
2I2p

πD
(5.65)

VC = ILRL (5.66)

Vf =
VC

D
(5.67)

The linearized small signal equations are given by

d
dt

x̂ = Ax̂+Bû (5.68)

ŷ =Cx̂+Eû (5.69)

where

A =


d f1
dx1

· · · d f1
dxn

...
. . .

...
d fm
dx1

· · · d fm
dxn

 (5.70)

and

B =


d f1
du1

d f1
du2

d f1
du3

...
...

...
d fm
du1

d fm
du2

d fm
du3

 (5.71)

The state variables for the wireless power transfer system are:

x̂ =
[

ˆi1d ˆi1q ˆi2d ˆi2q ˆv1d ˆv1q ˆv2d ˆv2q v̂ f îL v̂c

]T
(5.72)

and inputs to the system are

û =
[

ˆlm ˆvab d̂
]T

(5.73)
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d̂ is the control input whereas ˆlm and ˆvabare the disturbance inputs.
Therefore from (5.42) to (5.49) and (5.27) to (5.29), the small signal state space for the

wireless power transfer including secondary dc/dc converter control can be derived. The
constants in (5.74) are given as:

k1 =
4Vf

πI2p
(

1
I2p

+
I2s

2

I2p3 )

k2 =
4VfI2sI2p

I2p3

k3 =
4I2s

πI2p

k4 =
4I2c

πI2p

k5 =
2I2s

πI2pCf

k6 =
2I2c

πI2pCf

k7 =Vedleq2−V1sdleq2 +V2sdleqm +
4I2sVfdleqm

πI2p

k8 =−V1cdleq2 +V2cdleqm +
4I2cVfdleqm

πI2p

k9 =−Vedleqm +V1sdleqm−V2sdleq1−
4I2sVfdleq1

πI2p

k10 =V1cdleqm−V2cdleq1−
4I2cVfdleq1

πI2p
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A =



0 ωs
k1

Leqm
− k2

Leqm
− 1

Leq2
0 1

Leqm
0 k3

Leqm
0 0

−ωs 0 − k2
Leqm

k1
Leqm

0 −1
Leq2

0 1
Leqm

k4
Leqm

0 0

0 0 −k1
Leqm

ωs +
k2

Leq1
1

Leqm
0 − 1

Leq1
0 − k3

Leq1
0 0

0 0 −ωs +
k2

Leq1
− k1

Leq1
0 1

Leqm
0 − 1

Leq1
− k4

Leq1
0 0

1
C1

0 0 0 0 ωs 0 0 0 0 0
0 1

C1
0 0 −ωs 0 0 0 0 0 0

0 0 1
C2

0 0 0 0 ωs 0 0 0
0 0 0 1

C2
0 0 −ωs 0 0 0 0

0 0 k5 k6 0 0 0 0 0 − D
Cf

0
0 0 0 0 0 0 0 0 D

L 0 − 1
L

0 0 0 0 0 0 0 0 0 1
C − 1

RC


(5.74)

B =



k7
1

Leq2
0

k8 0 0

k9 − 1
Leqm

0

k10 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 − IL
Cf

0 0 Vcf
L

0 0 0



(5.75)

C =
[

0 0 0 0 0 0 0 0 0 0 1
]T

(5.76)

E =
[

0 0 0
]T

(5.77)

5.4 Experiment Verifications

Fig. 5.18 shows the photo of the experiment setup and the parameters in equivalent circuit

of Fig. 5.17 are listed in Table 5.5.
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Figure 5.18: Experiment setup for model verification.

5.4.1 Steady State Variables

Fig. 5.19 shows the calculated output voltage from the derived model and experiment mea-

surement plots vs mutual inductance. The results show good agreement between experi-

ments and calculations. The small difference in the plots is due to the internal resistance of

coils which are not considered in the model. Fig. 5.20 shows that output voltage vs dc/dc

converter duty cycle plots also have good agreement between experiments and calculations.

5.4.2 Dynamic Response

Fig. 5.21 shows that when the primary input voltage is stepped, the output voltage rise time

is around 4 s for current experiment setup. The experimental step response in Fig. 5.22 is

similar to the model step response.

Both the model mutual inductance step response shown in Fig. 5.23 and experiment

mutual inductance step response shown in Fig. 5.24 have around 3 s rise time confirming

the derived model.
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Table 5.5: Experiment parameters.
Parameters Values

Vg 5 V
L1 550 µH
C1 6.37 nF
L2 550 µH
C2 6.37 nF
RL 48 Ω

Cf 4700 µF
Lm 98 µH
L 1.72 µH
C 200 µF
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Figure 5.19: Output voltage, Vout vs mutual inductance, Lm.
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Figure 5.20: Output voltage, Vout vs duty cycle, D.
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Figure 5.21: Model input voltage step response.
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Figure 5.22: Experiment input voltage step response.
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Figure 5.23: Model mutual inductance step response.

Figure 5.24: Experiment mutual inductance step response
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Figure 5.25: Dominant pole location of input voltage to output voltage transfer function for
different Cf.
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Figure 5.26: Model input voltage step response with small Cf.

Figure 5.27: Experiment input voltage step response with small Cf.
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Figure 5.28: Model input voltage step response for: a) primary current, b) secondary cur-
rent.

One of the reasons for slow rise time is the large filter capacitor used in the experiment

setup. Fig. 5.25 shows the dominant pole of input voltage to output voltage transfer func-

tion when the capacitance Cf is varied from 0.01 µF to 100000 µF. Large Cf will results

in slow response while small Cf will results in large ripple. A new Cf which around 100

µF is chosen where further reduction in Cf will not improve the response time. The domi-

nant pole is affected by the slow pole caused by the capacitor in dc/dc converter Fig. 5.26

shows the model input voltage step response with the rise time improved to less than 0.2 s.

Experiment step response is shown in Fig. 5.27.



CHAPTER 5. STEADY AND TRANSIENT STATE DESIGN 108

Figure 5.29: Experiment input voltage step response for primary and secondary current.

5.4.3 Generality of Small Signal State Space

The transfer function from inputs to any state variables can be derived easily once the small

signal state space is derived. The envelope of the ac waveforms can also be controlled as

they are slow varying compared to the switching frequency of either the inverter or dc/dc

converter. When the large filter capacitor is used, the primary current, is also rising slowly

before steady state is reached. Fig. 5.29 shows the model input voltage step response for

primary current, i1 and secondary current i2 and experiment step response is shown in Fig.

5.28.

5.5 Compensator Design for Resistor Load

Basic study for vibration suppression due to the LC filter and disturbance rejection using

traditional lead-lag compensator has been carried out. The feedback control loop is shown

in Fig. 5.30. Compensator Gc is designed to achieve a fast and stable response in the

presence of disturbance inputs.
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(a)

(b)

Figure 5.30: Control block diagram: (a) secondary equivalent circuit, (b) block diagram.

The transfer function of the control loop is given as:

v̂out = v̂re f
1
H

L
1+L

+ v̂in
Gvs(s)
1+L

+ l̂m
Gvl(s)
1+L

(5.78)

where

L(s) = H(s)Gc(s)Gvd(s)/VM (5.79)

Gvd are derived from the above small signal state space model. H(s) is the voltage

sensor gain. Due to the inductor and filter capacitor in the DC/DC converter, the response of

the output from the reference voltage contains ringing. Therefore lead compensator Gclead

in (5.80) is designed to improve the phase margin and therefore removing the ringing and

to achieve a fast response.
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Gclead =
Tleads+1

αTleads+1
(5.80)

The ratio α and Tlead are chosen so that the maximum phase lead improvement occurs at

1 kHz which is selected as 10 times lesser than the controller sampling frequency. An

optional lag compensator can be added to adjust the gain of the feedback loop, L(s).

Gclag = β
Tlags+1

βTlags+1
(5.81)

The final designed compensator:

Gc = Gclead×Gclag (5.82)

= (0.124)
s

2π×315 +1
0.1s

2π×315 +1
× (3.5)

s
2π×200 +1

3.5s
2π×200 +1

(5.83)

The bodeplot of the feedback loop is shown in Fig. 58. With lead only the control, the

phase margin is improved to 520 and the system is stable without ringing. However to

achieve 1 kHz crossover frequency, a less than one gain is added to the lead compensator

and the steady state error is now large. Small dc gain is unable to reject disturbances in

the system. Therefore lag compensator is added at low frequency to achieve higher dc

gain. Lower frequency which is 200 Hz is chosen so that the phase margin will not be

significantly affected. Fig. 5.32 shows the step response of the closed loop system without

feedforward control.

5.6 Feedforward Compensator Design for Battery Load

The equivalent circuit for battery load is given in Fig. 5.33. The parameters are the same

as Table 5.5. The battery voltage is 12 V and charging current is 2 A. A feedforward

controller is designed for charging current tracking. The plant considering only the DC

portion is given in (5.84). A Zero Phase Error Tracking Control (ZPETC) is proposed for

charging current control due to the unstable zero in (5.84). The controller block diagram
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Figure 5.33: Equivalent circuit for battery charging using dc/dc control.

Figure 5.34: Feedforward current control block diagram.

is given in Fig. 5.34. The feedback controller is obtained by pole placement of the fourth

root against the plant.

∆ibatt

∆d
=

b1s+b0

s2 +a1s+a0
(5.84)

where b1 =
Vcf
L , b0 =−CfIbatt

LCf
, a1 =

r
L and a0 =

D2

LCf
. The digitized control plant using zero-

order hold is represented by [94]:

∆G(z−1) =
z−dB(z−1)

A(z−1)
(5.85)

where z−d represents a d-step delay caused by the plant. The feedforward controller:

r(k) =
zdA(z−1)B−(z)
B+(z−1)B−(1)2 (5.86)

where B+(z−1) is contains the cancelable zeros and B−(z−1) contains the uncancellable

zeroes. B−(z) is obtained by replacing every z−1 in B−(z−1) by z

The simulation results are shown in Fig. 5.35. The plot shows that the output is able to

track the reference input with the feedforward control.
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Figure 5.35: Simulation results for feedforward control.

5.7 Chapter Summary

In this chapter, coil design relating to power level and efficiency is discussed. The efficiency

depends on both the transmitter and receiver coils but the power level depends only on the

transmitter coil. This characteristic of wireless power transfer is exploited to obtain flatter

efficiency curve across wider power level. The AC resistance was also calculated using

extended Dowell formula but not including the external proximity effect. Fitted data is

used to increase the accuracy of AC resistance calculation. Discussion on using general

state space averaging method to model the fast varying AC signal of wireless power transfer

is also included in this chapter. General state space averaging is a widely used method to

model transient of AC signal for example in resonant dc/dc converters and more recently in

wireless power transfer. The transient in the DC portion of the receiver side is much slower

than the AC portion due to larger filter capacitors compared to the resonant capacitors.

Feedback control is proposed for the resistor load using lead-lag design. For battery load,

the plant contains an unstable zero and feedforward control ZPETC is proposed.



Chapter 6

System Design and Experiment

Fig. 4.5 from Chapter IV shows the whole system overview of the hardware setup. The

hardware system constructed supports three transmitters connected in parallel to the in-

verter via impedance inverter LCL circuit. AC switches are used to activate and deactivate

each transmitter. The position of the electric vehicle is sensed by magnetic sensors and each

sensor has Zigbee communication unit to communicate with the controller at the transmit-

ter side. The receiver side at the electric vehicle consists of a rectifier to convert the ac

power from the receiver to dc power and a dc/dc converter for power control to the battery.

6.1 Vehicle Positioning

Fig. 6.1 shows the vehicle positioning unit. Permanent magnet is installed at the vehicle,

and a sensitive magnetic sensor with three axes is installed in between two consecutive

transmitters to measure the magnetic field strength. As the magnetic sensors are installed

at the same plane as the transmitters, the magnetic field from wireless power transfer only

affects the vertical axis. While the permanent magnet moves as the vehicle is moving,

the position can be sensed in the horizontal axis by measuring magnetic field strength.

Threshold strength is defined and each magnetic sensor is responsible of turning off the

previous transmitter and turning on the next transmitter. When the electric vehicle enters

the effective area of a sensor defined by the magnetic field threshold, the next transmitter

is turned on. When the electric vehicle exits the effective area of the sensor, the previous

114
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(a)

(b)

Figure 6.1: Vehicle positioning unit: a) block diagram of the configuration, b) experiment
setup.



CHAPTER 6. SYSTEM DESIGN AND EXPERIMENT 116

Figure 6.2: Measurement results of magnetic field strength by magnetic sensors in the
moving direction.

transmitter is turned off. At the same time, the next sensor is also activated and therefore

the third transmitter is turned on.

Considering Fig. 6.1(a), when the EV moves away from the first transmitter and arriv-

ing at the center point of the second transmitter. Prior to this, the first and second trans-

mitter are turned on. The magnetic field strength sensed by the magnetic sensor labeled as

‘1’ drop to below defined threshold and the controller turns off the first transmitter. At the

same time, the magnetic field strength sensed by the magnetic sensor labeled as ‘2’ increase

to above defined threshold and turns on the third transmitter. Each time, only one or two

transmitters are activated to achieve balanced magnetic field for wireless power transfer

when the vehicle is moving. Fig. 6.2 shows the magnetic field strength measured while

the vehicle is moving, the relative positions are labelled in Fig. 6.1(a). The measurement

period is 6 ms and the sensitivity of the sensor is 5 mGs.

6.2 Transmitter module

Fig. 6.3 shows the transmitter module. The module consists of a H-bridge inverter, a main

control board and three LCL resonators connected in parallel via AC switches. The main

controller (ARM STM32VET6) is used to generate four PWM driving signals for the H-

inverter. The controller also turns on and off the AC switches using the measurement from
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(a)

(b)

Figure 6.3: Transmitter module: a) equivalent circuit, b) photo of the actual unit
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the magnetic sensors which is transmitted to the controller via Zigbee modules. The values

of the components in equivalent circuit in Fig 6.3(a) are given in table 6.1. The high voltage

capacitors are from Nippon Chemi-con. The maximum voltage and current specifications

for various capacitance can be found in [93]. The dimension of the transmitters is 40 cm X

20 cm and 20 turns.

Table 6.1: Parameters of components in the primary model.

Value
L11 25 µH
L12 233 µH
L21 25 µH
L22 233 µH
L31 25 µH
L32 233 µH
C11 140 nF
C12 35 nF
C21 140 nF
C22 35 nF
C31 140 nF
C32 35 nF

6.3 Receiver module

Fig. 6.4 shows the receiver module. The module consists of a serial resonant compensation

network, a rectifier and a dc/dc converter. The ac power received from the receiver is

converted to dc power and a dc/dc converter is installed for power flow control to the

battery. The modeling and control to be implemented are described in the previous chapter.

The controller is TMS320F28335 DSP. The parameters of the components are given in

Table 6.2. The dimension of the receiver is 20 cm X 20 cm and 20 turns.
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(a)

(b)

Figure 6.4: Receiver module: a) equivalent circuit, b) photo of the actual unit
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Table 6.2: Parameters of components in the receiver module.

Value
L2 233 µH
C2 15 nF
L 1.72 mH
C 100 µF
CF 200 µF

Figure 6.5: Experiment setup.

6.4 Experiment results

Fig. 6.4 shows the whole experiment setup powering light bulb loads. As the receiver is

moved across the transmitters, two transmitters are activated simultaneously and the power

received by the load is flatten. Fig. 6.6 shows the efficiency and power plot when the

receiver is move along from 0 cm point to 70 cm point. The effective resistance including

the light bulb, dc/dc converter and rectifier is the maximum efficiency resistance, 15 Ω.

The input voltage is 50 V. Lateral position refers to the position of the center of the receiver

with respect to the transmitters. The 0 cm point is when the center of the receiver is above

the center of the first transmitters.



CHAPTER 6. SYSTEM DESIGN AND EXPERIMENT 121

Figure 6.6: Measured power and efficiency vs. lateral position.

6.5 Chapter Summary

The hardware including the transmitter module, receiver module and position sensing mod-

ule for even magnetic field configurations is built. The measurements from magnetic sen-

sors are sent to the controller and transmitters are turned on only when the vehicle is ap-

proaching and turned off when the vehicle is leaving. The dimension and gap are designed

such that even magnetic field is achieved. The measurements from along the track shows

that the dc/dc efficiency is around 70% and constant power around 65 W is achieved.
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Conclusion

Using resonance and high quality factor coils, magnetic resonant coupling is able to extend

from short transfer range of induction to mid-range wireless power transfer. Considerable

amount of power can be transferred over a distance few times of the radius of the coils.

The system is also robust towards positional shift of the coils. With the increasing use of

portable devices and electric vehicles, mid-range wireless power transfer can be imple-

mented to increase convenience of everyday life. Other applications including powering

moving robots, implementable medical device, and power supply for sensor network for

underground radioactive waste monitoring.

Due to small physical length compared to signal wavelength, the coils in magnetic res-

onant coupling can be estimated as lumped elements and the whole system is represented

by equivalent circuits. However for various applications, powering multiple receivers

simultaneously is needed. Furthermore, repeaters may be added to expand the transferable

range. As more resonators are added to the system, conventional equivalent circuit equa-

tions are complex. In this work, impedance inverter representation of coupling is proposed

so that the power transmission path is systematically divided into transfer stages. Coupled

resonators can be thought as connected through an impedance inverter in between them.

In multi-receiver case, impedance viewed from transmitter towards each receiver

through representative impedance inverter is connected in series. Therefore the power

122
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division ratio is simply equals to the impedance ratio. In transmission path contain-

ing repeaters, the impedance is inverted once for each repeater. Combining equations

from multi-receiver and repeaters, generalized equation is derived for power division and

impedance matching of wireless power transfer consists of arbitrary number of receivers

and repeaters. Also, impedance inverter representation simplifies analysis of wireless

power transfer of various configurations. Analysis of a dead zone phenomena caused by

repeaters where power cannot be transferred to receiver even though the coils are coupled

is provided. The phenomenon is then divided into two general cases for arbitrary number

of repeaters.

Using derived theory for wireless power transfer as basis, dynamic charging configu-

ration which is using double transmitters is proposed to achieve high efficiency and even

magnetic field. The hardware is constructed including the receiver position sensor and

automated switching of transmitters as the vehicle move along the charging lane. The

experiment is performed using operating frequency of 85 kHz as proposed by Society of

Automotive Engineers as the frequency for interoperability. The physical dimension of the

transmitter is smaller or up to the size of the receiver as long transmitter lowers the transfer

efficiency. Multiple transmitters are connected to a common power source via impedance

inverter circuit for cost saving. Method for determining the spacing in between transmitters

is also proposed to achieve even magnetic field. Additionally, cross coupling between the

transmitters do not affect the designed power level due the LCL impedance inverter circuit.

In the next chapter, the steady state and transient analysis of one-to-one wireless power

transfer are discussed. In series-series compensated wireless power transfer, the maximum

efficiency depends on both the receiver and transmitter. However the maximum power

depends dominantly on the transmitter. This characteristic is exploited to achieve a flatter

efficiency curve across different power levels as different power is required when the

vehicle is at different moving speeds. A design flow is then proposed using efficiency vs.

power level curve. The design method is discussed using round spiral coils and the ac

resistance is approximated using extended Dowell formula. However the method can be

applied to other coils once the ac resistance calculation method is developed. The transient
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of the wireless power transfer is then studied using general state space averaging (GSSA).

Future work of this dissertation:

1. Even magnetic field for vehicles of different sizes.

2. Improved AC resistance calculation for coil designs.

3. Application of the automated coil design method in chapter 5 for proposed even

magnetic field configuration.

4. Dynamic configuration design for constant power load.
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