HEAVY SUBSETS AND NON-CONTRACTIBLE TRAJECTORIES

MORIMICHI KAWASAKI

ABSTRACT. Biran, Polterovich and Salamon introduced a relative symplectic ca-
pacity which indicates the existence of non-contractible trajectories of certain
Hamiltonian isotopies. In the present paper, we give an upper bound of their
relative symplectic capacity of certain heavy subsets by using spectral invariants
defined in terms of the Hamiltonian Floer theory on contractible trajectories.

1. INTRODUCTION

For Hamiltonian isotopies, it is interesting to know whether they have
non-contractible (periodic) trajectories. Biran, Polterovich and Salamon
introduced a relative symplectic capacity which indicates the existence of
non-contractible trajectories of certain Hamiltonian isotopies ([BPS]).

For a compact subset Y of an open symplectic manifold (N, w) and a free
homotopy class a € [S!, N], Biran, Polterovich and Salamon [BPS] defined
the relative symplectic capacity Cgps(N, Y; @) by

Cpps(N,Y;a) = inf{K > 0; VH € Hg(N,Y),P(H; a) # 0},

where
Hg(N,Y) = {H € C>(S' X N); inf H > K},
Sixy

and P(H; ) 1s the set of 1-periodic trajectories of the Hamiltonian isotopy
generated by the Hamiltonian function H in the class a.

Biran, Polterovich and Salamon proved the following theorem by show-
ing non-vanishing of the homomorphism from a symplectic homology to a
relative symplectic homology.

Theorem 1.1 ([BPS]). Let N be a connected closed Riemannian manifold
and a € [S', N] a non-trivial homotopy class of free loops in N. Assume
that N is the n-dimensional torus or has the Riemannian metric whose sec-
tional curvature is negative. Then

Cpps(B°N,N; @) = ,,

where |, is the infimum of length of closed geodesics in the class a. Here let
(B*N, wy) denote the unit ball subbundle of the cotangent bundle with the

standard symplectic form wy and let N denote the zero section of B*N.
1
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After the above work by Biran, Polterovich and Salamon [BPS], Weber
[W] proved that Theorem 1.1 holds for any connected closed Riemannian
manifold N and Niche [N] gave bounds of Biran-Polterovich-Salamon’s
capacities for twisted cotangent bundles.

One of the reasons why Cpgps (N, Y) is finite in their cases is that the com-
pact subsets Y are non-displaceable in N. Indeed, Biran, Polterovich and
Salamon essentially proved the following proposition.

Proposition 1.2 (Proposition 3.3.2 of [BPS]). Let (N, w) be a connected
open symplectic manifold and Y a compact subset of N. Let a be a non-
trivial homotopy class of free loops. Assume that there exists a Hamiltonian
function H: S' X N — R with compact support such that Y N ¢,(Y) = 0
and P(H;a) = 0. Then Cgps(N,Y;a) = co. Here {¢},} is the Hamiltonian
isotopy generated by H.

Thus, we would like to know the problem whether Biran-Polterovich-
Salamon’s capacity is finite or not on non-displaceable subsets in general.

One of the important classes of non-displaceable subsets is the class of
heavy subsets. In fact, heavy subsets are known to be non-displaceable,
moreover, stably non-displaceable (See Section 2). For example,

(Clifford torus of CP") x T" c CP" x T*T"

is a heavy subset and thus non-displaceable.

In the present paper, we give an upper bound of Biran-Polterovich-Salamon’s
capacity of heavy subsets.

To state our main result, we introduce some notations.

For R = (Ry,...,R,) € (R.0)", let I be the open subset I of R" defined
by

Ix={p=p1,....p») eRY|pil <R;fori=1,...,n}.

We consider the standard symplectic form wy = dp Adq,+- - -+dp,Adg, on
Iz x T" with coordinates (p,q) = (p1,...,Pn q1>---,4qy), Where we regard
T" as (R/Z)". We denote the zero-section {(p, q) € Iz XT"; p = 0} of Iz XT"
by T".

Let (M, w) be a connected symplectic manifold and X a compact subset
of M. For an element e = (e, ...,e,) of Z" and an element R = (R, ...,R,)
of (R.¢)", we define the relative symplectic capacity C(M, X, R; e) by

CM,X,R;e) = Cpps(M X Iz X T", X X T"; (Op, €)).

Here, we fix the symplectic form prj w + prj wg on M X Iy X T" and we
identify the homotopy set [S', It x T"] with Z" and let 0, denote the class
of constant loops in M.
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For areal number A, a symplectic manifold (M, w) is said to be A-monotone
if [w] = Acy on (M) and monotone if (M, w) is A-monotone for some pos-
itive A. Here c; is the first Chern class of TM with respect to an almost
complex structure compatible with w.

Our main theorem is the following one.

Theorem 1.3. Let (M, w) be a 2m-dimensional connected closed A-monotone
symplectic manifold and X a heavy subset of M. Then

C(M,X,R;e) <2 > R;-leil + max{0, —A(m + n)},
i=1
for any elements e = (ey,...,e,) and R = (Ry,...,R,) of Z" and (R.)",
respectively.

We can rewrite Theorem 1.3 in the following form.

Theorem 1.4. Let X be a heavy subset of a 2m-dimensional connected
closed A-monotone symplectic manifold (M, w). Let e = (ey,...,e,) and
R = (Ry,...,R),) be elements of Z" and (R.)", respectively. We fix the sym-
plectic form pry w+pr; wg on M X Iy XT", where pry: MXIxxT" — M and
pry: MXIgXT" — IxXT" are the the projections defined by pr,(x, p,q) = x
and pry(x, p,q) = (p,q). Let F: S' x M X I x T" — R be a Hamiltonian
function with compact support such that

Flsiar 22 ) Ri- led] +max{0, —A(m + n)).
i=1

Then the Hamiltonian isotopy {¢'.},er has a 1-periodic trajectory in the free
loop homotopy class (Op,€) € [S', M X I}, x T"].

Many of papers which give upper bounds of Biran-Polterovich-Salamon’s
capacity use the Hamiltonian Floer theory on non-contractible trajectories
([BPS], [W], [N],[X]). In the present paper, however, we use (Oh-Schwarz’s)
spectral invariants ([Sc], [O02] and [O06]) to give an upper bound of Biran-
Polterovich-Salamon’s capacity. Spectral invariants are defined in terms of
the Hamiltonian Floer theory on contractible trajectories, however they be-
have better when we look at heavy subsets.

For a displaceable compact subset X, we have the following results.

Proposition 1.5. Let (M, w) be a connected symplectic manifold and X a
displaceable compact subset of M. Lete = (ey,...,e,) and R = (Ry,...,R,)
be elements of Z" and (R.)", respectively. Assume that Ry - |e;| > E(X) for
some k, where E(X) denotes the displacement energy of X (see Section 6).
Then C(M,X,R;e) = oo.
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Thus we obtain an upper bound of Biran-Polterovich-Salamon’s capacity
of (Clifford torus of CP") X T" in CP" x Iy x T" and a lower bound of the
one of (other fiber of the moment map CP" — A") X T" in CP" X Iy X T".

Example 1.6. Let (CP", wrs) be the m-dimensional complex projective
space with the Fubini-Study form wgg. Let ®: CP™ — R” be the moment
map defined by

|zol® |Zl*
20> + <+ + lzul?” T 2ol + -+ lzal?

DO([z0: ... zm]) =(

The Clifford torus ®~'(y,) is a heavy subset of (CP™, wrs) where y, =
ﬁ, cee, ﬁ). Since (CP™, wrs) 1s a monotone symplectic manifold, The-
orem 1.3 implies

CCP", 7 (o), R;€) <2 )" Ri- el
i=1

for any elements e = (ey,...,e,) and R = (Ry,...,R,) of Z" and (R.()",
respectively.

On the other hand, Lemma 5.1 of [BEP] essentially proved that there
exists a positive constant P such that E(®~!(y)) < P for any element y # y,
of R™. Thus for any element y of R™ with y # y,, Proposition 1.5 implies

C(CP",®'(y),R;e) = o0,

for any elements e and R of Z" and (R.()" such that Ry, - |e,| > P for some
k, respectively.

The present paper is organized as follows. We review the definitions in
symplectic geometry in Section 2 and spectral invariants in Section 3 which
are needed to prove Theorem 1.4 in Section 4. We discuss in Section 5
the existence of periodic trajectories of period not more than 1. In Section 6
and 7, we look at the capacity of displaceable subsets and prove Proposition
1.5. In Section 8, we discuss generalizations of our main Example 1.6.
In Sections 9 and 10, we discuss exact values of the capacities, where we
show that our capacity of a certain non-displaceable but not stably non-
displaceable subsets is infinite.
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2. PRELIMINARIES

In this section, we review several definitions in symplectic geometry in
order to fix the terminology.

Let (M, w) be a symplectic manifold. For a Hamiltonian function H: M —
R with compact support, we define the Hamiltonian vector field Xy associ-
ated with H by

w(Xy, V) =—-dH(V) for any V € X(M),

where X (M) denotes the set of smooth vector fields on M.

Let S' denote R/Z. For a (time-dependent) Hamiltonian function H: S 'x
M — R with compact support and for t € S!, we define H,: M — R by
H,(x) = H(t, x). We denote the Hamiltonian vector field associated with H,
by X, and denote by {¢' };er the isotopy generated by X*, such that ¢, = id.
¢}, is called the Hamiltonian diffeomorphism generated by the Hamiltonian
function H and denoted by ¢y. For a symplectic manifold (M, w), we de-
note by Ham(M, w) the group of Hamiltonian diffeomorphisms of (M, w).
For x € M, we denote by y},: [0, 1] — M the path defined by y;,(¢) = ¢%,(x).

A subset X of M is displaceable if X N ¢},(X) = 0 for some Hamiltonian
function H: S' x M — R, where X is the topological closure of X. X
is non-displaceable otherwise. A subset X of a symplectic manifold M is
stably displaceable if X x T' is displaceable in M x T*T'. X is stably
non-displaceable otherwise. If X is stably non-displaceable, then X is non-
displaceable.

We denote the free loop space C¥(S', M) of M by LM. For z € LM,
we denote its free homotopy class by [z] € [S!, M]. Letev: LM — M be
the evaluation map defined by ev(z) = z(0). For a given class a € [S!, M],
we define the subset L, M of LM by LM = {z € LM;[z] = a}. For
a Hamiltonian function H: S! x M — R, we define the set of 1-periodic
trajectories of {¢, },er in the class & by

P(H; @) = {z € LeM; (1) = Xj(z(1)}.
We define the covering space IJOM(M ) of L, (M) by
Lo, (M) = {u € C(D*, M); ulsp> € Lo, (M)} ~ .

Here u ~ u’ if ulyp: = u'lsp2, w(iu’) = 0 and ¢, (afu’) = 0, where § denotes
the map from the sphere obtained from u with the reversed orientation and
v’ by gluing along their common boundary. We also define the covering
space P(H) of P(H;04) by

P(H) = {[z,u] € P(H;04) x C*(D*, M); ulgp> = 2}/ ~ .
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Here [z,u] ~ [z, u']if z = 7, w(au’) = 0 and ¢, (affu’) = 0.

3. SPECTRAL INVARIANTS AND HEAVY SUBSETS

In this section, we review spectral invariants which we use in the proof
of our results.

3.1. Spectral invariants. For a 2m-dimensional closed connected sym-
plectic manifold (M, w), we define

B (M)
~ Ker(c;) N Ker([w])

The Novikov ring A of the closed symplectic manifold (M, w) is defined as
follows:

A= {Z arA;as € Zo, #A;a, # 0, fa) < R} < oo for any real number R}.
Ael A
The quantum homology QH..(M, w) is a A-module isomorphic to H.(M; Z,)®z,
A and QH.(M, w) has a ring structure with the multiplication called the
quantum product ([006]).
For a Hamiltonian function H: S' x M — R, the action functional
Ay Lo,M — Ris given by

1
ﬂH([Z,M]):f H(I,Z(l))dt—f uw.
0 D?

Then we regard P(H) as the set of critical points of Ay.
We define the non-degeneracy of Hamiltonian functions as follows:

Definition 3.1. A Hamiltonian function H: S' x M — R is said to be non-
degenerate if for any element z of P(H;0,,), 1 is not an eigenvalue of the
differential (d@},)-).

When H is non-degenerate, the Floer chain complex CF.(H) is gener-
ated by P(H) as a module over Z,. Since there exists a natural action of
A on CF.(H), we regard CF,(H) as a module over A. The chain com-
plex CF.(H) is graded by the Conley-Zehnder index indcz([SZ]). Note
that indcz([z, ulA]) = indcz([z, u]) + 2¢1(A) for any map A € m(M). We
obtain the boundary homomorphism of this chain complex by counting iso-
lated negative gradient flow lines of Ay formally. Let F: M — R be a
Morse function on M and x a critical point of F. Assume that dF is C'-
small near x. Then indyjorse(X) = indcz([x, c,]), Where ¢, is a trivial capping
disk and indyjose 1 the Morse index. There exists a natural isomorphism
®: QH.(M,w) - HF.(M,w). We call this isomorphism the PSS isomor-
phism ([PSS]).
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Given an element A = Y, a;[z;, u;] of CF.(H), we define the action level
14(A) of A by

In(A) = max{Ax([z;, u;]); a; # O}.

For a non-zero element a of QH.(M, w), we define the spectral invariant
associated to a non-degenerate Hamiltonian function H and a by

c(a, H) = inf{ly(A); [A] = D(a)}.

The following proposition summarizes the properties of spectral invari-
ants which we need to show our result.

Proposition 3.2 ([O06]). The spectral invariant has the following proper-
ties.

(1)Lipschitz property: The map Hvc(a, H) is Lipschitz on C®(S' x
M) with respect to the C%-norm,

(2)Homotopy invariance: Assume that Hamiltonian functions F,G: S'x
M — R are normalized i.e. fM F.(x)w™ = 0, fM G(x)w" = 0
for any t € S' and satisfy ¢ = ¢ and that their Hamiltonian
isotopies {¢%.} and {¢};} are homotopic relative to endpoints. Then
c(a, F) = c(a,G),

(3)Triangle inequality: c(axb, FiG) < c(a, F)+c(b, G) for any Hamil-
tonian functions F,G: S ' M — R, where * denotes the quantum
product. Here the Hamiltonian function F§G: S' x M — R is de-
fined by

(FEG)(t,x) = F(1, %) + G(1,(¢)” (1)),
whose Hamiltonian isotopy is {¢.¢;;}.

For a general Hamiltonian function H: S' x M — R (which might be
degenerate) , we define the spectral invariant c(a, H) by the Lipschitz prop-
erty for spectral invariants (Proposition 3.2 (1)). Then the spectral invari-
ant defined for general Hamiltonian functions also satisfy the properties in
Proposition 3.2.

3.2. Heaviness. Entov and Polterovich ([EP]) defined the notion of heavi-
ness of compact subsets in closed symplectic manifolds.

For an idempotent a of the quantum homology QH.(M, w), we define the
functional ,: C*(M) — R to be the stabilization of c(a, -);

CA(H) = }lg c(a,llH).

Definition 3.3 ([EP]). Let (M, w) be a 2m-dimensional closed symplectic
manifold and a an idempotent of the quantum homology QH.(M, w). A
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compact subset X of M is said to be a-heavy if
{o(H) 2 inf H,

for any (time-independent) Hamiltonian function H: M — R. A compact
subset X of M is said to be heavy if X is a-heavy for some idempotent a of
QH.(M, w).

Entov and Polterovich [EP] proved that every heavy subset is non-displaceable
([EP] Theorem 1.4).

Example 3.4. On the torus Tg X T" = R/2R|ZX - - - XR/2R,Z X (R/Z)" with
coordinates (p,q) = (P1s---» Pusq1,---»qn), We fix the standard symplectic
form wy = dp; ANdg, + - - - +dp, A dq,. Entov and Polterovich [EP] proved
that for any element R = (Ry,...,R,) of (R.o)", {0} X T" is a heavy subset
of TR x T".

4. ProOOF oF THEOREM 1.4

To prove Theorem 1.4, we give an upper bound of the spectral invariant
associated to a Hamiltonian function F: S'x M x Il’é(k) X T" — R such that
P(F;(0y,e)) = 0. Here, for R = (Ry,...,R,) € (R.)" and a positive real
number € with € < min{Ry,...,R,}, let R(¢) denote (R — €,...,R, — €) €

(R>0)".

Proposition 4.1. Let (M, w) be a 2m-dimensional connected closed A1-monotone
symplectic manifold. Let e = (ey,...,e,) and R = (Ry,...,R,) be ele-
ments of Z" and (R.)", respectively. For a positive real number € with

2e <min{Ry,...,R,}, let U. be the open subset of Ty X T" defined by

Ue = {(P’ Q) € Tg X Tn’p € IR(ZE)}'
We fix the symplectic form pr] w + pry wo on M X Ty X T", where pr;: M X
TRxT" — M andpry: MXTrxT" — TpxXT" are the projections defined by
pr,(x, p,q) = x and pr,(x, p, q) = (p,q). Then for any Hamiltonian function
F:S'x M x U, — R with compact support such that P(F; (0y, e)) = 0,

o(IM X Ty x T"], F) <2 " Ri- lei] + max{0, =A(m + n)}.
i=1
To prove Proposition 4.1, we use the following proposition. Let 07 denote
the free homotopy class of constant loops in Ty X T".

Proposition 4.2. Let W be an open subset of a 2w-dimensional connected
closed A-monotone symplectic manifold (W,w) and a« € [S', W] a non-
trivial homotopy class of free loops on W. Assume that a Hamiltonian func-
tion H: W — R satisfies the following conditions.

e for any point x in W, ¢1,(x) = x and [y}] = —«,



HEAVY SUBSETS AND NON-CONTRACTIBLE TRAJECTORIES 9

e H is a Morse function and ev(P(H;0y)) = Crit(H),
o indyorse(x) = indcz([x, ci]) for any point x in Crit(H),

where Oy, denotes the class of constant loops in W.
Then for any Hamiltonian function F: S'XW — R with compact support
such that P(F;a) = 0,

c([W1, F) < 2||H||co + max{0, —Aw},

Proof. To give an upper bound of the spectral invariant associated to F,
we consider the concatenation of ¢}. and a Hamiltonian diffeomorphism ¢},
with trajectories in —a@. We can choose a smooth function y : [0, %] — [0, 1]
satisfying the following conditions.

o 2(1)>0foranye[0,1], and
e y(1) =0forany ¢ € [0, %] and y(#) = 1 forany r € [%, %].

Let L: S' x W — R be a Hamiltonian function defined by

% (O H(x (1), x) when 7 € [0, 1],
L, x) = Xt - HF((t-1),x) whenrel[l,1]
ot 2 27 2o

We claim
c((W], L) < ||H|lco + max{0, —Aw}.

Let [z, u] be an element of P(H) and define x by x = ev(z). If x € W, by
the assumption of H, [y;,] = L_,(W). Since the path y; is the concatenation
of the paths y;, and )/f-”(x) up to parameter change, P(F; @) = 0 implies

Yy ¢ LOW(W) for any x € W. If x ¢ W, then ¢y(x) ¢ W. Thus ] is
equal to 3, up to parameter change and fol H(t,y;,(1)dt = fol L(t,y;(1))dt.
Therefore we see that there exists a natural inclusion map ¢: P(L) — P(H)
which preserves values of the action functionals and the Conley-Zehnder
indices.

We give an estimate of the critical value of the action functional Ay
which attains the fundamental class. Since every element of P(H;0y) is
a constant loop, every element of P(L;0y,) is also a constant loop. Since
P(L;0y) is a finite set and (W, w) is monotone, A, (P(H)) is a discrete
subset of R. Thus c([W],L) is attained by a 1-periodic trajectory of the
Conley-Zehnder index 2w that is the dimension of the fundamental class.
Since every element of P(L; 0y,) is a constant loop, there exists a point x in
W and A € I such that indez([x, ¢,#A]) = 2w and ¢([W], L) = A, ([ x, c,4A]).
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Then, by the assumption,
indMorse(x) + 2C1(A)
= indcz([x, ci]) + 2¢1(A)

= indcz([x, e HA])
= 2w.

Since 0 < indpore(X) < 2w,

0<ci(A) <w.
Thus
AL([x, . 4AD) = An([x, c.4A])
= H(x) — w(A)
= H(x) — Ac1(A),

and therefore c([W], L) < |H||co+max{0, —Aw}. By ||H||co = ||H]||co, the Lip-
schitz property and the homotopy invariance for spectral invariants (Propo-
sition 3.2 (1) and (2)) imply

c(IW1, F) < c(IW1, L) + ||H]lco
< (1Hl|co + max{0, —A(m + n)}) + [|Hl|co
= 2||H||co + max{0, —A(m + n)},

O

The idea of using a Hamiltonian function H satisfying the above con-
ditions comes from Irie’s paper [I]. Seyfaddini’s techniques of using the
monotonicity assumption [Se] is useful in our proof.

To prove Proposition 4.1, we construct the Hamiltonian function H in
Proposition 4.2 by using H®¢ given by the following lemma.

Lemma 4.3. Let R, € be positive real numbers such that 2¢ < R. Let wy,
wa, w3 and wy denote points (R — €,0), (R — €, %), (R+¢€,0)and (R +k¢, %) in
Tr X T', respectively. For an integer e, there exists a Hamiltonian function
HR®ee: Th X T' — R which satisfies the following conditions.

o HR(p,q) = —epon U, = (-R +2€,R—2¢) x T',

o Crit(H®®) = {wy, wa, w3, wa),

o HR<¢ js a Morse function,

o |H*||;~ < (R~ €) - [el,

o ev(P(H®¢;07)) = Crit(H®°),

o indyorse(W;) = Indez([wy, ¢y, ]) for any i € {1, 2,3, 4}.
Here Crit(H®<¢) is the set of critical points of H®<*,



HEAVY SUBSETS AND NON-CONTRACTIBLE TRAJECTORIES 11

Proof. We realize a 2-torus 72 in R? as

T2 = (), 2) e R (V2 + 2 =32 +y* = 1},

Define the (time-independent) Hamiltonian function H: T? — Rby H(x,y,z) =
z. Note that the set of critical points of H is

{(0,0,2),(0,0,4),(0,0,-2),(0,0,-4)}.

We can take a diffeomorphism f: T x T' — T2 which maps wy, wp, w3
and wy to (0,0, 2),(0,0,4), (0,0, -2) and (0, 0, —4), respectively and satisfies
H(f(p,q) = £ for any p € Izaq. Let u®<*: R — R be a function such that

o du®<¢(x) < 0 for any real number x,

o uf¢(x) = —eRxif x| < 1 - %,

o 1R < (R =€) - e] if x| < 4,
Define the Hamiltonian function H®¢: T, xT' — Rby H*** = uf“oHo
f. Assume that (du®¢°), is sufficiently C'-small for any x with 2 < |x] <
4. Then the Yorke estimate ([Y]) implies ev(P(H®¢;07)) = Crit(H?<¢).
Since 2 < |H(f(w;)| < 4 for any i, dH®%¢ is sufficiently C'-small near
Crit(H®°) and hence indyiorse(W;) = indcz([wi, ¢,,,]) for any i. O

Proof of Proposition 4.1. To use Proposition 4.2, we construct the Hamil-
tonian function H. Define the Hamiltonian function H': Tp X T" — R by

n

H'(p,q) = ) H*“(p;,qp).

i=1
Then y;, € L_(Tg X T") for any x € U.. Thus we can take a neighborhood
W of U, such that

ev(P(H'; (04,00)) N W = 0.
In order to compute the spectral invariant, we take a generic perturbation of
H'. Letp: Ty X T" — [0, 1] be a function such that

1 forany (p,q) € TgxT"\'W,

pP-q) = {O for any (p, q) € U..

Let G: M — R be a Morse function and define the Hamiltonian function
H: MXTyxT"— Rby

H(y,p,q) = H(p,q) + p(p,q) - G(y).

If the Morse function G is sufficiently C?-small, then

e ev(P(H;(0p,07))) N (M x W) =0, and
e there exist only finitely many points yy, ..., yx in M such that Crit(G) =
ev(P(tG;0p)) = {y1,..., ¥} forany ¢ € (0, 1].



12 MORIMICHI KAWASAKI

Thus

ev(P(H; (04, 07))) = {is Wjis oo Wi Dicl k)ujisjnet1 2,3.4) = Crit(H).
By Proposition 4.3,

indMorse(x) = il’ldcz([x, Cx]),

for any point x in Crit(H).

Hence H satisfies the conditions of Proposition 4.2 and thus we apply
Proposition 4.2.

By Proposition 4.2 and ||H||co = ||H||c0, the Lipschitz property and the
homotopy invariance for spectral invariants (Proposition 3.2 (1) and (2))
imply

c([MxTgxT"],F) << 2||H||co + max{0, —A(m + n)}

< Z(Z(Ri =€) - leil + [|Gllco) + max{0, —A(m + n)},

i=1

If the Morse function G is sufficiently C*-small,

o(IM X Ty x T"], F) <2 )" Ri - lei] + max{0, —A(m + n)}.
i=1
O

To prove Theorem 1.4, we use the following theorem and proposition by
Entov and Polterovich ([EP)).

Theorem 4.4 ([EP] Theorem 1.7). Let (N, w,) and (N,, w,) be closed sym-
plectic manifolds. Assume that fori = 1,2, Y; is a heavy subset of (N;, w;).
Then the product Y\ XY, is a heavy subset of N1XN,.

Proposition 4.5 ([EP] Theorem 1.4). Let (N, w) be a closed symplectic
manifold. Assume that Y is a heavy subset of (N, w). Then Y is [N]-heavy.

Proof of Theorem 1.4. Fix a positive real number € with € < min{R;, ..., R,}
and take a Hamiltonian function F: S' x M x Ipo X T" — R with compact
support such that Flgixxxr = 2,2, R; - le;] + max{0, —A(m + n)}. Assume
P(F;(0yp,e)) = 0. By P(F;(0y,e)) = 0, Proposition 4.1 and the triangle
inequality imply

Gy (F) <2 " Ry leil + max{0, —A(m + n)}.
i=1
Note that Example 3.4 and Theorem 4.4 imply that X X 7" is a heavy

subset. Since Proposition 4.5 implies that X X T" is [M X Ty, X T"]-heavy,
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by Definition 3.3,

Gty rni(F) 2 2 )" Ry lei] +max{0, —A(m + m)}.

R(e)
i=1

These two inequalities contradicts. Since any Hamiltonian function F: S 'x
M X It x T" — R with compact support has support in S' x M X T X T"
for some €, we complete the proof of Theorem 1.4. O

As we mentioned in Introduction, Theorem 1.4 gives the inequality

CCP", ' (yp), R;e) <2 )" R; - ei.
i=1

We have another example.

Example 4.6. Since (T X T") = 0, by applying Theorem 1.3 to Example
3.4, we attain the inequality C(Tx X T", T",R; e) < 2 377.| R; - |e;| for any ele-
ments e = (ey,...,e,) and R = (Ry,...,R,) of Z™" and (R.()", respectively.

5. NON-CONTRACTIBLE TRAJECTORIES ON NON-MONOTONE SYMPLECTIC MANIFOLDS

When we replace the existence problem of 1-periodic trajectories by the
existence problem of periodic orbits whose period is not more than 1, we
have the following result which does not need the assumption of mono-
tonicity.

Theorem 5.1. Let X be a heavy subset of a connected closed symplectic
manifold (M, w). Lete = (ey,...,e,) and R = (Ry,...,R,) be elements of Z"
and (R.)", respectively. For any (time-independent) Hamiltonian function
F: Mx Iy xT" — R with compact support such that F|x.r» > 2} |ei|R,,
the Hamiltonian flow {¢'.},ex has a periodic orbits (1, e) whose period is not
more than 1 in the free loop homotopy class (0y, e).

To prove Theorem 5.1, we give an upper bound of the spectral invariant
for a Hamiltonian function F: S! x M x U, — R such that its Hamil-
tonian isotopy {¢%} has no trajectories in the free loop homotopy class
(Opr, €) whose period is not more than 1. For R = (Ry,...,R,) € (R.o)"
and a positive real number € with € < min{Ry,...,R,}, let R(e) denote
(Ri—€,...,R,— €) € (R.p)", as before.

Proposition 5.2. Let (M, w) be a connected closed symplectic manifold.
Let e = (ey,...,e,) and R = (Ry,...,R,) be elements of Z" and (R.()",
respectively. For a positive real number € with 2¢ < min{R,,...,R,}, we
define the open subset U, of Ty X T" as in Proposition 4.1. Then for any
Hamiltonian function F: S' x M x U, — R with compact support such that
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its Hamiltonian isotopy {¢.} has no trajectories in the free loop homotopy
class (0y, ) whose period is not more than 1,

o([MXTpxT",F) <2 )" Ri-leil.
i=1
To prove Proposition 5.2, we use the following proposition which is a
slight modification of an argument in [I].

Proposition 5.3. Let W be an open subset of a 2w-dimensional connected
closed symplectic manifold (W, w) and a € [S', W] a non-trivial homotopy
class of free loops on W. Assume that a Hamiltonian function H: W — R
satisfies the following conditions.

e for any point x in W, ¢1.(x) = x and lyyl = —«,

e H is non-degenerate,
Let Oy, denote the class of constant loops in W.

Let F: S' x W — R be a Hamiltonian function with compact support

such that its Hamiltonian isotopy {¢%.} has no trajectories in the free loop
homotopy class (Oyy, e) whose period is not more than 1. Then

c([W1, F) < 2||H||co,

For a Hamiltonian function H: S' x M — R with compact support, let
Spec(H) denote the set of critical values of the action functional Ay i.e.
Ay(P(H)). To prove Proposition 5.3, we use the following theorem.

Theorem 5.4 ([U], non-degenerate spectrality). Let (M, w) be a closed sym-
plectic manifold and a be an element of QH.(M, w). Then for any non-
degenerate Hamiltonian function F: S' x M — R with compact support,
c(a, F) € Spec(F).

Proof of Proposition 5.3. We give an upper bound of the spectral invariant
associated to F' by using the concatenation with ¢,.

For a real number s with s € [0, 1], we define the new Hamiltonian func-
tion L*: S' x W — R as follows:

L) = % (D H(x (1), x) when 7 € [0, 1],
T sZ (- DF(sy(t - 1), %) whenre[L1],

where y: [0, %] — [0, 1] is the function defined in the proof of Proposition

4.1. Since ‘;—f = 0 on neighborhoods of # = 0 and ¢ = %, L’ is a smooth
Hamiltonian function.

We claim Spec(L*) C Spec(H) for a real number s with s € [0, 1]. Let
F5: S'x W — R denote the Hamiltonian function defined by F*(t,x) =
s‘;—f(é)F(sX(é),x). Let [z, u] be an element of P(H) and define x by x =
ev(z). If x € W, by the definition of H, y; € Ly, (W). Since the path
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Y]+ is the concatenation of the paths y;, and yﬁ’j < up to parameter change

and {¢} has no trajectories in the free loop homotopy class Oy whose
period is not more than 1, y;, ¢ LOW(W) forany x € W. If x ¢ W,
then ¢y(x) ¢ W. Thus yj, is equal to y; up to parameter change and

fol H(t,v;(0)dt = fol L(t,y7,(t))dt. Therefore we see that there exists a nat-

ural inclusion map ¢: P(L*) — P(H) which preserves values of the action
functionals, and hence Spec(L*) C Spec(H). Since H is a non-degenerate
Hamiltonian function, L* is also non-degenerate, and hence Theorem 5.4
implies c([W], L*) € Spec(H).

By the Lipschitz property for spectral invariants (Proposition 3.2 (1)),
c([W1], L*) depends continuously on s. Since Spec(H) is a measure-zero set
(Lemma 2.2 of [002]), ¢([W], L*) is a constant function of s. The homotopy
invariance for spectral invariants (Proposition 3.2 (2)) implies

c((W1, L% = (W], H)
hence for any s € [0, 1],
c([W],L*) = c((W], H).
Then c([W], F) is estimated as follows.
c([W], F) < c(IW], L") + [|Hl|co
= c([W1, H) + || Hl|co

<20) (R = &) -leil + IGlleo).
i=1

O

Proof of Proposition 5.2. Let G be a Morse function on M and H: W — R
the Hamiltonian function defined in the proof of Proposition 4.1.

As we explained in the proof of Proposition 4.1, if the Morse function G
is sufficiently C?-small, then

ev(P(H; 0y, 07)) = {i» W)y - s Wi D lieh. ki juett 2.3.4) = Crit(H).
In particular, H is a non-degenerate Hamiltonian function. Since

1Hllco = 1Hllco < Z(Ri —€) - leil + |Gllco,

i=1

Proposition 5.3 implies

o(IM X Ty X T", F) < 20) (R = ©) - leil + [ Gllco)-

i=1
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If the Morse function G is sufficiently C?-small,

c(IMXTEXT",F) <2 ZRi leil.
i=1

The idea of using the Hamiltonian function H comes from [I].

Proof of Theorem 5.1. Fix a positive real number € with € < min{R;, ..., R,}
and take a Hamiltonian function F: S' x M x Iy, x T" — R with com-
pact support such that Flgi . > 237, R; - le;]. Assume that {¢.} has
no trajectories in the free loop homotopy class (0,,e) whose period is
not more than 1. Since {¢/.} has no trajectories in the free loop homo-
topy class (0y, e) whose period is not more than 1, Proposition 5.2 and
the triangle inequality for spectral invariants (Proposition 3.2 (3)) imply
iy xrm(F) <2350, R; - lei].

By applying Theorem 4.4 to Example 3.4, we see that X X 7" is a heavy
subset. Then Proposition 4.5 implies that X X 7" is [M X T, X T"]-heavy,
and hence g[MxT;(e)xT"](F) > infyur F > 23", R; - |e;] by Definition 3.3.

These two inequalities contradict and we proved that {¢'.} has a trajectory
in the free loop homotopy class (0,, ) whose period is not more than 1.
Since any Hamiltonian function F: S' x M X I x T" — R with compact
support has supportin S x M x I? . x T" for some €, we complete the proof

R(e)
of Theorem 5.1. O

6. DISPLACEABLE SUBSETS AND NON-CONTRACTIBLE TRAJECTORIES

For a Hamiltonian function H: S! x M — R with compact support on a
symplectic manifold M, we define the Hofer length ||H|| of H by

1
|HI| = f \Hyl\codr
0
For a subset X of M, we define the displacement energy of X by

EX) = inf{|H|l; H € CX(S' x M), X N ¢p(X) = 0},

where X is the topological closure of X. If X is non-displaceable, we define
E(X) = co.

Proof of Proposition 1.5. To use Proposition 1.2, we construct a Hamilton-
ian function H: S'x M x It X T" — R such that (X x T") N ¢Z(X xT" =0
and P(H; (0, e)) = 0. Fix a sufficiently small positive real number €. We
take a Hamiltonian function H: S' x M — R with compact support such
that ||H|| < E(X) + e and X N ¢}{(X) = (. Since |ex| - Ry > E(X) and € is
sufficiently small, we can take a function p; € C°(—=Ry, Ry) such that
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e o, = 1 in a neighborhood of {0},
* |ou(®)| < lexl - (E(X) + €)' for any x € (=Ry, Ry).
For i # k, we take a function p; € C°(—R;, R;) such that p; = 1 in a neighbor-
hood of {0}. we define the Hamiltonian function H: S' x M x I xT"— R
by
A, x, p,q) = | | o) - Ht, ).

Then
(X}I)(X,P,q) = (1—[ pt(pl) : (X;-[)x, O’ R 0’pl(pl) : H(t’ X), e ’pn(pn) : H(t, .X))

Since p; = 1 in a neighborhood of {0}, (XxT”)ﬂqﬁ}q(XxT") = (. Since || <

1 1. .
lel - (EQX)+e)™ and [/ IHllcodt = ||HI| < E(X)+€, [ 10x(pil-|H (2, 0)ld is
smaller than |e;| and hence P(H; (04, ¢)) = 0. Thus Proposition 1.2 implies

CM,X,R;e) = Cgps(M x Iz xT", X X T”;(OM,e)) = 00.

7. NON-LAGRANGIAN SUBMANIFOLDS AND NON-CONTRACTIBLE TRAJECTORIES

For a compact non-Lagrangian submanifold X, we have the following
result.

Proposition 7.1. Let (M, w) be a 2m-dimensional connected symplectic
manifold and X an m-dimensional compact non-Lagrangian submanifold
of M. Lete = (ey,...,e,) and R = (Ry, ..., R,) be elements of Z"' and (R.)"
with e # 0, respectively. Then C(M, X, R; e) = oo.

To prove Proposition 7.1, we use the following theorem which follows
from an argument similar to that in the proof of Theorem C of [BPS].

Theorem 7.2. Let (N, w) be a 2m-dimensional connected symplectic man-
ifold, Y an m-dimensional compact non-Lagrangian submanifold of N and
a a non-trivial homotopy class of free loops in N. Assume that the normal
fibre bundle v of Y in N has a non-vanishing section. Then Cgps(N, Y; @) =
0o,

To prove Theorem 7.2, we use the following theorem.

Proposition 7.3 ([P95], [LS]). Let (N, w) be a 2m-dimensional connected
symplectic manifold and Y an m-dimensional compact non-Lagrangian sub-
manifold of N. Assume that the normal fibre bundle v of Y in N has a non-
vanishing section. Then there exists a Hamiltonian function H: N — R
with compact support such that (Xg), ¢ T,Y for any pointyin'Y.
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Proof of Theorem 7.2. To use Proposition 1.2, we construct a Hamiltonian
function H: S' x M X I, X T" — R such that (X x T") N ¢}9(X xT" =0
and P(H; (Oy, e)) = 0.

By the assumption, Proposition 7.3 implies that we can take a Hamil-
tonian function H: N — R with compact support such that (Xy), ¢ T,Y
for any point y in Y. Then there exists a positive real number € such that
Yn gb}H(Y) = 0 and P(tH; @) = 0 for any real number 7 with 0 < ¢t < € and
any integer e with e # 0.

Thus Proposition 1.2 implies

C(M’X9R; e) = CBPS(M X I[g X T”’X X Tn;(OMa e)) = 00,
for any integer e with e # 0 O

Proof of Proposition 7.1. Since X is an m-dimensional non-Lagrangian sub-
manifold and the normal fibre bundle v of X X T" in M X Iy X T" has a
non-vanishing section, Theorem 7.2 implies

CM,X,R;e) = Cpps(M X Ixg x T", X X T"; (Op, €)) = 00,

for any e with e # 0 O

8. COMPRESSIBLE HAMILTONIAN TORUS ACTION AND NON-CONTRACTIBLE
TRAJECTORIES

We have a family of examples similar to Example 1.6. Let (M, w) be
a closed symplectic manifold. We consider the case when a moment map
® = (F',...,F): M — R" induces a Hamiltonian torus action i.e. ¢, = id
fori = 1,...,k and {F',F/} = 0 fori # j. Then there exists a natural
inclusion map ¢: T* — Ham(M, w). A Hamiltonian action induced by ® is
compressible if the image of the map ¢, : 7;(T*) — m;(Ham(M, w)) is finite,
where ¢, is induced by «¢.

Entov and Polterovich proved the following theorem.

Theorem 8.1 ([EP]). Let (M, w) be a 2m-dimensional connected closed
symplectic manifold and ® = (F',..., F*: M — R* a moment map which
induces a compressible Hamiltonian torus action. Assume that F' is nor-
malized as a Hamiltonian function for any i. Then

(1): ®Y(0) is heavy, thus stably non-displaceable,

(2): ®'(y) is stably displaceable for any point y in ®(M) with y # 0.

We have the corresponding result on the existence problem of non-contractible

trajectories.

Theorem 8.2. Let (M, w) be a connected closed A-monotone symplectic
manifold and ® = (F',...,F*): M — R* be a moment map which induces
a compressible Hamiltonian torus action. Assume that F' is normalized as
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a Hamiltonian function for any i. Then there exists a positive real number
E such that
(1): C(M,®7'(0),R;e) < 2Y",R; - |leil + max{0, —A(m + n)} for any
elements e = (ey,...,e,) and R = (Ry,...,R,) of Z" and (R.)",
respectively,
(2): C(M, ®7!(y),R; e) = oo for any point y in ®(M) with y # 0 and for
any elements e = (ey,...,e,) and R = (Ry,...,R,) of Z" and (R()"
with R; > E for some | and e # 0, respectively.

(1) of Theorem 8.2 follows immediately from Theorem 1.3 and (1) of
Theorem 8.1.

To prove (2) of Theorem 8.2, we use the following theorem which is a
slight modification of Theorem 2.1 of [EP]. Note that we can identify 7*T'
with R x T'! with the coordinate (p, g).

Proposition 8.3. Let X be a compact subset of a closed symplectic manifold
M. Assume that there exists a normalized Hamiltonian function F: S' x
M — R generating a loop {¢%}cpo,11 in Ham(M, w) which is homotopic to
the trivial isotopy relative to endpoints and F(t,x) # 0 for any t and any
point x with x ¢ X. Then there exists a Hamiltonian function H: S' x M x
T*T' — R with compact support such that (X x T') N ¢, (X X T") = 0 and

g—;’(t, x, p,q)| < 1 for any point (t,x,p,q) in S' x M x T*T".

Proof. Let {f;’}; 10,11 be a homotopy of 1oop {¢}.}sef0,1 to the constant loop
ie. f3 =idand ff = ¢}. Let F': S' x M — R denote the normalized
Hamiltonian function generating the isotopy {f;*}sc0.1)- Consider the family
of diffeomorphisms ¥, of M x T*T" defined by

\P,(X, P, CI) = (ﬁq-x’ pP— Ft(q’ ﬁqx)’ 61)

By Theorem 6.1.B of [PO1], P, is a Hamiltonian isotopy. Let H: S' x M x
T*T' — R be a Hamiltonian function generating ¥,. Note that A does not
depend on the coordinate p since pg(%) =0, where pry: M X T*T' - T!
is the projection defined by pr;(x, p, g) = q.
We can take a function p: R — R with compact support such that
e p = 1in J,(pr,(¥:(X))), where pr,: MxT*T! — Ris the projection
defined by pr,(x, p,q) = p,
e |p(x)| < inf, ||A,|7) for any x € R.

Let H: S' x M x T*T' — R a Hamiltonian function defined by
H(t,x, p,q) = p(p) - H(t, x, p,q).

Since H does not depend on the coordinate p,

prs, (X5 pa) = P(p) - Hi(x, p, ).
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Since |p(x)| < inf, ||H,[|™", I%(t, x, p, @)l < 1. Since p = 1 in {J,(pr,(¥«(X))),
XXTHNe(XxTH =0.
o

The construction of ¥, appeared in [PO1] and [EP].

Proof of (2) of Theorem 8.2. Let e be an element of (Z.()" with ¢, # 0. To
use Proposition 1.2, we construct a Hamiltonian function H: §' x M X I} X
T" — R such that

@' X TN gp(@ ') X T") =0,

and P(H; Oy, e)) = 0.

First, we prepare some Hamiltonian functions H': S' x M x T*T' - R
(I = 1,...,k). Since the action induced by ® is compressible, for any /
there exists a sufficient large positive integer N; such that the Hamiltonian
function N;F' generates a contractible Hamiltonian circle action on M.

Since N,F' generates a contractible Hamiltonian circle action on M for
any [, Proposition 8.3 implies that there exist Hamiltonian functions H': S !x
MxT*T' - R (l=1,...,L) with compact support such that

@'MXTH NG (@' (XT) =0

for any y with y; # 0 and |66—f:(x, p,q)| < 1 for any point (x, p, g) in MxT*T".

Define the projection pr,: M x T*T' — R by pr,(x, p,q) = p and put
E = max; sup{|r|; r € pry(Usejo,1 Supp(H)))}.

Fix a pointy = (yy,...,yx) of ®(M) with y # 0. There exists some / such
that y; # 0. Let R = (Ry,...,R,) be an element of (R.()" with R, > E. For
i # k, we take a function p;: (—R;, R;) — [0, 1] with compact support such
that p; = 1 in a neighborhood of {0}. Let A': S'x M x Iy xT" — Rbea
Hamiltonian function defined by

I:\Il(ta X, D, Q) = l—[pl(pl) : Hl(t’ X, Pk Qk)
ik
Since R, > E, H' has compact support in S' x M X I, X T". Then

OH'
pr((Xgepa) = | [ oitp) - 05, oo,

itk
where pr: M x Ip x T" — T is the projection defined by pr(x, p,q) = gx
Since
@' XTHN (@' MXT") =0,
and p; = 1 in a neighborhood of {0},

@' XT") N (D7) X T") = 0.
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Since |24 (¢, x, p, q)| < 1 for any point (¢, x, p,q) in S' x M x T*T"' and the

image of p; is in [0, 1], P(A"; (04, €)) = 0.
Thus Proposition 1.2 implies

o'
dp

CM,X,R;e) = Cpps(M X Ixg x T", X X T"; (Op, €)) = 00,

for any e with e # 0. i

9. STABLY NON-DISPLACEABLE SUBSETS AND NON-CONTRACTIBLE TRAJECTORIES

For a positive integer n, a subset X of a symplectic manifold M is n-
stably displaceable if X X T" is displaceable in M X T*T". X is n-stably
non-displaceable otherwise. If X is n-stably non-displaceable, then X is
stably non-displaceable.

By our Theorem 1.4, we have estimates on C(M, X, R; e) for heavy sub-
sets. However, we expect better estimates. We would like to pose the fol-
lowing problems.

Problem 9.1. Let X be an n-stably non-displaceable compact subset of a
closed symplectic manifold (M, w). Show that the inequality

C(M,X,R;e) < ) Ri- e
i=1
holds for any elements e = (ey,...,e,) and R = (Ry,...,R,) of Z" and
(R.o)", respectively.

Problem 9.2. Let N be a connected closed Riemannian manifold and o €
[S!, N] anon-trivial free homotopy class. Let X be a stably non-displaceable
compact subset of a closed symplectic manifold (M, w). Show that the in-
equality

Cpps(M X B'N,X X N;a) = I,,

holds, where [, is the infimum of geodesic length in the class a.

Weber [W] gave the positive answer to Problem 9.2 when M is one point
set {*}and M = X.

Since heavy subsets are stably non-displaceable, the positive answer to
Problem 9.1 is a generalization of Theorem 1.3. In this subsection, we give
several supporting observations related to Problem 9.1.

The argument in [BPS] shows the following estimate from below.

Proposition 9.3. Let X be any subset of a closed symplectic manifold (M, w).
Then

CBps(MXB*N,XXN;CY) > la,.
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In Section 10, we introduce a relative symplectic capacity C* which is
defined in terms of invariant measures of (time-independent) Hamiltonian
flow and satisfies C*(M, X, R; e) < C(M, X, R; e).

Theorem 9.4. Let (M, w) be a closed symplectic manifold and X an n-stably
non-displaceable compact subset of M. Then

C'(M,X,R;¢) < )" Ri - ei,
i=1
for any elements e = (ey,...,e,) and R = (Ry,...,R,) of Z" and (R.)",
respectively.

We prove Theorem 9.4 in Section 10.
We cannot replace the assumption that X is n-stably non-displaceable in
Problem 9.1 by that X is non-displaceable. We have the following example.

Proposition 9.5. Let S? be a 2-sphere {(x,v,z7) € R* ;x> +y* + 22 = 1}
with the standard area (symplectic) form. For a positive real number €, we
define a subset C. of S* by C. = {(x,y,7) € S*;z = +€}. Then C_ is stably
displaceable for any positive real number € and there exists a positive real
number E such that

C(S*,Ce, Ry €) = o0,
for any positive real number € and any elements R and e of (R.o)" and Z"
with R, > E and e # 0 for some k, respectively.

Remark 9.6. Let A, and B, be the subsets of S2 defined by A, = {(x,y,2) €
S$2;1zl < € and B, = {(x,y,2) € S%z > €}, respectively. If € < %,
then Area(A.) < Area(B,). Since any Hamiltonian diffeomorphism is area-
preserving, C. is non-displaceable.

Professor Kaoru Ono told the author that C, for € < % is an example
due to Professor Polterovich of a non-displaceable subset which is stably
non-displaceable.

Proof of Proposition 9.5. Let e be an element of (Z.()" with ¢; # 0. To use
Proposition 1.2, we construct a Hamiltonian function H: S'xS? XIEXT" —
R such that (Cc X T") N ¢1.(Ce X T") = 0 and P(H; Oy, €)) = 0.

Let F: S? — R be a Hamiltonian function defined by F(x,y,z) = 4nz.
The isotopy {¢%}i0,17 is homotopic to the trivial isotopy relative to end-
points.

Thus Proposition 8.3 implies that there exists a Hamiltonian function
H: S'xS*xT*T" — R with compact support such that (Ccx T') N}, (Ce X
T') =0 and I‘gi;(x,y, 7, p,q)| < 1 for any point (x,y,z, p,q) in S> x T*T".

Define the projection pr,: S2XT*T! — R by pr,(x,y,z, p,q) = p and put
E = sup{|r]; r € pry(Uio.1; Supp(H;))}. Let R = (Ry,...,R,) be an element
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of (R.p)" with R, > E. For i # k, we take a function p;: (-R;,R;) —
[0, 1] with compact support such that p; = 1 in a neighborhood of {0}. Let
H: S'xS8?x It x T" — R be a Hamiltonian function defined by

FI(I’ X, ¥,2, P, CI) = l—[pl(pl) : H(t, X, ¥, 25 Pk Qk)
ik

Since R; > E, H has compact support in S x §2 X I, x T". Then

Pr (X yepa) = 1;[ pi(pi) - (;—I;(t, X, Y2 P> Gk)s
where pr: S2xIpxT" — T' is the projection defined by pr(x, y, z, p,q) = gk
Since p; = 1 in a neighborhood of {0}, (X x T") N ¢;1(X x T™) = 0. Since
Ig—Z(I, X,¥,2, p»q)| < 1 for any point (¢, x,y,z, p,q)in S! x S2x T*T" and the
image of p; is in [0, 1], P(H; (0y, €)) = 0.
Thus Proposition 1.2 implies

C(M,X,R;e) = Cpps(M X Iy x T", X X T"; (O, €)) = 00

for any e with e # 0. i

10. POLTEROVICH’S INVARIANT MEASURE AND PROOF OF THEOREM 9.4

First, we review several definitions in order to fix the terminology.

Definition 10.1. Let N be a manifold and X a smooth vector field on N
generating a flow ¢'. For an invariant Borel measure y of ¢’ with compact

support, its rotation vector p(u, X) is an element of 1-dimensional homol-
ogy H,(N;R) defined by

I, plu, X)) = f AX)u,
N
for any cohomology class 1* of H'(N;R), where A is a closed 1-form repre-
senting 1*.

We can easily verify that fN A(X)u does not depend on the choice of A.

We define relative symplectic capacities C4,s and C*. For a manifold N
and the vector field X on N generating a flow ¢, let M(N, X) denote the set
of invariant Borel measures of ¢’ with compact support.

Definition 10.2. Let Y be a compact subset of an open symplectic manifold
(N,w) and @ € [S!, N] a free homotopy class in N. For a cohomology class
I' € H'(N;R), we define the relative symplectic capacity C5,.(N, Y;1*, @)
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CgPS (Na Y; l*a a/)
= inf{K > 0; YH € C*(N) such that H|y > K,
Ju € M(N, Xy) such that KI*, p(u, Xp))| = I"(@)}.

We define the relative symplectic capacity Ch,¢ (N, Y; @) by

Chps(N,Y;a@) = sup Chps(N, V1%, ).
I*eH'(N:R)
Let X be a compact subset of a closed symplectic manifold (M, w). For an
element e = (ey,...,e,) of Z" and an element R = (Ry,...,R,) of (R.o)",
we define the relative symplectic capacity C*(M, X, R; e) by

CP'(M,X,R;e) = Chpg(M X I} X T", X X T"; (Op, €)).

Note that for any positive real number s, C,o (N, Y; sI*, @) = Ch,o (N, Y; I*, @).
Since every l-periodic orbit representing a non-trivial homology class a
determines an invariant measure with the rotation vector a, we see that
CLog(N,Y,@) < Cpps(N, Y; @) and C*(M, X, R; e) < C(M, X, R; e).

A diffeomorphism ¢ of M is said to be a symplectomorphism if y*w = w
and an isotopy {¢/'}cj0.1] of M is said to be a symplectic isotopy if ¢° = id
and (¥")*w = w for any t. Let Symp(M, w) denote the group of symplec-
tomorphisms of (M, w) with compact support. Let Syan-i)o(M, w) denote the
universal covering of the identity component of Symp(M, w) and its element
is the homotopy class of a symplectic isotopy {¢/'},cj0.1; of M relative to the
end points ¢° = id and ¢! = .

Definition 10.3. The flux homomorphism Flux: Symp,(M, w) — H'(M;R)
is defined by
1

Fux (o) = [ v,
0
for any element [{t/'},c[0.17] of S/S/\m/po(M, w), where X' is the (time-dependent)
vector field which generates {y/'},.

The flux homomorphism is known to be surjective.
To prove Theorem 9.4, we explain Polterovich’s result in [P14].

Theorem 10.4 ([P14]). Let Y, and Y, be non-displaceable compact sub-
sets of a closed symplectic manifold (N, w). Assume that Yy N'Y, = 0
and there exists a symplectic isotopy {('}icio.17 such that y'(Yy) = Y,. Put
I' = Flux({¢/'}). Then for any positive real number p and any Hamiltonian
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function F: N — R such that Fly, < 0 and Fly, > p, {¢}.} possesses an
invariant measure u such that Supp(u) C Supp F and

K", p(ut, X))l = p.

Letpr,: MXIyxT" — M denote the projections defined by pr,(y, p, ) =
y. Define the subset S of R? by S = I, more precisely,
SR = ({_RlaRl} X [_RZaRZ] XX [_Rn’Rl’l])
U ([_Rl’Rl] X {_R2’R2} XX [_Rn»Rn])
U- U ([=Ry, Ri] X [-Ry, Ro] X -+ - X {=Ry, R, }).

Proof of Theorem 9.4. Fix a cohomology class
I' = prib* + aildgi] + - + a,[dg,] # 0 € H'(M x I} x T"; R),

where ay, . . ., a, are real numbers and b* € H'(M;R) is a cohomology class

of M. To use Theorem 10.4, we prepare the symplectic isotopy {¢'}j0.1]-

Since I" # 0, there exists a unique positive real number K such that (Kay, ..., Ka,) €
S &. Then we regard Iy X T" as a subset of 77, X T". Fix a point x, in M.

Since the flux homomorphism is surjective, there exists a symplectic isotopy

(W }ier0,1) of M such that Flux({¢/§}iej0,11) = Kb*. Let {§} be the symplectic
isotopy of M x T3, X T" defined by

lpt(x’pl’---apn’ch’---»Qn) = (l//é‘)(x)apl +Ka1l’---’pn +Kant,q1,---,CIn)-
Then

Flux({¢'}ej0.17) = Kai[dqi] + - - - + Ka,[dg,] + K prib" = KI".

Assume that a Hamiltonian function H: M X Iy X T" — R satisfies H|xr» >
2ie1 Ri-leil. We regard F as a Hamiltonian function on M x T}, x T". Since

.....

10.4 implies that there exists an invariant measure u on M X I X T" such
that

(Rildg] + - + Rulda, ] p(u, XeDl = ) Ry leil.
i=1
Since (Kay, ..., Ka,) € Sg, KI'(e) < Y.I_, R;-|e;|. Thus, for any cohomology
class I" with I* # 0,

Chps(M X It X T", X x T"; 1", (Opy, €))

= Chps(M X Iy X T", X X T"; KI', (01, €)) < > Ry -leil.

i=1
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Since 2o (M X I X T", X X T™;0, Oy, €)) = 0, C°(M, X, R;e) < Y| R, -

le;].
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