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1. INTRODUCTION

A contact structure on a (2n + 1)-dimensional manifold M is a max-
imally nonintegrable hyperplane field &£. Locally € can be written as
¢ = kera by a 1-form « satisfying a A (da)™ # 0. If a contact struc-
ture £ is cooriented, we can take « as a global 1-form on M. When
M is oriented and & = ker « is cooriented, we say that & is positive
(resp. negative) if o A (da)™ is a positive (resp. negative) volume form
on M with respect to the given orientation. An embedding j: M — N
between two contact manifolds (M, &) and (N,n) is called a contact
embedding if Tj5(M) Nl = dj(§).

The contact embedding problem of closed contact manifolds of codi-
mension greater than two reduces to homotopy theory by Gromov’s
h-principle [25] and it is shown that any closed cooriented contact
(2n + 1)-manifold embeds in (S*"3 £yq). To construct contact em-
beddings Ibort, Martinez-Torres and Presas [31] developed the approx-
imately holomorphic methods based on Donaldson’s work for symplec-
tic manifolds [9] and Martinez-Torres [35] (and Mori [40] in the case
of n = 1) also proved that any closed cooriented contact (2n + 1)-
manifold embeds in (S £.q4) and the embeddings are compatible
with supporting open books.

In this thesis, we consider codimension two contact embeddings of
closed contact (2n + 1)-manifolds in contact (2n + 3)-manifolds for
n > 1, especially in (5?73 &q) or in a (2n + 3)-dimensional Darboux
chart. Natural examples of codimension two contact embeddings in
the standard spheres are the links of isolated hypersurface singularities
[37]. Though there are several other examples, it is not yet well studied
whether a given contact (2n + 1)-manifold can embed in (52" £q).

To construct codimension two contact embeddings in higher dimen-
sions, we focus on braids and braided embeddings which is a natural
generalization in higher dimensions of closed braids in S%. An m-
dimensional manifold M is a braid about Y if there is an embedding of
j: M — Y x D? such that pr,oj is a branched covering, where pr,: ¥ x
D? — Y is the projection to the first factor. We say that an embedding
j of an m-dimensional manifold M in an (m + 2)-dimensional manifold
N is a braided embedding if there is an m-dimensional submanifold Y
of N with trivial normal bundle and j makes M a braid about Y. A
classical 1-dimensional closed braid is naturally a braid about the triv-
ial knot in this sense and thus this definition of braided embeddings
seem to be a natural generalization of that of classical closed braids. 2-
dimensional braids are well studied. The study on 3-dimensional braids



has just begun for example in [3], [4], [5]. Though topological proper-
ties of higher dimensional braids are not yet well understood, they are
useful to construct contact embeddings.

1.1. Existence of embeddings of closed contact 3-manifolds in
the standard 5-sphere. Let us consider contact embeddings of closed
positive contact 3-manifolds in (S®,&q). By Hirsch [29], any closed
oriented 3-manifold can embed in S® and thus there is no obstruction
for smooth embeddings. For codimension two contact embeddings,
however, there is one known obstruction other than obstructions for
smooth embeddings in a general setting.

Theorem 1.1 (Kasuya [33]). If a closed cooriented contact manifold
(M?*+L€) embeds in a cooriented contact manifold (N?"T3 n) with
H?(N?"t3:7Z) = 0, then the first Chern class c1(€) of € is trivial.

Then the following question naturally arises.

Question 1.2. Given a closed oriented 3-manifold M, does a positive
contact structure £ on M embed in (S°,&,q) if and only if its first
Chern class ¢1(§) is trivial?

In the first part of this thesis we give several partial answers to this
question. In the case of S, we can embed all the contact structures on
S3in (S?,&4q) in nice ways.

Theorem 1.3 (Etnyre and F. [17] Theorem 1.16). Any positive contact
structure on S® can be embedded in (S°, Exa) so that the embedding is
1sotopic to the standard one.

Remark 1.4. By using a 7% action on S° Mori [43] showed that
there exists an overtwisted contact structure (and hence infinitely many
overtwisted contact structures) on S® which embeds in (S°, £,q) so that
the embedding is isotopic to the standard one. But it was not clear
whether all the contact structures can embed.

For overtwisted contact structures on any 3-manifold M, we have a
partial answer to Question 1.2.

Theorem 1.5 (Etnyre and F. [17] Theorem 1.20). Let M be a closed
ortented 3-manifold with no 2-torsion in its first homology group. Then

a positive overtwisted contact structure & on M embeds in (S°,&sa) if
and only if ¢1(§) = 0.

For tight contact structures on certain contact 3-manifolds, using
the classification of tight contact structures [32] [22] [30], we obtain

another partial answer to Question 1.2.
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Theorem 1.6 (Etnyre and F. [17] Theorem 1.21). Let M be one of
the following 3-manifolds.

(1) St x 52,

(2) T3, or

(3) a lens space L(p,q) (including S®) with p odd or with p even

andg=1orq=p—1

Then a positive contact structure & on M embeds in (S° &xq) if and
only if its first Chern class c¢1(&) is trivial.

In this thesis we prove (1) , (2) and (3) for odd p’s.

1.2. The relative Euler numbers of codimension two contact
submanifolds and their Seifert hypersurfaces. One of the main
research subjects on transverse knots is the classification problem, more
precisely the problem to know whether the isotopy classes of transverse
knots in a fixed smooth knot type are determined by their values of
the self-linking number. It has been studied, for example, by using
braid theory, convex surface theory or Floer type invariants such as
knot Heegaard Floer homology and knot contact homology.

In the higher dimensional case, however, the classification problem
of codimension two contact embeddings of closed contact manifolds has
not been well studied. Some of reasons are that it has been difficult to
find contact embeddings and that there have not been systematic ways
to calculate invariants of codimension two contact embeddings.

Question 1.7. For positive integers n, are there two contact embed-
dings of a closed contact manifold (L?"™! ¢) in (S?"*3 &,.q) which are
isotopic as smooth embeddings but not isotopic as contact embeddings?

We partially answer to this question by calculating the relative Euler
number which is a natural generalization of the self-linking number in
higher dimensions. For a null-homologous codimension two positive
contact submanifold (L, ¢|rr) and its Seifert hypersurface ¥ (L = 0%)
in a positive contact (2n + 3)-manifold (M, ), we define the relative
Euler number e, (L, Y) of L and ¥ by

erel(L7 E) - = <6<§,X2), [27 aZD ;

where e(¢, Xx) € H*"2(M, L; Z) is the relative Euler class relative to
an outward vector field Xy along L which is tangent to £|rs. The self-
linking number si(L,X) of a transverse knot L and its Seifert surface
¥ in a positive contact 3-manifold coincides with e, (L, X); sl(L, X) =
erel(L, E) .

The self-linking numbers of transverse knots play important roles in

3-dimensional contact topology. For a null-homologous knot L in a
5



positive tight contact 3-manifold, the Bennequin inequality si(L, ) <
—x(2) holds, where x(X) is the Euler characteristic of X [1] [13]. This
inequality shows that the set of values of the self-linking numbers of
transverse knots reflects tightness of the contact structure. In higher
dimensional case, however, Mori showed that we cannot expect the
same ‘Bennequin inequality’.

Theorem 1.8 (Mori [42]). For any positive integer n, there exists a
contact submanifold L = S x S?" and its Seifert hypersurface ¥ =
D? x S in (5?73 &4q) such that e, (L, X)) > —x(2).

We will give other examples with e,(L, ¥) > —x(X) in the standard
spheres (Theorem 1.10 (1)).

In the second part of this thesis, we calculate the relative Euler
numbers of certain codimension two contact submanifolds and their
Seifert hypersurfaces obtained by using braided embedding technique
[17]. This result generalizes the formula of the self-linking number of
the (k, 1)-cable with k£ > 0 of a transverse knot K in a contact 3-sphere
in terms of the self-linking number of K.

Theorem 1.9. Let n be a positive integer. Let M be a (2n + 3)-
dimensional integral homology sphere with a positive contact structure
€. Let L be a (2n + 1)-dimensional oriented sphere which is a positive
contact submanifold of (M,§). Let K be a (2n—1)-dimensional oriented
sphere which is a positive contact submanifold of (L,&|rr). For any pos-
itive integer k, there exist a contact embedding j: (Lkk, (&|lrr)xr) —
(M, &) of the k-fold cyclic covering (L, (&|7r) i k) of (L, &|rr) branched
along (K, €|rk) and a Seifert hypersurface ¥jr, ) of j(Lk k) such that

el (J(Lrk)s Zjper) =k - era(L) — (k= 1) - ey (K).

Moreover, for any Seifert hypersurfaces Y of K and X1 of L, the
Seifert hypersurface ¥, ) can be taken so that it is diffeomorphic to
the k-fold cyclic covering of ¥, branched along a push-off ¥ of Xk
into ¥, relative to its boundary corresponding to the Z/kZ reduction
of the element in H (X \X%; Z) dual to the meridian circle of X% .

We use Theorem 1.9 to give two contact embeddings isotopic but not
contact isotopic in Theorem 1.10 (2), which answers to Question 1.7
for any positive even number n.

Recently the study of the flexibility properties of higher dimensional
contact manifolds are largely developed by the classification of over-
twisted contact structures in higher dimensions [2] and by geometric
characterizations of overtwistedness [6]. Combining with these results,

Theorem 1.9 gives several informations on the relative Euler numbers
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of contact submanifolds in the standard sphere which are smooth un-
knots. Theorem 1.10 (1) gives examples of codimension two contact
submanifolds with e, (L, %) > —x(X) as we mentioned.

Theorem 1.10. (1) Let m be an integer and n be a positive inte-
ger. Then there exists a contact embedding of an overtwisted
contact structure n, on ST in (S**3 £.4) such that it has
the relative Fuler number 2m + 1 and it is isotopic to the stan-
dard embedding.

(2) For any positive even number n, there exists an overtwisted con-
tact structure & on S*"* and infinitely many contact embed-
dings of & in (S*"T3, Eqq) with distinct relative Euler numbers
which are isotopic to the standard embedding. In particular, for
any integer m, there exists a contact embedding of the unique
overtwisted contact structure o on S° in (57, Esta) such that it
has the relative Fuler number 2m + 1 and it is isotopic to the
standard embedding.

1.3. Plan of the thesis. In Part 1 consisting of Sections 2-5, we
consider the existence of embeddings of closed contact 3-manifolds in
(55, &ta)- Almost all the contents of Part 1 are in the joint paper with
John Etnyre [17]. In Section 2, we review contact embeddings, contact
3-manifolds and branched coverings. In Section 3, we introduce braids
and braided embeddings. In Section 4, we consider braids in contact
manifolds and give conditions for the braided embeddings to be contact
embeddings. In Section 5, we apply braided embeddings to studying
contact embeddings of closed contact 3-manifolds in (S°, &:q) and prove
Theorems 1.3, 1.5 and 1.6.

In Part 2 consisting of Sections 6-8, we consider the relative Euler
numbers of codimension two contact submanifolds and its Seifert hy-
persurfaces. In Section 6, we define the relative Euler number e, and
review overtwisted contact structures in higher dimensions. In Sec-
tion 7, we prove Theorem 1.9 which gives the relative Euler numbers
of contact embeddings of cyclic branched coverings. In Section 8, we
apply Theorem 1.9 to proving Theorem 1.10.
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Part 1. Existence of embeddings of closed contact
3-manifolds in the standard 5-sphere

2. PRELIMINARIES TO PART 1

For a positive real number ¢ we denote the closed interval [—c, (]
by I. and denote the closed disk with radius r centered at the origin
embedded in R? or C by D2

2.1. Contact structures and contact embeddings. A contact struc-
ture on a (2n+1)-dimensional manifold M is a maximally nonintegrable
hyperplane field £. Locally ¢ can be written as & = ker a by a 1-form
a satisfying a A (da)™ # 0. If a contact structure £ is cooriented,
we can take o as a global 1-form on M. When M is oriented and
¢ = kera is cooriented, we say that £ is positive (resp. negative) if
a A (da)™ is a positive (resp. negative) volume form on M with re-
spect to the given orientation. An embedding j: M — N between two
contact manifolds (M, &) and (N,n) is called a contact embedding if

T§(M) N nljan = dj(€).

Example and Notation 2.1. The standard contact structure &gq on
R?"*! is the contact structure given by &ga = ker(dz — > 1 | yidx;).
The standard contact structure gq on the unit sphere S?**! in Cn*!
is a contact structure given by &yq = ker(—1 Z;‘;l (zjdz; — zdz;)) =
ker(1 Z;‘;l ridf;), where z;, j = 1,2,...,n 4 1, are coordinates on
C"t! and z; = r;e. We note that (S?""'\{pt}, &alr(szoe\pry) 18
contactomrophic to (R*"T! &q). We call {z,,, =0} = §*~1 C 52+l

the standard sphere in S*"*1,

The contact structure on a neighborhood of a contact submanifold
is determined by its conformally symplectic normal bundle.

Theorem 2.2 ([21] Theorem 2.5.15). Let (N;,n;), i = 0,1, be con-
tact manifolds with compact contact submanifolds (M;,&;). Suppose
there exists an isomorphism of conformally symplectic normal bun-
dles ®: CSNy,(My) — CSNy, (M) that covers a contactomorphism
¢: (Mo, &) — (My,&). Then ¢ extends to a contactomorphism ¢ of
suitable neighborhoods N(M;) of M; so that d¢|CSNNO(Mo) and ® are
homotopic as conformally symplectic bundle isomorphisms.

Then, for a codimension two contact submanifold with trivial normal
bundle, the following holds.

Proposition 2.3. Let (M,€) be a codimension two closed cooriented

contact submanifold of (N,n) with trivial normal bundle. Then there
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exists a neighborhood of M which is contactomorphic to (M x D? ker(a+
r2df)) for some small positive real number €, where a is a contact form
for & and (r,0) are polar coordinates on D?.

Contact embeddings of closed contact manifolds have the isotopy
extension property.

Theorem 2.4 ([21] Theorem 2.6.12). Let j,: (M,&) — (N,n), t €
[0, 1], be an isotopy of contact embeddings of a closed contact manifold
(M, &) in (N,n). Then there is a compactly supported contact isotopy

Yr of (N, n) such that ¢ o jo = ji.

It is easy to see that the connected sum of contact submanifolds is
a contact submanifold of the connected sum of contact manifolds.

Lemma 2.5. If (M;,&;) is a contact submanifold of (N;,n;) fori=1,2,
then (My# My, E1#&s) is a contact submanifold of (N1#Na, m#n2).

2.2. The self-linking numbers of null-homologous transverse
knots. The self-linking number of a null-homologous oriented trans-
verse knot L and its Seifert surface ¥ in a contact 3-manifold is the
linking number of L and L’ where L' is a push-off of L along a nonvan-
ishing vector field given by a trivialization of & over ;. We note that
the self-linking number does not depend on the orientation of L.

Proposition 2.6 (Bennequin [1], see also [15] Section 2.6.4). Let L be a
transverse knot which is a closed braid around the z-azis in (R3 ker o)
or (R® kera_), where oy = dz+ 3 (zdy — ydz) and a_ = dz — 3(zdy —
ydz). If L is the closure of an element b of the braid group By of k
strands, then sl(L) = e(b) — k when L is in (R? kera) and sl(L) =
e(b) + k when L is in (R3 ker a_), where e(b) denotes the sum of the
exponents of b with respect to the standard generators.

The formulas for o, and a_ reflect the fact that there is an orienta-
tion reversing contactomorphism (R3, ker ay ) — (R?, kera_), (z,y, 2) —

(-ZL‘,ZU, 2)

2.3. Homotopy classes of oriented 2-plane fields on oriented
3-manifolds. For an almost complex 4-manifold (X, J) whose almost
complex boundary is (M, €), if the first Chern class ¢ () is a torsion
class, then we can define an invariant ds(§) € Q of £ by

1
0(€) = H(AX.J) — 30(X) — 24(X)),
where o(X) and x(X) are the signature of X and the Euler charac-

teristic of X, respectively, see [23, Definition 4.15]. Here, we use the
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notation dz(&) following [7]. Gompf showed that certain homotopy
classes of 2-plane fields on a 3-manifold are classified by the homo-

topy classes over the 2-skeleton and ds-invariants in some cases, see [7,
Theorem 2.5].

Theorem 2.7 (Gompf [23] Theorem 4.16). Let &;, i = 1,2, be positive
2-plane fields on a closed oriented connected 3-manifold M such that
(M, &;) are the almost complex boundaries of (X;, J;), respectively. If &
and & are homotopic on the 2-skeleton and c¢1(&1) = ¢1(&2) is a torsion
class, then & and & are homotopic on M if and only if d3(&1) = d3(&2).

For S3, there exists a one-to-one correspondence between the homo-
topy classes of 2-plane fields on S3 and Z — % so that d3(&a) = —%,
see [7].

2.4. Overtwisted contact structures in dimension three. Eliash-
berg [12] defined and classified overtwisted contact structures in dimen-
sion three.

Definition 2.8. An embedded disk A in a contact 3-manifold (M, )
is an overtwisted disk if its boundary 0A is a Legendrian curve whose
surface framing coincides with its contact framing and the character-
istic foliation A, contains a unique singular point in the interior of A.
A contact 3-manifold is overtwisted if it contains an overtwisted disk.

Fix a point p in a 3-manifold M and an embedded disk A centered at
pin M. Let Conty (M, A) be the space of overtwisted positive contact
structures on M which have the disk A as an overtwisted disk and
Dist(M, A) be the space of cooriented 2-plane fields on M that are
tangent to A at p.

Theorem 2.9 (Eliashberg [12]). The inclusion map
J: Conto (M, A) — Dist(M, A)
is a (weak) homotopy equivalence.

For S®, connected components of Dist(M,A) are labelled by d3-
invariants by Theorem 2.7. By Theorem 2.9, the overtwisted contact
structure on S® with the ds-invariant m — % is well-defined and we
denote it by &,,.

There is an operation called a half Lutz twist along a transverse
knot in a contact 3-manifold which makes the given contact structure
overtwisted. By a half Lutz twist along a transverse knot in a contact

3-sphere, ds-invariant changes as follows.
11



Proposition 2.10 (Ding, Geiges and Stipsicz [8]). Let £ be a positive
contact structure on S®. If we obtain a contact structure £ from & by a
half Lutz twist along a transverse knot K, then d3(€') = d3(€) — sl(K).

2.5. Branched coverings. In this paper we use the term branched
covering in the following sense.

Definition 2.11 (see [21] Definition 7.5.1). Let L and L be (n + 2)-
dimensional smooth manifolds and K be an n-dimensional smooth sub-
manifold of L. A differentiable map p: L — L is called a covering
branched along K or just a branched covering if

® pl,-1(r\k) is a covering map of degree m,

e p~!(z) is a set of m’ points with m’ < m for any x € K,

e there is a neighborhood U, of x € K such that for each com-
ponent U of p~1(U,) there are a positive integer & and diffeo-

morphisms h: D" x D?> — U and h: D" x D* — U, such that
D*x D> U

the diagram lpk lplU commutes, where pi(y, 2) =

D" x D* —— U,
(y, 2*) for (y,2) € D" x D> C D™ x C.

If M =m—1and k = 1 or 2, then we callpzz — L a simple
branched covering. In this thesis, if K is a null-homologous closed
oriented submanifold of an oriented manifold L with trivial normal
bundle, a k-fold cyclic branched covering is a covering determined by
the kernel of the composition of maps m (L\K) — H{(L\K;Z) - Z —
Z/kZ, where the first map is the abelianization and the second map
is a homomorphism given by intersection with some chosen compact
connect oriented codimension one submanifold bounded by K. If L
is a sphere and K is a closed connected oriented submanifold, then a
k-fold cyclic branched covering is unique since Hy(L\K;Z) = Z by the
Alexander duality. In this case we denote L by L .

For a covering p: L — L branched along K, if L is equipped with
a contact structure ¢ and K is a contact submanifold of (L, &), then
L has a natural contact structure induced by p which is unique up to
isotopy.

Theorem 2.12 (Geiges [20], Oztiirk and Niederkriiger [45]). Let p: L —
L be a covering branched along a smooth submanifold K C L. Assume
that L has a contact structure & = ker a such that K intersects & trans-

versely and ENT K 1s a contact structure on K. Then there is a unique
12



(up to isotopy) contact structure &, on L. &p 15 given by a contact form
B1 that can be connected to By = p*a by a path By, t € [0, 1], where By is
a contact form fort > 0 and d(%hzo) restricts to a positive area form
on each (naturally oriented) fiber of the normal bundle of the singular
set in L.

If L is a sphere and K’ is a closed connected oriented submanifold and
p: L — L is the k-fold cyclic branched covering as above, we denote
the unique induced contact structure up to contactomorphism on Lg j
by &k k-

For a simple covering of a contact 3-manifold branched along a trans-
verse knot, the induced contact structure is altered when we alter the
transverse knot by a (negative) stabilization as in the following.

Proposition 2.13 (see [17]). Let p: L — L be a simple branched cover-
ing of a closed oriented 3-manifold with branch locus B C L. Let £ be a
contact structure on L and K be a transverse knot in (L,&) and K’ the
(negative) stabilization of K. Let {x and £k be contact structures on
L induced by a covering p branched along K and K', respectively. Then
&k is obtained from Ex by connected sum with the overtwisted contact
structure (S®,&1), where d3(&) = . In particular, £xr is overtwisted,

2
homotopic to £k over the 2-skeleton, and has ds-invariant (when it is

deﬁned) d3<§K/) = d3(fK> + 1.

3. TOPOLOGICAL BRAIDED EMBEDDINGS

Definition 3.1. Given an n-manifold Y, a braid about Y is an embed-
ding of an n-manifold M in Y x D?

e: M —Y x D?

such that moe: M — Y is a branched covering map, where 7: Y x D?* —
Y is the projection onto the first factor. Moreover, we say a branched
covering p: M — Y can be braided about Y if there is a function
f: M — D? such that

e: M —Y x D?: 2w (p(x), f(x))

is an embedding (and hence represents M as a braid about V). If Y is
embedded in a (n + 2)-manifold W with trivial normal bundle and M
is braided about Y, then clearly M embeds in W and this is called a
braided embedding of M in W (braided about Y).

Theorem 3.2 (Etnyre and F. [17]). Let p: M — Y be a cyclic cover-

ing of a closed oriented n-manifold Y branched along a null-homologous
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submanifold B C'Y with trivial normal bundle. Then there is a func-
tion f: M — D? such that

e: M —Y xD?: 2w (p(x), f(z))

represents M as a braid about Y, where p' is homotopic to p through
cyclic branched coverings.

For 2-fold branched coverings in dimension 2, 3 and 4, this theorem
was previously proven in [4].

Proof. Let S be a Seifert hypersurface for B, that is, a codimension 1
connected submanifold S of Y such that B = 05, corresponding to a
given cyclic branched covering. We will define in the next paragraph a
smooth function h: Y — C such that 0 is a regular value, h~*(0) = B
and for any loop = in the complement of B its algebraic intersection
with S is given by the winding number of h o v about 0 € C. Having
defined the function h, let

X ={(z,2z) €Y x C|z" = h(z)}.

It is clear that the map p': X — Y : (z,2) — z is the n-fold cyclic
covering of Y branched along B (indeed it is clearly an n-fold covering
map in the complement of the branch locus and unwraps each meridian
as desired) that is homotopic to p. Thus X is diffeomorphic to M and
the restriction of the projection Y x C — C to X is the desired function
I

Now we construct h. We use S to provide a framing of the normal
bundle of B and we use this framing to identify a tubular neighborhood
of B with N = B x D?, where we are thinking of D? as the unit
disk in C and S N N agrees with B times the positive real axis. Let
h: B x D? — D? be the projection and extend it to all of Y as follows.
Identify a neighborhood of SN (Y — N) with N’ = S x (—e¢, €) for some
small € > 0 and define h on S x (—¢,€) by h(x,t) = €. Notice that
we have h defined on 9(Y — N U N’) so that the image is contained
in ®D? minus a neighborhood of 1. That is, the image is contained
in an interval in dD? and hence we can extend h over Y — (N U N’).
We approximate h by a smooth function relative to N and replace h

by it. For a C°-close approximation h, 0 is still a regular value and
B = h71(0). O

4. CONTACT BRAIDED EMBEDDINGS

In this section we show that braided embeddings about a contact

submanifold can be made to be contact embeddings.
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Theorem 4.1 (Etnyre and F. [17]). Let M and Y be closed oriented
(2n + 1)-manifolds and

e: M —Y x D?: 2w (p(x), f(x))

a braided embedding of M about Y such that the branched covering
p: M — Y whose branch locus B C 'Y is not multiply ramified (that
is, at most one component in the pre-image of each component of B
is ramified). Then there is an orientation on B with the following
property. For a contact structure & = ker o on'Y such that B is isotoped
to a positive contact submanifold B', we obtain the contact structure &'
induced on M by the isotoped covering p' branched along the positive
contact submanifold B', and e can be isotoped to a contact embedding

of (M,&') in (Y x D? ker(a + r?df)).

This theorem gives a way to isotope certain embeddings of 3-manifolds
in S° to be transverse contact embeddings.

Corollary 4.2 (Etnyre and F. [17] Theorem 1.26). If an embedding of
a 3-manifold M in S® can be isotoped to be braided about the standardly
embedded S, then it can be isotoped to be transverse to the standard
contact structure Egiq tn such a way that the induced plane field on M
15 a contact structure.

Proof of Corollary 4.2 [17]. The standard embedding of S* in S5 gives
a contact embedding of the standard contact structures. Thus by
Proposition 2.3, S® has a neighborhood S? x D? with contact structure
given by ker(agiq + 72 df), where agq is a contact form for the standard
contact structure on S2.

To use Theorem 4.1, we show how one can isotope the embedding so
that branched covering corresponding to the embedding has a branch
locus which is not multiply ramified. Let By, By be distinct components
of the singular set in M lying above a component By of the branch locus
of p. There exist neighborhoods N of B, and N of By such that N
does not contain singular points other than B and N & §' x D?
does not contain branch points other than By, where By is identified
with S' x {0}. Let ¢, t € [0,1], be an isotopy generated by a vector
field with support in N, tangent to the D?-factors of N = St x D2,
and non-zero along By. We now define the map p;: M — Y to be p
on M\ N and ¢, o p on N. This is clearly an isotopy of p and and
hence induces an isotopy of e; = (py, f): M — 5% x D? of e through
braided embeddings and for ¢t > 0 the number of ramified components
above By is reduced by one. By repeating this process finitely many

times, we can isotope the given e to a braided embedding whose branch
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locus is not multiply ramified. Since any link in S® can be isotoped to
be transverse to the standard contact structure on S® we can clearly
isotope the given embedding to satisfy the hypothesis of Theorem 4.1
and thus the theorem gives the desired isotopy. U

Lemma 4.3 (Etnyre and F. [17]). Let M and Y be closed oriented
(2n + 1)-manifolds and

e: M —Y x D?: 2w (p(x), f(x))

a braided embedding of M about Y. Denote the branch locus of p by
B C Y. For a contact structure ¢ = kera on'Y in which B is a positive
contact submanifold, let & be the contact structure on M induced by
the branched covering p.

Let B’ be the subset ofé = p~Y(B) consisting of the singular points.
If for any x € B’ the map df,: T,M — Tf(gC)D2 18 orientation preserv-
ing when restricted to the fiber vo(B') of the normal bundle v(B') of
B', where VI(B/> is oriented by the orientations on B’ and M, then for
suﬁﬁczently small R > 0 the embedding

er: M =Y x D*: 2+ (p(z), Rf (z))
is a contact embedding of (M,&') in (Y x D? ker(a + r?df)).

Proof of Lemma 4.5 [17]. Let g = ex(a +r?df) = p*a + Rf*(r? db).
Then

Br A (dBR)" = p*(a A (da)") + R (p*((da)™) A f*(r* df))
+2nR (p*(a A (de)™™ ") A f*(rdr A dB)) .

Away from B’, pis a covering map so the first term is a positive multiple
of the volume form. Thus for sufficiently small R, S is a contact form
on the complement of a neighborhood of B’. On B’ recall that p has
rank 2n — 1 and more specifically is a covering map when restricted to
B’ and has 0 derivative in the normal directions to B’. Thus the first
two terms in the expression for Sr A (dSg)" above are zero. The last
term is a positive multiple of the volume form for M. This is clear by
the fact that p*(a A (da)™™!) is a positive volume form on B’ because B
is a positive contact submanifold and that by the hypothesis on f in the
lemma f*(rdr A df) is a positive area form on the fiber of the normal
bundle v(B’). Moreover, it is clear from the expression of fr that Sr

gives the contact structure & coming from the covering p: M — Y
branched along B. O

By the proof of Theorem 3.2 and Lemma 4.3, we have the following.
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Corollary 4.4 (Etnyre and F. [17]). Let (Y,{ = kera) be a contact
(2n + 1)-manifold and B a codimension two contact submanifold that
is null-homologous and has trivial normal bundle. Let (M,£") an n-fold
cyclic covering branched along B with the contact structure & induced
from &. Then there is a braided contact embedding of (M, ') in (Y X
D? ker(a + r? df)). O

Proof of Theorem 4.1 [17]. Let e: M — Y x D? be an embedding in
the statement of the theorem. Let B = p~!(B) and B’ be the subset of
B consisting of the singular points. By hypothesis, p maps bijectively
the components of B’ to the components of B.

At a point z € B , notice that df, is an isomorphism from the fiber
v,(B') of the normal bundle of B to Tty D*. The reason is that
the map de,: T,M — T,(;)(Y x D?) has rank 2n + 1 and dp,: T,M —

Ty@)Y hasonly rank 2n—1. Thus at each point of B’ there is an induced

orientation on each fiber v, (B') and this orients each component of B,
which in turn induce an orientation on B via p.

Now if B can be isotoped to a positive contact submanifold then there
is an ambient isotopy ¢;: Y — Y, t € [0, 1], that realizes this isotopy.
Thus there is a diffeomorphism of Y x D? that takes e to ¢/: M —
Y x D*:x — (¢ op(z), f(x)). Then € realizes M as braided about Y
and the corresponding branch locus is a contact submanifold which is
smoothly isotopic to B. The theorem now follows from Lemma 4.3. [

5. CONTACT EMBEDDINGS OF 3-MANIFOLDS IN THE STANDARD
5-SPHERE

5.1. Proof of Theorem 1.3. In this subsection we prove the following
theorem.

Theorem (Theorem 1.3). Any positive contact structure on S® can be
embedded in (55, &ta) So that the embedding is isotopic to the standard
one.

To prove this theorem we prepare several lemmas. By [13], it is
known that any transverse unknot in the tight S® is classified up to
isotopy among transverse knots by its self-linking number. By [10]
and [16], it is known that any transverse unknot in any overtwisted S®
is classified up to global contactomorphisms by its self-linking number
and it is loose, i.e., its complement is overtwisted. Thus in the following
lemma, the transverse unknot U; (i € Z) is well-defined.

Lemma 5.1. Let k be a positive integer and let m and n be integers.
17



(1) The k-fold cyclic covering of (S3,&xa) branched along the trans-
verse unknot Uy with sl(Uy) = —1 is (S®,&sq). The k-fold cyclic
covering of (S3,&xaq) branched along the transverse unknot U,
with sl(Uy) =2m —1 < =1 is (5, k—1ym)-

(2) The k-fold cyclic covering of (S3,&,) branched along the trans-
verse unknot U, with sl(Uy,) =2m — 1 is (S?, Egn—(k—1)m)-

Proof. The first statement of (1) is immediate since Uy is the binding of
the trivial open book which supports (52, &q). The second statement
of (1) is well-known (see [27]). The k-fold cyclic covering of (S, &q)
branched along U_; gives the overtwisted contact structure with ds =
—1/2 4+ k — 1 and hence it is {—1 = & (r_1).(—1). Since U_; is the
negative stabilization of Uy, a negative stabilization of a branch locus
contributes to decreasing the self-linking number of the branch locus by
2 and increasing the ds-invariant of the k-fold cyclic branched covering
by k — 1. Hence by taking negative stabilizations of Uy |m/| times, we
obtain Uy, and §_(x—1ym-

Now we show (2). For any integer n, consider the closure L, of
o, € By in (5%, &4a), where By is the braid group with two strands
generated by oy. Since sl(L,) = —n + 2 — 2 = —n, the half Lutz twist
along L, in (S3, &xq) gives (S3,€,) by Proposition 2.10. After operating
the half Lutz twist, for any n, the axis of L,, is the transverse unknot Uy
with sl(Us) = 3. The k-fold cyclic covering of (5%,¢&,) branched along
U, is the overtwisted contact structure on S* given by the half Lutz
twist along the closure L of o R Since sI(LE) = (—n+2)k—2 =
—{kn — (k — 1)2}, this contact structure is &,—(k—1)2. We observe
that a negative stabilization (resp. destabilization) of a branch locus
increases (resp. decreases) the ds-invariant of the contact structure
obtained by the k-fold cyclic branched covering by £ — 1 and that any
transverse unknot in any overtwisted S® is loose and hence any cyclic
covering of any overtwisted S* branched along any transverse unknot
is overtwisted. By taking stabilizations or destabilizations |m| times,
(2) follows. O

Lemma 5.2 (Etnyre and F. [17]). There exists a braided embedding
e: 8% = S x C:axw (p(z), h(z))

such that p is the 2-fold cyclic branched covering map with branch locus
the unknot and the embedding of S — S® coming from e is isotopic to
the standard embedding.

Proof of Lemma 5.2 [17]. We think of S® as the unit sphere in C* and

give C? coordinates (21, 22, 23). We then consider the standard embed-

ding of S? in S® given by S = {z3 = 0} N S® and the unknot in S*
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given by U = {25 = 23 = 0} N S°. Denote by U' = {z; = 2z = 0} the
circle in S° that is complementary to S® (that is one can see S° as the
join of $3 and U’). Notice that C'= S° — U’ is diffeomorphic to S3 x C
by the diffeomrophism

S xC—C:((z1,2),23) — (

21 Z9 z3
VIt+[5R VitsR 1+ ]|zP

and the map
1

—_— (2, 2
N

T C’—>S3:(zl,22,z'3) —

is the projection map to S3.

Consider the complex polynomial pap) (21, 22, 23) = azs — bz3, where
(a,b) € R?. Notice that the zero set transversely intersects S° at the
sphere S, for all (a,b) with a # 0. For o' # 0, consider the map
p: Sawy) — S3 obtained by restricting 7 to Sayy. We claim this is
a 2-fold covering map branched along U. To see this, we first note
that for each point (z1,29) € S* — U, we have 25 # 0 so there are
precisely 2 square roots £,/2; of 2z, and we see that the map (21, 22) —

\/|le2+|;|2+|22/1],|(21,22, V22/V) is a local section of p: Sppy — S°.

Thus we see that p is a 2-fold covering map from Sqpy — p~H(U) to
S3 — U. Moreover, for any (21, 22) € U we see that zo = 0 so there
is a unique square root and the only point in S 4y lying above it is
(Zl, 0, O) .

Thus we see that S(1 ) is a sphere that is braided about the stan-
dardly embedded S? in S® and realizing a 2-fold cyclic covering branched
along the unknot U. Now we see that the spheres S, for ¢t € [0, V]
provide an isotopy from our braided sphere S(; 7y to the sphere S o) =
{22 = 0} which is the standardly embedded sphere. O

Proof of Theorem 1.3. The standardly embedded (S?, &q) in (S°, &xta)
has a neighborhood S? x D? contactomorphic to (5% x D? ker(agq +
r2dp)) for some small € > 0, where &q = ker aq. Now consider the
transverse unknot U,,, with sl(U,,) = 2m —1 < —1in (S3,&4q) and the
2-fold cyclic covering branched along it. By Lemma 5.2, the fact that
any oriented knot is isotopic to a positive transverse knot, Theorem 4.1
and Lemma 5.1 (1), there is a contact embedding of (S3,&,,),m > 1, in
(5%, &sq) which is isotopic to the standard embedding. By Lemma 5.1

(2), (S3,&,,) for any m is the 2-fold cyclic covering of (S3,£;) branched
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along some transverse unknot. Thus arguing similarly we have a con-
tact embedding of (S3,&,,) in (S?, &q) which is isotopic to the standard
embedding for any m. O

5.2. Proof of Theorem 1.5. In this subsection we prove the following
theorem.

Theorem (Theorem 1.5). Let M be a 3-manifold with no 2-torsion in
its first homology group. Then a positive overtwisted contact structure
€ on M embeds in (S°,&xq) if and only if c1(€) = 0.

To prove this theorem we use the following fact for topological 3-
dimensional braid.

Theorem 5.3 (Hilden, Lozano and Montesinos [28]). Ewvery closed
oriented 3-manifold M can be braided about S® where the corresponding
branched covering is a simple 3-fold branched covering.

From this we obtain.

Proposition 5.4 (Etnyre and F. [17]). Any closed oriented 3-manifold
has some positive contact structure which can embed in (S°, &xq).

Remark 5.5. Given a contact embedding e of a 3-manifold M con-
structed as a braid about the standardly embedded S? as in the proof
of Proposition 5.4, by applying the Alexander theorem for transverse
links to the branch locus B C S® of the branched covering of the
braided embedding, we can isotope B to a positive transverse braid
about the transverse unknot. Then we can isotope the given contact
embedding among contact embeddings to a contact embedding which is
compatible with some supporting open book for the embedded contact
3-manifold and the standard open book which is a supporting open
book for (57, &xa)-

Proof of Proposition 5.4 [17]. For a closed oriented 3-manifold M, The-
orem 5.3 tells us that there is a braided embedding

e: M — S x D?

such that the corresponding branched covering is a simple 3-fold branched
covering. Thus e satisfies the hypothesis of Theorem 4.1 and since the
branch locus can be isotoped to be a transverse link in (5%, &q) the
contact structure & induced on M by this branched covering contact
embeds in (S3 x D? ker(agq + 72 df)), where aggq is a contact form for
the standard contact structure on S®.

Since the standard embedding of S? in S is also an embedding of the

standard contact structures, by Proposition 2.3, S? has a neighborhood
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S3x D? in S® on which the contact structure is given by ker(agq+72 df).
Since the contact embedding obtained in Theorem 4.1 can be arranged
to be arbitrarily close to S® x {(0,0)}, we see that M has a contact
embedding in (S° &q) that is arbitrarily close to the embedding of
S3. O

Proof of Theorem 1.5 [17]. By Proposition 5.4 we know that every 3-
manifold M has some contact structure ¢ that embeds in (S°, & q).
By using Lemma 2.5 we know that £#¢, embeds for any overtwisted
contact structure &, on S2. Since there is no 2-torsion in the second
cohomology of M, all overtwisted contact structures with trivial first
Chern class on M is of the form &#¢, for some n and thus they all
embed. O

5.3. Proof of Theorem 1.6 (1), (2) and a part of (3). In some
3-manifolds we can determine the embedability of contact structures
by its first Chern classes. In this thesis, we prove the following theorem
(1), (2) and (3) in the case of odd p’s. The proof of (3) we give here
is different from the one in [17] and for the complete proof of (3), see
[17].
Theorem (Theorem 1.6). Let M be one of the following 3-manifolds.

(1) S* x S2,

(2) T3, or

(3) a lens space L(p,q) (including S*) with p odd or with p even

andq=1orq=p—1

Then a positive contact structure & on M embeds in (S°,Exa) if and
only if its first Chern class c1(€) is trivial.

Proof of Theorem 1.6 (1) (2) [17]. There is a unique tight contact struc-
ture & on St x S? that is supported by the open book with annulus
page and identity monodromy. Thus it is easy to see that it is ob-
tained as the double covering of (S®,&4aq) branched along the unlink
with both components being transverse knots of self-linking number
—1. Now Corollary 4.4 allows us to embed & in (S°,&tq). Since there
is no 2-torsion in the homology of S! x S?, we see from Theorem 1.5
that all overtwisted contact structures with ¢; = 0 also embed.

For T3 we see that all overtwisted contact structures with ¢; = 0
embed in (5%, &4q) in a way similar to the previous case. A complete
list of tight contact structures on T2 is given by {£7 3}n€Z>0, where T
is identified with R?/Z3,

fgg = ker(cos 2mnz dx + sin 2mnz dy)
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and n is a positive integer, see [32]. It is easy to see that fffs is an
n-fold (ordinary) cyclic covering of §1T3 unwrapped in the direction of
the z-coordinate. We notice that if h: T° — S! is the projection
onto the z-coordinate thought of as the unit circle in C then the proof
of Theorem 3.2 gives a braided embedding of the n-fold (ordinary)
covering of T in T® x D? and since there is no branch locus to worry
about Theorem 4.1 clearly gives a contact embedding of (77,7 ’) in
(T3 x D? ker(ay +1r2df)), where o is the contact form for 7. Thus
if we can embed (73, £7°) in (S°, &4q) then we will have an embedding
of all tight contact structures on 7°3.

There are many ways to construct Legendrian embeddings of 72
in (S5 &4q). For example, we can use front projections to construct
ones, see [11]. A Legendrian 72 has a neighborhood contactomorphic
to a neighborhood of the zero section in T*T? x R with the contact
structure ker(dz — A), where ) is the Liouville 1-form on 7*7T? and z
is the coordinate on R. Let S, be the e-sphere bundle in 7*7T2. It is
easy to see that A restricted to S, is a contact 1-form defining flTS and
thus (7%,£7°) contact embeds in (S?, &gq). O

To prove Theorem 1.6 (3) for odd p’s we use invertible Legendrian
links. The following definition of strongly invertible Legendrian links
is the Legendrian version of the strongly invertible links introduced by
Montesinos [38].

Definition 5.6. A Legendrian link L = L1 UL,U---U L in (R?, &g =
ker(dz — ydz)) is called strongly invertible if L is Legendrian isotopic
to a link L’ such that each component of L’ is invariant under the
involution (Z/2Z-action) generated by (x,y, z) — (—x, —y, z) and each
component has precisely two fixed points under this involution.

We note that this involution extends to an involution of (S%,&y4q),
for example, in the following way. We trivially embed (R?,&qq) in
(R? x S', ker(dz — ydx)), where z is the S'-coordinate. Clearly the in-
volution extends to the involution generated by (z,y, z) — (—z, —y, 2).
By the diffeomorphism defined by (x,y, 2) — (x/2,y, 2z — xy/2) we can
identified (R? x S, ker(dz — ydz)) with (R? x S* ker(dz + zdy — ydx)).
The latter is completed to (S3,&sq) by gluing S' x D? with a tight
contact structure which is invariant in the S!-direction. Thus the in-
volution extends to (S, &y q).

For r € QU {0}, a contact r-surgery along a Legendrian knot K is
the operation consisting of a Dehn surgery along K whose framing is r

with respect to the contact framing of K and an extension by a tight
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contact structure to the glued-in solid torus. Though it is not well-
defined for general r € Q, when r = 1/1, | € Z, it is well-defined since
there is a unique tight contact structure up to isotopy on S' x D? with
a given boundary condition [22] [30]. For more detail about contact
surgery, see[7].

Proposition 5.7. Let L = L U Ly U ---U Ly be a strongly invert-
ible Legendrian link in (R3,&4q) C (S2,&a). We denote the contact
3-manifold obtained by the contact (—1)-surgeries along each L;’s by
(M,&(L)). Then (M,E&(L)) is isotopic to the contact structure obtained
by a double covering of (S3,&saq) branched along some transverse link.

Proof. First by isotoping L so that it is invariant under the involution.
Moreover, we further isotope L so that near each fixed point L is de-
fined by an arc {0} X [—¢,€] x {c} C R? for some small positive real
number € and some real number c. For each component L; there exists

a neighborhood N(L;) such that
(1) N(L;) is contactomorphic to (S x Dj , ker(cos fdz — sin dy))
with coordinates (6,z,y) € S' x D? for some small §; and L;
maps to S* x {(0,0)},
(2) N(L;) is invariant under the involution,

(3) the involution on N(L;) induces the involution generated by
(0,2,y) = (—0,2,—y) on S* x Dj .

The condition (3) is satisfied as follows. In the proof of the tubular
neighborhood theorem of Legendrian submanifolds (see for example
[21] Theorem 2.5.8), first we construct a diffeomorphism induced by
the isomorphism of normal bundles of Legendrian submanifolds and
then apply the Moser type argument. We first construct a isomor-
phism from the normal bundle over [0, 7] x {(0,0)} whose total space
is identified with [0,7] x D3 to the normal bundle of the ‘half’ arc in
L; which near each endpoints is identified with a neighborhood of the
form {(z,y,2);2* + 2> < 8}, —¢; <y < 0} or {(2,y,2);2° +2° < 6,0 <
y < €} for some small §; and €, so that the induced diffeomorphism
is already a strict contactomorphism in these regions. Then we apply
the Moser type argument relative to these regions. We can extend this
contactomorphism to [—m,0] x Dj by using the involution given by
(0, z,y) — (=0, z,—y) and then (3) is satisfied.

To perform the contact (—1)-surgery, first we remove this N(L;), re-
glue S! x D? and then extend the induced contact structure near the
boundary to the whole glued-in S' x D? by a tight contact structure.
We first give a diffeomorphism f from a product neighborhood of 9(S* x

D?) to a product neighborhood of ON(L;) (which is identified with
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d(S* x D3)) given by (©,R,®) — (=0 + O, R, 20 — 0) = (0,7,9)
where (r, ¢) are polar coordinates on Dj . Since 9(S' x Dj ) is convex
with respect to the contact vector field 79, and has two dividing curves
with slope —1, f makes 9(S! x D?) convex with respect to ROz and
to have two dividing curves with slope co. Thus the extension to the
glued-in S' x D? by a tight contact structure is unique up to isotopy.

The problem is whether we can take this extension so that it is
invariant under the involution generated by (0, R, ®) — (—0©, R, —®).
Now for a positive real number ¢, we take a smooth function f.(R)
on Rs¢ which has the support on (c,5¢), is equal to 1 on [2¢,4c], is
nondecreasing on [c, 2c] and is nonincreasing on [4c, 5¢]. We define a
family of 1-forms {f;}tejo1) on ST x R? by

Bey =d(R cos ®) + Rsin ®dO + (1 — tf.(R)) cos ®dR — Rsin ddd
=2d(Rcos ®) + Rsin ®dO — tf.(R) cos PdR.

Then
dfet = sin®dR N dO + Rcos ®dd A dO — tf.(R)sin PdR A dP,

Bet NdBes = (2 — tf.(R))RAR A d® A dO.

Thus {fe.: }refo,1) is a family of contact forms on S x R? which are fixed
on {0 < R < ¢, R > 5c}. Moreover, ker /3. is a tight contact structure,
and hence ker 3., is tight for any ¢ € [0, 1]. The above glued-in S* x D?
has a contact structure near its boundary given by

cos(—P + O)d{Rcos(2P — O)} — sin(—P + O)d{Rsin(2d — O)}
= d(Rcos ®) + Rsin PdO — Rsin ddP.

Thus by taking f5,/3,1, we can extend the given contact structure near
the boundary to the whole glued-in S* x D? by a tight contact structure
which is invariant under the given involution.

Since the double covering of (S?,&yq) branched along the standard
unknot is (5%, &4q) and the above involution induces this branched cov-
ering, (S3\(UX_ N (L;)),&xa) is obtained from the double covering of
(53, &ta) branched along the standard unknot by removing the preim-
age of the union of k tight 3-balls. On the other hand, by taking
smaller §;’s if necessary, (S x D35 ker(f3s,/31)) can be identified with
a neighborhood of the standard Legendrian unknot (which is in the
strongly invertible position) in (5%, &4q) equivariantly. Thus the glued-
in S' x D? is obtained from the double covering of (53, &sq) branched
along the standard unknot as the preimage of a tight 3-ball. By these
observations (M, (L)) can be seen as a double branched covering of a

contact manifold obtained from (5%, &q) by removing k tight 3-balls
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and re-gluing & tight 3-balls. Thus it is the double covering of (53, &xq)
branched along a transverse link. O

For integers p, ¢ with p > ¢ > 0, we have the unique continued
fraction expansion of —p/q

—— =17y —
g 1
7"2 el — —
Tk
with r; < =2 for i =0,1,..., k. We denote this continued fraction by

(70,715« Tk

Theorem 5.8 (Giroux [22], Honda [30]). Let L(p, q) be a lens space and
assume that —p/q has the continued fraction representation [ro,r1, ..., 78]
Then there exist |(ro+1)(r1+1) -+ (1 + 1)| tight contact structures up
to isotopy all of which are distinguished by their homotopy classes as
2-plane fields and are Stein fillable. Moreover, their homotopy classes
are distinguished by their first Chern classes when p is odd.

We can draw a surgery diagram for any of the above tight contact
structures by using a chain L = L; U Ly U --- U L, of Legendrian
unknots L;’s, i« = 1,2,...,k, and the surgery coefficient is given by
r; = tb(L;) — 1 for each component L;, where tb(K) is the Thurston-
Bennequin number of a Legendrian knot K. Thus it is a contact (—1)-
surgery along L, see [30, Figure 16]. The first Chern class of the contact
structure is calculated from this surgery diagram in terms of rotation
numbers; ¢;(£) = Zf:o rot(L;) i, where u; € H*(L(p,q);Z) is a coho-
mology class which is Poincaré dual to the oriented meridian circle of
each component L; of L, see [23, Proposition 2.3].

= =
= 1=

FiGURE 1. A Legendrian surgery diagram of a Stein fil-

lable (hence tight) contact structure. It is a two com-

ponent Legendrian link L = L; U Ly with th(L;) = =3,

rot(Ly) = 0, th(Ly) = —5 and rot(Ls) = 0. Hence,
1 23

—§ =(-3-1)— —— = — % and it represents a tight

contact structure on L(23,6).
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Proof of Theorem 1.6 (3) for odd p’s. First we note that the homotopy
class of a plane field is determined by its first Chern class and d3-
invariant since H?(L(p, q); Z) = Z/pZ has no 2-torsion. Since by The-
orem 1.5 we know that any overtwisted contact structure on L(p,q)
with trivial first Chern class embeds in (S°,&q), it suffices to show
that we can embed any tight contact structure with trivial first Chern
class. We note that there may exist no such tight contact structures. If
there exists a tight contact structure with trivial first Chern class, then
all the coefficients r;’s are even. Indeed, if £ = ker «v is a positive tight
contact structure, then ¢ = ker(—a«) is also a positive tight contact
structure with ¢;(§) = —c1(§'). Hence, by Theorem 5.8, if there exists
a tight contact structure with trivial first Chern class on L(p, ¢) for odd
p, then the number of tight contact structures must be odd and thus all
the r;’s must be even. In this case we can draw a surgery digram of the
tight contact structure with trivial first Chern class given by a strongly
invertible Legendrian link along each component of which we do the
contact (—1)-surgery, see for example Figure 1. Since by Corollary 4.4
any contact structure which is obtained as a double branched covering
of (S3,&q) embeds in (S°,&yq), combining with Proposition 5.7, the
statement follows. O
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Part 2. The relative Euler numbers of codimension two
contact submanifolds and their Seifert hypersurfaces

6. PRELIMINARIES TO PART 2

6.1. The relative Euler number. In this subsection we define the
relative Euler number, see also [42, Section 1].

Definition 6.1. Let n be a nonnegative integer. Let (M,£ = kera)
be a (2n + 3)-dimensional positive contact manifold and (L, &|rz) be
a (2n + 1)-dimensional orientable closed contact submanifold of (M, )
which is null-homologous in M. We take a codimension one compact
connected smooth oriented submanifold ¥ bounded by L whose orien-
tation induces the orientation of L = 0% given by &|r,. We refer ¥
as a Seifert hypersurface of L. We take an outward vector field Xy
along 0¥ = L which is tangent to &|rs and then we get the relative
Euler class e(¢, Xx) € H*2(M, L; Z) of ¢ relative to the section Xy
as the obstruction to extend Xy to a nonvanishing section to & over
(2n + 2)-dimensional skeleton of a cell decomposition of M relative
to L. We define the relative Fuler number e (L,Y) of L and ¥ by
erel(L7 2) = - <€(£7 XE)? [27 82]>

When the relative Euler number is independent of the choice of
Seifert hypersurfaces, we denote it by e,(L). For example, when M
is a (2n + 3)-dimensional integral homology sphere and L is an ori-
ented S?"*! the relative Euler number is independent of the choice of
Seifert hypersurfaces since the Euler class e(§) € H*"*?(M,Z) = 0 is
trivial and the vector field Xy is unique up to homotopy among nor-
mal vector fields to L which are tangent to £&. We note that Xy can
be seen as a section of the conformally symplectic normal bundle of
L which is trivial and whose total space is identified with a tubular
neighborhood of L. Then the homotopical uniqueness of Xy follows
from H'(L;Z) = 0 when dim L > 3 and from the fact that the Seifert
framing is determined uniquely up to homotopy when dim L = 1.

Let  be a positive volume form on . We define the characteris-
tic foliation ¢ on X by the flow line of the vector field Y defined by
by = (a A (da)™)|rs (see [21] Definition 2.5.18 and Lemma 2.5.20).
The line field Y|, with a suitable orientation can be used as the vector
field Xy in the above definition. When singularities of the character-
istic foliation X, on X are isolated, the relative Euler number can be
calculated as follows.

erel(L7 E) == Z Ind(Q) + Z Ind(q),

qESing+(Z€) q€Sing_ (X¢)
27



where Sing, (X¢) denote the set of positive and negative singularities of
Y¢, respectively, and Ind(g) denotes the index of the isolated singularity
q.

In the case where dimM = 3 and dim L = 1, the relative Euler
number of a null-homologous positive transverse knot L and its Seifert
surface Y, is equal to the self-linking number determined by L and Y,
that iS, €rel(L7 EL) = Sl(L, ZL)

6.2. Almost contact structures. An almost contact structure on a
(2n + 1)-dimensional orientable manifold M is the reduction of the
structure group GL(2n+1, R) of the tangent bundle TM to 1xU(n). A
cooriented contact structure on M induces a compatible almost contact
structure which is unique up to homotopy. The existence of an almost
contact structure on M is equivalent to the existence of a section of
the SO(2n + 1)/U(n)-bundle over M which is associated with T'M.
Two almost contact structures are homotopic if and only if the two
associated sections are homotopic.

We set Fy, = SO(2n)/U(n) and Fy,11 = SO(2n + 1)/U(n) and we
note that the homogeneous space Fy, 1 is diffeomorphic to Fy, o [24,
Corollary 3.1.3]. mon11(Fans1) was calculated by Harris and Massey.

Proposition 6.2 (Harris [26], Massey [36] Lemma 1).
Z/n'Z n=0 ( )
Z n=1 (mod 4),
Z/%Z n=2 ( )
Z37Z/2Z n=3 (mod4).

Tont1(SO(2n +1)/U(n)) =

6.3. Overtwisted contact structures in higher dimensions. Re-
cently Borman, Eliashberg and Murphy [2] defined and classified over-
twisted contact structures in higher dimensions and Casals, Murphy
and Presas [6] gave several characterizations of overtwisted contact
structures. An overtwisted contact structure is defined in [2] as a con-
tact structure which contains a piecewise smooth codimension one disk
with a certain germ of contact structure, which is not easy to describe
here. We give one of characterizations in [6] as the definition of an
overtwisted contact structure.

Definition 6.3 (Casals, Murphy and Presas [6] Theorem 1.1.). Let
(Y.€) be a contact manifold of dimension 2n — 1 > 3 and a, be a
contact form for an overtwisted contact structure on R3. A contact
manifold (Y, §) is overtwisted if and only if there is a contact embedding
of (R? x C"2 ker(ao + 2 S0 2r2d6;)) in (Y,€), where (r;,0;)'s, i =
1,2,...n — 2, are polar coordinates.
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Given a contact manifold (M, &) and a closed subset A in M, let
Conty (M; A, &) be the space of contact structures on M that are over-
twisted on M\ A and coincide with & on an open neighborhood OpA
of A and let conty (M; A, &) be the space of almost contact structures
on M that coincide with & on OpA.

Theorem 6.4 (Borman, Eliashberg and Murphy [2]). The inclusion
map

J: Conty (M; A, &) — conty (M; A, &)

induces an isomorphism
Jit mo(€onter (M A, &o)) — mo(contor(M; A, &))-

When M = S?""! and A = (), since homotopy classes 7y(conty (5% 1))
of almost contact structures on S?"*! are classified by the homotopy
group Top41(Font1), this theorem implies that isotopy classes of over-
twisted contact structures on S?"*! are also classified by this group,
see Proposition 6.2.

7. PROOF OF THEOREM 1.9

In this section we construct a braided embedding and its smooth
Seifert hypersurface. Then we prove Theorem 1.9 by looking at sin-
gularities of the characteristic foliation. Though the construction of a
braided embedding was appeared in [17], a smooth Seifert hypersurface
was not constructed there. The construction of a smooth Seifert hyper-
surface is based on the idea in [44]. Instead of taking a cyclic branched
covering of the whole manifold as in [44], we take a branched cover-
ing of a tubular neighborhood of a submanifold and embed it again
to the same tubular neighborhood. Then we can calculate indices of
singularities of the characteristic foliation.

Let M be a (2n + 3)-dimensional integral homology sphere and L
be a (2n + 1)-dimensional oriented sphere in M. Let K be a (2n — 1)-
dimensional oriented sphere in L. We take a small tubular neighbor-
hood N(L) of L of the form L x I? with ¢, < 1. Take a Seifert
hypersurface Yk of K and a small product neighborhood N(Xg) of
Yk of the form X x I, with ex < 1. We take a small tubular neigh-
borhood N(K) of the form K x IZ_so that (K x I2 ) N Xk is given
by {(z,2x,yx) € K X I |k < 0,yx = 0} and product structures are
compatible.

7.1. Construction of a copy of a contact submanifold and its

Seifert hypersurface. In this subsection we construct a submanifold
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L in N(L) which is isotopic to L and intersects L transversely along
K and also take the Seifert hypersurface of Ly in N(L).

We take a positive real number € with 5e < ex and consider a smooth
function f = (fu,, f,.): L — R?, where R? has coordinates (zr,yr),
so that

o f(L)C I},

e For (xaxlﬁyK) € K x ]ga f<x7xKayK) = (xK/anK/‘E)?

e For (xlayK) € Yk X IQE\K X I??ea f(x/7yK) = (g(x/)/€7yK/€)7
where ¢ is a nonincreasing smooth function on R<_3 with
g(r) =7 near r = —3e and g(r) = —7¢/2 for r < —4e,

o Fora” € L\(K X I3 UXk X Ip), f(z")Nf(K X [2UXK xI.) = .

Take a number s such that 0 < 5s < €7,. Then we set L, C L x IZL by

Ly ={(z,xr,yr) € L x I Jvp = sfo, (%), yr = sy, (2)}
and S, C L x I? by

SLS :{(x7IL7yL) €L x ]§s|xL > SfLUL(I)?yL = SfyL(x)}
={(z,2) € L x I | arg(z1, — sf(x)) = 0},

where z;, = x1, + 1y, € C and we regard f as a C-valued function. L,
and Sy, have the following properties.

(1) Ly is isotopic to L x {(0,0)} and Sy, is diffeomorphic to L x I.

(2) Sy, is transverse to {z} x R? for any x € L.

(3) Sp. N (L x {(0,0)}) = Xk x {(0,0)} because xz € L satisfies
fz, () <0and f,, () =0 if and only if z € Y.

(4) Ly N (L x 1) = {(z,2x,yx,21,yr) € K X I? X P|lzg =
€xr/s,yx = €yr/s}.

(5) Sp. N (L x I?) = {(z,zk,yr,7r,yr) € K x I* x I*|xk
exr/s,yx = eyr/st U (2, yk,zr,yr) € (Bx x I\K x I?) x
lyx = eyr/s}.

We orient Sp, such that its orientation induces the given orientation
of L. We set 0°Sy, = —(9S1.\Ls), where the orientation of 9¢Sy, is
opposite to that induced as the boundary of S,. The following lemma
follows from the properties (1) and (2) of Ly and S..

IA

Lemma 7.1. Let £ = ker a, be a positive contact structure on L. For
sufficiently small s, Ls and 0°Sy, are positive contact submanifolds of
(L x R? ker(ag+3(zpdyr, —yrder))) which are isotopic to L x {(0,0)}
as contact submanifolds.

7.2. Construction of a braided embedding and its Seifert hy-

persurface. Let k be a positive integer. Let m,: L x R? — L x R? be
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a smooth map given by

(@, 2, y) = (2, Re((2, +iyp)"), Im((2f, + iy;)")),
where Re(w) and Im(w) denote the real part and the imaginary part of

a complex number w, respectively. For a real number ¢ with 0 < ¢ < 1,
let m.: L x R?> = L x R? be a diffeomorphism given by

me(z, 'T,L7 y/L) = ('T7 c- lea ¢ y,L)
In this subsection we take ¢ so that ¢(v/2e;)'/* < ¢, and we consider

my(m, ' (S,)) € L x I
By the properties (4) and (5) of Ly and Sy, the following holds.

Lemma 7.2. (1) my(m,*(S1.)) is a smooth submanifold of L x
IfL which is diffeomorphic to the k-fold cyclic covering of Sy,
branched along Y x {(0,0)} and has k + 1 boundary compo-
nents.

(2) my(m;; " (L)) is diffeomorphic to Ly and pr1|mt(ﬂ;1(Ls)) is a k-
fold cyclic covering branched along K, where pry: L X IEL — L
1s the projection to the first factor.

(3) my(m}, 1 (8°SL.)) is diffeomorphic to a disjoint union of k-copies
of L.

Moreover, we have the following by Lemma 4.3.

Lemma 7.3. Let & = ker oy be a positive contact structure on L and K
be a positive contact submanifold of (L,&). We take sufficiently small
s so that Lemma 7.1 holds. Then for sufficiently small t the followings
hold.

(1) my(m, " (Ls)) is a positive contact submanifold of (Lx 12, ker(cu,+
%(deyL—ydeL))) which is contactomorphic to (L i, (§|rL)k.k)-
(2) my(m;, ' (8°5L,)) is a positive contact submanifold of (Lx IZ , ker(ov,+
%(deyL — yrdxyr))) each component of which is isotopic to
L x {(0,0)} through contact submanifolds.

To construct a smooth Seifert hypersurface of my(m; ' (L)) we glue a
codimension one oriented smooth submanifold in M\ (m,(m, ' (L x I2.)))
which has no closed components and whose boundary is m; (7, ' (9°Sy,)).
Moreover, if we choose a Seifert hypersurface ¥, of L then we can take
the above glued submanifold so that it is diffeomorphic to the disjoint
union of k copies of ¥;. In this case the resulting Seifert hypersur-
face is diffeomorphic to the k-fold cyclic covering of ¥, branched along
a push-off 3 of ¥k into ¥, relative to its boundary corresponding
to the Z/kZ reduction of the element in H'(X;\Y¥%;Z) dual to the

meridian circle of 3.
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The following two observations are immediate but essential for our
construction.

Lemma 7.4. For p € Sy, C L x I?, then |pry o mi(mt(p))| =
t|pry(p)["/*, where pry: L x I2 — I2 s the projection to the second
factor and | - | denotes the standard norm on IZ, .

Lemma 7.5. We assume that k > 2 and 0 < t < 1. Then tr'/* < r
Jor 0 < t%/*=D < <1 and tr'/* > r for 0 < r < tH/¢6=D < ¢,

By these two lemmas we have the following.
Lemma 7.6. If we assume that k> 2 andt < s < s*~D/k <1 then,

for any p € Sp, C L x ]fL with |pry(p)] > s, |pry omt(ﬂ,zl(p)ﬂ <
[pra(p)]-

By combining Lemma 7.6 with the property (2) of S., we have the
following.
Lemma 7.7. Let £ = ker ay, be a positive contact structure on L. For
sufficiently small t, my(m;; ' (Sr,)) is transverse to ker(ay, + 3(zrdyr —
yrdzer)) on |(zr,yr)| > ts'/k.

By the property (5) of Sg,,
Sp.N(LxD?) = (S, N(K xI?x D2))U(Sp,,N((Zx x I\K x I?) x D?))
and we denote this by AU B: A = (Sp, N (K x I? x D?)) and B =

(Sp. N (Xx x I\K x I%) x D?)). By myom, ', AU B is sent into
L x thsl k- We have the following.

Lemma 7.8. Let & = ker o, be a positive contact structure on L and
K be a positive contact submanifold of (L,§). Assume that £ is given
by ker(ax + %(deyK — yrdrg)) on K x 12 for some contact form
ag for &|rk. Then for sufficiently small t, the followings hold.

(1) my(m, ' (A)) is transverse to ker(ayr, + 5(zrdy, — yrdzyr)).
(2) my(m;, (B)) is given by

{(@ yk.wr,yn) € (Bx x I\K x IZ) x D)
yr = €/s - Im(t ™ (zp +iyp)F)}).
Proof. (1) A direct calculation shows that
m(m " (A))
={(2, 25, yr, T, y) € K x I? x Dfsl/k\

Re((t ™ (xp +dyr))¥) > swx /e, Im((t ™ (xp +iyL))¥) = syx/e}.
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Since K x {pt} C K x I? C K x I?_is a contact submanifold of (L, ¢),
the statement follows.
(2) It follows from the direct calculation as above. O

7.3. The characteristic foliation on a Seifert hypersurface of
a braided embedding. Now we calculate the indices of isolated sin-
gularities of the characteristic foliation on the surface in R? given by
a graph of a function on R2?. We use this calculation to prove Theo-
rem 1.9.

Proposition 7.9. Let k be a positive integer. We consider the pos-
itive contact form oy = dyx + i(zpdy, — yrdzy) and the negative
contact form a_ = —dyx + %(azLdyL — yrdxr) on R3 in the coor-
dinates (yx,xp,yr). For C > 1 and 0 < t < 1 consider an ori-
ented surface ¥ given by the graph (g(xr,yr),zr,yr) of the function
g(zp,yr) = C-Im(t % (xr +iyr)*) on R? whose orientation is compat-
ible, through the projection R® — R? to the last two coordinates, with
the standard orientation of R? given by the ordered basis (9, ,0,,).
Then the followings hold.

(1) When k = 2, keray. (resp. kera_) defines the characteristic
foliation on X3 with one positive (resp. negative) hyperbolic sin-
gularity at (0,0,0).

(2) When k # 2, keray. defines the characteristic foliation on X
with one positive elliptic singularity at (0,0,0) and k positive
hyperbolic singularities at
XN {(TL, QL)

(/RO D, 2 + D)l = 0,1,k — 1},

(3) When k # 2, kera_ defines the characteristic foliation on X
with one negative elliptic singularity at (0,0,0) and k negative
hyperbolic singularities at

S0 {(ry,0.) = ((¢*/2kC)HY 2 2ix/k)j =0,1,... .k —1}.

Proof. Consider the polar coordinates (rp,6r) corresponding to the
product coordinates (zy,yr). Since

1
+g"(ay) = (C’t‘kk‘rf—l sin /{QL)TLCZTL—F(Ct_kk‘TE_l coS k:@L:t§rL)rLd9L,

the vector fields Xy given by tx, (rpdrpAdfr) = £¢*ax which integrate
to the characteristic foliations can be written as

1
X:t = (Ctikl{?’f’ﬁil COS k@L + ETL)&L - (CtikkT’ziQ sin kGL)(?@L.

Thus the statement follows. O
33



=

X, X_

F1GURE 2. Schematic pictures for the characteristic fo-
liations given by X, and X_ for k = 3.

Proof of Theorem 1.9. In the case of k = 1 the statement is clear and
hence we assume that k& > 2.

We take a neighborhood of (L,&|rp) in (M,€) of the form (L x
IEL, ker(anL%(:deyL—ydeL))), where «, is a contact form for &|r7, and
er, < 1. We take a Seifert hypersurface ¥ and a product neighborhood
Y X I, of ¥ with ex < 1. We take a neighborhood of K in L of
the form K x I? such that (K x IZ )N Yx = {zx < 0,yx = 0}
We may assume that the neighborhood of (K, ¢|rk) is of the form
(K x IZ_ ker(ag + 3(zxdyx — yxdrr))). We may also assume that
the characteristic foliation (X k)¢ on Xk has isolated singularities and
that for each small neighborhood N(g) of the singularity ¢ of (Xx)e,
ker(aL|T(N(q)XIEK)) is invariant in the I, -direction since N(q) x I is a
neighborhood of a transverse curve. By reparametrizing yx near each
q and taking smaller e if necessary, we may assume that o]« I =
+dyx. Moreover, by taking smaller ey if necessary, we may assume
that outside of this neighborhood |7y, is transverse to X x {yx} for
any yx € I, .

We perform the above construction in subsections 7.1 and 7.2 by
taking €, s and ¢ as follows: First we take small € with be < €x. Sec-
ond, we take sufficiently small s so that s < € and Lemmas 7.1 holds.
Third, we take sufficiently small ¢ so that Lemma 7.3, 7.7 and 7.8 hold.
Moreover, when k > 3, we take t so that (t¥/(2ke/s))/(F=2) < tsl/k
holds. Then my(m; (L)) is a contact submanifold which is isotopic to
(L g, (&|rr) k) by Lemma 7.3 (1) and we define j so that its image is
my(m; ' (Ls)). By Lemma 7.3 (2) and the statement after it, we can take
a Seifert hypersurface which is diffeomorphic to a manifold obtained
by attaching k-copies of X1 along the boundary of ¥ = my(m, ' (SL,)).
By Lemma 7.2 (1) it is diffeomorphic to the branched covering of ¥,
branched along a push-off of ¥ into ¥;. We denote this Seifert hyper-

surface 3, ). By perturbing 3, . relative to 3, we may assume
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that the characteristic foliation (XL, ,))e of ¥j(L,,) has isolated sin-
gularities and the characteristic foliation is given by the integral curves
of a vector field X which directs outward along j(Lxr) = 0Xj(Ly,)-

Since the contact structure on L X IEL is given by a + %(deyL —
yrdzy), if the contact plane at (z,zp,y;) € L x I? is tangent to
Tz wr )2, then ker o, has to be tangent to Tz, 4, )5 N T (g2, y0) (L X
{(zr,yr)}). Thus by Lemmas 7.7 and 7.8, the singularities of X, are
on

{(@ yx,z1,y1) € (Bx x I\K x 12) x D?,,,)
z' € Sing((Xk)e), yx = €/s - Im(t‘k(xL + iyL)k)}.

By using the calculation of Proposition 7.9 for C' = ¢/s, we can calcu-
late the relative Euler number of j(Lg ) and ;. ) as follows.

Lk k
erel(j(LKk)? Ej(LK,k)>
=- <6(§7 Xlazj(LKyk))7 [Ej(LK,k)’ 8ZJ(LK,k)]>

—koew(L) - { > Idlg)- Y Ind(g)}

qGSing+ (25) qESing, (Ef)

:k'erel(L)

—{(1=k >, Wdlg-(01-k > Ind(g)}
q€Sing (XK )¢) q€Sing_((XK)¢)

—k - era(L) — (k — 1) - exa(K).

Since any Seifert hypersurface ¥ of K can be isotoped relative to K
so that Y satisfies the above assumption, by construction of ¥, ,)
the latter statement follows. U

8. THE RELATIVE EULER NUMBERS OF SMOOTH UNKNOTS IN THE
STANDARD SPHERES

Let L be a codimension two positive contact submanifold of (M, &)
and X be a smooth Seifert hypersurface of L. Recall that when the
singularities of the characteristic foliation ¥¢ on ¥ are isolated, the
relative Euler number and the Euler characteristic x(X) of ¥ can be
calculated as follows.

ea(L, ) == > Indig)+ Y  Ind(g),

qESinng(Eg) qGSingi(Eg)
XE) = > Td(g+ > Ind(g).
q€Sing | (X¢) q€Sing_ (3¢)
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Thus the sum of the relative Euler number e,¢ (L, X)) of a contact sub-
manifold L and its Seifert hypersurface > and the Euler characteristic
X(2) of the same Seifert hypersurface 3 is an even number. In partic-
ular, if the smooth knot type of a contact submanifold is the unknot
in a sphere, then the relative Euler number becomes an odd number
which is independent of the choice of Seifert hypersurfaces.

8.1. Contact 3-spheres in the standard S°. By the obstruction
theory, we can observe the following.

Theorem 8.1 ([17]). Let j;: (S3,&) — (S55,&0), i = 1,2, be two contact
embeddings of a contact structure & on S® in the overtwisted contact
structure &y on S® such that the contact structure on the complements
of their images are overtwisted. If 7, is isotopic to jo as smooth embed-
dings, then there is a contactomorphism ¢: (S° &) — (S°, &) such
that jg = ¢ Ojl.

We have the following proposition by this theorem.

Proposition 8.2. Let n be a positive contact structure on S°. Let
git (S3,6) = (S%,m), i = 1,2, be two contact embeddings such that they
are isotopic as smooth embeddings. Then e.q(j1(S?)) = ere1(72(S?)).

Proof. Since j7; and js are codimension two embeddings of a closed man-
ifold, the trace of an isotopy between j; and j, has measure zero in S°
and thus it avoids a neighborhood of some point p € S°. By taking the
connected sum at p with the overtwisted S°, the resulting embeddings
J”’s in the overtwisted S® are isotopic as smooth embeddings. By The-
orem 8.1, there exists a self-contactomorphism ¢ of the overtwisted S°
so that jb = ¢ o ji. Thus e (f1(5?)) = era(75(S?)) holds. We can cal-
culate e,q(7/(S?))’s by using Seifert hypersurfaces contained in S°\{p}
before taking the connected sum and thus e (j1(S®)) = e;a(J1(5?)) =

er(55(5°)) = era(72(5%)).

Now we describe the relative Euler numbers of contact embeddings
of contact 3-spheres in (S°, &4q) which are isotopic to the standard
embedding in terms of their ds-invariants.

Theorem 8.3. Any contact structure on S® has a contact embedding
in (S°, &xa) so that it is isotopic to the standard embedding. Moreover,
for any contact embedding j: (S3,&) — (S°,&xa) which is isotopic to
the standard embedding, e,.1(j(S?)) = 2d3(£) holds.

Remark 8.4. We note that the first statement has already been shown
in [17].
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Proof of Theorem 8.3. We note that there is a unique tight contact
structure on S® up to isotopy and there is a unique overtwisted contact
structure on S® with a given ds-invariant up to isotopy. Thus by The-
orem 8.1 and Gray’s stability theorem, it is enough to show that for
any contact structure £ on S* there is a contact embedding of (S3, &)
in (S°,&4q) which is isotopic to the standard embedding and whose
relative Euler number is given by 2d3(§). For &4, since the standard
sphere bounds a 4-ball whose characteristic foliation has one positive
elliptic singularity, the statement follows. For any overtwisted &,,, with
m > 1, Theorem 1.9 and Lemma 5.1 (1) imply that, by considering
a braided embedding about (53, &q) defined by the double covering
branched along the unknot U_,, with sl(U_,,) = —2m — 1, there is
a contact embedding of (S3,¢&,,) whose relative Euler number is equal
to =2 — (=2m — 1) = 2m — 1 = 2d3(&,,). Moreover, this embedding
can be taken so that it is isotopic to the standard embedding. Next
we take an embedding of (S?,&;) obtained, for example, in the previ-
ous step, and then for any m’ > 2 we consider a braided embedding
about this contact submanifold given by the double covering branched
along the transverse unknot U, with sl(U,,) = 2m’ — 1. Then by
Theorem 1.9 and Lemma 5.1 (2), for any 2 —m’ < 0 we obtain a con-
tact embedding of (S3,&,_,,) whose relative Euler number is equal to
2—(2m' —1) = 3 —2m' = 2d3({2—,v) and which is isotopic to the
standard embedding. U

8.2. Connected sum of codimension two contact spheres. Given
two unlinked (2n+-1)-dimensional positive contact spheres in a (2n+3)-
dimensional positive contact sphere, by embedding a part of (2n + 2)-
dimensional symplectic 1-handle we can get a contact sphere which is
smoothly the connected sum of given two spheres, which is contacto-
morphic to the connected sum of given two contact spheres and whose
relative Euler number is calculated in the natural way. It can be con-
sidered as a higher dimensional generalization of the connected sum of
two transverse knots by using a positive band, see [18] for transverse
knots case where the connected sum operation is defined by using the
front projection.

Proposition 8.5. Let S1 and Sy be two unlinked (2n+ 1)-dimensional
positive contact spheres in a positive contact sphere (S?"3 &), Then
there exists a contact submanifold Sy in (S*"3.€) such that Ss is the
connected sum of S1 and Sy as an oriented submanifold, (Ss,&|rss)
is contactomorphic to the connected sum of (S1,€|rs,) and (S2,&|rs,),
and erel(Sg),) = erel(Sl) + erel(‘SZ) + 1.
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Remark 8.6. Since in (53, &q) there exists a transverse unknot whose
self-linking number is any negative odd number, we can take a trans-
verse knot S5 which is a connected sum of S; and Sy as a smooth knot
and has sl(S3) = sl(S1) + sl(S2) — (2k — 1) for any nonnegative integer
k.

A local model of the connected sum is described in the following way:.
We consider (R?™™3 ker o) with o = dz — yidzy + 3 S r2d;, where
(1,91, 2,72,09, ..., Tny1,0n41) are coordinates on R**3 and (r;, 6;)’s
are polar coordinates. Consider an embedding j;: I; x [*"*1 — R?"3
for positive real numbers [ and € given by

jl,e(S; tv T2, 927 <oy Ty, 9n+1)

T (T
= <s,tcos <2—ls) , —tsin (2—l3> Ty 0oy T, 9n+1> :
Then
n+1
d(7%a) = cos(ms/2l)ds N\ dt + Z ridr; N db;,
=2
n+1
(d(5 )™ = (n+ 1)l cos(ms/2)ds A dt A [ [ radr; A dbs.
=2
If we set Q = (d(j*))"™!, then it is a volume form for [; x I*"*1\{s =
+1} and hence d(j*«) is a symplectic form for I x I?"\{s = +i}.
We orient [; x I*"*1 by 2. Now consider the characteristic foliation on
I x I?"™\{s = £} as the integral curve of the vector field Y defined
by tyQ = j*(a A (da)™);

1 ™ 1 /m 1 &
tan (558) 0+ — = (35 +1) 10+ 5= 31
) ety T t+2(n+1);r :

By definition, Y is a Liouville vector field on (I; x I2"*1\{s = +i},Q)
and Y has a unique singular point of index —1 at the origin. Now
consider contact submanifolds j; ({1} x I?"™). Let Ay be {+l} x
I?"*1 respectively. Consider two submanifolds Ay, of I; x I?™*! of the

form {(f=(R),t,r9,02,...,7ns1,0n11)}, where R = /1% + Z?;l r?, for
some smooth functions fi such that

Y =—

e f.(R) is a nondecreasing function and f_(R) is a nonincreasing
function,
e fi(R)>0and f_(R) <0,
e near /2" f (R)=1and f_ (R) = —I,
e on {R/e <1/4}, fi/l =++/(R/€e)? + 1/16, respectively,
o fi(IZ"™)yNMint(I; x I*"*1) are transverse to Y.
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Then j; (Ay,) (resp. ji(As_ )) is contact isotopic to j;(A4) (resp. to
Jie(A_)) relative to its boundary. We consider a submanifold B of
I; x I*"*! such that

e B is obtained by connecting (Ay, UA; )\(I, /54 X L) smoothly
by a tube I x S in [ /4 X I/,

e cach slice BN{s =c¢}, c € INGIIR R sphere centered at the
origin on {s = ¢},

e BNint([; x I*"*1) is transverse to Y.

Since (I; x I?"™\{s = +i},Q) can be considered as a subset containing
the origin of R**? with the standard symplectic structure, j; .(B) is a
positive contact submanifold obtained by taking the connected sum of
Jie(Ay) and j; . (A-) relative to their boundaries.

Proof of Proposition 8.5. Given S; and S,, take a disjoint balls By and
By so that S C B; and Sy C Bs. Moreover, we take Seifert hyper-
surfaces Xg, of S7 in By and Xg, of Sp in By. We take an isotropic
arc -y connecting S; and Sy such that v N (Xs, U Xg,) = 0v. In-
deed we can take such an isotropic arc by Gromov’s h-principle for
isotropic submanifolds. By the neighborhood theorem of codimension
two contact submanifolds and isotropic submanifolds, there is a neigh-
borhood N(7) of v which is orientation preserving contactomorphic to
Ijpo x I?"T2 C (R?*3 ker ) for some positive real numbers [, € and ¢
such that 7 is sent to [; x {(0,0,...,0)}, St N N(y) (resp. S2 N N(7))
is sent to ji(A-) (resp. ji(A4)) and Xg, N N(vy) (resp. Xg, N N (7))
is sent to [—1 — ¢, —I] x {0} x I*"*1 (resp. [I,] + €] x {0} x I*"*1).
If we do a surgery as above, we obtain a new contact submanifold
Sy = (S1\Jre(A)) U (So\J1.e(AL)) U gie(B) of (5273, ¢) which is con-
tactomorphic to the connected sum of (51, &|rg,) and (Sz,{|rs,) and is
the connected sum of S; and S, as an oriented submanifold of S27+3.
We can take a Seifert hypersurface of S; which is diffeomorphic to a
boundary connected sum of g, and Xg,. The statement for the rel-
ative Euler number follows from the fact that ker a positively tangent
to ji.(f; x I*"™\{s = +l}) at the origin and Y has a unique isolated
singularity of index —1 at the origin. 0

8.3. Contact S*"*'’s in the standard S?"3. The relative Euler
number of a contact embedding of a contact 3-sphere in (5%, &qq) is
determined by the isotopy class of a smooth embedding and the con-
tact structure on the domain, however, in some other dimensions, for
example, the case of the self-linking number of a transverse knot in a

contact 3-manifold, it is not determined by these data.
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In the light of the classification of overtwisted contact structures
given by Theorem 6.4 and Lemma 6.2, we know that there exist only
finitely many overtwisted contact structures on S?"*! up to isotopy
when 7 is an even number.

Proposition 8.7. For any integer n with n > 1, there exists an over-
twisted S*" 1 in S?"+3 which is ambient isotopic to the standard sphere.

This is a corollary of the following theorem in [6].

Theorem 8.8 (Casals, Murphy and Presas [6] Theorem 4.1). Let
(M?"3 €) be a contact manifold with n > 1 and (L*"** €|rr) a codi-
mension two overtwisted contact submanifold. A k-fold contact cyclic
covering of (M, &) branched along (L,&|rr) is overtwisted for k large
enough.

Proof of Proposition 8.7. By Theorem 1.9, for any positive integer k,
the k-fold contact cyclic branched covering of a contact (S?"*! ker o)
along a contact S?"~! which is ambient isotopic the standard S**~!
can be embedded in (S*"! x D? ker(a + 3r%df)) for any sufficiently
small €. Thus if there exists an overtwisted S?*~! in a contact S*"*! in
(5273 £4q) which is ambient isotopic to the standard S?"~!, then there
exists an overtwisted S***1 in (§%"*3 &q) by Theorem 8.8. Moreover,
we can construct an overtwisted S?"*! which is ambient isotopic to
the standard S?"*!. Since by Theorem 8.3 any overtwisted S® can be
embedded in (5%, &4q) so that it is ambient isotopic to the standard S3,
by the induction on dimensions, the statement follows. U

Proof of Theorem 1.10. Let (M, ¢) be (5?3, &,q) and L be the stan-
dard S*"*1 in (5?73 £.q). If there is a contact S*"~! denoted by K
in L which is ambient isotopic to the standard S$?*~! among smooth
submanifolds and whose relative Euler number is equal to —2m — 3,
then by applying Theorem 1.9 with k£ = 2 to the above M, L and K,
there exists a contact S?™! in (S?""3 £,q) which is ambient isotopic
to the standard S?"*! and whose relative Euler number is equal to
—2 — (—2m —3) = 2m + 1. Theorem 8.3, by induction on dimensions,
implies that for any positive integer n and any integer m, there exists
a contact S?" 1 in (S§%"F3 ¢£.4) which is ambient isotopic to the stan-
dard S?"*! and whose relative Euler number is equals to 2m + 1. Since
Proposition 8.7 implies that there exists at least one overtwisted S?**!
in (8?3 £44), we take one of these overtwisted S*"*1. By Proposi-
tion 8.5 and taking the connected sum with this overtwisted S?"*!, we
can see that, for any positive integer n and any integer m, there exists

an overtwisted S?"t! in (S§%"%3 &) which is ambient isotopic to the
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standard S?"™! and whose relative Euler number is equals to 2m + 1.
Thus by Gray’s stability theorem (1) follows.

Since for any positive even number n, there exist finitely many over-
twisted contact structures on S?"*! up to isotopy and in particular
there exists a unique overtwisted contact structure on S® up to iso-
topy, by Gray’s stability theorem (2) follows. O
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