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CHAPTER 1

Introduction

One of the most fundamental problems in mathematical physics, espe-
cially in relation to statistical physics, is to relate a macroscopic system such
as a system of partial differential equations with a microscopic system. A
microscopic system is naturally expected to have a large number of degrees
of freedom and self-interaction structures. Such a microscopic system is
called a large scale interacting system in probability theory. Hydrodynamic
limit, which is a limiting procedure in a space-time scaling for the large
scale interacting systems, gives an answer to the above problem. For in-
stance, by means of the hydrodynamic limit, a system such as a Stefan free
boundary problem can be derived from some sort of large scale interacting
systems. The theory of the hydrodynamic limit also plays an important role
in the study of stationary non-equilibrium states, which is one of the main
objects in thermodynamic theory. In recent years, the large deviation prin-
ciple in this context has been extensively studied by both mathematicians
and physicists. Especially “Macroscopic fluctuation theory” developed by
Bertini et al. in [8] gives a unified approach to the study of the station-
ary non-equilibrium states from the point of view of a microscopic system.
The theory of the hydrodynamic limit is used to formulate this theory in a
mathematical way.

This thesis is dedicated to studying some problems related to the hydro-
dynamic limit for lattice-gas. In this thesis, we consider the following types
of lattice-gas consisting of particles evolving in a one-dimensional discrete
domain. Lattice-gas is described by a superposition of the Kawasaki dy-
namics and the Glauber dynamics. More precisely, for each fixed N > 0,
let Ty be the one-dimensional discrete torus Z/NZ = {0,1,--- N — 1}.
The state space of our process is given by {0, 1} and denote by 7 an ele-
ment of {0, 1}"~, which describes a configuration on Ty such thatn(z) = 1
if there is a particle at z € Ty and n(z) = 0, otherwise. We consider in
the set T the superposition of the exclusion process with speed change
(Kawasaki) with a spin-flip dynamics (Glauber). The stochastic dynamics
is a Markov process on {0, 1}T~ whose generator, denoted by Ly in this
introduction, acts on functions f : {0,1}™ — R as

Lyf = (N*/2)Lxf + Laf
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where L is the generator of the simple exclusion process with speed change
(Kawasaki dynamics),

(L)) = > cor(mmf () = f(n)]

LUETN

and L is the generator of a spin flip dynamics (Glauber dynamics),

(Laf)m) = D co(rem)[f(n") — f(n)] -

z€T N

In these formulas, °**!, n*, 7,n, represents the configuration obtained from
n by exchanging, flipping, translating by x, the occupation variables 7(x)
and n(z+1), n(z), respectively. For this model, the hydrodynamic equation
is formally given by

dpe = V(D(p)Vp) + F(p) ,

where D and F are functions on [0, 1] and are determined only by ¢ ; and
co respectively.

In Chapter 2, we consider a system of particles called an exclusion pro-
cess with speed change. This model is realized as a lattice-gas with the jump
rates ¢p = 0 and general ¢j ;. We consider a tagged particle problem for this
particle system and study a law of large numbers for a tagged particle under
the diffusive scaling. Combining this with the result of the hydrodynamic
limit, we derive a Stefan free boundary problem in a diffusive scaling limit.
Chapter 2 is based on a work [39].

Several kinds of Stefan free boundary problems have been derived from
particle systems by many authors. Funaki [26] derived a nonlinear one-
phase Stefan free boundary problem from a system consisting of two types
of particles called “water” and “ice” on multi-dimensional periodic lattices.
Landim, Olla and Volchan [35] derived a Stefan free boundary problem
from an infinite system of particles evolving in a one-dimensional lattice
according to symmetric random walks with hard core interaction. Komoriya
[33] derived a Stefan free boundary problem from a system of two types of
particles moving on a one-dimensional lattice according to simple random
walks. The methods developed in [33, 35] strongly depend on the analysis
of the related zero-range process. We note that our proof is different from
these.

In Chapter 3, we consider a system of particles with creation and anni-
hilation of particles. We call this system reaction-diffusion model and the
reaction-diffusion model is also realized as a lattice-gas with the jump rates
cp1 = 1 and general cy. We prove the hydrostatics and the dynamical large
deviation principle for the reaction-diffusion model. Chapter 3 is based on
a joint work [36] with Professor Claudio Landim.

The hydrostatics and the dynamical large deviations for the boundary
driven exclusion processes are studied in [20, 7, 23]. In their models, the
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stationary solution of the hydrodynamic equation is always unique. There-
fore the solution of the hydrodynamic equation converges to its unique sta-
tionary solution as time go to infinity. Moreover, the system conserves a
total mass in the bulk. Therefore the H ! norm of the solution of the hy-
drodynamic equation is finite. These facts allow to use usual techniques to
prove the hydrostatics and the dynamical large deviation principle and are
not true for our model in general. The dynamical large deviation princi-
ple for non-conservative dynamics in the bulk is studied in [13]. However
they assumed some monotonicity for the non-linear term of the hydrody-
namic equation and, under their assumption, the stationary solution of the
hydrodynamic equation is always unique.

The aim of our study is to extend the previous works to the reaction-
diffusion model. We also prove that the large deviations rate function is
lower semicontinuous and has compact level sets. These properties play
a fundamental role in the proof of the static large deviation principle, dis-
cussed in Chapter 4, for the empirical measure under the stationary state
[11, 22]. The main difficulty in the proof of the lower bound of the large
deviation principle comes from the presence of exponential terms in the
rate function, denoted in this introduction by /. In contrast with conserva-
tive dynamics, for a trajectory u(¢, x), I(u) is not expressed as a weighted
H_4 norm. This forces the development of new tools to prove that smooth
trajectories are /-dense.

In Chapter 4, we consider the stationary state of the reaction-diffusion
model. We prove the static large deviation principle for the empirical mea-
sure under the stationary state. The static rate function is determined by
the dynamical one considered in Chapter 3 and the structure of the set of
all stationary solutions to the hydrodynamic equation. Chapter 4 is based
on a joint work [24] with Professor Jonathan farfan and Professor Claudio
Landim.

The static large deviations for the boundary driven exclusion processes
are studied in [7, 11, 22]. As mentioned in the above, for their models,
there exists a unique stationary solution of the hydrodynamic equation. In
this case, the static rate function is described by the quasi potential similar
to a finite-dimensional setting (c.f. [21]). In our case, there are several sta-
tionary solutions of the hydrodynamic equation in general. This fact makes
the structure of the static rate function and the proof of the large deviation
principle much complicated. To overcome this difficulty one needs to con-
struct several paths in our infinite-dimensional setting.

This thesis is organized as follows: In Chapter 2, we prove the con-
vergence of a tagged particle under a diffusive scaling and derive a Stefan
problem from a one-dimensional exclusion process with speed change. In
Chapter 3, we prove the hydrostatics and the dynamical large deviation prin-
ciple for a reaction-diffusion model. In Chapter 4, we prove the static large
deviation principle for a reaction-diffusion model.



CHAPTER 2

Derivation of Stefan problem from a one-dimensional
exclusion process with speed change

1. Introduction to Chapter 2

Bertsch, Dal Passo and Mimura [3] introduced a mathematical model
which describes a phenomenon of two different types of cells, called “con-
tact inhibition of growth between two cells”. They formulated this phe-
nomenon as a one-dimensional system of partial differential equations, see
Remark 2.2 below. In some cases, the system of partial differential equa-
tions can be expressed as a Stefan free boundary problem. Our goal is to
relate a microscopic particle system to the macroscopic Stefan free bound-
ary problem. We study a model of a microscopic particle system called
an exclusion process with speed change to derive the Stefan free bound-
ary problem. From the point of view of the particle system, a solution to
the partial differential equation describes an evolution of the macroscopic
density of particles and it is derived under a diffusive scaling limit called
the hydrodynamic limit. On the other hand, the moving Stefan free bound-
ary corresponds to the behavior of a tagged particle in the particle system.
The hydrodynamic limit for the exclusion process with speed change was
already studied by Funaki and Uchiyama [27] and Funaki, Uchiyama and
Yau [28]. In this chapter, we study the behavior of a tagged particle for the
particle system.

Let us explain the relationship between the Stefan problem introduced
in [3] and our particle system more precisely. Let T be the one-dimensional
torus R/Z = [0, 1) under the identification of 0 and 1. Consider two in-
tervals I; and I, which satisfy I; NI, = () and I; U I, = T. Assume that
two different types of cells are initially distributed on /; and I, respectively.
For each time £ > 0, the moving Stefan free boundaries describes the time
evolution of intervals, say [;(¢) and I5(t). Since I1(t) N Ix(t) = 0 and
I,(t) U Iy(t) = T, the moving boundary actually consists of two points. We
denote them by @] and 2. We now consider two types of particles, say red
particles and blue particles. We interpret a system of these red and blue par-
ticles as a microscopic model of two different types of cells. If red particles
and blue particles have same velocity, the Stefan free boundary problem



considered in [3] reduces to the following system:

(L.1) Oep = 9u(D(p)0up),
d_;  (D(p)Oup)(t,d;) .
(1.2) T v i 1,2,

where p(t,u) : [0,00) X T — [0,00), 4 : [0,00) — T and D : [0,1] —
[0,00). Though we consider the special situation such that red particles
and blue particles have same velocity, Theorem 1.2 in [3] actually discusses
such situation. Under this situation, the derivation of the Stefan problem
can be reduced to solving a tagged particle problem for one type of particle
systems. We will describe the relationship in Remark 2.2 much clearly.

We emphasize two facts. One is that, if one of the moving boundaries
; is determined, then the other moving boundary @? is automatically de-
termined by the conservation law of the total number of red and blue parti-
cles. Moreover the other moving boundary automatically satisfies the same
equation (1.2), see Remark 2.3. The other is that, once (1.1) is derived,
the derivation of (1.2) under Neumann boundary conditions is not difficult.
However, on the periodic domain T, it is not clear that one of the moving
boundaries u; satisfies (1.2), see Remark 2.4. Hence we consider a tagged
particle problem to derive the equation (1.2) on the periodic domain T and
we derive it as a scaling limit for a tagged particle.

This chapter is organized as follows: In Section 2, we introduce our
model and state our main result. We relate our results and the Stefan free
boundary problem considered in [3] in Remark 2.2. In Section 3, we show
the law of large numbers for the diffusively scaled current across the bond.
In Section 4, we prove our main theorem, Theorem 2.2, using the results
established in Section 3.

2. Model and main result

In this section, we precisely formulate our particle system and state a
main result. We consider an exclusion process with speed change. Before
defining the process, we introduce some notation. Let T 5 be the one dimen-
sional discrete torus Z/NZ = {0,1,--- , N — 1}. The state space of our
process is given by {0, 1}~ and denote by 7 an element of {0, 1}™~, which
describes a configuration on Ty such that n(z) = 1 if there is a particle
at z € Ty and n(x) = 0, otherwise. The time evolution 7" of the exclu-
sion process with speed change is determined as a Markov process whose
generator acting on local functions f : {0, 1} — R is given by

Lyf(n) =N Coansm{F ) = f(n)},

x€T N
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where %! is the configuration obtained from 7 by exchanging configu-

rations on x and x + 1:
nlx+1) ifz=ux,
"t (2) = { n(x) ifz=x+1,
n(z) otherwise.

Note that we have already put the time change factor N2 in Ly. We first
consider the jump rates ¢, . as functions on {0, 1}~ . The fact of the mat-
ter, under the condition (2.2) below, the jump rates ¢, .1 can be regarded as
local functions on {0, 1}T~. We assume the following conditions for jump
rates Cy ;41:

2.1 Spatial uniformity : ¢, ,11(1) = co.1(77).

(2.2) Non-degeneracy : ¢ 1(n) > 0 for any configuration 7.
(2.3) Locality : ¢ depends only on finite coordinates of 7).

(24)  Symmetry : co1(n) = coa(n™).

In the condition (2.1), {7, }.cz stands for a translation group acting on the
configuration space {0, 1}~:

(Txn)(y) = U(x + y)7 y e TN )

where, for each x € Z and y € Ty, x + y is considered modulo N. We use
the same notation {7, } ¢z as a translation group acting on the configuration
space {0, 1}Z.

We now briefly discuss the limiting behavior of the empirical measure,
so-called hydrodynamic limit. Define the empirical measure 7" by

= N Z Uiv(x)fsj%(du

.IETN

where ¢, stands for the Dirac measure which has a point mass at u € T.
We define the diffusion coefficient D : [0,1] — R as follows. Let v, be
the Bernoulli product measure with density p defined on {0,1}%. From
the condition (2.4), these measures are reversible under our process. The
expectation with respect to v, will be denoted by E*#[-]. For each x € Z
and each local function f : {0,1}* — R, define

(7)) = f(72m),
(o01f)(n) = fF(n™) — fF(n).

For each density 0 < p < 1 and each local function f : {0,1}% — R, define

D(p; [) = 7 [{n(0) ) = > {oo(r )} (m)¥eoa(n)),

1
2x(p)

x(p) =p—p°,



and the diffusion coefficient D by the variational formula
D(p) = inf{D(p; f) : f are local functions on {0, 1}7}.

REMARK 2.1. It is known that the diffusion coefficient D is continu-
ously extended to two endpoints 0 and 1, c¢f. Funaki and Uchiyama [27].
Furthermore Bernardin [2] proved under the conditions (2.1)-(2.4) that the
diffusion coefficient D is infinitely differentiable on the interval [0, 1]. More-
over, from the condition (2.2), we can show that D is strictly positive on the
interval [0, 1]. Note that, from the Lipschitz continuity and positivity of the
diffusion coefficient D, the H=' method gives the uniqueness of the weak
solution of the Cauchy problem (2.5) below for any measurable initial pro-
file po : T — [0, 1], ¢f. Kipnis and Landim [31].

The next result is known. We refer to [27, 28, 31] for its proof.

THEOREM 2.2. Assume that there exists a measurable function pgy :
T — [0, 1] such that for every smooth function J : T — [0, 1], it holds that

lim /J(u)wév(du) —/J(u)po(u)du, in probability.
T T

N—oo

Then for every t > 0 and every smooth function J : T — [0, 1], we have

lim [ J(u)rd (du) = / J(u)p(t,u)du, in probability,
N—oo Jp T

where p(t,u) : [0,00) x T — [0, 1] is determined as a unique weak solution

of the Cauchy problem

atp(t’ u) = 8u(D(p(t, u))aup(t7 u)),
2 {pm,u) = polu).

Let ¢V be the initial distribution of the exclusion process 77" with speed
change. As we explained in the introduction, the moving boundary ac-
tually consists of two points. We note that if one of the moving bound-
aries is determined, then the other moving boundary is determined by the
conservation law for the total number of red and blue particles (see Re-
mark 3.1). Therefore we concentrate on the analysis of one tagged parti-
cle. We now assume that there is a particle sitting at site 0 at time 0, that
is, u™(n;n(0) = 1) = 1. Moreover we also assume that the assumption
of Theorem 2.1 holds with a positive C'(T)-smooth function p,. Trace
the particle sitting at site 0 at time O and denote its position at time ¢ by
XN € Ty. Denote by PV the probability measure on the Skorokhod space
D([0,00),{0,1}™~) induced by the process {n)¥ : t > 0} with the initial
measure 4", The expectation with respect to PV is denoted by EN[-]. We
are interested in the behavior of the rescaled position of the tagged particle
defined by u = %XtN . The following theorem is a main result of this
chapter. Denote by p(t,u) : [0,00) x T — [0, 1] the unique weak solution
of (2.5).



THEOREM 2.3. The tagged particle X} starts from 0, that is, X} = 0.
Then, every t > 0, we have

lim uiv = wy, in probability,
N—oo

where u, is defined as follows. We first consider the solution, u; € R of the
implicit equation

(2.6) { NOat p(t == fo (s,0)ds,

Uy = 0
and uy is defined as the element in T which satisfies u; = u; mod 1.

REMARK 2.4. Bertsch et al. [3] considered the following Stefan free
boundary problem on the finite interval [— L, L] under Neumann boundary
conditions and initial conditions:

2. 7)
= (w(x(w))z)e +w(l —w) if —L <z <((t),t>0,
wy = d(w(x(w))e)e +yw(l —w/k) if¢(t) <z < L,t >0,
¢'(t) = =(x(w))=(C(t) 7, 1) = =d(x(w))=(¢(t)", ) fort>0.

We now relate our results and the system (2.7). Consider the system (2.7)
with the function x such that ax' (o) = D(«), d = 1 and without reaction
terms, then the equations on w and ( can be written as

bl ()
CO==umcey

As we mentioned in the introduction, we treat the state space of the system
to have a periodic boundary. Although we have to consider another moving
boundary by its topological effect, from Theorem 2.1, 2.2 and Lemma 3.2,
we can derive the system (2.7) without reaction terms and d = 1 from the
microscopic particle system. The similar derivation is given in [33] for the
linear case D = 1 and general d > 0. The derivation of the system (2.7)
for the general case d > 0 becomes more difficult. Note that Bertsch et al.
[3] studied the only case d = 1 in their Theorem 1.2. The analysis of the
general case remains an open problem.

REMARK 2.5. Let p(t,u) : [0,00) x T — [0, 1] be a solution of (1.1):
01p(t, u) = 0u(D(p(t, u))Bupt, ).

Let i} and u? be the moving boundaries as considered in the introduction
and assume that U} satisfies the equation (1.2):

4 (Do)
" p(t,af)
9




Then the other moving boundary u? also satisfies the same equation (1.2).
Indeed, since the total mass between @} and u? is conserved under the dy-
namics, we have

~2

(2.8) / p(t,u)du = constant.

~1
t

Differentiating (2.8) in t, we can conclude that the other moving boundary
@? also satisfies the same equation (1.2).

REMARK 2.6. From the similar computation as we did in Remark 2.3,
we can easily drive the ordinary differential equation (1.2) under the 0-
Neumann boundary condition. Indeed, let p(t,u) : [0,00) x [0,1] — [0, 1]
be a solution of (1.1):

Orp(t,u) = Ou(D(p(t, u))dup(t, u)), fort >0, uel01],
Oup(t,0) = Oyp(t,1) =0, fort > 0.

Assume that u; satisfies the conservation law

(2.9) / p(t, u)du = constant.
0

Then, differentiating (2.9) in t, we can deduce that u; actually satisfies the
ordinary differential equation (1.2). Note that the same derivation can not
apply to the Stefan problem under the periodic boundary condition due to
the lack of the conservation law similar to (2.9).

3. Current

In this section, we consider the asymptotic behavior of the current across
the bond (—1,0). For a bond (x,x + 1), the current .J\, , | (¢) up to time ¢
over this bond is defined as the total number of jumps of particles from x to
x + 1 in the time interval [0, {] minus the total number of jumps of particles
from x+1 to x in the time interval [0, ¢|. The main result of this section is the
following law of large numbers for the diffusively scaled current ~.J™ ((t).
Recall that p(t,u) : [0,00) x T — [0, 1] is determined as the unique weak
solution of (2.5).

THEOREM 3.1. For each time t > 0, we have
1 1
lim —JY () = / (1 —u)(p(t,u) — p(0,u))du, in probability.
0

PROOF. For each x € Ty, since simultaneous jumps of two or more
particles do not occur with probability one, the martingales defined by

t
B Ms®) = T2 ()= N [ a0 = o+ 1) s

10



are orthogonal, that is, their cross variations are equal to 0. Moreover, its
quadratic variation (MY, , ), is given by

t
(32 (MY, = N? / o () (0¥ (@) — ¥ ( + 1)},

We define the function G : T — (0, 1] by G(u) = 1 — u. Since, for each
t>0andz € Ty,

n (x) =g (@) = T2y o () = Toepa (1),

we have
(i ) = 6 = % > - %w (#) ~ mfa)
N ; IV L) = TN ().

Therefore the summation by parts formula gives us

1
33 /MM = (7", G) — (m, G) + NQZJ&H

€T N

From Theorem 2.1, it is easy to see that the difference of the first two terms
on the right hand side of (3.3) converges to

1
/ (1 —u)(p(t,u) — p(0,u))du, in probability.
0

Hence it suffices to show that the last term on the right hand side of (3.3)
vanishes as NV tends to oo.
From the martingale decomposition (3.1), we have

(3.4)
1
m ‘]:c z—l—l N2 Z :cz-i—l
z€T N zeTn
+Z/c”+1 )0 (2) — n (@ + 1)}ds.
xz€T N

We can easily show that the first sum on the right hand side of (3.4) con-
verges to (. Indeed, since the jump rates are bounded and from (3.2), we
have

1 Ct
~3 Z MY, (1)) = WEN[Z (M, 1)) < N
zeTn z€TN

for some universal constant C' > 0.
On the other hand, we need some technical result, so-called gradient
replacement, to treat the second sum on the right hand side of (3.4). We

11



refer to [27, 31] for details. The gradient replacement asserts that

iglimsup BV [ 3 (cower o o) e+ D DOEY ) 0 (41— (01} )l -

z€Tn

where 7°" (z) is defined by 7*"(2) = 7 20|, _sj<cn 1(y). Hence, to
complete the proof of the theorem, it suffices to show that

. N eN _
35 Jm BN [ X D) 1) — ) hs) =
ze€Tn
Denote by d the integral of D: d(p) = [/ D(a)da, p € [0,1]. Recall
Remark 2.1. Since D is continuous on the 1nterva1 [0 1], we have
(3.6)

D™ (@) {n™ (z+1) =1 (2)} = d(n™ (2+1)) =d(n™ ())+N""rn (),

where ry(n) represents a term that converges uniformly in 7 to 0 as N
tends to oo. The summation by parts formula with (3.6) gives (3.5), which
completes the proof of Theorem 3.1. U

The following lemma easily follows from the definition of the solution
of (2.5).

LEMMA 3.2. (1) Let p(t,u) : [0,00) x T — [0, 1] be the unique solution
of (2.5). Then, we have

1 t
| 1= et — p(0.0)du = — [ (D)2 (5.0)ds.
0 0
(2) Let u; be the solution of the implicit equation:
(t u)du - fo up)(sv O)dS,
UO =0.

Then, it solves an ordinary differential equation:
d_ (D)2t )

dt ' p(t, i)

Notice that the last ordinary differential equation (3.7) is just introduced
in (1.2).

(3.7

4. Proof of Theorem 2.2

In this section, we prove Theorem 2.2. We present it for the sake of
completeness although the strategy of the proof is essentially the same as
that of Jara and Landim [29].

We first periodically extend the process 1} to the {0, 1}%-valued process
7N deﬁnedbynt (r+nN)=nN(z),forn € Zandz € {0,--- , N — 1}.
Since 7' (0) = 1, we can tag this particle and denote the position of this
particle at time ¢ by )N(tN € Z. To prove Theorem 2.2, it is enough to show

12



that the re-scaled process @)Y = %X}/N converges to u; in probability for
each time {. y

Due to the exclusive constraint, the position of the tagged particle XV
is written in terms of the empirical measure 7/ and the current J iVLO(t).
More precisely, for each n € N, we have

n—1

4.1 {XtN >n} = {Jivl,o(t) > ZﬁiN(x)}
=0

Fix v > 0 and take n = [u/N'], then the relation (4.1) shows
(UM

{@ >u}—{ v Zm ) +rats

where 7y uniformly converges to 0 as N — oo. From Theorem 2.1,
> Lu%q 7’ (z) converges to [* p(t,u)du in probability. Therefore, from
Theorem 3.1 and Lemma 3.2-(1), we have

if —
lim PV (@) > u) = ! fo )0up) (s Ods>f0 (t,u)du,
e lf—fo )0up)(s,0)ds < [ p(t, u)du.

From the symmetry around the origin, we can show the similar statement
for u < 0. Therefore, for any 6 > 0, we have

lim PY(|a) — ;| > 6) =0,
N—o0

which completes the proof of Theorem 2.2.
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CHAPTER 3

Hydrostatics and dynamical large deviations for a
reaction-diffusion model

1. Introduction to Chapter 3

In recent years, the large deviations of interacting particle systems have
attracted much attention as an important step in the foundation of a thermo-
dynamic theory of nonequilibrium stationary states [19, 6, 10, 8]. Notwith-
standing the absence of explicit expressions for the stationary states, large
deviations principles for the empirical measure under the stationary state
have been derived from a dynamical large deviations principle [7, 23, 13],
extending to an infinite-dimensional setting [11, 22] Freidlin and Wentzell
approach [21].

We consider in this chapter interacting particle systems in which a sym-
metric simple exclusion dynamics, speeded-up diffusively, is superposed to
a non-conservative Glauber dynamics. De Masi, Ferrari and Lebowitz [15]
proved that the macroscopic evolution of the empirical measure is described
by the solutions of the reaction-diffusion equation

(1.1) Op = (1/2)Ap+ B(p) — D(p) .

where A is the Laplacian and F' = B — D is a reaction term determined by
the stochastic dynamics. They also proved that the equilibrium fluctuations
evolve as generalized Ornstein-Uhlenbeck processes.

A large deviation principle for the empirical measure has been obtained
in [30] in the case where the initial distribution is a local equilibrium. The
lower bound of the large deviations principle was achieved only for smooth
trajectories. More recently, [13] extended the large deviations principle to a
one-dimensional dynamics in contact with reservoirs and proved the lower
bound for general trajectories in the case where the birth and the death rates,
B(p) and D(p), respectively, are monotone, concave functions.

In this chapter, we first present a law of large numbers for the empirical
measure under the stationary state [20, 32]. More precisely, denote by 1y
the stationary state on a one-dimensional torus with /N points of the super-
position of a Glauber dynamics with a symmetric simple exclusion dynam-
ics speeded-up by N2. This probability measure is not known explicitly and
it exhibits long range correlations [4]. Let V. denote an e-neighborhood of
the set of solutions of the elliptic equation

(1.2) (1/2)Ap+ F(p) = 0.
14



Theorem 2.1 asserts that for any ¢ > 0, py(V.°) vanishes as N — oo. In
contrast with previous results, equation (1.2) may not have a unique solution
so that equation (1.1) may not have a global attractor, what prevents the
use of the techniques developed in [23, 37]. This result solves partially a
conjecture raised in [12].

The main results of this chapter concern the large deviations of the
Glauber+Kawasaki dynamics. We first prove a full large deviations prin-
ciple for the empirical measure under the sole assumption that B and D are
concave functions. These assumptions encompass the case in which the po-
tential F'(p) = B(p) — D(p) presents two or more wells, and open the way
to the investigation of the metastable behavior of this dynamics. Previous
results in this directions include [16, 17, 5].

Comments on the proof. The proof of the law of large numbers for the em-
pirical measure under the stationary state ;. borrows ideas from [23, 37].
On the one hand, by [15], the evolution of the empirical measure is de-
scribed by the solutions of the reaction-diffusion equation (1.1). On the
other hand, by [14], for any density profile ~, the solution p; of (1.1) with
initial condition v converges to some solution of the semilinear elliptic
equation (1.2). Assembling these two facts, we show in the proof of The-
orem 2.1 that the empirical measure eventually reaches a neighborhood of
the set of all solutions of the semilinear elliptic equation (1.2).

The proof that the rate function I is lower semicontinuous and has com-
pact level set is divided in two steps. Denote by Q)(7) the energy of a trajec-
tory 7, defined in (2.2). Following [38], we first show in Proposition 4.2 that
the energy of a trajectory 7 is bounded by the sum of its rate function with
a constant: Q(m) < Co(I(m) + 1). It is not difficult to show that a sequence
in the set {7 : Q(7) < a}, a > 0, which converges weakly also converges
in L'. The lower semicontinuity of the rate function I follows from these
two facts. Let 7, be a sequence which converges weakly to 7. We may,
of course, assume that the sequence /(7,,) is bounded. In this case, by the
two results presented above, 7, converges to 7 in L. As the rate function
I(+), defined in (2.3), is given by sup J(-), where the supremum is carried
over smooth functions, and since for each such function Jg; is continuous
for the L! topology, Jg(7) = lim, Jg(w,) < liminf, I(m,). To conclude
the proof of the lower semicontinuity of /, it remains to maximize over G.
The proof that the level sets are compact is similar.

Note that the previous argument does not require a bound of the H_,
norm of ;7 in terms of I(w) and Q (7). Actually, such a bound does not
hold in the present context. For example, let p represent the solution of the
hydrodynamic equation (1.1) starting from some initial condition ~y. Due to
the reaction term, the H_; norm of J;p might be infinite, while I(p) = 0
and Q(p) < oo. The fact that a bound on the H_; norm of J; is not used,
may simplify the earlier proofs of the regularity of the rate function in the
case of conservative dynamics [9, 23].
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The main difficulty in the proof of the lower bound lies in the /-density
of smooth trajectories: each trajectory 7 with finite rate function should be
approachable by a sequence of smooth trajectories m,, such that (7, ) con-
verges to (7). We use in this step the hydrodynamic equation and several
convolutions with mollifiers to smooth the paths. The concavity of B and
D are used in this step and only in this one. It is possible that the theory
of Orlicz spaces may allow to weaken these assumptions. Similar difficul-
ties appeared in the investigation of the large deviations of a random walk
driven by an exclusion process and of the exclusion process with a slow
bond [1, 25].

This chapter is organized as follows. In Section 2, we introduce a
reaction-diffusion model and state the main results. In Section 3 we prove
the law of large numbers for the empirical measure under the stationary
state. In Section 4, we present the main properties of the rate function /. In
Section 5, we prove that the smooth trajectories are /-dense and we prove
Theorem 2.5, the main result of the chapter. In Section 6, we recall some
results on the solution of the hydrodynamic equation (1.1).

2. Notation and Results

Throughout this chapter, we use the following notation. Ny stands for
the set {0, 1, - - - }. For a function f : X — R, defined on some space X, let
| flleo = sup,ex | f(z)|- We will use Cy > 0 and C' > 0 as a notation for a
generic positive constant which may change from line to line.

2.1. Reaction-diffusion model. We fix some notation and define the
model. Let Ty be the one-dimensional discrete torus Z/NZ = {0,1,--- , N—
1}. The state space of our process is given by Xy = {0, 1}*~. Let 1) denote
a configuration in Xy, = a site in Ty, n(x) = 1 if there is a particle at site
x, otherwise n(z) = 0.

We consider in the set T the superposition of the symmetric simple
exclusion process (Kawasaki) with a spin-flip dynamics (Glauber). This
model was introduced by De Masi, Ferrari and Lebowitz in [15] to derive a
reaction-diffusion equation from a microscopic dynamics. More precisely,
the stochastic dynamics is a Markov process on X whose generator £y
acts on functions f : Xy — R as

Lyf = (N*/2)Lxf+Laf

where L is the generator of a symmetric simple exclusion process (Kawasaki
dynamics),

(Lxf)m) = D™ = f)],
zeTn
and where L is the generator of a spin flip dynamics (Glauber dynamics),
(Laf)m) = D cle.mlf (") = f(n)]

z€T N
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In these formulas, n>**! (resp. 1) represents the configuration obtained
from 7 by exchanging (resp. flipping) the occupation variables n(z), n(z +
1) (resp. n(x)):

£,
@ n(z) ifz#z, ., n(y) ifz=z,
77(2): e 77’(2’): 77(95) ifz=y.
1—n(z) ifz=x, ‘
n(z) otherwise .

Moreover, c(x,n) = c(n(x — M),--- ,n(x + M)), for some M > 1 and
some strictly positive cylinder function ¢(n), that is, a function which de-
pends only on a finite number of variables 7(y). Note that the exclusion
dynamics has been speeded-up by a factor N2, and that the Markov process
generated by Ly is irreducible because ¢(n) is a strictly positive function.

2.2. Hydrodynamic limit. We briefly discuss in this subsection the
limiting behavior of the empirical measure.

Denote by T the one-dimensional continuous torus T = R/Z = [0,1).
Let M, = M, (T) be the space of nonnegative measures on T, whose total
mass bounded by 1, endowed with the weak topology. For a measure 7 in
M and a continuous function G : T — R, denote by (7, G) the integral
of GG with respect to 7:

(. G) = /T G () (du)

The space M, is metrizable. Indeed, if for(u) = cos(mku) and for1(u) =
sin(mku), k € No, one can define the distance d on M as
= 1
d(mi,m) = > ==l(m, fi) — (T2, fi)| -

9k
k=0

Denote by C™(T), m in Ny U {oo}, the set of all real functions on T
which are m times differentiable and whose m-th derivative is continuous.
Given a function G in C?(T), we shall denote by VG and AG the first and
second derivative of GG, respectively.

Let {nY¥ : N > 1} be the continuous-time Markov process on Xy
whose generator is given by L. Let 7V : Xy — M, be the function
which associates to a configuration 7) the positive measure obtained by as-
signing mass N ~! to each particle of 7,

) = 5 D A

zeTn

where ¢, stands for the Dirac measure which has a point mass at u € T.
Denote by 7V the empirical measure process 72 (V).

Fix arbitrarily 7" > 0. For a topological space X and an interval [ =
(0,77 or [0,00), denote by C(I, X) the set of all continuous trajectories
from I to X endowed with the uniform topology. Let D (I, X') be the space
of all right-continuous trajectories from / to X with left-limits, endowed
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with the Skorokhod topology. For a probability measure v in X, denote
by PY the measure on D([0, 7], X) induced by the process ¥ starting
from v.

Letv, = V[])V , 0 < p < 1, be the Bernoulli product measure with the
density p. Define the continuous functions B, D : [0, 1] — R by

B) = [L=n)ctndy,. Do) = [ n0)clnd,.
Since B(1) = 0, D(0) = 0 and B, D are polynomials in p,

(2.1) B(p) = (1=p)B(p), D(p) = pD(p),

where B(p), D(p) are polynomials.
The next result was proved by De Masi, Ferrari and Lebowitz in [15]
for the first time. We refer to [15, 30, 31] for its proof.

THEOREM 2.1. Fix T' > 0 and a measurable function v : T — [0, 1].
Let v = vy be a sequence of probability measures on X associated to v,
in the sense that

Jim oy (|, G) —/TG(u)v(u)du| >5) =0,

for every 6 > 0 and every continuous function G : T — R. Then, for every
t >0, every 6 > 0 and every continuous function G : T — R, we have

lim PN(|<7TiV,G> — /TG(u)p(t,u)dM > 5) =0,

N—o0

where p : [0,00) x T — [0, 1] is the unique weak solution of the Cauchy
problem

O = (1/2DAp+F(p) on T,
@2 {< ) = ()

where F(p) = B(p) — D(p).

The definition, existence and uniqueness of weak solutions of the Cauchy
problem (3.1) are discussed in Section 6.

2.3. Hydrostatic limit. We examine in this subsection the asymptotic
behavior of the empirical measure under the stationary state. Fix N > 1
large enough. Since the Markov Process 7;" is irreducible and the cardinal-
ity of the state space X is finite, there exists a unique invariant probability
measure for the process 1), denoted by py. Let Py be the probability
measure on M, defined by Py = puy o (7V)~L.

For each p > 1, let L?(T) be the space of all real p-th integrable func-
tions G : T — R with respect to the Lebesgue measure: [ |G(u)[Pdu < co.
The corresponding norm is denoted by || - |[,:

G = / 1G(w)[Pdu



In particular, L?(T) is a Hilbert space equipped with the inner product

(G,H) = /TG(u)H(u)du.

For a function G in L*(T), we also denote by (G) the integral of G with
respect to the Lebesgue measure: (G) := [ G(u)du.

Let £ be the set of all classical solutions of the semilinear elliptic equa-
tion:

(2.3) (1/2)Ap+ F(p) = 0 on T.

Classical solution means a function p : T — [0, 1] in C*(T) which satisfies
the equation (2.1) for any u € T. We sometimes identify £ with the set of
all absolutely continuous measures whose density are a classical solution of
(2.1):

{m e M, : m(du) = p(u)du, pis a classical solution of the equation (2.1)}.

THEOREM 2.2. The measure Py asymptotically concentrates on the set
E. Namely, for any § > 0, we have

]&iinooPN(ﬂ e M, : Tirrelgd(ﬂ,ﬁ) >0) = 0.

If the set £ is a singleton, it follows from Theorem 2.1 that the sequence
{Pn : N > 1} converges:

COROLLARY 2.3. Assume that there exists a unique classical solution
7 : T — [0, 1] of the semilinear elliptic equation (2.1). Then Py converges
to the Dirac measure concentrated on p(u)du as N — oo.

REMARK 2.4. In [16, 17], De Masi et al. examined the dynamics in-
troduced above in the case of the double well potential F(p) = —V'(p) =
a(2p — 1) = b(2p — 1)3, a, b > 0, which is symmetric around the density
1/2. They proved that, starting from a product measure with mean 1/2, the
unstable equilibrium of the ODE i(t) = —V'(x(t)), the empirical density
remains in a neighborhood of 1/2 in a time scale of order log N. Bod-
ineau and Lagouge in [12] conjectured that Theorem 2.1 remains true if
we replace &€ by the set of all stable equilibrium solutions of the equation
(2.1). This conjecture is proved in [24] and follows from the large deviation
principle for the sequence {Py : N > 1}.

2.4. Dynamical large deviations. Denote by M., ; the closed subset
of M of all absolutely continuous measures with density bounded by 1:
Mo = {me ML(T) : w(du) = p(u)du, 0 < p(u) <la.e ueT}.
Fix T > 0, and denote by C™"([0, 7] x T), m,n in Ny U {oc}, the set
of all real functions defined on [0, 7] x T which are m times differentiable
in the first variable and n times on the second one, and whose derivatives
are continuous. Let @), = nN , n € Xy, be the probability measure on
D([0,T], M) induced by the measure-valued process 7’ starting from
™ (n).
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Fix a measurable function v : T — [0, 1]. For each path 7 (¢,du) =
p(t,u)du in D([0,T], M 1), define the energy Q : D([0,T], My1) —
0, 00] as

2.4)

T T
Q(mr) = sup {2/ dt <,0,5,VGt>—/ dt/ du Gz(t,u)}.
GeC%1([0,T]xT) 0 0 Td

It is known that the energy Q() is finite if and only if p has a generalized
derivative and this generalized derivative is square integrable on [0, 7] x T:

T
/ dt /du IVp(t,u)]* < oo .
0 T

Moreover, it is easy to see that the energy O is convex and lower semicon-
tinuous.

For each function G in C12([0,T] x T), define the functional Jg :
D([07 T]v M—i—,l) - R by

T
1
Tolm) = (mr,Gr) = (1.Go) = [ dt (me. 01 + 506
0

2 0

where x(r) = (1 — r) is the mobility. Let Jg : D([0,T], M) — [0, o0]
be the functional defined by

Jelr) = Jo(m) ifwe D([0,T],My1),
¢ 00 otherwise .

We define the large deviation rate function Ir(-|y) : D([0,T], M) —
0, o¢] as

J, if )
(2.5) Ir(wly) = {izp o i)thgeglszoo

where the supremum is taken over all functions G in C*%([0, 7] x T).

THEOREM 2.5. Assume that the functions B and D are concave on
[0,1). Fix T > 0 and a measurable function vy : T — [0, 1]. Assume that a
sequence 0N of initial configurations in X y is associated to v, in the sense
that
lim (7(r").6) = [ Glun(u)du

T

N—oo

for every continuous function G : T — R. Then, the measure ()~ on
D([0,T], M) satisfies a large deviation principle with the rate function
Ir(+|y). That is, for each closed subset C C D([0,T], M),

— 1

Jim - log Qe (€) < —inf Ir(mly) ,

20
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and for each open subset O C D([0,T], M),

1
lim —1 O) > —inf I .
A log Qv (0) = — inf Ir(rly)
Moreover, the rate function I7(-|7y) is lower semicontinuous and has com-
pact level sets.

REMARK 2.6. Jona-Lasinio, Landim and Vares [30] proved the dynam-
ical large deviations principle stated above, but the lower bound was ob-
tained only for smooth trajectories. Bodineau and Lagouge [13] proved the
lower bound for one-dimensional reaction-diffusion models in contact with
reservoirs in the case where B and D are concave, monotone functions.

REMARK 2.7. Proposition 4.2 asserts that there exists a finite constant
Co such that if w is a trajectory with finite energy, Q(m) < oo, then Q(m) <
Co(Ir(m|y) + 1). In the case where B and D are concave functions, we
can use Theorem 5.2, which asserts that the smooth trajectories are I(|7y)-
dense, to prove the same bound without the assumption that the trajectory ™
has finite energy. In particular, in this case we can define the rate function
Ir( |y) simply as

Ir(mly) = sgp Ja(m) .

REMARK 2.8. In the proof that the rate function I7(-|7y) is lower semi-
continuous and has compact level sets we do not use a bound on the H_,
norm of O,p in terms of its rate function Ip(w|7y). Actually, as mentioned
in the introduction, such a bound does not hold for reaction-diffusion mod-
els. Therefore, the arguments presented here permit to simplify the proof
of the regularity of the rate function in other models, such as the weakly
asymmetric simple exclusion process [5, 23].

3. Proof of Theorem 2.1

We prove in this section Theorem 2.1. Our approach is a generaliza-
tion of the one developed in [23, 37], but it does not require the existence
of a global attractor for the underlying dynamical system. The method can
be applied to any dynamics which fulfills two conditions: the macroscopic
evolution of the empirical measure is described by a hydrodynamic equa-
tion, and for any initial condition the solution of this equation converges
to a stationary profile as time goes to infinity. For instance, the boundary
driven reaction-diffusion models examined in [13].

Recall from Subsection 2.3 the definition of the measure py on Xy,
the map 7V from Xy to M, and the measure Py = py o (7¥)~! on
M. Denote by QV the probability measure on the Skorokhod space
D([0,00), M) induced by the measure-valued process 7" under the ini-
tial distribution Py. Since the measure 1y is stationary under the dynamics,
Pn(B) = QN (x : mp € B), for each T' > 0 and Borel set B C M.
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LEMMA 3.1. The sequence {Q" : N > 1} is tight and all its limit
points Q* are concentrated on absolutely continuous paths 7(t, du) = p(t,u)du
whose density p is nonnegative and bounded above by 1 :

Q{m: w(t,du) = p(t,u)du, fort € [0,00)} = 1,
Q{m:0<p(t,u) <1, for (t,u) € [0,00) x T} = 1.
The proof of this lemma is similar to the one of Proposition 3.3 in [23].
Let A be the set of all trajectories 7 (¢, du) = p(t, u)duin D([0, 00), M 1)

whose density p is a weak solution to the Cauchy problem (3.1) for some
initial profile py : T — [0, 1].

LEMMA 3.2. All limit points Q* of the sequence {QY : N > 1} are
concentrated on paths 7(t,du) = p(t,u)du in A :

QA =1.
The proof of this lemma is similar to the one of Lemma A.1.1 in [31].

PROOF OF THEOREM 2.1. Fix a positive 6 > 0. Let & be the -
neighborhood of £ in M, :

E = {meM,: irelgd(ﬂ,fr) <d}.

Denote by &5 the complement of the set &. The assertion of Theorem 2.1
can be rephrased as

N—o00
Therefore, to conclude the theorem it is enough to show that any limit point

of the sequence Py (&5) is equal to zero.
Fix T' > 0. Since the measure py is invariant under the dynamics,

3.1) Pn(ES) = QN(m:7p € &)

Let Q* be a limit point of {QY : N > 1} and take a subsequence N}, so
that the sequence {Q™* : k > 1} converges to Q* as k — oo. Note that the
set {m : mp € £§} is not closed in D([0, c0), M. ). However, we claim that

(3.2) ]CIL_IEOQN’“(W mr €&) < Q' {m:mre&finA,

where A is the set introduced just before Lemma 3.2. Indeed, denote by
{m: mp € &} the closure of the set {m : 7y € &5} under the Skorokhod
topology. By definition of the weak topology and by Lemma 3.2,

kliﬂ QVe(r:mr € &) < Q'({r:mr €&} = Q({r:mre&INA).
—00

It remains to prove that
{memre&inA = {n:mpe&nA.

Let 7 be a path in {7 : 77 € £5} N A. Then there exists a sequence {7" :
n > 1} such that 7" converges to 7 in D([0, 00), M) as n — oo and 7}
belongs to & for any n > 1. Since A is contained in C'([0, 00), M 1), the
sequence {7 : n > 1} converges to 7 under the uniform topology. Hence

22



71> converges to mp. Since & is closed in M, 77 also belongs to £, which
proves (3.4).

Fix a path 7(¢, du) = p(t,u)du in A. By Proposition 4.3, there exists a
density profile p,, in € such that p; converges to p,, in C*(T). Hence,

(3.3) Ac |JMm €&}
Jj=1k>j

By (3.1) and (3.4),

Nm Pn(&S) < Q" ({m:me&INA) forallk >1.
—00
Since this bound holds for any & > 1,
T Py(€) < T Q@ ({m € £)0A) < Q*(Ol g‘{m € EInA) .
J>1k>j

This latter set is empty in view of (3.3), which completes the proof of the
theorem. U

4. The rate function I7(-|~y)

We prove in this section that the large deviations rate function is lower
semicontinuous and has compact level sets. These properties play a funda-
mental role in the proof of the static large deviation principle, cf. [11, 22].
One of the main steps in the proof of these properties is Proposition 4.2.
It asserts that there exists a finite constant Cj such that for all trajectory
7(t,dx) = p(t,z) whose density p has finite energy is such that Q(7) <
Co(Ir(m|y) + 1). Such bound was first proved in [38].

PROPOSITION 4.1. Let 7 be a path in D([0,T|, M) such that I (7|Y)
is finite. Then 7(0, du) = ~y(u)du and 7 belongs to C([0, T, M. 1).

PROOF. The proof of this proposition is similar to the one of Lemma
4.1 in [23]. Actually, the computation performed in the proof of Lemma 4.1
in [23] gives that, for any g in C?(T) and any 0 < s <t < T,

4.1) [(m1,9) = (T, )| < Cosp{Ir(mly) + 1},

for some positive constant C' = C'(g), which depends only on g. In the in-
equality (4.6), the constant . is given by (log (r — s)™!)~!. (4.6) implies
the desired continuity. U

The next proposition plays an important role in the proof of Theorem
4.11.

PROPOSITION 4.2. There exists a constant Cy > 0 such that, for any
path w(t,du) = p(t,u)du in D([0, T|, M. 1) with finite energy, we have

/ dt/ |V'°t“|2 < Co{Ir(r|y) + 1} .
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We fix some notation before proving Proposition 4.2.

Let H'(T) be the Sobolev space of functions G with generalized deriva-
tives VG in L?(T). H'(T) endowed with the scalar product (-, -) 5, defined
by

<G, H)LQ = <G, H> + <VG, VH> 5

is a Hilbert space. The corresponding norm is denoted by || - ||1 2:

IGI2, = / G () P + / V() Pdu.

For a Banach space (B, || - ||z) and T > 0, we denote by L?([0,T],B) the
Banach space of measurable functions U : [0,7] — B for which

T
U2 0 = / |U2 df < o

holds. Foreach p > 1and T' > 0, let L?([0, 7] x T) be the space of all real
p-th integrable functions U : [0, 7] x T — R with respect to the Lebesgue
measure: fOT dt [ |U(t, u)Pdu < oo.

Fix a path 7 (¢, du) = p(t,u)du in D([0,T], M ;) with finite energy.
For a smooth function G : [0, 7] x T — R and a for bounded function H in
L3([0,T], H'(T)), define the functionals

Lo(m) = (mp, Gr) — (70, Go) —/0 dt (m, 0,Gy) |

1

By(r) = 5 [tV = 5 [t (o). (VH .

T

By = [t {{Bla. e — 1)+ (DGp. e - 1)}
0
Note that, for paths 7 (¢, du) such that 7(0, du) = v(u)du,
4.2) sup {LH(W) + BL(n) — B%I(w)} — In(nly) .
HeC12([0,T]xT)
Consider the function ¢ : R — [0, co) defined by
1 1

o(r) = EeXp{_m} if[r| <1,

0 otherwise ,

where the constant Z is chosen so that [, ¢(r)dr = 1. For each § > 0, let

1 /r
5y o (T
o) = s 0(5) -
Since the support of the function ¢° is contained in [, d], the function ¢’
can be regarded as a function on T. To distinguish convolution in time from

convolution in space, we denote by 1% : T — [0, o) the function ¢¢ defined
on T with e = 4.
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Denote by f * g the space or time convolution of two functions f, g:

(f*g)(a) = / f(a—b)g(b)db,

where the integral runs over R in the case where f, g are functions of time
and over T in the case where f and g are functions of space.

Throughout this section, we adopt the following notation: For a bounded
measurable function p : [0,7] x T — R, define the smooth approximation
in space, time and space-time by

Ftu) = [o(t, )+ ¥)(u) = / plt,u+ o)F (w)do |
)

Pltu) = [p(-u)x &)(t) = / plt 4, u) g (r)dr

-
5
SOt u) = r v rou+ ) (0)d (r) .
o) = [ e [ doples e ou @)

In the above formulas, we extend the definition of p to [—1, 7'+ 1] by setting
pr = pofor—1 <t < 0andp; = prforT <t < T+1. Remark that we use
similar notation, p° and p°, for different objects. However, p° and p? always
represent a smooth approximation of p in space and time, respectively. For
each 7(t,du) = p(t,u)du, we also define paths 7°(t,du) = p(t,u)du,
70 (t, du) = p°(t,u)du and 7=° (¢, du) = p™°(t, u)du.

We summarize some properties of p° in the next proposition. The proof
is elementary and is thus omitted.

PROPOSITION 4.3. Let p : [0, T|xT — R be a function in L*([0,T], H*(T)).
Then, for each € > 0, p° and V p° converges to p and Vp in L*([0,T] x T),
respectively. Moreover, if p is bounded in [0,T] x T and the application
(pt, g) is continuous on the time interval [0, T for any function g in C*°(T),
then, for each € > 0, p° is uniformly continuous on [0,T] x T.

For each a > 0, define the functions h = h, and x, on [0, 1] by

h(p) = m{<p+a>log<p+a>+<1—p+a>log<1—p+a>},
Xalp) = (p+a)l—p+a).

Note that " = (2x,) L.
Until the end of this section, 0 < C)j < oo represents a constant inde-
pendent of ¢, § and a and which may change from line to line.

LEMMA 4.4. Let R*° be the difference between Ly (75°) and Ly<s(7):
R = Ly(n®®) — Lyes(n),
where H = h! (p™°). Then, for any fixed ¢ > 0, R*° convergesto 0 as J | 0.

PROOF. Keep in mind that H = h/,(p°) depends on ¢ and &, although
this does not appears in the notation, and recall that C represents a constant
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independent of ¢,  and a which may change from line to line. A change of
variables shows that

T
Lu(n®®) = {ph, HE) — (ot HE) — / dt (of, O HY)

T
= (or, HE®) — (po, HE®) — / dt (0, Q1) + BF |
0

where
R® = BT — Rg® and R := (p] — p1, Hf) + (pr, Hi — H;*)
for0 <t <T.

From a simple computation it is easy to see that

T T
/ dt (o0, 0,H?) = / dt {pi, 0,H;’) + R®
0 0

where |R5°| < Cy6]|0,H®||o. To conclude the proof, it is enough to show
that, for each fixed & > 0, R and 6||0,H¢ ||, converge to zero as ¢ | 0.
Fix € > 0. We first prove that

(4.3) %Rf@f =0 for t=0and t="T.

We prove this assertion for ¢ = 7', the argument being similar for ¢ = 0. A
change of variables shows that

RO = (p3 — p5, Hr) + (o5, Hr — HY) .
By Proposition 4.3, p°(-, u) is continuous for any u € T. Therefore, for any
(t,u) € [0,7] x T,

lim p™° (¢, u) = p°(t
i p (t,u) = p°(t,u),

: 9 o / & 1
lgﬂ)lH (T,u) = h,(p°(T,u)) = lgi(r)lH(T,u).

4.4)

Since A’ is bounded and continuous on [0, 1], (4.3) is proved by letting 6 | 0
and by the bounded convergence theorem.

It remains to show that §||0; H¢||« converges to 0 as § | 0. An elemen-
tary computation gives that, for any (¢,u) € [0,7] x T,

)
OHE(t 1) — /T dv B (5 (£, u-+0) )0 (v) / dr = (t+ 7, u+0) (67 () .

-5
Since ¢’ is a symmetric function, a change of variables shows that

) 0
/ dr pF (-4, uto) () (r) = / (g (b u o) =g (= ) ) ()

-5 —
By Proposition 4.3, p° is uniformly continuous on [—1,7 + 1] x T. On the
other hand, ¢ f?(s(qﬁ‘s)’ (r)dr = ¢(0). Therefore, the last expression multi-

plied by ¢ converges to 0 as ¢ | 0 uniformly in (¢,u) € [0,7] x T. Since h”
and ¢)° are uniformly bounded, §{|0,H¢ || converges to 0 as ¢ | 0. O
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LEMMA 4.5. For any path 7(t,du) = p(t,u)du such that Q(m) < oo
and fori =1, 2,

lgﬂ)llgﬂ)lBHsg( T) = By () .

Moreover, there exists a positive constant Cy < oo, independent of a > 0,
such that

V tu
@5) / dt / p < CoBly(m), Bl < Co.

PROOF. Throughout this proof, C'(a) expresses a constant depending
only on a > 0 which may change from line to line.

Let 7(t, du) = p(t,u)du be a path in D([0,T], M 1) such that Q(7) <
oo. We first show that

_ pl

(4.6) lslﬂf)l 1;&)1 Bies(m) = By, () .

Since Vp* = p* V1°, by Proposition 4.3, V p® is uniformly continuous
in [0, 7] x T. Therefore, for any (¢,u) € [0,7] x T, we have

li £, — 5
i Vp™2(tu) = Vot u)

li VH (1) = / o G ()R (0 (1w + 0)) V(1w + v)
T

Hence, by the bounded convergence theorem and a change of variables,
4.7)
1 T
lim Byys(m) = 5 /0 dt {{V 0, ki (p5)V 5 ) = (x(pe), (g (o) Vi F)) } -
On the one hand, since for any fixed a > 0 A is bounded, and since by
Proposition 4.3, Vpf converges to Vp in L?([0,T] x T),

T
lim | dt (Hi(ef) [Vi - Vol®) = 0.

As p has finite energy and A/ is bounded, the family {1 (p°)[Vp]?*;e > 0} is
uniformly integrable. Moreover, since h”/ is Lipschitz continuous, by Propo-
sition 4.3, h!/(p°) converges to h!(p) as € | 0 in measure, that is, for any
b > 0, the Lebesgue measure of the set {(¢,u) € [0, 7] x T; |h(p°(t,u)) —
R (p(t,u))| > b} converges to 0 as € | 0. Therefore

“8)  lim /O de (h(55) [Vr]) = / de (h(pr) [Vor] ) -

0
On the other hand, by Schwarz inequality,

lim sup / dt (x(pr) {[P(05)V 05 — hig(p1) V)

el0 0

T
< limsup | de Celon) {1200 V67 = Wil T}
€ 0
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We may now repeat the arguments presented to estimate the first term on
the right hand side of (4.7) to show that the last expression vanishes.

Since Y is a bounded function, to complete the proof of (4.6), it remains
to show that

T
limii)up/ dt ({[he(pe) Vi) — hZ(Pt)th}2> =0.
€ 0

We estimate the previous integral by the sum of two terms, the first one
being
T 2
| e Qtovol - ool Vo)
0

< O(a)/o dt/waﬁ(vx{vpt(uw)—th(u)}2>,

where we used Schwarz inequality and the fact that A/ is uniformly bounded.
This expression vanishes as ¢ — 0 because Vp belongs to L*([0, 7] x T).
The second term in the decomposition is

(4.9) / at (Vo2 { WP — Hi(p) )

By the argument leading to (4.8), the expression (4.9) converges to 0 as
el 0.
We turn to the proof that

. I 2 2 _
(4.10) 1511511(%1 |Bipes () = Biyp(m)] = 0.

Since B, D and I’ are bounded functions, the difference appearing in the
previous formula is less than or equal to

T T
C(a){/ ||thE’(S — eh/(pt)||1 dt + / ||e_HtE’(s — e_hl("t)Hl dt}
0 0

T
< C(a) / VHE — W(poll dt .
0

By Proposition 4.3, p° is uniformly continuous in [0, 7] x T. Therefore
letting & — 0, the previous expression converges to

Cla) / dat || (1 ()] — W (po)l dt

< cf [ R / ) ~ Kl dt)

Since /' is Lipschitz continuous and p° converges to p in L%([0, T] x T), the
second integral vanishes in the limit as € | 0. On the other hand, the first
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integral is bounded above by

o [Lat [wwr) [aiee -
scmwliﬁﬁvawyémumw+vwwmw«

This last integral vanishes in the limit as € |. 0 because p belongs to L*([0, T'] x
T).

To proof of the first bound in (4.5) is elementary and left to the reader.
To prove the second one, recall from (2.1) that there exist polynomials B,D
such that B(p) = (1—p)B(p) and D(p) = pD(p). From this fact, it is easy
to see that the second bound in (4.5) holds for some finite constant Cj,
independent of a > 0. U

PROOF OF PROPOSITION 4.2. We may assume, without loss of gener-

ality, that I7(m|7) is finite. From the variational formula (4.2) and Lemma
4.4,

@411 Ly(n) + Bls(m) — Bius(m) — R < Ir(x]).

where H stands for the function h/(p*°).
Since p*° is smooth, an integration by parts yields the identity

€ €,0 €,0
Ly (m ’6) = (h(py")) — (h(py”)) -
There exists, therefore, a constant C, independent of €, § and a, such that
[Lu(m?)] < Co.

In (4.11), let 6 | 0 and then € | 0. It follows from the previous bound,
and from Lemmas 4.4 and 4.5 that

/ dt/ |V”t“ |2 < Co{Ir(n|y) + 1} .

It remains to let @ | 0 and to use Fatou’s lemma. U

COROLLARY 4.6. The density p of a path w(t,du) = p(t,u)du in
D([0,T], M 1) is the weak solution of the Cauchy problem (3.1) with ini-
tial profile ~ if and only if the rate function I (7|7y) is equal to 0. Moreover,
in that case

T 2
Vp(t
(4.12) / dt /duM<oo
0 r o x(p(t,u))
PROOF. If the density p of a path 7 (¢, du) = p(t, w)duwin D(]0, 1], M4 1)
is the weak solution of the Cauchy problem (3.1), then for any G in C%([0, T]x
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T) we have

1

Jo(m) = =3 | at (). (VG

- /OT dt {{B(py), e = Gy = 1) + (D(py), e + G, = 1)} .

Since ¢* — z — 1 > 0 for any z in R, I7(7|y) = 0. In addition, the bound
(4.12) follows from Proposition 4.2.

On the other hand, if I'7(|7) is equal to 0, then, for any G in C*2([0, T'] x
T) and € in R, we have J.g(7m) < 0. Note that .Jy(7) is equal to 0. Hence
the derivative of J.¢(7) in € at ¢ = 0 is equal to 0. This implies that the
density p is a weak solution of the Cauchy problem (3.1). U

THEOREM 4.7. The function Ir(-|y) : D([0,T], M;) — [0,00] is
lower semicontinuous and has compact level sets.

PROOF. For each ¢ > 0, let I, be the level set of the rate function
Ir(-]y):
Eq = {7T = D([O’T]7M+)|]T(7T|7) < (]} :
Let {7 : n > 1} be a sequence in D([0,T], M) such that 7™ con-
verges to some element 7 in D([0, 7], M, ). We show that Ip(7|y) <
liminf, o I7(7"|7y). If liminf I7(7"|7y) is equal to oo, the conclusion is
clear. Therefore, we may assume that the set {/7(7"|y) : n > 1} is con-
tained in F, for some g > 0. From the lower semicontinuity of the energy
@ and Proposition 4.2, we have
O(r) < lim 9(7") < Cg+1) <o0.

n—o0

Since 7 belongs to D([0, T, M 1), so does .

Let p and p" be the density of m and 7" respectively. We now claim that
the sequence {p™ : n > 1} converges to p in L' ([0, T] x T). Indeed, by the
triangle inequality,

(4.13)

T
/IM—ﬁmﬁ
0

T T T
s/ M—ﬁmw+/|W—w%m+/‘w¢—ﬁmﬁ,
0 0 0

where p;¢ = p' x 1)°. The first term on the right hand side in (4.13) can be
computed as

T T
/]M—HMMQ/ﬁ/M/%W@WM+WﬂMW
0 0 T T

< /OTdt /Tdu Ade(v)/uu+vdw IV p(t, w)] .
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Note that supp ¢ C [—¢,&|. From the fundamental inequality 2ab <
A~ta? + Ab?, for any A > 0, the above expression can be bounded above
by

o) | ATe.

2A 2
Similarly, the last term on the right hand side in (4.13) can be bounded

above by
T
o Q(n™)  ATe
oM dt < —_

Since, for fixed ¢ > 0, p;" converges to pi weakly as n — oo for a.e. t €
[0, T, letting n — oo in (4.13) gives that

T
— . 1
hm/ lor = pill dt < Clg, T){5 + Ac}
n—oo 0

for some constant C'(¢,7") > 0 which depends on ¢ and 7. Optimizing in
A and letting € | 0, we complete the proof of the claim made above (4.13).
It follows from this claim that for any function G in C*2([0, T] x T),

lim Jg(n") = Jg(m) .
n—oo

This limit implies that I (7|y) < liminf,_,., Ir(7"|y), proving that I ( - )
is lower-semicontinuous.

The same argument shows that E, is closed in D([0, 7], M ). Since
it is shown in [30] that £, is relatively compact in D([0,T], M), E, is
compact in D([0, T, M), and the proof is completed. O

5. Ir(:|7)-Density

The lower bound of the large deviations principle stated in Theorem
2.5 has been established in [30] for smooth trajectories. To remove this
restriction, we have to show that any trajectory m;, 0 < ¢t < T, with fi-
nite rate function can be approximated by a sequence of smooth trajectories
{m™ :n > 1} such that

7" — 7w and Irp(7"|y) — Ir(7]y) .
This is the content of this section. We first introduce some terminology.

DEFINITION 5.1. Let A be a subset of D([0,T], M,). A is said to
be Ir(-|y)-dense if for any m in D([0,T], M) such that Ir(n|y) < oo,
there exists a sequence {m™ : n > 1} in A such that T converges to T in
D([0,T], M) and Ip(7"|y) converges to Ir(m|y).

Let IT be the set of all trajectories (¢, du) = p(t, u)dwin D([0,T], My 1)
whose density p is a weak solution of the Cauchy problem
1
Op = 580 =V(x(p)VH)+ B(p)e = D(p)e™" on T,

p(0,) = (),

S.D
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for some function H in C*2([0,T] x T).

THEOREM 5.2. Assume that the functions B and D are concave. Then,
the set 11 is Ir(-|y)-dense.

The proof of Theorem 5.2 is divided into several steps. Throughout this
section, denote by A : [0, 7] x T — [0, 1] the unique weak solution of the
Cauchy problem (3.1) with initial profile v, and assume that the functions
B and D are concave.

Let II; be the set of all paths 7 (¢, du) = p(t,u)du in D([0,T], M4 1)
whose density p is a weak solution of the Cauchy problem (3.1) in some
time interval [0, 6], § > 0.

LEMMA 5.3. The set 11, is I7(-|y)-dense.

PROOF. Fix 7(t,du) = p(t,u)dwin D(]0,T], M 1) such that I7(7|y) <
oc. For each § > 0, set the path 7 (¢, du) = p°(t, u)du where

A(t, u) ift €0,0],
P(tu) = {N20 —t,u) iftels20],
p(t —26,u) ifte[20,T)].

It is clear that 7° converges to 7 in D([0,T], M, ) as 6 | 0 and that 7°
belongs to IT;. To conclude the proof it is enough to show that I7(7°|y)
converges to I7(m|vy) as d | 0.

Since the rate function is lower semicontinuous, I (7|y) < liminfs o I7(
Note that Q(7%) < 2Q(\) + Q(w). From Corollary 4.2, we have Q(7°) <
o0. To prove the upper bound lim supy ., I7(7°|y) < Ir(x|y), we now
decompose the rate function I7-(7°|7) into the sum of the contributions on
each time interval [0, 0], [0, 20] and [20, T]. The first contribution is equal
to 0 since the density p’ is a weak solution of the equation (3.1) on this
interval. The third contribution is bounded above by I (7|7y) since 7° on
this interval is a time translation of the path 7.

On the time interval [0, 20], the density p° solves the backward reaction-
diffusion equation: 9;p° = —(1/2)Ap° — F(p°). Therefore, the second
contribution can be written as

s { [t {90 VG = 5000, (V6]

GeC2([0,T]xT)

+/5 dt {{(B(\),1 — €% — Gy) + (D(N\), 1 — e " + Gt>}} .

By Schwarz inequality, the first integral inside the supremum is bounded
above by

(5.2) / dt/ |v““ |2.

On the other hand, taking advantage of the relatlon (2.1) and of the fact
that B and D are bounded functions, a simple computation shows that the
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second integral inside the supremum in the penultimate displayed equation
is bounded above by

)
1
C/ dt/dulo — 4+ (6,
A S XCAD)

for some finite constant C' independent of 9. By Corollary 4.2, the expres-
sion (5.2) converges to 0 as 0 | 0. Hence, to conclude the proof it suffices
to show that

5
(5.3) lim/ dt /du log x(A(t,u)) = 0.
340 Jo T

Let M (t,u) = )\{ , j = 0,1, be the weak solution of the equation (3.1)
with initial profile A} (u) = j. By Proposition 6.5,

(5.4) N < At,u) and 1T— N < 1—\(t,u),

forany (¢,u) € [0,8] x T. Since M, j = 1,2, solves the ordinary differential

equation

d . .
SN = FOY).
and since F'(1) < 0 < F(0), an elementary computation shows that

(5.5) 1;151 /O(S dt log\) = 0 and 1(3&1 /06 dt log(1—M\) = 0.

By definition of y and by (5.4),

log X(A(t,u)) = log A(t,u) +log (1 — A(t,u)) > log A} +log (1 — \}) .
To conclude the proof of (5.3), it remains to recall (5.5). Ul

Let II; be the set of all paths 7 (¢, du) = p(t, u)du in II; with the prop-
erty that for every § > 0 there exists ¢ > O such thate < p(t,u) <1 —¢
for all (t,u) € [0,7] x T.

LEMMA 5.4. The set 11, is Ir(-|y)-dense.

PROOF. Fix n(t,du) = p(t,u)du in II; such that Ir(7|y) < oo. For
each € > 0, set the path 7 (¢, du) = p°(t, u)du with p* = (1 —e)p+ el It
is clear that 7= converges to 7 in D([0, T], M) ase | 0. Let M (¢, u) = N,
j = 0,1, be the weak solution of the equation (3.1) with initial profile
N)(u) = j. By Proposition 6.5, e\’ < p° < (1 — ) 4 e\'. Therefore 7°
belongs to II,. To conclude the proof it is enough to show that Ir(7¢|y)
converges to Ip(m|y) as e | 0.

Since the rate function is lower semicontinuous, I (7|y) < liminf, o I7(7¢|7y).

By the convexity of the energy, Q(7°) < £Q(\) + (1 — ¢)Q(n), hence
Q(7°) < oo. Let G be a function in C2([0, 7] x T). Since B, D and x are
concave and Lipschitz continuous,

T
Joln) < (1= &)Jalm) +eJaN) + Co [ l1oF = ol
0
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for some finite constant C'y. Therefore,

Ir(7®|ly) < (1=e)Ir(nly) +elr(Aly) + CoTe .
Letting € | 0 gives limsup, o I7(7°|y) < Ir(w|y), which completes the
proof. U

Let II; be the set of all paths 7 (¢, du) = p(t,u)du in II, whose density
p(t, -) belongs to the space C°°(T) for any ¢ € (0, 7.

LEMMA 5.5. The set 113 is I (-|y)-dense.

PROOF. Fix 7(t,du) = p(t,u)du in II5 such that I7(7|y) < oco. Since
7 belongs to the set I;, we may assume that the density solves the equation

(3.1) in some time interval [0,24], § > 0. Take a smooth nondecreasing
function « : [0, 7] — [0, 1] with the following properties:

a(t) =0 if te[0,0],
0 <at) <1 if te(29),
a(t) = 1 if te[20,7].

Let ¢)(t,u) : (0,00) x T — (0, 00) be the transition probability density of
the Brownian motion on T at time ¢ starting from 0. For each n € N, denote
by 9" the function

1
U(tu) = B(alt),u)
and define the path 7" (¢, du) = p"(t, u)du where

() = p(t,w) if t€0,9],
(o= ) (u) = [pdvp(t,0)"(tu—v) if t€(6,T].

It is clear that 7" converges to 7 in D([0,7], M) as n — oo. Since the

density p" is a weak solution to the Cauchy problem (3.1) in time interval

[0, 6], by Proposition 3.4, p™(t, -) belongs to the space C*°(T) for ¢t € (0, d].

On the other hand, by the definition of p", it is clear that p™(t, -) belongs to

the space C°°(T) for t € (0, T]. Therefore 7" belongs to II3. To conclude

the proof it is enough to show that I7-(7"|v) converges to I7(7|y) as n —

00.

Since the rate function is lower semicontinuous, I7(7|vy) < liminf, ., I7(7|y).

Note that the generalized derivative of p” is given by

Vo(t,u) if t€][0,0],
(Vo x ) (u) if t € (6,T].

Therefore, by Schwarz inequality, Q(7") < Q(m) < 0.

The strategy of the proof of the upper bound is similar to the one of
Lemma 5.3. We decompose the rate function I (7"|7y) into the sum of the
contributions on each time interval [0, d], [d, 20] and [20, T']. The first con-
tribution is equal to 0 since the density p" is a weak solution of the Cauchy
problem (3.1) on this interval. Since 7" is defined as a spatial average of

Vp'(t,u) = {
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7, and since the functions B and D are concave, similar arguments to the
ones presented in the proof of Lemma 5.4 yield that the third contribution
is bounded above by Ir(7|y) + 0,(1). Hence it suffices to show that the
second contribution converges to 0 as n — oo.

Since 0;1) = (1/2)Av), an integration by parts yields that in the time
interval (d, 26),

op" = OpxyY" + /()A * "

Thus, since in the time interval [§, 20] p is a weak solution of the hydrody-
namic equation (3.1), for any function G in C*%([0, T x T),

20
<£&G%w—w309—14 dat (o7, 0,G)

B Ly 2o .
= [ {5860 — SV VG + (17,6}

where F}* = F'(p;) *1;". Therefore, the contribution to I (7|v) of the piece
of the trajectory in the time interval [d, 25| can be written as

(5.6)
o { /626 dt ( — %S)Wp?’ VG,) — %<x(p?), (VGt)2>>

Gect:2([0o,T

20
+ [ EG = B 1) = Dl 1))

By Schwarz inequality, the first integral inside the supremum is bounded

above by
2 2
HM|/'ﬁ/"|thu|
8n? )

Since 7 belongs to I1;, there exists a positive constant C'(9), depending only
on 4, such that C'(§) < p" < 1 — C(d) on time interval [9, 20]. This bounds
together with the fact that Q(7") < Q(7) permit to prove that the previous
expression converges to 0 as n — 0o. On the other hand, the second integral
inside the supremum (5.6) is bounded above by

20
5.7) Acwww—mmwﬂﬁwam%me

where

F + /(F)” +4B(p!) D(p})

2B(pr) '
Note that my is well-defined and that the integrand in (5.7) is uniformly
bounded in n because in the time interval [§, 20] p; is bounded below by a
strictly positive constant and bounded above by a constant strictly smaller
than 1. Since m™(t, u) converges to 0 as n — oo for any (¢, u) € [0,2] x T,
the expression in (5.7) converges to 0 as n — oo.

my = log
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Let 114 be the set of all paths 7 (¢, du) = p(t, u)du in 113 whose density
p belongs to C°>((0,7] x T).

LEMMA 5.6. The set 11, is Ir(-|7y)-dense.

PROOEF. Fix 7(t,du) = p(t,u)du in II3 such that I7(7|y) < oco. Since
7 belongs to the set I1I;, we may assume that the density p solves the equa-
tion (3.1) in the time interval [0, 30] for some 6 > 0. Take a smooth non-
negative function ¢ : R — R with the following properties:

1
supp ¢ C [0,1] and / o(s)ds = 1.
0

Let o be the function introduced in the previous lemma. For each ¢ > 0
andn € N, let

2es) = 20(0), oult) = —alt),

9 n

and let 7" (t, du) = p"(t,u)du where

pl(t,u) = /0 p(t + a,(t)s, u)p(s)ds = /]Rp(t+s,u)<b(an(t),s)ds.

In the above formula, we extend the definition of p to [0,7 + 1] by setting
pr = M_pforT <t <T+1,where \: [0,1] x T — [0, 1] stands for the
unique weak solution of the equation (3.1) with initial profile py.

It is clear that 7" converges to = in D([0, 7], M ). Since on the time
interval (0, 36), the function p is smooth in time, for n large enough the
function p™ is smooth in time on (0,77 x T. Hence, 7" belongs to II, and
Q(m™) is finite.

The remaining part of the proof is similar to the one of the previous
lemma. We only present the arguments leading to the bound lim sup,, , . I7(7"|y) <
Ir(7|7y). The rate function can be decomposed in three pieces, two of which
can be estimated as in Lemma 5.5. We consider the contribution to I (7"|Y)
of the piece of the trajectory corresponding to the time interval [9, 24].

The derivative of p™ in time on (4, 20) is computed as

Op"(t,u) = /Ratp(t—i-s,u)fb(an(t),s)ds+/Rp(t—l—s,u)at[(b(ozn(t),s)]ds.

It follows from this equation and from the fact that the density p solves
the hydrodynamic equation (3.1) on the time interval [d, 35], that for any
function G in C*2([0,T] x T),
20 20 1
(P Gas) (05, Gi)— [t g 0Ge) = [ ae {(ab. 0G0+ (F47, G}
5 5
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where
Fr(tu) = /RF(p(t+s,u))<I>(an(t),s)ds,

r(tu) = Ap(t+s,u)at[@(an(t>,s)] ds .

Therefore, the second contribution can be bounded above by

(5.8)

sw | / "t (B 4Gy — Bl (e — 1) - D(gp) (e — 0}

GeC12([0,T]xT)

We now show that r"(¢,u) converges to 0 as n — oo uniformly in
(t,u) € (6,20) x T. Let (¢,u) in (6,28) x T. Since [, 0[P (v, (t), s)]ds =
[ [ Pl (t), s)ds] = 0, r™(t,u) can be written as

/R {p(t + s,u) — p(t,u)} 0[P (u,(t), s)] ds .

Since p is Lipschitz continuous on [d, 3] x T, there exists a positive constant
C(9) > 0, depending only on d, such that

ot + s,u) = p(t,u)| < C(0)s,

for any (t,u) € [6,20] x T and s € [0, ]. Therefore r"(¢,u) is bounded
above by

() /R 5 04D (1), $)]] ds

It follows from a simple computation and from the change of variables
ay,(t)s = s that

[0’ (#) [l

n

/Rs |0, [® (0w (t),5)]| ds < /0 {so(s) + s°|¢'(s)|} ds .

Therefore r" (¢, u) converges to 0 as n — oo uniformly in (¢, u) € (0,29) x
T.

To complete the proof, it remains to take a supremum in G' € C2([0, T x
T) in formula (5.8) and to let n — oc. O

PROOF OF THEOREM 5.2. From the previous lemma, all we need is to
prove that I1, is contained in II. Let 7(¢,du) = p(t,u)du be a path in I,.
There exists some > 0 such that the density p solves the equation (3.1)
on time interval [0, 26]. In particular, the density p also solves the equation
(5.1) with H = 0 on time interval [0, 20]. On the one hand, since the density
p is smooth on [d, T'] and there exists ¢ > 0 such that ¢ < p(t,u) <1 —¢
for any (t,u) € [6,T] x T, from Lemma 2.1 in [30], there exits a unique
function H in C12([§, T| x T) satisfying the equation (5.1) with p on [, T,
and it is proved that 7 belongs to II. U
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PROOF OF THEOREM 2.5. We have already proved in Section 4 that
the rate function is lower semicontinuous and that it has compact level sets.

Recall from the beginning of this section the definition of the set II. It
has been proven in [30] that for each closed subset C of D([0,T], M),

— 1
— 1 -
Jim —log Qe (€) < —inf Ir(mly) ,
and that for each open subset O of D([0, 7], M),
1 :
Nhjr?)oﬁloanN(O) > — inf In(r]y).

Since O is open in D([0,T], M), by Theorem 5.2,

dbhn 1T = G ()

which completes the proof. U

6. Appendix

In sake of completeness, we present in this section results on the Cauchy
problem (3.1).

DEFINITION 6.1. A measurable function p : [0,T] x T — [0, 1] is said
to be a weak solution of the Cauchy problem (3.1) in the layer [0,T] x T if,
for every function G in C**([0,T] x T),

(pr.Gr) — (7, Ga) — / dt(pe, 0,G)

1 /7T T
(6.1) = 5/ dt{pi, AG}) +/ dt(F(p), Gy) -
0 0

For each t > 0, let P, be the semigroup on L*(T) generated by (1/2)A.

DEFINITION 6.2. A measurable function p : [0, T] x T — [0, 1] is said
to be a mild solution of the Cauchy problem (3.1) in the layer [0,T] x T if,
forany tin [0,T), it holds that

t
6.2) po= Pt [ PeF(p)ds.
0

The first proposition asserts existence and uniqueness of weak and mild
solutions, a well known result in the theory of partial differential equations.
We give a brief proof because uniqueness of the Cauchy problem (3.1) plays
an important role in the proof of Theorem 2.1.

PROPOSITION 6.3. Definitions 3.1 and 3.2 are equivalent. Moreover,
there exists a unique weak solution of the Cauchy problem (3.1).

PROOF. Since F'is Lipschitz continuous, by the method of successive
approximation, there exists a unique mild solution of the Cauchy problem
(3.1). Therefore to conclude the proposition it is enough to show that the
above two notions of solutions are equivalent.
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Assume that p : [0,7] x T — [0, 1] is a weak solution of the Cauchy
problem (3.1). Fix a function g in C?(T) and 0 < ¢t < T. For each § > 0,
define the function G° as

(Pi—sg)(u) if0<s<t,
Go(s,u) = {0 (t+6—s)g(u) ift<s<t+4,
0 ift+0<s<T.

One can approximate G° by functions in C12([0,T] x T). Therefore, by
letting § | 0 in (3.2) with G replaced by G° and by a summation by parts,

(6.3) (pe,9) = <B%g>+/0t<B_SF(ps),g>d8-

Since (6.3) holds for any function g in C?(T), p is a mild solution of the
Cauchy problem (3.1).

Conversely, assume that p : [0, 7] x T — [0, 1] is a weak solution of the
Cauchy problem (3.1). In this case, (6.3) is true for any function g in C?(T)
and any 0 < ¢ < T Differentiating (6.3) in ¢ gives that

Lipng) = 5000 20) + (F(p).g)

Therefore (3.2) holds for any function G(t,u) = g(u) in C?*(T). It is not
difficult to extend this to any function G in C*2([0,T] x T). Hence p is a
weak solution of the Cauchy problem (3.1). U

The following two propositions assert the smoothness and the mono-
tonicity of weak solutions of the Cauchy problem (3.1).

PROPOSITION 6.4. Let p be the unique weak solution of the Cauchy
problem (3.1). Then p is infinitely differentiable over (0, 00) x T.

PROPOSITION 6.5. Let p} and p3 be two initial profiles. Let p, j = 1,2,
be the weak solutions of the Cauchy problem (3.1) with initial condition ,06.
Assume that
m{u € T: phu) < ph(w)} = 1,
where m is the Lebesgue measure on T. Then, for any t > 0, it holds that

m{ueT : p'(t,u) < p*(t,u)} = 1.

The proofs of Propositions 3.4 and 6.5 can be found in the ones of
Proposition 2.1 of [18].

The last proposition asserts that, for any initial density profile v, the
weak solution p; of the Cauchy problem (3.1) converges to some solution
of the semilinear elliptic equation (2.1). Recall, from Subsection 2.3, the
definition of the set £.

PROPOSITION 6.6. Let p : [0,00) x T — [0,1] be the unique weak
solution of the Cauchy problem (3.1). Then there exists a density profile poo
in € such that p; converges to p, ast — oo in C*(T).
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The proof of this proposition can be found in the one of Proposition 2.1
of [14].
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CHAPTER 4

Static large deviation principle for a reaction-diffusion
model

1. Introduction to Chapter 4

The aim of this chapter is to obtain the static large deviation principle for
a reaction-diffusion model, introduced in [16]. Our result can be regarded
as generalization of one which is shown in [19, 7]

We again consider in this chapter the superposition of the symmetric
simple exclusion process with a spin-flip dynamics. Landim and Tsunoda
[36] proved the concentration of the sequence of the stationary measures to
the set of all classical solutions to the semilinear elliptic equation

(1.1) (1/2)Ap+ B(p) — D(p) = 0,

where A is the Laplacian and /' = B — D is a reaction term determined by
the spin-flip dynamics.

We study the large deviations for the sequence of the stationary mea-
sures based on results presented in [36]. The static large deviation principle
for the boundary driven exclusion processes was proved in [7, 11, 22]. In
contrast with the conservative dynamics, the stationary equation, given by
the equation (1.1), may not have a unique solution in general. Therefore
the corresponding dynamical system may not have a global attractor. Due
to this fact, we need a detailed analysis for the microscopic system to prove
the static large deviation principle.

The main idea to prove the static large deviation principle is to refor-
mulate Freidlin and Wentzell approach [21] in our infinite-dimensional set-
ting. The basic strategy is the following. We first consider a chain induced
from the original one on the union of neighborhoods of all solutions of the
equation (1.1). Then we give large deviation type estimates on one-step
transition probability for the induced chain. Such estimates give similar
bounds for the stationary measure for the induced chain. The next step is to
consider the minimal cost which creates a measure from each equilibrium
states. This step is somewhat similar to one presented in [11, 22]. These
two steps give the large deviations bound for the stationary measures of the
reaction-diffusion model.

The main difficulty in the proof of the static large deviation is due to the
weak topology of the state space. This topology prevents us from connect-
ing two different points by the simple line segment. To avoid this problem,
we use several properties of solutions of the hydrodynamic equation.
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We mention the necessity of the technical assumption that B and D are
concave. The static large deviation principle remains true if the dynamical
large deviation principle holds with a lower semicontinuous rate function
since we do not additionally use this assumption in the proof of the static
large deviation principle. However the dynamical large deviation principle
is proved only under this assumption. See [36] for more details. We also
referred to some references [4, 13, 8] for physical aspects of the reaction-
diffusion model.

This chapter is organized as follows. In Section 2, we introduce a
reaction-diffusion model and state the main result. In Section 3 we study
some properties of weak solutions of the Cauchy problem (3.1). In Section
4, we present the main properties of the dynamical and static rate functions.
In Section 5, we prove the static large large deviation principle, which is the
main result of this chapter.

2. Notation and Results

Throughout this chapter, we use the following notation. Ny stands for
the set {0, 1, - - - }. For a function f : X — R, defined on some space X, let
| flloo = supgex |f(z)]. We sometimes denote the interval [0, co) by R

2.1. Reaction-diffusion model. For each integer N > 1, Let Ty =
Z/NZ be the one-dimensional discrete torus. Denote by Xy = {0, 1}~
the state space of our process and by 7 the configurations of X . For each
x € Ty, n(x) stands for the number of particles sitting at site = for the
configuration 7. For each z,y € Ty with x # y, we also denote by n*¥,
resp. by n*, the configuration obtained from 7 by displacing a particle from
x to y, resp. by flipping the occupation variable at site x:

n(y) ifz=ux, .
LY (2) = T if 2 = T(s) = 77(2) 1fZ7é1E7
" (2) n(x) ifz=y, 9"(2) {1_77(2) .

n(z) otherwise ,

We consider the superposition of the symmetric simple exclusion pro-
cess with a spin-flip dynamics. More precisely, the stochastic dynamics is
described by the continuous-time Markov process on X whose generator
acts on functions f : Xy — R as

Lyf = (N*/2)Lxf+Laf,

where L is the generator of a symmetric simple exclusion process (Kawasaki
dynamics),

(L)) = D 0™ = f(n)],

z€T N

and L is the generator of a spin flip dynamics (Glauber dynamics),

(Laf)m) = D clwn)lf0") = f(n)] -

z€T N
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In the last formula, we choose the function ¢(z,n) = c(n(x—M),- -+ ,n(z+
M)) , for some M > 1, to be strictly positive and local, that is, a function
which depends only on a finite number of coordinates 7(y), |y| < M. Note
that we have already put the time-change factor N2 in £y, which corre-
sponds to the diffusive scaling. If the jump rate of the Glauber dynamics is
identically equal to 0, then the corresponding Markov process is given by
the symmetric simple exclusion process speeded up by N2. In this case, the
static large deviation principle for the boundary driven exclusion process
was studied in [7, 11, 22].

Fix arbitrarily 7" > 0. For a topological space X and an interval [ =
[0, 7] or [0,00), let D(I, X) be the space of all right-continuous trajecto-
ries from [ to X with left-limits, endowed with the Skorokhod topology.
Let {nY : N > 1} be the continuous-time Markov process on Xy whose
generator is given by Ly and IP,, n € Xy, be the probability measure on
D(R,, Xy) induced by the process 7, starting from 7. Denote by E, [-] the
expectation with respect to I,

2.2. Hydrostatics. We review in this subsection the asymptotic behav-
ior of the empirical measure under the stationary state.

Let T be the one-dimensional continuous torus T = R/Z = [0, 1) and
M, = M, (T) be the space of all nonnegative measures on T, whose total
mass bounded by 1, endowed with the weak topology. For a measure ¥ in
M and a continuous function G : T — R, denote by (¢, G) the integral
of G with respect to v:

W,G) = /T G (w)9(du) .

The space M . is metrizable. Indeed, if e(u) = 1, ex(u) = v/2 cos(2mku)
and e_(u) = v/2sin(27ku), k € N, then one can define the distance d on
M as
AWy, 05) == %le, ex) — (B, ex)]
keZ
Note that M, is compact under the weak topology.

Denote by C™(T), m in Ny U {oo}, the set of all real functions on T
which are m times differentiable and whose m-th derivative is continuous.
Given a function G in C*(T), we shall denote by VG and AG the first and
second derivative of GG, respectively.

Let v, = z/lﬁv , 0 < p < 1, be the Bernoulli product measure with the
density p. Define the continuous functions B, D : [0, 1] — R by

B(p) = / 1= 5(0) c(n)dv,, D(p) = / 0(0) () ds,

Let S be the set of all classical solutions of the semilinear elliptic equa-
tion:
(2.1 (1/2)Ap+ F(p) = 0 on T,
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where F'(p) = B(p) — D(p). Classical solution means a function p : T —
[0,1] in C?(T) which satisfies the equation (2.1) for any u € T. We also
define by M, the set of all absolutely continuous measures whose density
1s a classical solution of (2.1):

My = {0 € M, :9(du) = p(u)du, p € S} .

Let 7 : Xy — M be the function which associates to a configuration
n the positive measure obtained by assigning mass N ! to each particle of

s
) = 5 D A

x€T N

where ¢, stands for the Dirac measure which has a point mass at u € T.
Since the jump rate c(n) is strictly positive, the Markov process 77,
t > 0, is irreducible. Therefore there exists a unique stationary probability
measure under the dynamics. We denote it by py. We also introduce the
probability measure on M, defined by Py := py o (7)1
The following theorem has been established in [36].

THEOREM 2.1. The sequence of measures {P~ : N > 1} is asymptot-
ically concentrated on the set M,. Namely, for any 6 > 0, we have
lim PV € M, : inf d(9,9)>0) = 0.
Jem

N—oo

sol

2.3. Dynamical and static large deviations. We state in this subsec-
tion the dynamical and static large deviation principles. Theorem 2.2 is the
main result of this chapter.

Let M ; be the closed subset of M of all absolutely continuous mea-
sures with density bounded by 1:

Moy = {me M (T): nw(du) = p(u)du, 0 < p(u) < la.e ueT}.

Fix T > 0, and denote by C™"([0,T] x T), m,n in Ny U {oco}, the set
of all real functions defined on [0, 7] x T which are m times differentiable
in the first variable and n times on the second one, and whose derivatives

are continuous. Let ), = ,]7\7 , n € Xy, be the probability measure on
D([0,T], M, ) induced by the measure-valued process 7’ starting from
™ (n).

For each p > 1, let LP(T) be the space of all real p-th integrable func-
tions G : T — R with respect to the Lebesgue measure: [, |G(u)[Pdu < co.
The corresponding norm is denoted by || - |[,:

G| = / 1G(w)Pdu

In particular, L*(T) is a Hilbert space equipped with the inner product

(G H) = /T G () H (u)du
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For a function G in L*(T), we also denote by (G) the integral of G with
respect to the Lebesgue measure: (G) := [ G(u)du.
For each path 7(t,du) = p(t,u)du in D([0,T], M, 1), define the en-

ergy Qr as
(2.2)

T T
Qr(m) = sup {2/ dt (pt, VGy) —/ dt/ du GQ(t,u)}.
GeCO1([0,T]xT) 0 0 Td

It is known that the energy Qr () is finite if and only if p has a generalized
derivative and this generalized derivative is square integrable on [0, T'] x T:

T
/ dt /du IVp(t,u)]* < oo .
0 T

Moreover, it is easy to see that the energy Qr is convex and lower semicon-
tinuous.

For each function G in CY2([0,T] x T), define the functional Jg :
D([0,T],M41) = Rby

T
1
Jalr) = (rr Gr) — (10, Go) — / i {m, DGy + 3Gy}
0

1

0

where x(r) = (1 — r) is the mobility. Let J : D([0,7], M) — [0, o0]
be the functional defined by

Jeln) = Jo(m) ifm e D([0,T), M41) ,
¢ 00 otherwise .

We define the functional I : D(]0, 7], M4) — [0, 00] as

_ fwieln) Qs <o,
(2.3) Ir(m) = {Oo otherwise ,

where the supremum is taken over all functions G in C*2([0, T| x T).
For a measurable function y : T — [0, 1], we define the dynamical large
deviation function I7(-|y) : D([0,T], M) — [0, cc] as

Ir(m) if (0, du) = y(u)du ,
00 otherwise .

Ip(mly) = {

In [36], it has been established that the measure-valued process 7% satisfies
a dynamical large deviation principle with the rate function /7(-|y) under
the assumption that the functions B and D are concave on [0, 1]. The precise
statement will be introduced in Subsection 4.1.

We now define the static large deviation rate functional which is defined
similar to [21][Chapter 6] in spirit.
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Assume that there exist density profiles py,---,p;, [ > 1, such that
any classical solution p : T — [0, 1] of the equation (2.1) can be given by
p(u) = pi(u — ug) for some 1 < i < [ and ug € T. In other words, it is
equivalent to the following:

Moy = {pi(- —v)du:1<i<lveT}.

For each 1 < i < [, let M, be the subset of M, given by M; = {p;(- —
v)du :v € T}.
For each 1 < i <[, we define the functional V; : M, — [0, cc] by

Vi(0) = inf{Ir(n|p) : T > 0, p(u)du € M;,m € D([0,T], M) and mp = ¥},

which is the minimal cost that creates the measure ¢ from the set M. For
each 1 < 4,5 <l withi # j, let J;(du) = p;(u)du and vy; = V;(V;).

To define the static large deviation rate function, we need to recall some
notation introduced in [21][Chapter 6]. Let L be a finite set and let 1V be
a subset of L. A graph consisting of arrows m — n (m € L\W,n € L,
n # m) is called a W-graph if it satisfies the following conditions:

i) Every point m € L\W is the initial point of exactly one arrow,
1) There are not closed cycles in the graph.

We denote by G(WW) the set of all W-graphs. If a graph W is given by
the singleton-set {i}, then we simply denote G({i}) by G(i). We regard
L := {1,---,l} as a graph with weights v;; and, for each 1 < ¢ < [,
consider the number
w; = min Umn
9€G(3) Z
(m—n)eg
where the product is taken over all arrows in G (i

).
Let w = minj<;<; {w;}. For each 1 < i < [, we define the functions
VI/’DW:M+ - [0,00] by
W;(0) = w; —w+ Vi(9)
W(9) = min Wi(9).

The following theorem is main result of this chapter.

THEOREM 2.2. Assume that the functions B and D are concave on
0, 1]. The sequence of measures {Pn; N > 1} satisfies a large deviation
principle on M with speed N and the rate function W. Namely, for each
closed set C C M. and each open set O C M,

— 1 .
jvlljréoﬁlogPN(C) < —1191€1£W(19)7

N—ro00 9e0
Moreover, the rate functional W is bounded on M ;, lower semicontinu-
ous and has compact level sets.

lim %logPN(O) > —inf W(9) .
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3. The hydrodynamic equation

Fix an initial profile v : T — [0, 1]. We discuss in this section several
properties of the weak solutions of the Cauchy problem

Op = (1/2)Ap+ F(p) on T,
p(0,-) = (),

3.1) )
(p)-

0,
where F'(p) = B(p) — D

3.1. The hydrodynamic limit. We review in this subsection several re-
sults on the Cauchy problem (3.1). We first define two concepts of solutions
of the Cauchy problem (3.1).

DEFINITION 3.1. A measurable function p : [0,T] x T — [0, 1] is said
to be a weak solution of the Cauchy problem (3.1) in the layer [0,T] x T if,
for every function G in C12([0,T] x T),

(PT,GT> - (% GO) - /0 dt</)t,ath>

1 (T T
(3.2) = 5/ dt{pi, AGy) +/ dt(F(pe), Gi) -
0 0

For each t > 0, let P; be the semigroup on L?(T) generated by (1/2)A.

DEFINITION 3.2. A measurable function p : [0,T] x T — [0, 1] is said
to be a mild solution of the Cauchy problem (3.1) in the layer [0,T] x T if,
forany tin [0, T}, it holds that

¢
(3.3) pr = Py +/ P,_sF(ps)ds .
0

The following proposition asserts that two notion of solutions are equiv-
alent.

PROPOSITION 3.3. Definitions 3.1 and 3.2 are equivalent. Moreover,
there exists a unique weak solution of the Cauchy problem (3.1).

The following three propositions claim fundamental properties of solu-
tions of the Cauchy problem (3.1).

PROPOSITION 3.4. Let p be the unique weak solution of the Cauchy
problem (3.1). Then p is infinitely differentiable over (0, 00) x T.

PROPOSITION 3.5. Let p : [0,00) x T — [0, 1] be the unique weak
solution of the Cauchy problem (3.1). Then there exists a density profile poo
in S such that p; converges to ps ast — oo in C*(T).

See [36] and its references for the proof of Propositions 3.3, 3.4 and 3.5.
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3.2. Properties of weak solutions of (3.1). We study in this subsection
some properties of weak solutions of the Cauchy problem (3.1). Lemmas
3.6 and 3.7 are quite simple but these lemmas play important roles in the
proof of the static large deviation principle.

LEMMA 3.6. There exists a constant C' > 0 such that for any weak
solutions p’, j = 1,2, of the Cauchy problem (3.1) with initial profile p)
and any t > 0, we have

ot = Pillz < e“log = nill2 -
PROOF. From (3.3), forany ¢ > 0 and j = 1, 2, we have

t
o = P+ / P oF(pl)ds .
0
Therefore

t
lot = 22lls < IPi(ob — o) + / | P (F(o}) — F(2)llads
0

t
< ok = pRlla + | 'l / ot = Pllads
0

In the last inequality, we use the fact that the operator norm of P, is equal
to 1. Hence, the Gronwall’s inequality concludes the lemma. U

LEMMA 3.7. Let py : T — [0,1] be an initial profile and p; be the
unique weak solution of the Cauchy problem (3.1) with initial condition
po and p : T — [0,1] be a classical solution to the equation (2.1). Set

Y(du) = p(u)du. Then, for any 6; > 0 small enough, there exist § > 0 and

T = Ts, > 0 such that for any po(w)du in Bs(V), it holds that m, € B, /2(1)
forany 0 <t <1land|pr— plls < 6.

PROOF. The first claim of the lemma easily follows from the definition
of weak solutions of the Cauchy problem (3.2). We now prove the second
claim of the lemma.

Fix 0; > 0 and py in Bs(?). § will be chosen later. From the equation
(3.2), we have

T
lpe = pll2 < ||Pt(Po—p)||2+/ [Pi—s(F(ps) = F(p))ll2ds
0
(34 < [1Pi(po = A)ll2 + tF |

since the operator norm of P, is equal to 1. Let p = pg — p and, for each
t >0, pr = P;p. Itis easy to see that, for any £k € Z,

<ﬁt’6k> = <ﬁ’ Ptek) = 6_2W2k2t<ﬁ’ 6k> .
Therefore, from Parseval’s relation, we have
(3.5) 1Al = > e ™ (pen)? .

keZ
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We now set T' = T, := (§1/2||F'||«) and choose large ks, > 0 so that
Z o Am kAT < 5%/8 .

|k|>ks, |
Moreover we define § = (83 ;. 4k)=1/2§,. The conclusion of the
— 91
lemma follows from these choices, (3.4) and (3.5). Ul

REMARK 3.8. It is clear that T' = 15, appeared in the proof of the
previous lemma can be taken to be less than or equal to 1.

4. The rate functions

We study in this section the dynamical and static rate function.

4.1. The functional /. We study several properties of the dynamical
rate function. For some details see [36]. We start from introducing the
dynamical large deviation principle which has been established in [36].

THEOREM 4.1. Assume that the functions B and D are concave on
[0,1]. Fix T > 0 and a measurable function v : T — [0, 1]. Assume that a
sequence 0" of initial configurations in X y is associated to -, in the sense

that
Jim (=¥ (). G) = / G(w)y(u)du

for every continuous function G : T — R. Then, the measure Q,~ on
D([0,T], M) satisfies a large deviation principle with the rate function
I7(+|7). That is, for each closed subset C C D([0,T], M),

Nllggoﬁloan ~v(C) < —inf Ir(n]y)

and for each open subset O C D([0,T], M),

1
lim —lo O) > —inf [ .
N N anN( ) = 1E0 T(Trh/)
Moreover, the rate function I7(-|7y) is lower semicontinuous and has com-
pact level sets.

It is easy to see that the similar computation performed in [36], Section
4, gives the similar results for the functional /7. For the sake of complete-
ness, we review some of them with the functional /7 in the place of I7(-|7).
The following lemma is proved in [36].

LEMMA 4.2. The density p of a path 7(t, du) = p(t,u)dwin D([0,T], M 1)
is the weak solution of the Cauchy problem (3.1) with initial profile v if and
only if the rate function I7(w|v) is equal to 0. Moreover, in that case

2
/dt/ 'V”“' < oo



The computation performed in the proof of Theorem 4.7 in [36] gives
the following lemma.

LEMMA 4.3. Let {n"(t,du) = p"(t,u)du : n > 1} be a sequence of
trajectories in D([0,T], My 1) such that, for some positive constant C,

sup {Ir(7")} < C.
n>1

If p" converges to p weakly in L*(T x [0, T]), then p™ converges to p strongly
in L*(T x [0,T)).

For each ¢ > and a function p in L*(T), let Bs;(p) be the §-open neigh-
borhood of p in L?(T). For each § > and a measure ¢ in M, let Bs(?)) be
the d-open neighborhood of ¥ in M .

For each ¢ > 0 and each 7" > 0 denote by D s the set of trajectories
7(t,du) = p(t,u)du in D([0,T], M) such that p; ¢ Bs(p) forall0 <t <
T and p € S. For each 9 > 0 and each 7" > 0 denote by Dy s the set of
trajectories (¢, du) = p(t,u)du in D([0,T], M, ;) such that 7, ¢ Bs()
forall0 < t < T and 9 € M,,.

LEMMA 4.4. For every § > 0 there exists T = T'(§) > 0 such that
inf Ip(m) > 0.

T€DT 5
PROOF. Assume that the conclusion of the lemma is not true. Then
there exists some § > 0 such that, for any n € N,
wé%g(; I,(m) = 0.
In this case there exists a sequence of trajectories {7" (¢, du) = p"(t,u)du :
n > 1} such that [,,(7") < 1/n. Since Ir(7) has compact level sets, by
using a Cantor’s diagonal argument and passing to a subsequence if neces-
sary, there exists a path 7(t, du) = p(t, u)du in D(R;, M ;) such that 7"
converges to 7 in D([0, 7], M) for any T' > 0. Moreover, by Lemma 4.3,
p" converges to p strongly in L*([0, 7] x T) for any T’ > 0.
From Proposition 3.5, p; converges to some density profile p,, in S.
Therefore there exists some 7" > 0 such that

ot = pocllz < 6/2,
forany ¢t > T'. Hence

T+1 T4+1
/ 108 = polladt > / 107 = pilladt
0 T

T+1
> [ o= bl = N
T
> 0—-0/2=0/2,
which contradicts the strong convergence of p" to p in L*([0,T + 1] x T)
and we are done. U
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From Lemma 4.4, we can obtain similar result for the set D .
LEMMA 4.5. For every § > 0 there exists T' > 0 such that
inf Ip(m) > 0.

WE'DTﬁ
PROOEF. The conclusion follows from Lemma 4.4 and the fact that
[9(du) = p(u)du : p € By(5)} C By(p),
for every p € S and every ¢ > 0. O

LEMMA 4.6. There exists a constant C' > 0 such that for any T" > 0,

any weak solution p of (3.1) and any classical solution p to the equation
(2.1), we have

Ir(m) < C{T + llpr — plls + llpo = plli}
where T is the trajectory defined by m(t,du) = p(T — t,u)du.

PROOF. For any test function G € C*2([0, T]xT), Jg(7) can be rewrit-

ten as
T 1 /T R
:/ dt/dqut-VGt——/ dt/dux(pt)(VGt)2
0 T 2 Jo T

_ATdt/EdUB(pt>[eét+at_1]_/ont/TduD(pt)[e_@t_@t_l]'

where G (t,u) = G(T — t,u). The first line is bounded above by

1 2
—ST / dt/ ’v”tug .

Since forany 0 < < 1l and any s € R
—B(r)e* + D(r)s + D(r) < D(r)log(D(r)/B(r)) ,
—D(r)e™ = B(r)s + B(r) < B(r)log(B(r)/D(r)) ,

therefore the second line is bounded above by

/0 dat / du D(pi) log(D(p)/B(p)) + Blpi) log(B(pe)/D(pr))

< or- / dt / du [D(p) log(1 — pr) + Blpy) log(pe)]

< —5E0(0) + CIT + llor = pill + lloo = Al
The last inequality comes from the equation
Olpelog pr + (1 — pi)log(1 — pr)] = [log(pe) — log(1 — p1)] 0 pe
= [log(p:) — log(1 — pt)}[%ﬁpt + F(py)] -
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This equation is justified since, from Proposition 3.4, any weak solution of
the equation (3.1) is smooth. Therefore

_/0 dt /du [D(py) log(1 — py) + B(p:) log(py)]

::__&w /ﬁmp/mc (p1)10g(pe) + B(p:) log(1 — py)

—prlogpr — (1 — pr)log(l — pr) + pologps + (1 — po)log(1 — po) .

It is easy to see that the last four terms can be bounded above by

C{llpr — plli + lpo — 21},

for some C' > 0, which finishes the proof of the lemma. Ol

4.2. The static rate functional I/. In this subsection we study some
properties of the quasi potential 1W. Throughout the remaining chapter, let
Yi(du) := p;(u)du for each 1 < i < [. The first main result states that 1V
is continuous at 9); in the L?(T) topology. The second one states that 1V is
lower semicontinuous.

We start with an estimate on V; which is the main ingredient in the proof
of the former. Let D be the space of measurable functions on T bounded
below by 0 and bounded above by 1 endowed with the L*(T) topology:

= {p:T—1[0,1] : 0<p(u) <1lae.}.

Foreach 1 < i < [. letV; : D — [0, +o0] be the functional given by
Vi(p) = Vi(p(u)du). For each h > 0 and each § > 0, let D? be the subset
of D consisting of those profiles p satisfying the following conditions:
i) pe HY(T).
i) [r(Vp(u))?du < h.
iii) 6 < p(u) <1—dae. inT,

LEMMA 4.7. For each 1 < ¢ < [, any h > 0, any 6 > 0 and any
increasing C'-diffeomorphism « : [0,1] — [0,1], there exist constants

Cy = C1(6,h) > 0and Cy = Cy(0, h, ) > 0 such that

1
VM)SQ/@%W+@W—MM
0

for any p in D}

PROOF. Fix h > 0and § > 0. Let p € D} and let « : [0, 1] — [0, 1] be
an increasing C!-diffeomorphism. Consider the path 7¢ (du) p*(t, u)du
in C([0, 1], M) with density given by p? = (1 — «a(t))p + a(t)p. It is
clear that 7* belongs to D(]0, 1], M ;) and, from the condition ), Q; (7®)
is finite. From the definition of p® it is easy to see that Vo = a(t)(Vp —
Vi) + Vp; and 0,pY = o/ (t)(p — p;). Since p; solves the equation (2.1),
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Ja(m®) can be rewritten as

1

Jolm) = 5 | dt a0V - 95, Vi) = (), (VG"))

+ /O dt ({o/(t)(p — pi) + F(pi)}Gi — B(pf") (e — 1) = D(pf")(e™ " = 1)) .

From the similar argument performed in Lemma 4.7 of [22], the first term
on the right hand side of (4.1) is bounded by

1
o / o?(t) dt
0

for some constant C; = C}(d,h). To conclude the proof it is enough to
prove that the second term on the right hand side of (4.1) is bounded by

Collp — pillx

for some constant Cy = C5(9, h, a).
Consider the function ® : R x (0,1) x R — R defined by

O(H,p,G) = HG - B(p)(e® —1) - D(p)(e ® — 1.

If we set H; = o/(t)(p — p:i) + F(p;), it is clear that the second term on the
right hand side of (4.1) can be expressed as

/OT<(I)<Ht,P?aGt)> dt .

From the straightforward computation, for any fixed H in R and p in (0, 1),
the function ®(H, p, -) reaches a maximum at

H + /H? + 4B(p)D(p)
2B(p) '

G(H,p) = 10g<

From the condition #i7), there exits a constant ¢s > 0 such that ¢5 <
p* < 1—c;. Note that &(F'(p), p, G(F(p), p)) = 0 forany pand ®(H, p, G(H, p))
is Lipschitz on [~ [} o/ (t)dt — || F||w, [, o/ ()dt + || Flsc] % [es,1 — cs).
Therefore

q)(Ht’ ptaa Gt) < (I)(Hh p?’ G(Ht7 P?))

C(Hy, pf, G(Hy, p)) = (E(p), o', G(E(p7) 7))
Co|Hy — F(p})]
Cod ()] p = pil + Col[F'[ccx(t)p — pil ,
for some constant Cy = C5(d, h, ). These bounds give the desired conclu-
sion. U

<
<

The ideas of Lemma 3.7 and 4.7 give the following corollary.
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COROLLARY 4.8. Fix 1 < ¢ < [. Foranye > 0, the_re exists 67 > 0
small enough such that for any 9(dv) = ~(u)du in Bs, (V;) there exists a
path 7(t, du) = p(t,u)du in D([0, 1], M) such that 7y = ¥, m = 0; and

Il(ﬂ') S E.

The following results are proved by using Lemmas 3.6, 4.6, 4.7 and by
the arguments performed in [22]. Therefore the proofs are omitted.

THEOREM 4.9. For each 1 < 1 < [, the function V; is continuous at p;
in the L*(T) norm.

PROPOSITION 4.10. The function W is finite if and only if ¥ belongs to
M 1. Moreover,
sup W(J) < oo.
YeMy 1

THEOREM 4.11. The rate function W is lower semicontinuous.

5. Large deviations

We show in this section that the sequence of the stationary measures
satisfies the large deviation principle with the rate function . Recall from
Subsection 2.3 that p;, 1 < ¢ < [, is a weak solution of the equation (2.1)
and 1;, the measure in M, ; with density p;, i.e., ¥;(du) = p;du.

5.1. Preliminaries. We study the asymptotic behavior of the stationary
measure of some process induced from the original Markov process 7™.
The main result of this subsection, Lemma 5.5, plays an important role of
the proof of Theorem 2.2.

We start from introducing some notation. For any ¢; > ¢ > 0 small
enough, consider the sets defined as follows:

B =|]JBi, with B, = {9 e M, : inf d(©,9) <é}.
. YEM;

l
P = o, with Ty = {deMi:d < inf d©,9) <25},
i1 veM;

For each integer N > 0 and each subset A of M, let AN = (7V)71(A)
and let HY : D(R,, Xy) — [0, 4+oc] be the entry time in A™:

HY = inf{tZO:ntEAN}.

LEMMA 5.1. For every 0 > 0, there exist Ty, Cy, Ny > 0, which de-
pends on § > 0, such that

sup {IP’n [Hg > kTo}} < exp{—kC’oNd} ,

neXN
for any integers N > Ny and k > 0.
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PROOF. Fix § > 0. By Lemma 4.5, there exists 7o > 0 and Cy > 0,
which depends on § > 0, such that

inf I, (7) > Cp,

€D

where D = D([0,Tp|, M \B). For each integer N > 0, consider a config-
uration ¥ in Xy such that

P [HE > To) = sup {P, [Hf >T]} .
neXn

By the compactness of M, every subsequence of 7V (n") contains a
subsequence converging to some ¢ in M. Moreover, since each configu-
ration in Xy has at most one particle per site, ¢} belongs to M, ;. From this
and since D is a closed subset of D([0,7p], M. ), by the dynamical large
deviations lower bound, there exists a measure J(du) = y(u)du in M ;
such that

1 1
lim sup N logP,~ [HY >Tp] < limsup N log @,~ (D)

N—o0 N—oo

< - ;Iellf) ITO(””V)
< —().

In particular, there exists /Ny > 0 such that for every integer N > N,
P~ [Hy >Ty] < exp{—CoN}.

To complete the proof, we proceed by induction. Suppose that the state-
ment of the lemma is true until an integer k — 1 > 0. Let N > Ny and let ;)
be a configuration in X . By the strong Markov property,

P, [HY > kTy] =E, [1{HgZTO}IP’nTO (HY > (k- 1)T0H
<P, [HY > T) sup {P, [HY > (k- 1)T;]}
neXn
< exp{—kCoN} |

which concludes the proof.
0

Let 9BY = 0B} be the set of configurations 7 in Xy for which there
exists a finite sequence of configurations {n' : 0 < i < k} in Xy with ° in
'V, n¥ = 1 and such that

i) For every 1 < i < k, the configuration 7’ can be obtained from
n*~! by a jump of the dynamics.

ii) The unique configuration of the sequence that can enter into BY
after a jump is n*.
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We similarly define the set 8BiN for each 1 < ¢ < [. Then it is clear that for
N large enough and ¢; small enough,

l
oBN = | JoB) .
=1

Let7 =7V : D(R,, Xy) — [0, 0c] be the stopping time given by
7 =inf {¢t > 0: there exists s < ¢ such that 7, € IV and 1, € OB" } .

The sequence of stopping times obtained by iterating 7 is denoted by 7.
This sequence generates a irreducible Markov chain X, on B by setting
Xj = ny,. Since the Markov chain X, on OBY is irreducible, there exists
a unique invariant measure under the dynamics. We denote it by v¥. For
more details see [22].

Define v;; by

0;; = inf{Ir(n|p) : T > 0, p(u)du € M;,m € D([0,T], M), mp =1,
and m; ¢ My, forany 0 <t < T}.

LEMMA 5.2. For every € > 0, there exist 6 and 6, with 6, > 6 > 0 such
that, forany 1 < 1,7 <l withi # j,

1
Nl;_rrio — lognelgév P,(n, € 0B)) > —;; —¢ .

PROOF. For each integer N > 0, let n¥ be a configuration in 9BY such
that

P, (n, € OB)Y) = nelgggv P, (1. € 0B .

Recall that every subsequence of 7 (™) contains a subsequence converg-
ing in M to some 9 that belongs to M, ;. Therefore we may assume that
7N (n™) converges to ¥s5(du) = vs(u)du in B;. We may also assume that
s belongs to Bs(1J;) without loss of generality.

Let 7 be a path in D([0,7], M ;) such that 7y = ¥;, 7p = ¥; and
T, & My, forany 0 < t < T. Let also A%°(7) be the collection of all
trajectories 7 in D([0, T + 2], M) such that Ir(7|ys) < &, Tt = T2
forany 2 <t < T+ 2and 7, € 851/2(61‘) forany 0 < ¢t < 2. From
Corollary 4.8, A>% () is not empty if §; > § > 0 are enough small. Denote
by B%%(r) the ¢, /2-open neighborhood of A%%1(7) in D([0, T + 2], M,).
Since my ¢ My, forany 0 < ¢ < T, if 6; > § > 0 are enough small, then

{no € 0BN 7N € B> (7)Y c {ny € 90BN ,n, € 8ij} .

(2

Therefore by the dynamical large deviations lower bound,

1
lim —log inf P,(n, € 9BY) > — inf I T
Jim log inf Py €0B)) 2~ inf Irea(ths)
Z —[T(ﬂ') — E.
It remains to take a supremum in 7 and 7" > 0. U
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LEMMA 5.3. For every € > 0, there exist 6 and 6, with 6, > 6 > 0 such
that, forany 1 <1 j < Ilwithi# j,

hm —log sup P,(n, € 3BN) < —v+e€.
oo N nedBN

PROOF. By the strong Markov property,

sup P, (n, € GB]N) < sup Py(nm, v
nedBN nery

€ 0B)) .

For each integer N > 0, fix a configuration ¥ in Xy such that

]PTYN(UH;;BN & 8BJN) = sup ]Pn("?H c 8BJN) .

aBN
N
nel’;

By Lemma 5.1 and since v;; < oo, for every > 0, there exists 75 > 0
such that

1
A}l_lgo—lognseggv {]P’ [T(; < HN}} < —v .

In that case,

lim NlogIP’ ~(Nm,,x € OBY)

N—oo

— 1 =— 1

< max{]\}l_rgo N log Pyv (nm, .\ € OBJN ANHEY < T(;),A}gnooﬁloanN(Hg > T5)}
S ].

< HlaX{]\}l_I};O i lOanN(HI]‘\; <T5), —vi} .

LetC; = C;-S"sl be the subset of D([0, 7], M. ) consisting of all those
paths 7 for which there exists some time ¢ € [0, 75| such that 7(¢) belongs
to I'; or w(t—) belongs to I';. By the dynamical large dev1at10ns lower

bound and the compactness of M, there exists some (u)du = 7° (u)du
in I'; such that

Jim. Nloan ~(C)) < _ﬂlgcijT(ﬂ'h)-

Thus, in order to conclude the proof, it is enough to check that there exist
01 > 0 > 0 such that

inf [T(Wh/) Z Vij — €.

mel;

Assume that this is not true. In that case, for every integer n > 0 large
enough, there exists a path 7 in C?"’l/"ﬂC'([O, Ts,], My 1), with 6, < 1/n,
such that

(5.1) Iy, (" ym) < vij—e.

Moreover, since 7" belongs to C?"’l/ "N C([0,T5,], M), there exists 0 <
T, < Ty, suchthat % belongs to the set {) € M., n~t <infgep, d(9,9) <
2n~ 11
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Let us first assume that the sequence of times {7}, : n > 1} is bounded
above by some 7' > (0. For each integer n > 0, let 7" be the path in
C([0,T], M 1) given by

. moifo<t<T,,
Tt = m o if T, <t <T.

n

Since I has compact level sets and since 7{; (du) = 71/, (u)du belongs to
I';1m N My for every integer n > 0, we may obtain a subsequence of
7" converging to some 7 in C'([0, 7], M, 1) such that my(du) = pi(u —
w;), 7 = pj(u — u;), for some u;,u; € T, and Ip(m) < v;; — €, which
contradicts the definition of v;; and we are done.

If the sequence of times {Tn : m > 1} is not bounded, in this case,
by using Lemma 4.4, for large n, we can replace the path 7" by some new
path 7" which satisfies the inequality (5.1) and whose entry time to the set
{9 € My 0 n7! <infyepy, d(9,9) < 2n7'} is bounded in n. Therefore
performing the argument of the previous paragraph gives the contradiction.
This finishes the proof of the lemma. U

The next result is similarly proved by the proof of Lemma 3.1 of chapter
6 in [21].

LEMMA 5.4. Let us be given a Markov chain on a phase space X di-
vided into disjoint sets X;, where i runs over a finite set L. Suppose that
there exist nonnegative numbers p;;,pi; (j # 1, 1, € L) and a number
a > 1 such that

a”'pij < P(x, X;) < apy; foranyr € X;,i# 7,

for the transition probabilities of our chain. Furthermore, suppose that very
set X; can be reached from any state x sooner or later. Then

(D00 T'Qi < w(X) < a2 Q) T'Q
ieL ieL
for any invariant probability measure of our chain, where | is the number of
elements in L and (); and (); are given by

g€G(i) (m—n)eg ge€G(i) (m—n)eyg
We now introduce the main result of this subsection.

LEMMA 5.5. Forevery € > 0, there exist § and 6, with ; > § > 0 such
that, for any 1 <i,j <l withi # j,

— 1 N/apN
. — ) < —wy .
(5.2) JéﬂoNlogy (0B;") < —w; +w+¢
1
(5.3) lim — log¥(0BY) > —w;+w—c¢.
N—>ooN
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PROOF. Let
w; = min Umn, -
9eG(i) (m;l)eg
By the argument presented in the proof of Lemma 4.1 in [21], we have
w; = w; for any 1 < ¢ < [. Therefore the conclusion of the lemma is a
straightforward consequence of Lemmas 5.2, 5.3 and 5.4. U

5.2. Lower bound. We show in this subsection the large deviations
lower bound, that is, for any closed subset O of M,

1
LD > it WO
i Ay log v0) = — il W(O)

Following [11, 21, 22], we represent the stationary measure ppy of a
subset A of X as

1 T
(5.4) pn(A) = C_N /aBN E, (/0 1{ns€A}d5> dvn(n) ,

where
Oy = / By (7)dun (1)
dBN

We start from the estimate on the normalizing constant C'y.

LEMMA 5.6. For any € > 0, there exist 6 and 61 with 6 > 0 > 0 such
that .
m N log CN S e .

N—oo

PROOF. By the Strong Markov property,
!

C — / E, (r)dvx (1)
; omN
!
= Z/ By (7 Limy <ny)dvn (n)
i—1 JOBY !
I
<> B dunn) + sup ().
i—1 JOBYN neEXn
From Lemma 5.7 below, to conclude the lemma it is enough to show that
for any € > 0 there exist ; > 6 > 0 such that, forany 1 <i </,

1
(5.5) lim N]og( sup EU(HQ)) <e.

N—o0 nE@BZN

For each integer N > 0, consider a configuration " in Bas, (M;) such
that

P ~(HY <3) = inf P, (Hev < 3).
nN( r; ) weBl, (M) n( ry )
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Recall that every subsequence of 7V (™) contains a subsequence converg-
ing in M to some 9 that belongs to M, ;. Therefore we may assume that
7N (™) converges to Vs, (du) = 75, (u)du in B;. We may also assume that
s, belongs to Bags, (I;) without loss of generality.

Fix ¢ > 0. Let 7 be a path in D(]0, 1], M ;) which satisfies the state-
ments of Corollary 4.8. Let also 7 be a path in D([0, 1], M 1) such that
7o = VU, 11 € M4\ Bas, (M;) and I, (%) < e. This choice is possible if 6,
is small enough. Define the path 7 in D([0, 2], M. ;) defined as m, = 7, if
0<t<landm =m_yif 1 <t < 2. For e > 0 small enough, denote by
A () the e-open neighborhood of 7 in D([0, 2], M ;).

Then by the dynamical large deviations lower bound, for /V large enough
and any 1 € ngl (M),

P,(HY <3) > exp{—N( /ei}\lf( )Ig(w’h) +¢e)}

> exp{—3Ne}.

This bound together with the arguments performed in Lemmas 5.1 and 5.7
gives the bound (5.5) , which finishes the proof. Ul

In order to prove the lower bound, we first claim that for any open set
O of M containing v;, for some 1 <1 <,

1
(5.6) lim —logPn(0) > —w; +w.
N—o00 N

Indeed, fix ¢ > 0 and let 6; > & > 0 satisfying (5.3), Lemma 3.7 , Lemma

5.6 and such that By, (9;) C O. Then

1 T
Pn(O) = o / E, (/ 1{nseON}d5> dvy(n)
N JoBN 0

L E (YN ()

2 N
Cn Jopy

1

N nedBN
Hence to conclude the claim it suffices to show that

1
lim —log inf P,(HY >1) > 0.
n€dBN !

N—o00
For each integer N > 0, let ¥ be a configuration in 9B} such that
P~ (HY >1) = inf P, (HY >1).
o (Hp, > 1) ncoBN o(Hr, 2 1)

k3

Let also A be the collection of trajectories (¢, du) = p(t,u)duin C([0, 1], M)
whose densities p are weak solutions of the Cauchy problem (3.1) starting
at some profile py in Bs(M;). Consider the open set

51/2
U= U B[Ol,/l} (ﬂ-> )
TEA
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where Bfol/l?(w) is the open ¢; /2-neighborhood of 7 in D([0, 1], M. ). Then

from Lemma 3.7, for some ~(u)du in Bs(M;), we have

_ 1 ) 1
lim NIOanN(Hg >1) > lim Nloanw(U)

N—oo N—oo

which implies the claim.
From (5.6), we may deduce that there exists a sequence €y — 0 such
that )
lim —logPn(Bey (M) > —w;i+w .
N—00 N
Fix now an open set O of M. . In order to prove the lower bound, it is
enough to prove that for any measure ¢ in O N M and any trajectory 7 in
D([0,T], M) with 77y = 9,

1
lim NlogPN(O) > —w; +w — Ir(7|p;)

N—oo

Indeed, for each N, let By = (V) ™" (B, (M;,)) and let n be a con-
figuration in By such that

P, ~ [WQJY €0] = f {P, [7T7]Y €0]} .

neEBN
Let Op = 7' O, then

.1 .1
lim NlogPN(O) = lim —<logk,, [Py, (77 € O)]

N—oo N—o0
1
> lim — log{ Pn(Bey(M;)) inf {P,[r} € O]}
Nooo N neby
1
> —w; +w+ lim —logP,~ [7r¥ € (’)]
NHOON
1
= —w; +w+ lim —logQ,~(Or)
N—>ooN
> —wy; — inf I D;
z —witw— nf Ir(r|p)

> —w; +w — Ip(7|p;) -
It remains to take a supremum in 7 and 7' > 0, which finishes the proof of
the lower bound.

5.3. Upper bound. We show in this subsection the large deviations
upper bound, that is, for any closed subset C of M,

— 1
— 1 < _i
Ay legPy(C) < — b W(C) .
Let us first assume that C is a closed set of M, such that, for each

1 <4 <1,9; ¢ C. In that case we may assume that | J'_, Bos, (M;)NC =0
without loss of generality.

61



1 T
Pr(0) = ix(@) = = [ By ([ eenias) ot

l

1 T
< C_NZVN(aBZN) sup E, (/0 1{nSeCN}d3> :

i=1 nedBN
Recall that a configuration in Xy can jump by the dynamics to less
than other 2N configurations and that the jump rates are at most of order
N?2. Hence, since any trajectory in D(R,, X ) has to perform at least a
jump before the stopping time 7, Cy > 1/C N? for some constant C' > 0.
Hence, by (5.2), in order to prove the upper bound it is enough to show that,
foreach 1 <1 </,

1 T
5.7 lim —log sup E 1 ds| < —=Vi(C ,
(5.7) Mim ognzggZN 77(/0 {nscCN} 8) < C)+e

where V;(C) = infyec Vi(0).
For each configuration 7 in B}, by the strong Markov property,

By ([ Tconds) < By [ < 1) sup (8, (1)
0 necN

Notice that the jumps of the process d(7 (1;), M;) are of order N1
Thus, for N large enough, any trajectory in D(R,, Xy ) starting at some
configuration in OB}, resp. CV, satisfies H < H}', resp. 7 < HJ.

Hence, by the strong Markov property, the expression in the left side of
(5.7) is bounded above by

T~ log sup P, [HY < HY] sup {E, ()} .

=60 nery necN
Therefore, in order to prove (5.7), it is enough to show the next lemma.
LEMMA 5.7. For every 6 > 0 enough small, we have
— 1
(5.8) lim —log sup {E, (H})} < 0.
i ylos s (54 (4)
For every € > 0, there exist 0 and 6, with 61 > & > 0 such that, for any
1 <1 <1, we have

(5.9) ]@O%mg sup {P, [HY < Hy]} < —Vi(C) +¢.

N
nel’;

PROOF. Let ¢ > 0 and consider Ty, Cy, Ny > 0 satisfying the statement
of Lemma 5.1. For every integer NV > N, and every configuration n in X,

o ) T
E, (HY) < To) P, (HY 2 kTy) < To)_exp{-kCoN'} < 2.
k=0 k=0

which proves (5.8).
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We turn now to the proof of (5.9). Fix £ > 0. By Lemma 5.1 and since
Vi(C) < oo, for every 6 > 0, there exists 75 > 0 such that

1
iy log sup {Py [T < Hy|} < -Vi(C).

For each integer N > 0, consider a configuration " in T'YV such that
P~ [HY < T3] = sup {P, [HY <T5]} .

nerN

7

Let Cs be the subset of D([0, 75, M) consisting of all those paths 7 for
which there exists ¢ in [0, 7] such that 7(¢) or 7(t—) belongs to C. Notice
that C; is the closure of 7 ({ HY < Ts}) in D([0, T5], M.).

Recall that every subsequence of 7 (n™) contains a subsequence con-
verging in M to some ¢ that belongs to M ;. Hence, by the dynamical
large deviations upper bound, there exists a measure ¥5(du) = v5(u)du in
I'; N M 1 such that

— 1 — 1 :
lim NIOanN (HY <Ty) < A}lgl)oﬁloanN(C(g) < _7}2(2 It (m|ys) -

N—oo

Therefore, since

N—oo

1 1 1
J&lirlwﬁlog{aN +by} < max{ lim NlogaN,]\}lir})ONlong} ,
the left hand side in (5.9) is bounded above by
max{—Vi(C), — inf [Té(ﬂ'"‘)/g)} ,
mweCs

for every 0 > 0. Thus, in order to conclude the proof, it is enough to check
that there exists & > 0 such that

inf Iy, (m|lys) > Vi(C) — €.
TeCs

This bound is proved by the argument as we did in the proof of Lemma
5.3. O

To finish the proof of the large deviations upper bound, it is enough to
show that, foreach 1 < </,

— 1 .
A}l_I}I(l)oNlogPN(Bg(ﬁz)) < —w; +w.

However one can prove this bound by Lemma 5.6 and the argument pre-
sented in the first part of this subsection.

63



Acknowledgements

I am deeply grateful to Professor Tadahisa Funaki whose enormous
support and insightful comments were invaluable during the course of my
study. I would like to show my gratitude Professor Claudio Landim for
greeting me with open arms. I am also very pleased for the help I received
at my visits to IMPA. I am very grateful for the support I have been given
from friends and colleagues over the past few years. I would also like to
express my gratitude to my family for their moral support and warm en-
couragements. Finally, I gratefully acknowledge the financial support of
the Program for Leading Graduate Course for Frontiers of Mathematical
Sciences and Physics that made it possible to complete my thesis.

64



Bibliography

[1] L. Avena, M. Jara, F. Voellering: Explicit LDP for a slowed RW driven by a symmet-
ric exclusion process. arXiv:1409.3013.

[2] C. BERNARDIN, Regularity of the diffusion coefficient for lattice gas reversible under
Bernoulli measures, Stoc. Proc. Appl., S, 101 (2002), 43-68.

[3] M. BERTSCH, R. DAL PASSO, M. MIMURA, A free boundary problem arising in a
simplified tumor growth model of contact inhibition, Interfaces and Free Boundaries,
12 (2010), 235-250.

[4] G. Basile, G. Jona-Lasinio: Equilibrium states with macroscopic correlations. Inter-
nat. J. Modern Phys. B 18, 479-485 (2004).

[5] O. Benois, C. Landim, M. Mourragui: Hitting times of rare events in Markov chains.
J. Stat. Phys. 153, 967-990 (2013).

[6] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio, C. Landim: Macroscopic fluctu-
ation theory for stationary non equilibrium state. J. Stat. Phys. 110, 635-675 (2002).

[7] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio, C. Landim: Large Deviations
for the Boundary Driven Symmetric Simple Exclusion Process. Math. Phys. Anal.
Geom. 6, 231-267 (2003).

[8] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio, C. Landim: Macroscopic fluc-
tuation theory. Rev. Modern Phys. 87, 593—-636 (2015).

[9] L. Bertini, C. Landim, M. Mourragui: Dynamical large Deviations for the Boundary
Driven weakly asymmetric simple exclusion process. Ann. Probab. 37, 2357-2403
(2009).

[10] T. Bodineau, B. Derrida: Current large deviations for asymmetric exclusion processes
with open boundaries. J. Stat. Phys. 123, 277-300 (2006).

[11] T.Bodineau and G. Giacomin: From Dynamic to Static Large Deviations in boundary
Driven Exclusion Particle Systems. Stochastic Procss. Appl. 110, 67-81 (2004).

[12] T. Bodineau, M. Lagouge: Current large deviations in a driven dissipative model. J.
Stat. Phys. 139, 201-218 (2010).

[13] T. Bodineau, M. Lagouge: Large deviations of the empirical currents for a boundary-
driven reaction diffusion model. Ann. Appl. Probab. 22, 2282-2319 (2012).

[14] X.-Y. Chen, H. Matano: Convergence, asymptotic periodicity, and finite-point blow-
up in one-dimensional semilinear heat equations. J. Differ. Equat. 78, 160-190
(1989).

[15] A.De Masi, P. Ferrari, J. Lebowitz: Reaction diffusion equations for interacting par-
ticle systems. J. Stat. Phys. 44, 589-644 (1986).

[16] De Masi, A. E. Presutti, M. E. Vares: Escape from the unstable equilibrium in a
random process with infinitely many interacting particles. J. Stat. Phys. 44, 645-696
(1986).

[17] De Masi, A. Pellegrinotti, E. Presutti, M. E. Vares: Spatial Patterns when Phases
Separate in an Interacting Particle System. Ann. Appl. Probab. 22, 334-371 (1994).

[18] P. De Mottoni, M. Schatzman: Geometrical evolution of developed interfaces. Trans.
Amer. Math. Soc. 347, 1533-1589 (1995).

65



[19] B. Derrida, J. Lebowitz, E. Speer: Large Deviation of the Density Profile in the
Steady State of the Open Symmetric Simple Exclusion Process. J. Stat. Phys. 107,
599-634 (2002).

[20] G. Eyink, J. L. Lebowitz and H. Spohn Hydrodynamics of Stationary Nonequilibrium
States for Some Lattice Gas Models, Comm. Math. Phys., Vol. 132, 252-283 (1990).

[21] M. L. Freidlin, A. D. Wentzell: Random perturbations of dynamical systems. Second
edition. Grundlehren der Mathematischen Wissenschaften [Fundamental Principles
of Mathematical Sciences], 260. Springer-Verlag, New York, 1998.

[22] J. Farfan: Static large deviations of boundary driven exclusion processes
arXiv:0908.1798.

[23] J. Farfan, C. Landim, M. Mourragui: Hydrostatics and dynamical large deviations of
boundary driven gradient symmetric exclusion processes. Stochastic Process. Appl.
121, 725-758 (2011).

[24] J. Farfan, C. Landim, K. Tsunoda: Static large deviation principle and metastability
of a reaction-diffusion model. In preparation.

[25] T. Franco, A. Neumann: Large deviations for the exclusion process with a slow bond.
arXiv:1501.00225.

[26] T. FUNAKI, Free boundary problem from stochastic lattice gas model, Ann. Inst.
Henri Poincaré, 35 (1999), 573-603.

[27] T. FuNAKI, K. UCHIYAMA, From Micro to Macro 2, Hydrodynamic Limit for Lattice
Gas, in Japanese. Springer Tokyo, 2002.

[28] T. FunAKkil, K. UCHIYAMA, H.T. YAU, Hydrodynamic limit for lattice gas reversible
under Bernoulli measures, in: Nonlinear Stochastic PDE’s: Hydrodynamic Limit and
Burgers’ Turbulence (eds. Funaki and Woyczynski), IMA, 77 (1995), 1-40.

[29] M. D. JARA, C. LANDIM, Nonequilibrium central limit theorem for a tagged particle
in symmetric simple exclusion process, Ann. Inst. Henri Poincaré Probab. Stat. 42
(2006), 567-577.

[30] G. Jona-Lasinio, C. Landim, M. E. Vares: Large deviations for a reaction diffusion
model. Probab. Theory Related Fields 97, 339-361 (1993).

[31] C. Kipnis, C. Landim: Scaling limits of interacting particle systems. Grundlehren der
Mathematischen Wissenschaften, 260. Springer-Verlag, Berlin, 1999.

[32] C. Kipnis, C. Landim and S.Olla Macroscopic properties of a stationary nonequi-
librium distribution for a non-gradient interacting particle system , Ann. Inst. H.
Poincaré 31, 191-221 (1995).

[33] K. KOMORIYA, Free Boundary Problem from Two Component System on Z, J. Math.
Sci. Univ. Tokyo, 12 (2005), 141-163.

[34] C. Kipnis, S. Olla, S.R.S. Varadhan: Hydrodynamics and large deviations for simple
exclusion processes. Comm. Pure Appl. Math. 42, 115-137 (1989).

[35] C. LANDIM, S. OLLA, S.B. VOLCHAN, Driven Tracer Particle in One Dimensional
Symmetric Simple Exclusion, Commun. Math. Phys. 192 (1998), 287-307.

[36] C. Landim, K. Tsunoda: Hydrostatics and dynamical large deviations for a reaction-
diffusion model. arXiv:1508.07818.

[37] M. Mourragui, M. Orlandi: Boundary driven Kawasaki process with long-range in-
teraction: dynamical large deviations and steady states. Nonlinearity 26, 141-175
(2013).

[38] J. Quastel, F. Rezakhanlou, S. R. S. Varadhan, Large deviations for the symmetric
simple exclusion process in dimensions d > 3, Probab. Theory Related Fields 113,
1-84, (1999).

[39] K. TSUNODA, Derivation of a free boundary problem from an exclusion process with
speed change, Markov Processes Relat. Fields, 21, 263-273, (2015).

66



