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1 Introduction

The aim of this thesis is to study branching laws of real reductive Lie groups
by algebraic methods.

1.1 Irreducible decomposition

The main problem is to analyze the restriction of an irreducible represen-
tation of a Lie group (resp. Lie algebra) with respect to a closed subgroup
(resp. Lie subalgebra). The problem is called the branching problem. If the
given irreducible representation is unitary, the following fact assures us that
the restriction has an irreducible decomposition.

Fact 1.1 (Mautner and Teleman). Let U be a unitary representation of a
locally compact group G. Then U has an irreducible decomposition:

U= [ mVadut),

a
where G is the unitary dual of G and Vy; is a representation space of .

The measurable function m : é& — Z>o U {oo} is called the multiplicity
function. For the case of Lie group representations, R. Goodman showed
in the proof of [15, Lemma 3.1] that the direct integral decomposition is
compatible with the Lie algebra action.



Fact 1.2 (Goodman). Let U be a unitary representation of a Lie group G
with direct integral decomposition.:

@
U~ / U.du(z).
z
Then for any vector v € U™ defined by a section z — v(z), v(z) belongs
to U for p-almost every z, where U™ s the space of smooth vectors with
respect to the G-action. Furthermore, for any X € U(g), we have (Xv)(z) =
X(v(z)) for p-almost every z.

1.2 Branching problem

Our main concern is the branching problem of unitary representations of real
reductive Lie groups. For the branching problem of real reductive Lie groups,
we refer to [51, 56]. Let Ggr be a real reductive Lie group and G a reductive
subgroup of Gg. For any irreducible unitary representation V' of Gy, the
restriction V|G]/R to G has an irreducible decomposition by the theorem of
Mautner and Teleman:

V|Gﬁ§:/é7m(7r)v7rdu(7r). (1.2.1)

Since G% is reductive, the irreducible decomposition is unique. The irre-
ducible decomposition is called the branching law of V' with respect to Gg.

The branching problem for compact Lie groups has been studied by many
mathematicians, and explicit branching laws have been obtained such as the
Clebsh-Gordan formula, the Pieri rule, the branching laws for (Gg, Gg) =
(U(n),U(n—1)), (SO(n),SO(n—1)) and (Sp(n), Sp(n — 1)), the Littlewood—
Richardson coefficient, Kostant’s formula and the Littelmann path model.
Conversely, the branching problem for non-compact reductive Lie groups
is difficult in general, and branching laws were known at the end of 1980s
only for specific unitary representations such as holomorphic discrete series
representations [24], [29], [70], [89], the Segal-Shale-Weil representation [25]
20], [35] and K-type formulas.

In the late 1980s, T. Kobayashi discovered discretely decomposable branch-
ing laws of Zuckerman derived functor modules A4(\). Let 6 be a Cartan
involution of Gy preserving Gg. Set Kg := G% and gr := Lie(Ggr). We de-
note by K and g the complexification of Kg and gg, respectively. We use a
similar notation for G such as K, K’ and g'. For a representation V' of Gg,
we write Vi for the subspace of all Kg-finite vectors. In the series of papers
[42, 43, [45], [46], Kobayashi initiated and developed the theory of discretely
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decomposable (g, K)-modules and gave examples of explicit branching laws
for Aq(N).

Definition 1.3 (T. Kobayashi [45, Definition 1.1]). A (g, K)-module V is
said to be discretely decomposable if V has a (g, K)-module filtration Vy C
Vi C -+ such that |, Vi =V and each V; is finite length.

He gave criteria for the discrete decomposability of a restriction of an
irreducible (g, K)-module by the asymptotic K-support [45] and the associ-
ated variety [46], and gave necessary and sufficient conditions for the discrete
decomposability of a restriction of A;(A). An important property is that the
discrete decomposability of a (g, K)-module implies the discrete decompos-
ability of a unitary representation of G as follows.

Fact 1.4 (T. Kobayashi [48, Theorem 2.7]). Let V' be an irreducible uni-
tary representation of Gr. Suppose that Vi|y kny is discretely decompos-
able. Then Vi |y k) is decomposed into the direct sum of irreducible (g', K')-
modules:

Viclg.ae = € m(m)(Va)xer,
WEC/;%
and V|G]/R 18 decomposed into the direct sum of irreducible unitary represen-
tations with the same multiplicity function m(r):

@
Vg, ~ Z m(m)Vy.
WG%
In the framework, discretely decomposable restrictions, explicit branching
laws were computed for some unitary representations [§], [16], [42] 43| 45} 146],
58], [74], [78], [83], [95]. The discretely decomposable restrictions of A4(\)

with respect to symmetric subgroups were classified by T. Kobayashi and Y.
Oshima [60], and the branching laws were obtained by Y. Oshima in [82].

1.3 Intertwining operator

The space of all intertwining operators is important to study the branch-
ing problem. Let V' be an irreducible (g, K)-module and V’ an irreducible
(¢/, K')-module. Consider the following two vector spaces:

HOngvi/ (V, V/),
Homy (V' V).



An element of Homy x/(V, V') or Homgy x(V', V) is called an intertwining
operator.

The two spaces have a natural 2(g)®-module structure. For the case of
compact G, it is well-known that the action on Homy g/ (V’, V') is irreducible.
In particular, when Gf is equal to the maximal compact subgroup Kg of Gg,
the U(g)®-module plays an important role in the theory of (g, K)-modules
such as Harish-Chandra’s subquotient theorem [19]. Remark that for non-
compact G%, the U(g)% -modules may be reducible.

The space Homy z/(V’', V) is deeply related to the discrete decomposabil-

ity:

Fact 1.5 (T. Kobayashi [40, Lemma 1.5]). Let V' be an irreducible (g, K)-
module. Homy o (V', V') is non-zero for some irreducible (g', K')-module if
and only if V| (g k) is discretely decomposable.

In many cases, the restriction of an irreducible (g, K )-module to the sub-
pair (g’, K') is not discretely decomposable, and Homgy g/ (V', V) is zero for
any irreducible (g’, K')-module V’. In such cases, any general theories to
deal with branching laws are not known. Nevertheless, some geometric and
analytic methods work well for some irreducible unitary representations [9],
4], 53], [59, [63), [77], [79], [80], [109].

The space Homy ;/(V’, V) may have many information about branch-
ing laws with continuous spectrum. T. Kobayashi proposed the program to
construct symmetry breaking operators explicitly. Here a symmetric break-
ing operators means a continuous Gp-intertwining operator from a contin-
uous irreducible (or finite length) representation of Gg to one of G;. The
explicit construction was obtained for principal series representations and
(Ggr,Gg) = (O(n + 1,1),0(n, 1)) [63], and holomorphic discrete series rep-
resentations [61, 62]. A relation between symmetry breaking operators and
(g, K)-module intertwining operators was discussed in [55], and recent devel-
opments and open problems on this topic are in [56].

1.4 Multiplicity-free representation

The concept of a multiplicity-free representation is just as important as that
of the discrete decomposability.

Definition 1.6. For a unitary representation V' of Gg, we denote by Mg, (V)
the essential supremum of the multiplicity function of the irreducible decom-
position. V' is said to be multiplicity-free it Mg, (V) = 1, and to have
uniformly bounded multiplicities if Mq, (V') < oc.



We use the same terminology for completely reducible (g, K)-modules
and algebraic representations.

The Fourier transform, the Fourier series expansion and spherical harmon-
ics are classical and important examples of multiplicity-free representations.
In the representation theory of Lie groups, many multiplicity-free represen-
tations are known such as the Clebsh—Gordan formula, the Pieri rule, the
Peter—-Weyl theorem, the branching laws for (Ggr,Gg) = (U(n),U(n — 1))
and (SO(n),SO(n — 1)), the Cartan—Helgason theorem, the Plancherel for-
mulas for Riemannian symmetric spaces and group manifolds.

A multiplicity-free representation has a ‘canonical’ irreducible decompo-
sition, and the representation yields some natural transform like the Fourier
transform. Therefore, finding a multiplicity-free representation may be re-
lated to finding some good analysis and geometry. We refer the reader to
[50] for the point of view.

A spherical variety is one of the geometric objects to produce multiplicity-
free representations.

Definition 1.7. Let G be a complex reductive algebraic group with Borel
subgroup B. A G-variety X is said to be spherical if B has an open orbit on
X.

By [100, Theorem 2|, an affine G-variety X is spherical if and only if the
coordinate ring C[X] of X is a multiplicity-free G-module.

T. Kobayashi introduced the notion of visible action on a complex mani-
fold in [49], and showed the propagation theorem of multiplicity-free property
in [44 54]. Many multiplicity-free representations can be explained in the
machinery [50]. An advantage of the notion is that infinite-dimensional uni-
tary representations of any Lie group such as non-reductive Lie groups can be
treated in the framework. An example of applications of visible actions is the
branching laws of unitary highest weight modules with respect to symmetric
subgroups [52].

Let Gr be a connected simple Lie group of Hermitian type with Cartan
involution § and G a symmetric subgroup of Gy preserved by 6. Put Kg :=
G% and Kf := (G)?. Let a be a maximal abelian subspace in g~/ N (gg)*.
Set MR = ZKD'Q(C%R)'

Fact 1.8 (T. Kobayashi [50, Theorem 18, Theorem 34|, [52, Theorem A]). Let
H be a unitary highest weight module of Ggr embedded in O(Gr/Kr, Gr X k;
F) for some irreducible unitary representation F of Kg. If F|up, is multiplicity-
free, then ?—[|GI/R 1s multiplicity-free. In particular, if H is of scalar type, then
Hlcy, is multiplicity-free.



Fact 1.9 (T. Kobayashi [44, Theorem B]). Retain the notation in the above
fact. If (Gg,Gg) is a symmetric pair of holomorphic type (i.e. g contains
the center of £), then '7'-[|GlrR has uniformly bounded multiplicities.

The second fact asserts Mg, (H) < co. In this case, T Kobayashi stated
in [52, Remark 1.5] that using the Howe duality [26], we could relate the
multiplicity function and the stable branching coefficients defined by F. Sato

[93).

1.5 Stability of multiplicities

If a representation has uniformly bounded multiplicities, the multiplicity
function may have a stability property. We state Sato’s stability theorem
[93] as follows.

Let G be a connected complex semisimple algebraic group and G’ a con-
nected reductive subgroup of G. Assume that (G, G") is a spherical pair, that
is, there is a Borel subgroup B of G such that BG’ is open dense in G. Put

L:={geG:9gBG' =BG}NG".

Then L is a reductive subgroup of G’ by a Theorem of Brion-Luna—Vust [6].
Note that the set of equivalence classes of irreducible representations of L
can be parametrized by a set of characters of BN G’ C L. We denote by A*
the set of all dominant integral weights of B. For a weight A € A*, we write
FE(X) for the finite-dimensional irreducible representation of G with highest
weight A. Set

AT (GG = {)\ e AT FE(\)E o} .

Under this setting, F. Sato proved the following theorem.

Fact 1.10 (F. Sato [93, Theorem 3]). Let F' be a finite-dimensional irre-
ducible representation of G'. Then for any A\ € AT, there exists a weight
vy € AT (G/G") such that

dime (Home (FE(\ + vy + v), F)) = dime(Homy (F* (A gner), F))
for any v € AT(G/G).

The above fact asserts two things: the multiplicity function of Indg, (F)
is invariant by the translation of AT(G/G’) for enough large parameters;
and for such parameters, the multiplicity function can be described by the



multiplicity function of the fiber F'. The first property is called stability by
F. Sato in [93].

For the case of symmetric pairs (Ggr, G ), the stability property appeared
in Wallach’s book [102, Cor. 8.5.15]. In the case, we can see the phenomena
in some literatures [43, Lemma 3.4], [65]. Stable branching coefficients was
computed for some concrete compact Lie groups [71], [98].

1.6 Main results

In this section, we state the main theorems in this thesis.

Let Gg be a reductive Lie group with Cartan involution # and G} a re-
ductive subgroup of Gy closed under #. We put Kp := G% and gg := Lie(GR)
and denote by K and g the complexifications of K and gg, respectively. In
a similar way, we define K’ and ¢’ for Gg.

1.6.1 Direct integral and intertwining operators

For a representation V of Gg, we write Vi for the subspace of Kg-finite
vectors.

Theorem 1.11. Let V' be an irreducible unitary representation of Gg. Sup-
pose that the irreducible decomposition of Vg, is as in (LZ1). Then for

almost every m € (/??R, there exist a U(g)® -module structure on C™™ and a
surjective (g, K')-module and U(g)< -module homomorphism:

O Vik = (Vi) @ C™
such that the vector field (m — ¢(v)) is equal to v in' V' for any v € Vi.

Remark 1.12. A similar result for the Plancherel formulas on homogeneous
spaces is well-known [3].

For the proof of the theorem, we use the reduction theorem by A. E.
Nussbaum [76], which is a generalization of von Neumann’s reduction the-
orem for bounded operators to closed operators. Since Vi and U(g)®" are
at most countable-dimensional, we can define ¢, for almost every m. The
compatibility with the g’-action is proved by Fact [[2l See Theorem [Z.T1l

Definition 1.13. For a (g, K)-module V and a (g, K’)-module V', we define
Ho(g', KV @ (V)i)

as the space of all coinvariants of V' ® (V’')i.,. Then Hy(g', K';V @ (V')3)
has a natural ¢(g)% -module structure.
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Remark 1.14. In the context of the Howe duality [20], the space Hy(g', K'; V&
(V')%)) appears as the full theta lift. Hence the ¢(g)“-module structure on
Ho(g', K'; V@ (V')%/) is used in the study of the Howe duality [66], [69].

By Theorem [[LI1] there is a surjective (g)%-module homomorphism:
Ho(g', K's Vg @ (V;)ger) = €™

for almost every 7. This is one of the reasons to study U (g)“ -modules.
We treat U(g)“-modules in Section [7l

1.6.2 Irreducibility of ¢(g)“-module: generalized Verma modules

Let q = [ u be a parabolic subalgebra of g constructed from a semisimple
element H € g'. Define ¢’ = ' 1/ in a similar way for g’. We fix a Cartan
subalgebra h’ of I' and extend it to a Cartan subalgebra b of [.

For a finite-dimensional irreducible [-module F', we define a generalized
Verma module by

indy (F) 1= U(8) Buq) I

The following theorem is needed to consider the branching problem of gen-
eralized Verma modules.

Fact 1.15 (T. Kobayashi [53]). Under the setting, indg(F)|y is discretely
decomposable and g'-admissible.

Following Knapp—Vogan’s book [40], we recall the notion of the good
range. A finite-dimensional irreducible [-module F' is said to be in the good
range if the infinitesimal character \ of F' satisfies

Re(A + p(u),a) < 0 for any a € A(u, b).

Under this setting, the following theorems hold (see Theorem and its
corollaries).

Theorem 1.16. Let F' be a finite-dimensional irreducible [-module in the
good range. Suppose that indg(F')|y is completely reducible and indﬁ, (F") is an
irreducible direct summand. Then theU(g)% -module Homg(ind’;: (F"),indg(F))
15 irreducible.

Theorem 1.17. Let F' be a finite-dimensional irreducible [-module in the
good range. Then the length of the U(g)S -module Homg(indﬁ, (F"),indg(F))
is less than or equal to the length of indﬁj((F’)* ® C_apw))-
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1.6.3 Outline of the proof of Theorem [1.16

To study the U(g)® -modules, we define a (g’ ® g, A(G'))-module structure
on the space of A(G’)-finite linear maps as follows (see Section [7]).

Definition 1.18. Let V' be a (g, K)-module and V' be a (g’, K')-module.
Then g’ ® g and K’ x K act on Homg(V', V). Home(V', V) is defined
as the sum of finite-dimensional (A(g’), A(K’))-submodules which lift to a
representation of A(G’). Then Home(V’,V)a (o) becomes a (g’ & g, A(G"))-
module. We define a (g’ @ g, A(G’))-module Home(V, V')a(ey in the same
way.

Remark 1.19. If G} is equal to Gg, a (¢’ ® g, A(G’))-module is a Harish-
Chandra module of a complex reductive Lie group. In this case, for objects
V, V" of the BGG category O, Homc(V’, V) a(q) was studied by many math-
ematicians because the module is related to primitive ideals of the universal

enveloping algebra and principal series representations of complex semisimple
Lie groups (e.g. [, [7], [10, 1], [33]).

An important property of the module is that the A(G’)-invariant part
of the module is equal to the space of all intertwining operators. Hence

we can study the U(g)-module through the (g’ @ g, A(G’))-module. More
precisely, the following two propositions hold.

Proposition 1.20. Retain the settings in the above. Put
T:=U(g' ®9)> nU(g © 9)Alg).
Then there is an algebra isomorphism:
a: U@ = U oe)/T
w w
X — I®X+1.

Proposition 1.21. Let W be a (¢’ ® g, A(G"))-module. Then the length of
the U(g)® -module on W) is bounded by the length of W. In particular if
W is irreducible, then W2 is irreducible or zero.

To prove Theorem [[I7], and [[27, we construct (g’ @ g, A(G'))-
modules using the Zuckerman derived functor R'I’. Let L’ be the analytic
subgroup of G’ with Lie algebra I. For a finite-dimensional irreducible [-
module F' with infinitesimal character A, let Of‘: (A) be the full subcategory

of the relative BGG category (’)g,/ whose object V' satisfies that V' ® F' can
lifts to a representation of L'. We denote by F(g' @ g, A(G’)) the category
of (¢ ® g, A(G"))-modules of finite length. The following theorem is a key
result (see Theorem [6.1]).
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Theorem 1.22. Let F' be a finite-dimensional irreducible [-module with in-
finitesimal character \ in the good range. Set S := dimc(w'). Then the
following functor gives a category embedding:

O%(N) 3 M = RSTR) (M ® indd(F)) € F(g @ g. A(G)),

that is, the functor is exact and fully faithful, and maps irreducible objects to
wrreducible objects.

Remark 1.23. If g = ¢/, the theorem was proved by T. J. Enright [10,
Chapter 16] except for the full faithfulness.

Remark 1.24. For a non-symmetric pair (g, ), a (g, £)-module with some
finiteness conditions is called a generalized Harish-Chandra module by 1.
Penkov and G. Zuckerman [85], 86, [87].

The proof of the theorem follows the proofs in Knapp—Vogan’s book [40],
Wallach’s book [104] and Penkov—Zuckerman’s papers.

Under the settings of Theorem [[L16] using the functor, we can prove the
following ¢(g)%'-module isomorphism:

Homg/,K/(indﬁ; (F'),ind§(F)) ~ RSFﬁgg))(M ® indg(F))A(G’)’

where M is a unique irreducible quotient of indﬁj ((F")* ® C_gpawy). Thus the
irreducibility of Homg, K/(indﬂj(F’ ),indg (F)) is reduced to the irreducibility
of Rsfigg))(l/ ® ind§(F")) by Proposition [L.21]

1.6.4 Irreducibility of U(g)®-module: Zuckerman derived functor
modules

To apply Theorem [[.16] to Zuckerman derived functor modules, we define a
quasi-abelian parabolic subalgebra.

Definition 1.25 (quasi-abelian). q is said to be quasi-abelian with respect
to g’ if (o, ) > 0 holds for any o € A(v', ) and B € A(u”, b').

Remark 1.26. In the case of G = Kp, the notion of a quasi-abelian
parabolic subalgebra was used by Enright—Parthasarathy—Wallach—Wolf [12]
to study Zuckerman derived functor modules.

If q is quasi-abelian with respect to g’, the completely reducibility always
holds as long as F' is in the good range. We assume H € €, and set K :=
Zkg(H) and K} = Zg:/(H). Then the following theorem (Theorem [.24])
holds.
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Theorem 1.27. Let F' be a finite-dimensional irreducible (I, K1)-module in
the good range. Suppose that there exists an ideal €, of € such that H € €, and
unt C ¢ C ¢, and suppose that q is quasi-abelian with respect to g'. Put S :=
dimc(u N €). Then RSTE, (ind§(F))|(q k) is completely reducible and each

direct summand is of the form RSF?L(indﬂ:(F’)) with F' in the good range.
Moreover, Homg/vK/(RSF?L(indﬁj(F’)),RSFgL(indﬁ(F))) is irreducible as a
U(9)% -module.

Remark 1.28. As we mentioned in the introduction, T. Kobayashi gave a
necessary and sufficient condition for the discrete decomposability of A4(\)
(including discrete series representations), and gave some examples of explicit
branching laws in [42], 43 45, [46].

Remark 1.29. One of important cases satisfying the assumptions is the case
of discretely decomposable restrictions of discrete series representations with
respect to symmetric subgroups. For small discrete series representations
and its restrictions to symmetric subgroups, the branching law was computed
by Gross—Wallach in [I6]. For any discrete series representations and non-
symmetric subgroups, Duflo-Vargas gave a formula of the multiplicities like
Blattner’s formula in [8]. The subgroup K7 in our setting is the same as in
[16] and [8].

Under the assumptions in the theorem, ind] (F)[y is completely reducible.
Hence the proof is reduced to Theorem by the following fact.

Fact 1.30 (Gross—Wallach [16, Lemma 7]). Under the assumptions in The-
orem [L.27, R°T, (ind$(F)) is isomorphic to Rsf‘gimL(indﬁ(F)).

1.6.5 Irreducibility of 2/(g)“’-module: Holomorphic discrete series
representations

We study the ¢(g)®-module and (g’ ® g, A(G’))-module arising from the
branching law with continuous spectrum.

Following Kanpp’s book [38, Chapter VI|, we recall holomorphic discrete
series representations. Assume that G is a connected simple Lie group of
Hermitian type. Fix an element H € v/—1¢(€g) such that ad,(H) has eigen-
values —1,0 and 1. Then g is decomposed into the direct sum of eigenspaces
of ady(H):

g=p. StDp_

corresponding to eigenvalues 1,0 and —1, respectively. We put q := €& p,
and § = t®p_. Then Ggr/Kr admits a GR—_invariant complex structure such
that the natural embedding Gg/Kr — G/@) is holomorphic.
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Fact 1.31 (Harish-Chandra [20]). Let F' be an irreducible unitary represen-
tation of Kg. Then O N L*(Gr/Kg,Gr X, F) is non-zero if and only if F
is in the good range with respect to q, where O N L? means the space of all
holomorphic and L* sections. Furthermore, if O N L*(Gr/Kg, Gr Xr, F) is
non-zero, it is irreducible and unitary as a representation of Gg.

The irreducible unitary representation is called a holomorphic discrete
series representation.

Assume that (Gg, Gg) is a symmetric pair of anti-holomorphic type (i.e.
g does not contains the center of g) and G§ satisfies the following condition:

Ady(GR) = G' N Int(gr),

where G’ is the analytic subgroup of Aut(g) with Lie algebra g'.

It is known that the branching law of a holomorphic discrete series rep-
resentation with respect to G is reduced to the Plancherel formula of the
Riemannian symmetric space G /K. Hence the irreducible decomposition
has a continuous spectrum.

Fact 1.32 (J. Repka [89], R. Howe [24], Olafsson-Qrsted [77]). For a holo-
morphic discrete series representation V- of Gr realized in O(Gr/Kg, V) for
a holomorphic Gg-equivariant vector bundle V on Gg/Kg, the following iso-
morphism holds:

Vg, ~ L*(Gy/Kg, Vg /x1)-

Let Qg = My Ag Ng be a minimal parabolic subgroup of G. Take a Car-
tan subalgebra ' of m’, and put b’ := o’ ® . Write I(, v) for the underlying
Harish—CEzgldra module of the principal series representation induced from
(0,Vs) € Mg and v € (a')*. We consider ‘generic’ principal series representa-
tions in the following sense (Lemma [0.4)).

Lemma 1.33. Let i be the infinitesimal character of §. Assume

2(—v—p+p) a)
(@, q)

&7 for any o € A(n', ).

Let W be an irreducible subquotient of I1(5,v). Then the following properties
hold:
(a) Endc(W)a(en is irreducible as a (9" @ g', A(G"))-module;

(b) for any finite-dimensional representation F' of G', F@W is completely
reducible.

14



Fix a maximal abelian subspace tg of (gg)" N €r. Then tg is a maximal
abelian subspace of (gi)*. Choose a set of positive roots AT (g, t) containing
A(py,t). Let 71 be the highest weight of A(gg,ak) with respect to the
parabolic subgroup Q%, and f; be the highest weight of A(p,,t). Then the
following theorem holds (Theorem O.13)).

Theorem 1.34. Retain the notation and the assumption in Lemma [1.33.
Let Cy be a one-dimensional representation of Kr with weight A\. Assume

L0 =) o)) | (B

_l’_
for any w € Wy, . Then the (¢ © g, A(G'))-module Home(ind§(Cy), W)a ()

(71771) (ﬁlaﬁl)
1s 1rreducible.

Remark 1.35. In the case of the trivial representation W (the theorem can
not apply to this case), Homg (ind§(Cy), 1)a(gr is isomorphic to a degenerate
principal series representation of some real form of G. The irreducibility of
degenerate principal series representations can be determined from the data
of the K-type decomposition and the p-action on each K-type. T. Hirai
introduced this method to study degenerate principal series representations
of Lorentz groups [23]. Many mathematicians computed the composition
series of degenerate principal series representations by a similar way such as
V. F. Mol¢anov [73], Klimyk-Gavrilik [37], Johnson-Wallach [32] and Kudla-
Rallis [64].

The structure of Homg(indg(Cy), W)a() can be computed by a simi-
lar way. Under the assumptions of Theorem L34, Homc(indg(Cy), W)aar)
is completely reducible and multiplicity-free as a (¢’ @ ¢’, A(G’))-module.
Hence we can use the irreducible decomposition as a (g’ & ¢’, A(G’))-module
instead of the K-type decomposition.

It follows from Harish-Chandra’s classification of holomorphic discrete
series representations (Fact [L3T]) that if A is in the good range, indg(Cy)
is isomorphic to the underlying Harish-Chandra module of a holomorphic
discrete series representation. We apply the Jantzen—Zuckerman translation
functor to Home/(indg(Cy), W)a(er), and we obtain the following theorem

(Theorem [0.35]).

Theorem 1.36. Let F' be an irreducible unitary representation of Kr in
the good range, and let (6,V;) be an irreducible subrepresentation of F|yy .
Suppose that the center ¢(€) of € acts on F by a character \. Assume that \, §
and v € (a')* satisfy the conditions of Lemmall.33 and Theorem[1.5] Let W
be an irreducible subquotient of 1(d,v). Then Homc(indg(F), W)a(cr) is an
irreducible (g' © g, A(G"))-module, and Homgy e (indg (F), W) is irreducible
as a U(g)“ -module.
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1.6.6 Stability of multiplicities

We generalize Sato’s stability theorem (Fact [LI0) to the case of quasi-affine
spherical varieties.

Let X be a quasi-affine spherical variety of a complex connected reductive
algebraic group G with Borel subgroup B = T'N. Then the coordinate ring
C[X] is a multiplicity-free G-module. Fix an open orbit Bxy C X and put
L:={g€G: grog=xy,9Bro C Brg}. Then L is a reductive subgroup of G
by the theorem of Brion—Luna—Vust [0, Théoreme 3.4]. Consider a finitely
generated torsion-free (C[X], G)-module M such as the space of all global
sections of a G-equivariant vector bundle on X. Then the following theorem
holds (see Theorem [3.I8]).

Theorem 1.37. There exists a weight Ao € AT (C[X]) such that

mr (A + o) = mﬁJ/m(xo)M<)\|Bzo>
for any A € AT(M).

Here m§,(+) is the multiplicity function of the G-module M, and A* (M)
is the set of weights of B/N ~ T in M. We denote by m(z,) the maximal
ideal of C[X] corresponding to x.

Remark 1.38. If X is an affine homogeneous variety G /G’ of GG, the theorem
is just Sato’s stability theorem (Fact [L10).

The proof is essentially the same as the proof of Sato’s stability theorem
[93]. The only difference is that we study some behavior of the evaluation
map M — M/m(zq)M instead of using the reductivity of G'.

As an application of Theorem [[37] we obtain the following corollary (see
Corollary B:39). Recall the notation in Fact [[L9

Corollary 1.39. Let H be a holomorphic discrete series representation of
Gr. Suppose that Gy is connected and (Ggr,Gg) is a symmetric pair of
holomorphic type. Then we have

My, (H) = Mg (HY),

where M% (H) is the maximal value of the multiplicities. In particular, 7'[|G]’R
is multiplicity-free if and only if (H% )| is multiplicity-free.

Remark 1.40. M, (H) < co and the ‘if part’ of the second assertion were
proved by T. Kobayashi (Fact [L.8], [[.9]).
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We write o for the involution defining the symmetric pair (Ggr, Gg). We
can reduce the branching law of H|g, to the irreducible decomposition of
S(p=7) ® Hi as a K'-module (see [29, Proposition 2.5] and [52, Lemma
8.8]). As in the proof of [52, Theorem 8.3], the irreducible decomposition of
S(pZ?)® ’H';(* is considered as the K-type decomposition of some direct sum
of holomorphic discrete series representations of the associated symmetric
subgroup G%. Since S(p=7) is multiplicity-free by the Hua—Kostant—Schmid
theorem [94], we can apply Theorem [L37 to S(p=7) ® H4, and this shows
the corollary.

1.6.7 Classification of multiplicity-free restrictions of holomorphic
discrete series representations

We classify multiplicity-free restrictions of holomorphic discrete series repre-
sentations with respect to symmetric subgroups.

Let Gg be a connected simple Lie group of Hermitian type with simply-
connected complexification GG, and o be an involutive automorphism of Gg.
Put G := G§. The following theorem is the classification result (Theorem

3.

Theorem 1.41. Let H be a holomorphic discrete series representation of
Gr. Put F = H’;{*. Then H\Gﬁ{ 1s multiplicity-free if and only if F' is one-
dimensional or the highest weight of F|pg belongs to A(o) in Table [2 in
Section [10.

Remark 1.42. In the case of scalar type H, the theorem was proved by
T. Kobayashi [44, [50] (Fact [L8). The multiplicity-freeness was shown for
(gr, 9r) = (s0(2,n),s0(2,n — 1)) by Jakobsen—Vergne [29, Corollary 3.1],
and for (su(p,q),u(p —1,q)) by T. Kobayashi [52, Theorem 8.10].

To prove the classification result, the following theorem (Theorem [0.T])
is useful. Fix a unitary character (¢,C;) of Kg. For an irreducible unitary
representation F' of Ky with infinitesimal character A\, we define

Zna(F) = {2 € Z (A + p(p+),) < 0 for any a € Ap, )},

Zsin(F) = {z ez 2 tg(z;)’o‘) €{1,2,...} for any a € A(p,, b)} ,

and let L(F') denote a unique irreducible submodule of prof(F') (defined in

Section 2.2)).

Theorem 1.43. Let F' be a unitary irreducible representation of Kg. Then
the following conditions are equivalent:
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(a) Mgg (prof(F @ C.¢)) = 1 for any z € Zna(F);

(b) Mg (prog(F @ C.)) =1 for some z € Zya(F);
(¢) Mao(L(F®C,)) =1 for any z € Zpin(F);
(d) Mg (F)=1.

where My is the subgroup of Kg defined before Fact[1.8.

Remark 1.44. For the proof of the theorem, we use the method, ana-
lytic continuation of holomorphic discrete series representations [1], [92], [99],
[103]. To prove the theorem, we need only that the family of the represen-
tations O(Gr/Kgr, Gr Xk (F @ C,¢))k, depends on z polynomially, that is,
any element of g acts on the space by a differential operator with polynomial
coefficient on z (see Section [4.]).

Remark 1.45. In the branching problem, the method of analytic continua-
tion was used to study symmetry breaking operators [63].

Remark 1.46. The theorem asserts that the sufficient condition for the
multiplicity-freeness given by T. Kobayashi (Fact[[§]) is a necessary condition
for holomorphic discrete series representations.

By the theorem, the classification of multiplicity-free restrictions of holo-
morphic discrete series representations is reduced to that of finite-dimensional
irreducible representations. In particular, in the case that G has a one-
dimensional center, J. R. Stembridge has classified multiplicity-free restric-
tions of finite-dimensional irreducible representations with respect to G’ in
[96]. Thus for such Gg, the classification is immediately done by Theorem
and the Stembridge classification.

As a consequence, we obtain the following proposition (Proposition [[0.0)).

Corollary 1.47. Let o’ be an involutive automorphism of Ggr. Assume that
G’ and G are conjugate by an inner automorphism of G. Then we have

A(o) = A(d").

Remark 1.48. The theorem asserts that the classification is not depend
on a choice of real forms. The similarity of two groups with isomorphic
complexifications can be found in many fields in the representation theory
and the harmonic analysis. We give several examples:

e the Weyl unitary trick;

e the Flensted-Jensen duality [14];
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e non-existence of compact Clifford—Klein forms [57];
e transfer of K-type [16];

e one to one correspondence of infinitesimal characters in the theory of
the Howe duality [67], [88].

This thesis is organized as follows. In Section 2, we review some of the
standard facts on the representation theory of reductive Lie groups. Section
3 deals with the stability theorem. We give its proof and some examples.
In Section 4, we relate the branching laws of infinite-dimensional represen-
tations to the branching laws of finite-dimensional representations using the
method, analytic continuation. In Section 5, we discuss the Zuckerman de-
rived functor and generalized Verma modules to use Section 6. In Section
6, we construct a category embedding from the BGG category O to the cat-
egory of generalized Harish-Chandra modules. Section 7 is devoted to the
study of U(g)% -modules and (g’ ® g, A(G’))-modules. The relation between
the direct integral decomposition and (g, K)-module is in this section. In
Section 8, it is shown that U(g)“ -modules arising from the branching laws
of generalized Verma modules and the Zuckerman derived functor modules
are irreducible under good conditions. Section 9 contains a discussion of
the structure of (g’ ® g, A(G’))-modules for holomorphic discrete series rep-
resentations and principal series representations. In Section 10, we classify
multiplicity-free restrictions of holomorphic discrete series representations
with respect to symmetric subgroups.

1.7 Notation

In this thesis, any Lie algebra is finite-dimensional. Real Lie groups and
their Lie algebras are denoted by Roman alphabets and corresponding Ger-
man letters with subscript (-)g, respectively. We express complex Lie groups
and their Lie algebras by Roman alphabets and corresponding German let-
ters without subscript. For example, the Lie algebras of real Lie groups
Gr, Kr and Hg are denoted as gg, tg and hr with complexification g, € and
b, respectively. We write U(g) and Z(g) for the universal enveloping algebra
and its center of a complex Lie algebra g. For a topological group G, let Gq
denote the identity component of G.

For a compact Lie group, we identify its locally finite representations with
rational representations of its complexification. Here we consider the com-
plexification of a compact Lie group as a complex reductive algebraic group.
We denote by F%(\) (resp. F¢()\)) the finite-dimensional representation of a
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reductive Lie algebra g (resp. connected complex reductive algebraic group
G) with highest weight .

For a vector space V over a field k, we denote by V* the dual vector space
(i.e. Homy(V,k)). Let a be an abelian subspace of a Lie algebra g. For an
a-stable subspace s of g and A € a*, we define

sy:={X €s:[H,X]|=NH)X for any H € a},
A(s,a) :={\ € a"\ {0} : s, #0}.

We denote by p(s) half the sum of elements in A(s,a) with multiplicity
dim(sy). Let p; denote half the sum of positive roots in g.

For a Lie algebra g and its subalgebra b, we write ad, for the adjoint
action of h on g. Its group version is written as Ady. If the Lie algebra is
clear from the context, we write ad for ad;. We denote by ¢(g) the center of
a Lie algebra g.

For a unitary representation V' of a real reductive Lie group Gg, Mg, (V)
stands for the essential supremum of the multiplicity function of V. We use
the similar notation for completely reducible representations of a Lie algebra
or algebraic group.

For a complex semisimple Lie algebra g, we denote by (,) the Killing
form of g. For a reductive subalgebra g’ of g, whenever we use an invariant
bilinear form on g’ without no mention, we suppose that the bilinear form
is the restriction of the Killing form of g. The dual space (g')* is identified
with g’ by the bilinear form, and admits a g'-invariant bilinear form induced
from the bilinear form on g'.
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2 Preliminaries

In this section, we summarize without proofs the relevant material on (g, K)-
modules.

2.1 (g, K)-modules

We define a (g, K)-module and review its properties. We give a reference
[40] for the definition of a pair and (g, K)-module.

Definition 2.1. Let g be a complex Lie algebra and K be a complex reduc-
tive algebraic group with Lie algebra £ which is a subalgebra of g. Suppose
that an algebraic group homomorphism ¢ : K — Aut(g) is given. (g, K) is
said to be a pair if the differential of ¢ is equal to the adjoint action adg, and
d(k)|e = Ade(k) holds for any k € K.

Remark 2.2. If we say that (g, K) is a pair, we always assume that the
homomorphism ¢ is given implicitly. For simplicity, we write Ad, for the
homomorphism ¢.

A typical example is a pair constructed from a real Reductive Lie group
Ggr. Fix a maximal compact subgroup Kg of Gg. Then (g, K) is a pair,
where g is the complexification of Lie(Gg) and K is the complexification of
Kg. We define a (g, K)-module as follows.

Definition 2.3. Let (g, K) be a pair and V' be a vector space with g-action
and K-action. We will say that V is a (g, K)-module if

e the K-action on V is algebraic (hence locally finite and completely
reducible);

e the action of £ determined by the differential of the K-action is equal
to the restriction of the g-action;

o kXv = Ady(k)(X)kv holds for any k € K, X e gand v € V.

We denote by C(g, K) the category of (g, K)-modules. For reductive g,
we write C(g, i), for the full subcategory of C(g, K) of which objects have
generalized infinitesimal character \.

We use the similar terminology, (gr, Kg)-module for an infinitesimal rep-
resentation of an infinite covering Gg of a real reductive Lie group. In this
case, we replace ‘algebraic’ by ‘locally finite and unitarizable’ for Kg-action.
For an admissible representation V' of a real reductive Lie group Gg, the
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space of Kg-finite vectors becomes a (g, K)-module. We denote by Vi the
(g, K)-module.

Let (g, K) be a pair, g’ be a Lie subalgebra of g and K’ be a reductive
subgroup of K. Suppose ¥ = €N g'. Then (g/, K') forms a pair. We say that
(¢, K') is a subpair of (g, K).

We review the theory of a discretely decomposable (g, K)-module due
to T. Kobayashi [43], [45] [46, 48]. Since we do not use the deep results, we
summarize only definitions and fundamental facts.

Definition 2.4 (discretely decomposable (g, K')-module). Let V be a (g, K)-
module. V is said to be discretely decomposable if there exists a (g, K)-
module filtration 0 = V, C V4 C - - such that [, V; = V and each V; is finite
length.

Let (g, K) be a pair constructed from a real reductive Lie group Gg
and (g’, K’) be a subpair corresponding to a reductive subgroup G,. The
following fact is in [46, Lemma 1.5].

Fact 2.5. Let V' be an irreducible (g, K)-module. Then V| k) is discretely
decomposable if and only if there exists an irreducible (g', K')-module V' such
that Homy ;o (V', V') # 0.

If V' is the underlying Harish-Chandra module of an irreducible unitary
representation of G, the discretely decomposability of V| k) is equivalent
to the completely reducibility. More precisely, the following facts are known
[48, Theorem 2.7]:

Fact 2.6. Let V' be an irreducible unitary representation of Gr. Suppose that
VK\(gfﬁK/) 15 discretely decomposable. Then VK\(gzﬁK/) 15 decomposed into the
direct sum of irreducible (g, K')-modules:

Vicligr .y = @ m(m) (Vi) xr,

T€G

and V|G]/R i1s decomposed into the direct sum of irreducible unitary represen-
tations with the same multiplicity function m(m) as above:
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2.2 Generalized Verma modules

This section contains a brief summary of generalized Verma modules. The
general reference here is the Humphreys book [28]. For the branching problem
part, we refer the reader to [53].

Let g be a complex semisimple Lie algebra. We fix a semisimple element
H € gsuch that ad(H) has only real eigenvalues. [(H),u(H) and u(H) denote
the sum of eigenspaces of ad(H) with zero, positive and negative eigenvalue,
respectively. Then q(H) := [(H) ® u(H) is a parabolic subalgebra of g.
Similarly, we put q(H) := [(H) @ u(H). If H is clear from the context, we
omit ‘(H)’ part. For example, we write [ for [( H). We fix a Cartan subalgebra
h of g contained in I.

We define generalized Verma modules. Let F' be an [-module. We define

Hldgl (F) = U(g) Qu(q) F,

prog(F) := Homy () U(g), F)r,
where we consider F' as a g- (resp. ¢-)module letting u (resp. u) act on F'
trivially. If F is a finite-dimensional irreducible -module, indg(F) is called a
generalized Verma module. In this case, indg(F) is a highest weight module.

We define the relative BGG category O denoted by Of as follows (see
[28, Chapter 9]). OF is the full subcategory of C(g) whose objects V' satisfy:

e V is finitely generated as a g-module;
e V is a locally finite and completely reducible [-module;

e the action of u on V is locally nilpotent.

Then any generalized Verma module is an object of the category Of.

In general, a generalized Verma module can be reducible. The following
result provide a criterion for the irreducibility of a generalized Verma module.
(e.g. [28, Theorem 9.12.])

Fact 2.7. Let F' be an irreducible finite-dimensional [-module with infinites-
imal character X\ satisfying

200+ p(u), a)
(ar, @)

Z{1,2,...} for any o € A(u,h).

Then the generalized Verma module ind] (F) is irreducible.

If indg(F) is irreducible, indj(F') is isomorphic to prog(F) because they
are irreducible highest weight modules with the same highest weight.

The following definition is a generalization of the standard definition in
[28, Section 3.7].
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Definition 2.8. Let V' be a g-module. We will say that V has a standard
filtration with respect to q if there is a filtration 0 = V[ C V4 C --- such that
\U; Vi = V and each V;1,/V} is isomorphic to some generalized Verma module

ind (F).

If the parabolic subalgebra q is clear from the context, we simply say that
V' has a standard filtration. We give several fundamental properties of the
standard filtration.

Proposition 2.9. Let V' be a g-module with standard filtration V..
(a) For any finite-dimensional g-module F', VQF has a standard filtration.
(b) If each Vi1 /V; is irreducible, then V' is completely reducible.

Proof. (a) is clear because it is well-known that if V' is a generalized Verma
module, V ® F' has a standard filtration.

To prove (b), we can assume that V is finite length. In fact, if each V;
is completely reducible, V' is completely reducible because V' can be written
as a sum of simple submodules. Since Extég(M ,N) = 0 for any two irre-
ducible generalized Verma modules M and N (see [28, Theorem 3.3 (d)],)
the assertion follows. [l

We consider the branching law of a generalized Verma module. Let g’ be
a reductive subalgebra of g. Assume that H is an element of g’. In [53], q
is said to be g’-compatible. Then q' := qN ¢’ is a parabolic subalgebra of g'.
We write v/, I" and 1 for the intersections of u, [ and u with g, respectively.

An important fact is that any object of Of is discretely decomposable as a
g’-module, and the filtration in the definition of the discrete decomposability
can be taken from objects of (95: (see [53, Proposition 3.8]). By the same
proof as in [104, Lemma 6.4.4], we obtain

Proposition 2.10. Let F' be a finite-dimensional irreducible [-module. Then
ind§(F') has a standard filtration V. as a g'-module satisfying

gr(V) = ind? (F ® S(i/u)),

where we consider u/w' as a q'-module by letting v act on u/u" trivially.

2.3 Holomorphic discrete series representations

In this section, we review some of the standard facts on a holomorphic dis-
crete series representation. We refer the reader to [38] for the construction,
and to [52] for the branching laws.
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Let Gr be a connected semisimple Lie group with Cartan involution 6.
Assume that each simple factor of gr is of Hermitian type. Then we do not
assume that Gr has finite center. Put Kr := G%, and pr = gﬂge. Fix a
characteristic element H € v/—1c(€g) such that eigenvalues of ad(H) on p
are 1 or —1. Then we have the following ad(H )-eigenspace decomposition:

g=p StDp_

with eigenvalue 1,0 and —1, respectively. q :=t@® p, and q := €D p_ are
parabolic subalgebras of g with abelian nilpotent radical. We fix a Cartan
subalgebra of g contained in &.

We take a simply-connected connected complex algebraic group G with
Lie algebra g. K, @ and @ are the connected subgroups corresponding to €, g
and . Then there is a natural open embedding:

GR/KR — G/@

This embedding induces a Gg-invariant complex structure on Gg/Kx.
The following fact is due to Harish-Chandra (see e.g. [38, Theorem 6.6])

Fact 2.11. Let F' be an irreducible unitary representation of Kr with in-
finitesimal character \ satisfying

(A+p(p+), @) <0 for any o € A(ps, h).

Then (O N L*)(Gr/Kgr,Gr Xk, F) is non-zero and an irreducible unitary
representation of G, where we denote by ONL? the space of square-integrable
holomorphic sections.

The irreducible unitary representation is called a holomorphic discrete
series representation.

The underlying Harish-Chandra module of a holomorphic discrete series
representation can be written as a generalized Verma module. More gener-

ally, the following facts are well-known. For a unitary representation F' of
KR, we set M(F) = O(GR/KR, GR X Kg F)KR

Fact 2.12. Retain the assumptions in Fact[211. Then M (F) is the underly-
ing Harish-Chandra module of the holomorphic discrete series representation
in Fact[2Z11. Hence M(F) is an irreducible (gr, Kg)-module.

Fact 2.13. Let F' be an irreducible unitary representation of Kg. Then we
have M(F) ~ prog(F). If M(F') is irreducible, then M(F') =~ ind3(F) holds.
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2.4 Zuckerman derived functor

We review the Zuckerman derived functor. We refer the reader to [104]
Chapter 6] and [40].

Let (g, K') be a pair and M be a reductive subgroup of K. Then (g, M) be
a subpair of (g, K). For simplicity, we assume that M meets every connected
component of K, and hence we have K = MK,. We define a functor Fg:ﬁ
by

[y e Clg, M) — C(g,K)
Y NV
\% — VK,

where Vi is the sum of finite-dimensional (¢, M )-submodules which lift to a
representation of K.

The functor Fg:J\K/[ is called the Zuckerman functor in [40]. It is obvious
that the functor is covariant and left exact. Since C(g, M) has enough in-
jectives, we can define the right derived functors R"Fg:]\K/[. These functors are
called the Zuckerman derived functors in [40].

Another construction of the Zuckerman derived functors is known as fol-
lows (see e.g. [0, I. 8]). Let (7,V) be a (g, M)-module. We take a basis {X;}
of g and the dual basis {\;} of g*. For X € g, we define

w(X): VeCK] — V @ C[K]
) \Y

We denote by (L® R, C[K]) the regular representation of X' x K. Then p(X)
commutes with (7 ® L)(k) and (7 ® L)(Y) forany X € g, Y € tand k € M.

Fact 2.14. Under the above settings, we have
RTY3(V) ~ H'(¢, M;V ® C[K]),

where we take the (¢, M)-cohomology with respect to T @ L, and the (g, K)-
module structure is induced from p and 1y @ R.

By this construction, we can see the following commutative diagram:
K
ZFEL

M

6(97]\4)4> (97K)

fl y
C(t M) — C(2, ).

€M
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Here F is the forgetful functor. The following facts are useful to study the
g-action on the Zuckerman derived functor modules (see [3, I. 8. Theorem
8.8] and [104, Lemma 6.3.1]).

Fact 2.15. Let V' be a (g, M)-module and W be a (g, K)-module. Then we
have

RTS5 (V@ W) ~ RTY (V)@ W.

Fact 2.16. Let V be a (g, M)-module and S be a Ad(K)-stable subspace of
U(g). Write

m: SV =V,
m' 1 S ® RTY (V) = RTYE (V)

for the multiplication maps. Then we have the following (¢, K')-module com-
mutative diagram:

S® Ry (V) " RTy (V)

:i R'T"(m)
mmﬁw®V)

By the above facts, to simplify notation, we write R'T'%; instead of RingAKJ.
To prove several vanishing theorems, we need the following lemma.

Lemma 2.17. Let V' be a (g, M)-module with (g, M )-module filtration 0 =
Vo € Vi C -+ such that J,V; = V. If RT{(V;) = 0 for any j, then
RTE (V) =0 holds.

Proof. Consider the standard complex to define H(€, M;-). Define
C" := Homy (A'(£/m),V @ C[K])

with d : C* — O™, Take w € C? such that dw = 0. Then Im(w) is contained
in V7 ® C[K] for some j. Hence by assumption, we can take w’ € C*~! such
that dw’ = w. This shows the assertion. O

2.5 Jantzen—Zuckerman translation functor

In this section, we summarize the facts on the Jantzen—Zuckerman translation
functor. For a fuller treatment, we refer the reader to [40, Chapter VII]. We
do not use the case of singular infinitesimal characters.
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Let g be a semisimple Lie algebra with Borel subalgebra b. Fix a Levi
decomposition b = t & n. For g-module V, we say that V' is locally finite
Z(g)-module if Z(g)v is finite-dimensional for any v € V. By Schur’s lemma,
It is obvious that any discretely decomposable g-module is locally Z(g)-finite.
For a locally Z(g)-finite g-module and a character x of Z(g), we define

PYV):={veV:(z—x(z)"v =0 for some n depending on z € Z(g)} .

If g is clear from the context, we write P, for P!. Then P (V) is a g-
submodule, and called the primary component corresponding to y. The
following fact is a direct consequence of [40), Proposition 7.20].

Fact 2.18. Let V' be a locally Z(g)-finite g-module. Then V is the direct
sum of its primary components.

We define the Jantzen—Zuckerman translation functor as follows. Let V
be a locally Z(g)-finite g-module. Then for any finite-dimensional g-module
F, V ® F is also locally Z(g)-finite. Take two weights A, p of t. Suppose
that o is algebraically integral. Let F}, be a finite-dimensional irreducible
representation of g with extreme weight u. We write y, for the character of
Z(g) corresponding to A under the Harish-Chandra isomorphism. We define

T)f\-i-u(v) = PXA+H (FN ® PX/\ (V))

The functor T, , is called the Jantzen-Zuckerman translation functor in [41].

Before we state several properties of the functor, we prepare notation.

Definition 2.19. Let A be a character of t. A is said to be integrally dominant
with respect to b if

2(\, @)

(a.0) ¢ {—1,-2,...} for any a € A*(g,t),

and is said to be integrally anti-dominant with respect to b if

2(\, @)
(o, @)

¢ {1,2,...} for any a € AT (g,1).

Here we take the positive roots A*(g,t) corresponding to b.

The most important property of the translation functor for us is that the
functor gives a category equivalence. We write the same notation TX\W for
the restrictions of the translation functor to subcategories of C(g)..
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Fact 2.20. Let \ be a integrally dominant regular weight of t and p be a
algebraically integral weight of t. Suppose that X\ + p is integrally dominant
reqular.

° T/(\J”‘ sends an irreducible object of C(g)x to an irreducible object of
C(g)r+n-

o T/(\WT/{\JF“(V) ~ V' holds for any irreducible object V' of C(g)x.

o Let C(g)g\l) be the full subcategory of C(g)x whose objects have the in-
finitesimal character . Then T/\H“ gives a category equivalence from

Clo)\ to C(g),..

We consider the relative BGG category Of. Recall the notation in Section
We assume that t is a Cartan subalgebra of [, and do not assume that g
contains b. The following fact (see [28, Theorem 7.8]) is used in Section [6l

Fact 2.21. Let \ be a integrally dominant regular weight of t and p be a
algebraically integral weight of t. Suppose that X\ + u is integrally dominant
reqular. Then T/\M’“ gives a category equivalence from (OF)y to (OF)xi -

The image of a generalized Verma module by the translation functor is
also a generalized Verma module (see [40, Theorem 7.237]).

Fact 2.22. Let F' be a finite-dimensional [-module with infinitesimal char-
acter X\, and p be a algebraically integral weight of t. Suppose that A + p(u)
and A+ p+ p(u) are integrally dominant and regular with respect to b. Then
we have
Ty (ind(F)) = ind§ (T3 (F).

At the last, we state the result for the category of (g, K)-modules. Let
(g, K) be a pair with semisimple g (see Section[2]). For simplicity, we assume
that K is connected. In our usage, this assumption is always true. We denote
by F(g, K), the full subcategory of C(g, K) whose objects are finite length
and have the generalized infinitesimal character A. The following result can
be shown by the same proof as in [40, Corollary 7.209]. Remark that we do
not assume that (g, £) is a symmetric pair.

Fact 2.23. Let A\ be a integrally dominant reqular weight of t and p be a al-
gebraically integral weight of t. Suppose that A+ p is integrally dominant reg-
ular, and the finite-dimensional irreducible g-module F,, with extreme weight
W lifts to a representation of K. Then T/\H“ gives a category equivalence from

F(g, K)x to F(g, K)rqp-
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Since the Zuckerman derived functor preserves the generalized infinitesi-
mal character and a direct sum decomposition, we obtain the following fact
(see the proof of |40, Theorem 7.237]).

Fact 2.24. Let (g, K) be a pair with semisimple g and connected K, and
M be a reductive subgroup of K. Take a weight A and algebraically integral
weight v of t. Suppose that the finite-dimensional irreducible g-module F),
with extreme weight p lifts to a representation of K. Then the following
diagram commutes:

RTE
C(Q,M))\ > C(Q,K)A
| |2

C(g, M)rsp W)C(gu K)atu
M

2.6 Polynomial identity

In this section, we discuss the representation theory of an associative algebra
with polynomial identity.

We define a invariant of rings called the polynomial identity degree (see
[72, Chapter 13]).

Definition 2.25. As a Z-coefficient non-commutative polynomial with n-
valuables, we define

Sn(Xl, XQ, c. ,Xn) = Z sgn(w)Xw(l)Xw(g) tee Xw(n).

wGGn

Here G, is the symmetric group of degree n and sgn is its signature character.
For a ring R, the polynomial identity degree of R is defined by

Pl.deg(R) :=min{n € N: sy, =0 on R}.

For example, PI.deg(R) = 1 holds if and only if R is commutative because
59(X,Y) = XY — Y X. The following fact is the key result to control some
invariant in the representation theory by the ring invariant.

Fact 2.26 (Amitsur—Levitzki theorem). Let M, (C) be the algebra of n x n
matrices. Then we have Pl.deg(M,(C)) = n.

By the fact, we can see that if a C-algebra A4 has the finite polynomial
identity degree, then the dimension of any irreducible module of A can be
bounded by the polynomial identity degree. More precisely, we have the
following proposition.
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Proposition 2.27. Let A be an at most countable-dimensional unital asso-
ciative C-algebra, and {(Vx, mx)},cp be a family of irreducible representations
of A. Suppose [ cp Ker(my) = 0. Then PLdeg(A) = sup,c, {dimc(Vi)}
holds.

Proof. m\(A) is dense in End¢(V)) in the sense of the Jacobson density the-
orem. Hence Pl.deg(m)(A)) = dim¢(V)) holds. By assumption, we have the
following injection:

A= [ ma(A).

Thus we have Pl.deg(A) < sup,c, {dimc(Vy)}. Obviously, PLdeg(A) >
PI.deg(m\(A)) holds for any A € A. This shows the converse inequality. [J

3 Stability theorem

The aim of this section is to study unitary or algebraic representations with
uniformly bounded multiplicities. We treat the irreducible decomposition of
torsion-free modules on the coordinate ring of a spherical variety and the
branching law of unitary highest weight modules with respect to symmetric
subgroups of holomorphic type.

The contents of this section has been published in [36].

3.1 Some algebraic results

In this section, we set up some notation and results about representations of
complex algebraic groups.

3.1.1 G-algebra and (A, G)-module

Let G be a connected reductive complex algebraic group. Fix a Borel sub-
group B of G. Let B = TN be its Levi decomposition, where 7" is a maximal
torus of G and N is the unipotent radical of B. Let AT = A}, C t* be the set
of dominant integral weights with respect to B. For each A € AT, we denote
by Vi = Vi ¢ the irreducible representation of G' with highest weight A.

For an algebraic group H, we say a representation V of H over C is a
rational representation if spanc{gv : ¢ € H} is a finite dimensional algebraic
representation of H for any v € V. This implies that any rational represen-
tation of G is completely reducible. Given a rational representation V of G,
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we can decompose V into the direct sum of irreducible representations:

V= EB mg(A)VM

AeAt

where m$()\) is the multiplicity of the irreducible representation Vy in V. If

the group G is obvious, we write my () := m$()\). We set
AT(V) = AL(V) :={X € AT : my(N) # 0}

We say that a C-algebra A is a G-algebra if A is a rational representation
of G and G acts on A via C-algebra automorphisms.

Definition 3.1. Let A be a G-algebra, and M be an A-module and a rational
representation of G. Then M is said to be an (A, G)-module if g(am) =
(ga)(gm) for any g € G, a € A and m € M. Moreover, we will say that
an (A, G)-module M is finitely generated if M is finitely generated as an

A-module.

Let X be a quasi-projective variety over C. We denote by C[X] the ring
of regular functions on X. Suppose that X is a G-variety. The action of GG
on X induces a rational representation of G on C[X] as follows:

(9- f)(x) = f(g'a) for g € G, f € C[X].
We write AT(X) = AT(C[X]) for short.

3.1.2 Some finiteness results

We prepare some finiteness results for proofs in Section 3.3l Let G be a con-
nected reductive algebraic group over C, and B = T'N be a Borel subgroup

of G.

Lemma 3.2. Let A be a Noetherian G-algebra, and M be a finitely generated
(A, G)-module. Then M is a finitely generated A®-module.

Proof. Observe that AM® C M is finitely generated as an A-module. In
fact, since A is a Noetherian algebra and M is finitely generated, M is a
Noetherian A-module. Thus AMY is finitely generated.

Let {my,ma,---,m,} be a generating set of AM® as an A-module. We
may and do assume {my, ms, ..., m,} C M. Weshow that {my,ms,...,m,}
is a generating set of MY as an A%module. Since {my,my,-- ,m,} gener-
ates AMY, each m € MY can be expressed as m = fimi + foma+---+ frm,
for some fi, fo,..., fr € A. Taking the G-invariant part, we have m =
fSmy + f€my + -+ + fSm,, where f¢ is the projection to the G-invariant
part of f;. This shows {my, ma, ..., m,} generates M as an A-module. [
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The following result is due to Dz. Hadziev and F. D. Grosshans [17].

Proposition 3.3. Let A be a G-algebra. Then (A®C[G/N])€ is isomorphic
to AN as a C-algebra. Moreover if A is finitely generated, so is AV.

Remark 3.4. For the following lemma, we only define the isomorphism when
A is the regular function ring C[X] of G-variety X. For f € C[X]", define
o(f)(g,z) := f(g~'z). Then ¢ is an algebra isomorphism between C[X]V
and C[G/N x X]%(~ (C|G/N] @ C[X])9).

The following lemma is a key result for the proof of Theorem B.14l If A
is finitely generated, this result (for arbitrary characteristics) is in [1§].

Lemma 3.5. Let A be a Noetherian G-algebra, and M be an (A, G)-module.
Then MM is isomorphic to (M ® C[G/N])¢ as an AN-module. Here we
consider (M @ C[G/N))% as an AN -module via the isomorphism AN ~ (A®
C[G/N))¢ in Proposition [3.:3. Moreover, if M is a finitely generated A-
module, then MY is a finitely generated AN -module.

Proof. First, observe that the second assertion follows from the first. Indeed,
since C[G//N] is finitely generated, A ® C[G/N] is a Noetherian algebra by
Hilbert’s basis theorem. Thus the second assertion follows from the first
assertion and Lemma [3.2]

To show the first assertion, it suffices to construct an isomorphism be-
tween MY and (M ® C[G/N])“. Since M is a rational representation of
G, om(g) := gm is well-defined as an element of (M ® C[G])¢ for any
m € M. The map M > m — ¢, € (M ® C[G])¢ is an isomorphism as
an ((A®C[G])Y, G)-module because the map f + f(e) gives its inverse. Re-
stricting the map to the N-invariant part, we have an (A®C[G/N])“-module
isomorphism from M¥ to (M @ C[G/N])“. This completes the proof. [

3.2 Highest weight modules

In this section, we will review some definitions and facts about unitary highest
weight modules of real Lie groups.

Real Lie groups and their Lie algebras are denoted by Roman alphabets
and the corresponding German letters, respectively. We express the com-
plexification of a real Lie algebra by writing a subscript (+)¢. For example,
the Lie algebras of real Lie groups G, H, and K are denoted as g, b, and ¢
with complexification gc, bc, and ¢, respectively.

For a compact Lie group, we identify its locally finite representations with
rational representations of its complexification. Note that the complexifica-
tion of a compact Lie group is a complex reductive algebraic group. We
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express the complexification of a compact Lie group by writing a subscript

()e-

3.2.1 Associated variety and isotropy representation

We define the associated variety and the isotropy representation of a (g, K)-
module.

Let G be a real reductive Lie group, and K be a maximal compact sub-
group of G. Let g = €®p be the Cartan decomposition of g determined by K.
Let V' be a finitely generated (g, K')-module. Since V is finitely generated, we
can take a K-invariant finite dimensional subspace W C V as a generating
subspace of V. We put V; := U;(gc)W and V_; := 0, where {U;(gc)} is the
canonical filtration of the universal enveloping algebra U(gc). Taking the
associated graded module, we have an (S(gc), K¢)-module

ar(V) = @Vi/vH.

The affine variety determined by Anngy.)(gr(V')) is called the associated va-
riety of V, and denoted by AV(V) C g¢. It is well-known that AV(V) is
independent of the choice of W. Since the filtration is Kc¢-stable, AV(V) is
a Kc-stable variety contained in (gc/fc)*. We identify g& with g¢ via an
invariant non-degenerate symmetric bilinear form on gc. By this identifica-
tion, (gc/€c)* corresponds to pc, and AV(V) is a subvariety in the nilpotent
cone in pc. It is known that the number of Kc-orbits in the nilpotent cone
in pc is finite. Thus there exists an open Kc-orbit in AV(V).

Following D. Vogan [I0I], we recall the isotropy representation of V.
(See also [108].) To describe the representation effectively, for the rest of this
section, we assume that AV(V) is irreducible. Let I be the defining ideal of
AV(V). By the Hilbert Nullstellensatz, /™ is contained in Anngg.(gr(V'))
for some positive integer n. Since AV(V') is irreducible, AV(V') has a unique
open dense Kc-orbit O. Fix a point 2y € O. We denote by m(z) C C[pc]
the maximal ideal corresponding to xy. We set

W = 6_9 I'gr(V) /m(xo) 'gr(V).

W is a finite dimensional rational representation of (K¢),,, where (K¢)g,
is the isotropy subgroup of K¢ at xy. The representation W is called the
1sotropy representation of V. Note that the isotropy representation is depen-
dent on the filtration of V' and the point x.
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3.2.2 Highest weight modules

Next, we review unitary highest weight modules. Throughout the rest of
this section, we assume G is a connected non-compact simple Lie group of
Hermitian type with finite center. Though the assumption ‘finite center’ is
not essential, we assume this for convenience.

By assumption, (g, ) is a Hermitian symmetric pair (i.e. the center c(€)
of £ is one-dimensional). We fix a characteristic element Z € c(tc) (i.e. the
eigenvalues of ad(Z) are 0,+£1), and we write the eigenspace decomposition

of ad(Z) as
gc =p+ Dl Dy,

with the eigenvalues 1,0, —1, respectively.

For an irreducible (g, K)-module V', we will say that V' is a highest weight
module of G if VP+ # 0, where V?+ is the space of p,-null vectors of V.
Moreover, if V is infinitesimally unitary, we will say that V is a unitary
highest weight module.

Let H be a highest weight module. Then HP* is an irreducible represen-
tation of K, and HP+ generates H as a representation of gc. We take HP+ as
W in Section B2] and define a filtration of H by H' := U;(gc)HP+. Since
this filtration is stable under p,-action, its associated graded module gr(H)
is an (S(p_), Kc)-module. Thus the associated variety of H is contained in
P

Since p_ is abelian, U(p_) is isomorphic to S(p_) as an algebra. H can
be considered as a (S(p—), K¢)-module under this isomorphism. Then the
graded module gr(H) is isomorphic to H as a (S(p-), K¢)-module. Hence,
we always omit the filtration step for highest weight modules.

About the annihilators of unitary highest weight modules, A. Joseph
showed the following result in [34]:

Proposition 3.6. Let H be a unitary highest weight module. Then the anni-
hilator Anng,_y(H) is a prime ideal in S(p_), and Anng,_y(v) = Anng,_y(H)
for any v € H.

By this proposition, the isotropy representation of a unitary highest
weight module at zy € AV(H) is simply written as W = H /m(xo)H.

Since HP+ generates H as a g-module, we have a canonical surjective
homomorphism as a (g, K')-module:

U(ge) Ouecap,) H' — H. (3.6.1)
For a finite dimensional representation V of K, we set

NO(V) = U(gc) Quecap,) V-
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Definition 3.7. Let H be a unitary highest weight module. We will say H
is a holomorphic discrete series representation if the completion of H with
respect to its Hermitian inner product is a discrete series representation of

G.

It is known that if H is a holomorphic discrete series representation, the
homomorphism (B.6.1]) is bijective. Therefore, for a holomorphic discrete
series representation H, the associated variety AV(H) is equal to p..

3.2.3 Strongly orthogonal roots

We will describe some structures of K¢-orbits in p.
We take a Cartan subalgebra t C €. Since g is of Hermitian type, t is a
Cartan subalgebra of g. For each \ € t{, we set

gy :={X €gc:[H X]=ANH)X for any H € tc}.
For a tc-stable subspace s C g, we define

A(s,tc) :=={A € tL\{0} : gaNs # 0}

Let A := A(gc, tc) be the root system determined by tc, and fix a positive
system A such that AT D A(py, tc). Set A := A(tc, tc) N AT and A} =
A<p+7 t(C)

Two roots «a, 3 are said to be strongly orthogonal if neither of o + 8
nor o — 3 is a root. We take a maximal set of strongly orthogonal roots

{71,727} C Apy, tc) as follows:

i) 71 is the lowest root in A(py, tc),

ii) for i > 1, ; is the lowest root in the roots that are strongly orthogonal
to 1,72, - Vi1

Fix root vectors {X., }i_; for the roots {,;}/_,. We set

a = @R(X%‘ +X_¢>7

i=1

to 1= @ CIX,,, Xo.,
=1

where ~ is the complex conjugation of g¢ with respect to g. It is known that
a is a maximal abelian subspace of p. Then we have r = R-rank(g).
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We state a fact to describe restricted roots of G by the strongly orthogonal
roots. Fori,j (1 <i<j <r), we put
to }

Cij == {’7 €A 9, = (—’yj ;%)

C; = {'yeAj:’yhO:— <ﬁ> fo}’

2
f()}’

Co:={ye Al :~|, =0}

Vit
Pij::{veﬁirvlfo: ( . )

pe=freaton= (3L}

2
The following fact is due to Moore. (see e.g. [22, Proposition 4.8 in
Chapter 5)).

PO = {717727---777“}-

Proposition 3.8. In the above notation, A} and At can be decomposed as
follows:

Aj:( U Cw)u(U CZ->UCO,

1<i<j<r 1<i<r

A::< U R‘)U(U PZ->UP0.
1<i<j<r 1<i<r

Moreover, the map v — v +; gives bijections from Cy; to Pij, from —Cj; to
Pj;, and from C; to P;.

Next, we describe Kc-orbits in p, by the strongly orthogonal roots. Put
X=X, +X,+ -+ X,. Weset O, := Ad(K¢)X;, and Oy = {0}.

Proposition 3.9. p, is decomposed into Kc-orbits as follows:

P+ = H O;.
i=0
Moreover, for any 1 < m < r, the Zariski closure of O,, is decomposed into
Kc-orbits as follows:

=0
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By this proposition, for a highest weight module H, AV(H) = O,, for

some m € {1,2,--- ,r}. The irreducible decomposition of C[O,,] as a repre-
sentation of K¢ is well-known.

Proposition 3.10. The ring of reqular functions on O,, is decomposed as a
Kc-representation as follows:

C[O_m] = @ V_ >y eivi Kee

c1>ce>>em >0
017027---7CmEZ

In particular, O,, is a spherical affine Kc-variety.

Remark 3.11. The irreducible decomposition of C[p,| as a representation
of K¢ is obtained by L. K. Hua [27] (for classical groups), B. Kostant (un-
published) and W. Schmid [94]. The proposition can be obtained by the
Hua-Kostant—Schmid theorem and the orbit description.

The decomposition can be considered as the K-type decomposition of ir-
reducible unitary highest weight modules of scalar type. For holomorphic dis-
crete series representations, the Hua—Kostant—Schmid theorem is generalized
to the case of restrictions to non-compact symmetric pairs of holomorphic
type by T. Kobayashi [44] [52].

3.2.4 Symmetric pairs of holomorphic type

In this section, we review some results about branching laws of unitary high-
est weight modules. For the following formulation and Table [I, we refer the
reader to [47] and [52].

Suppose 6 is a Cartan involution of G corresponding to the maximal
compact subgroup K, and 7 is an involutive automorphism of G commuting
with 6. Since 7(¢) = € and 7 is an automorphism, the following two cases are
possible:

T(Z) = Z, (3.11.2)

7(2)=-Z. (3.11.3)
Recall that Z is the characteristic element in ¢(tc). We will say (g,g7) is a
symmetric pair of holomorphic type if the equation (BI1.2) holds, otherwise
we will say (g,9") is a symmetric pair of anti-holomorphic type.

If (g,g7) is a symmetric pair of holomorphic type, the decomposition
gc = p_ @ £c @ p4 induces a decomposition of gg:

gc=p_ DELDPL,
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since Z € £7. Suppose g7 = ., bh; is the direct sum decomposition into
simple ideals and abelian ideals. Then b; is contained in ¢ if h; is a compact
or abelian Lie algebra, and b; is of Hermitian type if h; is a non-compact Lie
algebra. Moreover, if b; is of Hermitian type, h; has the decomposition:

(bi)c = (- N (hi)c) @ (c N (bi)c) @ (p+ N (Bi)c), (3.11.4)

and each summand is nonzero. The following proposition is due to T.
Kobayashi [43], 47].

Proposition 3.12. Let ‘H be a holomorphic discrete series representation
of G, and (g,9") be a symmetric pair of holomorphic type. Then H is g -
admissible. In particular, H is completely reducible as a (g7, €")-module.
Moreover, all irreducible components of H|g are holomorphic discrete series
representations.

The following proposition is useful to study the branching law of holo-
morphic discrete series representations. The proposition is proved by H. P.
Jakobsen and M. Vergne [29] (see also [44, 52]).

Proposition 3.13. Let H be a holomorphic discrete series representation of
G, and (g,97) be a symmetric pair of holomorphic type. Set H := (G7)o.
Then each irreducible component of H|q is a unitary highest weight module
of H (more precisely, holomorphic discrete series representation by the above
proposition,) and its multiplicity can be described as

m'Z()\) = mSH'(r;?')@HP-f ()\)a

where X is the highest weight of a unitary highest weight module of H.

Table 1: symmetric pairs of holomorphic type

L a | g |
su(p,q) | su(i,j)+ulp—i,q—7))
su(n,n) 50%(2n)
su(n,n) sp(n, R)

2n) u(i,n — i)
s0*(2n) | 50%(2i) +s0*(2(n — 1))
2,n)

s0(2,n s0(2,n — 1) + s0(i)
50(2,2n) u(l,n)
sp(n,R) u(i,n —1)
sp(n,R) | sp(i,R) +sp(n — i, R)
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C6(—14) 50(10) + s0(2)
€6(~14) 0"(10) + s0(2)
€6(—14) 50(8 2) +50(2)
€6(—14) 5u(5, 1) + 5[(2, R)
C6(—14) su(4,2) + su(2)
e7(—25) ¢o(—78) + 50(2)
€7(—25) €6(—14 )+50(2)
€7(—25) 0( 0, ) +§[( R)
e7(—25) 50%(12) + su(2)
€7(—25) 511(6, 2)

3.3 Stability theorem

In this section, we will show a stability theorem for general settings. Through-
out this section, G is a connected reductive complex algebraic group, and B
is a Borel subgroup of G. Fix a Levi decomposition B = T'N, where T is a
maximal torus and N is the unipotent radical of B.

3.3.1 Stability theorem for general settings

Let X be an irreducible quasi-projective variety over C. We assume the
following two conditions:

X is a spherical G-variety (i.e. a Borel subgroup of G has an open
dense orbit in X), and

3.13.5
the quotient field of C[X] is naturally isomorphic to the ratiorgal )

function field of X.
(3.13.6)

The first condition implies that C[X] is multiplicity-free as a representa-
tion of (G. Note that the second condition is always true for any irreducible
quasi-affine variety X.

Theorem 3.14. Let M be a finitely generated (C[X], G)-module with no zero
divisors:

lJ Anngi(m) =o. (3.14.7)

Then there exists a weight N\g € AT(X) such that

for any A € AT (M) and p € AT(X).
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This theorem says that the multiplicity function m,, is periodic for suffi-
ciently large parameter A. This property of the multiplicity function is called
stability.

Proof. For the proof of the stability, we will show the uniformly boundedness
of my(\) for A € AT. Since M is a finitely generated C[X]-module, there
exists a G-invariant finite dimensional subspace F' C M that generates M.
Then the multiplication map C[X|® F — M(f ® m — fm) is a surjective
G-intertwining operator. For any A € AT(M), we have

mar(A) < mepxjer(A)
= dim Homg(V), C[X]| ® F)
= dim Homg (V) @ F*, C[X]).

From [52, Proposition 5.4.1], the number of the irreducible constituents of
Vi ® F* is bounded by dim(F). Therefore, since C[X] is multiplicity-free,
maz(A) is uniformly bounded by dim(F'). This result is also proved in the
proof of Theorem B.I8 (injectivity part).

Next, we will show that my(-) is monotone increasing with respect to
the translation by AT(X). Since C[X] has no zero divisors in M, the mul-
tiplication operator (m +— fm) is injective for any f € C[X]. In particular,
for p € AT(X) and f € C[X]¥(u), f induces an injective linear map

fro MY = MY (A + p),

where V' (\) denotes the weight space of weight A in a T-representation V.
Thus we have

mar(A) < mar(A+ p) (3.14.8)

for any p € AT(X).

We show the stability theorem. From Lemma 3.5, MY is a finitely gen-
erated C[X]"-module. Then we can take a finite subset {\;, Xg,..., A} C
At (M) such that

AT(M) = [ (AT(X) + ). (3.14.9)

1<i<r

By the uniformly boundedness of mj;, for each \;, we can find a weight
Mo € AT(X) such that

mar(Ai + Xos) = max{my (N + ) 1 p € AT(X)}. (3.14.10)
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We put A\g := g1+ Xg2+- -+ Ag,. Observe that A\, satisfies the required
condition. Take A € AT (M) and p € AT(X). By [BI43), there exists an
i€{l,2,...,r} such that A € \; + AT (X). From (BI48) and BILI0), we
have

mar (A + Xo) = max{my (N + p) : p € AT(X)}
=mpy (N4 p+ Ao).

This completes the proof. O

3.3.2 Description of multiplicities for large parameters

We describe the multiplicities for sufficiently large parameters by the isotropic
representation. Let X be as in the previous section. By the assumption that
X is G-spherical (3.13.3]), there exists a point zy € X such that Bz is open
dense in X.

Put P ={g € G : gBxy C Bzy}. Then P is a parabolic subgroup of G
contains B. The following proposition is due to M. Brion, D. Luna and T.
Vust [6].

Proposition 3.15. In the above settings,

i) Py, is a reductive subgroup of G, and

it) Py, contains the derived group of some Levi subgroup of P.

The following proposition says that B, is a ‘Borel subgroup’ of F,,.

Proposition 3.16. P, satisfies the following four conditions:
L-1) P,, C G,
L-2) P,, D By,,
L-3) B,, meets every connected component of Py,

L-4) the identity component of By, is a Borel subgroup of the identity com-
ponent of Py, .

Conversely, if a reductive subgroup L of G satisfies the above four conditions,
then we have L = P, .
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Remark 3.17. If L satisfies the above four conditions, its irreducible repre-
sentations are parametrized by a subset of characters of B,,. This is because
V Nz is one-dimensional for any irreducible representation V of L. In fact,
since we have the natural injection B,,/N,, < B/N ~ T, we can take a
weight vector v € V=0 with respect to B,,/N,,. Then v generates an ir-
reducible representation Vj of Ly, where L is the identity component of L.
Since B,, normalizes Lg, Vj is L-stable. This shows V; = V. Therefore, V' =0
is one-dimensional.

Proof. For the first assertion, put L := P,,. By definition, L-1) and 1-2) are
clear. From Proposition 3.5 we can take a Levi subgroup () of P such that
(@, Q] is contained in L. We have the following commutative diagram.

L/(LNB)———>P/B

-

@, QI/([Q, QI N B)

Thus L/(LN B) is isomorphic to P/B. Since P/B ~ Q/Q N B is a connected
projective variety, B,, = L N B meets every connected component of L, and
the identity component of B, is a Borel subgroup of the identity component
of L. This implies that L satisfies L-3) and L-4).

For the second assertion, suppose L is a reductive subgroup of G satisfying
the conditions. From Remark B.17, we have

C[G]* = C[G]P
= C[G] . (3.17.11)

For a reductive subgroup H of G, H can be reconstructed from C[G]¥ by
the following equation:

H= () /().

fecigif

Here e is the identity of G. From this fact and BI7II]), we have L = P,,.
This completes the proof. O

We set L = P,,. We denote by ev,, the natural quotient map M —
M, (:= M/m(xo) M), where m(zy) is the maximal ideal of C[X| correspond-
ing to xy. From the inclusion L C G, ev,, is an L-intertwining operator
from M to M,,. We describe the stable multiplicities by the representation
of L on M/m(zq)M.
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Theorem 3.18. Let M be a finitely generated (C[X],G)-module with no
zero dwisors (see (3.14.7)). We take a weight Ao € A1 (X) as described in
Theorem 314 Then for any A € At (M), we have

mG (A + o) = msz,O(MBzO),

where we identify characters of T with characters of B by letting their values
bel on N.

Remark 3.19. For any p € AT(X), pulp,, = 0. Thus A|p, can be written
as (A + o), -

For the proof of Theorem [3.18], we will show two lemmas.

Lemma 3.20. Under the assumption (3.13.5) and (313.4), we have the
following equation:

C[Bao] = CIX] |~ : y € AT (X), f, € CIXIN ()\{0} ] .

I

Proof. This lemma is essentially the same as [93, Lemma 2.2]. It is clear that
the left hand side contains the right hand side. We will show the converse
inclusion.

We take a function f € C[Bxg]. Define an ideal by

I:={geC[X]:g-bf € C[X] for any b € B}.

Since B acts rationally on C[Bx|, spanc{bf : b € B} is finite dimensional.
By the assumption (3.13.6)), / is a B-invariant nonzero ideal of C[X]. Since
B acts rationally on I, there exists a nonzero B-eigenvector g € I. Therefore,
we have f € C[X][1/g]. This shows the converse inclusion. O

Lemma 3.21. Let M be a (C[X], G)-module. Suppose C[X]| has no zero
diwvisors in M. Then we have

() (m(y)M) = 0.

yE€Bxo

Proof. If M is finitely generated, this lemma is in [I08, Corollary 2.1]. Put
N =, epa,(M(y)M). We assume N # 0. Since N is a B-invariant subspace,
there exists a nonzero B-eigenvector m € N. By definition, m can be written
as

m = fimy + fomgo +---+ frm, (fz S m(l’o), m; € M) (3.21.12)
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Let M’ be a (C[X], G)-submodule of M generated by my, ms, ..., m,. Since
M’ is a finitely generated (C[X], G)-module with no zero divisors, we have

() (m(y)M') =o0.

yEBxg

From (B:2L.12)), m is an element of m(z)M’. Since m is a B-eigenvector, we
have m € (), cp,, (M(y)M’) and hence m = 0. However, this contradicts the
assumption that m is nonzero. This completes the proof. O

Proof of Theorem[3.18. Take A € A*(M).
First, we reduce the assertion of the theorem to bijectivity of ev,, between
some B-eigenspace and B, -eigenspace. From Remark B.17, we have

. Ny
mis, (A By,) = dim(Mz (A 5,,))

Since ev,, is a G,,-intertwining operator, the image of MY (A+ \g) by ev,, is
contained in M (AlB,, ). We denote by the same notation ev,, the restric-
tion of ev,, to M (X + X\g). Then it suffices to show that ev,, is a bijection
between MY (X + Ag) and Ma™ (AlBsy)-

evz

M

M,

eva,

MY (A + Xg) —% May™® (Al ,,)

(injectivity). Suppose m € MY (A +\o) and ev,,(m) = 0. Since m is a B-
eigenvector, m € m(bzo) M for any b € B. Then we have m € (), 5, m(y) M.
Since (e, M(y)M = 0 from Lemma B.2]] this implies m = 0. This shows
evy, 1s injective.

(surjectivity). First, we show the surjectivity for the case that M is a free
C[X]-module. Suppose M ~ C[X]|® W for some finite dimensional rational
representation W of G. In this case, ev,, is actually the evaluation map at
xo. Take m € W™ (A|p, ), and put

o(bxg) = b_>‘_>‘°(bm)

for b € B. Then ¢ is well-defined as an element of C[Bxzy| @ W, and ¢ is a B-
eigenvector of weight A+ \g. From Lemma [3.20] there exists a B-eigenvector
fu € C[X]such that f,p € C[X]@W. Then f,pisin (C[X]@W)N (A+Xo+pu).
By Theorem [3.14], the multiplication operator f,- : (C[X]@ W)N (A + o) —
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(C[X] @ W)N(X+ \g + ) is bijective. Thus ¢ is in (C[X] @ W)N (A + Ag).
Since ¢(xg) = m, ev,, is surjective.

Next, we show the surjectivity for general cases. Since M is finitely gener-
ated as a C[X]-module, there exists a finite dimensional G-subrepresentation
W C M such that the (C[X], G)-homomorphism x : C[X]®@ W — M de-
fined by the multiplication map is surjective. Then we have the following
commutative diagram:

evg

ClX] @ W 20y

-

evg
M M,,,

and all arrows are surjective. Take A, € AT(X) described in Theorem [3.14]
for M = C[X] ® W. By restricting the above diagram to the subspace of
B-eigenvectors of weight A + Aj, we have

(CIX] @ W)V (A + Np) —% Wh=o (X[ ,.)

| |

MN()\ n A{)) evVzg Ma];\(:zo ()\‘Bzo)

Since G and L are reductive, the vertical arrows are surjective. From the
free module case, the above horizontal arrow is surjective. Therefore, ev,, :
MY\ + N,) — Mao (Al,,) is also surjective.

Since dim(MN (X + Xg)) > dim(MY (X + \,)) by the result of Theorem
BIA evy, : MY (A + Ag) — May™ (Al,,) is also surjective. O

Remark 3.22. The injectivity is true in more general settings. For example,
suppose X is a projective G-variety that has an open dense Borel orbit Bz,
and 7 : V — X is a G-equivariant algebraic vector bundle over X. Then the
global sections T'(X,V) and the evaluation map ev,, : ['(X,V) — 7 !(zg)
satisfy the injectivity as in the above proof. This implies that the multiplicity
with respect to G can be bounded by the multiplicity with respect to L as
in Theorem [B.I8 See Section for example.

We can remove the finiteness of M if we admit that the conclusion be-
comes weaker.

Corollary 3.23. Let M be a (C[X],G)-module with no zero diwvisors. Then
we have

sup  {mf; (A + )} = my;, (Ag.,)-
pEAH(X)
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for any A € AT (M).
Proof. Take a weight A € AT(M). By the same proof as for the injectivity
in Theorem [3.18, we have

sup {m§; (A + m)} < miy, (Ag,,)-
peEAT(X)

For any finite dimensional L-subrepresentation N C M,,, we can take a

finitely generated (C[X], G)-submodule N such that N/(N Nm(xq)M) D N.
We may assume m$()\) # 0. Since the canonical map N/m(zo)N — N/(NN
m(zo) M) is surjective, the converse inequality follows from Theorem[3.18 [

For a rational representation V' of G, we denote by M¢(V') the supremum
of m¢.

Corollary 3.24. Let M be a (C[X], G)-module with no zero divisors. Then
the following equation holds:

Me(M) = Mp(M,,).

In particular, M is multiplicity-free as a representation of G if and only if
M, is multiplicity-free as a representation of L.

Proof. By Corollary B.23, M (M) < M (M,,) is clear. It suffices to show
that any character A of B,, satisfying mﬁho()\) # 0 can be extended to a

character A of B such that m§;(\) # 0. As in the proof of the surjectivity in
Theorem B8 we can assume that M is a free C[X]-module of finite rank,
C[X] ® W. We take a character A of B,, such that m¥,(\) # 0, and take
m € W ()). There exists a character X' of B such that X'|p, = . For
@(bzg) = b= (bm), we can find f, € C[X]V(u) such that f,p € (C[X]®
W)N(X +p). Since (X + )|, = N|p,, =X\, A := X + pu satisfies the desired
conditions. This completes the proof. O]

3.4 Examples of stability theorems

In this section, we will apply the stability theorem to some explicit settings.

3.4.1 Stability theorem for quasi-affine spherical homogeneous spaces

Let G be a connected reductive algebraic group and H be a closed subgroup
of G. We assume that (G, H) is a spherical pair (i.e. there exists a Borel
subgroup B of G such that BH is open dense in G). The following fact is
known as the characterization of quasi-affine homogeneous spaces. (See [07,
Theorem 3.12].)
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Proposition 3.25. Let G be a linear algebraic group, and H be a closed
subgroup of G. Then the following three conditions are equivalent:

i) G/H is quasi-affine;

i) the quotient field of C|G/H]| is equal to the rational function field of
G/H;

iii) for any H-representation W, there exists a finite dimensional represen-
tation V' of G such that W can be embedded in V' as a representation of
H.

We assume that G/H is a quasi-affine variety. By Proposition B:25] this
assumption is equivalent to the condition (BI3.0). Put L := {g € H :
gBH C BH}.

For a finite dimensional rational representation W of H, we define the
induced representation of W by

Ind% (W) := (C[G] @ W)X,

Ind% (W) is a (C[G]¥, G)-module via the left G-action and the multiplication
of C[G]". Here the H-invariant part is taken via its right action on C[G].

Applying Theorem B4 and Theorem B8 to X = G/H and M =
Ind% (W), we have the following theorem. For a connected semisimple sub-
group H, this theorem was proved by F. Sato in [93].

Theorem 3.26. Let W be a finite dimensional rational representation of H.
Then there exists a weight \g € AT(G/H) such that

mﬁdg(mo‘ +Xo) = miy (Al gom)

for any A € A+ (Ind%(W)).

Proof. First, we show that X = G/H and M = Ind$ (W) satisfy the con-
ditions of Theorem B.I4] and Theorem BI8. Recall that BI33), BI3.46),
‘finitely generated’ and ‘no zero divisors’ are the conditions. By definition,
the condition ([BI3.5) (i.e. X is spherical) is clear. By the assumption that
X = G/H is a quasi-affine G-variety and Proposition [3.25] the quotient field
of C[X] coincides with the rational function field of X. This is the condition
[BI30). It is obvious that C[G/H] has no zero divisors on Ind$ ().
Observe that M is finitely generated. From Proposition [3.25, W can be
embedded in a finite dimensional representation V' of GG as a representation of
H. The embedding W — V induces an injection as a (C[G/H], G)-module:

Ind% (W) — C[G/H] ® V.
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Since C[G/H]®V is a Noetherian C[G/H]-module, Ind% (W) is Noetherian,
and hence finitely generated. All conditions are verified.

Next, we show that M/m(eH)M ~ W as a representation of L. We
can identify Ind% (W) with the set of global sections I'(G/H,G x gz W) of a
vector bundle Gxy W — G/H. Since G/H is a quasi-affine variety, the sheaf
constructed from the vector bundle corresponds to the sheaf constructed from
Ind% (W). This shows that the fiber (Ind$ (1)), is isomorphic to W as a
representation of L. This completes the proof. O

3.4.2 Some examples for projective varieties

In this section, we treat flag varieties. Let G be a connected reductive alge-
braic group, and P be a parabolic subgroup of G. Take a closed connected
reductive subgroup H of G such that G/P is a spherical H-variety. Note
that if H is a Levi subgroup of G, the classification of such triples (G, H, P)
follows from Stembridge’s classification [96] of multiplicity-free restrictions
of finite-dimensional irreducible representations with respect to H, and if
(G, H) is a symmetric pair, such triples (G, H, P) were classified by He-
Ochiai-Nishiyama-Oshima [21].

Fix a Borel subgroup B of H. Since G/P is a spherical H-variety, there
exists a point xy € G such that BxyP is open dense in G. Put L := {g €
H,,p : gBxoP C BxoP}. The same result as Theorem is not true for
G/ P since G/ P is projective (see Example 3.29). However, the theorem can
be applied to an ‘affine cone’ of G/P. Then we have the following theorem.

Theorem 3.27. Let W be an irreducible representation of P. Then there
exists a character Ao of P such that

My(Indg(W @ Cyg4x)) = M (W)

for any character \ of P satisfying Ind5(Cy) # 0. Here W is considered as
a representation of L via the inclusion xo ' Lxy C P.

Fix a Levi decomposition P = QN, where N is the unipotent radical of
P. Put P':=[Q,Q]N and A := Q/[Q,Q]. By Proposition B.25 G/P’ is a
quasi-affine spherical H x A-variety. The action of A on G/P’ is given by

h-gP =gh™'P

for h € A and g € G. Note that B x A is a Borel subgroup of H x A. For
the proof of Theorem [B.27] we show the following lemma.
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Lemma 3.28. Set
L' :={(g9,h) € Hx A:(g,h) xoP" = x¢P',(g,h) - BugP C BxoP}.
Then there exists a homomorphism ¢ : L — A such that
L'={(9,¢(9)) € Lx A:ge L}. (3.28.13)

Proof. First, we define the homomorphism . Take g € L. By definition, we
have gBxoP C BxoP and gxoP = xqP. From groP’ C xoP = LjcaxolP’,
there exists a unique element ¢(g) € A such that gxoP’' = zop(g)P’. It is
obvious that ¢ is a homomorphism from L to A.

Next, we show that ¢ satisfies the condition. By the definition of L and
L', we have (g,¢(g)) € L' for any g € L. For the converse inclusion, we take
(g9,h) € L'. Since (g,h) € L', we have groh™'P' = 2y P" and gBxzoP C BxyP.
This implies that g € L. Since xoP' = groh ' P’ = zop(g)h~'P’, we have
©(g) = h. This completes the proof. O

Proof of Theorem[3.27. We apply Corollary to X = G/P' and M =
Ind%, (W). Here we replace G in the corollary by H x A, and then L in the
corollary is equal to L' in the above lemma.

We will determine the action of L' on M/m(xzoP" )M. M/m(xoP')M is
isomorphic to W as a C-vector space. Take (g, ¢(g)) € L'. For f € (C|G] ®
W)Y, we have

((9:(9)) - f)(wo) = w(9)f(g~ xosO( )
Zw(g)f(xowo g "zo(9))
= o(g9)(z0 " g zop(9)) " f (o)

zo~ gzof (o).
Therefore, the action of L’ on M/m(xoP")M ~ W coincides with the action

of L, and we have M, (W) = M (W).
From Corollary B24] there exists N € Al ,(Ind%, (W)) such that

Mt oy (N) = M (W), (3.28.14)
We write N = —\g + A1, where ) is a character of P and \; is a character

of B.
We will show that A\ satisfies the desired condition. We have the following
isomorphisms of representations of H:

Ind$, (W) (=Xo) =~ (Ind%, (W) @ Cy,)*
~ ((C[G] @ W)P © C,y,)A
~ (C[G] @ W ® Cy,)"
~ Ind$(W @ Cy,).
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Thus we obtain My (Ind%(W ® C,,)) = Mp(W). Again, from the above
isomorphisms for W = C, Ind$(C,) ~ C[G/P’](— ) is nonzero if and only if
there exists a character v of B such that —\ + v € A}, ,(G/P'). From this
and Theorem B.I8 the proof is completed. H

We give an example where Ind% (1) is nonzero and we can not take
Ao = 0.

Example 3.29. Let G = GL(8,C), H = GL(4,C) x GL(4,C). H is block
diagonal in GG. Let P be a maximal parabolic subgroup of G containing H
and all lower triangular matrices, and B be a Borel subgroup of H containing
all upper triangular matrices in H. We take a point

I J
=0 1)

where J is an anti-diagonal matrix with every anti-diagonal entries 1. Then
BxyP is open dense in GG. In this case, L is of the following form:

L= {(diag(al,ag,a3,a4),diag(a4,a37ag,al)) €EH:ay,...,a4 € (CX} 5

where diag(---) is a diagonal matrix. Note that L commutes with x.

We consider a representation W = S2(A*(C*))/ A*(C*) of H, where the
first factor of GL(4, C) x GL(4, C) acts on W in standard way and the second
factor acts on W trivially. W is an irreducible representation of H with
highest weight (2,2,0,...,0) in the standard coordinates. We extend the
representation W to P by letting the unipotent radical of P act trivially.
Then the induced representation Ind% (W) is an irreducible representation of
G with highest weight (2,2,0,...,0). By the Littlewood—Richardson rule,
Ind%(W) |y is multiplicity-free, and hence My (Ind%(W)) = 1. However,
W|, is not multiplicity-free. In fact, we can take two weight vectors with
weight (1,1,1,1,0,0,0,0) such as

61/\62'63/\64,61/\63'62/\64.

Therefore, we have My (Ind$(W)) =1 < 2 = My (W).

3.4.3 Stability theorem for highest weight modules

Here we will show a stability theorem for unitary highest weight modules. Let
G be a connected simple real Lie group of Hermitian type with finite center.
Fix a positive root system A*, strongly orthogonal roots {y1,72,...,7,} and
root vectors {X,,, X.,,..., X, } as in Section B.2.3
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Before we state our theorem, we prepare some lemmas relevant to the
Kc-orbit O;. Fix 1 < m < r. Weset a, = @ R(X, +X,,), ty =
d", ClX,, X.], Xpn:=>1", X, and L = Zg_(a,,). We will show that L
satisfies the conditions L-1) ~ L-4) in Proposition B.16

Lemma 3.30. Let B be a Borel subgroup of K¢ determined by the positive
system AF. Then Ad(B)X,, is open dense in Op,.

Proof. Since Ad(K¢)X,, is open dense in O,,, it suffices to show that [Ec, X,,] =
[b, X,,,]. From Proposition B.8, we have

0 (m < j)
[g— 7Xm] = . for any vy € C’iﬁ
! Gty (1<) <m) !

(9, Xin] =0 for any v € C; U Cy,

for any 7,j(1 <i < j <r). Thus we have

6.X,] =[te, Xn]® B 9-1s,

1§i<j§m,'y€Cij

= [t(CaXm] S¥ @ 9y,

1§i<j§m,’y€Pij

where b is the opposite Borel subalgebra of b. For any v € P , there exists
a vy’ € Cj; such that 4"+ v; = 4. Therefore, we have [b, X,,] D [b, X,,]. This
implies [Ec, Xn] = [b, X O

Lemma 3.31. Let B be the same as in the previous lemma. Then the
wsotropy subgroup Bx, at X,, has the semi-direct product decomposition:
Bx,, = (1t)x,, Nx,,, where N is the unipotent radical of B.

Proof. Bx, D (Tt)x,, Nx,, is obvious.

For the converse inclusion, we take b € By, , and write b = tn for t € Tt
and n € N. By Proposition B.I0, By, is contained in (-, ker ;. Thus we
have t € ﬂ;il ker v;|z.. Since X, is the sum of the eigenvectors of T with
weight v;(1 <@ < m), (Ic)x,, is equal to (-, ker v;|7.. Therefore, we have
t € (1c)x,, and hence n € Nx, . This shows the converse inclusion. [

Lemma 3.32. L(= Zk.(a,,)) satisfies the conditions L-1) ~ L-4) in Propo-
sition [310 for the spherical Kc-variety O,,.

Proof. Recall the conditions:

L-1) L C (K¢)x,,,
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L-2) L D Bx,,,
L-3) By, meets every connected component of L,

L-4) the identity component of By, is a Borel subgroup of the identity
component of L.

First, we compute the triangular decomposition of [. For any ¢ € L and
i (1 <i<m), we have

X’Yz‘ + X_'Yz = Ad(g) (X’Yi + X_’Yz)
— Ad(9)(X,.) + Ad(g) (%5,).

Since Ad(g)(X,,) € p+ and Ad(g)(X,,) € p_, g stabilizes X, and X,,. This
implies that

L = ZKC (é(g% @ g—%)) ) (33215)

1
[:ch<

From the first equation, the condition I.-1) is clear. Since the right hand side
of the second equation is stable under the ad(tc)-action, so is [. Thus we
have

i

P+

Il
_

(9 @ 9—%)) :

[=(Nn)@ (INtc)® (INn). (3.32.16)
We will show that the Lie algebra by, of By, is a Borel subalgebra of .
By Proposition 3.8 we have

0 .
(G, Xim| = { (m <,Z) for any v € Cy; U C;,

(G, Xim] =0 for any v € Cy,

for any 4, j(1 <i < j <r). This implies that by, has the following decom-

position:
me:t#z@ @ 97@69977

’yECiJ‘UCi v€Co
m<i<j<r

where t is the orthogonal complement of t,, in tc with respect to the Killing

form. Therefore, we have by, = Z,(B.", (9., P9—+,)) = [Nb. From (Z3210),
this shows the condition L-4).
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We can show L = Z1(t5) Lo by the same proof as [39, Proposition 7.49].
By the equation [B32Z15), ZL(t.) is contained in Zg, (tc) N L C (T¢)x,,-
This shows that (7¢)x,, meets every connected components of L, and so
does By,,. Thus we have shown the condition L-3).

By the proof in Lemma B3I, (T¢)x,, is equal to (-, ker~;|z.. This
implies that (7¢)x,, is contained in L. Since By,, = (T¢)x,, Nx,, and Ny, is
connected, By, is contained in L. This is the condition L-2). All conditions
are verified.

U

For a unitary highest weight module H, we consider the (g, K)-module
H as a (C[py], Kc)-module, and we set Hy,, := H/m(X,,)H, where m(X,,)
is the maximal ideal of C[p,] corresponding to X,,.

Applying Theorem [3.14] and B.I8 to a unitary highest weight module, we
have the following theorem.

Theorem 3.33. Let H be a unitary highest weight module of G with associ-
ated variety O,,. Then there exists a weight \g € AT(Op) = {= 37" civi :
1>y > > ¢y > 0,0 €L} such that

ma A+ do) = my . (Nry,,)
for any A € AT (H).

Proof. By Proposition 3.6 the annihilator Anncy,,j(#) is equal to the defin-
ing ideal of O,,. Thus we consider H as a (C[O,,], K¢ )-module.
To apply Theorem B.I8], we will verify the four conditions:

i) O,, is a spherical K¢-variety,

i) O
ii) the quotient field of C[O,,] is equal to the rational function filed of O,),,
iii) H is a finitely generated C[O,,]-module, and

iv) C[O,,] has no zero divisors in H.

Since (’)_m is an affine variety, the condition ii) is clear. Since H is generated
by H*" as a C[O,,]-module, H is a finitely generated (C[0,,], K¢)-module.
This is the condition iii). By Proposition [3 O,, is a spherical K¢-variety,
and hence the condition i) holds. By Proposition .6, we have Anncp,,j(v) =
Anncy,((H) for any v € H\{0}. This implies the condition iv).

From Proposition | we obtain the irreducible decomposition of C[O,),]
and AY(O,) ={-Y" cvitc1 > o> >y >0, € L}

We have shown that L satisfies the conditions L-1) ~ L-4) in Lemma
3320 This completes the proof. O
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The following corollary is a direct consequence of Corollary [3.24] and The-
orem [3.33]

Corollary 3.34. Let H be a unitary highest weight module of G with asso-
ciated variety O,,. Then we have

MK(H) = ML(IHXm)'
In particular, H|k is multiplicity-free if and only if Hx,, |1 is multiplicity-free.

Remark 3.35. In the proof of Theorem B.33] and Corollary B34, we do not
use the assumption that H is irreducible. Thus we can apply the theorem
to H under the assumption that H is a finite direct sum of unitary highest
weight modules with the same associated variety.

Remark 3.36. We review some results about the explicit form of the isotropy
representation Hx, .

If H is a holomorphic discrete series representation, the isotropy represen-
tation Hy,, is isomorphic to HP+ as a representation of L. If G is Sp(n,R),
U(p, q) or SO*(2n), the isotropy representation Hy,, is computed from the
theta correspondence (see [106]). If H does not appear in the theta corre-
spondence, the explicit form of the isotropy representation was announced
by H. Yamashita in [107].

3.4.4 Stability theorem for symmetric pairs of holomorphic type

In this section, we will apply the stability theorem to branching laws of
holomorphic discrete series representations with respect to symmetric pairs
of holomorphic type.

Let G be a connected simple real Lie group of Hermitian type with fi-
nite center, and 7 be an involutive automorphism of G commuting with a
Cartan involution € of G. We put H = (G7)g, the identity component of
the fixed point group of 7. We assume that (g,h) is a symmetric pair of
holomorphic type (see Section B.2.4]). Suppose H is a holomorphic discrete
series representation of G.

Before we state a theorem, we set up some notation. We fix a Car-
tan subalgebra t” of €, and fix a positive system AT (gf t%) such that
A(pi7 %) € AT (g@,t%). Let B = TN be a Borel subgroup of (H N K)¢
corresponding to the positive system A (g 7).

We will take strongly orthogonal roots {y1,72,...,7%} in A(pL", t¢) and
root vectors { X, X.,, ..., X, } as in Section 3231 However, g7 may not be
a simple Lie algebra. Suppose g™ = €D, b; is the direct sum decomposition
into simple ideals and abelian ideals. We set up a lexicographical order
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on A(g™,t-) such that any element of At (g7 %) is greater than zero and
At (b, t8) < AT (h;, %) for any 4,5 (i < j). Here we write X <Y ifz <y
for any z € X and y € Y. Replacing the term ’lowest root’ by 'minimum
root’ in the definition of Section B.2.3] we take strongly orthogonal roots
{7,727} in A(p7 HE).

Puta =@, R(X,,+X,,) Cp 7. Then ais a maximal abelian subspace
of p~7, and r = dimg(a) = R-rank(g™).

Theorem 3.37. Let H be a holomorphic discrete series representation of G.
We put L = Zynk(a). Then there exists a weight \g € AT (pl") such that

ma (A + Xo) = magp. (Alzr(0))

for any X\ € AT(H), where we denote by mi(X\) the multiplicity of the holo-
morphic discrete series representation with highest weight A with respect to
pl D b.

Proof. We will reduce the assertion to Theorem B.33]

By Proposition B.I3], the decomposition of H|g is reduced to the decom-
position of (S(p=") ® H**)|gnx. We have the following isomorphisms as
H N K-representations:

S(p=7) @ H+ o~ N ()
~ U(gYHP+(C H).

This implies that S(p=") ® HP* is isomorphic to the finite direct sum of
some holomorphic discrete series representations of (G7)y as an H N K-
representation. Applying Theorem B.33] to N 7’ (HP+), we obtain the theo-
rem. U

Remark 3.38. T. Kobayashi stated that we could relate the multiplicity
function and Sato’s stability theorem by the Howe duality in [52, Remark
1.5].

Corollary 3.39. Let H be a holomorphic discrete series representation of G.
We put L = Zgnk(a). Then we have My(H) = Mp(HP*). In particular,
H| g is multiplicity-free if and only if HP* |, is multiplicity-free.

Remark 3.40. The uniformly boundedness of the multiplicity function and
the ‘if part’ of the second assertion was proved by T. Kobayashi in [44] and
[50] (see also [52], 54]).
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4 Analytic continuation and branching prob-
lem

In this section, we relate the branching laws of infinite-dimensional represen-
tations to the branching laws of finite-dimensional representations using the
analytic continuation. In particular, for holomorphic discrete series represen-
tations, we connect two branching laws for two subgroups with isomorphic
complexifications.

4.1 General setting

Let g be a complex Lie algebra. We consider a family {m.,V}, . of rep-
resentations of g with the same representation space V. Such a family can
be seen in the representation theory such as generalized Verma modules and
principal series representations. We introduce the following definition to deal
with the family algebraically.

Definition 4.1. The family {(7,,V)} is said to be dependent on z polyno-
mially if 7,(X) is a polynomial function of z for any X € g, namely, there
exist d € N and Ay, ..., Ay € Endc(V) such that

If the family {(7,,V)} depends on z polynomially, an algebraic property
may be determined by the properties on a Zariski dense subset. To control
the family effectively, the following finiteness property is important. Let £ be
a reductive subalgebra of g.

Definition 4.2. Suppose {(7.,V)},.c is a family of (g,¥)-modules. Then
we say that {(7.,V)},.c is admissible if the following two conditions are
satisfied:

e (m,,V) is locally ¢-finite, completely reducible and ¢-admissible for any
z € C, that is, (m.]¢, V) is completely reducible and each isotypic com-
ponent is finite-dimensional;

e for 21,29 € C, suppose that the isotypic decompositions with respect
to ., (¢) and 7., (¢) are as follows:

V=P = P V.

AMEA A2€A2
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where A’s are subsets of € such that Vj # 0 for any A € A;. Then there
exists a bijection o : Ay — Ay such that V), = V) for any A\, € A;.

If {(7.,V)},cc is an admissible family, the 7, (£)-isotypic decomposition
of V' does not depend on z. We say that V' is a €-isotypic component of V' if
V' is a m,(¢)-isotypic component of V' for some/any z. A subspace V' of V
is said to be t-stable if V’ is 7,()-stable for any z.

Example 4.3. The following three family of (g, £)-modules are well-known
examples which are admissible and dependent on z polynomially.

e generalized Verma modules;

e the underlying Harish-Chandra module of principal series representa-
tions;

e the underlying Harish-Chandra module of holomorphic discrete series
representations.

Suppose that {(m.,V)},.c is an admissible family of (g,£)-modules de-
pending on z polynomially. If conditions P(z) depending on z are satisfied
for any z except for finitely many z, we say that P(z) holds for almost all
(or almost every) z.

Lemma 4.4. Retain the above notation. Let Vi be a €-stable subspace and
V1 be a t-isotypic component of V. If w,(U(g))Vo D V1 for some a € C, then
we have m,(U(g))Vo D Vi for almost all z € C.

Proof. We take a € C such that m,(U(g))Vo D Vi. We will show V} C
7.(U(g))Vi for almost all z.

Take a m,(€)-stable complement V] of Vi in V. Since V; is a t-isotypic
component, V/ is €-stable. By the assumption 7, (U(g))Vo D Vi, we can take
a E-stable finite-dimensional subspace U C U(g) such that 7, (U)Vy D V;. We
have

(U)o = (m (U)o N A) @ (. (U) Vo N V) (4.4.1)

for any z, because V; is a £-isotypic component and V] is its £-stable com-
plement. Then we define the composition of the multiplication map and the
projection from V =V, @ V/ to V;:

m, : UQxVyg—V — V.

By the equation (4.4.1]), m, is surjective if and only if 7,(U)Vp D Vi holds.
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Since (7, V) is dependent on z polynomially, m, is a Hom¢ (U ® Vg, V4)-
valued polynomial. Note that U, V;, and V; are finite-dimensional. Therefore,
we can take a polynomial f € C[z] such that

f(2) #0 <= m, has full rank,

<= m, is surjective.

Since m, is surjective, f is a non-zero polynomial. We denote by N C C
the zero set of f. Obviously NV is a finite set. Then m, is surjective for any
z € C\N. This implies 7,(U)Vy D V; for any z € C\N. This shows the
lemma. O

Using the above lemma, we prove the following theorem. Roughly speak-
ing, the theorem asserts that the representations (7., V) on a Zariski dense
subset & C C have all information about the representation (7., V') for any

2¢S8S.

Theorem 4.5. Retain the above notation. Take a t-stable subspace W C V
and countable subset S C C. Suppose that m,(U(g))W is irreducible as a
g-module for any z € S. Then the following three conditions are equivalent:

(a) for infinitely many z € C, (m,, V) is irreducible;
(b) for some z € C, (m,,V) is irreducible;

(©) Usesm(U(@)W = V.

Proof. We set W, := 7, (U(g))W.

(a) = (b): Trivial.

(b) = (c): We assume that (m,, V') is irreducible for a € C. We will show
UzES WZ =V.

Take v € V. We can take a subspace V' C V such that v € V' and V' is a
finite direct sum of €-isotypic components of V. Since (m,, V') is irreducible,
we have V' C W,. By Lemma [£4] there exists z € S such that V' C W,.
Therefore, we have v € |J,.g W->. Thus we complete the proof of (b) = (c).

(c) = (a): Assume |J, g W. = V. We consider the ¢-isotypic decomposi-
tion of V:

V=@V

A€EA

For each A € A, we will show that there exists a at most countable subset
N, C C satisfying the following two conditions:
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(1) m,(U(g))V\ =V for any z € C\Ny;
(2) V4 is an irreducible 7, (U(€)U(g)*t)-module for any z € C\Ny.

Note that V' has at most countable dimension because of |J,.¢W. = V.
Hence A is at most countable.

We will prove that for any A, u € A we can take a(\, 1) € S such that
Vo Ve € Wony- Take A, pp € A. By the assumption (J, ¢ W. =V, we have

Um.nmev)=Wnav,.

zZES

Since § is a countable set and V) @ V), is finite-dimensional, there exists
a(A, p) € S satisfying Vi @ V,, = Wy N (VA @ V,). This implies V) @V, C
Waaw-

We will construct a countable subset N} C C satisfying the condition (1).
Take € A and a = a(\, u). By the assumption of S, W, is an irreducible
7.(g)-module. Therefore, we have V,, C 7,(U(g))V). By Lemma A4 there
exists a finite subset N, , C C such that V,, C 7, (U(g))V, for any z € C\N, .
We set Ny := J,cp Nau- Then it is clear that Ny satisfies the condition (1).

We will construct a countable subset N} C C satisfying the condition (2).
We take a € S such that W, D V). Since W, is an irreducible 7, (g)-module,
V) is an irreducible 7, (U (&)U (g)*)-module. Since dime(Vy) < oo, we have

Ta(UOU(g)")lv, = Endc(V3)

by the Jacobson density theorem. We define a family of algebra homomor-
phisms:

7, =), U®U(g)" — Ende(Vy).

Since 7, is a polynomial function of z and 7, is surjective, there exists a finite
subset N3 C C such that 7, is surjective for any z € C\N§. Then N7 satisfies
the condition (2).

It is obvious that N, := N} U N7} satisfies the two conditions (1) and (2).
We set N := [J,cp Na. Then N is an at most countable set. We will show
that V' is an irreducible 7,(g)-module for any 2 € C\N. Take 2’ € C\N
and a non-zero submodule V' C V. By the irreducibility condition (2), we
have V), C V' for some A € A. By the condition (1), V) generates V as a
7.(g)-module. Thus we have V' = V. This implies that V is irreducible as
a 7, (g)-module.

We complete the proof of Theorem O
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4.2 Polynomial identity degree

The polynomial identity degree (see Section 2.6]) is defined by polynomials.
Hence the polynomial identity degree of 7, (U(g)) behaves well for the poly-
nomially dependent family of representations. Retain the notation in the
previous section.

Lemma 4.6. Let A be a subalgebra of U(g). Let (m,,V) be a family of
g-modules depending on z polynomially. Set

n := sup {Pl.deg(m.(A))} .

zeC

Then for any positive integer n' < n, the set {z € C: Pl.deg(m,(A)) < n’}
is a finite set. In particular, for any Zariski dense subset X C C, we have

n = sup,.x {PLdeg(m.(A))}.

Proof. Take a positive integer n’ < n. By the definition of PI.deg (see Defi-
nition 228)), we can take A, As, ..., Ay € A and a € C satisfying

Ta(Son (A1, Ao, ..., Agyr)) # 0.
Then f(z) := m.(son (A1, Ag, ..., Agy)) is a non-zero End¢(V)-valued poly-
nomial of z. By the definition of Pl.deg, we have
{z € C:Pldeg(m,(A) <n'} c{zeC: f(z) =0}.
Since f(z) is a polynomial of z, {z € C: f(z) = 0} is a finite set. This shows

the lemma. ]

Let g’ be a reductive subalgebra of g, and (7., V') be an admissible family
of (g,%)-modules depending on z polynomially. Take a ¢-stable subspace
W C V and countable subset S € C. We put

W, o= m.(U(g))W.

Suppose that W is a finite-dimensional irreducible g-module for any s € S
and (J,.¢ Ws = V. By Theorem &3] the second condition is equivalent to
the condition that (7., V) is irreducible for some z € C.

For s € S, since Wj is a finite-dimensional irreducible g-module, Wj|y
is completely reducible. We write Mg(W) for the maximum value of the
multiplicities in W|,.

Theorem 4.7. Under the above settings, we have

PLdeg(r.(U(g)*)) < sup My (W)

for any z € C. Furthermore, there exists an at most countable subset N C C
such that the equality holds for any z € C\N.
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Proof. For X C Cand Y C S, we define

PI(X) := sup PLdeg(m.(U(g)")),
zeX
M(Y) = sup My (Wy).
seY
Since S is countable, Lemma implies PI(C) = PI(S). By Lemma [4.0
the two assertions are equivalent to PI(C) = M(S). Therefore, it suffices to
show PI(S) = M(S).
We denote by (75, W) the g-module on W,. By Proposition 227, we have

M(8) = sup PLdeg(7, (U(g)"))-

seS

We set n := sup,.g PLdeg(7,(U(g)¥)). We will show n = PI(S). It is clear
that n < PI(S) because the natural homomorphism 7, (U (g)%) — 7,(U(g)¥)
is surjective.

For the converse inequality, we take Aj, Ay, ..., Ay, € U(g)¥. By the
definition of Pl.deg, we have

77'5(8271(141, A27 s 7A2n>> =0

for any s € S. By Theorem (.1 for any countable subset S’ C S, we have
U,esr Ws = V. This implies that S, := {s € § : v € W,} is countable for any
v € V. Since f(z) := m,(S2n(A1, Ag, ..., Agy))v is a V-valued polynomial of
z and f = 0 on the countable set S,, we have f = 0 on C. Therefore, we
obtain 7, (89, (A1, Ag, ..., As,)) = 0 for any z € C, and hence PI(S) < n.
We complete the proof. O

Corollary 4.8. Retain the notation in Theoremdd. Then the following two
conditions are equivalent:

(a) 7. (U(g)¥) is commutative for any z € C;
(b) Wy is a multiplicity-free g'-module for any s € S.
Proof. By the definition of PI.deg and My,
e Pldeg(rm.(U(g)")) =1 <= m.(U(g)?) is commutative, and
o My(Wy) =1 <= W is multiplicity-free as a g’-module, for s € S.

Therefore, the assertion is a consequence of Theorem [T O
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4.3 Discretely decomposable generalized Verma mod-
ules

Let gr be a real simple Lie algebra of Hermitian type with Cartan involution
0. Put kg = g%. We fix a characteristic element H € /—1c(fg). As in
Section 2.3 we construct q,p,p_ and so on. Then we have

g:p+@k@p,7
qg=p+ DL

We fix a unitary character ¢ of &g such that ((H) = 1.
Let F be a finite-dimensional irreducible unitary representation of £g with
infinitesimal character A\. Then we define

M(z) = prog(F @ Cy).
We put
Zhot ={2€C: (A p(py),a) <0 for any o € A(py,h)},

Zfin = {z cC: 200+ plp+). @) €{1,2,...} forany a € A(p., b)} :
(a, @)
Then if z € Zy,;, M(z) is the underlying Harish-Chandra module of a holo-
morphic discrete series representation, and hence irreducible (see Fact 2.12)).
M (z) contains a unique irreducible finite-dimensional representation of g by
the Borel-Weil-Bott theorem. In general, M(z) has a unique irreducible
submodule. We denote by L(z) the unique irreducible submodule of M (z).
Next, we consider M(z) as a family of representations depending on z
polynomially (see Section A.l). To do so, we identify the representation
spaces M (z) with a space of polynomial functions as follows. We fix an iden-
tification of C,. with C. Then we have the following natural isomorphisms
as vector spaces:

M(z) = Homy g (U(g), F' ® C.c)e
~ Homc(U(py), FF @ C.o)e
~ Clp4] ® F ® Cy¢
~ Clpy| ® F.

Thus we identify the representation spaces M (z) with C[p;]® F'. We denote
by 7. the g-action on C[p,] ® F' induced from the action on M(z).

By the above identification, it is easy to see that (w,,Clpy] ® F) is a
family of representations depending on z polynomially. More precisely, the
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p,-action is the derivation on C[p.|, and the [¢, €]-action is independent of
z. Hence the family (7., Clp;] ® F) is admissible (Definition £.2)). Using the
identification, we consider L(z) as a subspace of C[p,] ® F.

Let gi be a f-stable reductive subalgebras of gg. For a subalgebra s of g,
we write s’ for the intersection of s with g’. We assume that g’ contains H as
an element. The branching law of a holomorphic discrete series representation
is well-known. The following fact proved by Jakobsen—Vergne [29] is useful
to see the branching law (see also [52]).

Fact 4.9. Suppose z € Zy,. Then M(z)|y is completely reducible and each
direct summand is a unitary highest weight module of ¢'. Moreover, suppose
Clps /v ] ® F has the following irreducible decomposition as a 7. (€)-module:

Clps/pl] @ F ~ @ m(p)F,.

(/”HFM)E@

Then M (z)|y has the following irreducible decomposition as a g'-module:

M(z)|y ~ @ m(p)prog, (F,)-
(1, )€V
Remark 4.10. By [47, Corollary 8.7], each irreducible component of M (z)|y

is the underlying Harish-Chandra module of a holomorphic discrete series
representation.

The correspondence of the two irreducible decompositions in the fact is as
follows. Since M (z)|y is the direct sum of irreducible highest weight modules,
its irreducible decomposition is completely determined by the p’ -invariant
part. The p’, -action is the derivative on the polynomial C[p,] ® F. Thus we
have

M (z)" ~(Clp;] @ F)™
~Clp, /p/ ] ® F.

Thus the irreducible decomposition of Clp./p’.] ® F determines the irre-
ducible decomposition of M(z)|y as in Fact .9 By this observation and
Theorem 4.5, we have

Theorem 4.11. Let F' be a direct summand of Clp, /v, ] ® F as a mo(¥)-
module. Fix zy € Zpy. Let L'(z) denote the unique irreducible submodule of

progj(F’ ® C,¢). Then we have

dime Homgy (M (zp), prog:(F' ® Cyy0))
=max {dim¢ Homy (L(2), L'(2)) : 2 € Zpin} .
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Proof. By Theorem 5] we have

U L(z) = Clp4| ® F,

ZEZfZ‘n

U LG =Cp/pi] o F.

ZEZfZ‘n
This implies that
max {dim(c Homy (L(2)"*, L' (2)P+) : z € me}
= dimg Homy (M (20)"*, L' (20)P+).

Since L(z)|y is completely reducible, its irreducible decomposition is deter-
mined by the p’, -invariant part. This and Fact show the assertion.  [J

The following corollary is a direct consequence of the theorem. The corol-
lary is useful to classify multiplicity-free restrictions of holomorphic discrete
series representations.

Corollary 4.12. For zy € Zp,, we have
My (M(2)) = max {My(L(2)) : 2 € Zpin}.

At the last of this section, we compare two branching laws for two sub-
algebras with isomorphic complexifications. Let g be f#-stable reductive
subalgebras of gr. We assume the following two assumptions:

e g’ contains H as an element;

e there exists an element ¢ of Int(g) such that
c(g') = g¢".

Any finite-dimensional representation V' of g can be lifted to a representa-
tion of a simply-connected connected complex algebraic group G with Lie al-
gebra g. By assumption, there is an element g € G such that Ad(g)(g') = ¢”.
Hence the branching law of V|, is essentially the same as the branching law
of V|g. This shows the following corollary.

Corollary 4.13. For zy € Zp,, we have

My (M (20)) = My (M (2))-
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5 Generalized Verma modules and the Zuck-
erman derived functor

In this section, we treat modules cohomologically induced from generalized
Verma modules. Our main purpose is to show the vanishing theorem (Lemma
[(.2) and the existence of a cyclic subspace (Lemma [5.5]). The cohomological
induction of generalized Harish-Chandra modules is studied by I. Penkov and
G. Zuckerman [85] 86, [87]. The proofs in this section are essentially the same
as in Knapp—Vogan’s book [40, Chapter VIII], Wallach’s book [104], Chapter
6] and Penkov—Zuckerman’s papers.

Let g be a complex reductive Lie algebra and g’ be a reductive subalgebra
of g. Fix an element H € g’ such that H is semisimple in g and ad(H) has
real eigenvalues on g. As in Section 2.2 we define u := u(H),[:= [(H) and
u:=u(H). Weset / :=ung/ ,l':'=[Ng and ' :=ung. Thenq:=udI
and q' :=u @[ are parabolic subalgebras of g and g’, respectively. We also
defineg:=udland g :=u" & .

We fix a Cartan subalgebra b’ of ' and a Borel subalgebra b’ C ¢’ of
g’ containing h’. We extend b’ to a Cartan subalgebra h of [. Then we
have H € b',h. Remark that any generalized Verma module ind§(F’) is
I-admissible, and hence g’-admissible (see [53]).

We set S := dimg(v').

Fix a connected complex reductive algebraic group G’ with Lie algebra
g’ and representation on g compatible with the adjoint action of g’. Then
(g,G’) is a pair (see Definition 2.I]). Let L’ be the centralizer of H in G'.
Then L' is a connected reductive algebraic group with Lie algebra I’

5.1 Vanishing theorem

We will prove the vanishing theorem of RZT%,/ . The following fact is in [104]
Lemma 6.4.4].

Fact 5.1. Let M be a (¢, L')-module with standard filtration M. (see Defi-
nition[Z8). Then we have RTS, (M) =0 ford < S.

The following corollary is a direct consequence of the above fact and
Proposition 2.10l The corollary is used to prove the exactness of some functor
defined by the Zuckerman derived functor (see Theorem [6.4]).

Corollary 5.2. Let F' be an irreducible finite-dimensional l-module. Suppose
that F lifts to a representation of L'. Then we have

R (ind2(F)) = 0 for d < S.
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Moreover, if indg(F') is irreducible, then
R, (ind2(F)) = 0 for d # S.

Proof. The first assertion is a direct consequence of Proposition and
Fact 011

Assume ind] (F) is irreducible. Then we have (ind§(F)*)y =~ indg(F™).
Hence there is a non-degenerate bilinear pairing between RIT'C/ (ind§(F))
and R*7I0'C(indd(F*)). Using the first assertion for R*T'¢/(indf(F™)),
we have

BT (indd(F*)) = 0 for 28 —d < .

This leads Rdfgf(indﬂ(F )) = 0 for d > S. We have proved the second
assertion. ]

5.2 Cyclic subspace

In this section, we prove that there is a cyclic subspace in the Zuckerman
derived functor module under some dominance condition. The proofs in this
section is essentially the same as in [I04, Section 6.6]. Retain the notation
in the previous section.

Lemma 5.3. Let F be a finite-dimensional irreducible [-module. Suppose F|y
is irreducible and lifts to a representation of L', and F|y has an infinitesimal
character XN'. We assume (X + p(u'),5) < 0 for any € AW, 4’). Then
there exists a unique finite-dimensional irreducible G'-subrepresentation Wy
of RSFf,/(indﬂ(F)) with infinitesimal character ' + p(u’).

Proof. We define a g'-submodule W := U(g')(1® F') of ind§ (F"). RSTS, (W) is
a finite-dimensional irreducible representation of G’ with infinitesimal char-
acter A + p(u’) because W is isomorphic to indﬁ;(F ) and F' satisfies the
dominance condition.

We will show that W is a unique submodule of ind§(F’) with generalized
infinitesimal character \'+ p(u’). If we prove this, we can see that the natural
map RTS (W) — Rsfgf(indﬁ(F)) is injective, and we can take the image
of the map as Wy in the assertion.

Set /== uN(g)* and v’ := un(g’)*. By Proposition 210, there exists
a g'-module filtration M. of indj (F') with (J; M; = indg(F') and

gr(M.) ~ indg:(F ® S(u")),
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where u" acts on u” trivially.
Take a g’-submodule W’ of gr(M.) with infinitesimal character X' + p(u’).

It is enough to show W' = indﬁ;(F ® 1) in gr(M.). Since W’ is a submodule
of indﬁj (F®SU)), N+ p(w) is of the form N + p(u') — @ modulo the Weyl
group action of g’. Here @ is a sum of elements of A(u”,h’). Hence we can
take an element s € Wy such that

N+ p(W) = Q = s(A' + p(u)).

Since X' + p(u) is a dominant integral weight with respect to AT (', ") N
—A(, '), we have

s(N+p(w)) = X+ p(u) = R+ Q'

where R is a sum of elements of AT (I';§') and Q' is a sum of elements of
A(w, ). By the above two equations, we obtain @ + Q" — R = 0. By the
definition of H and u, R(H) = 0 and Q(H),Q'(H) > 0 holds if @ and Q' are
non-zero. Thus we have ) = @' = 0. This implies W' = indﬁi (F®1). We
have completed the proof. n

The above lemma says that the bottom-layer (see [40, Chapter V]) of
RSTY, (indg(F')) does not vanish if I satisfies the dominance condition. We
will prove that the subspace W, in the lemma generates RST%, (ind§(F")) as a

g-module under some dominance condition. The following fact is well-known
(see e.g. [104, Lemma 6.A.1.3]).

Fact 5.4 (Koszul resolution). Let g be a complex Lie algebra and ¢’ be a
subalgebra of g. Let V' be a g-module. Set n := dimc(g/g’). Then there is an
exact sequence of g-modules:
an n an—l n—
0= U(g) Bu(y) (N"(8/8) ® V) == U(9) Bu) (N (g/g) @ V)

On— o1 O €

RN U(9) Du(y) (g/g @ V) = U(g) QueyV =V = 0.
The last homomorphism € is the multiplication map.

The following lemma is the main result of this section. We use the lemma
to prove Theorem

Lemma 5.5. Retain the notation in Lemma3. Suppose
N+ a+pW),8) <0

aceFE

for any B € A(W,b') and E C A(q/q',b’). Take Wy as in LemmaB3. Then
Wy generates RST'G, (ind§(F)) as a g-module.
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Proof. We apply Fact B4 to q, ' and F'. Then we have an exact sequence
of g-modules:

0 2% U(q) Qu) (\"(a/q) @ F >Mu<q> Su@) (N a/q) @ F)

Doz 2 U(Q) Q) (/0 © F) 2 U(q) @ug F

= F —0.
Applying an exact functor U(g) ®uy(q (-) to the above exact sequence, we

obtain an exact sequence of g-modules:

O—>U( ) )E —>Z/{( )®M(g/)En—1

8n—2 0 .
N Z/[(g) ®Z/{(g’) E; % Z/{(g) ®L{(g’) Ey —) 1Hdg<F> — 0,
where we set F; 1= indﬂj(/\i(q/q’)(X)F). We take W = U(g') (10 F) C indg(F)
as in the proof of Lemma[5.3l Then we have (1 ® Ey) = W.

We will show that RST'¢/(¢) is surjective. By the dominance condition,
Proposition 2.9 and Fact 27, E; is completely reducible. Since U(g) ®u () i
is isomorphic to S((g')*) ® E; as a g-module, Corollary (.2 implies

RTE (U(g) Guq) Bi) = S(()7) ® RTE (B:) = 0

for any d # S. Hence the above exact sequence induces the following exact
sequences:

0 — RSTY (Im(dy)) — RS, (U(g) @ug) Eo) — BT, s, (ind2(F))

— RS0 (Im(0y)) —
0 — RTS (Im(9;)) — R*™'TY (Im(d;11)) — 0 for d > S.

The second exact sequence implies R, (Im(9;)) = 0 for d > S. From this
and the first exact sequence, RST'%, (€) is surjective.

By the isomorphisms U (g) @y Eo ~ S((¢)*)® Ey and RSTF (S((g')1)®
Ey) ~ S((g)*) ® RIS/ (Ey), we have the following commutative diagram:

S((¢')") ® R°TE) (Eo)

lN \
RSTG!

’ ’ (6) /.
RSTE, (U(9) Qu(yy Eo) — RST, (ind2(F)),

where m is the composition of the multiplication map and the symmetrization
mapping (see Fact 2ZI6). Since RST' (¢) is surjective, we have

U(g)Wy = R°TY, (ind3(F)).

This proves the lemma. O]
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6 Embedding of category

The main concern in this section is to construct a category embedding from
the BGG category to the category of generalized Harish-Chandra modules.

Let g, and go be complex reductive Lie algebra. We set g := g1 @ go.
We take a reductive subalgebra g’ of g such that two projections g — go and
g — @go are injective on g'. In other words, g’ is a diagonal subalgebra of
g1 D go.

We fix an element H € g’ which is semisimple in g with real eigenvalues.
We define subalgebras q,u,q’, v/, b, b, ... from H as in Section [, and we set
q; := qNg;,u = ung and so on. Then we have a canonical category
equivalence between Of and OF} @ OF.

Let G’ be a connected complex reductive algebraic group with Lie algebra
g and Lie group action on g compatible with the adjoint action of g’. We
write L for the centralizer of H in G'.

For a finite-dimensional irreducible [,-module F with infinitesimal char-
acter A, we define a full subcategory Of!(A) of Of! satisfying that M is an
object of OF!(A) if and only if M ® F lifts to a representation of L. Then
O (A) is closed under taking subquotient modules.

Our main purpose in this section is to show the following theorem. We
denote by L£(M) the lattice of submodules of M. Set S := dimc ().

Theorem 6.1. Let F' be a finite-dimensional irreducible ly-module with in-
finitesimal character \ satisfying

2()‘ + p(u2)7 a)

(@.0) ¢ {0,1,2,...} for any a € A(uy, bs).

We denote by T the functor RSTS, (- ® indg2(F)) from OFL () to C(g,G").
Then the functor T is exact, and induces a lattice isomorphism from L(M)
to L(T(M)) for each object M of OF(N).

Corollary 6.2. Under the assumption in Theorem[6.1l, the functor T is fully
faithful, and maps irreducible objects to irreducible objects.

Proof. Since L(M) ~ L(T(M)), the second assertion is clear.

Take two objects My, My of Oft(A). First, we will prove the faithfulness
of T. Take f € Homg, (M, My) such that T'(f) = 0. By the exactness of T,
we have the following exact sequences:

M, L Im(f) = 0

T(M) 2% T(im(f)) — 0.
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Since T'(f) = 0 and L(T(Im(f))) ~ L(Im(f)), we obtain T'(Im(f)) = 0 and
Im(f) = 0. This implies f = 0. Therefore, T is faithful.

Next, we will show that 7" is full. Let p; be the projection from M; & M,
to M;. Take a homomorphism f from 7T'(M;) to T'(M,). Consider

The image of this map is the graph of f. Since L(M) ~ L(T(M)), there

exists a unique submodule N C M; & M, such that T'(N) = Im(idp,) @ f).

Then N is a graph. In fact, since T is faithful and T'(p;|y) is bijective, pi|n
is also bijective.

We set f':= pyo (p1|y)~!. Then we have T'(f") = T(p2) o T((p1|y)~ ") =

T (p2) o (idpar) @ f) = f. Therefore, T is full. We have proved the corollary.

O

6.1 Exactness of T'

In this section, we will prove the exactness in Theorem [6.11

Lemma 6.3. Let F' be an irreducible finite-dimensional ly-module with in-
finitesimal character \, and V' be an object of (9311()\). Then we have

RTY(V @ indZ(F)) =0 ford < S.

Proof. Fix a non-negative integer d < S. By Proposition 210, we can take
a g’-module standard filtration M. of indg2(F). By Fact 217 it suffices to

show RS, (V @ M;) = 0 for any ¢ > 0. By induction on i and the exact
sequence

RITS/(V @ M;) = RS (V @ M;1) = RTG(V @ (M /M),

to prove the assertion, it is enough to show RT'G(V ® (Mjy1/M;)) = 0 for
any 7 > 0.

Take a non-negative integer i. Since M. is a standard filtration, there is
a finite-dimensional irreducible I'-module F' such that M, /M; ~ indﬁ:(F ).
Then we have V& (M;1/M;) ~ indﬁ: (V®F). Since V' is an object of OF!(A),
V ® F'is a completely reducible I'-module and locally finite u’-module. Thus
V' ® (M;4+1/M;) has a g’-module standard filtration. By Lemma [5.I] we have

RIS (V @ (Myy1/M;)) = 0.
This completes the proof. n
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Using the lemma, we prove the exactness in Theorem

Theorem 6.4. Under the assumption of Lemmal6.3], if moreover we assume
ind@>(F') is irreducible, then we have

RTG/(V ®ind®(F)) =0 ford # S.
In particular, R°TS, is exact on O (\) @ indg2 (F).

Proof. We write T¢ for the restriction of RS, to O (\) @ indg2 (F).
By Lemma [6.3], we have T¢ = 0 for d < S. Let us show T% = 0 for d > S.
By assumption, indﬂz (F) is irreducible, and hence we have

ind® (F);, ~ indJ: (F").

Remark that V' @ indg(F) is an admissible I-module. Therefore, (V ®
ind® (F)); is an object of OFf ® indg(F*). Applying Lemma B3 to (V ®
ind3>(F"));;, we obtain

T*5~(V ® ind®2(F));;) = 0 for d > .

Since there is a non-degenerate g-invariant bilinear pairing between T¢(V ®
indg>(F')) and T2574(V ® indg?(F))p), we have

TV @ ind2(F)) = 0 for d > S.

This shows the assertion. ]

6.2 Proof of embedding for g; ~ ¢’

Retain the notation. The exactness of T in Theorem has been proved in
the previous section. In this section, we will prove the remaining part of the
theorem under the assumption g; ~ ¢'.

The proof is divided into the following four parts:

Step 1 reduction to the case ind§:(F) is of scalar type with enough small
infinitesimal character;

Step 2 irreducibility of T'(M) for any irreducible object M:;
Step 3 T(M;) ~ T(Ms) = M; ~ M, for irreducible objects My, My;
Step 4 L(M) ~ L(T(M)).
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For the reduction in Step 1, we need the following lemma. The lemma is
the special case of [40), Proposition 4.68].

Lemma 6.5. The following inequations hold:

(p(uz), ) > 0 for any a € A(ug, bs),
(p(ug) |y, ) >0 for any o € A(u', §’).

Proof. We will prove the first inequation. We omit the proof of the second
inequation because the proof is the same. Fix a € A(ug,bh). For g €
Aug, ho) if (B, a) <0, s4(5) is in A(ug, h2). Hence we have

plu) = Y (BHs(B)+ > B+ > B

BEA(uz,h2), BEA(uz,h2), BEA(uz2,h2),
(B8,0)<0 (8,0)=0 (8,0)>0,
sa(B)EA(uz,h2)

Note that « appears in the third sum. Since (8 + s4(8), @) = 0, we obtain
(p(12),0) > 0. .

We will prove the remaining part of the proof of the theorem.

Step 1: reduction to scalar type case

Without loss of generality, we can assume that g, is semisimple and any
finite-dimensional go-module can lift to a representation of G'.

Fix a set of positive roots AT (I, hy) of A(ly, ba). Then AT (ge, bo) =
AT (ly, ) U —A(ug, bs) is a set of positive roots of A(gs, h2). Recall that A
is the infinitesimal character of F. We can assume that A is strictly anti-
dominant with respect to AT (ly, h2). By assumption, A+ p(uy) is regular and
integrally anti-dominant (see Definition 2.19) with respect to AT (ga, b2).

Set (Iz)ss := [l2, lz] and b5 1= HN(l3)ss. Since —(A+p(lz))]p,, is a dominant
integral weight of (I3)ss and [y is a Levi subalgebra of go, there exists an
algebraically integral weight p of ga such that ply,, = —(A+ p(l2))]s... Hence
TY™(F) is a one-dimensional l-module. Set v := A + u + p(ly). Then we
have Ty ™(F) ~ C,. Remark that Of(\) = O (X + p) holds because ply
is integral with respect to GG’. This is because we have assumed that any
finite-dimensional go-module lifts to a representation of G'.

By Lemma [6.0 if necessary, replacing p by p— 2mp(uy) for enough large

integer m, we may assume that v = \+pu+p(uz) is regular and integrally anti-
T/\+u+p(u2)
At+p(u2)

dominant with respect to A*(ga, o). Using the translation functor
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and Fact 222 2241 we have

A
T/\:p“(zp)(w (indg (F)

)
TH’H“Q (RSTC, (M ® ind&(F)))
) =~

| 2

indg2(C,),
R°TG/ (M ® ind®(C,)),
~ RSTY/(M @ ind®(F))

12

A p(uz)

T“'”? (R°T/(M ® ind%(C,))

A ptp(u2)

for any object M of OF!()). Since THPM) s a left /right adjoint functor of

Atpitp(uz)
T)/\\rﬁ(jg(”), the above isomorphisms imply the following category equivalence:

T>\+u+pu2 RETE/ (08 (N) ® ind®(F)) — R°T(/(08(\) ® ind®(C,)),

)\+p(u2

and the commutative diagram:

RSTY/(08(X) @ ind% (F))

lﬁ

O (A + p) —— RSTE/ (09 ()) ® ind%(C,)).

(’)91

Therefore, we may assume that F' is a one-dimensional [-module C, with
(V|y, ) < 0 for any o € A(u', ")

by Lemma [65l In the following proof, replacing v by enough small one, we
can assume that the dominance condition of Lemma is always satisfied.

Step 2: irreducibility of T'(M)

Take an irreducible object M of Of!(A). Since M is an irreducible high-
est weight module, there exist a generalized Verma module indg! (F) and a
surjective homomorphism » : indg; (F1) — M.

By the assumption g’ ~ g;, (F; ® C,)|r is irreducible. Since v is enough
small, we can apply Lemma to indg(F; ® C,). Then we can take a
G'-irreducible subrepresentation Wy C T'(indg; (1)) such that Wy generates
T'(indg; (F1)) and Home (W, T'(indg; (F1))) = 1. This and the exactness of T'
imply that T'(n)(Wy) # 0 and T'(M) is generated by T'(n)(W).

Take a proper submodule X of T(M). Let us show X = 0. We consider
the dual module T'(M)f, and a non-degenerate paring between T'(M) and
T(M)g,. Since T'(n)(Wp) generates T'(M), X does not contain T'(n)(Wy),
and hence X+ contains T'(n)(Wy)*.

By assumption, M and indg:(C,) are irreducible. Hence we have

T(M)g ~ RTG/(M;, ® ind2(C_,)).
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Applying Lemma 5.5 to T'(M)§,, we see that T'(n)(Wy)* generates T'(M)%,.
This implies X+ = T(M)%,. Therefore, we have X = 0. This shows the
irreducibility of T'(M).

Step 3: T(M;) ~ T (M) = M; ~ M, for irreducible objects M, M,

Take two irreducible objects M; and My of Ofi(A). We will show that
T(M;) ~ T(Ms,) only if T) ~ T.

Assume T'(M;) ~ T(Ms). As in Step 2, we take a generalized Verma
module ind§} (F;) such that M; is a unique irreducible quotient of indg! ().
Since v is sufficiently small, we can apply Lemma to indg (F; ® C,), and
we take W, as Wy in the lemma.

Let A; be the infinitesimal character of (F; ® C,)|r,. We may assume
that \; is strictly dominant with respect to A™(I',’). By the assumption
T(My) ~ T(Ms), we have Home (W7, T(My)) = 1. As in the proof of Lemma
b3 there exist s € Wy and P; a sum of elements of A(uy, h’) such that

)\1 + p(u’) = S(/\Q — P1 + p(u’)) (651)

Since \; + p(v’) is dominant integral weight with respect to AT(I,§’) U
—A(uw, '), we have

sTH M+ p(0) = A+ p(u) — Qs (6.5.2)

with @, a sum of elements of A*(I', ) U —-AQ, §’). ([€5]) and ([652) lead

to
A=A =—P1+ Q1.

Thus we have A\;(H) — X\o(H) = —P1(H) + Q1(H) < 0. Repeating the above
discussion, we obtain Ao(H) — A\ (H) = —Py(H) + Q2(H) < 0. This implies
P1 = P2 =0 and /\1 + p(u’) = S(>\2 + p(u’)).

Since A; + p(u') and Ay + p(v') are strictly dominant with respect to
AT (g ) U —-AQ,b), we have s = 0, and hence \; = Xy. This implies
Fy >~ F,. Since M; is a unique irreducible quotient of indg: (F;), we have
My ~ M,.

Step 4: L(M) ~ L(T'(M))

Take an object M of OfI()A). For any submodule N of M, we identify T'(N)
with a submodule of T(M). By the exactness of T', the induced map 7T :
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L(M) — L(T'(M)) is an injective lattice homomorphism. In fact, for any
two submodules My, My C M, we have two exact sequences:

O—)MlﬂM2—>M1@M2—>M1+M2—>0

This implies T'(M; N My) = T(M;) N T (M) and T (M + Ms) = T(M,) +
T (My).

We will prove surjectivity of the lattice homomorphism 7. We denote by
Len(M) the length of M. If Len(M) = 1, the surjectivity is obvious from
Step 2. Hence we assume Len(M) > 2. Note that the exactness and Step 2
imply Len(7'(M)) = Len(M) < oc.

Assume T'(L(M)) € L(T(M)). We consider triples

T = {(My, My, N) € L(M) x L(M) x L(T(M)):
T(My) € N € T(My), N & T(L(M))}.

Choose a triple (My, My, N) € T such that Len(Msy) — Len(M;) takes the
minimum value throughout 7. Replacing M by M, /M; if necessary, we can
assume My = M and M; = 0.

We will show Len(M) = 2. Take a non-zero proper submodule M’ C M.
If T(M')+ N ¢ T(L(M)), then (M',M,T(M')+ N) € T. By the choice
of (0, M,N), we have M’ = 0, and this is contradiction. Thus we have
T(M')+ N € T(L(M)) and (0, T"YT(M') + N),N) € T. This implies
T(M')+ N =T(M). Repeating the same discussion for T'(M') N N, we have
T(M)NN =0. Thus T(M) = T(M') & N holds for any non-zero proper
submodule M’ C M. This forces Len(M) = 2 and T(M) is completely
reducible.

There are three possibilities for M:

(1) M is a direct sum of two distinct irreducible modules;
(2) M is a direct sum of two isomorphic irreducible modules;

(3) M has a unique non-zero proper submodule.

By Step 2 and 3, if M satisfies (1) or (2), T(L(M)) = L(T(M)) holds. Hence
we can assume that M has a unique submodule M’.

If M’ contains a non-zero weight vector with maximal weight of M, re-
placing M by M;; and M’ by (M’)*, we can reduce this case to the following
case.

If M’ does not contain any non-zero weight vector with maximal weight
of M, then M is a quotient of a generalized Verma module M. From Lemma
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.5, 7(M) has a unique irreducible quotient and hence so does T(M). By the
above discussion, T'(M) is a direct sum of two irreducible submodules. This
is contradiction. Therefore, we have T(L(M)) = L(T'(M)). This completes
the proof.

6.3 Extension of embedding

We extend the category embedding proved in the previous section. Keep the
notation in the introduction of Section [6l We do not assume g; ~ g’. We
denote by g},q],... the image of ¢’,q’,... by the projection onto the first
factor of g; & go. By assumption, g’ ~ g} holds.

Recall that for a gj-module M and an infinitesimal character x, P\ (M)
denotes the maximum submodule of M with generalized infinitesimal char-
acter y (see Section 2.5)).

By the construction of q; and qj, any module M of Of! is gj-admissible
(see [53]). Hence any object of Of! has the primary decomposition as a

gi-module (Fact 2I8]).

Lemma 6.6. Let M be an object of OF!. Then we have a gj-module decom-
position:

M = €D P (M),

where the sum is taken over all infinitesimal characters of g). Moreover, each
P, (M) is finite length and hence an object of Og,i.

Proof. The first assertion is clear from Fact 218
Fix an infinitesimal character x of g}. Since M is g}-admissible, so is

P,

X
action on P, (M) is locally nilpotent and [j-action is completely reducible.
There are only finitely many equivalence classes of irreducible modules of

(93,3 with infinitesimal character x. Therefore, P (M) is finite length. ]

(M). Any composition factor of P (M) is an object of (95:11 because u}-

We will prove Theorem using this lemma.

proof of Theorem [6.1. We have proved the exactness of T" in Theorem [G.4
Then we will show that 7' induces a lattice isomorphism from L(M) to
L(T(M)). As in the proof in Section [6.2] the induced map T : L(M) —
L(T(M)) is an injective lattice homomorphism. It remains to prove the
surjectivity of 7.
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Take a module M of Of! and a g-submodule X of T'(M). By Lemma 6.6
we have

M = @PX(M)
T(M) = D T(P(M)).

Since the Zuckerman functor preserves generalized infinitesimal characters,
T(P,(M)) = P(T(M)) holds. Here in the right hand side, we consider
T(M) as a g;-module to apply P,. Considering X as a gj-module, we obtain

X =P P(X).

Obviously, P, (X) is a g} @ go-submodule of T'(P(M)). Applying Theorem
for g} @ g2 proved in subsection 6.2, we can take a unique g}-submodule
N, of P.(M) with T(N,) = P(X).

Weset N := D, N, C M. Then we have T'(N) = X. It is enough to show
that N is gi-stable. Let m : g ® M — M and my : g1 ® T(M) — T'(M) be
the multiplication maps. By Fact 2,16l the following diagram is commutative:

g1 ®T(M) K’T(M)
:l T(m)

T(g1 @ M)

We consider m/|y as the composition of the following surjection and inclusion:

91®N glN( M.
V
m|nN

Applying T to the above sequence, we have the following commutative dia-
gram:

T(m|n)
—T T
T(g1 @ N) —=T(g1N)——=T(M).
:T mrlrN)
g1 ®T(N)

This implies T(g1N) = g1T(N) € X = T(N). Therefore, Theorem
leads P,(g1N) C N, and hence gyN C N. This shows the surjectivity of
T:L(M)— L(T(M)). We have proved the theorem. O
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6.4 Category equivalence in special case

The main purpose in this section is to show that the functor 7" defined in
Theorem gives a category equivalence in a special setting.

Let g be a complex semisimple Lie algebra. Fix a Borel subalgebra b of g
with Levi decomposition b = h @ u, where u is the nilpotent radical of b. Let
G be a complex semisimple Lie group with Lie algebra g and H be a closed
subgroup of G corresponding to h C g. Then (g ® g, A(G)) is a pair.

Set S := dimc(u).

Theorem 6.7. Let \ be a character of b with

2(A + p(u), a)
(a, @)

¢ {0,1,2,...} for any « € Au,b).

Then the following functor gives a category equivalence:
T: Og(N) = Cla® 9, A(G))r+pw
w w

M RSTLG) (M @ ind(Cy)),

where C(g @ g, A(G))xatp) s the full subcategory of C(g @ g, A(G)) whose
object has the infinitesimal character \ + p(u) with respect to the action of
the second factor of g ® g.

Remark 6.8. This theorem was conjectured and partially proved by T. J.
Enright in [10].

By Theorem [6.1], the functor T is exact and fully faithful. Hence what
we need to show is that 7" is dense (i.e. for any object N in the codomain,
there is an object M in the domain with T'(M) ~ N). In fact, a functor F
gives a category equivalence if and only if F' is fully faithful and dense.

To prove the denseness, we use the following well-known category equiv-
alence (see [4]). For a weight \' € h*, we define the following two covariant
functors:

F(M) := Homg(ind}(Cy), M)a(q) for M € Of(—X)
G(N) =N Qu(g) indg (CA/) for N € C(g ©®g, A(G)),)\/,p(u).

Here to define G, we consider the (g® g, A(G))-module N as a (U(g),U(g))-
bimodule by

A-n-B:=(A® B)n for A,Be€U(g) and n € N,

and (-)a(e) means the sum of finite-dimensional A(g)-submodules which can
lift to representations of A(G). Then the following fact holds.
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Fact 6.9. Under the above setting, if moreover X' + p(u) is reqular integrally
dominant (see Definition[2.13,) then F is a category equivalence and G is a
quasi-inverse of F.

Proof of Theorem[6.7]. We set X' = —X — 2p(u). Then we have Of (=\) =
Of(N), and X satisfies the condition in Theorem [6.7if and only if N’ is regular
and integrally dominant. Therefore, by Theorem and Fact [6.9] we have
an exact fully faithful endofunctor G o T on OF()), and G o T preserves
irreducibility:.

We prove that G o T is a dense functor. We denote by Irr the set of
equivalence classes of irreducible modules in Of(A). Then G o T induces
a permutation on Irr. Since GG o T preserves infinitesimal characters, the
cardinality of each orbit on Irr is bounded by the index of the Weyl group
W,. Thus there exists a positive integer k such that (G o T')* acts on Irr
trivially. Obviously, (G o T')* is dense if and only if G o T is dense.

Set £ := (G oT)*. We show E(P) ~ P holds for each projective object
P of O}()\). Without loss of generality, we may assume that P is inde-
composable, and hence a projective cover of an irreducible module L (see
[28, Section 3.9]). Then we have a surjective homomorphism 7 : P — L.
Remark that L is a unique irreducible quotient of P. Since E is exact,
E(m) : E(P) — E(L) is surjective. By the choice of k that E acts on Irr
trivially, we can identify F/(L) with L. Since P is projective, there exists a
homomorphism 7 : P — E(P) such that the following diagram commutes:

P

e

E(P) E(L) 0 (exact)

E(m)

Recall that the functor F induces a lattice isomorphism between £(P) and
L(E(P)). Then E(L) is a unique irreducible quotient of E(P), and hence 7
is surjective. Since P and E(P) have the same length, we have P ~ E(P).
Since OF (X) have enough projectives [28, Section 3.9], any object of Of (\)
can be written as a quotient of a projective object. This implies that F is

dense. This completes the proof.
O

7 U(g)“-module

This section is devoted to the study of U(g)“-modules arising from the
branching problem. To study U(g)® -modules, we define (g’ ® g, A(G"))-
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modules in Section [(.4l The results in this section are used in Section [
and [ to prove the irreducibility of U(g)'-modules.

7.1 General setting

Let (g, K) be a pair, and (g’, K') be a subpair of (g, K') (see Definition 2.1]).
Suppose that g is reductive in g. Let G’ be a subgroup of Aut(g) generated
by Ady(K’) and the analytic subgroup with Lie algebra ady(g’) C det(g).
Then G’ is a complex reductive algebraic group.

For a (g, K)-module V and a (g’, K')-module V', we define the following
three U(g)® -modules:

Homy x(V', V), Homy 1 (V, V'), Ho(g', K';V & (V')}er).

Here Hy(g', K';-) means the zeroth relative Lie algebra homology, namely,
the space of coinvariants. Since the above modules are the spaces of (g', K')-
(co)invariants on (g, K )-modules, the U(g)“ -actions are naturally induced
from the (g, K)-actions. For example, U(g)¢ acts on Homy g (V, V') via

(X 9)() = o(X)

for X € U(g)® and ¢ € Homy g/ (V,V’). Here X is the anti-automorphism
of U(g) with X = —X for X € g.

The three modules are related to each other. To see the relation, we
prepare the following well-known lemma (see e.g. [68, Section 2.3.3]).

Lemma 7.1. Let V be an irreducible (g, K)-module and W be a vector space.
Then for any (g, K)-submodule U of V@ W, there exists a unique subspace
W' C W such that U =V @ W’.

Proof. Since V' is a completely reducible (g, K)-module, we can assume that
U is irreducible. Take u € U, and write u = ), v; ® w; such that w’s are
linearly independent. We can replace W by the linear span of w’s. We define
pi by the projection to V >~V ® w;. By Schur’s lemma, ¢;;p;|v = p;|v holds
for some ¢;;. Then u can be written as v; ® >, ¢;jw;. Since U is generated
by u, this shows the assertion. O]

Proposition 7.2. Retain the notation in the above. Suppose that V is K-
admissible and V' is K'-admissible.

(a) The following U(g)® -isomorphism holds:

Ho(g', K';V @ (V')5)* ~ Homy 5/ (V, V).
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b) Set U := Ker(yp). Then V/U is a (¢, K')-module and
( g

a U(g)% -module, and there is an injective homomorphism:

goGHom / K/ (V,v7)

V/IU - V'@ Ho(g, K'; Vo (V)i).
Moreover, if V' is irreducible, the homomorphism is isomorphism.
(¢) If V' is irreducible, then we have a U(g)® -homomorphism:
Homy -/ (V, V') — Homy g (V', V)"
Moreover, if V|y k' is completely reducible, the above homomorphism
s 1somorphism.
Proof. (a) is clear from
Home (Hy(g', K';V @ (V')y),C) ~ Homy g (V @ (V')}r, 1)
~ Homy x/(V, V).
The second isomorphism holds because V' is K’-admissible.

To prove (b), we construct the homomorphism. By definition, there is a
canonical surjection:

7: VRV — Ho(g', K5 Ve (V)i).
Through the following isomorphisms:
Homg s (V @ (V') o, Ho(g', K3V @ (V') ier)
ZHOIHQIVK/(‘/, HOIH((;((V/);{/, Hg(g/, K,; Ve (V’)*K/))K/)
~Homy ;i (V,V' @ Ho(¢', K'; V& (V')3r)),
we define 7’ € Homy 5 (V, V' @ Ho(g', K'; V ® (V')})) corresponding to .
We shall show Ker(n') = U. For a homomorphism 7" € Homgy x(V, V'),

let T denote the corresponding element of Hy(g', K';V @ (V')i.)* by the
isomorphism in (a). Then it is easy to see (idy» ® T') o 7’ = T'. This implies

Ker(m ﬂ Ker((idy: ® T) o ) ﬂ Ker(T (7.2.1)
T

Therefore, we obtain an injection 7”from V/U to V' ® Hy(g', K'; V& (V')%.).

Assume that V' is irreducible. Then from Lemma [7.1l there exists a
subspace W of Ho(g', K}V ® (V')}) satisying Im(7") = V' @ W. Take
T € Hy(g', K';V & (V')3,)* such that T(W) = 0. Then we have

0=(idy @T)onx' =T,
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This implies 7' = 0, and hence W = Hy(g', K';V ® (V')}/). Therefore, 7" is
surjective.
(c) There is a canonical homomorphism:

T V/ & HOng/7K/(V/, V) — V. (722)
Applying the contravariant functor Homgy g (-, V') to this, we have

7" Homy g (V, V') =Homy x (V' @ Homy g (V', V), V')
EHOHIQ/,K/(V/, V)*

because the irreducibility of V' implies Homy j/(V', V') >~ C. If Vg g is
completely reducible, (T22)) is split and Homgy g+ (Coker(r),V’) = 0, and
hence 7’ is an isomorphism.

By construction, it is clear that the homomorphisms constructed in the

above are U (g)Gl-module homomorphisms. We have proved the proposition.
O

Remark 7.3. In the context of the Howe duality [26], Ho(g', K'; V & (V')5/)
appears as the full theta lift.

7.2 Direct integral and (g’, K')-module

In this section, we discuss a relation between the irreducible decomposition of
the restriction of an irreducible unitary representation and Homgy z/(V, V).

Let Ggr be a real reductive Lie group with maximal compact subgroup
Kg, and G} be a reductive subgroup of Gg with maximal compact subgroup
K = Gg N Kg. Construct pairs (g, K) and (g¢/, K’) from Gg and G. We
denote by G’ the Zariski closure of Ad(Gg) in Aut(g).

Let (7, V') be an irreducible unitary representation of Gg. Then Vg, has
a unique irreducible decomposition (see [L05, Section 14.9]):

®
Vg, =~ / Ve @ Mydu(r),

7
Gg

where V. is a representation space of m, M, is a Hilbert space with trivial
Gg-action and p is a Borel measure on Gf.

For p-almost all 7 € é{\R, we will construct U(g)“ -action on a dense sub-
space M? of My, and a (g', K’)-module and a (g)%"-module homomorphism:

¢7r : VK — (Vﬂ‘>K/ ® Mg

with some compatibility conditions.
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To do this, we review some of facts on the reduction theory of closed
operators (see [76]). Let H be a Hilbert space with direct integral decompo-
sition:

®
'H:/ H.dv(z),
z

where Z is a locally compact space, v a positive Radon measure on Z and
z — H, a v-measurable field of Hilbert spaces. For simplicity, we assume
that (Z,v) is o-finite. For a operator T in H, we denote by D(7') the domain
of T.

Definition 7.4. For a closed operator T in H, we write the projection from
H & H onto the graph of T" as the matrix form:

(z,y) = (Pux + Py, Pax + Pay),

and we call (P;)1<; ;<2 the characteristic matriz of T

A field of closed operators z — T'(z) is said to be measurable if the field
of bounded operators z — P,;(z) defined by the characteristic matrices of
T'(z) is measurable.

Fact 7.5. Let z — T'(z) be a measurable field of closed operators. Let D(T)
denote the set of all vectors v € H such that v(z) € D(T(z)) for v-almost all
z and the vector field z — T(z)v(z) is square-integrable. Then the operator
T given by Tv(z) = T(2)v(z) for v € D(T) is closed operator with domain
D(T).

We write T' ~ T'(2) if a closed operator T is equal to the closed operator
defined by a measurable field of closed operators T'(z) as in the fact.

Definition 7.6. A closed operator T in H is decomposable if there exists a
measurable field of closed operators T'(z) with T ~ T'(z).

Fact 7.7. Let T be a closed decomposable operator in H, and z — T(z), S(z)
be measurable fields of closed operators. Suppose T ~ T'(z).

(1) If T~ S(z), then T(z) = S(z) holds for v-almost every z.

(2) z = T(2)* is also a measurable field of closed operators, and T* ~ T'(z)*
holds.

For a operator 7" and bounded operator B in H, we will say that T
commutes with B if BT C T'B. Here D(BT) is equal to D(T"), and D(T'B)
is the set of all vectors v € H satisfying Bv € D(T).

The following proposition is useful to check that given two operators are
commutative.
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Proposition 7.8. Let T be a closable operator and B a bounded operator in

H.

(a) T commutes with B if and only if BG(T) C G(T') holds, where G(T)
is the graph of T.

(b) If BD(T) € D(T) and BT = TB holds on D(T) , then T commutes
with B.

(c) If T commutes with B, then so does T.

Proof. By definition, (a) and (b) is obvious. If BG(T') C G(T), then we have
BG(T) C G(T). Hence (a) leads to (c). O

Fact 7.9 (A. E. Nussbaum [76, Corollary 4]). A closed operator T on H is
decomposable if and only if T commutes with every bounded diagonalizable
operator.

We return to the setting of unitary representations. We consider the
irreducible decomposition of an irreducible unitary representation (7, V):

b
V\%:/ Ve @ Mpdp(T).

Gk
In this case, the von Neumann algebra of bounded diagonalizable operators
is equal to the center of Endg, (V) denoted by Zg, (V). Before we state the
main theorem in this section, we review the following important fact proved
by R. Goodman [I5, Lemma 3.1].

Fact 7.10. Let U be a unitary representation of Gg with direct integral de-
composition:

®
U ~ / U.dp(z).
A
Then for any vector v € U™ defined by a section z — v(z), v(z) is in UX
for p-almost every z, where U™ is the space of smooth vectors with respect to
the Gr-action. Furthermore, for any X € U(g), we have (Xv)(z) = X (v(z))
for p-almost every z.

We write (+)* for the anti-automorphism of ¢(g) such that X* = —X for
any X € g, where X is the complex conjugate with respect to the real form
gr. We say that a U(g)'-module M is unitary if M admits a positive definite
invariant Hermitian form with respect to the (-)*-structure. Applying Fact
and to our case, we have
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Theorem 7.11. Let (1,V) be an irreducible unitary representation of Gg.
Suppose that V|G]/R has the following irreducible decomposition.:

b
Vg, ~ /A Ve @ Mydp().
G

Then there exist a p-null set N and a family of (¢, K')-homomorphisms
{¢7r . VK — (VW)K/ & Mw}ﬂeé&\/\/’
satisfying the following conditions:

(a) there exists a dense subspace MY of M, such that Tm(¢;) = (Vi)gr ®
M

(b) M? admits a unique U(g)% -module structure such that ¢, is a U(g) -
module homomorphism, and the L{(g)G,—module 15 unitary with respect
to (-)* and the restriction of the inner product of M,;

(c) for any v € Vi, we have v(m) = ¢r(v) for p-almost every m;

(d) if ¢x(v) = 0 for any © € GR\N, then v =0 holds.
Proof. By the construction of the irreducible decomposition, we can replace
the measure space (G, 1) by a measure space (Z,v) such that Z is a locally
compact space and v is a positive Radon measure on Z (see [105], Section
14.9]). Then it is enough to show the assertion for the following direct integral
decomposition:

&
V‘Gﬁa 2/ Vﬂ(z) ® MW(Z)dV(Z),
Z

The algebra of bounded diagonalizable operators in the above decomposition
is equal to Zg, (V).

We consider that the domain of each operator in 7(U(g)) is V*°. Then
any operator in 7(U(g)) is closable.

To apply Fact [[.9] we shall check that the closure of any operator in
7(U(g")) and 7(U(g)¢") commutes with every operator in Za (V). Take X €
7(U(g)%"). Tt is obvious that X commutes with any 7' € 7(G%), and then X
commutes with any element of spanc{T € 7(G%)}. By Proposition [[8 X
commutes with S € spanc{7T € 7(G%)}, and we have

SG(X) C G(X). (7.11.3)
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Take S € Zg (V) C 7(Gg)". Here 7(Gy)" is the centralizer of Endg, (V') in
End (V). By the von Neumann double commutant theorem, 7(Gg)” is equal
to the closure of spanc{T" € 7(Gg)} in the strong topology. Hence there
exists S1,5%,... € spanc{7T € 7(Gg)} with lim; ,,, S; = S in the strong

topology. From (.IL3J), we have
SG(X) c G(X),

and hence X commutes with S. This shows that the closure of any operator
in 7(U(g)%) commutes with every operator in Zap (V).
Take X € U(g') and T' € Endgy (V). For v € V>, we have

T(exp(tX))v — v

TT(X)v="TIlim

t—0 t
~ lim T(exp(tX))Tv —Tv
t—0 t
= 7(X)T.

From (ZIL3), this implies that X commutes with 7.

By the above discussion, we can apply Fact[Z.9to any operator in 7(U(g'))
and 7(U(g)%). Fix a basis {v;} of Vk and {X;} of U(gU(g)¢", and fix
representatives {gx} of connected components of Kj. Suppose that {X;}
contains a basis of U(g'). For each v;, we choose a measurable section z —
v;(2), and for each X, take a measurable field z — X;(z) of closed operators
with 7(X;) ~ X;(2). We define a linear map ¢, : Vg — Vi) ® M) to be
¢ (vi) = vi(2).

Remark that since Vi and the algebra are at most countable-dimensional,
{v;} and {X;} are at most countable sets, and since K} is compact, {gx} is
a finite set. We put

No ={z€ Z: ¢.(1(Xi)vj) = Xi(2)¢,(v;) for any 4,5}
U{z e Z:¢.(t(gx)v;) = m(2)(g)¢.(v,) for any j, k}.
Fact [T7 (1) yields that Ap is a v-null set. For z € Z\Nj, we can define a
linear map 7, : U(g"\U(g)® — Endc(Im(¢.)) to be 7.(X;) = X;(2). By the
definition of N, the map 7, is an algebra homomorphism for z € Z\Nj.

We will construct N satisfying the compatibility conditions in the theo-
rem:

(1) 7.(X)* = 7.(X]) on Im(¢,) for any ¢;

(2) 7.(X;) = 7(2)(X;) on Im(¢,) for any ¢ with X; € U(g');
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(3) ¢. has dense image in V() @ My(,).

For p € {1,2,3}, we put N, := {2z € Z : (p) fails for z}. By Fact [T (2), V;
is a v-null sets. Fact [[I0 implies Im(¢,) C (Vy(z) @ My(»))> and 7,(X;) =
T(2)(X;) on (Vy(z) ® My(,))™ for v-almost every z. Hence N5 is a v-null set.
Since Vi is a dense subset of V', N is a v-null set (see [3, Lemma 1.3]).

We put NV := {Jy<,<3Np. Then NV is a v-null set. Hereafter, we consider
z € Z\N. By the definition of Ny and N3, ¢, is a (g’, K’)-homomorphism.
Then we have

Im(gbz) - (Vﬂ'(z) ® Mfr(z))K’ = (Vﬂ'(z))K’ ® Mﬂ(Z)'

Lemma [ZJ]implies that there exists a subspace M 7?(2) of M.y with Im(¢.) =
(V) ke ® Mg(z). Since Im(¢.) is dense in V(. ® M2, Mg(z) is dense in
Mw(z) )

Since 7, is an algebra homomorphism, 7, defines a U(g)¢ -module struc-

ture on (Vz(z)) ®M7?(Z). Since the U(g)¢ -action commutes with the (g', K’)-

action, U(g)“" acts on

Mg(z) = Homg’,K’((vﬂ(z))K’v (VW(Z)>K’ ® MT(I')(Z))'

The condition (1) implies that this action is unitary.
By the construction of AV and ¢., it is clear that the conditions in the
theorem hold. We have proved the theorem. O

By Theorem [T.11], we can relate the branching laws of unitary represen-
tations with the branching laws of (g, K')-modules. The following corollary
is an easy consequence of the theorem.

Corollary 7.12. Retain the setting in Theorem [7.11. Then we have a sur-
jective U(g)% -homomorphism:

Hy(g', K Vi ® (Va)jor) — M
for p-almost every m € é&. In particular, we have
My (V) < ess sup {dime (Ho(g', K'; Vie ® (Ve)jo)) : 7 € G}
= ess sup {dimC(Homg/K/(VK, (Vi) :me é’ﬁ} :

where Mgy (V') is the essential supremum of the multiplicity function.

Proof. Since M? is dense in M,, the second assertion is clear from the first
assertion. Theorem [T.11]and Proposition [7.2] (b) show the first assertion. [J
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Since M? is a unitary module, if M? is finite-dimensional, M? is com-
pletely reducible. Using the theory of polynomial identity (Section [2.0]), we
have

Corollary 7.13. Retain the setting in Theorem [7.11. We have
PLdeg(r(U(g)%)) < My (V).

Proof. If Mgy (V) = oo, the assertion is trivial. We assume Mg, (V) < oo,

Then for almost all 7, M? is a completely reducible U (g)%'-module. Applying
Proposition to {M?}_and 7(U(g)¥), we obtain the inequation. O

By the above two corollaries, we can estimate Mg, (V') by algebraic in-
variants.

7.3 Compact subgroup case

In this section, we review some basic facts about ¢ (g)-modules in the case
of compact subgroups G'.

Let (g, K) be a pair, and K’ be a reductive subgroup of K. The following
proposition is well-known, and plays an important role in the theory of (g, K)-
modules (e.g. Harish-Chandra’s subquotient theorem [19]).

Proposition 7.14. Let V' be an irreducible (g, K)-module, and V' be a finite-
dimensional irreducible K'-module. Suppose that V' is irreducible as a g-
module. Then the U(g)* -module Homg (V', V) is irreducible or zero.

Proof. Assume that Homg/ (V’, V') is non-zero.

Take non-zero elements 7, S € Homg/ (V',V). Fix a basis {v;} of V"
Since V' is irreducible, {T'(v;)} is linearly independent. Hence by the Jacob-
son density theorem, there exists X € U(g) such that XT'(v;) = S(v;) for
any 4, and hence XT = S. This implies U(g)7 O Homg/ (V', V). Since the
K'-action on U(g) is completely reducible, taking the K’-invariant part, we
have

U(g)X'T = Homy (V', V).
This finishes the proof. n

In the proof, it is important that U(g)T = Homec(V’, V) holds. This
observation is useful to generalize Proposition[7.T4]to the case of non-compact
subgroups G'. We treat the general case in Section [7.4]

As a corollary of Proposition [[.J4] and Proposition .27, we obtain
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Corollary 7.15. Let (1,V) be an irreducible (g, K)-module. Suppose that
Vg is irreducible. Then we have

PI.deg(T(Z/{(g)K/)) = Mg (V).

Proof. We denote by K’ the equivalence classes of finite-dimensional irre-
ducible representations of K’. Then for any (m,V;) € K/, Homg/(V;,V) is
an irreducible U(g)® -module or zero. Applying Proposition to A =
7(U(g)%") and {Homg (Vy, V)} we obtain the corollary. O

WGI?’

As variations of the corollary, we state the following two results. These
results are our motivation to study ¢(g)®-modules.

Corollary 7.16 (I. Penkov, V. Serganova [84, Theorem 4.3]). Let (71, V7)
and (12, V) be irreducible (g, K)-modules. Suppose that V;|y is irreducible
and Anny ) (Vi) = Anny g (V2) holds. Then we have

M (Vi) = Mg (Va).

Proof. Since Annyq)(Vi) = Anngg (V2), the algebra 71 (U(g)%") is isomorphic
to To(U(g)""). This implies

’

PLdeg(i(U(9)"")) = PLdeg(ra(U(g)™))-

This and Corollary [Z.T5 show the assertion. [l

Corollary 7.17. Retain the notation in Corollary [7.15 Let K" be a re-
ductive subgroup of K. Let G,q denote the subgroup of Aut(g) generated by
Ady(K') and Int(g). Assume that Adg(K') and Adg(K") are conjugate by an
inner automorphism of G.q. Then we have

Mr(V) = Mgn(V).

Proof. Since Anngg) (V) is an Ady(K)-stable and ady(g)-stable subspace of
U(g), Annyg)(V) is Gaa-stable. By assumption, we can take g € G,q such
that gAdy(K")g~! = Ady(K"”). Hence we have

Therefore, by Corollary [[.I5] we obtain the required equation. O
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7.4 A(G')-finite linear maps

To generalize the results in the previous section, we define a space of A(G’)-
finite linear maps.

First, we define A(G’)-finite linear maps. Let (g’, K’) be a pair with
reductive g’, and G’ be a complex reductive algebraic group with Lie algebra
g’. Suppose that there is an algebraic group homomorphism ¢x from K’ to
G’ such that the differential of ¢ is the inclusion map from € to g’, and
¢r(K') and the identity component of G’ generate G'.

Let (7,V) and (7/,V’) be (¢, K')-modules. We define

(Taa(X)T') (v)
(Taa(k)T)(v)
for X € ¢/, k€ K', T € Hom¢(V,V’) and v € V. Then 7,4 is a representation

of g’ and 7aq is a representation of K’ as an abstract group. The following
equation is the reason why we define 7,4 and 7a4 as in the above:

(X)T(v) = T(7(X)v)
(k)T(r (k™ )v)

/
=T

/
=T

Homg (V, V') @78 — Homg, e (V, V).

Definition 7.18. T' € Hom¢(V, V) is said to be A(G’)-finite if there exists
an algebraic representation F' of G’ and (g, K')-homomorphism with respect

to (Tad; TAd>:
¢ : F— Home(V, V')

satisfying 7" € ¢(F'). Let Home(V, V’)a(ery denote the space of A(G’)-finite
linear maps.

Then Home (V, V') a(qr) has a G'-module structure via
TAd(9)T = (g H(T)) for g € G’ and T € Home(V, VA,

where ¢ is the homomorphism used in Definition [[.18 It is obvious that the
definition is well-defined because the G'-action is uniquely determined by the
actions of T,q(g’) and 7aq(K’). Hence it is also clear that the G’-action is
compatible with the action of 7,4(g") and 7aq(K").

The following proposition is useful to see the A(G’)-module structure.

Proposition 7.19. Retain the notation. Let F' be a finite-dimensional rep-
resentation of G'. Then we have

Home (F, Home(V, V') a(ery) =~ Homy i (V @ F, V).
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Proof. By the definition of the A(G’)-module structure, we have

Homg/ (F, Home(V, V') a(r)) = Homy g/ (F, Home (V, V') a(cr))
— HOmg’,K’(Fy Hom(C(V> V/))
~ Homy i (V @ F,V").

This shows the assertion. O]

Hereafter, we consider (g, K')-modules. Let (g, K) be a pair and (g’, K')
be a subpair. Suppose g’ is reductive in g. For simplicity, we assume that g
does not intersect with the center of g. Let (7,V') be a (g, K')-module and
(7, V') be a (¢, K')-module.

Let G’ denote the subgroup of Aut(g) generated by Ady(K’) and the
analytic subgroup with Lie algebra ady(g’) C der(g). Then G’ is a complex
reductive algebraic group, and satisfies the conditions at the beginning of
this subsection.

We consider (g’ @ g, A(G’)) as a pair by the diagonal embedding:

A G — Aut(g') x Aut(g) C Aut(g' & g).
We define three A(G’)-modules:

Home (V, V') aer) (7.19.4)

Home (V' V)a@ (7.19.5)
'@, A(G .

ML) (V)i @ V), (7.19.6)

where Hi:ggﬁg& is the Bernstein functor (see [40]). The third module can

be written as
Ho(g', K'; (V)5 @V @ C[G']).
Then the A(G’)-invariant subspaces of the modules are equal to
Homy ;- (V, V'),
HOng/7K/<V/, V),
Ho(g', K5 (V)i @ V),
respectively. Note that these spaces are the U(g)“-modules defined in Sec-
tion [T.11
By definition, the third module has a (g’ ® g, A(G’))-module structure.

The following proposition ensures that the modules (.19.4)) and (Z.19.5) are
(¢ © g, A(G"))-modules.
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Proposition 7.20. Retain the above settings. Home(V,V')acr) is a (g’ ®
9, A(G"))-module by the representation (7" ® 7%, 7aq), and Home(V', V) a(er
is a (g ® g, A(G"))-module by the representation ((7')* & T, Taq)-

Proof. We shall show that Homc(V, V')A is g @ g-stable. The proof
for Home(V’,V)a(qr) is the same. Take a G'-stable finite-dimensional sub-
space F' C Home¢(V, V') a(qr). Then there exists a surjective (A(g'), A(K"))-
homomorphism defined by the multiplication:

(f@g)@F — (7'(¢) +77(9))F.

Since ¢’ @ g is a A(G’)-module, by definition, (7/(g’) + 7%(g))F is contained
in Home(V, V') a¢ery. This implies that Home(V, V')A is ¢’ @ g-stable.
By definition, the differential representation of 7aq is equal to the rep-
resentation 7,q of A(g’). By the above discussion, the g @ g-action and
A(G')-action are compatible. O

The study of the U(g)% -action on Homy x(V, V') can be reduced to that
of the (¢’ @ g, A(G"))-action on Home(V, V') (). To do this, we prove the
following two propositions.

Proposition 7.21. Retain the settings in the above. Put
I=U(g ®e)™ nU(d @ g)A).
Then there is an algebra isomorphism:
a: U =~ Ulgoe))/T

w w

X > I X +1.
Proof. Since U(g' @ g) is a completely reducible A(G’)-module, we have

Ulg' © 9™/ ~ U(g' @ 9)/U(g © 9)A(g)> .
The Poincaré-Birkhoff-Witt theorem leads to
U ©8)/U(g ©9)Ae)> ) ~U(g)?.

Therefore, « is an isomorphism. This finishes the proof. O

Proposition 7.22. Let W be a (¢ & g, A(G"))-module. Then the length of
the L{(g)G/-module on WA s bounded by the length of W. In particular if
W is irreducible, then W™C) s irreducible or zero.
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Proof. Since the A(G')-action on W is completely reducible, the functor
which sends W to W2 is exact. Hence the first assertion is reduced to
the second assertion.

We assume that W is irreducible. Take a non-zero vector v € WA2(E,
By assumption, we have

Ug @ glv=W.
Taking the A(G’)-invariant part, we obtain
Ug @ )2y = WAED,

This implies that WA is irreducible as a U (g’ ®g)“ -module. The assertion
follows from this and Proposition [7.211 O

Summarizing the above two results, for example, if Homc(V, V')A is
an irreducible (g’ @ g, A(G’))-module, then Homy -/ (V, V’) is an irreducible
U(g)¢ -module.

In Section B and Section[d], we will estimate the length of Home(V, V')A
for concrete representations.

8 Irreducibility of 2{(g)%-modules: part I

The purpose of this section is to prove that the L{(g)G/—module on the space of
g’-homomorphisms between two generalized Verma modules is irreducible un-
der some assumptions. As an application of this result, we treat the branching
laws of discrete decomposable A,4(\) with quasi-abelian parabolic subalgebra
q, in particular, discrete series representations. The main tool is the results
in Section [6l

8.1 Irreducibility of /(g)“-modules

Let g be a semisimple complex Lie algebra and g’ be a reductive subalgebra of
g. Fix H € ¢’ such that ady(H) is diagonalizable and has only real eigenvalues
on g. As in Section [, we construct parabolic subalgebras q = [ @ u and
q =@ from H, and fix Borel subalgebras b, b’ and Cartan subalgebras
bh,h’". Put S := dimc(w').

Let G be a complex connected semisimple algebraic group with Lie alge-
bra g. G’ (resp. L') is denoted the analytic subgroup of G corresponding to

!/

g’ (resp. l').
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The following lemma is a key result to relate the module structure of
Home(V’,V)a(ey to that of a Zuckerman derived functor module. For an
irreducible finite-dimensional I'-module F', we define

d(F) = F* &® C*2p(u’)'

Lemma 8.1. Let F be an irreducible finite-dimensional U'-module and L be

a quotient module of indﬁi(d(F)). Then Rsfﬁgf,/))(LQ@indﬁ;(F)) has a unique

A(G")-invariant vector up to scalar.

Proof. There is a unique submodule F’ of F' ® d(F’) isomorphic to C_s,y).
U(A(g'))F" is an irreducible submodule and we have RST'S (U(A(g'))F') ~ 1.
We shall show

Ay’ . / /
PR (L @ indy, (F)) = UA(0)F,

where PpAg ,(g,) is the projection to the maximum submodule with generalized
infinitesimal character py (see Fact 2I8]). It is obvious that the left hand

side contains the right hand side. Hence we may assume L = indﬁi (d(F)).
Put M := ind%2% (d(F) ® F).

By Proposition 210 there exists a A(g')-module standard filtration M.
of M with

gr(M.) = ind% (S() ® F ® d(F))

as a A(g')-module. Thus gr(PpAg,(g/)(M.)) can be written as indg: (W) for some
I'-submodule W of S(t') ® F @ d(F).

By the Weyl character formula, the infinitesimal character of an irre-
ducible submodule W’ of W C S(') ® F ® d(F) is of the form

pr —2p(w) + R —Q,
where R is a sum of elements of A*(I')h’) and @ is a sum of elements of
AW, b).
By the definition of W,

s(pr — p(w')) = pr — 2p(w') + R — Q + p(u)

holds for some s € Wy. Since py — p(1') is dominant integral with respect to
AT )Y U =A@, b)), we have

s(pr — p(w')) = pv — p(v') = R' + Q',
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where R’ is a sum of elements of A*(I')h') and Q' is a sum of elements of
AW, h’). Thus we obtain R+ R — Q — @' = 0. Since R+ R —Q — Q'
is a sum of positive roots of g’ with respect to AT(I'; ') U —A(w',h’), this
implies R = R' = Q = @)’ = 0. Therefore, we have W = F’. This shows the
assertion. O

The following corollary is a direct consequence of Lemma 8]

Corollary 8.2. Retain the notation in Lemmal81d. Let M be a proper g’ @g’-
submodule of ind%2% (F ® d(F)). Then Py ® (M) = 0 holds.

We give several criteria for the irreducibility of U(g)“-modules. Let
F' be a finite-dimensional irreducible [-module with infinitesimal charac-
ter A and F’ be a finite-dimensional irreducible I'-module. Suppose that
Homg/(indé’:(F ’),ind§(F')) is non-zero. We assume

2(A + p(u), a)

(o.0) ¢ {0,1,2,...} for any o € A(u, ).

We write the canonical g'- and U(g)“'-homomorphism defined by substi-
tution as:
®% : ind}, (F') ® Homg (ind}, (F'), ind$ (F)) = ind$ (F).
By Lemma B.1] for any quotient L of indﬁ,, (d(F")), we have
A o N . /
RT3 (L ® indf, (F') @ Homg (indf) (F'), indg (F)))A(")
=~ Homy (indg, (F'), ind§ (F)). (8.2.1)

Thus ®%, induces a U (g)“"-module homomorphism:

—_—

F, : Homg (indf, (F),ind}(F)) — RTL7) (L ® indd(F)A). (8.2.2)

The submodule lattice of RS Fﬁgg)) (L @ indg(F)) is isomorphic to that of L

by Theorem 6.1l Therefore, it is important to know when ®%, is injective.

Lemma 8.3. Under the above notation, we have

PA®)(ind? (d(F')) ® Ker(®F,)) = 0.

Pyl
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Proof. Let M be a unique proper maximal submodule of indﬁi (F"). By Corol-
lary B2l it is enough to show

Ker(®%,) € M ® Homyg (indS, (F"), ind2 (F)).
Take a non-zero vector v € Ker(®%,). We can assume that v is a b’-
cigenvector. We write v = Y77 (v ® @, where {v;};_, C ind}, (F') and
{pi}iy C Homg/(indﬁj(F’),indﬁ(F)) such that {¢;},_, is linearly indepen-

dent. Then each v; is a b’-eigenvector with the same weight .
If 1 is not the highest weight of indﬂ, (F"), v; is in M, and this shows the

assertion. If y is the highest weight of indﬁj(F "), each v; is a highest weight

vector of indﬂj(F’). Then we may assume r = 0. Since v € Ker(®L,), we
have @o(vg) = 0. However, this implies ¢ = 0 and v = 0 because vy is a

cyclic vector of indﬂj(F ). This contradicts to v # 0. We have proved the

lemma. O]
For short, we write R® Figg)) as 'Y,

Lemma 8.4. In the above settings, we have U(g)Gl—module 1somorphisms:

I'9(L ® Dom(®5)2E) ~ T9(L @ Im(PL,))A(E)
~ Homg (ind®) (F"), ind3 (F)),
where we denote by Dom the domain of a map.
Proof. We consider the following g’- and (g)“"-module exact sequence:
0 — L ® Ker(®%,) — L ® Dom(®%,) — L ® Im(®%,) — 0.

Applying the Zuckerman derived functor to the exact sequence, we obtain
the following exact sequence:

I'(L ® Ker(®%,)) — I'(L ® Dom(®%))
— I'*(L @ Im(®%,)) — 'YL @ Ker(®L)).

By Lemma B3] the A(G")-invariant part of I''(L ® Ker(®4,)) is trivial for
any ¢. This implies

I'(L ® Dom(®% )2 ~ T9(L @ Im(PF,))2(E),
As in (821]), by Lemma 81l we have
(L ® Dom(®%,))*() ~ Homy (ind%, (F'), indd (F)).

These isomorphisms imply the assertion. ]
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Lemma 8.5. Retain the above settings. Suppose L @ Coker(®L,) has a stan-
dard filtration as a A(g')-module. Then @, defined in 822) is injective.

Proof. We consider the following g’- and (g)“"-module exact sequence:
0 — L®Im(®L,) = L ® Codom(®k,) — L @ Coker(®L,) — 0.

Here we denote by Codom the codomain of a map. The Zuckerman derived
functor induces the following exact sequence:

'YL ® Coker(®L,))) = I'S(L ® Im(®L,)) — I'9(L @ Codom(®L,)).

By the assumption that L ® Coker(®Z%,) has a standard filtration, Fact
B.1) leads to T97!(L @ Coker(®%,)) = 0. Hence we have an injection:

I'(L ® Im(®%,)) < T'9(L ® Codom(d%)).

This and Lemma 84 imply that

—_—

%, - Homy (ind (F'), ind? (F)) — I¥(L ® ind (F))*©"

is injective. O
Theorem 8.6. Retain the above settings. Suppose that L is a unique irre-
ducible quotient of indﬂ, (d(F")), and L @ Coker(®L,) has a standard filtra-

tion as a A(g')-module. Then Homg/(indﬁi(F’),indﬁ(F)) is irreducible as a
U(g) -module.

Proof. Since indf(F)(= Codom(®},)) satisfies the condition of Theorem B.1]
M (L® ind§ (")) is an irreducible (g’ ® g, A(G"))-module. Therefore, M(L®
indg (F )2 is an irreducible U (g)“ -module by Proposition [7.22.

By Lemma B3] Homg/(indﬁj(F/), indj(F)) can be embedded in the irre-
ducible module I'*(L ® indg(F))A(G/). Hence Homy (indﬁi(F’),indg(F)) is
irreducible as a U(g')¢"-module. We have proved the theorem. O

The following criterion is useful to prove the irreducibility of U(g)%'-
modules.

Corollary 8.7. Suppose that L is a unique irreducible quotient ofindﬁ; (d(F")),
and Im(®f,) is a direct summand of ind}(F). (In particular, if ind}(F) is
a completely reducible g'-module, this condition holds.) Then the U(g)% -
module Homg/(indﬁj(F’), ind§(F")) is irreducible.
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Proof. By assumption, we have ind§(F) ~ Im(®%,) @ Coker(®f,). Since
indj(F) has a standard filtration as a g’-module from Proposition 210
Coker(®%,) has a standard filtration. Thus L ® Coker(®%,) has a standard
filtration as a A(g')-module. This and Theorem B.6] show the corollary. [

Theorem 8.8. Under the above settings, the length of the U(g) -module
Homg/(indﬁ, (F"),indg(F)) is less than or equal to that of indﬁ,(d(F’)). In
particular, the length is bounded by a constant depending only on ¢’ .

Remark 8.9. In general, the dimensions of the spaces of intertwining oper-
ators are unbounded. The theorem, however, asserts that the lengths of the
U(g)¢ -modules are uniformly bounded by a constant depending only on g

Proof. We set L = indﬁj (d(F")). Then L ® Coker(®%,) has a standard filtra-
tion as a A(g’)-module. Hence by Lemma [R5

OF, : Homg (ind?, (F'), ind? (F)) — D(L @ ind? (F))*(©)
is injective.
By Proposition [7.22] we have
Leny o (I9(L @ indg (F))*9)) < Lengggaen (I (L ® ind3(F))), (8.9.3)
where we write Len for the length of a module. Theorem implies that
the length of (L ® ind}(F)) is equal to that of L(= indj, (d(F"))). By the

injectivity of @£, and (B.9.3)), we obtain
Leny,g)e (Homg (ind%, (F), ind2 (F))) < Leng (ind%, (d(F"))).
This is the required inequation. O]

The following corollary is clear from the theorem.

Corollary 8.10. If indﬁj(d(F’)) is irreducible, Homg/(indﬁi(F’),indﬁ(F)) is

an irreducible U(g)< -module.

8.2 Quasi-abelian parabolic subalgebra

If the parabolic subalgebra q satisfies a good condition, indg (F) is completely
reducible as a g’-module. In this section, we review this condition. Retain
the notation in the previous section.

We set v’ :=un(g')t and & := unN(g')t. The following definition is a
generalization of the definition in [12].
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Definition 8.11 (quasi-abelian). q is said to be quasi-abelian with respect
to g if (o, ) > 0 holds for any o« € A(w',§’) and 8 € A(u”, §).

If the nilradical of q is abelian, q is quasi-abelian. More precisely, the
following proposition holds.

Proposition 8.12. If [/, u"] = 0 holds, then q is quasi-abelian. In particu-
lar, a parabolic subalgebra with abelian nilradical is quasi-abelian.

Proof. Take a € A(w', ') and 5 € A(u”,h’). Assume (o, ) < 0. Then this
implies a + 3 € A(u”, ') and [ug,, us] # 0 because h' is a Cartan subalgebra
of g’ and (g')" is a g'-module. By assumption, [u,,u}] C ', u”] = 0 holds.
This is contradiction. Therefore, q is quasi-abelian. O

The following lemma is a generalization of Lemma in [12]. The proof is
the same.

Lemma 8.13. Let F' be a finite-dimensional irreducible [-module. Assume
that for any irreducible submodule of F|y, its infinitesimal character N sat-
isfies
20V + p(u'), )
(a, q)

Z{1,2,...} forany a € AQW,b).

Suppose that q is quasi-abelian. Then indg(F)|y is completely reducible.
Proof. By Proposition 10, ind3(F')|y has a standard filtration M. with

gr(M.) =~ ind? (F @ S(u")),

where the u'-action on u” is trivial.

Take an irreducible I'-submodule W of F'® S(u”). By the Weyl character
formula, the infinitesimal character of W is of the form N — R, where R is
a sum of elements of A(u”,h’) and N is the infinitesimal character of some
irreducible submodule of F|y. Since q is quasi-abelian, we have

2(R, «)

(@, @)

€{0,1,2,...} for any a € A(v', ).

This and the assumption imply

2(N — R+ p(u), «)
(v, @)

Z{1,2,...} for any « € AW, p’).

Thus indﬁj (W) is irreducible. From Proposition 2.9 this leads that indg (F)]
is completely reducible. We have shown the lemma. O
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The following theorem plays an important role in studying the Zuckerman
derived functor modules induced from a quasi-abelian parabolic subalgebra.

Theorem 8.14. Let F' be a finite-dimensional irreducible [-module with in-
finitesimal character \ in the good range, namely,

Re(A + p(u),a) <0 for any o € A(u, h).

Suppose that q is quasi-abelian. Then indg(F')|y is completely reducible, and

each irreducible direct summand is of the form indﬂj(F ") such that F' is a
finite-dimensional irreducible I'-module in the good range.

To prove the theorem, we prepare several lemmas about the restriction of
roots to a subalgebra. For a subset S of a real vector space, Co(S) denotes
the convex hull of S.

Lemma 8.15. Let b” be the orthogonal complement of ' in §. Consider
(6')* as a subspace of b* using the direct sum decomposition b = b’ S bh”. For
a € Ag,b), define

Ala) := {8 € Ag,b) : Bly = a}.
Then « belongs to Co(A(a)).

Proof. Fix a Cartan involution 6 of g such that g’,h and b’ are f-stable. In
fact, since g’ is reductive in g, such an involution exists. Then 6 is conjugate-
linear. For any a € h*, we define H, € b satisfying

B(H,) = (B, «) for any § € h*.

Take o € A(g,h’) and a non-zero element X € g/, and write X =
deA(a) Xp such that X3 € gg. Then we have

Hy = [X,0(X)]/(X, 0(X)),
Hp = [X3,0(Xp)]/ (X5, 6(X5))
for any € A(a) such that Xz # 0. This implies
Ho = [X,0(X)]/(X,6(X))
= (X,0())7" Y [X5,6(Xp))

BEA ()
o (X50(X))
- g@ a0

101



By the definition of H, and Hpg, this leads to

X5, 0(X
a= Y %5. (8.15.4)
BeA(a)

Since 6 is a Cartan involution, (X,0(X)) and (Xg,0(Xp)) are non-negative.
Thus « is a linear combination of elements of A(«) with positive coefficients.
Restricting the equation (8I5.4]) to ', we obtain

B (Xﬁae(XB))a
“= 2 X))

BEA(ar)

This implies

which is the desired conclusion. O]

Lemma 8.16. Let Ay and \y be dominant integral weights of . Then we
have CO(W{/\1> + CO(VV[)\Q) = CO(W(()\l + >\2))

Proof. Co(WiA;)+Co(Wih2) D Co(Wi(A1+A2)) is obvious because Co(WiA; )+
CO(W[)\Q) = CO(W[)\l + W[)\Q) holds.

We show the converse inclusion. It is enough to prove A; + s(A2) €
Co(Wi(A1 + Xg)) for any s € W. If s is the identity, this is trivial. We
assume that s is not the identity. By assumption, there is a unique non-zero
homomorphism up to scalar multiplication:

P F'(O) @ F' () = F'(O 4 M.

We fix a highest weight vector v; of F'();). Then we have p(v; ® vy) # 0.

Let n be the nilpotent radical of b N [. There exists X € U(n) such that
X's(vg) = vg. Since s is not the identity, the constant term of X is 0. Then
we have Xv; = 0 and X (v; ® s(vg)) = v1 ® ve. This leads to

0 # p(v1 ® v2) = p(X (v1 ® 8(v2))) = Xp(v1 @ s(v2)).

Thus we obtain p(v; ® s(vs)) # 0.
Since any weight of F'(A; + Ag) is in Co(Wi(\; + A2)), this implies \; +
s(A2) € Co(Wi(A1 + Ag)). This finishes the proof. O

Lemma 8.17. Under the settings in the above, there exists a character ¢ of
[ such that p(I') + ¢ € Co(Wip(1))]s -
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Proof. We choose a basis of )’ and extend it to a basis of h. We consider a
lexicographical order on h* induced from the basis and a Borel subalgebra b,
of [ determined by the order. Then b;NI" is a Borel subalgebra of I, and p([)]y
is a dominant integral weight of I'. Since Co(Wip(I))|y is equal to the convex
hull of weights of F'(p(1))|r, it suffices to show p(I') +¢ € Co(Wy(p(1)|y)) for
some character (.

To apply Lemma BI6, we shall prove that p(I)|y — p(I') is dominant
integral. Take a simple root @ € A*(g/,h'). By Lemma BIH, « can be
written as

a= ) cb
BeA(a)

with > ¢z = 1 and ¢z > 0. By the choice of the Borel subalgebra, A(a) is
contained in A" ([, ). This implies

2(p(O]y — p(V),a) _ 3 %2(p(l),6) 1

(@, )

The second inequality holds because f|y = «. Thus we can apply Lemma
B.I6lto Ay = p(I') and Ay = p([)]|yr — p(I'). We obtain

Co(Wyp(l')) + Co(Wr (p(D]y — p(1))) = Co(We (p(Dly))-

Put ¢ = [Wel ™ X, s(o(Dly — (1)) Then ¢ belongs to Co(We(p(Dly —
p(I))), and hence we have p(I')+¢ € Co(Wy (p(I)|y)). Since ¢ is Wy-invariant,
(¢ defines a character of . This gives the lemma. [

Proof of Theorem[8.14, We shall prove that for any irreducible submodule
F’ of F|y, its infinitesimal character X’ satisfies

Re(\ + p(v), ) < 0 for any o € A(w', B).

By the same proof as Lemma [R.13] if we prove this, the assertion follows.
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Any h-weight of F' belongs to Co(Wi(A— p([))). Lemma 816 and Lemma
[R.I7 show
A€ Co(Wi(A = p(1))ly + p(V)
C Co(Wi(A = p(D))]y + Co(Wip(1)ly + ¢
= Co(Wi(M)ly +¢

for some character ¢ of I'. Hence we have
N= asWly +¢
seW

with ZseW[ as =1 and a, > 0.
We compute (X + p(1'), o) for « € A(w',h’). By Lemma BI5 « can be

written as
a= D b
BeEA(a)

with > s n@y¢s = 1 and ¢z > 0. Since a(H) > 0, A(a) is contained in
A(u, h). Note that (¢,«) = 0 holds because ( is a character of . Then we
have

Re(N + p(w),a) = Re( Y ass(N)]y + p(u), )

seW
= ) acgRe(N\s7(B)) + (p(v), q)
seW,BeA()
< > aws(—pw),sTH(B) + (o), a)
seEW,BEA()
= (=p(Wly + p(v'), )
= —(p(u"), @)

<0.

The third inequality holds by the assumption of A. Since u is [-stable, p(u)
is Wi-invariant, and hence the firth equality holds. The last inequality is the
special case of [40, Proposition 4.68]. We have proved the theorem. [

The following corollary is a direct consequence of Theorem [8.T4land Corol-

lary 811

Corollary 8.18. Retain the settings in Theorem BI4l. Let W be an ir-
reducible direct summand of indg(F). Then Homgy (W,ind3(F)) is an irre-
ducible U(g) -module.
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8.3 Holomorphic discrete series representations

Holomorphic discrete series representations satisfy the conditions of Theorem
[R.I4l In this section, we summarize the results related to holomorphic discrete
series representations.

Let gr be real semisimple Lie algebra with maximal compact subalgebra
tr. Let gr = g @ pr be the Cartan decomposition with respect to tg. We
assume that gr is a direct sum of simple Lie algebras of Hermitian type.
Fix a characteristic element H € v/—1c(€g) such that ad(H) has eigenvalues
{—1,1} on p. We construct the subalgebras q,py,... as in Section 2.3/ In
this case, [ is equal to £ and, u (resp. u) is equal to py (resp. p_).

By construction, the nilpotent radical of q is abelian. Then we can apply
Theorem B.14] to indg(F). The following important observation is an easy
consequence of Harish-Chandra’s classification of holomorphic discrete series
representations (see Fact 2.I1}) for any irreducible unitary representation F'
of tg, F is in the good range if and only if indg(F) is unitarizable and iso-
morphic to the underlying Harish-Chandra module of a holomorphic discrete
series representations.

Let g be a reductive subalgebra of gg with Cartan decomposition g =
tr N gr @ pr N gr. Suppose H € gi. We denote by ¢, ¥, ... the intersection
of g’ and q,¢,.... Let Gg be a simply-connected connected Lie group with
Lie algebra gg, and G be the analytic subgroup of Gy corresponding to gg.

Proposition and Theorem [B.14] show the following theorem.

Theorem 8.19. Retain the above notation. Let (7, V') be a holomorphic dis-
crete series representation of Gg. Then V|Gﬁ§ 15 discretely decomposable, and
each irreducible direct summand is a holomorphic discrete series representa-
tion of Gg. For an irreducible direct summand W of V, Homy (W, Vic,) is

an irreducible U(g)% -module. Moreover, we have
PLdeg(r(U(8)7)) = Mg, (V).

Remark 8.20. The first assertion is well-known. In fact, any discrete spec-
trum of the restriction of a discrete series representation is also a discrete
series representation (see [47, Corollary 8.7]). For the discretely decompos-
able branching laws of holomorphic discrete series representations, we refer
the reader to [29], [52] and [53].

In the first assertion, we regard a finite-dimensional unitary representa-
tion as a holomorphic discrete series representation.

105



8.4 Zuckerman derived functor modules

As an application of Theorem R.14] we consider the branching problem of
Zuckerman derived functor modules induced from quasi-abelian parabolic
subalgebras.

Let Gr be a connected real semisimple Lie group with finite center and
Cartan involution 8. Put Ky := G%. Fix H € /—1¥g and define subalgebras
q,l,u, ... as in Section 2.2 Then q is a #-stable parabolic subalgebra.

We set K, = Zx(H). Then K, is connected and (I, K) is a subpair of
the pair (g, K). For an (I, K)-module V', we define a (g, K')-module

L3(V) = RTg, (indd(V)).

Remark that in many books and papers (e.g. [40]), this module is defined
by the Bernstein functor, and our parametrization is so-called unnormalized
version (in [40], £ is written as"L). Put S := dimc(unN¢€). For an ([, K )-
module V' with infinitesimal character A\, we will say that A and V" are in the
good range if \ satisfies

Re(A + p(u), ) < 0 for any a € A(u,b).

Fact 8.21. Let V' be an irreducible (I, K1 )-module with infinitesimal charac-
ter .

(a) Lg.(V) has the infinitesimal character X+ p(u).

(b) If X\ is in the good range, ﬁgﬂ-(V) is zero for i # S and non-zero irre-
ducible fori=S.

Hereafter, we assume that € is the direct sum of two non-zero ideals:
t= E1 @ EQ:

H belongs to v/—1(€;)r and q is quasi-abelian with respect to €;. This implies
that €, contains 5. Hence we have un¢ C ;. We denote by K; the analytic
subgroup of K corresponding to ¢. Remark that the subgroup K; is the
same as in [16] and [§].

By the following lemma, we can reduce the branching law of L] ¢(F) to
that of indg(F'). The proof is essentially the same as [16, Lemma 7].

Lemma 8.22. Let V be an irreducible (I, K1)-module and K’ is a reductive
subgroup of K containing K. Under the above settings, we have a (g, K')-
module isomorphism:

L8,(V) =~ RT R g, (indd (V).
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Proof. Put K} := K'N K. By Fact 214, we have
£3,(V) ~ H'(¢, Kp;indd(V) @ C[K]).

We consider the following complex with cohomology H'(¢, Kp;ind§(V) ®
CIK]) (see [5])

Ci(t, Kp;ind? (V) ® C[K]) = Homy, (A(t/t;), ind? (V) @ C[K]).

By the assumption K’ D K; and K, D Kj, the right hand side is isomorphic
to

Homy, (A'(¥/¢}),ind§ (V) ® C[K>\K])
~Homy, (A'(¢/€},),indg(V) @ C[(K' N K3)\K'])
~Hom gk (A'(€/}),ind(V) @ C[K']).
Taking its cohomology, we obtain
H'(¢, Kp;indd (V) ® C[K]) ~ H'(¢, K7; indd(V) @ C[K'])
~ RT, (ind}(V)).
This gives the lemma. O]

Proposition 8.23. Let g’ be a 0-stable reductive subalgebra of g such that
g D t. Then q is quasi-abelian with respect to g’ .

Proof. Note that g’ contains H as an element because H € #;. Fix a funda-
mental Cartan subalgebra b’ of g’ which is contained in g’ N [ and contains
H. Define ' := ung and u” := un(g')t. Then by assumption, we have
u’ C et

Assume that q is not quasi-abelian with respect to g’. Then there exist
a € A(W,h) and B € AW, ) such that (o, ) < 0. Since (g')* is a g'-
module and ' is a Cartan subalgebra of g, this implies [uf,, u3] # 0. There
is two possibilities:

(a) u, C &t
(b) (i, @ p,)) NEA0.
Assume (a). Using [0/, u”] C u”, u” C &- and [¢+,&1] C € we have
W, ufl cu'nece - ne=0.

This contradicts [uf,, us] # 0.
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Assume (b). We put b := b’ Nt Remark that b, contains a Cartan
subalgebra of €. Since uj C £, B is O-invariant. Thus we have

(alogs Blyy) = (e, 8) < 0. (8.23.5)

By the assumption (b), afy, belongs to A(unt, ;). Therefore, the inequation
([®233]) contradicts the assumption that q is quasi-abelian with respect to
£,. This finishes the proof. m

By Proposition R:23] we can apply Theorem [BI4] to any reductive sub-
algebra containing €. Let G be a connected reductive subgroup of Gg
closed under 6. Assume g’ D €. Put K} := (Gg)? and define subalgebras
q,U, v, ... as in Section 222 We set K} := K’ N K. Under these settings,
S(= dimc(uNt)) = dime(u N ¢) holds.

Theorem 8.24. Let F be a finite-dimensional irreducible (I, Kp)-module
with infinitesimal character \. Suppose that X\ is in the good range. Then
Ly (F)|(g 5y is decomposed into a direct sum of irreducible modules of the

form Lﬁi,s(F/) with finite-dimensional irreducible (', K} )-module F' in the
good range. Moreover, RSF?L induces the following U(g)“ -isomorphism.:

Homg/,K/L(indﬁj(F'), ind}(F)) =~ Homg/vK,(ﬁﬂf,S(F’), EﬁyS(F)),
and Homg/,K/(Eﬂ;VS(F’),[.ﬁ,s(F)) is zero or irreducible as a U(g)® -module.
Proof. Lemma gives a (g, K’)-module isomorphism:
L8 g(F) = R°TE, (ind§(F)).

By Theorem 814} indg (F)|y k- is completely reducible, and any irreducible
(¢, K')-submodule of indg(F) is of the form indﬁi(F’) with F” in the good
range. Then we have

ind? (F)| g k1) u@e = 6P ind§ (F') @ Homy , (ind}, (F'), ind§ (F)),

F/

and hence

L8 () (k) 24ta @,c,s ) ® Homg, 7 (indS (F"), ind? (F)).

The sum is taken over all finite-dimensional irreducible (I, K} )-modules in
the good range.

108



By Fact B.2]], each Eﬂ:jS(F ") is non-zero irreducible, and for F” % F’

in the good range, Eﬁ: s(F") is not isomorphic to Eﬁ;,s(F ") because their
infinitesimal characters are different. This implies

Homy g (indg, (F'), ind§ (F)) ~ Homg/,K/(Cﬂjys(F'), L3 s(F)).

This isomorphism is induced by the functor R® F?L The irreducibility of the
U (g)¢'-module follows from Corollary 8T8 We have proved the theorem. [

8.5 Discrete series representations

One of important examples of Theorem is discrete series representations.

Let Gr be a connected real simple Lie group with finite center and Cartan
involution #, and G} be a f-stable connected non-compact reductive subgroup
of Gg. We put Ky := G% and K} := (G})?. We assume that (Gg, G§) is a
symmetric pair and rank(g) = rank(¢).

Fix a Cartan subgroup Hg of Kp satisfying that Hg N K} is a Cartan
subgroup of K. Then Hy is a Cartan subgroup of Gg. Take a 6-stable Borel
subalgebra b containing h. Let n denote the nilpotent radical of b. We set
S’ = dim¢(n).

Under these settings, for a unitary character C, of Hg in the good range
with respect to b, Lj (Cy) is a underlying Harish-Candra module of a dis-
crete series representation of Gg. By the classification ([60]) of discretely
decomposable A4(A), we can see the following fact (see also [§] and [82], Sec-
tion 9]).

Fact 8.25. Let Cy be a unitary character of Hg in the good range with
respect to b. Suppose that Eﬁ,S'(CAM(g’,K’) is discretely decomposable. Then

there exists an element H € g’ N/ —1br such that the corresponding 0-stable
parabolic subalgebra q = 1 @ u satisfies the following conditions:

(a) gD by
(b) I CE;

)

(¢c) q is quasi-abelian with respect to &;

(d) there exists an ideal & of € such thatuN€ C &, H € &, and &, C ¢';
)

(e) there exists an irreducible unitary representation F of Ig in the good
range such that

E{ga,S’ (Cy) ~ ﬁﬁ,s(F)7

where S = dime(u).
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Remark 8.26. If the first four conditions hold, the last condition is auto-
matically satisfied for F' = Li ¢_g(Cy). In fact, by induction in stages (see
[40, Corollary 11.86]) and the vanishing theorem, we have

Eg,s(»/:{m[,sus(cﬂ) = 5515(@).

For convenience, we construct the parabolic subalgebra q in the above
fact. Define H € v/—1hg such that

0 if a is a compact simple root
o(H) = { p p )

1 if « is a non-compact simple root.

We construct subalgebras q,u, [ as in Section 2.2 Then it is easy to see
gOblCtandunp=nnp.

We set u, := unp and u. := €N u. By construction, the set of simple
roots of [[,1] is equal to the set of compact simple roots of A*(g,h). This
implies

(U, 1] = ue.

Let € be the ideal of £ generated by u. and H. The theorem by M. Duflo
and J. A. Vargas in [§] asserts that £y 5 (Cy)|(y,x) is discretely decomposable
if and only if g’ contains ¢;. Hence by assumption, g’ contains ¢;. This is the
condition (d).

We shall show that q is quasi-abelian with respect to £. By Proposition
RI2] it is enough to show [u.,u,] = 0. We write o for the involution defining
the symmetric pair (g, g’). Then we have

U2 u ] Cu 7 C €7 =0. (8.26.6)

nn

Let i’ denote the subalgebra of g’ generated by p?. Then i’ is an ideal of
g’, and g’ is the direct sum of i’ and an ideal j’ of . We need the following
lemma to prove [uZ, u?] = u,.

n’vn

Lemma 8.27. [uf, 7] =u.°.

n

Proof. [ug,€7°] C u; 7 is obvious because €77 C [. For the converse inclusion,
we assume [u?,€77] # u ?. Then there exists a non-zero element Z € u,”
such that (Z, [u?,¢7]) = 0.

Since [Z,ug] C €77, this implies [Z,u?] = 0. This and [Z,u?] = 0 (B26.6)
show Z € N,(i'). Hence we have N,y(i") D '®j’@CZ 2 g'. Since a symmetric
subalgebra of a simple Lie algebra is a maximal reductive subalgebra, we
obtain N,(i') = g. However, Ny(i') has the nontrivial ideal ". This contradicts
that g is simple. We have proved the lemma. O
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Replacing o by #o in the lemma, we obtain [u 7, €77 = ug.
lemma, we have

[, 75w, 7T = [[ur, €70 w7

n »'n n

= [u;'w [Eiaa uia“

n

= [uZ, u?].

n»vn

The second equality follows from ([R26.0). This shows [u?, u?] = [u_ 7 u | =

nyvmn n »vn
ue. Since [u?,u ] = 0, this implies [u,,u.] = 0. We have constructed the
parabolic subalgebra ¢ in Fact R.20
From the construction, we can see that u is 2-step nilpotent and [u, u] C €.
A discrete series representation induced from such a parabolic subalgebra is
said to be small (see [16]). By Fact B25 we can apply Theorem to
discretely decomposable discrete series representations. We set b’ := b N g/,

q :=qgnNg and so on. Put S” := dim¢(n).

Corollary 8.28. Retain the notation in Fact 828 L ¢ (Cy)|c, is decom-
posed into a direct sum of discrete series representations of Gy, and any

irreducible submodule is isomorphic to £217S,,(C,\/) for some unitary charac-
ter X' of by in the good range. Moreover, we have

Homy g/ (L8 51 (Cx), £2 ¢ (C)) =~ Homy 1 (mdfli (F'),ind2(F)),

where F' and F' are irreducible modules/ corresponding to Cy and Cy as in
Remark826. In particular, Homy g/ (LY 6/ (Cx), Ly 6 (Cy)) is an irreducible
U(g) -module.

Remark 8.29. The first study of discretely decomposable Zuckerman de-
rived functor modules is due to T. Kobayashi. He gave a necessary and suffi-
cient condition for the discretely decomposability of Zuckerman derived func-
tor modules and gave examples of explicit branching laws in [42] [43] [45] [46].
The branching laws of discretely decomposable Zuckerman derived functor
modules including discrete series representations have been studied by sev-
eral mathematicians. In the case of algebraic Gg and G%, B. Gross and N.
Wallach computed the branching laws of discrete series representations in
[16] using the technique so-called K-type transfer. For non-symmetric sub-
groups, M. Duflo and J. A. Vargas announced a multiplicity formula using
partition function like Blattner’s formula in [8]. Y. Oshima obtained the
branching laws for any discretely decomposable restrictions of Zuckerman
derived functor modules A4(\) with respect to symmetric subgroups using
D-modules [82].
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9 Irreducibility of 2/(g)%-modules: part II

The purpose of this section is to study the (g @ g, A(G’))-module on the
space of A(G’)-finite linear maps from holomorphic discrete series repre-
sentations to principal series representations of a symmetric subgroup of
anti-holomorphic type. In the main theorem in this section, we prove the
irreducibility of the (g’ & g, A(G’))-module with generic parameter.

9.1 Setting

Let gr be a real semisimple Lie algebra with Cartan involution # and Gy
be a simply-connected connected Lie group with Lie algebra gg. Take an
involution ¢ commuting with 6. Let G’ denote the identity component of
Aut(gg)?. We put Kg := G%,p := g%, G := Ad"'(G' N Int(gr)) C Gr and
Kg := Gx N Kg. Remark that Kx may be non-compact. Nevertheless, Gg
and Gp have the ‘Cartan decomposition’:

GR = KR X exp(pR),
Gy = Kp x exp(pg).

We assume that (ggr, gg) is one of the following cases:

e gg is a simple Lie algebra of Hermitian type and (gg, gg) is of anti-
holomorphic type;

e (gr,0r) = (0% ® gk, AgR)), where g is a simple Lie algebra of Hermi-
tian type;

By assumption, Gy is of Hermitian type. We fix a characteristic element
H € \/—1c(tg) such that ad(H) has eigenvalues {1, —1} on p. We choose H
satisfying H € g~?. This holds automatically if gg is simple because (gg, gg)
is of anti-holomorphic type. We have the ad(H )-eigenspace decomposition:

g=p,OtDp_

with eigenvalue 1,0, —1, respectively. Then q := p, & £ is a parabolic subal-
gebra of g.

Our purpose is to study the branching law of indg(F)| k. By the
assumption H & ¢, indg(F')|y k) is not discretely decomposable (see [46),
Theorem 5.3]). However, the (g’, K’)-module structure is not complicated.
In fact, o(H) = —H implies o(p,) = p_ and this leads to

P’ +q=g.
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Hence by the Poincaré-Birkhoff-Witt theorem, we have

indg (F)| (g5 = U(8) Buq) F)l@.xr)
~U(g") Bu I

From this, the following lemma is clear.

Lemma 9.1. Let F be a finite-dimensional representation of € and V' be a
(¢, K')-module. Then we have a natural isomorphism

Homg/K/(indg (F), V/> ~ HOIIlK'(F, Vl)
as a vector space.

We will study the U(g)“-module structure on Homy, x(indg (F), V') and
the (g'®g, A(G'))-module structure on Home (indg (F), V') a(gr). These mod-
ules was defined in Section [7l

The discussion in the after section is true if we divide (Gg,Gy) by a
subgroup of the center of Gg and replace G by its open subgroup as long
as Ady(Gy) = G’ N Int(gr) holds. (Gr,GR) = (Sp(n,R), GL(n,R),), for
example, does not satisfy this condition. To check the condition, the following
proposition is useful.

Proposition 9.2. Suppose that there exists a connected complex algebraic
group G such that the Lie algebra of G is g and G contains Gg. Let G
be the analytic subgroup of G with Lie algebra ¢'. If G = G' N Gy, then
Ady(GR) = G' N Int(gr) holds.

Proof. Put Z := Ker(Ady) C G. Since G’ is connected, we have Adg(a) =
G'. By definition, Ady(Gr) = Int(ggr) is obvious.

Since Gy is of Hermitian type, Gr has a compact Cartan subgroup Tg.
The center Z of G is contained in the complexification 7" of Tk. Since Z is a
finite group, Z is contained in Tk and Gg. Thus we have

G'Nnt(gr) = Ady(G )mAd (GRr)
Ad (G’Z NGrZ)
Ad (G’Z N GR)
Ady((G'NGr)Z)
Ady(Gp).
This shows the proposition. O
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In particular, if G is a real form of a simply-connected connected complex
algebraic group G, G = G§ satisfies the condition Ad(GR) = G' N Int(gr).

We return to the case of simply-connected Ggr. We discuss the connected
components of M. Let ap be a maximal abelian subspace of pi. We put
My, := Zk; (a). Under our assumptions, My is not complicated.

Lemma 9.3. Let Zyy; be the center of My. Then we have My = Zyy - (Mg )o-

Proof. Put Z := Ker(Ady). Then Z is a subgroup of the center of Gg. First,
we show that Adg(Mg) = Zag, ) - Adg((Mp)o) implies the assertion.
Assume Ady(Mg) = Zaa,g) - Adg((Mg)o). Since My D Z, this implies

Mg = Adg_l(ZAdg(MH@) (M) oZ
= Ad;l(ZAdg(Mﬂ@) - (Mp)o.

Since Zaq,(arg) is contained in a maximal torus Tk of Ady(Kg), Adg_l(ZAdg(Mﬂ%))
is contained in Ad;l(TR). Ad;l(TR) is abelian because Kg = Zg, x [Kg, Kg|.
Hence Ad;l(ZAdg(MﬂfQ)) is abelian. Since the adjoint action of Adg_l(ZAdg(MD/{))
on (Mg)o is trivial, Ad;l(ZAdg(MH@) is contained in Zyy. This shows the
assertion.

Thus it is enough to show Ady(My) = Zaa,y) - Adg((Mp)o). Hence
we can assume that G C Int(g). By assumption, G} is contained in the
connected complex reductive algebraic group G'. Put L' := Zg/(a') and
M’ = Zy:(a’). Then L' is a Levi subgroup of some parabolic subgroup of
G’'. Hence L' is connected and so is [L/,L']. Since aj is maximal abelian
in pg, [L', L] is contained in K’ and hence contained in M’. This implies
that there exists a subgroup Z’ of Z; such that M’ = Z'.[L',L']. Thus
we have M' = Zyp - M/. Taking real valued points, we obtain the desired
equation. O]

9.2 Principal series representations

We consider principal series representations of G. Now G may have count-
ably many connected components. Since Lemma holds, however, this is
not a serious problem. In this section, we treat only Gi. Then we remove
primes of G, K and so on such as Gg, Kg.

Let ag be a maximal abelian subspace of pgr. Fix a set of positive roots
A*(ggr, agr) of the restricted root system. We write ng for the sum of root
spaces of positive roots. We put Mg := Zg, (ar), Ar := exp(ag) and Ng :=
exp(ng). Then Qr := MrAgNg is a minimal parabolic subgroup of Gg. We
denote by Wy, the little Weyl group for gg.
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We fix a maximal torus Tg of Mg. Then Hy := Tr Ag is a Cartan subgroup
of Ggr. By Lemma 0.3 Hp is abelian.

For an irreducible unitary representation (9, V) of Mg and a (non-unitary)
character (e”,C,) of ag, we define

I5F(8,v) == C*(Gr/Qr, Gz Xq. (Vs ® C,))x,

letting Ng act on V5 ® C, trivially. We write I(d,v) for short if the groups
are clear from the context.

To study an algebraic structure of I(d, v), we give an algebraic realization
as follows (see [40, Proposition 11.57]). Taking derivatives at e, we have

r: I(6,v) — Homyq)(U(g),Vs®C,)
W )

[ (X = (X [)(e)),

where the U(q)-action on U(g) is the natural right action. We denote by
Homyq)(U(g), Vs ® C,) g, the sum of irreducible (&g, Mg )-submodules which
lift to a unitary representation of Kg. Then r is a (g, K)-module isomorphism
from I(8,v) to Homyq)(U(g), Vs ® C,) k-

Homyq)(U(g), Vs ® C,)k, can be written as:

ind (V' @ C_,)k,-
Using this expression, we show the following lemma.
Lemma 9.4. Let A be the infinitesimal character of 0|(a),. Suppose

2(—v — A+ p(n),a)
(o, )

& 7 for any o € A(n,h).

(a) For any finite-dimensional representation I of G, indg (Vi @C_,) @ F™*
15 completely reducible as a g-module and

(b) ifindg (V5 ®C_,) ® F™* has the irreducible decomposition P, indg(Vs @
C_.,) as a (g, Mr)-module, then I(6,v) @ F ~ @, 1(6;,v;) holds.

(c) Let W be a submodule of I(0,v) with dim¢ Homg, g, (W, 1(0,v)) = 1.
Then Endc(W)a(q) is irreducible as a (g ® g, A(G))-module.

Remark 9.5. Lemmal9.3limplies that the restriction of any finite-dimensional
irreducible Mg-representation to (Mg)g is irreducible. Hence the irreducibil-
ity of indg (V5" ® C_,) as a (g, Mg)-module is equivalent to the irreducibility
as a g-module.
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Proof. By the Mackey isomorphism (see [40, Theorem 2.103]), we have
ind}(Vy @ C_,) @ F* ~ind}(Vy @ C_, ® F™).

Hence ind§(Vy" ® C_,) ® F* has a standard filtration V.. V;/V;_; is of the
form indj(F”), where F” is an irreducible (m @ a, Mg)-submodule of Vy* ®
C_, ® F*. Fact 27 and the assumption imply that V;/V;_; irreducible. Thus
by Proposition 229, ind§ (Vi @ C_,) ® F™* is completely reducible. This shows

(a).
(b) is proved by (a) and the following isomorphism:
indg (V5 @ C_))f, ® F' =~ (indj (V5 @ C_,)) @ F*)j, .
To prove (c), we prepare a few lemmas. ]

In the following lemmas, we retain the notation and the assumptions in
Lemma

Lemma 9.6. There exists an injective map:
¢ : Ende(indg (V5 ® C_,))a) — Ende(1(6,v))a@),
and ¢ is (g ® g, A(Q))-equivariant in the following sense:
P XRY) =Y ® Xp(-).
Proof. Since I(6,v) ~ind§(Vy; ® C_,)j,, we have

Endc([(é, V))A(G) = HOHlC([<57 V)? [<6> V))A(G)
~ Home (1 (6, v) ® indg (V5" ® C_,), 1)a(q)
~ Hom@(indﬁ(v(;* ®C_,),I(9, V);M]R)A(G)'

For the second and third isomorphism, we used the fact that a A(G)-finite
linear map preserves locally-finiteness (see Proposition [[.19)). Since I (6, ) ~
ind§(Vy ® C_,)%, again, there is a natural homomorphism:

indd (V5 @ C_,)) = 1(8, V)5 ps -

By assumption, indg(V; @ C_,) is irreducible, and hence the above homo-
morphism is injective. Thus we have an injective homomorphism:

¢ Ende(indj (V5" ® C_,))ae) — Ende(1(,v)ac)-

This is the desired homomorphism. O
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Lemma 9.7. Endc(indj(Vy ® C_,))a(q) is an irreducible (g @ g, A(G))-
module.

Proof. Fix a set of positive roots A™(m, t) such that —\ is strictly dominant.
Let b be a Borel subalgebra of g corresponding to A*(g,h). Then p :=
—\ — p(m) — v satisfies

2(p + pg, @)
(o, )

¢ {0,—1,-2,...} for any a € A" (g, b).

From Fact 6.9, the functor Home/(indj(C,),-)a() is an exact functor and
preserves irreducibility. Hence Home(indg(C,),ind§(Vy ® C_,))a(q) is ir-
reducible. Since ind§ (V" ® C_,) has the same highest weight as indg(C,,),
ind}(Vy" ® C_,) is a unique irreducible quotient of indj(C,). Thus there is
an injection:

Ende(indg (V5" @ C_,))a@q) — Homg (ind} (C,), indg (V5 @ C_,))a)-
This implies that Endc(indj (V' ® C_,))a(q) is irreducible. O
The following lemma is an analogue of [40, Proposition 7.199].

Lemma 9.8. Let F' be a finite-dimensional representation of G and x be a
infinitesimal character of g. Suppose

Py (indg(Vy",C_,) ® F) = indg(Vy,C_,)) @ C”
for some &' € m, VvV € a* andr € Z. Then we have an algebra isomorphism:
Py o (Endc(indg(Vs', C,))ae) ® Endc(F)) o Py
~Endc(indg(Vy, C_))aq) ® Endc(C").
Proof. 1t is easy to see
Py o (Endc(indg(Vy, C_,))ae) @ Ende(F)) o Py
~P, o Endc(indj (Vy",C_,) @ F)a(e) o Py
~Endc (P, (indg(V5', C_,) ® F))ae)
~Endc(indg (Vy, C_))a(q) ® Ende(C").
O

Lemma 9.9. Retain the settings in Lemma [O.8. Let W be an irreducible
subquotient of 1(0,v). Then W ® F' is completely reducible and

PW®F)~W ®C"

for some irreducible (gr, Kr)-module W'.
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Proof. The completely reducibility follows from the second assertion and
Lemma (a).

Since W®F is an irreducible Ende (indg V5", C_,)) a(¢)@Endc (F)-module,
P (W ® F) is an irreducible Endc(ind§(Vy, C_./))a(e) ® Ende(CT)-module
by Lemma 0.8

Since End¢(C") is a finite-dimensional simple algebra, P, (W ® F') can be
written as W' ® C” for some (gg, Kg)-module W’. By Lemma 0.7 U(g) —
Endc(indg (Vyh, C_.r))a(q) is surjective. Thus W is irreducible as a (gr, Kr)-
module. O

By the lemma, we can see that W' is dependent only on y and, in par-
ticular, independent of F'. Hence W’ can be written as an image of the
Jantzen—Zuckerman translation functor of W.

Lemma 9.10. Let Vi, V5 be finite-dimensional irreducible representations of
MgrAg and F be a finite-dimensional representation of G. Suppose

Homg, 4, (Vi, Vo @ F) # 0.
Then we have Hom(ag)oa, (Vi, Vo ® F) = Hompg, 4, (V1, Vo @ F).

Proof. Recall the homomorphism Ad : Gg — G. Ad(MgrAg) is contained
in a Levi subgroup L with Lie algebra m ¢ a. Since G is connected, L is
connected. Note that we have a canonical isomorphism Hompz 4, (V1, V2 ®
F) ~ Homppa, (VI ® V55, F). If we show that V; ® V;* has an L-module
structure compatible with the diagonal KgAg-action, the assertion follows
because

Homayoa, (Vi @ V5, F)) = Homiga (Vi @ V5, F)
= Hom,(V; ® VJ', F)
C Homppa, (Vi @ V', F)
- Hom(MR)oAR<Vl ® ‘/2*7 F)

By assumption, V; ® V5 has a non-zero MyAg-submodule W with L-
module structure. Since Vi and V;* are irreducible as (m @ a)-modules, we
have Vi @ V¥ =U(m @ a ® m @ a)W. This implies that the diagonal Mg Ag-
action on V; ® V5 lifts to an L-action. O

Proof of (c¢) in Lemma[9- We have constructed an injective homomorphism:

o End(c(indﬁ (V5 ®C_))a@) — Ende(1(0,v))a(e
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in Lemma Then we have a homomorphism:

P Endc(indﬂ(‘/g‘ & (C—z/))A(G) — End(c(W)A(G)
V) W

f - o(f)lw

This is well-defined because Endc(indg (V" @ C_,))a() is generated by id
and ¢(id) = id holds by construction.

By Lemma 0.7, Endc(ind§(V; ®C_,))a(q) is irreducible. Hence it suffices
to show that ¢ is surjective.

We compare multiplicities of each A(G)-type. Take a finite-dimensional
irreducible A(G)-module F. By Lemma (a), the irreducible decomposi-
tion of indg(Vy; ® C_,) ® F' can be written as:

ind§(Vy ® C_,) @ F ~ P ind} (V5 @ C_,,).

By Lemma 0.4 (b), we have
I(6,v) ® F* ~ @ I(6:,15).

Then Proposition gives
Homa ) (F, Endc(W)a(e)) ~ Homg g, (W, W & F7)
C Homy g, (W, I(6,v) ® F™)
~ @D Homy i, (W, (6, 13))-

Similarly, we have

HOIHA(G) (F, Endc(indﬁ (V;;* ® C—u))A(G))
~ P Homy i, (indd (V5 ® C_,,), ind3(V; ® C_,)).

By the proof of Lemma[@.4] (a), Lemma@.I0land the assumption of v, I(d;, ;)
has the same infinitesimal character as [(d,v) if and only if (0;, ;) =~ (6, v).
Thus we obtain

dime Homa ) (F, Ende(W)a(@))
<#{i: (0;,v3) >~ (0,v)} - dimc Homg, (W, 1(6,v))

:# {Z : (517 Vi) = (57 V)}
= diHl(C HOHIA(G) (F, End@ (mdﬁ (‘/5* & Cfu))A(G))- (9101)
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We used the assumption dime Homg, s, (W, 1(6,v)) = 1 for the third line.
Since ¢ is injective, (@I0.J]) implies that ¢ is surjective. This finishes the
proof. O

A typical example of W in Lemma (¢) is a submodule of a spherical
principal series representation generated by a non-zero Kg-invariant vector.
We state a lemma about a relation between principal series representations
and irreducible (gg, Kg)-modules with one-dimensional Kgr-type. The fol-
lowing lemma is a direct consequence of the proof of Harish-Chandra’s sub-
quotient theorem (see [I04, Section 3.5]).

Lemma 9.11. Let § be the restriction of a unitary character (v,C,) of Kr
to Mg, and v be a character of ag. Let V' be a unique subquotient of 1(9,v)
with Kg-type v. Then V is a subquotient of I(§, w(v — p(n)) + p(n)) for any
w e We,.

Proof. By the Harish-Chandra isomorphism, there is an exact sequence (see
[104, Theorem 3.6.6)):

0—U(g)" ™ N U)X — (X)) = U(g)"* = U(a)"e= — 0.

Xet

For two irreducible (gg, Kr)-module V1, V5, if Homg, (C,, V4) is isomorphic to
Homy, (C,, V) as a U(g)**-module, we have V; ~ V5 (see [104, Proposition
3.5.4]). By assumption and the Harish-Chandra isomorphism, we obtain the
U(g)Xx-module isomorphism:

Homye (€, 1(6, 1)) =~ Homg, (Cy, 1(5, (v — p()) + p(n)).
Thus V is a subquotient of (8, w(v — p(n)) + p(n)). O
Remark 9.12. ¢ in the lemma is Wy,-invariant. In fact, d(kmk™!) =

v(k)d(m)y(k)~' = 6(m) holds for any m € Mg and k € N, (ag).

9.3 (¢ @¢,A(G))-module structure

We return to the branching problem of the pair (Gg, G%) (see Section [O0.1]).

We take a minimal parabolic subgroup Q of G as in the previous sec-
tion. Let (e*,Cy) be a unitary character of Kg. We denote by ~y (resp. )
the restriction of e* to K} (resp. Mg). For a character v € a*, we write

W (v) for a submodule of Ig§(57 v) generated by the Kp-type v, and write
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W (v) for a unique irreducible quotient of W (r). Hereafter, we consider the
problem to determine the structure of

Hom@(indﬁ(C,\),W(y))A(G/)
for v € a* satisfying the condition of Lemma [9.4
We will prove the following theorem.

Theorem 9.13. Suppose that 0 and v satisfy the condition of Lemma
and v is generic in some sense (see Theorem[9.33). Then the (¢ ® g, A(G"))-
module Homg (ind$(Cy), W(v)) aer) is irreducible.

Remark 9.14. The proof is divided into two parts: computation of the ir-
reducible decomposition of Homg (ind$(Cy), W(v)) a(en | weg.a(c)); and com-
putation of the (g')*-action on each irreducible component. This is an ana-
logue of the method introduced by T. Hirai to study degenerate principal
series representations of Lorentz groups [23]. A similar method is used in
73], [31, [32], [64], etc.

To prove this theorem, we prepare several lemmas. Henceforth, we assume
that 6 and v satisfy the condition of Lemma 04 For p € (a')*, we denote
by x, the infinitesimal character of I(d, ). We define

A:={p e (a) : C, lifts to a character of L'/M'} .
In other words, A is the set of characters of L trivial on Mj.

Lemma 9.15. We have

Homyg, , (indg (Cy), I(6,v))
=Homy, g, (ind3(Cy), W (v))
i>Homgﬁ%7KR (indg(C,), W(v)).

Moreover, the spaces are one-dimensional.
Proof. The assertion is clear from Lemma because
Homy, g, (ind3(Cy), W) ~ Homg, (Cy, W)
for any (g, Kg)-module W. O

Lemma 9.16. Let p be an element of A and W a submodule of I(0,v).
Suppose that Home(W (v + ), W)y s non-zero. Then we have

Home (W (v + 1), I1(8,v))a)
~Home¢ (W (v + 1), W)aa.-

Moreover, the (¢' & ¢, A(G'))-modules are irreducible.
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Proof. Since there is a natural injection
Home (W (v + 1), W) aery = Home(W (v + 1), 1(6,v)) A,

it is enough to show that Home (W (v + p), 1 (6, v))a(cr) is irreducible.

By Lemma (b) and the Jantzen—Zuckerman translation functor, this
is equivalent to the irreducibility of Home(W (v + ), I(0,v + p1))a). By
the same proof as that of Lemma (c), Home(W (v 4 ), I (0, v + 1)) acery
is irreducible. This finishes the proof. m

Lemma 9.17. Let W be a submodule of 1(9,v). The following (¢’ & ¢', A(G"))-
homomorphism defined by the composition of maps:

Q: @ Homyg, . (indg (Cy), W (v + p)) @ Home(W (v + ), W)aar

HEA
— Hom(c (lndﬁ ((C)\), W)A(G’) .

gives an isomorphism.

Proof. By Lemma [0.15, Homg, k. (indg(Cy), W (v + p1)) is one-dimansional.
Hence the injectivity of ¢ is clear because the infinitesimal characters of
Home (W (v 4+ ), W)a(ery are mutually different and any non-zero element of
Homyg, r, (indg (Cy), W (v + p)) is surjective.

To prove the surjectivity of ¢, we compare the multiplicities of each
A(G")-type. We denote by x,-, the infinitesimal character of I(d,v + pu).
Take an irreducible A(G’)-module F'. Then we have

dim¢ Homa (¢ (F, Dom(yp))
= Z dime Homg, g7 (W (v + p), W @ F¥)
HEA

= Z dime Homg, g7 (W (v + p), Py, (W @ F¥))

HEA

= Z dimc Homg, (C,, Py, ., (W ® F¥))

peA
= dim¢ Homg, (C,, W @ F™)
= dimc Homy, g, (ind§(Cy), W @ F*)
= dim¢ Homa gy (F, Codom(y)).

The third equality follows from W ® F* C €, I (;, ;) (see Lemma 0.4 (b)).
This shows the surjectivity of . O]
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Since indg (Cy) (g, 1z) = U(") @y Co, Home (indg (Cy ), -) a(ary is an exact
functor. The following result is a direct consequence of the above lemma.

Lemma 9.18. Let W be a subquotient of 1(5,v) The following (§' © ¢, A(G"))-

homomorphism defined by the composition of maps:

D EB Homyg, r, (indg (Cy), W (v + p)) ® Home (W (v + 1), W)ace

HEA
— Homc(indﬁ (C)\) W)A(G’
gives an isomorphism.

Proof. The proof of the injectivity is the same as Lemma [0.17

Let p be a quotient map W — W for some submodule W of I (6, ). Then
we have O(f ® g) = po (¢(f ®g)). Since Homg(indg(Cy), -)a(cr) is an exact
functor,

po Hom@(indﬂ ((C/\), W)A(G’) — Homc(indg (C)\) W)A(G’
is surjective. Thus @ is surjective. O]

Corollary 9.19. Let W be a submodule of 1(5,v) and W be a quotient of
W. The natural homomorphism

Home (W (v + p), W) aery = Home (W (v + p), W)a)

is surjective. Moreover, if Homc(W (v + ,u),W)A(G/) s non-zero, the homo-
morphism is an isomorphism and the modules are irreducible.

Proof. The surjectivity is clear from Lemma [0.I8 The second assertion
follows from Lemma [9.16] O]

By the above discussion, we can consider the (g’ @ ¢', A(G"))-isomorphism:
Homc (ind3(C,), W)
~ @ Homyg, r, (indg (Cy), W (v + p)) ® Home(W (v + p), W)a)

HEA

as the ‘K-type decomposition’. For any pu € A, Lemma [0.15] leads to
dimg Homg, 1, (indg (Cy), W (v + 1)) = 1. Hence we identify

Homy, r (ind3 (Cx), W (v + ) ® Home (W (v + 1), W)a(e)
with Home (W (v + u),W)A(G/). Then we have

Homg (ind$(C,), W @ P(Home (W (v + p), W)a@n)-

pEA

We give another ‘K-type decomposition.’
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Definition 9.20. Take ;1 € A. Then there is a finite-dimensional representa-

tion F' of G' such that P, , (W (v)®F) # 0. By Lemma[@.9, P, (W (v)®F)
is a direct sum of some copies of an irreducible module. We write W, (v + p)
for the irreducible module.

By Lemma @9, W, (v + p) does not depend on the choice of F. Re-
mark that W, (v + p) is an irreducible subquotient of I(d,v + ). Hence
if W, (v + p) has the Kg-type v, W, (v + p) is isomorphic to W (v + u).

By definition, Home (W, (v 4 1), W(v))a(gry is non-zero. More precisely, the
following lemma holds.

Lemma 9.21. Hom¢ (W, (v 4 i), W(v))aqry is non-zero irreducible.

Proof. Using the Jantzen—Zuckerman translation functor, we can assume p =

0. Since Home(W (v), W (v))a(c) is embedded in Home (W (v), W (1)) accr,
Corollary gives the assertion. O

Lemma 9.22. The following (g’ & ¢', A(G"))-homomorphism defined by the
composition of maps:

o @ Homgk’Kﬁ{(indﬁ(Ck),Wy(V + 1)) ® Home (W, (v + p), W(V))A(G/)

HEA

— Hom@(indﬂ(CA),W(V))A(G,)
s an isomorphism.

Proof. As in the proof of Lemma [0.17 the injectivity follows. We compare
the two A(G')-type decompositions. Take a finite-dimensional irreducible
representation F' of A(G’). Then we have

dime Homa ) (F, Dom(¢"))
= Z dimg Homg, g/ (indg(Cy), W, (v +pu))

HEA

- dim¢ Homg 7 (W, (v + p), W(v) @ F*)
= dim¢ Homg (C,, W(v) @ F*
= dim¢ Homp ¢y (F, Codom(¢")).

This shows the lemma. O]
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9.4 g ?-action

In the previous section, we have obtained the ‘K-type decomposition’ of

Home(indg (Cy), W (v))a(ar)- In this section, we study the g=?-action on each
‘K-type’ ¢'(Homc (W, (v+ ), W(v))a))- Recall that (g, g’) is a symmetric
pair determined by o. Then g~ is equal to g'~.

We define

Ay :={p e A:Homg (C,, W, (v + ) # 0}
={peN:W,(v+p) =Wr+p}.

For each p € A, we fix a non-zero element

®,4, € Homyg,r g (ind§ (Cy), W (v + 1)),

and identify Homgy g, (indg(Cy), W (v + p)) with C. Then the isomorphism
in Lemma [9.22] can be rewritten as

¢+ D Home(W (v + 1), W(¥))a() — Home(ind§(Cx), W (1)) ae),

and
¢’ (Home (W (v + ), W () aery) = Home (W (v + 1), W(v) aar) © Putp
where o means the composition.

Lemma 9.23. Let u, 1/ € A. Then we have

Home (W, (v + 1), W, (v) aary © Home (W, (v + p+ 1), W (v + 1)) ager)

=Hom¢ (W, (v + p+ 1), WV(V))A(G’)'

Proof. By the definition of W,(-), there exists a finite-dimensional A(G')-
module F such that W, (v + u) is a direct summand of W, (v) ® F. This
implies that there exists an injective map in Home (W, (v + p), W, (v)) a-
Hence the left hand side of the desired equation is non-zero.

By Lemma @.21] Home (W, (v + p+ 1), W, (v))aery is irreducible. This
shows the assertion. O

Remark that for 4 € Ay, A1, +p = A, holds. Then putting A}, := A, +v,
we have A = A}, for any p, u' € A, and

for any v/, V" p e Al
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Lemma 9.24. Let u € Al,. Suppose

Ug@g)g 0, = P ¢ Home(W,(u+ ), Wa(1)aw))
a€D(u)

in Home (ind (Cy), W (1)) a(cry for some subset D(u) C A,. Then we have

giaSOI(HomC(WV(M%WU(’/))A(G’)>
= P ¢Home(W, (1 + ), W, (1) a@)-

a€D(u)

Proof. ¢’ is the restriction of the following homomorphism defined by the
composition of maps:

Homge (ind§ (Cy), W, (1)) aery ® Home (W, (1), W,/(I/))A(G/)
— Homc(indﬁ (C)\),W,,(V))A(GI).

Hence we have

=Homc (W, (1), W,(v))a@ © (677®,)
=Home (W, (1), W,,(v))ar) © @ Home (W, (11 + @), W, (1)) a@r) © Ppta
a€D(u)
= @ Home (W, (1 + @), W, (V) ac © Puta
a€D(u)
— @ @' (Home (W, (11 + @), W, (v)) a@n)-
a€D(u)

We used Lemma[9.23] to show the third equality. We have proved the lemma.
[

By the lemma, to see the g~7-action, it is enough to study the decomposi-
tion of U(g' @ ¢')g~?®,,. Since the decomposition depends only on i, we can
assume p = v. The decomposition of U(g' @ ¢g')g~ 7P, in the lemma always
exists.

By definition, o € D(v) holds only if W, (v + «) is a direct summand of
W,(v) ® g=°. We denote by Dy the set of weights of a’ in (g=?)™&. Then
we have D(v) C Dy C A by the proof of Lemma (a) and (b). We will
determine the condition in which D(v) is equal to Dy N A,,.
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Lemma 9.25. Let {X;} be a basis of g=7 and {Y;} be the dual basis of {X;}
with respect to the Killi@form_. Put @/, = Zm ® X;®,. For X € g7,
define tx : Home (g7 @ W(v), W(v)) by

ix(a®@w) = (X,a)w fora € g~7 and w € W(v).
Then we have

@), € Homg r; (indg(Cy), 077 ® W(v)),
tx € Home(g™7 ® W(u),W(u))A(G/),
txo® =X,

The proof of the lemma is straightforward. From the above lemma, it is
enough to determine the image of ®;,. Since ind§(Cy) ~ U(g') Q) Cs, P,
is reproduced by the value at 1 € C,. Then we will compute @/ (1) using a
good basis of g~°.

We fix ¥, € Homy g, (indj(Cy), W(v)), define ¥, by the same way as
¢’ and define

D'(v) :={a € A: Homg, g (U(g") (1), W (v +a)) #£0}.
Since the quotient map induces the following surjection:
Homp (C,, U(g") ¥, (1)) — Homy, (C,,U(g") P, (1)),

we have D'(v) N A, = D(v).

9.5 Root decomposition

To see the structure of D'(v), Dy, we review the root decomposition of g (see
[13, Part II]). The root decomposition comes from the structure theory of
Jordan algebras and Jordan triple systems. Jordan algebras and Jordan triple
systems are used in the study of degenerate principal series representations
[30, 31, [75], [81], [90, O1]. Following them, we prepare notations.

We define 5(X) := ¢(X) for X € g. Fix a maximal abelian subspace
tr of €. Since the characteristic element H belongs to \/—_1%", we have
H € t. This implies that tg is a maximal abelian subspace of gg?. Then
for any o € A(g,t), go is o-stable. We fix a set of positive roots AT (g, t)
containing A(p,, t).

For two roots «, 8, we will say that a and [ are strongly orthogonal if
a £+ 3 are not roots. We take a maximal set of strongly orthogonal roots

{B1, P2, ..., 0:} T Apy,t) as follows:
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(i) p1 is the highest root in A(p,,t);

(ii) for each ¢ > 0, f3; is the highest root in the roots that are strongly
orthogonal to f1, B, ... Bi_1.

Then A’s have the same length. For each 1 < ¢ < r, we choose an element
Xz‘ € <p+)gi such that Q(Xz,O'(Xz)) = (51,50 Put Y; = O'(XZ‘), HZ = [X“Y;]
Then {X;,Y;, H;} is a sly-triple.
Define
H}:=X;+Y; € pg,

1
X =s(H+Y; = X;) € V—1gg°,

2
1
Y/ = SUHi =Y+ X;) € v-1gg”,
ap = @ R(X; +Y5).
1<i<r

Then aj is a maximal abelian subspace of p, and {X/, Y/, H/} forms a sly-

triple. We define v; € (a')* by v;(H}) = 2d;;. Then X is in (g77),, and Y] is
in (g77)_-,. We replace ap in the previous section by this ap , and define a
lexicographical order in (aj)* by the following ordered basis

Y>> Y2 > > Ve
We take N determined by this ordering.
Lemma 9.26. X'’s and Y'’s are Mg-invariant.
Proof. By definition, we have
[H, H] = [H,X; +Y]

=X;— Y

=X+ Y.
Since [H, H[] is Mpg-invariant, so is — X! + Y/. X! and Y; have mutually
different weights of a’. Thus X"’s and Y"’s are Mp-invariant. O

The root system A(g,a’) is of type C, or BC,. More precisely, the fol-
lowing fact is known (see [13, Proposition 11.2.1]).

Fact 9.27. A(g, ') is of the form:

T £
{%:1§i,j§r}\{0} or

tv; £ i o
{%71%1S%]§T}\{0}
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By the classification [13, Part II, Table 5], we can see that A(g’,a’) is of
type B, or BC, if A(g,d’) is of type BC,, and A(g’,a’) is of type A,_1,C,
or D, if A(g,a’) is of type C,. Therefore, if A(g/,a’) is of type A, 1, the
Wy, -orbits on {+v;: 1 <i<r}are {y;:1<i<r}and {—y:1<i<r},
otherwise {£7; : 1 <i < r} contains one W, -orbit.

In our setting, g is either semisimple or reductive with one-dimensional
non-compact center. In the first case, g~ is irreducible, and in the second
case, g7 is a direct sum of non-isomorphic two irreducible submodules as a
g-module. Summarizing these facts, we have

Lemma 9.28. The following conditions are equivalent:
(a) A(g', ) is of type A,—y;
(b) g7 is a direct sum of non-isomorphic two irreducible submodules.

Proof. If A(g',a’) is of type A,_1, (§77),, and (g~7)_,, are contained in
(g=7)MeNe. Hence (b) follows.

Assume (b). Then g has a one-dimensional non-compact center. Hence
{£7: : 1 <i < r}isdivided into at least two Wy, -orbits. This implies (a). [

Lemma 9.29. For any i, (§77)+, are one-dimensional.

? is an irreducible g'-

Mg Ny |

Proof. Assume A(g',d') is not of type A,_;. Then g~
module. By the explicit root decomposition, (g~7),, is contained in (g~7)
Since g~7 is an irreducible g’-module, (g77),, is one-dimensional. Since
the Wy -action on {£7;} is transitive, this implies that (g77)i,, is one-
dimensional for any 7.

For type A,_1, we can apply the same discussion to each irreducible sum-
mand of g“. O

Lemma 9.30. We have

D\ {0} ={£v;: 1 <i<r},

where Dy is the set of weights in (g=%)Me and A is the set of characters of

L trivial on Ad(Myg) (defined in the previous section). In particular, as an
additive group, A is generated by Dy.

Proof. We prove that for each o € A(g™7,a')\ {£7;: 1 <i <r}, (g_")yﬂ% is
Z€ro.
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For each i, we define g; := exp(mv/—1lad(H])). Let ¢; : SL(2,C) — Int(g)
be the homomorphism determined by the sly-triple {H/, X!, Y/}. Then we

AR

have ¢;(—1I) = g;. This implies that g; is an element of G'NInt(gr) = Ad(G),
and hence Ad(Mg). Take v € A(g™7, ')\ {£7:}i_o and X € (g77),. By Fact
027, « is equal to (£v; £;)/2 or (£7v;)/2 for some i # j. Hence we have

g = exp(rv—1a(H])) = —1.

This shows (g_")(])\f[R = 0.
It is obvious that A contains @, ., Z~; because Dy is contained in A.
The above discussion shows the converse inclusion. [l

9.6 Computation of D(v) and D'(v)

Using the results in the previous section, we will compute D'(v) and prove
the main theorem .13l To do so, the following lemma is useful. Recall

D'(w)\ {0} € Do\ {0} = {£vyi:1<i<r}.
Lemma 9.31. —vy; € D'(v) if and only if
(W, (1)(e), X1) # 0.
If A(g',d') is of type A,_1, the same statement holds for ,.
Proof. Recall

D'(v) = {o& € A: Homg, g (U(g") W, W(v+a))}.

We consider the projection p: g=7 ® I(d,v) — I(d,v — 1) and the following
isomorphism:

L9 7 @I(0,v) = C%(Gr/Qr, Gr g (G, ®Cy @ 1) ©977)) i

Then under this isomorphism, the projection p is induced from the quotient
map

p/ . g—a — ]-Mf{ ®C_71 (29 1N1{R'
Then we have

X @ f)(e) = p' (X @ f)(e)).
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for any f € I(§,v) and X € g=°. Since «(X ® f)(g9) = Ad(¢ ) (X) ® f(g)
for g € G, we obtain

X @ f)e) =p (X ® f)(e)) = p'(X & fle)) = (X, X))Y] ® fe).

Since W/, is a relative Kp-invariant in (g7 ® W(v)), p(¥) is non-zero if
and only if p(U!)(e) is non-zero. This implies that —y; € D'(v) if and only
if

(W, (1)(e), X1) # 0.
The proof for type A,_; is the same. O
By the above lemma, we can see

Lemma 9.32. —v; € D'(v) if and only if

(’4’71) + ()‘761) 7&0

(7)) (B, Br)
Suppose A(g',d') is of type A,_1. Then ~y, € D'(v) if and only if

v A, By
V) (A Br) £0.

(v ye) (Brs Br)
Remark 9.33. The value of (A, 5;)/(B;, 5;) is independent of i. This is be-
cause the Weyl group acts on {; : 1 < i < r} transitively and ) is a character
of €.

Proof. To compute U/, we take a basis of g~7 such that each vector is weight
vector of a’. Then we have

(W, (1)(e), X1) = =W, (X - 1)(e).

Since p? ®p. =p~7 @ p,, we have

X{ = S+ 00XD) + 5 (X — 0(XY))

2
1 1
= §(X{ +Y/) + §(X{ - Y/)
1 1
SV = (2,55 = Y)] (mod py)
1 1
= 5(X{ +Y))+ EH{.
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Hence we obtain

U, (X7 1)(e) = %H{\I/y(l)(e) +Vv, <%(X{ +Y/)- 1) ()
=y )0+ g, 0)0)
_ @) g e s A8
B (71,71)%<1>( )+ (61,51)%(1)< )
This shows the assertion. O

Recall D(v) = D'(v) N'A,. To know the structure of D(v), let us study
A,. We define

A_::{Zmi%EA:m1§m2§"'§mr§0}'

1<i<r

By Fact 0.27] any element of A~ is the lowest restricted weight of some
irreducible G’-module.

Lemma 9.34. There exists an element w € Wy, such that W(v) is an
irreducible submodule of I(d,w(v — p(n)) + p(n)). Moreover, for such w,
A, +w (A7) is contained in A,

Proof. By the Casselman subrepresentation theorem, W () can be embedded
in 1(8,1') for some &, 1/'. Since W (v) has the one-dimensional Kj-type 7, ¢’
is isomorphic to §. As in the proof of Lemma [.11], comparing two U (g’) -
actions, we can take an element w € Wy, such that v/ = w(v — p(n)) + p(n).
This proves the first assertion.

Since W (v) is isomorphic to W(w(v — p(n)) + p(0)), Aww—pm)+pm) =
w(A,) holds. Hence we can assume w = e. Then W, (v + p) is an irreducible
submodule of 7 (6, v+ u) for any p € A. Take « € A~. Then I(1, «) contains
a unique spherical finite-dimensional representation . We take non-zero
¢ € FKz,

Take € A,. Then W, (v + ) = W (v + p) holds. Since any function of
I(0, v+p) is real analytic, ¢-W (v+pu) is a non-zero subspace of I (6, v+ p+«)
and has the Kg-type 7. Hence FF @ W (v + ) contains W (v + p + «). Thus
we have

W,v+p+a)=WEw+p+a)=W(+u+a).

This shows a4+ p € A,. O
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Theorem 9.35. Suppose that § and v satisfy the condition of Lemma [9.7,
and suppose

L0 = o) o)) | (B

(71.m) (B, B1)
for any w € Wy . Then Home(ind§(Cy), W(v))ar is irreducible as a
(¢ © g, A(G"))-module.

Proof. For simplicity, define w oy := w(p — p(n)) + p(n). We assume that
A(g',a') is not of type A,_;. For the case of type A,_1, the proof is the same.

First, we show D(u)\ {0} = (Do\ {0})NA, for any p € A),. Take p € Al
By assumption, we can apply Lemma to wo p for any w € Wy, . Then
we have D'(w o p) 3 —7;. From the following relation:

w(D(p)) = D(w o p) = D'(w o 1) N Aoy,
—1 € Ayoy if and only if —y; € w(D(u)). This implies that —w™!(y1) €

D(p) if and only if —w™"(71) € A,. Thus since Wy, acts on {£v,: 1 <i <7}
transitively, we obtain

D(\ {0} = (Do\ {0}) (1 A, (9.35.2)

For p,p/ € A, p is said to be adjacent to u' if y/ — p € D(u) holds.
By (@35.2)), we can see that u is adjacent to u' if and only if p' is ad-
jacent to pu. Then there is a bijection between the set of submodules of
Homg (ind$(C,), W (v)) a(er) and the set of connected components of A, with
respect to this adjacent relation. Hence A/ is connected if and only if
Homg (ind§(C,), W(v)) aer is irreducible.

Take p,p/ € A, We show that p and g/ are in the same connected
component. By Lemma [0.34] there exists an element w € Wy, such that
p+ w(A~) and p/ + w(A~) are contained in Al,. By the definition of A~
i+ w(A™) is contained in one connected component. We can assume w = e.

We prove that (u+ A7) N (¢ + A7) is non-empty. Replacing pu by p— 1/,
we can assume that g/ = 0 and g belongs to A. Write

M= Z Ci%i
i=0

for some ¢; € Z. For convenience, we set ¢, = 0. We define

i
a; == E max(c; — ¢j11,0),
Jj=1
T
Q= E a; ;-
i=1
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Then it is clear that « € A~ and u + o € A™. This implies p + o €
(u+ A7) N A~. We have proved the theorem. O

Using the Jantzen—Zuckerman translation functor, we obtain the following
corollary.

Corollary 9.36. Let F' be an irreducible unitary representation of Kr in the
good range with respect to q, and let (5, Vs) be an irreducible subrepresentation
of Flay. Suppose that ¢(€) acts on F by a character \. Assume that A, 6
and v € (a')* satisfy the condition of Lemma and Theorem [9.33. Let W
be an irreducible subquotient of I(6,v). Then Home(indg(F), W) is an
irreducible (g ® g, A(G"))-module.

Proof. Let G be a simple-connected connected algebraic group with Lie al-
gebra g and Gy the real form of G corresponding to gg. Then there are
surjective homomorphism:

GR%GEQ.

The image of a subgroup of Gr under the above homomorphism is denoted
by the same Roman alphabet with tilde such as Gf.

We denote by x; (resp. x}) the infinitesimal character of indg(F) (resp.
I(6,v)). As in the proof of Theorem [6.1] there exists a unitary character C,
of Kg in the good range such that C_, ® F' reduces to a representation of
Kgr. Hence we can take a finite-dimensional irreducible G-module V and a
infinitesimal character s such that

T (ind8(C,)) = Py, (V @ ind$(Cy)) = ind?(F).

Since Vs ® C_, reduces to a representation of M , there exist a finite-

dimensional irreducible G’-module V’, an infinitesimal character x, and v/ €
(a/)* such that

TN (I(a,v')) = Py (V' @ I(a,1/) = 1(3,v).

In this setting, Home¢ (V, V') is an irreducible (¢’ & g, A(/C?))—module, and
has a non-zero Mp-invariant vector. Hence Home(V, V') is a (¢’ & g, A(G"))-
module. Thus Homg¢(V, V') defines the translation functor T&j’g)) in the

category C(g’' @ g, A(G")). This implies that Home(indg (F), W)a(er) is irre-
ducible if and only if Home(ind§(C,), T;C,E(W)) A(cr) 1s irreducible.
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Considering the action of g; defined in Lemma [0.30l on M}-invariant vec-
tors, we obtain

(w(' =v),m)  (a=AB)

+ + ez
(71,m) (B1, B1)
for any w € Wy, . Therefore, Theorem [9.35] shows the assertion. O

By the above corollary, we obtain the following results.

Corollary 9.37. Retain the setting in Corollary [236. Then the U(g)® -
module Homy re; (indg (F'), W) is irreducible.

Corollary 9.38. Let F' be an irreducible unitary representation of Kg in the
good range with respect to q. Let m denote the algebra homomorphism of U(g)
defining indg (F). Then we have

PLdeg(r(U(g)%)) = Ma, (indS(F)) = My, (F),

where indg (F) is the Hilbert completion with respect to an invariant inner
product.

Proof. The first equation is proved by Corollary 0.37] [7.12] and [7.13]
For an irreducible unitary representation o of M, Proposition leads
to

Homy, g (indg (F), I(6,v)) =~ Homgy (F, 1(5,v))
~ Homyy, (F,9).

Since I(d,v) is irreducible for generic v by a theorem of Bruhat (see [38|
Theorem 7.2]), this and Corollary [.12] imply

M, (indS(F)) < My (F).

Since Homg, g, (indg(F), I(d,7)) is an irreducible U (9)%-module for generic
v, Proposition shows

PLdeg(m(U(g)%)) = Mag (F).
Therefore, the second equation holds. O

10 Application: classification of multiplicity-
free holomorphic discrete series represen-
tations

In this section, we classify multiplicity-free restrictions of holomorphic dis-
crete series representations with respect to symmetric subgroups.
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10.1 Setting

Let G is a connected real simple Lie group of Hermitian type with Cartan
involution #. Assume that Gy is a subgroup of simply-connected connected
complex simple Lie group G with Lie algebra g. Put Ky := G%. Take an
involutive automorphism ¢ of G commuting with 6.

As in Section B3] fix a characteristic element H € /—1c(€), and con-
struct subalgebras q,q,p,,p_. We fix a unitary character ¢ of Ky such that
2(¢,a)/(a,a) = 1 for a unique non-compact simple root o € A(py,bh). For
an irreducible unitary representation F' of Ky with infinitesimal character A,
we define

Zna(F) = {2 € Z (A + p(p),) < 0 for any a € Aps, )},

Zsin(F) = {z ez 2ATrli).0) {1,2,...} for any a € A(p, h)} ,

(@, q)

and let L(F) denote a unique irreducible submodule of pro§(F).
Summarizing the results in the previous sections, we obtain

Theorem 10.1. Let Mg denote the centralizer in Kg of a mazimal abelian
subspace ap C pr?. For an irreducible unitary representation F' of Kg, the
following conditions are equivalent:

(a) Mag(prog(F ® C.)) =1 for any z € Zpa(F);

(b) Mgg(prog(F ® C.)) =1 for some z € Zpa(F);
(¢) Mao(L(F®C,)) =1 for any z € Zpin(F);
(d) My, (F)=1.

Proof. Note that G is connected in the above settings if (ggr,gr’) is of
holomorphic type. If (g,g”) is of holomorphic type, the equivalence of (a),
(b) and (d) has been proved in Corollary [3.39] and the equivalence of (a) and
(c) has been proved in Theorem [4.121

Assume that (g, g?) is of anti-holomorphic type. Note that Mg is equal
to the centralizer in K7 of some maximal abelian subspace of pg. In fact,
[H, ap] is a maximal abelian subspace of pg, and Zyg ([H, ap]) = Zkg (o).

Corollary shows the equivalence of (a), (b), (d). We denote by 7 the
representation map of prog(F ® C.¢). We use Theorem E7l The condition
(c) is equivalent to the condition that 7. (U(g)¢") is commutative for any z.
The condition (a) is also equivalent to the same condition. Thus (a) and (c)
are equivalent. O

Remark 10.2. The theorem holds for the universal covering of Gg.
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10.2 Classification

Using Theorem [I0.1] we classify multiplicity-free restrictions of holomorphic
discrete series representations with respect to G§.

Theorem 10.3. Let H be a holomorphic discrete series representation of

Gg. Put F = HY.

Then H|Gﬁ§ 1s multiplicity-free iof and only if F' is one-

dimensional or the highest weight of F|gyg belongs to A(o) in Table[2.

Remark 10.4. The multiplicity-freeness for special cases are known:

e dimc(F) =1 (by T. Kobayashi [44] 50] (Fact [L]);

* (gr, 0g)
3.1]);

® (gr,0r) =

(su(p, q),

(s0(2,n),50(2,n — 1)) (by Jakobsen—Vergne [29, Corollary

u(p —1,q)) (by T. Kobayashi [52, Theorem 8.10]).

Remark 10.5. The classification of irreducible symmetric pairs was obtained
by M. Berger [2]. We refer the reader for the table to [47, Table I, II].
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or g% | £ | st. A(o)
su(p,q) | su(pr,q1) +su(ps, ¢o) +t| h | O (Pita=1p+q—1)any
(P1+ @ =2,p+q—2) mw;

wi, mw;(i=1,px1l,p+qg—1)

so(p,q) | a w;

(/2 q/2) | a mw;(i=1LpEtlp+qg—1)

su(n,n) 0*(2n) | h w;
5p(n R) | h (n =2) any

(n < 4) mw;

mw;(i=1,n+1,2n—1)

sl(n,C)+R [ a | O (n =2) mw;

wi, mwi(t=1,n+12n—1)

50%(2n) s0*(2p) + s0*(2n—2p) | h | O (min(p,n — p) = 1) mw;
Wa, Wn

ul(p,n—p) | h | O mw;(i = 2,n)

(n =4, p:odd) mw;(i = 2,3,4)

so(n,C) | a Wa, W,

su*(n) +R | a| O mw;(i =2,n)

s0(2,n) s0(2,p) +so(n—p) | h (p=n—1) any
(n:odd) wy

O | (n:even p = 0,1 — 2) mwy, mws

(n:even) wy, wy




gr g% | £ | st. A(o)

so(1l,p) +so(l,n—p) | a the same as above

w(l,n/2) | h| O mw; (i =1,2,n/2)

sp(n,R) | sp(p,R) +sp(n—p,R) | h (min(p,n — p) = 1) mw;

Wa, Wp,

up,n—p) | h| O w;

sp(n/2,C) | a W, W,

sl(in,R)+R | a| O w;

€6(—14) 50(10) +t| h| O Mwe
s0*(10)+t| h| O
50(2,8) +t| h| O

su(5,1) +sl(2,R) | h none

su(4,2) +su(2) | h none

f4(—20) a mwsa, Mws

sp(2,2) | a We

€7(—25) e6(—78) + t| h| O none

eg—14) +t | h O none

50(10,2) +sl(2,R) | h none

s0*(12) +su(2) | h none

su(6,2) | h none

es(—2) + R | a| O none

su*(8) | a none

Table 2: the classification of multiplicity-free restrictions
of holomorphic discrete series representations

The symbol t (resp. R) means that the Lie algebra has the one-dimensional
compact (resp. non-compact) center. The circle of the column with title ‘st’
means that its classification can be reduced to the Stembridge classification,
that is, G has a one-dimensional center. The column with title ‘+’ means
that if the value is ‘h’, the symmetric pair is of holomorphic type, and if the
value is ‘a’, the symmetric pair is of anti-holomorphic type. w’s are funda-
mental weights corresponding to simple roots given later. mw; means that
mw; is in A(o) for any m.

In [96], Stembridge classified multiplicity-free restrictions of irreducible
finite-dimensional representations with respect to Levi subgroups. If G§
has a one-dimensional center, G° is a Levi subgroup of G. Therefore, by
Theorem [I0.1], the desired classification for the case is immediately obtained
from Stembridge’s classification.

The following two propositions are useful to prove the theorem.
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Proposition 10.6. Let o’ be an involutive automorphism of Gg. Assume
that G° and G are conjugate in G. Then A(o) = A(c’) holds.

Proof. The assertion is a direct consequence of Theorem IOl O

The proposition asserts that the classification is independent of a choice
of real forms.

Proposition 10.7. Let prog(F) be the underlying Harish-Candra module of
a holomorphic discrete series representation of Ggr. Suppose that (Gr, G§) is
of holomorphic type (see Section[327]). Then prog(F)|ge ko) is multiplicity-

free if and only if pro%ZZ(F)\Koa is multiplicity-free.
Proof. Since p, /p% ~ p%, Fact shows the proposition. m

Remark 10.8. The reduction to the K-type formula of the associated sym-
metric subalgebra g% is used in the proof of the Hua-Kostant-Schmid-
Kobayashi theorem [44, Theorem C] (see also [52, Theorem 8.3 and Lemma
8.8]).

By the proposition, we can reduce the classification for symmetric pairs of
holomorphic type to the K-type case of g’?. As mentioned above, the classifi-
cation of K-type multiplicity-free holomorphic discrete series representations
is obtained from Stembridge’s classification.

Lemma 10.9. Let A" be the set of dominant integral weights of €y, := [€, €].
IfXE Ao), A+ AT)NA(o) =0 holds.

Proof. Take i € AT™. We can take z, 2’ € C such that A+ z¢ and pu+ 2'¢ are
dominant integral weights of G. For a dominant integral weight v of GG, we
denote by F'“(v) the finite-dimensional irreducible representation of G.

By Theorem 0.1 and the assumption A ¢ A(o), replacing z by larger
one, we can assume that F'%(\ + z()|gs is not multiplicity-free. Fix a Borel
subgroup B = TN of G (since G is simply-connected and connected, G is
connected), where NN is the unipotent radical of B.

We take a non-zero T-weight vector v € F%(u+2'¢)"N. Then by the Borel-
WEeil construction, the multiplication of two sections induces a T-module
injection F¥(\ 4+ 20)N @ Cv — FEN+ pu+ (2 + 2)O)N. Since FE¢(A + 2() is
not multiplicity-free, this implies that F'¢(A+pu+(2+2")¢) is not multiplicity-
free. Therefore, we have A + p & A(0). O

Remark 10.10. A similar result for a tensor product of two finite-dimensional
irreducible representations is used in Stembridge’s classification [96, Corol-
lary 2.10].
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For fundamental weights, we can easily check the condition w; ¢ A(o)
because for classical cases, the corresponding finite-dimensional irreducible
representation F'“(w;) can be realized in the exterior product of a natural
representation.

Lemma 10.11. Assume rankg(gr) = rankg(g%’). Then we have A(o) C
A().

Proof. By assumption, a, is a maximal abelian subspace of pg, and Zkg (ap) C
Zk,(ap) holds. Therefore, Theorem [I0.1] shows the assertion. O

Since the set A(f) can be computed by Stembridge’s classification, we can
narrow candidates of A(o).

10.3 Proof of Theorem 10.3

Let A* be the set of all dominant integral weights of [¢, €]. We identify the
restriction of a fundamental weight w; with w;. For A € AT, we denote by
M, (X) the underlying Harish-Chandra module of one of holomorphic discrete
series representations with highest weight A + 2¢. We write F'()\) for the p_-
invariant part of My(A).

10.3.1 gr = su(p,q)
The Dynkin diagram of g is as follows:

a1 2 Optq—2  Opig-1

, and «, is a unique non-compact simple root.

g% = so(p,q) Assume p < ¢q. Mg is isomorphic to O(1) x O(1) x --- X
O(1) x SO(g — p), the direct product of SO(¢ — p) and p copies of O(1).
By a straightforward computation for A"(C?) and A'(C?), we have A(o) D
{wi : 1 <i<p+q,i+#p}. By theexplicit branching laws for (U(n), U(n—1))
and (U(n),0(n)), F&(w; + w;)|a is not multiplicity-free for any 7, j. Thus
we obtain

ANo)={wi:1<i<p+gq,i#p}.
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g% = sp(p/2,q/2) My is isomorphic to Sp(1) xSp(1)x---xSp(1)xSp(g—p),
the direct product of Sp(¢—p) and p copies of Sp(1). By a direct computation
for A'(CP)|as, and A'(C?)|rs,, we have

wi€ANo) <= i=1,ptl,p+q—1

It is easy to see that w; +w; € A(o) ifi,j C{l,pE1l,p+q—1} and i #j
by an explicit computation. This implies

Ao) C{mw;:i=1,p+t1,p+q—1}.

Since mw; for i = 1,p+ 1,p+ g — 1 is isomorphic to a symmetric product
of a natural representation, it is easy to see that their restriction to My are
multiplicity-free. Then we obtain

ANo)={mw;:i=1px1l,p+q—1}.

g% = s0"(2n),p = ¢ = n  We divide the highest weight A into two parts
A1, Ay corresponding to €5 = su(p) @ su(q). By Proposition [0.7, My(A +
A2)|ge is multiplicity-free if and only if Moo (A1) ® Moo (A2) is multiplicity-free.
By Stembridge’s classification, we have A\ = w;, Ay = 0 or Ay = 0, A2 = wj;
for some 1.

g% = sp(n,R),p = ¢ = n In this case, we can do the classification by the
same way as the case g§ = s0*(2n).

10.3.2 gg = s0%(2n)

The Dynkin diagram of g is as follows:

Oag
(@] o L O o
aq as Qn—1 Qn

, and «a; is a unique non-compact simple root.

g% = 50" (2p) + s0*(2n — 2p)

min(p,n — p) # 1 case. Using Proposition [I0.7, we reduce the classification
to the case of (gg, tr) = (su(p, q), su(p) + su(q) + t).

min(p,n — p) = 1 case. In this case, s0*(2p) ~ u(1) or s0*(2n — 2p) ~ u(1).
Thus we have A(H) = {mw; : i € {2,3,...,n}} by Stembridge’s classi-
fication.
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g% = s0(n,C) Since rankg(gr) = rankg(g3’), A(c) C A(6) holds by Lemma
MO.I1l In this case, Mg is a maximal torus of SO(n). Hence it is easy to see
that A(o) = {ws, w, }
10.3.3 gr =s0(2,n)

If n is odd, the Dynkin diagram of g is as follows:

O<<—o0 O O

51 a2 Q1 £9)
, where [ = (n+1)/2. ¢y is a unique non-compact simple root.
If n is even, the Dynkin diagram of g is as follows:

Ooé2

(e} o L O o
a1 s ap—1 o

, where [ = n/2 + 1. ¢ is a unique non-compact simple root.

9% = 50(2,p) +so(n —p)
p=0or p=mn—2 case In this case, the classification is reduced to Stem-
bridge’s classification.

p=mn —1 case Using a well-known fact that the restriction of any irre-
ducible representation of SO(n + 2,C) with respect to SO(n + 1,C)
is multiplicity-free. Therefore, we have A(o) = A™.

p#0,n—2,n—1 case Since rankg(gr) = rankg(g%’), A(c) C A(6) holds
by Lemma [I0.11l Hence we have

Ao) { {wi} if n is odd

{mwy, mwy} if n is even

By straightforward computation, the assertion follows.

g% = so(l,p) +so(1l,n — p) The classification is the same as above by
Proposition [10.6

10.3.4 gr = sp(n,R)
The Dynkin diagram of g is as follows:

O — O ) O

a1 a2 Qn—1 Qn

, and aq is a unique non-compact simple root.
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9% = sp(p,R) + sp(n — p,R) By Proposition 0.7, the classification is the
same as (gr, %) = (s0*(2n),50%(2p) + s0*(2q)) case.

g% = sp(n/2,C) The classification is the same as above by Proposition [0.0

10.3.5 IR = €6(—14)
The Dynkin diagram of g is as follows:

o— O

@] o
a1 asg (7} as Qg

, and aq is a unique non-compact simple root.

g% = su(5,1) +sl(2,R) Since rankg(gr) = rankg(g3?), A(c) C A(#) holds
by Lemma 0.1l Thus we have A(c) C Zsows. Note g% ~ s0*(10) + t.

Consider A = wg. We compute the branching law using Proposition [0.7]
We can see that progzZ(F K(we))| k- is isomorphic to

P F* ((a,a,b,b,0)) & (F¥7((1,0,0,0,0)) & F¥*((0,0,0,0,-1)))
a>b>0
and this is not multiplicity-free. Therefore, we have A(o) = {0}.

g% = su(4,2)+su(2) The classification is the same as above by Proposition

110.6l

g% = fa(—20) In this case, Mg is isomorphic to Spin(7). Computing explicit
branching laws for (Spin(10), Spin(7)), we have the classification.

0% = sp(2,2) Since rankg(gr) = rankg(g3’), A(c) C A(#) holds by Lemma
M0.I1l Hence A(o) C {mws}. Mg is isomorphic to Sp(1) x Sp(1). It is easy
to see that F(we)|ar =~ C¥|ps is not multiplicity-free.

10.3.6 IR = €7(—25)

The Dynkin diagram of g is as follows:

[¢] O o ©] (0] O

, and a7 is a unique non-compact simple root.
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g% = 50(10,2) +sl(2,R) By Proposition [0.7, we can reduce the classifica-
tion to the K-type decomposition for g = eg. g3’ N €y = 50(10) + t is a Levi
subgroup of £;,. Consider (&s)c = ¢s = p’, @ €7 @ p’_ and the p,-action on
F(X). Then there exists a submodule F’ of F'(\) such that progzs (F")|eo is
not multiplicity-free.

g% = s0*(12) +su(2) The classification is the same as above by Proposition
110.6l

g% = s5u(6,2) Since rankg(gr) = rankg(g3’), A(o) C A(#) holds by Lemma
M0.I1 Thus we have A(o) = {0}.

g% = su*(8) Since rankg(gr) = rankg(g3’), A(o) C A(#) holds by Lemma
M0.IT Thus we have A(o) = {0}.

References

[1] F. A. Berezin. Quantization in complex symmetric spaces. lzv. Akad.
Nauk SSSR Ser. Mat., 39(2):363-402, 472, 1975.

[2] M. Berger. Les espaces symétriques noncompacts. Ann. Sci. Ecole
Norm. Sup. (3), 74:85-177, 1957.

[3] J. N. Bernstein. On the support of Plancherel measure. J. Geom.
Phys., 5(4):663-710 (1989), 1988.

[4] J. N. Bernstein and S. I. Gel'fand. Tensor products of finite- and
infinite-dimensional representations of semisimple Lie algebras. Com-
positio Math., 41(2):245-285, 1980.

[5] A. Borel and N. Wallach. Continuous cohomology, discrete subgroups,
and representations of reductive groups, volume 67 of Mathematical
Surveys and Monographs. American Mathematical Society, Providence,
RI, second edition, 2000.

[6] M. Brion, D. Luna, and T. Vust. Espaces homogenes sphériques. In-
vent. Math., 84(3):617-632, 1986.

[7] M. Duflo. Sur la classification des idéaux primitifs dans lalgebre
enveloppante d'une algebre de Lie semi-simple. Ann. of Math. (2),
105(1):107-120, 1977.

144



8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

M. Duflo and J. A. Vargas. Branching laws for square integrable rep-
resentations. Proc. Japan Acad. Ser. A Math. Sci., 86(3):49-54, 2010.

A. Dvorsky and S. Sahi. Tensor products of singular representa-
tions and an extension of the #-correspondence. Selecta Math. (N.S.),
4(1):11-29, 1998.

T. J. Enright. Lectures on representations of complex semisimple Lie
groups, volume 66 of Tata Institute of Fundamental Research Lectures
on Mathematics and Physics. Published for the Tata Institute of Funda-
mental Research, Bombay; by Springer-Verlag, Berlin-New York, 1981.
Lecture notes by Vyjayanthi Sundar.

T. J. Enright. Unitary representations for two real forms of a semisim-
ple Lie algebra: a theory of comparison. In Lie group representations,
I (College Park, Md., 1982/1983), volume 1024 of Lecture Notes in
Math., pages 1-29. Springer, Berlin, 1983.

T. J. Enright, R. Parthasarathy, N. R. Wallach, and J. A. Wolf. Uni-
tary derived functor modules with small spectrum. Acta Math., 154(1-
2):105-136, 1985.

J. Faraut, S. Kaneyuki, A. Kordnyi, Q.-k. Lu, and G. Roos. Anal-
ysis and geometry on complex homogeneous domains, volume 185 of
Progress in Mathematics. Birkhauser Boston, Inc., Boston, MA, 2000.

M. Flensted-Jensen. Discrete series for semisimple symmetric spaces.
Ann. of Math. (2), 111(2):253-311, 1980.

R. Goodman. Complex Fourier analysis on a nilpotent Lie group.
Trans. Amer. Math. Soc., 160:373-391, 1971.

B. Gross and N. Wallach. Restriction of small discrete series repre-
sentations to symmetric subgroups. In The mathematical legacy of
Harish-Chandra (Baltimore, MD, 1998), volume 68 of Proc. Sympos.
Pure Math., pages 255-272. Amer. Math. Soc., Providence, RI, 2000.

F. D. Grosshans. The invariants of unipotent radicals of parabolic
subgroups. Invent. Math., 73(1):1-9, 1983.

F. D. Grosshans. Contractions of the actions of reductive algebraic
groups in arbitrary characteristic. Invent. Math., 107(1):127-133, 1992.

Harish-Chandra. Representations of semisimple Lie groups. II. Trans.
Amer. Math. Soc., 76:26-65, 1954.

145



[20]

[21]

[22]

Harish-Chandra. Representations of semisimple Lie groups. VI. Inte-
grable and square-integrable representations. Amer. J. Math., 78:564—
628, 1956.

X. He, H. Ochiai, K. Nishiyama, and Y. Oshima. On orbits in double
flag varieties for symmetric pairs. Transform. Groups, 18(4):1091-1136,
2013.

S. Helgason. Geometric analysis on symmetric spaces, volume 39 of
Mathematical Surveys and Monographs. American Mathematical Soci-
ety, Providence, RI, 1994.

T. Hirai. On infinitesimal operators of irreducible representations of
the Lorentz group of n-th order. Proc. Japan Acad., 38:83-87, 1962.

R. Howe. Reciprocity laws in the theory of dual pairs. In Representation
theory of reductive groups (Park City, Utah, 1982), volume 40 of Progr.
Math., pages 159-175. Birkhaduser Boston, Boston, MA, 1983.

R. Howe. Remarks on classical invariant theory. Trans. Amer. Math.
Soc., 313(2):539-570, 1989.

R. Howe. Transcending classical invariant theory. J. Amer. Math. Soc.,
2(3):535-552, 1989.

L. K. Hua. Harmonic analysis of functions of several complex variables
in the classical domains. Translated from the Russian by Leo Ebner
and Adam Koranyi. American Mathematical Society, Providence, R.I.,
1963.

J. E. Humphreys. Representations of semisimple Lie algebras in the
BGG category O, volume 94 of Graduate Studies in Mathematics.
American Mathematical Society, Providence, RI, 2008.

H. P. Jakobsen and M. Vergne. Restrictions and expansions of holo-
morphic representations. J. Funct. Anal., 34(1):29-53, 1979.

K. D. Johnson. Degenerate principal series and compact groups. Math.
Ann., 287(4):703-718, 1990.

K. D. Johnson. Degenerate principal series on tube type domains. In
Hypergeometric functions on domains of positivity, Jack polynomials,
and applications (Tampa, FL, 1991), volume 138 of Contemp. Math.,
pages 175-187. Amer. Math. Soc., Providence, RI, 1992.

146



[32]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

K. D. Johnson and N. R. Wallach. Composition series and intertwining

operators for the spherical principal series. I. Trans. Amer. Math. Soc.,
229:137-173, 1977.

A. Joseph. Dixmier’s problem for Verma and principal series submod-
ules. J. London Math. Soc. (2), 20(2):193-204, 1979.

A. Joseph. Annihilators and associated varieties of unitary highest
weight modules. Ann. Sci. Ecole Norm. Sup. (4), 25(1):1-45, 1992.

M. Kashiwara and M. Vergne. On the Segal-Shale-Weil representations
and harmonic polynomials. Invent. Math., 44(1):1-47, 1978.

M. Kitagawa. Stability of branching laws for highest weight modules.
Transform. Groups, 19(4):1027-1050, 2014.

A. U. Klimyk and A. M. Gavrilik. The representations of the groups
U(n, 1) and SOg(n, 1). Akad. Nauk Ukrain. SSR Inst. Teoret. Fiz.,
Kiev, 1976.

A. W. Knapp. Representation theory of semisimple groups, volume 36
of Princeton Mathematical Series. Princeton University Press, Prince-
ton, NJ, 1986. An overview based on examples.

A. W. Knapp. Lie groups beyond an introduction, volume 140 of
Progress in Mathematics. Birkhauser Boston Inc., Boston, MA, sec-
ond edition, 2002.

A. W. Knapp and D. A. Vogan, Jr. Cohomological induction and
unitary representations, volume 45 of Princeton Mathematical Series.
Princeton University Press, Princeton, NJ, 1995.

T. Kobayashi. Singular unitary representations and discrete series for
indefinite Stiefel manifolds U(p,q; F)/U(p — m,q;F). Mem. Amer.
Math. Soc., 95(462):vi+106, 1992.

T. Kobayashi. The restriction of A,()) to reductive subgroups. Proc.
Japan Acad. Ser. A Math. Sci., 69(7):262-267, 1993.

T. Kobayashi. Discrete decomposability of the restriction of Ay(\) with
respect to reductive subgroups and its applications. Invent. Math.,
117(2):181-205, 1994.

147



[44]

[45]

[53]

[54]

T. Kobayashi. Multiplicity free theorem in branching problems of uni-
tary highest weight modules. Proceedings of Representation Theory
held at Saga, Kyushu, 1997 (K. Mimachi, ed.), pages 9-17, 1997.

T. Kobayashi. Discrete decomposability of the restriction of A,(\) with
respect to reductive subgroups. I1. Micro-local analysis and asymptotic
K-support. Ann. of Math. (2), 147(3):709-729, 1998.

T. Kobayashi. Discrete decomposability of the restriction of A4(\)
with respect to reductive subgroups. II1. Restriction of Harish-Chandra
modules and associated varieties. Invent. Math., 131(2):229-256, 1998.

T. Kobayashi. Discrete series representations for the orbit spaces aris-
ing from two involutions of real reductive Lie groups. J. Funct. Anal.,
152(1):100-135, 1998.

T. Kobayashi. Discretely decomposable restrictions of unitary represen-
tations of reductive Lie groups—examples and conjectures. In Anal-
ysis on homogeneous spaces and representation theory of Lie groups,
Okayama—Kyoto (1997), volume 26 of Adv. Stud. Pure Math., pages
99-127. Math. Soc. Japan, Tokyo, 2000.

T. Kobayashi. Geometry of multiplicity-free representations of GL(n),
visible actions on flag varieties, and triunity. Acta Appl. Math., 81(1-
3):129-146, 2004.

T. Kobayashi. Multiplicity-free representations and visible actions on
complex manifolds. Publ. Res. Inst. Math. Sci., 41(3):497-549, 2005.

T. Kobayashi. Restrictions of unitary representations of real reductive
groups. In Lie theory, volume 229 of Progr. Math., pages 139-207.
Birkhauser Boston, Boston, MA, 2005.

T. Kobayashi. Multiplicity-free theorems of the restrictions of unitary
highest weight modules with respect to reductive symmetric pairs. In
Representation theory and automorphic forms, volume 255 of Progr.
Math., pages 45-109. Birkh&user Boston, Boston, MA, 2008.

T. Kobayashi. Restrictions of generalized Verma modules to symmetric
pairs. Transform. Groups, 17(2):523-546, 2012.

T. Kobayashi. Propagation of the multiplicity-freeness property for
holomorphic vector bundles. In Lie Groups: Structure, Actions, and
Representations, volume 306 of Progr. Math. Birkhauser Basel, 2013.

148



[55]

[56]

[57]

[58]

[62]

[63]

[64]

[65]

[66]

T. Kobayashi. Shintani functions, real spherical manifolds, and sym-
metry breaking operators. In Developments and retrospectives in Lie
theory, volume 37 of Dev. Math., pages 127-159. Springer, Cham, 2014.

T. Kobayashi. A program for branching problems in the representa-
tion theory of real reductive groups. In Representations of Reductive
Groups: In Honor of the 60th Birthday of David A. Vogan, Jr., volume
312 of Progress in Mathematics, pages 277-322. Birkh#user/Springer,
Cham, 2015.

T. Kobayashi and K. Ono. Note on Hirzebruch’s proportionality prin-
ciple. J. Fac. Sci. Univ. Tokyo Sect. IA Math., 37(1):71-87, 1990.

T. Kobayashi and B. Orsted. Analysis on the minimal representation
of O(p, q). II. Branching laws. Adv. Math., 180(2):513-550, 2003.

T. Kobayashi, B. Orsted, and M. Pevzner. Geometric analysis on small
unitary representations of GL(N,R). J. Funct. Anal., 260(6):1682—
1720, 2011.

T. Kobayashi and Y. Oshima. Classification of discretely decomposable
Aq(X\) with respect to reductive symmetric pairs. Adv. Math., 231(3-
4):2013-2047, 2012.

T. Kobayashi and M. Pevzner. Differential symmetry breaking opera-
tors. I. General theory and F-method. Selecta Math., 2015. Published
OnlLine.

T. Kobayashi and M. Pevzner. Differential symmetry breaking opera-
tors. II. Rankin—Cohen operators for symmetric pairs. Selecta Math.,
2015. Published OnLine.

T. Kobayashi and B. Speh. Symmetry breaking for representa-
tions of rank one orthogonal groups. Mem. Amer. Math. Soc.,
238(1126):v+110, 2015.

S. S. Kudla and S. Rallis. Degenerate principal series and invariant
distributions. Israel J. Math., 69(1):25-45, 1990.

J. Lepowsky. Multiplicity formulas for certain semisimple Lie groups.
Bull. Amer. Math. Soc., 77:601-605, 1971.

J.-S. Li. Theta lifting for unitary representations with nonzero coho-
mology. Duke Math. J., 61(3):913-937, 1990.

149



[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

[75]

[76]

[77]

[78]

[79]

J.-S. Li. The correspondences of infinitesimal characters for reductive
dual pairs in simple Lie groups. Duke Math. J., 97(2):347-377, 1999.

J.-J. Ma. Two topics on local theta correspondence. PhD thesis, Na-
tional University of Singapore, feb 2013.

J.-J. Ma. Derived functor modules, dual pairs and U(g)*-actions. J.
Algebra, 450:629-645, 2016.

S. Martens. The characters of the holomorphic discrete series. Proc.
Nat. Acad. Sci. U.S.A., 72(9):3275-3276, 1975.

K. Mashimo. On branching theorem of the pair (G, SU(3)). Nihonkai
Math. J., 8(2):101-107, 1997.

J. C. McConnell and J. C. Robson. Noncommutative Noetherian rings,
volume 30 of Graduate Studies in Mathematics. American Mathemati-
cal Society, Providence, RI, revised edition, 2001. With the cooperation
of L. W. Small.

V. F. Mol¢anov. Representations of a pseudoorthogonal group that are
connected with its cone. Mat. Sb. (N.S.), 81 (123):358-375, 1970.

J. Mollers and Y. Oshima. Discrete branching laws for minimal holo-
morphic representations. J. Lie Theory, 25(4):949-983, 2015.

J. Mollers and B. Schwarz. Structure of the degenerate principal series

on symmetric R-spaces and small representations. J. Funct. Anal.,
266(6):3508-3542, 2014.

A. E. Nussbaum. Reduction theory for unbounded closed operators in
Hilbert space. Duke Math. J., 31:33-44, 1964.

G. Olafsson and B. Orsted. Generalizations of the Bargmann trans-
form. In Lie theory and its applications in physics (Clausthal, 1995),
pages 3—14. World Sci. Publ., River Edge, NJ, 1996.

B. Orsted and B. Speh. Branching laws for some unitary represen-
tations of SL(4,R). SIGMA Symmetry Integrability Geom. Methods
Appl., 4:Paper 017, 19, 2008.

B. Orsted and J. Vargas. Restriction of square integrable representa-
tions: discrete spectrum. Duke Math. J., 123(3):609-633, 2004.

150



[80]

[31]

[82]

[83]

[84]

[85]

[88]

[39]

[90]

[91]

[92]

[93]

B. Orsted and G. Zhang. L?-versions of the Howe correspondence. I.
Math. Scand., 80(1):125-160, 1997.

B. Orsted and G. K. Zhang. Generalized principal series representations
and tube domains. Duke Math. J., 78(2):335-357, 1995.

Y. Oshima. Discrete branching laws of Zuckerman’s derived functor
modules. PhD thesis, the University of Tokyo, mar 2013.

Y. Oshima. On the restriction of Zuckerman’s derived functor modules
Aq(N) to reductive subgroups. Amer. J. Math., 137(4):1099-1138, 2015.

I. Penkov and V. Serganova. On bounded generalized Harish-Chandra
modules. Ann. Inst. Fourier (Grenoble), 62(2):477-496, 2012.

I. Penkov and G. Zuckerman. Generalized Harish-Chandra modules:

a new direction in the structure theory of representations. Acta Appl.
Math., 81(1-3):311-326, 2004.

I. Penkov and G. Zuckerman. Generalized Harish-Chandra modules
with generic minimal &-type. Asian J. Math., 8(4):795-811, 2004.

I. Penkov and G. Zuckerman. On the structure of the fundamen-
tal series of generalized Harish-Chandra modules. Asian J. Math.,
16(3):489-514, 2012.

T. Przebinda. The duality correspondence of infinitesimal characters.
Collog. Math., 70(1):93-102, 1996.

J. Repka. Tensor products of holomorphic discrete series representa-
tions. Canad. J. Math., 31(4):836-844, 1979.

S. Sahi. The Capelli identity and unitary representations. Compositio
Math., 81(3):247-260, 1992.

S. Sahi. Jordan algebras and degenerate principal series. J. Reine
Angew. Math., 462:1-18, 1995.

P. J. Sally, Jr. Analytic continuation of the irreducible unitary rep-
resentations of the universal covering group of SL(2, R). Memoirs of
the American Mathematical Society, No. 69. American Mathematical
Society, Providence, R. 1., 1967.

F. Sato. On the stability of branching coefficients of rational representa-
tions of reductive groups. Comment. Math. Univ. St. Paul., 42(2):189—
207, 1993.

151



[94]

[95]

[100]

[101]

[102]

[103]

[104]

[105]

W. Schmid. Die Randwerte holomorpher Funktionen auf hermitesch
symmetrischen Raumen. Invent. Math., 9:61-80, 1969/1970.

B. Speh. Restriction of some representations of U(p, ¢) to a symmetric
subgroup. In Representation theory and mathematical physics, volume
557 of Contemp. Math., pages 371-388. Amer. Math. Soc., Providence,
RI, 2011.

J. R. Stembridge. Multiplicity-free products and restrictions of Weyl
characters. Represent. Theory, 7:404-439 (electronic), 2003.

D. A. Timashev. Homogeneous spaces and equivariant embeddings, vol-
ume 138 of Encyclopaedia of Mathematical Sciences. Springer, Heidel-
berg, 2011. Invariant Theory and Algebraic Transformation Groups,
8.

C. Tsukamoto. Stability of SO(n + 3)/SO(3) x SO(n) branching.
Tsukuba J. Math., 33(2):239-251, 2009.

M. Vergne and H. Rossi. Analytic continuation of the holomorphic
discrete series of a semi-simple Lie group. Acta Math., 136(1-2):1-59,
1976.

E. B. Vinberg and B. N. Kimel’fel’d. Homogeneous domains on flag
manifolds and spherical subgroups of semisimple lie groups. Funct.
Anal. Appl., 12(3):168-174, 1978.

D. A. Vogan, Jr. Associated varieties and unipotent representations. In
Harmonic analysis on reductive groups (Brunswick, ME, 1989), volume
101 of Progr. Math., pages 315-388. Birkhauser Boston, Boston, MA,
1991.

N. R. Wallach. Harmonic analysis on homogeneous spaces. Marcel
Dekker, Inc., New York, 1973. Pure and Applied Mathematics, No. 19.

N. R. Wallach. The analytic continuation of the discrete series. I, II.
Trans. Amer. Math. Soc., 251:1-17, 19-37, 1979.

N. R. Wallach. Real reductive groups. I, volume 132 of Pure and Applied
Mathematics. Academic Press, Inc., Boston, MA, 1988.

N. R. Wallach. Real reductive groups. II, volume 132 of Pure and
Applied Mathematics. Academic Press, Inc., Boston, MA, 1992.

152



[106]

107]

[108]

[109]

H. Yamashita. Cayley transform and generalized Whittaker models
for irreducible highest weight modules. Astérisque, (273):81-137, 2001.
Nilpotent orbits, associated cycles and Whittaker models for highest
weight representations.

H. Yamashita. Isotropy representation and projection to the PRV-
component. Surikaisekikenkyusho Kokyuroku, (1294):62-71, 2002. Rep-
resentations of noncommutative algebraic systems and harmonic anal-
ysis (Japanese) (Kyoto, 2002).

H. Yamashita. Isotropy representation for Harish-Chandra modules. In
Infinite dimensional harmonic analysis 111, pages 325-351. World Sci.
Publ., Hackensack, NJ, 2005.

G. Zhang. Tensor products of minimal holomorphic representations.
Represent. Theory, 5:164-190 (electronic), 2001.

153



	Introduction
	Irreducible decomposition
	Branching problem
	Intertwining operator
	Multiplicity-free representation
	Stability of multiplicities
	Main results
	Direct integral and intertwining operators
	Irreducibility of U(g)G'-module: generalized Verma modules
	Outline of the proof of Theorem 1.16
	Irreducibility of U(g)G'-module: Zuckerman derived functor modules
	Irreducibility of U(g)G'-module: Holomorphic discrete series representations
	Stability of multiplicities
	Classification of multiplicity-free restrictions of holomorphic discrete series representations

	Notation

	Preliminaries
	(g, K)-modules
	Generalized Verma modules
	Holomorphic discrete series representations
	Zuckerman derived functor
	Jantzen–Zuckerman translation functor
	Polynomial identity

	Stability theorem
	Some algebraic results
	G-algebra and (A, G)-module
	Some finiteness results

	Highest weight modules
	Associated variety and isotropy representation
	Highest weight modules
	Strongly orthogonal roots
	Symmetric pairs of holomorphic type

	Stability theorem
	Stability theorem for general settings
	Description of multiplicities for large parameters

	Examples of stability theorems
	Stability theorem for quasi-affine spherical homogeneous spaces
	Some examples for projective varieties
	Stability theorem for highest weight modules
	Stability theorem for symmetric pairs of holomorphic type


	Analytic continuation and branching problem
	General setting
	Polynomial identity degree
	Discretely decomposable generalized Verma modules

	Generalized Verma modules and the Zuckerman derived functor
	Vanishing theorem
	Cyclic subspace

	Embedding of category
	Exactness of T
	Proof of embedding for g1 g'
	Extension of embedding
	Category equivalence in special case

	U(g)G'-module
	General setting
	Direct integral and (g', K')-module
	Compact subgroup case
	(G')-finite linear maps

	Irreducibility of U(g)G'-modules: part I
	Irreducibility of U(g)G'-modules
	Quasi-abelian parabolic subalgebra
	Holomorphic discrete series representations
	Zuckerman derived functor modules
	Discrete series representations

	Irreducibility of U(g)G'-modules: part II
	Setting
	Principal series representations
	(g'g', (G'))-module structure
	g--action
	Root decomposition
	Computation of D() and D'()

	Application: classification of multiplicity-free holomorphic discrete series representations
	Setting
	Classification
	Proof of Theorem 10.3
	gR=su(p,q)
	gR=so*(2n)
	gR=so(2,n)
	gR=sp(n,R)
	gR=e6(-14)
	gR=e7(-25)



