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STUDIES ON SPACES OF INITIAL CONDITIONS FOR
NONAUTONOMOUS MAPPINGS OF THE PLANE AND
SINGULARITY CONFINEMENT

TAKAFUMI MASE

ABSTRACT. We study nonautonomous mappings of the plane by means of singularity
confinement and spaces of initial conditions. First we introduce what we call the full-
deautonomisation approach. This is a new method to predict the algebraic entropy of an
equation with all singularities confined, only by means of a deautonomisation procedure
and singularity confinement. Next we introduce the notion of a space of initial conditions
for nonautonomous systems and we study the basic properties of general equations that
have spaces of initial conditions. Finally we consider the minimization of spaces of initial
conditions for nonautonomous systems and we show that if a nonautonomous mapping
of the plane with a space of initial conditions and unbounded degree growth has zero
algebraic entropy, then it must be one of the discrete Painlevé equations in the Sakai
classification.
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Mappings of the plane are among the main objects of interest in the field of discrete

integrable systems. Such a mapping can be thought of as defining the equation

©n (xmyn) = (xn—l—lyyn-i-l)a



where x,, 1 and y,.; are functions of x,, and y, (and n). A three point mapping, in which
ZTpni1 is determined by z,, and x,,_1, can be transformed to the above form by introducing
Yn = Tnt1.

In this thesis, we deal with mappings of the plane that can be rationally solved in the
opposite direction. Such an equation defines a (family of) birational automorphism(s)
(Definition A.2) on P? (or on P* x P!).

How to detect the integrability of discrete equations has been a major problem in the
field of integrable systems for more than a quarter century.

Singularity confinement was first proposed by Grammaticos, Ramani and Papageorgiou
[14] as a discrete analogue of the Painlevé property in continuous systems. Where the
Painlevé property requires all movable singularities to be at most poles, singularity con-
finement requires every singularity (i.e. disappearance of information on the initial values)
to be confined after finite iterates. That is, an equation is said to enter a singularity when
loosing information on the initial values, and is said to exit from a singularity when re-
covering the lost information. Singularity confinement is so powerful that many discrete
Painlevé equations have been discovered by deautonomising QRT mappings with the help
of singularity confinement [13].

However, Hietarinta and Viallet presented an equation that passes the singularity con-
finement test but which exhibits chaotic behavior [19]. Their counterexample is

a

—
Th

(1.1) Tpi1+ Tpo1 =, +

which is called the Hietarinta-Viallet equation. In order to test the integrability more
precisely, Bellon and Viallet defined the algebraic entropy and showed that the entropy
of the above equation is log((3 + v/5)/2) [4].

Definition 1.1 (algebraic entropy [4], dynamical degree). The limits

1

lim — log (deg ¢") and lim (deg ™)™,
n—oo M, n—oo

if they exist, are called the algebraic entropy and the dynamical degree of the equation,

respectively. We denote by ¢" the n-th iterates and by deg the degree as a rational

function of the initial values.

It is obvious that the entropy coincides with the logarithm of the dynamical degree.

Even in autonomous cases (“autonomous” means that the ¢ does not depend on n), it
is difficult to calculate the exact value of the entropy for a concrete equation. However,
the integrability test based on zero algebraic entropy is empirically accurate. Hereafter,
we shall call an equation with zero algebraic entropy integrable.

Remark 1.2. It is known that in the autonomous case, the entropy exists and that is
invariant under coordinate changes [4]. However, as in Example 3.1, this does not hold
in nonautonomous cases.

In nonautonomous cases, the degree of n-th iterate is

deg " = deg(¢e+n—1 ©0---0 904),

which in general depends on the starting index ¢. However, we rarely think of deg ¢™ (or
the entropy) as a function of £. It is usual to fix the starting index (for example ¢ = 0, as
in Example 3.1) or only consider the cases where deg ¢™ do not depend on ¢ for all n. If
so, then the algebraic entropy always exists for the same reason in the autonomous case.



It has become quite clear that there are a lot of nonintegrable systems that pass the
singularity confinement test [3, 36, 15]. Moreover, most linearizable mappings, which are
by definition integrable, do not pass the singularity confinement test [35].

Besides singularity confinement and algebraic entropy, some integrability criteria have
been proposed.

Based on Diophantine approximations, Halburd proposed a new integrability criterion,
called Diophantine integrability. This approach is useful when we numerically estimate
the value of the entropy.

The coprimeness condition was proposed to reinterpret singularity confinement from
an algebraic viewpoint [22, 24, 23]. This criterion focuses on the factorization of iterates
as rational functions of the initial values and tries to transform the equation to another
one with the Laurent property [12]. This method has been recognized as a technique to
calculate the exact value of the algebraic entropy [25].

Remark 1.3. There are several degrees of mappings of the plane.
The degree as a birational automorphism on P? (Definition A.20) is most standard. We
will mainly use this degree in this thesis.

If ¢ is written as
o(r,y) = (@11(17734) <P12(3771/)) 7

pa1(2,y) " paa(7,y)
where ¢1; and 9; have no common factors for ¢ = 1, 2, then the degree of ¢ as a birational
automorphism on P! x P! is defined by

deg v = max(deg @11, deg @12, deg @o1, deg pag).

This degree is convenient when we consider three point mappings.
It is known that, while these two degrees are different, their growth as functions of n
is the same.

Example 1.4. Consider the equation

p(z,y) = (;é) -

It immediately follows from the above expression that the degree of ¢ as a birational
automorphism on P! x P! is 1.
On the other hand, ¢ can be written in homogeneous coordinates on P? as

O(z1 1 291 23) = (2123 : 2923 : 2129).

Therefore, the degree of ¢ as a birational automorphism on P? is 2.
Since ¢? = id, the degree growth of ¢" is bounded in both cases.

Since all equations in this thesis are (families of) birational automorphisms, geometric
methods are useful to analyze them. The most important and powerful tool is the so-
called space of initial conditions, which was first introduced by Okamoto to analyze the
continuous Painlevé equations [33].

Sakai focused on a close relation between singularity confinement and a space of initial
conditions. Using a special type of algebraic surface, he has classified all discrete Painlevé
equations [37].

Takenawa performed the blow-ups for (regularized as an automorphism on a surface)
the Hietarinta-Viallet equation to obtain a space of initial conditions [38]. He revealed
a correspondence between the singularity pattern and the motion of specific curves, and
recalculated the algebraic entropy by computing the maximum eigenvalue of the linear



transformation induced on the Picard group. He also considered blow-ups of nonau-
tonomous systems and showed, by using specific bases introduced by Sakai, that the
degree growth of every discrete Painlevé equation is at most quadratic [39].

Let us recall the close relationship between singularity confinement and the space of
initial conditions.

Example 1.5. Consider the equation
a(z, +1)

(12) Tnt1Lp—1 = 72

Y

where a is a nonzero constant. This is one of the so-called QRT mappings [34].

First let us explain singularity confinement on the above equation. Let € be an infini-
tesimal quantity and assume that while z,,_; is a regular finite value, x,, becomes —1 +¢.
Then we obtain

a

Tpt+1 = €+ 0<8>7

Tp-1

_xngl —2 -2
Tntg = — —¢€ °F o(e™),

—a
Lnt3 = €+ 0(‘€>7

Tp—1

Tnta = -1+ 0<1)7
Tp+s = Tp—1 + O<1)a

where “o(*)” means the Landau symbol, i.e.lim. o 0(¢¥)/e* = 0. Since the leading order
of x,,5 is degree 0 and the leading coefficient depends on the initial value x,,_;, we say
that this singularity is confined and its pattern is

(1.3) {—1,6,e7%¢,—1}.

This equation has two more patterns, {,e72,&} and {e7!,&,e71}, which are cyclically
connected. Thus we have a pattern with period 8:

(1.4) {e,e7% ¢,REG,e !, ¢, REG},

where “REG” means a regular value depending on the initial value.

Next, we blow up P! x P! to obtain a space of initial conditions. A blow-up procedure for
this equation was first given in [21]. Although the figure of the space of initial conditions
(Figure 2) in [21] is wrong, the calculation and explanation are detailed, and we therefore
omit the calculation of the blow-ups and only give the result.

The equation can be written as

1
(1.5) 0: P x P - P x P, (z,y) (y, a(y_%;)) .
Ty
Introducing the variables s = 1/z and t = 1/y, P! x P! is covered with 4 copies of C? as
follows:
P! x P! = (z,y) U (s,9) U (z,1) U (s,1) .
Let X be the surface obtained by blowing up P! x P! at the following 8 points (Figure 1):
(1) (z,y) = (0,—-1),
(2) (z,y) = (=1,0),
(3) (.T,t) = (070)7
t
4 — 1 =1(0,0
W (1) =00,



@ |©

Ficure 1. Diagram showing the blow-ups needed to obtain a space of
initial conditions for the mapping (1.5).

0 (+)-(0-)

Then, ¢ becomes an automorphism on X.
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FIGURE 2. Space of initial conditions for the mapping (1.5). The curves
Dy, ..., Dg are all (—2)-curves and compose the fundamental chain (1.6).
The motion of the exceptional curves C1, ...,y corresponds to the singu-
larity pattern (1.3).

Let Dy,..., Ds,Cy,Cy, Cs,Cy be the curves in Figure 2 and let {x = —1},{y = -1} C
X be the strict transforms of the corresponding lines in P* x P!, These curves move under
v as follows:

(16) D1—>D2—>"'—)D8%D1,
(1.7) {y=—-1} - C, - Cy = C5 —» Cy = {x = —1}.

We find an exact correspondence between the cyclic pattern (1.4) and the cyclic motion
of curves (1.6). On the other hand, the singularity pattern (1.3) corresponds to the motion
of curves (1.7). In P! x P!, these curves become points such as (1), (2), (3) and (6). After
several steps, however, they again become curves. This phenomenon corresponds to the
recovery of the information of the initial value, and this is a geometric interpretation of
singularity confinement.

We will see in §4 how to calculate the degree growth of the equation from the linear
action on Pic X. According to Takenawa [38], the maximum eigenvalue of the linear
action gives the dynamical degree of the equation. Using

D1+D3+D6+Cl+03N2D2+D5+D7+202,

we have

C3 ~—=Di+ 2Dy — D3+ D5 — Dg + D7 — Cy + 205,



[13 7

where “~” means the linear equivalence (Definitions A.7 and A.11). Thus, the matrix of
s Pic X — Pic X with respect to the basis Dy, ..., Dg, C1,Cs is

0000O0O0O0OT1TO0 -1
10000O0O0O0O0 2
010000O0O0O0 -1
0010O0O0O0O0OO0 O
0001O0O0O0O0OO0 1
000010O0O0O0 —1
0000O0OT1O0O0O0 1
0000O0OO0OT1O0O0O O
000O0O0OO0OO0OO0O0 -1
0000O0OO0OO0OO0OT 2

Since the eigenvalues of this matrix all have modulus 1, the entropy of this equation is 0.

In the above example, we started with P! x P! and only used blow-ups to obtain a space
of initial conditions. However, it is possible to start with P? (or a Hirzebruch surface F,)
and, in general, blow-downs are also necessary to obtain a space of initial conditions. If
we admit the use of blow-downs, we can take an arbitrary rational surface as a starting
point. Therefore, the definition of a space of initial conditions is as follows:

Definition 1.6 (space of initial conditions for autonomous systems). If for an autonomous
equation : P? —-» P2, there exist a rational surface X and a birational map f: X --» P?
such that f~' o p o f is an automorphism on X:

X—X
f ¥
Y Y
IP;Q,,,,?)IPQ’

then X is called a space of initial conditions for ¢. That is, an autonomous equation has
a space of initial conditions if it can be regularized as an automorphism on some rational
surface.

It is important to note that in general f is a composition of a finite number of blow-ups
and blow-downs (Proposition A.5).

Remark 1.7. Consider an autonomous equation ¢: P2 --» P? with a space of initial
conditions f: X --» P? and assume that the degree of ¢" is unbounded. In this case, X
has infinitely many exceptional curves of first kind and thus Theorem A.38 implies that
there exists a birational morphism ¢g: X — P?. Let ¢ = go f~topo fog™. Then v is a
birational automorphism on P?:

P

PN A
X —X

F S f

£ P

If we identify two equations that are transformed to each other by a coordinate change
of P2, then ¢ and v are the same equation. Therefore, by changing coordinates on P?

7



appropriately, we can think of f in Definition 1.6 as a composition of blow-ups as long as
the degree growth of the equation is unbounded.

All birational automorphisms on surfaces have been classified by Diller and Favre [8].
Extracting the classification of birational automorphisms on rational surfaces from their
theorem and interpreting it from the viewpoint of integrable systems, we have the following
classification of autonomous equations of the plane:

Theorem 1.8. Autonomous equations ¢ of the plane are classified into the following 5
classes:

class 1: The degree of ©™ is bounded.
This type of equation has a space of initial conditions.
For example, projective transformations on P? and periodic mappings belong
to this class.
class 2: The degree of ¢™ grows linearly.
This type of equation does not have a space of initial conditions.
Most linearizable mappings belong this class.
class 3: The degree of ©™ grows quadratically.
This type of equation has a space of initial conditions. It is an elliptic surface
and @ preserves the elliptic fibration on the surface.
For example, the QRT mappings belong to this class [34, 41, 11].
class 4: The degree of ©" grows exponentially but the equation has a space of initial condi-
tions.
Its Picard number is greater than 10.
For example, the Hietarinta-Viallet equation belongs to this class.
class 5: The degree of ¢™ grows exponentially and the equation does not have a space of
wnitial conditions.
“Most” equations belong to this class.

Moreover, Diller and Favre showed that the value of the dynamical degree of an equation
is quite restricted.

Definition 1.9. A reciprocal quadratic integer is a root of A2—aA+1 = 0 for some integer
a. A real algebraic integer A > 1 is a Pisot number if all its conjugates have modulus less
than 1. A real algebraic integer A > 1 is a Salem number if 1/)\ is a conjugate and all
(but at least one) of the other conjugates lie on the unit circle.

Remark 1.10. It goes without saying that reciprocal quadratic integers greater than 1
and Salem numbers are by definition irrational.

Theorem 1.11 (Diller-Favre [8]). The dynamical degree of an autonomous equation of
the plane is 1, a Pisot number or a Salem number.

Theorem 1.12 (Diller-Favre [8]). If an autonomous equation of the plane has a space
of initial conditions, then its dynamical degree must be 1, a reciprocal quadratic integer
greater than 1 or a Salem number. If the dynamical degree is 1, then the degree growth
s bounded or quadratic. In particular, this implies that if the degree grows linearly, then
the equation does not have a space of initial conditions.

Theorem 1.12 says that if a mapping has a space of initial conditions, then the value
of its dynamical degree (and algebraic entropy) is strongly restricted. Thus, it is some-
times possible to prove the nonexistence of a space of initial conditions by calculating the
algebraic entropy [25].



It is well-known that there is a close relation between the degree growth of an equation
and the Picard number of a space of initial conditions:

Proposition 1.13. If the Picard number of a space of initial conditions is less than 10
(resp. 11), then the degree growth of the equation is bounded (resp. at most quadratic).
Moreover, if the degree growth is quadratic and a space of initial conditions is minimal
(Definition 5.1), then its Picard number is 10.

All autonomous mappings with quadratic degree growth have been classified in [6].
Moreover, there is a strong result about equations with bounded degree:

Theorem 1.14 (Blanc-Déserti [5]). Let ¢ be a nonperiodic equation with bounded degree
growth and let X be its space of initial conditions. Then, ¢ can be minimized from X to
either P? or a Hirzebruch surface Ty with a # 1. Furthermore, ¢ is birationally conjugate
to a projective transformation on P? (Definition A.19).

Therefore, besides periodic mappings, all autonomous integrable (zero algebraic en-
tropy) equations of the plane are characterized by a minimal space of initial conditions
with Picard number less than 11.

Using Theorem 1.8, one approach to test the integrability of an autonomous equation
of the plane is as follows:

(1) Using singularity confinement, we verify if the equation has a space of initial
conditions.

(2) In the case where the equation does not have a space of initial conditions, we
somehow verify if the degree growth of the equation is linear. If so, then the
equation belongs to Class 2 in Theorem 1.8. It is integrable and linearizable.
Otherwise, the equation belongs to Class 5 and is not integrable.

(3) In the case where the equation has a space of initial conditions, we somehow cal-
culate the algebraic entropy. If it is zero, then the equation belongs to Class 1 or 3
and is integrable. Otherwise, the equation belongs to Class 4 and is nonintegrable.

The most difficult step in this approach is (3), especially to distinguish Classes 3 and 4.
In order to test the integrability of a concrete equation, it is of course sufficient to calculate
the algebraic entropy at the beginning. However, computing the algebraic entropy for a
general equation is extremely difficult and practically impossible. If an equation passes
the singularity confinement test, then we can use some techniques such as constructing
a space of initial conditions. Therefore, in order to test the integrability of a concrete
equation, it would be better to apply singularity confinement first of all.

In this thesis, we will propose a new approach to “calculate” (or at least predict) the
algebraic entropy of an equation that passes the singularity confinement test, which we
will call “full-deautonomisation.” This approach looks strange at first sight because its
first step is to add nonautonomous coefficients to an autonomous equation. However,
this is the essence of full-deautonomisation since this approach is based on a conjecture
about a close relation between the algebraic entropy of a “sufficiently nonautonomous”
equation and the condition on the nonautonomous coefficients for the equation to pass
the singularity confinement test. We will introduce this approach, which is one of the
main results in this thesis, in §2.

Therefore, nonautonomous equations are not only interesting for themselves but also
have applications to autonomous systems. Besides full-deautonomisation, for example, the
classification of autonomous equations with quadratic degree growth [6] was performed
using generalized Halphen surfaces, which are in general spaces of initial conditions for
discrete Painlevé equations.



While the most famous class of nonautonomous equations that have a space of initial
conditions is that of the discrete Painlevé equations, there are a lot of other examples.
For instance, using an algebro-geometric method, Takenawa considered a nonautonomous
extension of the Hietarinta-Viallet equation [38, 39, 40]. In addition, one of the most
important and powerful methods to find a nonautonomous equation with all singularities
confined is late confinement, which was first reported in [20]. This method provides us
with a family of nonautonomous equations that pass the singularity confinement test.
We will perform a detailed algebro-geometric analysis of late confinements of the ¢-Py;
equation in §2.2.

Unfortunately, there has been almost no general theory of nonautonomous equations
with a space of initial conditions. One of the main aims of this thesis is a classification
of integrable equations with a space of initial conditions. It is known that all discrete
Painlevé equations have a space of initial conditions (by definition) and that they are
integrable (as shown by Takenawa). Then, is it conceivable that there exists an integrable
equation that is not a discrete Painlevé equation but has a space of initial conditions?

The reason why there has been almost no general theory of a space of initial conditions
in nonautonomous cases is the difficulty in setting up a starting point. In autonomous
cases, an equation with a space of initial conditions is reduced to one automorphism
on one rational surface. However, even if a nonautonomous system such as a discrete
Painlevé equation has a space of initial conditions, it is in general not reduced to an
automorphism on a surface. Furthermore, in nonautonomous cases, even the centers of
the blow-ups and therefore the obtained surface do depend on n. As a result, a space
of initial conditions is not a single surface in a strict sense but a family of surfaces.
Therefore, choosing appropriate ,,, we can obtain many artificial examples. It is true
that this kind of problem does not matter when we consider a concrete example such
as a discrete Painlevé equation or a nonautonomous extension of the Hietarinta-Viallet
equation. However, if we are interested in a classification, we cannot avoid setting up an
appropriate starting point. In §3, we shall first describe several artificial examples and
then define a space of initial conditions for nonautonomous equations. We will also recall
the space of initial conditions in Sakai’s sense and show that these two definitions are
equivalent.

§4 mainly contains preliminaries. We shall see that, under our definition of a space of
initial conditions, many analogues of the properties of autonomous equations still hold.

As in the autonomous case, in order to use the Picard number of a space of initial
conditions in a classification, we must consider a minimization since increasing the Picard
number of a space of initial conditions is possible. A minimization was considered by
Carstea and Takenawa [7], but general nonautonomous cases have not been considered.
In §5, we shall see that a minimization of a space of initial conditions in nonautonomous
cases in fact is similar to that in autonomous cases.

5.1 is one of the main parts of this thesis. We consider a minimization of an integrable
equation with unbounded degree growth and a space of initial conditions to classify all
such equations. As a result, we will obtain the main theorem of this thesis (Theorem 5.6),
which says that an integrable mapping of the plane with unbounded degree growth and a
space of initial conditions must be one of the discrete Painlevé equations. We also show
the uniqueness of the minimization (Proposition 5.12).

§5.2 contains some additional results on the minimization of a space of initial condi-
tions in nonintegrable cases. We will not classify such equations but give a procedure to
minimize a space of initial conditions and show the uniqueness of the minimization.

10



In Appendix A, we describe the notations we use throughout the thesis and recall
basic results on algebraic surfaces. Appendix B is an elementary but involved proof of a
fundamental fact in linear algebra (Lemma 4.7).

2. FULL-DEAUTONOMISATION

In this section, we introduce what we call the full-deautonomisation, which is a new
approach to predict (or, in a sense, calculate) the algebraic entropy of an equation by
singularity confinement.

In §2.1, we first recall the notion of deautonomisation procedure and introduce so-called
late confinement. In §2.2, we perform a detailed algebro-geometric analysis of all late
confinements of an equation in order to establish an important correspondence between
the condition on the nonautonomous coefficients and the linear action induced on the
Picard group of a space of initial conditions. This correspondence enables us to predict
the algebraic entropy of an equation by singularity confinement. In §2.3, we introduce
the full-deautonomisation approach and apply it to several examples. When performing
this approach, we must disregard gauge freedom. In §2.4, we see how to find such gauge
freedom. In §2.5, we consider a family of late confinements and show that the dynamical
degree in the nonconfining case can be estimated from the roots of the characteristic
polynomial for the conditions on the nonautonomous coefficients.

In this section, we use the correspondence between the entropy of an equation and the
maximum eigenvalue of the linear action induced on the Picard group of a space of initial
conditions, which was first reported by Takenawa (Corollary 4.3).

2.1. Deautonomisation and late confinement. First let us review the deautonomi-
sation procedure through the same example as in Example 1.5.

Example 2.1. We change the constant a in (1.2) to a nonvanishing function of n to
deautonomise the equation:

an(x, + 1)

2
Ty

(21) Tn+1Tn—1 = .
As in the autonomous case, this equation has three singularity patterns. A straightforward
calculation shows that for all a,, the singularity patterns that start with z, = ¢ or
T, = € ! are the same as those in the autonomous case, respectively. However, the
singularity starting with z,, = —1 + € is not confined for general a,,. Let us see that the
pattern of this singularity is the same as (1.3) if and only if a,, satisfies a2 = a,,_1a41-

A calculation similar to that in Example 1.5 leads to

Qn

Tnl = €+ 0(5)7
Tn-1
—An+1Tp—1 9 —2
by = Il 2 o2y,
an
—Ap4+20n
Tprz = —————¢e + o(e),
Ap4+1Tp—1
Ap+30n+1
fpes = =230 )
an—|—2
an+4an+2(an+3an+1 - ai+2) -1 -1
Tpts = 5 e 4 o(e ).
az  30n+10n

11



Thus, the condition
(2.2) U 3Qn 41 — gy =0

is necessary for x,,5 to become regular as in the autonomous case. Conversely, if a,
satisfies this condition for all n, then we have
3 2
ap(=ap + Anlp 1 + G 1Tn 1)

n = ]-7
33+5 a4 +0()

n—1
which is a regular value that depends explicitly on z,,_;. Solving (2.2), we conclude that
the deautonomised equation (2.1) has the same pattern as of the original mapping if and
only if
ap = aﬁna

where o and [ are nonzero constants.

Thus, we obtained a nonautonomous equation that passes the singularity confinement
test by a deautonomisation. The obtained equation

af™(x, + 1)
Tpt1Tn_1 = 2

is called the ¢-P; equation [13].

Remark 2.2. When using the expression “same singularity pattern,” we only require the
leading order of each iterate with respect to an infinitesimal quantity to coincide with that
of the original mapping, i.e. it is not necessary for the finite values in a pattern themselves
(such as “—1” in the above example) to coincide with those in the autonomous case. If we
require that, then it is often impossible to deautonomise an equation since a finite value
in a singularity pattern can contain information on the nonautonomous coefficients.

In the above example, we showed that (2.1) has the same singularity patterns if and
only if a, satisfies (2.2). However, this condition is not necessary for (2.1) to pass the
singularity confinement test. It is possible for the singularity starting with x, = —1 +¢
to end at a later stage. This kind of phenomenon was first reported by Hietarinta-Viallet
[20]. We shall call it a “late confinement.” Let us review their example.

Example 2.3 (Hietarinta-Viallet [20]). Consider the equation

Qp
(2.3) Tpi1 +Tpo1 =, + — + 0,

T
where a,, and b never become 0. This mapping enters a singularity when x,, becomes 0.
In the autonomous case, i.e. a,, = a for all n, then the singularity pattern is

where ¢ is an infinitesimal quantity. Requiring (2.3) to have the same singularity pattern
as above, we obtain the confinement condition

Apyo — Apy1 — Qp + Q1 = 07

under which (2.3) is integrable and called the d-P; equation [13]. This condition is,
however, not the only one under which the singularity is confined. According to [20], the
singularity of (2.3) is confined if a,, satisfies

(2.4) A1 — (Ap + Qpy1 — Apg) — - — (Qnt3e + Anyser1 — Angseq2) =0

for some ¢ > 0. In [20], the equation was conjectured to be nonintegrable for all £ > 1.

12



In this example, the length of the shortest singularity pattern is the same as that in
the autonomous case. However, some deautonomised equations have shorter singularity
patterns than the original equations. We shall call this kind of phenomenon an “early
confinement.”

Definition 2.4 (late confinement, early confinement, standard confinement). Consider
a deautonomised equation. If the length of its singularities is longer (resp.shorter) than
that of the original mapping, then we call this situation a late (resp. early) confinement.
If the pattern is the same as that of the original mapping, then we call this situation the
standard confinement.

It was proved in [30] that, under the condition (2.4), the dynamical degree of (2.3) is
given by the greatest root of the polynomial

(25) )\32-1-3 _ )\3ﬁ+2 o )\3(-{-1 4ot )\3 o )\2 — A +1.

The proof was done by constructing a space of initial conditions.

One can easily notice that (2.5) coincides with the characteristic polynomial of the
condition (2.4). This fact is not a coincidence and can be seen through an algebro-
geometric analysis. However, we do not give such an analysis in this thesis. Instead,
we will calculate a more complicated example in the following subsection. A detailed
calculation of late confinements of (2.3) is given in [30].

2.2. An algebro-geometric analysis of late confinements. Let us consider the equa-
tion [28]
(26) Tpy1Tn—1 = anl;;—_bfa
where a,, # 0,b, # 0,1. This mapping has two singularity patterns for general values of
the parameters. Although this equation can become periodic for specific values of a,, and
b,, we shall discard such cases in the standard deautonomisation approach since we are
interested in mappings with unbounded degree growth.

The first singularity appears when x,_; becomes 1 + ¢, where ¢ is an infinitesimal
quantity. In this case, the singularity pattern is

- Q10041
{175 17@7171757 u} )
n—1
which ends at this step with the confinement constraint
an+1bn+1 = anflbn+2-
The second singularity appears with x,_; = b,_1 + € and its pattern is
{bn_l,e,a"b”,E‘l,a"+2b"1},
bn—l anbn

which ends at this step with the constraint

anbn = a'n+2bn—1-

Note that these two conditions are satisfied in the autonomous case. We can solve these
two relations for a,, and b,,:

log an = an+ f+~(=1)" 4+ 05" + (5",

log b, = 2an +n — 65" — (5,

where 7 is a primitive third root of unity. Thus, there are 6 degrees of freedom.
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However, there is another possibility. For example, we can choose to confine earlier in
one of the two patterns (as a consequence, the other pattern will be longer). This can be
done either by assuming that a,_; = 1 for all n in the first pattern, or by assuming that

anbn
bn—l

in the second pattern. Note however that this second choice is just the dual of the first
one. Indeed, introducing

- bn—l—l

bn,
Zp = —,
T,
we have
bnflbn+1 Zn — bn

Zn+1”fn—-1 =
anby, 2y — 17

which is (2.6) with a, replaced by
bn+1bn—1
anby
In the a, = 1 case, the second pattern is

bTL bn— bn b?’L
{bnlvgab_agl : € = }

) )
n—1 bn bnfl

and its confinement condition is

bm+5 bm—l = bm+4bm )

which holds in the autonomous case. The solution of this relation is

4
logb, = an+ 5+ ) k™,

m=1
where k is a primitive fifth root of unity. Thus, again we have 6 degrees of freedom. In
both cases, the total length of two singularity patterns is 10 (either 5+ 5 or 3 + 7).
Let us rewrite (2.6) as follows:

—b
(27> ¢n: Pl X Pl -=2 Pl X Pla (l’myn) — ($n+17yn+1) = <yn7 _an(y” n)) 7

xn(yn - 1)
where a, # 0 and b, # 0,1. Let s, = 1/z, and t, = 1/y,. Then P! x P! is covered with
four copies of C?:

P! X P! = (20, Yn) U (T, tn) U (50, Un) U (S, ).

It is easily seen that ¢,, becomes indeterminate at (x,,y,) = (0,b,) and (s,, y,) = (0, 1),
and its inverse ¢, ' at the points (Z,i1,Yns1) = (bs,0) and (x,41,t,11) = (1,0). For
convenience, we introduce the following notation:

Pn: (xﬂJtTL) = (17()); Qn: (xnayn) = (bnflao)y
RTL: (Sn+17yn+1) = (07 1)7 Sn: ($n+17yn+1) = (Oabn—i-l)-

Note that R, and S, are the indeterminate points of ¢, and P, and @), are those of
~1

n—1-

We first blow up the n-th P! x P! at R,_; and S,,_; and the (n+1)-st P! x P! at P,
and Q,11. Since qﬁ;}l is indeterminate at P, and @,, (and ¢, at R, and S,,), we must
perform blow-ups at these points as well. The resulting surfaces and exceptional lines are
depicted in Figure 3.

14



F1GURE 3. The left column shows the n-th surface and the right shows the
(n + 1)-st. The exceptional lines C, Cy, C1, CY come from the blow-ups at
P, R, 1,Q,, S,_1, respectively.

Next, we calculate the images of P, and (), under the mapping ¢,. In general, the
points

nbn
Gu(Pn): (Snsts Yni1) = (0,a2),  0n(Qn): (Trs1, Yni1) = (0’ Z__l)

are indeterminate points for the mapping ¢, ¢-*. This is where a first opportunity to
regularize the mapping arises. However, since the obtained mapping will become periodic,
we discard this case in the standard deautonomisation approach. Indeed, if we require

then the mapping ¢, needs no further blow-ups. In this case, the conditions on the
parameters are

Ay = 1 and bn+1bn_1 = bn,
which means that b,, is periodic with period 6. Moreover, the mapping ¢, itself becomes

periodic with period 12 for these a,, and b,, and, in particular, its degree growth is bounded.

2.2.1. First pattern. One way to regularize the mapping ¢,, is to require that a,, = 1 for
all n (i.e. on(Py) = R,) and that

P © P10+ 0 Pp(Qn) = Sy
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FIGURE 4. Family of surfaces on which the mapping (2.7) acts as an iso-
morphism under the conditions a,, = 1 and b,,15b,_1 = b,0,,.4. The curves
Dy, Dy, D3, Dy are all (—2)-curves.

for some m > n. Since

n bn— n+4+1 bn_
Qn ¢—> (In—i-latn—i-l): (07 b 1) ¢—+> (Sn+2atn+2): <b_170>

bn bn— . by

2 (S48 Ynga): (07 2 1) LGN (@pgds Ynta) : ( 170)

¢n+4 bnfl

— (an+5, tn+5): 07 )
b bn+4

a first opportunity arises by requiring that
¢n+4 o ¢n+3 o ¢n+2 o ¢n+1 o (bn(Qn) - n+47

which is equivalent to the following condition on b,:

bn+5 bn—l = bnbn+4 .

Let us perform blow-ups at the points ¢,(Qy), .., ®ni3 © Gpio © Gpi1 © Pp(Qy) to obtam
a space of initial conditions and call the corresponding exceptional curves C, ..., C:,
respectively, as in Figure 4. We denote by Cf the exceptional curve of the blow-up at Sh-

The curves Dy, Dy, D3, D, move under the mapping as

(2.8) D, — Dy — D3 — Dy — Dy,

which in fact always remains true for any value of the parameters. The intersection pattern
of these curves is of type Aél). Thus, according to Sakai’s classification [37], the space
depicted in Figure 4 corresponds to a discrete Painlevé equation with symmetry Dél). On
the other hand, the eight exceptional curves Cy,Cy, Cf, ..., Cf form two separate chains

{ly=1} =-C, > Cy - {zx=1} and {y=0}—=>C|— - — Ci— {x =10},

16



where we denote by {y = 1},{z = 1},{y = b}, {x = b} the strict transforms of the
corresponding lines in P! x P!, respectively. These chains correspond to the singularity
patterns

bn — bn—l bnbn+4 — bn—l
le,1 d by_1,6, ——, 1 ! .
{ » €y } an { 1, &, bn,178 ) bn » €y bn—l € (bnbn+4) }

Of course it is possible to regularize the mapping ¢, by requiring

¢mo¢m—1o"'o¢n(Pn):Rm

for m > n. We define the points

(2.9) T (@)1 (sn,tn) = (a,0), T(B): (snsyn) = (0,8),
T (): (n, yn) = (4,0), T(8): (xn,tn) = (0,6),
for general o, 5,7,0 € C and note that, in this notation, P,, @,, R,, S, can be written as
Pn = qul)“-)a Qn = qug)(bn—l)a
1
R, = Tr(j—)l(l)7 Sp = Téj-)l (b ) :
n+1
A direct calculation shows that these points are mapped by ¢, as follows:
(2100 ¢, (T(0) = T (an0), 6 (T7(8)) = T34 (8),
i
on (100 =10 (). 60 (T90) = T3,0).

The chain starting with P, is

TO1) = T (a,) = T, (a,) — T, ( ) - T, ( n >
&n+2bn+2 an+2bn+2
¢

Unt2bpto g dn+ak—2 bntak—2

and that with @, is
@ [ bna 1 [ bn-1 @) [ bn-1Gni2 @) [ bn-1Gni2
T (by1) = T4 (m) = Ty <M> = Tois (W) — Tota (W

[/
. T(i)5 ( br—1Gn42 ) Ll )4£ 1 (bn—l H Ay ak—2 )
n n+ l+ .

anbnan+4bn+4 anbn k=1 an+4kbn+4k

Therefore, for arbitrary nonnegative integers ¢ and ¢, there is an opportunity to regularize
¢, after 4 + 4¢ + 4¢' blow-ups. The required conditions on the parameters are

‘ a b oa 1
(211) H n+4k _ 1’ n—1 n+4k—2 _

Un+ak—2bntak—2 anby, Pl Un+akbptar  bpgarsa

The family of surfaces X, obtained after 4 + 4(¢ 4 ¢') blow-ups is depicted in Figure 5.
Note that Figure 4 corresponds to the special case £ = 0,/ = 1.

While the fundamental chain (2.8) is the same as in the case ¢ = 0, = 1, the curves
Dy, Dy, D3, Dy are all —(¢ + ¢/ + 1)-curves. On the other hand, the exceptional curves
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FIGURE 5. Family of surfaces X,, obtained after 4 4+ 4¢+ 4¢' blow-ups. The

mapping (2.7) acts on this family as an isomorphism under the condition
(2.11).

! ! :
Cr,...,Cyy2,CY, ..., Clpyp form two chains

{y=1} = C1 — -+ = Cypyo — {x =1},
{fy=b}=Cl— - = Clpy > {z =10}

These correspond, respectively, to the singularity patterns

¢
- A y2bn12 - An+4k
{1,5 Ya,, e, = e 1,anH - =1, and
an

an+4k—2bn+4k—2

k=1
g/
b anbn 1 bn—lan+2 anbn an+4kbn+4k -}
n—17€7b €, b y 7€7b — Un+4l/+1 (¢ -
n—1 QpnOp n—1 kel Ap+ydk—2

Let us calculate the algebraic entropy of the mapping (2.7) by the linear action induced
on the Picard groups (Corollary 4.3). The Picard group Pic X, for this surface has rank
6+ 40 + 4¢', and we choose

/ !
D17D27D37D4702,’C4£+1’Cl,, 40’42

as a basis. Since the exceptional curves of first kind Cypyo and {z = b} are, respectively,
linearly isomorphic to the divisors
v ¢
—D2+D4+CQ+Z( LIUH_Q_ +Zc4k_c4k2
k=1

k=1
Vi

and D4 — Cl +ZC!U€+2 —|—ZC4k,

k=0 k=1

18



the matrix of the linear action ¢, with respect to the above basis has the form

0001
1000
01 00| =
(2.12) 0010 ,

0 N

where N is a square matrix of size 4¢+4¢'+2 defined as follows: the 4¢-th and (4¢+4¢'+2)-
nd columns of N are

‘'(-<1010--- -1010]010—-1---010-101),
‘0010---0010|-110001---0001),
respectively, where the separator “|” lies between the 4¢-th and (4¢ + 1)-st columns, and

the m-th column (m # 4¢,4¢ + 40’ + 2) is
t(o o010 --- 0)’

where “1”7 lies on the (m + 1)-st row. We have omitted to write the upper right part of
(2.12) since it is irrelevant for our purposes.

The upper left submatrix of (2.12) is a permutation matrix and, in particular, its
eigenvalues have all modulus 1. Thus, if the matrix (2.12) has an eigenvalue greater
than 1, then it must come from the submatrix N. A direct calculation shows that the
characteristic polynomial of N is

min(¢,¢

(2.13)  fv(\) _\der)+2 Z (_)\4Z+4€’—4j+5 _/\4€+4Z’—4j+4+)\4€+4€’—4j+2>

|/ —£| min(¢',0)

Z )\4 (min(¢' £)+5)+1 )\4n11n (¢,0) _|_ Z )\4]'—2 _ )\4j—3 + )\4]'—4) )

In the case ¢ + ¢ Z 2, the matrix N has a real elgenvalue greater than 1 since
fu() =1— (¢ +0) <o,

and thus the mapping is nonintegrable.

On the other hand, in the case f =1, =0 or £ = 0,/ = 1, an easy calculation shows
that

IvO) = A =12+ XA+ A+ 1),

While all eigenvalues of N have modulus 1, the matrices N and (2.12) are not diagonaliz-
able, i.e. the degree growth of the mapping is not bounded. As explained above, the cases
(=0,0=1and £ =1,¢ =0 are dual to each other.

In the case £ = ¢ = 0, the matrix (2.12) is in fact a 12-th root of the identity matrix
and, as denoted above, the mapping itself is also periodic with period 12.

Combining these results, we obtain the following proposition:

Proposition 2.5. Let {,{' be nonnegative integers and let a,, b, satisfy the system (2.11).
Then, the mapping ¢, can be reqularized after 40 + 40" + 4 blow-ups. If £ = ¢' = 0, then
the mapping (2.7) itself is periodic with period 12. If ¢ = 1,0' =0 or £ = 0,¢' = 1, then
the mapping (2.7) has unbounded degree growth but is integrable. If { + ' > 2, then the
mapping (2.7) is nonintegrable and its dynamical degree is given by the greatest root of
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the polynomial (2.18). In particular, in these three cases, if the number of blow-ups is
greater than 8, then the mapping (2.7) is nonintegrable.

2.2.2. Second pattern. We have obtained a regularization of (2.7) by requiring that
Grgar © Pryae—10 -0 On(Pn) = Ryyae,

¢n+4€’ o ¢n+4€’—1 O--+0 ¢n(Qn) - Sn+4€’-

However, it is also possible to regularize ¢,, by requiring that
¢n+4€’+2 o ¢n+42’+1 0---0 ¢n(Pn) - Sn+4l’+27
¢n+4€+2 o ¢n+4€+1 ©:-+0 ¢n(Qn) = Rn+4€+2-
Using (2.9) and (2.10), the chains starting with P, and @,, can be written as

P, =TWM (1) = T (an) = T, (an) — T, (“—”) N
an+2bn+2

el
(4) An+4k _ m(4) 1 _
R g SN (l | ) =T, arys ( ) = Spyar+2

i Antaks2n a2 bntaery3

and

4 bp—1 bn—1 2 bp—1Gn12
Q=T » 7 (251) o 1l (25 1 ()

anbn
S oa
(2) n+4k+2 (2 .
I Tn+4€+3 b1 H b - Tn+4€+3(1> = Rnyaes2,
k=0 Qp44kOn+4k

respectively. Therefore, if the parameters a,, and b,, satisfy

‘ a 1 £ oa

n-+4k n-+4k+2

(2.14) b =3 LSS § 1,

o Ant+ak+20n+ak+2 n+40'4-3 g An+akOn+ak

then the mapping ¢, can be regularized after 8 + 4¢ + 4¢" blow-ups. The obtained family
of surfaces X, is depicted in Figure 6.

The behavior of the fundamental chain (2.8) is the same as in the case of the first
pattern. On the other hand, the exceptional curves Cy, ..., Cypiq,C1, ..., Cyyq form the
two chains

{y=1} = Cl = = Clyy = {z =10},
{y=0}—->C = -+ = Cyy = {x =1},

which correspond to the singularity patterns

/-1
o iob a
1 n+2Yn+2 -1 n-+4k
175 , n, €, yor o€ Qnyap H b 757bn+4€’+3
(n o Gn+ak+20n44k+2

anbn -1 bn—lan—f—Z an+4€bn+4€ - an+4kbn+4k -1
and bn_l,é‘,—é T .., &, H , € ,1 s

;
bn—l anbn bn—l k=0 Ap+4k+2

respectively.
Now Pic X, has rank 10 + 4¢ + 4¢' and we choose

/ !
D1, Dy, D3, Dy, Ch, ..., Capy3,Coy oo, Clpriy
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FIGURE 6. Family of surfaces X,, obtained after 8 + 4/ + 4¢' blow-ups. The
mapping (2.7) acts on this family as an isomorphism under the condition
(2.14). Note that on this surface the curves Dy, ..., Dy are all —(¢+ ' +2)-
curves.

as a basis. Since the exceptional curves of the first kind Cyy 4 and {x = b} are, respectively,
linearly isomorphic to the divisors
¢ v
— Dy + Dy + 2(041@72 — Cui) + Cuepn + Z( ihts — Cliga)
k=1 k=0
el

¢
and Dy —Ci+ Y Cura+ Y Clypy,
k=0 k=0

the matrix of the linear action induced on the Picard group with respect to this basis is

0 0 1

_— o O O

1000
0100 =
(2.15) 0010 :

~

0 N

where N is a square matrix of size 40 + 4¢ + 6 defined as follows: the (4¢ + 3)-rd and
(40 + 40" 4 6)-th columns of N are

‘©10-1--010-1010]~-1010--- =1010-101),
"'(-11000---100010[0010---0010001),

respectively, where the separator “|” lies between the (404 3)-rd and (4¢+4)-th columns,
and the m-th column (m # 4¢ + 3,40 + 4¢' + 6) is

t(o o010 --- 0)’
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where “17 lies on the (m+1)-st row. Again, we have omitted the detail in the upper right
part of the matrix (2.15). The characteristic polynomial f5(\) for N is

(2.16)
min(¢,¢")
< NAHAL 456 _ N\ AHAL 445 )\4£+4€’—4j+4>
§=0
[0/ —£]—1 min(¢,¢")
n Z ( (min(€,£))+6 _ yA(min(€,)+j +4> I Z )\4j+2 L4 )\43').
7=0
Although this polynomlal always vanishes at A = 1, its derivative f]/\7 satisfies

() = =2(0+ ¢ 4 2e0"),

which is negative whenever ¢ or ¢ differs from 0. In such cases, f5(\) has a real root
greater than 1 and thus the algebraic entropy of the mapping is positive.
In the case £ = ¢’ = 0, we have

frQ) = A+ DA =1+ A+ 1),

and all eigenvalues of N have modulus 1 and thus the mapping ¢, is integrable. The
conditions on the parameters in this case are

a'nbn+3 = a'n+2bn+2> bn—lan+2 = anbn>

which we discussed at the beginning.
Combining these results, we obtain the following proposition:

Proposition 2.6. Let {, ¢’ be nonnegative integers and let a,, b, satisfy the system (2.14).
Then, the mapping ¢, can be reqularized after 40 + 4¢' + 8 blow-ups. If £ = ¢ = 0, then
the mapping (2.7) has unbounded degree growth but is integrable. If { + ¢’ > 1, then the
mapping (2.7) is nonintegrable and its dynamical degree is given by the greatest root of
the polynomial (2.16). As in the case of the first pattern, if the number of blow-ups is
greater than 8, then the mapping (2.7) is nonintegrable.

2.2.3. Conditions on the parameters. Let us consider the relation between the condition
on the parameters and the linear action induced on the Picard group. It is clear that the
effect of the duality

bn—l bn bn+1bn—1
ny Yn PR B ny bn 7 bn

on the mapping (2.7) is to interchange the roles of £ and ¢'. Therefore, in the following, we
may without loss of generality assume that ¢/ > ¢ > 0. Let A,, = loga, and B, = loghb,.

Let us consider the first pattern. Using A, and B,, the condition on the parameter
(2.11) can be written as

14

(2.17) App1 = Z(_An—4k+1 + Ap—ait3 + Bn_aits)s
k=1
2/
(218)  Byj1=Ap—ar — Bp_ap—1 + Br_ue + Z(_An—4k:+2 + Ap—tia + Bn_aita).
k=1
As usual, whenever there is a mismatch between the limits in a summation we shall take
that sum to be zero.
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In the case ¢ = 0, i.e. A, = 0 for all n, the first condition (2.17) is trivially satisfied and

the second is
Z/

Bn+1 = _Bn—4€’—1 + Z Bn—4k-
k=0
That is, the behavior of B,, can be written by using the matrix N in (2.12) as follows:

(anélé’ Bn74€/+1 te Bn+1> = (Bn74€’71 Bn74€’ T Bn) X N.

Note that in this case the matrix N is in Frobenius normal form since only the last column
is special.

Obvious difficulties arise however in the case ¢ > ¢ > 0. While there are 8¢ + 3
parameters on the right hand side in the system (2.17, 2.18), the size of the matrix N is
equal to 4¢' 4+ 44+ 2. Using the relation (2.17), however, we can systematically reduce the
number of variables in (2.18). As a result we have

g/

(2.19) Byi1=—By_ayp—1+ Bp_yp + Z By 4kta
k=1

q L r—1
+ Z(_l)]fl Z Bryagie—e—ry+25 + Z(—l)]An,Qj,
Jj=1 k=1 §=0

where the nonnegative integers ¢ and r are the quotient and remainder when dividing
20" + 1 by 20+ 1:
200 +1=q204+1)+7r, r<20+1.

Now the system (2.17, 2.19) can be expressed as
(An—aer2 - Anpr Boaw -+ Bug1) = (An—aer -+ A Buoap—1 -+ Bn) X M,

where M is a square matrix of size 4¢' + 4¢ + 2, which is now the same as that of N.
While the matrices M and N have the same size, they are not identical. However, brute
force calculations of the first 400 cases (up to ¢ = 20,¢ = 20) show that in any case,
the matrix M has the same Frobenius normal form as N. This analysis leads us to the
following conjecture:

Conjecture 2.7. For all /,¢' > 0, the matrices M and N are similar to each other. In
particular, the behavior of the parameters A, and B, can be written by (a part of) the
linear action induced on the Picard group.

The case of the second blow-up pattern is more interesting. Rewriting (2.14) in terms
of the logarithmic variables, we obtain

¢

(2.20) Apt1 = Z(Anf4k71 — Ap—apk+1 + Broak—1) — Bn—ae—a + Ap1 + By,
=1
Z’

(2.21) Buy = Z(_An74k72 + Ap—ar + Br_ag).
=0

When /¢ :~€’ , the size of the matrix describing the above system coincides with that of
the matrix NV but these two matrices are not identical. As we have already seen, the only
integrable case of the second pattern is £ = ¢/ = 0. Let however

B, =B, — An_1.
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Then, the system (2.20, 2.21) is equivalent to

An+1 = An—l + B;L - B,

n—2

B;@_H = An—l - An—? + B:p
which can be written by the matrix N:
(Apo1 An Apy1 By B, Bly) = (Ay Angt Anya Bl Bl Blyy) x N.
The second relation expresses a conservation law for the quantity B, ; — A,_; since

/ !
n+1 _An—l =B

n

— A, .
Using this law, we obtain the equation
An—i—l = An—l + An—2 - An—47

which depends only on A,,.
In general cases, the matrix expressing the system (2.20, 2.21) does not have the same

size as IN. Thus, as in the previous case the number of variables needs to be reduced.
Using (2.20) and ¢ > ¢ > 0, we have

VA q— V4
(2.22) Bny = Z B + Z Z B a(kti(e41)4+r)—2

k=0 '

q r—1
— Z B _4je41)—ar+1 + Z (Ap—ap — Ap—a—2),
j=1 k=0

where the nonnegative integers ¢ and r are now the quotient and remainder when dividing
¢ +1by l+1:

C+1=qUl+1)+r, r<fl+1

Now the system (2.20, 2.22) can be expressed as
(Ap-ae -+ Anpy Buapog -+ Buy1) = (An-ae1 -+ Ay Buoap—3 -+ Bn) X M,

where M is a square matrix of size 4(' + 4¢ + 6, which is the same as that of N. Again,
brute force calculations show that this matrix is similar to NV, at least for all cases up to
¢ =/0"=20. As for the first pattern, this analysis leads us to the following conjecture:

Conjecture 2.8. For all £,/ > 0, the matrices M and N are similar to each other. In
particular, the behavior of the parameters A, and B, can be written by (a part of) the
linear action induced on the Picard group.

Remark 2.9. In a strict sense, the surfaces X,,, their Picard groups and the curves
D;, C;, C! vary depending on n, and we have naturally identified Pic X,,, D;, C;, C! for all
n, respectively. When considering blow-ups of nonautonomous systems, it is usual to
unconsciously assume that the “basic structure” of the blow-ups does not depend on n.
We will consider this kind of problem in §3.
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2.3. Full-deautonomisation. The algebro-geometric analysis in the above subsection
(and that of many other equations) leads us to the following conjecture:

Conjecture 2.10. Consider an equation of the plane with all singularities confined, and
its deautonomisation with the same singularity patterns as in the case of the original
mapping. Assume that there are sufficiently many nonautonomous coefficients and that
we disregard gauge freedom in the coefficients. Then, there is at least one coefficient a,,

such that

bl

lim |a,|Y" =X or lim [loga,|
n—+oo n—+o00

where A is the dynamical degree of the equation.

Definition 2.11 (full-deautonomisation). Based on the above conjecture, we can “calcu-
late” (or at least predict) the value of the algebraic entropy of an equation. We shall call
this procedure full-deautonomisation.

When using the full-deautonomisation approach, we must disregard gauge freedom. In
§2.4, we will see how to find such gauge freedom.
Let us first apply the full-deautonomisation approach to some examples.

Example 2.12. Consider the mapping

ot —1
Tn+1Tn—1 = ma
which was introduced in [31]. This equation has 8 singularity patterns:
(2.23) {£1,e,F1}, {£j% e, £5%},
{£4.e F7°} {£7°, e i},

where ¢ is an infinitesimal quantity and j is a primitive eighth root of unity. While these
singularities are all confined, this equation is nonintegrable since the algebraic entropy is
log(2 4+ v/3) > 0 [31].
Let us perform the full-deautonomisation method. One deautonomisation is
Tn — o
xr+1

Tp4+1Tp—1 =

and, requiring this equation to have the same singularity patterns as (2.23), we obtain
the condition on g,:

n+19n—-1 = Qi-
The characteristic polynomial of log ¢, is
N — 4N+ 1,
whose greater root coincides with 2 + /3, the dynamical degree of the equation.

Example 2.13. Let us consider the Hietarinta-Viallet equation (1.1):

a
Tpt1 + Tp-1 = Tp + R
Ty,

This mapping has a singularity pattern
{e,e72 72, ¢},

where ¢ is an infinitesimal quantity.
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One of the simplest deautonomisations of this equation is

an

—
Ty,

Tn+1 +xp_1 =2, +

but the condition for this deautonomised equation to have the same pattern as above
is just a, = a,_3. However, this is not the only deautonomisation that has the above
pattern. It is possible to deautonomise the Hietarinta-Viallet mapping to [38, 39, 40]

b, a

Tpt1 + Tp-1 =Ty + — + CR)

.
from which the original Hietarinta-Viallet equation is recovered by taking b, = 0 for all n.
Requiring this equation to have the above singularity pattern, we obtain the confinement
constraint

bn+3 - 2bn+2 - an—l-l - bn - 0
Its characteristic polynomial is
A =2\ -2\ -1

and its greatest root is (3 + v/5)/2, which coincides with the dynamical degree of the
Hietarinta-Viallet equation.

Example 2.14. An extension of the Hietarinta-Viallet equation was considered in [25]:

1
Tn+1 + Ty 1 =2, + )
x?’l/
where k£ > 2. The behavior of this mapping varies depending on the parity of k. Since
this equation passes the singularity confinement test only for even k, we assume that k is
even. In this case, the equation has a singularity pattern

{e,e7% 7% ¢},

where ¢ is an infinitesimal quantity.
As in the original Hietarinta-Viallet equation, we deautonomise the above equation as
follows:
by, 1

Tpi1 +Tp1 = Tp + — + —.

T, ak

Requiring this equation to have the same singularity pattern as above, we obtain the
following condition on b,:

bn+3 - kbn+2 - kbn+1 - bn - 0
Its characteristic polynomial is
N kXN — kA +1

and its greatest root is

k4+1++/(k—1)(k+3)
5 ,

which coincides with the exact value of the dynamical degree calculated in [25].
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2.4. Gauge freedom. There are many possible choices when introducing nonautonomous
coefficients to an equation. If a deautonomised equation has a nonautonomous coefficient
that contains gauge freedom, the full-deautonomisation approach may fail in predicting
the exact value of the algebraic entropy. In this subsection, we see through an example
how to find such gauge freedom.

Example 2.15. Let us consider the equation
(2.24) Tpi1Tn_1 = a(l — ),

where a is a nonzero constant. This equation is known to be integrable. Since in the
case a = 1 the equation has period 5, we mainly consider the case a # 1. Note that
the constant “1” on the right hand side can be changed to any nonzero value by a gauge
transformation.

This equation has two singularity patterns, the beginnings of which are x,, = 1+ ¢ and
x, = €71, respectively, where ¢ is an infinitesimal quantity. The more essential pattern is

—1 —1
{l,e,a,e7",e ", a,¢,1},

which we shall focus on.
The simplest deautonomisation of (2.24) is

Tn+1Tn—1 = an(l - xn)

and, starting with a regular z, and x,,, = 1 + €, we obtain

a a a a

-1 -1 Yn4bUn44 n+7Un4-2

{175aan+276 yE T, € }
Ap42 Qp450n44

A straightforward calculation shows that this pattern ends at this step if and only if a,
satisfies

(225) An+70p12 = Apir50n44-
The characteristic polynomial of log a,, is

NN =N+ 1=A=1)* A+ 1)\ +A+1),
all roots of which have modulus 1.

However, this deautonomisation is not the only one. Since the constant “1” on the right
hand side in (2.24) is not essential, it is possible to consider the following deautonomisa-
tion:

(2.26) Tpi1Tp 1 = Gy — aFxy,,

where £ is an integer greater than 1. Requiring this equation to have the same pattern
as above, we obtain the condition on a,:

(2.27) Apialnys = Anioln7(@np1anes)

In this case, the characteristic polynomial of log a,, is

(2.28) gi(N) = A =12A+ DN+ X+ 1) (k= 1)\ +1)+ ),

which has a root greater than 1 in general. However, as will be shown later, (2.26) is
integrable under the condition (2.27).
The factor

(k—=1)(A\+1)+ A

27



in fact comes from gauge freedom and thus we must disregard it. Let a, satisfy (2.27).
Introducing z, = v,x, with

(2.29) Yo = (Yn171m-1)" 7,
we have
Zn41Zn_1 = Qp — 2,
where
Qp = 'y,ll/(k’l)an.

Then there exists 7, satisfying (2.29) such that this «,, satisfies (2.25).

It might seem that this example demonstrates a defect of the full-deautonomisation
approach. However, we can find the gauge factor (k — 1)(A\? + 1) + A and the condition
(2.29) solely by singularity confinement. Key is to consider a late confinement of the same
equation.

In order to explain this, we construct the space of initial conditions. Let us consider
the equation

(230) Tp+1lp—1 = An — bnxna

where a,, b, # 0 for all n. It can be written as

mn bn n
(231) ¢n: ]P)l X ]P)l -2 Pl X Pla (xmyn) = (xn—l—hyn—i-l) = (yn) u) .

Ty

Let s, = 1/x, and t,, = 1/y,. Then, 1, has two indeterminate points:

(snst) = (0,0),  Qut (wn,y) = (0, Z—) 7

and ¢, ! has two indeterminate points:

(Sn-i-l’ tn+1> = (0’ 0>’ Poir: (xn—i-la yn-i-l) = (%7 0) :
By blowing up the n-th P! x P! at (s,,t,) = (0,0) and @,,, and the (n + 1)-st P! x P! at
(Snt1,tnt1) = (0,0) and P, 1, we obtain an isomorphism between surfaces as depicted in
Figure 7.
The equation (2.31) can be regularized as a family of isomorphisms between surfaces if
and only if there exists ¢ > 0 such that

(2-32) Ypyse0---0 ¢n(Pn) = Qnis041-

We will see that the case £ = 0 corresponds to the early confinement, ¢ = 1 to the standard
confinement and ¢ > 2 to late confinements.
Let us define the points

T (1) : (80, Yn) = (1, 0), TP (2) : (T Yn) = (0, 2),
T (ag) : (2 6) = (a3, 0), T (ay) : (sn, —Z—Z) — (0, ),

T1§5)(a5) D (Snytn) = (0, a5),
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Yn

o \

P, |
\ 4

t, =20
‘.Qn -——

Yn =10 ®

Pn+1
z, =0 s, =10

FIGURE 7. Diagram showing the blow-ups of the n-th P! x P! at @,, and
(Sn,tn) = (0,0) and those of (n + 1)-st P! x P! at P, and (S,41,tns1) =
(0,0). After these blow-ups, the mapping 1,, becomes an isomorphism from
the n-th surface to the (n + 1)-st surface.

where aq, ..., a5 are general values. These points are mapped by v, as follows:
UnlTV () = T2 (anen), Un(T () = T, (02),
4 asg 5 Qy
o) =10 (52). onTa) =7 (),
Ua(T(a5)) = T (a5).
Since
bn— n
Pn:Tél) < 1)7 Qn:Tﬁ)l (Z +1)
ap—1 n+1
and

¢
bn— nbn— n+57
(2.33) T ( 1) = Trfi-)SZ—i—l (aa 1 H v ) )

Qp—1 n—1 =1 bn+5j—2bn+5j—3

the condition (2.32) can be written by a, and b, as

¢
nbn— n ] n
(2.34) a 1 Q454 _ OGnyset

S Wt bnisj—2bnisj—3  bnysett

If a,, and b, satisfy this condition, we obtain a (family of) surface(s) as in Figure 8 with
Picard number 5¢ + 5.
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Cg,g,g Cg C(56—1
b | ] ‘
i
Co__ |
_ _ 1 Cy
Csez -1 C.
>
D, Cr Cspq D,

FiGURE 8. Family of surfaces on which the equation 1, acts as an iso-
morphism. The curves Dy,..., D5 are all —(¢ + 1)-curves and compose
the fundamental chain (2.35). The exceptional curves C4,...,Cso are
obtained by the blow-ups at the points in (2.33).

The curves in Figure 8 move under v,, as follows:

(2.35) Dy — Dy — -+ — Ds — Dn,
a a
(236) {y:g}_>01_>"'—>C5g+2—>{1‘23}’

where we denote by {y = a/b} and {x = a/b} the strict transforms of the corresponding
lines in P! x P!, respectively. Since Csyq is linearly equivalent to the divisor

-1
—Di + Dy + Dy+ > (=Csjsr + Csjys + Csjga),
j=0
the matrix of 1, with respect to the basis

D1,7D5701,7C’5£

18

(3)
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where 75 is a permutation matrix corresponding to the motion of Dy, ..., D5 and where
the matrix A is given by

0 ~1
10 0
010 1
010 1
01 0
0
(2.37) A= .
~1
0
0 1
10 1
01 0

The characteristic polynomial of A is
-1
Fo) = X4 (=X = X2 1)) A
§=0
While all roots of fy and f; have modulus 1, the polynomial f, (¢ > 2) has a real root

greater than 1 since f(1) < 0. Thus, the equation (2.30) is integrable only for ¢ = 0, 1.
Let us return to (2.26). Putting b, = a* to (2.34), we obtain the condition

¢
an+5]
n+5£+1ana H % =1,

j=1 an+5] 2an+5] 3

and the characteristic polynomial of log a,,
-1
ge(N) = (k= N2 4 X3OF — kA — k) > A7 + X+ (k- 1).
§=0
If ¢ =1, then these coincide with (2.27) and (2.28), respectively.
A direct calculation shows that

9e(A) = ((k = (A + 1) + A) fe(N),
which implies that all g, have the same factor
(2.38) (k=1 +1)+ A\

This factor corresponds to the condition on a gauge function (2.29).
Therefore, we can find an appropriate gauge function by searching for the factor that
appears in the characteristic polynomial of the coefficients in every late confinement.

Using this technique, the full-deautonomisation approach is refined as follows:

(1) We introduce sufficient nonautonomous coefficients to an autonomous equation.

(2) We calculate the characteristic polynomial f of the condition on the parameters
such that the deautonomised equation has the same singularity patterns as of the
original mapping.

(3) We also calculate the characteristic polynomial f” of the condition on the param-
eters in the case of the first late confinement.
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(4) After disregarding the common factors in f and f’, we calculate the root A of f
with maximum radius.
(5) Then, log A is expected to be the entropy of the original equation.

Remark 2.16. Since a factor that comes from gauge freedom appears in all confinement
cases, it also appears in the early confinement case. Thus, if an equation has an early
confinement case, we can find the gauge freedom by calculating the early and standard
confinement cases.

Remark 2.17. There exist other approaches to find gauge freedom.

One approach is to observe the form of the equation. For example, (2.26) looks strange
for great k and thus it would be natural to suspect the existence of gauge freedom.
However, this kind of observation sometimes leads us to the wrong conclusion.

Theorem 1.12 is sometimes also useful. For example, the roots of the gauge factor

=1\ +1)+ A

are neither reciprocal quadratic integers greater than 1 nor Salem numbers. Thus, we can
presume that this factor comes from gauge freedom.

Constructing a space of initial conditions is the last resort. This is always valid and
gives us an explicit value of the entropy but requires a lot of calculations.

2.5. Family of late confinements. As we have already seen before, the singularity pat-
tern and the condition on the essential coefficients in the case of late confinements exhibit
a periodic pattern. Thus, it is not difficult to consider a whole family of late confinements.
In this subsection, we consider a family of late confinements for a nonintegrable equations.
We will see through an example that a Pisot number is obtained as a limit of dynamical
degrees of confining mappings. Several other examples are given in [15].

Example 2.18. Consider the equation

bn  an
(2.39) Tpy1+ Tpo1 = Tn + — + —,
T, 12

where a, # 0 for all n. We have already seen in Example 2.13 that, in the autonomous
case, this mapping has the singularity pattern {¢,e72,¢72 ¢}, where ¢ is an infinitesimal
quantity. The condition for the above equation to have this singularity pattern is

Ap43 = Qn, bn+3 - 2bn+2 - 2bn+1 - bn = 0.
The characteristic polynomial of b, is
Py(A) =A% — 207 —2)\ + 1.

Since (2.39) has two parameters, there are many possibilities of late confinements.
First we consider late confinements due to a,,. The first late confinement has the pattern

and the confinement constraints
(pt6 — Any3 + ap = 0,
bpie — 2bp15 — 2004 + bz — 2bp 19 — 2b,01 + b, = 0.
In this case, the characteristic polynomial of b, is
PY(A) = A% =207 — 201+ 0% — 207 — 2\ + 1,
whose greatest root is 2.727167 - - -. The m-th late confinement has the pattern



In this case, the characteristic polynomial of b, is
PO(A) =D AN =20 —2)) + 1
i=0

)\3m+3 -1
M1
Let A, be the greatest root of P2 (\) and let \* be that of B(\) — 1. Then, the sequence
(Am)m>1 is monotonically increasing and converges to A*. Thus, this A* gives the upper
bound of the dynamical degree of all late confinements due to a,.
Next, we consider late confinements due to b,. We assume that a,, satisfies a,,3 = a,

(for example, a, = 1 for all n is sufficient). The k-th late confinement due to b, has the
pattern

(PY(A) —1) + 1.

2 1 -1 2 =2 -1 -1

2 2 - - 2 2
{e,e7% e % e,e e " ...,6,6 “,e “e,e e e, e 2 el

In this case, the characteristic polynomial of b, is

k—1
PE(p) = po i (® = 2pt — 20+ p® — = 1) 4 p® — 2% — i+ 1
=0

6k_1

= /;6_1 (0 = 2p" = 20° + i — = 1) + P ().
Let j1; be the greatest root of PF(u) and let u* be that of p® —2u* — 2u® +p? —pu—1. As
in the above case, (j)g>1 is monotonically increasing and converges to p* = 2.678712- - -.
Since
pe =2t =2+ — =1 = (= 1) (pt =3+ = 1)

and the second factor on the right hand side is irreducible as an integer-coefficient poly-
nomial, this is the minimal polynomial of x*. Since the other roots of this polynomial
have modulus less than 1, p* is a Pisot number but not a quadratic integer.

It is natural to presume that \* in the above example coincides with the dynamical
degree of (2.39) for general a, and that p* coincides with the dynamical degree in the
case where a,, = 1 and b, is general. However, it is not easy to calculate such dynamical
degrees. An alternative approach is illustrated on the following example.

Example 2.19. Consider the equation

bn | ay
Tpi1 +Tpo1 = Ty + —+ R
Tn n

where a,, # 0 and k > 3 is odd.

The shortest singularity pattern of this equation is
{e,e7% 7% ¢}
and the corresponding condition on b, is
by+3 — kbyyo — kbpiq + b, = 0.
Its characteristic polynomial is
PY(N\) = A* — kA2 — kA + 1.

Let us consider a family of late confinements due to a,. Let \,, be the greatest root of
the characteristic polynomial of b, in the case of the m-th late confinement and let \* be
the greatest root of PY(\) — 1. As in Example 2.18, (\,;,);m>1 is monotonically increasing
and converges to \*.
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On the other hand, in the case where b, = 0 and a,, = 1 for all n, the equation does not
pass the singularity confinement test. According to [25], the exact value of the dynamical
degree is

k4 /k(k+4)
2 Y
which coincides with A*. It would be natural to naively think of this case as the “infinitely
late” confinement due to a,.

3. SPACE OF INITIAL CONDITIONS FOR NONAUTONOMOUS SYSTEMS

In this section, we define a space of initial conditions in nonautonomous cases.

As we have already seen in §2, when considering a space of initial conditions, it is most
important for an equation to be regularized as a (family of) isomorphism(s) on surfaces.
However, since there are a lot of artificial nonautonomous equations, this condition is so
weak that we cannot say anything about general properties of such equations.

Let us first consider some several artificial examples. In the following examples, we fix
the starting index as n = 0, i.e. by degv™ we denote deg(1,,_1 0 - -+ 01y) (Remark 1.2).

Example 3.1. Let ¢ be an arbitrary autonomous equation with unbounded degree growth
and a space of initial condition X (for example, the ¢ in Example 1.5), and let (d,)n>0
be an arbitrary sequence of positive integers. Define sequences (p,)n>0 and (g,)n>0 by

po=0, p,=max{k € Zxo| deg¢® <dp}, Gn=pp—pu1.
Let
Yo =@ P s P
for all n > 0. Then, we have

deg(¢n ©---0 @01) = deg Qppn R dy.

Since ¢ is an automorphism on X, so is v, for all n. Therefore, by choosing (d,),
appropriately, we can construct a lot of equations that can be reduced to families of
isomorphisms (automorphisms) on surfaces but that have arbitrary degree growth.
Case 1

Let A be an arbitrary real number greater than 1 and let d,, be the greatest integer not
greater than \". In this case, the entropy of the mapping v, is log A.
Case 2

Let X\ as in Case 1 and let

g - the greatest integer not greater than A" (n: even)
"1 (n: odd).
In this case, the entropy of the mapping 1, does not exist. If we change the definition of
the entropy to
1
lim sup — log (deg ™) ,
n

n—oo

then the entropy exists and is log \.
Case 3

Let d, = n. In this case, the degree of )" grows linearly but the equation can be
reduced to a family of automorphisms on X.
Case 4

Let d,, grow faster than any exponential function of n, for example d,, = n". In this
case, the entropy of the mapping v, is +oo.
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Example 3.2. The same technique as above is also valid in the case where the original
¢ does not have a space of initial conditions. Let ¢ be an autonomous equation with
unbounded degree growth but no space of initial conditions (for example a linearizable
mapping) and let d,, = n?. Then, we obtain a mapping v, that has a quadratic degree
growth but cannot be regularized as a family of isomorphisms on surfaces.

Example 3.3. In the above two examples, the equations are quite artificial and practically
impossible to write explicitly. Usually, the term “nonautonomous equation” refers to an
equation with several nonautonomous coefficients such as examples in §2. However, even
in this class of equations, there are strange mappings.

Consider the equation

Tpa1 = a4+ (1= an)z, 4 by,

where b is a general constant and a,, is a nonautonomous coefficient. We are interested
only in the case a, =0, 1.

In the case where a,, is always 0, this equation is a linear mapping and thus the degree
growth is obviously bounded. On the other hand, in the case where a,, is always 1, this
equation is a Hénon map [18] and its algebraic entropy is log 2.

If a,, takes both 0 and 1, then these two cases are mixed. It is obvious that for any
real number A € [1,2], there exist a sequence (a,), such that the dynamical degree of the
above equation is A.

It is always possible to mix two different equations by using one nonautonomous coeffi-
cient. For example, if we start with two autonomous equations that have the same space
of initial conditions, then the mixed equation is reduced to a family of automorphisms on
a surface but exhibits strange behavior.

What is important is that, even if the obtained surfaces and isomorphisms depend on
n, their “fundamental structures” (for example, the intersection pattern of specific curves
and the linear action induced on the Picard groups) are the same. When we consider
a concrete equation such as in §2, it is (in principle) possible to check whether those
structures do or do not depend on n. However, it is difficult to define mathematically
what constitutes a fundamental structure for general equations. In this thesis we shall
therefore define a space of initial conditions as follows:

Definition 3.4 (space of initial conditions for nonautonomous systems). An equation
¢n: P? ——» P? has a space of initial conditions if (after an appropriate coordinate change)
the following three conditions are satisfied:

e There exists a composition of blow-ups 7, = Vo oxl: X,, — P2 for each n

such that the induced birational maps ¢, : X,, --+ X,, 11 are all isomorphic:

*>Xn—1 HXRHXn_,’_l  —
lwnl \Lﬂn \LﬂnJrl
Pn—1
,,,,,,,,, > ]P)2 " > P2 Lp">. ]P)Q >

o Lete, = (65?), Ce eg)) be the geometric basis corresponding to m,, (Definition A.26).

Then, the matrices of p,.: Pic X,, — Pic X,,;; with respect to these bases do not
depend on n.

e The set of all effective classes in Pic X,, does not depend on n, i.e.if ). a(i)eg) €

Pic X, is effective, then so is Y, a(i)e,(:) € Pic X}, for any k.
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Note that in nonautonomous cases, a space of initial conditions does not consist of a
single surface but of a family of surfaces. It also contains information about the centers
and ordering of the blow-ups.

Remark 3.5. As in the autonomous case (Remark 1.7), blow-downs are necessary in
general to construct a space of initial conditions. However, to avoid unnecessary com-
plexity, we used the phrase “after an appropriate coordinate change” instead. We will see
in Remark 3.21 the rigorous definition including blow-downs.

Usual nonconfining equations such as linearizable mappings and Hénon maps do not
satisfy the first condition in Definition 3.4. On the other hand, Example 3.1 does satisfy
the first and third conditions but does not satisfy the second. The third condition imposes
some condition on the centers and ordering of blow-ups.

Unfortunately, it is not easy in general to check the third condition in Definition 3.4
for a concrete equation. However, if only the first and second conditions are satisfied, we
can still calculate the degree growth by Proposition 4.2 since its proof does not need the
third condition. One reason why we introduce the third condition is a correspondence to
a space of initial conditions in Sakai’s sense, which we shall introduce later.

Remark 3.6. Let us first have a closer look at the third condition. Let
ZLT = Ze(r) EB e EB Ze(o)

and define on Z" a symmetric bilinear form (—, —) by
1 (i=j=0)
(e, ey =¢ -1 (i=j+#0)

0 (@#J)
Let
Ly ZY" — Pic X, e egf)
and ®,, = L;}rlgon*bn:

D,

q>n71
Zl,r Zl,r Zl,r

\Lbnl \Lbn lbn+1

. Pn—1% . Pnx .
—— PicX,.; —— PicX,, —= PicX, ;| — -

Then, the meaning of the second condition is that ®, does not depend on n. We then
simply denote ®,, by .
We will use these notations in §4.

Lemma 3.7. Let K = 1;'Kx, = =3¢ + e 4+ ... + e, Then ® preserves K and
(—,—), i.e.

OK =K, (v,w)=(dv,dw)
for all v,w € Z'".

Proof. Immediate from the fact that ¢, preserves the canonical class and the intersection
number on the surface. O

Next, we review the notion of a space of initial conditions in Sakai’s sense.

Let X be a rational surface, e = (e, ... e) €= (e®, ... &) geometric bases and
let 7,7: X — P? be the corresponding birational morphisms. Then we obtain a birational
automorphism 7 o 7~ 1: P? --» P2, which will become a part of an equation.
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Let o be the Z-linear map on Pic X defined by

(O 1y 3O )y ),

P

Suppose that o"e = (0”6(0), cee 0”6(7’)) is a geometric basis for each n and let 7, : X — P?
be the corresponding birational morphism. Then, we obtain the equation

On = Tptl 07r;1: P? -5 P2

Example 3.8. Let us see the simplest example where o™e is not a geometric basis.
We cover P? by three copies of C? as follows:

(i )o(22)

Let 70, 73 7() be the blow-ups at the following points:
(1) 7M: at (z,y) = (0,0),

(2) 7®: at G% = (0,0),
(3) 7®): at (ig) = (0,0)

Let X be the surface obtained by the blow-ups 7 = 7 o 73 0 73 (Figure 9) and let
e = (e e e? ¢B)) be the corresponding geometric basis.
It is obvious that

F= (F0,20 3 50y = (0 @ @ (W)

is another geometric basis on Pic X. Let o be the Z-linear transformation on Pic X defined
by e® €@ for all i. While e and oe = ¢ are geometric, o?e = (e(?, e M) () is not
since e? — e® is effective.

It is obvious that all problems in this case come from the ordering of e®.

As in the above example, o"e is not always geometric. Therefore, it is necessary to
impose some condition on o.

Definition 3.9 (Cremona isometry [29, 9, 37]). Let X be a rational surface and let o be
an invertible Z-linear transformation on Pic X. ¢ is said to be a Cremona isometry if it
satisfies the following three conditions:

e o preserves the intersection number on Pic X, i.e. Fy - Fy = (0F}) - (0F3) for all
F\, Fy € Pic X,
e o preserves Ky,

e o preserves the set of effective classes, i.e.if F' is effective, then so is oF (and
~1
o 'F).

Example 3.10. Let ¢ be an automorphism on a rational surface. Then the induced
linear transformations ¢* and ¢, (Definition A.11) are Cremona isometries.

It is clear from the definition that the following holds.
Lemma 3.11. Cremona isometries preserve the nef cone.

It should be noted that, while an automorphism on a surface determines the motion of
each curve, a Cremona isometry does not. It only determines the motion of the classes of
curves. However, as shown in the following lemma, if an irreducible curve has a negative
self-intersection, then its motion is completely determined.
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FI1GURE 9. Diagram showing the blow-ups needed to obtain X in Example 3.8.

Lemma 3.12. Let X be a rational surface and o a Cremona isometry, and let C' be an
irreducible curve in X with a negative self-intersection. Then there exists only one effective
divisor D such that [D] = o[C]. Moreover, D is a prime divisor, i.e. an irreducible curve.
In particular, o acts as a permutation on the set of all exceptional curves of first kind.

Proof. Let
k

=1

o[C] =

Y

where C; are irreducible curves. Since
k
[C] =Y mio'[C)]
i=1

and o~1[C;] are all effective, it follows from Proposition A.29 that k =1 and m; = 1. O

Lemma 3.13. Let o be a Cremona isometry. If e = (e, ... e")) is a geometric basis
on Pic X, then so is oe = (ce®, ... oe),



Proof. Let 1 = 7 o ... o7 X — P? be the composition of blow-ups corresponding
to e and let C4,...,C, C X be the irreducible curves contracted by m. Since all these
curves have negative self-intersection, by Lemma 3.12, their motions are determined by
o. Let us denote them by Cf,...,C. Since C; - C; = C} - C] for all 4, j, it is possible to
contract C7,...,C! in the same order as C1,...,C,. It is clear that the geometric basis
corresponding to this contraction is oe. U

Let us see how to obtain an equation from a Cremona isometry.

Definition 3.14. Let X be a basic rational surface (Definition A.6) and let o be a
Cremona isometry on Pic X and take an arbitrary geometric basis e = (e, ... e(). By
Lemma 3.13, ¢"e is a geometric basis for each n. Let 7, be the corresponding birational
morphism to P? and let ¢, = 7,41 o m,!. Thus we obtain (¢, )nez, a family of birational
automorphisms on P?:

X
wn/ \L *4—1
Tn
>]P> (pn_1>IP> SOn>P >

This is the equation defined by X, o and e, and we call X a space of initial conditions
(in Sakai’s sense). Since the choice of e only determines the specific coordinates, we
sometimes think of (X, o) as the equation itself.

Note that (¢, )nez is determined by X, ¢ and e up to an automorphism of P? for each
n, i.e.if (¢}, )nez is another family of birational automorphisms on P? defined by X, o and
e, then there exist f,, € PGL(3,C) such that ¢, = f,.10¢, 0 f. 1.

Definition 3.15 (generalized Halphen surface [37]). A rational surface X is called a
generalized Halphen surface if it satisfies the following two conditions:
e — Ky is effective.
e All components of —Kx are orthogonal to —Kx, ie.D; - (—Kx) = 0 for any
szzD@ € | — KX|

Lemma 3.16 (Proposition 2 in [37]). Any generalized Halphen surface is a basic rational
surface.

Definition 3.17 (discrete Painlevé equation [37]). Let X be a generalized Halphen surface
and o a Cremona isometry on Pic X of infinite order. Then, the equation obtained by
the above procedure is called a discrete Painlevé equation.

Remark 3.18. Note that according to this definition, autonomous mappings such as the
QRT mappings are also labeled “discrete Painlevé.”

Using generalized Halphen surfaces, Sakai has classified (and, in a sense, defined) all
discrete Painlevé equations. Since we do not need such a detailed classification in this
thesis, we only give a brief introduction.

K+, which is preserved under o, is an affine root lattice of type Eél). Ifdim|—Kx| =0,
then the expression ), m;D; € | — Kx| is unique. Therefore, o acts on the set {D;}; as
a permutation and preserves the lattice span, D; and its orthogonal compliment. These
two lattices are both affine root sublattices of K, and play an important role in the
classification of the discrete Painlevé equations.

Remark 3.19. While Cremona isometries can be defined for any rational surface, we
only consider basic rational surfaces such as in Definition 3.14. Although it is possible to
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consider a family of blow-downs from a nonbasic rational surface to a Hirzebruch surface
F, (a > 2) instead of P?, Theorem A.38 implies that the degree growth of such an equation
must be bounded. Hence, it is sufficient to consider only basic rational surfaces as long
as we are interested in equations with unbounded degree growth.

Now let us clarify a correspondence between two definitions of a space of initial condi-
tions.

Proposition 3.20. The two definitions of a space of initial conditions, Definition 3.}
and Definition 3.14, are equivalent.

Proof. First, consider the situation in Definition 3.4. Let X = X, and o be the Z-linear
transformation on Pic X defined by

o=10 1yt
Then, a direct calculation shows that

o'el) = @b piael), ol = pore- - poied
for all ¢ > 0.
Let us show that o is a Cremona isometry. It is clear, by construction, that o satisfies
the first and second conditions on a Cremona isometry. Let F = 3. a®e! € Pic X be
an effective class. Then we have

oF = Z a(i)cpz‘)egi)

(o)

The third condition in Definition 3.4 implies that ), a(")ey) is effective. Since y, preserves
the set of effective classes, o F' is also effective. We can prove the effectiveness of o~ F in
the same way.

Next, consider the situation in Definition 3.14. That is, X is a basic rational surface
and o is a Cremona isometry on Pic X. Take e = (e, ... e(")) as a geometric basis on
Pic X and consider the equation defined by X, o and e. Let us recover the above situation
from these data.

Let X,, = X and e, = o"e for all n € Z. While the X,, themselves are all the same,
the bases e,, vary depending on n. Then we have the following diagram:

anl Xn Xn+1
X id X id X
\Lﬂ—nl \Lﬂ'n J/Tr'fH’l
$n—1 $n

rrrrrrrrr > ]P)Q > IP)Q R ]PDQ R RIRRERE—

It is important to note that, while the morphisms from X, to X, i are all the identity
map on X,, = X,,;; = X, the ¢, are not the identity map on P? in general.
Let us check the second condition in Definition 3.4. Let A,, = (aff " )>' ~be the matrix
17]
representation of ¢, with respect to the bases e, and e, 1. Since ¢, = idpicx, A, are
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determined by

9 = Y il
J

Operating ¢* and using ake;) = eﬁlik, we have

(:0) o
n+k: = E :a n+k+17

which shows that A,, do not depend on n. '
Finally we check the third condition in Definition 3.4. Let F' = )", ael) € Pic X be
an effective class. Since o* preserves the effective classes,

kF Z n+k

are effective for all k. Hence the set of effective classes does not depend on n. Il

We have seen that the two definitions of a space of initial conditions are equivalent. In
this thesis, we will use both definitions depending on the situation.

Remark 3.21. If we consider blow-downs instead of an “appropriate coordinate change”
in Definition 3.4, we must assume that all blow-downs do not depend on n. In this case,
one possible rigorous definition is as follows:

An equation (¢, ), has a space of initial conditions if there exist rational surfaces Y,, and
X,,, blow-ups 7, = 70 0--om(”’: ¥, — P? and blow-downs ¢, = ¢ o+ -0l Y, = X,
for each n such that the followmg four conditions are satisfied:

® (o, is an isomorphism from X, to X, 1.

e Lete, = (éﬁl ), .. A{r ) be the geometric basis corresponding to ,, and we identify
all PlcY by these bases. Let ES” be the total transform of the exceptional class
of en . Then, Efl does not depend n.

o Take a basis e, = (el,..., el "™ of Pic X,, for each n such that ee! does
not depend on n (under the above identification). We identify all Pic X, by these
bases. Then, ¢,, does not depend on n.

e The set of effective classes in Pic X, (and in PicY},) does not depend on n (under
the above identification).

As in the autonomous case (Remark 1.7), if the equation has unbounded degree growth,
then it is possible to reduce the above situation to that in Definition 3.4 by taking new
blow-downs X,, — P? (Figure 10). Needless to say, the new blow-downs must be such
that the geometric basis on Pic X,, does not depend on n. As in the autonomous case,
the existence of such blow-downs is guaranteed by Theorem A.38. Hence, as long as we
are interested only in performing a classification, we may only consider the situation in
Definition 3.4.

The reason why this kind of problem arises is that we start from a specific equation
(¢n)n, whereas if we start from the situation in Definition 3.14, this kind of problem does
not appear.

From now on, we shall assume that a space of initial conditions is obtained only by
blow-ups, i.e. we shall simply consider the situation in Definition 3.4 or Definition 3.14.
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F1GURE 10. Diagram showing a space of initial conditions in the case where
we consider blow-downs. The third row represents the original equation
and the bottom row represents a new equation obtained by an appropriate
coordinate change.

4. BASIC PROPERTIES OF AN EQUATION WITH A SPACE OF INITIAL CONDITIONS

In this section, we first recall Takenawa’s result on the degree growth for an equation.
Next we shall see that, as in the autonomous case, the degree growth of a nonautonomous
equation with a space of initial conditions can be classified into three cases. Finally we
show some relations between the degree growth of an equation and the Picard number of
a space of initial conditions.

In this section, we consider the situation in Definition 3.4. We will also use the ® and
t, defined in Remark 3.6.

Since we will not use the third condition in Definition 3.4 in this section, the results
still hold in the case where the third condition is not satisfied.

Lemma 4.1 (Takenawa [39]).
deg ™ = ("0, ),
Proof. Consider the following commutative diagram:

[} P

Zl,r Zl,r

Lei ibl-&-n
Pic X[ SOT> ce mﬁEiC XZ—‘,—n

TI'ZT To+4nx
Pic(P?) Pic(P?).

Using Proposition A.24, we have

deg ©" = (Tpsne(Pesn—1 0+ 0 @) m; Op2(1)) - Op2(1)

0 0
- <(W+n—1 0---0 W)*GE )> 'eéjn

= (101 ®"e) ¢,
— ("

B o),
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Proposition 4.2. The Jordan normal form of ® is one of the following three:

[ ]
M1
Hr41
where w; are all roots of unity. In particular, there exists ¢ > 0 such that ® = id
and thus the degree growth of the equation is bounded.
[ ]
11
11
1
H1 ’
Hr—2
where p; are all roots of unity. In this case, the degree grows quadratically. The
dominant eigenvector is isotropic.
[ ]

A

1
hY
M1

Hr—1
where X is a reciprocal quadratic integer greater than 1 or a Salem number, and
|pi] = 1. In this case, the entropy of the equation islog A > 0. The two eigenvectors
corresponding to A and 1/\ are both isotropic.

These three cases correspond to the classes 1,3 and 4 in Theorem 1.8, respectively.

Corollary 4.3 (Takenawa [39]). The dynamical degree of an equation is given by the
maximum eigenvalue of ® and the entropy by its logarithm.

Corollary 4.4. Theorem 1.12 still holds in nonautonomous cases.

Remark 4.5. We have already seen in Example 3.2 that Theorem 1.11 does not hold
in general nonautonomous cases. To extend Theorem 1.11 to nonautonomous cases, it is
necessary to apply some conditions on the mapping ¢, itself. However, since there exist
too many possible artificial equations in nonautonomous cases, it would be extremely
difficult to describe such conditions in all generality.

It is easy to prove Proposition 4.2 if we admit the following two lemmas in linear
algebra.

Lemma 4.6. Let V be an (r + 1)-dimensional C-vector space with a Hermitian form
(—,—) of signature (1,7). If v € V s isotropic, i.e.(v,v) = 0 and v # 0, then the
signature of (—, —)|Ul is (0,7 — 1) and its kernel is generated by v. In particular, if vy, vy
satisfy (vi,v1) = (v1,v2) = (v, v2) = 0, then vy and ve are linearly dependent.

Lemma 4.7. Let V be an (r + 1)-dimensional R-vector space with a symmetric bilinear
form (—, =) of signature (1,7), and let f be a linear transformation on V which preserves

(_7_)'
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(1) The Jordan normal form of f must be one of the following:

M1
(4.1) (lpil = 1).
Hr1
v 1
v 1
14
(4'2) I (V = =+1, |/’L7f‘ = 1)7
Hr—2
A
1
A
(4.3) i AER, A > 1, || = 1).
Hr—1

(2) Consider the case where the Jordan normal form of f is (4.2). If (v1, v, 3, U1, . . ., Up_2)

1s the corresponding Jordan basis on Ve =V ® C, then vy is isotropic and

fnw _ (’LU,’Ul) v

lim
2(2]37 ’Ul)

n—+oo N2
for any w € V¢.
(3) Consider the case where the Jordan normal form of f is (4.3). If (v1,va, Uy, ..., Upr_1)
15 the corresponding Jordan basis, then vy and ve are both isotropic and

. 1 (wan)
lim — = 2 02)
nrtoc )‘nf b (U17U2)Ul

for any w € V¢.

Although we use Lemma 4.6 throughout the thesis, we omit a proof since it is a well-
known fact in linear algebra. The proof of Lemma 4.7 will be given in Appendix B since
it is long and only of secondary importance in this thesis.

proof of Proposition 4.2. By Lemma 4.7, the Jordan normal form of ® is (4.1), (4.2) or
(4.3).
Case: (4.1)

It is sufficient to show that every eigenvalue of ® is a root of unity. Since ® preserves
the lattice Z'7, its characteristic polynomial has integer coefficients. Since all roots of
this polynomial have modulus 1, they are all roots of unity by Kronecker’s theorem [27].
Case: (4.2)

It is clear that the degree growth is at most quadratic, and the reason why pu; are roots
of unity is the same as above. Therefore, it is sufficient to show that ¥ = 1 and that the
degree growth is actually quadratic.
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Using Lemma 4.1 and Lemma 4.7 (2), we have
deg ™ (

lim o) 0
n—-+oo l/an ’

0

((6( ), "Ul) m 6(0))

2(,037 Ul)
B (e, v;)?

2(vs,v1)

Since v, is isotropic, (e, v;) is not 0 and thus deg¢™/v" grows quadratically. Since
deg ™ is always positive, we have v = 1.
Case: (4.3)

Since A has modulus greater than 1, as in the case of (4.2), we have

deg™ (e v1)(e®, vy)

li =
n%HJPOO )\n (Ul, ’UQ)
We can prove (e® v;) # 0 and A > 1 in the same way as above. O

The following proposition shows a relation between the Jordan normal form of & and
the Picard number p(X,,).

Proposition 4.8. (1) If p(X,) < 10, then the degree growth of the equation is bounded.
(2) If p(X,) < 10, then the degree growth of the equation is bounded or quadratic.

Proof. The key to the proof is that ® preserves K = 3e(® — e — ... — (),
(1) Since
(K,K) =Ky, =10—p(X,) >0,
the bilinear form (—, —) is negative definite on K. Since Q)‘ . breserves the lattice K +

with a negative definite bilinear form, there exists ¢ > 0 such that ((IJ‘ K L)Z = id.
(2) Let us assume that the dynamical degree A is greater than 1 and show that (K, K) <
0. Let v € RY" be the eigenvector corresponding to X. Since

(v, K) = (\v, K) = Av, K),

we have K € v!. Lemma 4.6 says that (—, —)‘U . is semi-negative definite and its kernel
is generated by v. Since v and K are eigenvectors corresponding to different eigenvalues,
we have K ¢ Cv, and thus (K, K) < 0. O

Since all generalized Halphen surfaces have Picard number 10, one immediately obtains
the following corollary, which was first shown by Takenawa on a case-by-case basis [39].

Corollary 4.9. The degree growth of any discrete Painlevé equation is quadratic. In
particular, all discrete Painlevé equations are integrable.

As shown in the following example, the direct converse of Proposition 4.8 does not hold
even in the autonomous case.

Example 4.10. Let ¢ be an automorphism on a rational surface X and let P € X
be a fixed point of . Let e: X = X be the blow-up at P. Then, ¢ is lifted to an
automorphism on X.

This procedure does not change the algebraic entropy of an equation but increases the
Picard number of a space of initial conditions.
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When we consider the classification of equations with a space of initial conditions, it is
sometimes necessary to perform a minimization. A concrete approach to a minimization
was considered by Carstea and Takenawa [7]. They gave an example of a minimization
that contracts a curve passing through C? (the finite region in P? or P! x P!). However,
a general theory in nonautonomous cases was not yet known. In the following section,
we will consider a minimization of a space of initial conditions in general cases, in order
to classify all nonautonomous integrable equations with unbounded degree growth that
possess a space of initial conditions.

5. MINIMIZATION OF A SPACE OF INITIAL CONDITIONS

Let us consider a minimization of a space of initial conditions for a nonautonomous
mapping. In this section, we consider the situation in Definition 3.14 and think of (X, o)
as an equation itself.

We first recall the process of minimization in autonomous cases.

Definition 5.1. Let ¢ be an autonomous equation (automorphism) on a rational surface
X. Then, ¢ is minimal on X if there do not exist a rational surface X', an automorphism
¢ on X’ and a birational morphism e: X — X’ such that p(X) > p(X’) and eop = ¢'oe:

XT>X

L

X'7>X'.

It is known that an automorphism ¢ on X is minimal if and only if there are no mutually
disjoint exceptional curves of first kind in X that are permuted by . The proof is almost
the same as that of Lemma 5.3.

Hence, what we call a minimization of an autonomous equation is first of all the process
of finding such contractible curves and then to actually realize the contraction.

Definition 5.2. Let X be a rational surface and let o be a Cremona isometry on X.
A nonautonomous equation (X, o) is minimal if there do not exist a rational surface
X', a birational morphism e: X — X’ and a Cremona isometry ¢’ on Pic X’ such that
p(X) > p(X') and e,0 = d'e,:

Pic X ——Pic X
Pic X’ - Pic X".
As in autonomous cases, it is possible to verify the minimality with specific curves.

Lemma 5.3. Let X be a rational surface and o a Cremona isometry on Pic X. The
equation (X, o) is minimal if and only if there are no mutually disjoint exceptional curves
of first kind Cy,...,Cy C X that are permuted by o.

Lemma 5.4. Let X, X’ be rational surfaces and e: X — X' a birational morphism. If a
Cremona isometry o on Pic X preserves the sublattice €*(Pic X') C Pic X, then e,o€¢* is
also a Cremona isometry on Pic X'.

Proof. Let € = ¢ o ... 0 ¢l) be a decomposition into blow-ups and let E® be the total
transform of the class of the exceptional curve of € fori=1,..., L.
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Let F, F' € Pic X'. Using o€*F,0e*F' € €*(Pic X'), we have
(€.0€°F) - (€,0€'F') = (0€'F) - (0€" F")
=F.F.
By Proposition A.17, we have
Ky =Ky +EYD +... g0,
Since €, E® = 0 and the E® are permuted by o, we have
€06 Kxr = e,0(Kx — EM ... E(L))

The third condition in Definition 3.9 is trivial since €*, o, ¢, all preserve the effective
class. 0

Proof of Lemma 5.3. First let C1,...,Cy be irreducible curves of first kind that are per-
muted by o. It follows from Castelnuovo’s contraction theorem that there exist a rational
surface X’ and a birational morphism e¢: X — X’ such that e contracts Cy,...,Cy and
is isomorphic outside C; U --- U Cy. Let 0/ = €,0¢*. By Lemma 5.4, ¢’ is a Cremona
isometry on Pic X’ and thus we obtain an equation (X’,0’). It is clear, by construction,
that €, X', 0’ satisfy the conditions in Definition 5.2.

Next we show the converse. Let ¢, X', o’ satisfy those conditions and take an exceptional
curve of first kind C' that is contracted by €. Since

€,0'[0] = 0", [C] = 0,

o'C' is contracted by € for all /. However, € contracts only a finite number of curves.
Thus, there exists N > 0 such that ¢¥C = C. Hence o acts as a permutation on
{C,0C,...,c¥"1C}. Since these curves are exceptional curves of first kind and are con-
tracted by o, they are mutually disjoint. O

As in the autonomous case, one must first verify if there are such contractible curves.
If so, then we obtain an equation (X', ¢’) by contracting these curves. It is clear that the
degree growth of (X, o) is the same as that of (X', ¢’). Replacing (X, o) with (X', 0’) and
repeating this procedure, we finally obtain a surface on which the equation is minimal.

As shown in the following example, a minimization is not unique in general.

Example 5.5. Let X be the surface obtained by blowing up P* x P! at (0o, 00), and let
o(x,y) = (y,x). It is clear that ¢ is an automorphism on X.

X has three exceptional curves of first kind: C,{z = oo} and {y = oo} (Figure 11).
This mapping has two minimizations.

The first possibility is P* x P!, Since C' is fixed by ¢, we can minimize ¢ from X to
P! x P!, and it is trivial that ¢ is an automorphism on P! x P

The second possibility is P2, Since two curves {y = oo} and {x = oo} are permuted by
¢, we can minimize ¢ from X to P? by contracting these curves.

We will show in Proposition 5.12 (integrable case) and Proposition 5.18 (nonintegrable
case) that if the degree growth is unbounded, i.e. ¢ is of infinite order, then the minimiza-
tion is unique.

47



{y = oo} — {z = oo}

FIGURE 11. The mapping in Example 5.5 permutes two axes x and y. If
we consider this mapping on the upper surface, it has two minimizations.

5.1. Integrable case. In this subsection, we consider a minimization in the case of in-
tegrable equations. The following is our main theorem in this thesis:

Theorem 5.6. Consider an equation (X, o) and assume that its degree growth is qua-
dratic. Then, this equation can be minimized to a generalized Halphen surface.

In particular, if a mapping of the plane with unbounded degree growth and zero algebraic
entropy has a space of initial conditions, then it must be one of the discrete Painlevé
equations.

Note that in this thesis, “discrete Painlevé equation” should be understood in Sakai’s
sense, as defined in Definition 3.17.

Lemma 5.7. Let X be a rational surface with p(X) = 10. Then X is a generalized
Halphen surface if and only if —Kx is nef.

Proof. Suppose X be a generalized Halphen surface. Let C' C X be an irreducible curve.
If C'is a component of —Ky, then —Kx - C' = 0 by definition. On the other hand, if C'
is not a component of —Kx, then —Kx - C' > 0 since —Kx is effective. In both cases we
have —Kx - C > 0 and thus —Kx is nef.

Let us prove the converse. Suppose —Kx is nef. Since p(X) = 10, we have (—Kx)? =
0 and —Kx is effective ([37], Proposition 2). Thus it is sufficient to show that every
component of —Kx is orthogonal to —Kx. Let ZZ a;D; € | — Kx|. Since —Kx is nef, we
have a;D; - (—Kx) > 0. Summing them we obtain

Since the left hand side is equal to (—Kx)?, D; - (—Kx) must be 0 for all <. Hence X is
a generalized Halphen surface. O
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Lemma 5.8. Let X be a basic rational surface and let o be a Cremona isometry on Pic X
with quadratic growth. Let vy, vs,v3 € Picg X \ {0} satisfy

ov; = vy,
Ovg = Uy + vy,
OvV3 = VU3 + Va.
Then, we have
e vy 1S isotropic,

e cither vy or —uvy is nef,
® Uy - KX =0.

Proof. That vy is isotropic follows immediately from Proposition 4.2 .
Let e = (e®,...,e() be a geometric basis. Then, by Proposition 4.2 and Lemma, 4.7,
there exists a € Q* such that

v =a lim —o"e©.
n—-+00 n2

n ,(0)

Since (¥ is nef and o preserves the nef cone (Lemma 3.11), 20"e(® is nef for all n.

Therefore, Proposition A.37 implies that ivl is nef.

Since
ve + Kx = (0vy) - (0 Kx)
= (vy+v1) Kx
=uwvy - Kx +v; - Kx,
we have v - Kx = 0. O

Note that while vy, v3 above are not unique, v is unique up to scaling. v, is determined
by
Qu; = Ker(og — id) N Im(og — id)?,
where og is the Q-extension of o to Picg X.

Definition 5.9. Let us normalize v; so that
e vy is nef,
e v; € Pic X,
e vp is primitive in Pic X, i.e.if a rational number a satisfies av; € Pic X, then a is
an integer.

We shall call this v; the normalized dominant eigenvector of o.

Lemma 5.10. Let X be a rational surface of Picard number 10. If X has a Cremona
isometry which grows quadratically, then X must be a generalized Halphen surface and
—Kx coincides with the normalized dominant eigenvector.

Proof. Let o be a Cremona isometry on Pic X that grows quadratically and let v; be the
normalized dominant eigenvector of . By Lemma 5.8, vy is isotropic and v; - Kx = 0.
However, Kx is also isotropic since p(X) = 10. Therefore, by Lemma 4.6, v; and Ky are
linearly dependent. Since v; and Kx are both primitive in Pic X, we have v; = £Kx.
While vy is nef by Lemma 5.8, Ky cannot be nef since X is rational. Thus we have
v; = —Kx and Lemma 5.7 implies that X is a generalized Halphen surface. U

The following lemma is the key to the proof of Theorem 5.6
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Lemma 5.11. Let X be a rational surface with p(X) > 10 and let o be a Cremona
isometry on Pic X with quadratic growth. Then, the equation (X, o) is not minimal.

Proof. We will try to find mutually disjoint exceptional curves of first kind that are
permuted by o (Lemma 5.3).
Step 1

Let v; € Pic X be the normalized dominant eigenvector of . We show that v; + Kx is
effective and nonzero.

By the Riemann-Roch inequality, we have

1
Ro(vy + Kx) +h%(v + Kx) > 1+ 5(01 +Ky) v =1
Using Serre duality we have
h2(’U1 + Kx) = ho(—vl) = 0.

Hence, h’(v;+Kx) > 1 and v, + Ky is effective. It immediately follows from (v, + Kx)? =
10 — p(X) < 0 that v; + Kx # 0.
Step 2

Let

C ={C C X:irreducible |C - (v + Kx) < 0}.

We show that C is a nonempty finite set.
By Step 1, we can express v; + Kx as

)4
V1 +KX = [ZCL,O,
=1

where the C; are irreducible and a; > 0. Since (v; + Kx)? < 0, at least one of C, ..., C;
satisfy C; - (v; + Kx) < 0. Thus C is not empty.

On the other hand, if an irreducible curve C'is different from C4, ..., Cy, then it satisfies
C - (v1 + Kx) > 0. Hence C is finite.
Step 3

We show that if C' € C, then

C*=-1, C-Kx=-1, C-vy=0, C=P.

By the genus formula, we have

Y

1
ga(C):1+§C’(C’—|—KX)

1 1 1
:1+§C2+§C'(’01+Kx)—50'1}1.
Since g,(C) >0, C* <0, C - (v; + Kx) <0 and C - v; > 0, the only possible case is
9.(C)=0, C*=-1, C-(n+Kx)=-1, C-v, =0.

It follows from Proposition A.34 that C' = P!
Step 4

Since o is a Cremona isometry, Lemma 3.12 implies that ¢ acts on C as a permutation.
Step 5

Let C,C" € C satisfy C # C. We show that C N C’ = ().

Let m = C - C". Since (C'+ (") - v; = 0, Lemma 4.6 implies that

0> (C+C")?=2m—2
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and therefore m = 0 or m = 1. Assume that m = 1. In this case, v; and C + C" are
orthogonal and both isotropic. Thus, again by Lemma 4.6, there exists a € Q* such
that [C' + C'] = av,. Since vy and [C' + C'] are both primitive and effective, we have
a = 1. On the other hand, since C' and C’ are two different components of v; + Kx, there
exists an effective class F' such that [C] 4+ [C"] + F = v; + Kx. Thus we have F' = Ky,
which is a contradiction since K x cannot be effective when X is rational. Hence we have
c-C'"=0. O

proof of Theorem 5.6. Let X be a rational surface and let ¢ be a Cremona isometry on
Pic X with quadratic growth. We show that one can minimize o from X to a generalized
Halphen surface.

It follows from Proposition 4.8 that p(X) > 10. If p(X) = 10, then Lemma 5.10 implies
that X is a generalized Halphen surface, and thus (X, ¢) is a discrete Painlevé equation.

Consider the case p(X) > 10. By Lemma 5.11, the equation (X, o) is not minimal. Let
e: X — X’ be a minimization and let ¢’ = €,0¢*. The minimality of (X', ¢’) implies that
p(X’) < 10. However, it follows from Proposition 4.8 that p(X’) > 10 since the degree
grows quadratically. Thus Lemma 5.10 implies that X is a generalized Halphen surface
and hence the equation (X', 0’) is a discrete Painlevé equation. Il

Although the proofs of Lemma 5.11 and Theorem 5.6 define a program to minimize
(X, 0), it could be a little difficult to describe the C in Step 2 of the proof of Lemma 5.11
explicitly. The following proposition tells us how to find a minimization only by linear
algebra and, at the same time, shows the uniqueness of the minimization.

Proposition 5.12. Let X be a rational surface with p(X) =r+1 > 10 and 0 a Cremona
isometry on Pic X that grows quadratically. Let e: X — X' be a minimization of (X, o).
Decompose € into a composition of blow-ups

=W oo

and let E© € Pic X be the total transform of the exceptional class of €®) fori=1,...,r—9.
Let v, € Pic X be the normalized dominant eigenvector and e = (9, ..., e™) an arbitrary
geometric basis on Pic X. Then the set {EW ... EC=9} can be written as

(5.1) E={E€PicX|E*=-1,E-v,=0,E-Kx = —1,E-¢© >0, (v, - E)-¢® > 3}.
In particular, a minimization e: X — X' is unique.

Proof. Step 1
We show that E® € £ fori = 1,...,r—9. It is sufficient to show that (v, —E®).e(® >3
since the other conditions are trivial. Since e(®) is nef and

v+ Kx — E(i) — E(l) + . E(i_l) + E(H‘l) + E’(’“—9)

is effective, we have

0 < (Ul + KX — E(l)) . 6(0)
= 3+ (v, — ED). 0,

Step 2
Let £ € £. We show E and Kx + vy — E are both effective.
By the Riemann-Roch inequality, we have

R(E)+h(E)>1+E-(E—Kx)=1.
Using Serre duality, we have
h*(E) = h*(Kx — E).
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Since
(Kx — E)-e® < -3,
Kx — FE is not effective and thus h°(Kx — E) = 0. Therefore we have h’(E) > 0.
By the Riemann-Roch inequality and Serre duality, we have

R(Kx+v,—E)>1+(Kx+v—E)- (v — E) = h*(Kx +v, — E)
= 1—h0(—U1+E)

It follows from (—v;+E)-e(®) < 0 that h°(—v;+E) = 0. Thus we have h®(K x+v,—FE) > 0.
Step 3

We show that if F,F" € £ and E # E’, then - E' = 0. It is important to note
that £, E’ € v{ and that the intersection is semi-negative definite on v{ and its kernel is

generated by v.
Let m = E - E'. Since

0> (E£E)?=-2+2m,

we have m = 0, £1. We can exclude the cases m = %1 as follows.
Assume that m = 1. In this case, E' + E’ is isotropic and thus there exists a such that
E + E' = av;. However, this leads to the contradiction:

O:Oé’Ul'KX:(E—{—EI)'KX:—Q.

Assume that m = —1. As in the case of m = 1, there exists « such that £ — E' = awv;.
Since v is primitive, « is a nonzero integer. We may assume « > 0. Thus we have

E'+(Kx+v—FE)=(1—-a)v + Kx.

However, while the left hand side is effective, the right hand side is not. Hence we
concluded that £ - E' = 0.

Step 4

We show that &€ C {EW, ... EO-}.

Assume that there exists £ € £\ {EW, ... EO=}. It follows from Steps 1 and 3 that
E-EW =0fori=1,...,E"9. However, this leads to the contradiction:

—1=E-Kx=FE-(—v,— EW —... - EC=9) =,

Step 5

The uniqueness of a minimization follows from the fact that the set £ does not depend
on €. U

The normalized dominant eigenvector v, is determined by
Zv, = Ker(og —id) NIm(og —id)> NPicX and v, - > 0.

Thus, in principle we can calculate v; and therefore £ explicitly. Hence, this proposition
allows us to obtain (X', ¢’) from (X, o) only by linear algebra.

Example 5.13. Let k be an integer greater than 1 and consider the equation

b, an,
(52> Pn - ]PQ -2 P27 (xm yn) — (:Il'n+1, yn+1) - (yna —Tn, + — + _k) ’

n n

where (x,,¥,) are inhomogeneous coordinates on P? and a,, b, satisfy

Apt2 = (_1)ka'na Qn 7é 0, bn+2 - kbn—i—l + bn =0
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for all n. P? is covered by three copies of C? as follows:

n 1 n 1
Pz = (:Enayn) U (x_7_) U (y_7_> .
Yn Un Tpn Tn

Note that these three copies of C? coincide with {23 # 0}, {29 # 0}, {z1 # 0}, respectively,
where (21 : 23 : 23) are homogeneous coordinates on P2, We construct a space of initial
conditions by blow-ups.

As a birational automorphism on P2, the mapping ¢,, has only one indeterminate point:

Yn 1
T : | =, — ] =(0,0).
s () =00
Eliminating this indeterminacy requires 2k + 1 blow-ups at the following points:
o7/
1
RY: W) =(0,00 (£=0,1,....k—1
b xnyfl Y y ( Y ) ( ) ) Y )7

1/ 1 1
s, (= = )y ) =00,0) (£=0,1,2,... k-2
L4 yfl xny,,lfi an 7y (7) ( bR B} h) )7

. 1 11 b,
. s (yk‘l (w yk a_> ’y"> N (_a_2’0>'

On the other hand, as a birational automorphism on P2, the inversed mapping ¢, ', also
has only one indeterminate point:

. 1
T,: (x—,—> = (0,0).
Yn Yn

Eliminating this indeterminacy requires 2k + 1 blow-ups at the following points:

):(0,0) (6=0,1,...,k—1),

1 1 1
.Q%): (x”7_< - :(070) <6207172"“’k_2>’

(k1) 1 1 1 b1
n . ny_ 5, \ . - Oa - .
*C (x $fz <w§zyn an—1>) ( avzz—l

A straightforward calculation shows that

for £ =0,...,k—1. Note that the condition a,,; = (—1)*a,_; is equivalent to gon(QSZO)) =
S,(ﬁzl and, under this condition, b, .1 — kb, +b,_1 = 0 is equivalent to gpn(ng_l)) = 57(1’1_11).
Let X, be the surface obtained by blowing up P? at these 4k + 2 points in the above

order. That is, the part (eg), . ,6%4]“-2)) of its geometric basis corresponds to

(T/’R;O)W . ’R;k—l) S(O) C.. ,Sék_l)7T7 P7§0)7‘ : 'aPT(Lk_l)aQizo)y- . .,ng_l)) .

) n

It follows from (5.3) that ¢, is an isomorphism from X,, to X, ..
Let us label specific curves in X, as follows (Figure 12):
e E,: the strict transform of the line at infinity in P2
° D,(lo),ﬁs)): the strict transforms of the exceptional curves of the blow-ups at T,
and T respectively.
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S
=

S
Ql
3

FiGure 12. Diagram showing a space of initial conditions and specific
curves. The thick lines represent the strict transforms of the three funda-
mental lines in P2

o DY ES): the strict transforms of the exceptional curves of the blow-ups at pFy
and R%k_l), respectively.

o DY ; 5T(f ) , ff ) , ﬁfj ): the strict transforms of the exceptional curves of the blow-ups
at Q2 5Y™2 P10 REY | respectively. (=2,....k)

e (,: the exceptional curve of the blow-up at ngk_l),

) Qn: the exceptional curve of the blow-up at Sflkfl).

e C,: the strict transform of the curve {x, = 0} in P2.

Instead of introducing ¢,, and ® of Remark 3.6, we identify all Pic X, by using the bases
en = (@ ... e +2) for all n. Clearly, the classes represented by the above curves do

not depend on n and we shall omit the index n and simply denote F, E(é), v, and so on.
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The above curves move under the equation as follows:
E — E (fixed),

p©® D" — p©

p®» DY - pw,
() =(¢ =)

p© Y 55" 5D - p® (=2,...k),
C—C—C.
Since C is linearly equivalent to the divisor

k
J— J— :e pr— J—
E+ DO 4 kDM — DY + 3" (kD P94 (h+1-0D D )+kC—T,

the matrix of ¢, with respect to the basis
20 =

£,00 5" p® 5" p» 5?5 5 ... pw " D" D 0T
is given by
1
T2
T2
A= T4 ,
T4
B

where the blank entries are all 0 except in the (4k + 3)-rd column and where

0001

(0 1 11 000 B_ 0 —1
2=\to0) "Tloroofl P71 k)
0010

Therefore, this equation is integrable if and only if k = 2.

From now on, we assume that k£ = 2. We will consider the case £ > 3 in Example 5.19.

Since p(X,,) = 11, this space of initial conditions is not minimal and thus there exists one
exceptional curve of first kind fixed by the equation (under the identification of Pic X,,).
In this case it is obvious that £ is such a curve.

Let Y,, be the surface obtained by contracting F,. Then, Y,, is the minimal space of
initial conditions since p(Y,) = 10.

It is true that Proposition 5.12 tells us which curve we must contract in general. As in
the above example, however, looking closely at the motion of curves in a space of initial
conditions often tells us which curves we must contract.

5.2. Nonintegrable case. In this subsection, we consider a minimization of a space of
initial conditions in nonintegrable cases. We will give in Proposition 5.17 a minimal-
ity criterion for a space of initial conditions and we show in Proposition 5.18 that the
minimization of a space of initial conditions is unique.

In this subsection, we consider the following situation:

e X: a basic rational surface with p(X) =r+1 > 10.
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e 0: a Cremona isometry on Pic X with exponential growth.
e )\ > 1: the maximum eigenvalue of o.
e v € Picg X: the dominant eigenvector of o, which is isotropic.

Lemma 5.14. v or —v s nef.

Proof. The proof is the same as that of Lemma 5.8. Take a geometric basis e = (e(?), ... (")

and consider the limit .
lim —og"e©,
n—+oo AT

As the sign can be changed at will, we may assume that v is nef.
We shall use the following lemma throughout this section.

Lemma 5.15. The intersection number is negative definite on the lattice v+ N Pic X.

Proof. Lemma 4.6 says that the intersection number has signature (0,7 —1) on v+ and its
kernel is generated by v. However, any scalar multiplication of v does not belong to Pic X
since \ is irrational. Thus the intersection number is negative definite on v+ NPic X. O

Lemma 5.16. Two different exceptional curves of first kind that belong to v+ are always
orthogonal to each other.

Proof. Let C,C" € v* be two different exceptional curves of first kind. Using Lemma 5.15,
we have

0> (C+C)V=-2+2C-C
and thus C' - C" = 0. O

Proposition 5.17. (X, 0) is minimal if and only if there exist no exceptional curves of
first kind that are orthogonal to v.

Proof. Suppose that (X, o) is not minimal. Then there exist mutually disjoint exceptional
curves of first kind C1,...,Cy such that o acts as a permutation on {C4,...,Cy}. It is
therefore sufficient to show that C - v = 0.

Taking ¢ € Z that satisfies 0“C; = C, we have

Cy-v= (JEC&) . (azv) =\ - v,

which shows that C - v = 0.

We now show the converse. Let C be the set of the exceptional curves of first kind that
are orthogonal to v, and assume that C is nonempty. It is clear that o acts on C as a
permutation. Since all elements in C are mutually disjoint by Lemma 5.16, it follows from
Lemma 5.3 that (X, o) is not minimal. O

While the Picard numbers of the minimal spaces of initial conditions for integrable sys-
tems are always 10, those of nonintegrable systems depend on the detail of the equations.
Therefore, it is impossible to check the minimality only by the Picard number. We can
only say that the Picard numbers are greater than 10. However, Proposition 5.17 gives
us a precise minimality criterion.

The following proposition is an analogue of Proposition 5.12.

Proposition 5.18. Let e: X — X' be a minimization of (X,0). Decompose € into a
composition of blow-ups

EZE(I)O"’OG(L)
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and let EY € PicX be the total transform of the exceptional class of €9 for i =
1,...,L. Lete = (e©,... €M) be an arbitrary geometric basis on Pic X. Then the
set {EW ... ED} can be written as

E={FePicX|E*’=-1,E-v=0,E-Kx=—-1,FE-¢% >0}
In particular, the minimization e: X — X' is unique.

Proof. Tt is clear that E; € € for i = 1,..., L. We show that £ C {E4,...,EL}.
Step 1

We show that every element E € £ is effective. Using the Riemann-Roch inequality
and Serre duality, we have

RUE)>1—-h*(E)=1-h"(Kx - E).
It follows from e® . (Kx — E) < 0 that h°(Kx — E) = 0. Thus E is effective.
Step 2
We show that two different elements F, E’ € £ are orthogonal to each other. Since the
intersection number is negative definite on v+ N Pic X, we have
0>(E+FE)=-2+2F-F
and thus £ - E' = 0.
Step 3
Assume that there exists £ € £\ {E1,...,EL}. Let E' = ¢, E and v' = €,v. Since
E - E; =0 by Step 2, we have
E?=—-1, E - -Kyxv=-1, E-J=0.
Since F is effective, so is E’. Let us express E’ as a sum of irreducible curves:
¢

E, = Z GZ[CZ]

i=1

)

We show that there exists at least one j such that Cj is an exceptional curve of first
kind. Since E'-v" = 0 and v’ is nef, we have C; -v'" = 0 for j = 1,...,£. Since the
intersection number is negative definite on v'+ N Pic X', C’J2 are all negative. By the genus
formula, we have

1 1
ga(Cj) =1 + 50]2 + 50] . KX"
Multiplying with a; and summing, we obtain

> ai9a(Ch) =D a;+ % > 4,6+ % > a;Ci- Ky,
j j j

J

Using >, a;C; = E' and E' - Kx: = —1, we have
D a2+ CF —294(Cy)) = 1.

J
If Cjz —2¢,(C;) < —2 for all j, then the left hand side is not positive, which is a contra-
diction. Therefore, there is at least one j such that C7 — 2g,(C;) > —1. Since C} < 0,
the only possible case is
C?=—-1, g.(C)j)=0.

Thus C is an exceptional curve of first kind.

Since C; - v' = 0, Proposition 5.17 implies that (X’,¢’) is not minimal, which is a
contradiction. Hence, we have &€ = {E}, ..., EL}. O
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Example 5.19. Again we consider Example 5.13, but this time we assume that k > 3.

As in the case k = 2, it is possible to contract E since it is fixed by the equation (under
the identification as explained in Example 5.13). Let €,: X,, — Y,, be the blow-down that
contracts E,. We show that Y, is minimal with respect to this equation.

Since the dynamical degree A\ of this equation is greater than 1, we cannot verify the
minimality of Y,, only by its Picard number. Instead, we use Proposition 5.17

Let v € Picg Y,, be the A-eigenvector. The rank of the lattice v+ N PicY,, is at most 4k
since the dimension of v1 is 4k + 1, v € v+ and v ¢ (v NPicY,) ® R. We show that the
rank of this lattice is in fact 4k.

We denote the images in Y,, of the irreducible curves

I —(k
p® 5 pw 5V p@ p® 5?5 ... p® p® 5" 5

D D

Y ?

by G, ..., G*) respectively. These curves are all orthogonal to v since they are per-
muted by the equation. The classes of these curves are linearly independent in the Picard
group and thus the rank of the lattice v+ N PicY,, is 4k.

Since

(@) = (@) =k
(G(3))2 = (G<4k>)2 1

these curves are not contractible. Therefore, it is sufficient to show that there is no other
irreducible curve C’ such that ¢’ - v = 0.

Since G, ..., G are linearly independent in PicY, and the rank of the lattice v N
PicY,, is 4k, there exists cy, ..., cqr, d € Z such that d > 0 and

d[C"] = Z ¢;[GY).

However, this leads to

dC" + Y (=¢))GV | = | GV |,

Cj<0 Cj>0

which contradicts Proposition A.29 since the matrix (G(i) . G(j))ij is negative definite
(Lemma 5.15).

6. CONCLUSION

In this thesis, we studied nonautonomous mappings of the plane by means of singularity
confinement and spaces of initial conditions.

In §2, we introduced the full-deautonomisation approach, which enables us to predict
the value of the algebraic entropy of an equation with all singularities confined. First
we performed a detailed algebro-geometric analysis of the late confinements through an
example and observed the existence of a close relation between the conditions on the
parameters and the linear action induced on the Picard group of the space of initial
conditions. Using this relation, we proposed the full-deautonomisation approach. We
also discussed how to discard gauge freedom in this approach. It is true that the whole
analysis in §2 was performed on examples and that there is still no rigorous proof in the
general case. However, it should be stressed that not a single counterexample to this
method has been found to date. Therefore, we are certain that the full-deautonomisation
approach is very useful in testing the integrability of concrete equations.
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In §3-5, we studied nonautonomous equations with spaces of initial conditions and
unbounded degree growth. Especially, Theorem 5.6 shows that if an integrable mapping
of the plane with unbounded degree growth has a space of initial conditions, then it
must be one of the discrete Painlevé equations. Since all discrete Painlevé equations have
already been classified by Sakai [37], this means we have finished the classification of
integrable mappings of the plane with a space of initial conditions and unbounded degree
growth. Moreover, we have given a concrete procedure to minimize a space of initial
condition to a generalized Halphen surface.

There are many future problems to address. The most important one is of course
to prove Conjecture 2.10. If this conjecture is proven, then the singularity confinement
approach combined with the full-deautonomisation method will become the most powerful
integrability detector for mappings of the plane. It is also important to find an efficient
way to introduce nonautonomous coefficients to an autonomous equation. We also wish to
study the full-deautonomisation approach of equations of rank higher than 2. The reason,
even now, why the main objects in the field of discrete integrable systems are mappings
of the plane is the lack of appropriate examples of confining equations of higher rank.
Very recently, however, a family of nonintegrable mappings of rank higher than 2 that are
conjectured to have the coprimeness condition (an algebro-geometric reinterpretation of
singularity confinement) has been discovered [26]. If the rank of an equation is higher than
2, then an algebro-geometric approach becomes very hard but singularity confinement still
remains a valid approach. In the future, we intend to study the equations found in [26]
by the full-deautonomisation approach.
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APPENDIX A. ALGEBRAIC SURFACES

In this appendix we shall recall basic results on algebraic surfaces. We shall not give
the proofs of propositions since they are given in many textbooks such as [17, 2, 1].

In this thesis, a surface means a smooth projective variety of dimension 2 over C, which
becomes a compact complex manifold of dimension 2.

Notation A.1.

e ~: the linear equivalence of divisors, which is the same as the numerical equiva-
lence if the surface is rational.

[D]: the linear equivalence class of D.

Pic X: the Picard group of X.

Picg X = Pic X ® Q, Picg X = Pic X ® R, Picc X = Pic X ® C.

p(X): the Picard number of X, which is equal to dimg(Picg X) if X is rational.
HY(X,D) = H'(D): the i-th cohomology group of the divisor D (or its class).
hi(D) = h'(X, D) = dim¢ H (X, D).

|F'|: the linear system of F'.

K x: the canonical class of X.

Dy - Dy: the intersection number of the divisors D; and Dj (or their classes).

X — Y: a morphism from X to Y.
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e X --» Y a birational map from X to Y.
e Op2(1): the class of lines in P2
e ¢,(C) =dimc H(C,O¢): the arithmetic genus of an irreducible curve C.

Definition A.2 (birational map). A rational map is a morphism defined on a nonempty
Zariski open subset. A birational map is a rational map that has as its inverse a rational
map. A birational morphism is a morphism that has a rational inverse. A birational
automorphism is a birational map from a surface to itself.

Definition A.3 (blow-up). Let X be a surface and P € X. There exists a surface X
and a birational morphism 7: X — X such that 7—!(P) is isomorphic to P! and 7 is an
isomorphism from X \ 771(P) to X \ {P}. This X (and 7) is unique up to isomorphism
and is called the blow-up of X at P. The fiber 771 (P) is called the exceptional curve of
m and P the center of the blow-up.

Let (x,y) be a local coordinate around P, i.e. P is the point defined by (z,y) = (0,0).

Then, X can be covered around 7~!(P) with two coordinates (x,y/z) and (z/y,y).
Proposition A.4. Let f: Y — X be a birational morphism.

(1) f can be written as a composition of a finite number of blow-ups.
(2) If f is bijective, then f is an isomorphism.
(3) If p(Y) = p(X), then f is an isomorphism.

Proposition A.5. Let f: X --» Y be a birational map. Then, there are only a finite
number of indeterminate points. Moreover, it is always possible to eliminate these inde-
terminacies by blow-ups, i.e. there exists a composition of blow-ups w: X — X such that
fom is a birational morphism:

X
X -

In particular, f can be written as a composition of blow-ups and blow-downs.

Definition A.6 (rational surface). A surface is rational if it is birational to P2. A rational
surface that admits a birational morphism to P? is called a basic rational surface. This
means that a basic rational surface can always be obtained by a finite number of blow-ups

of P2.

Definition A.7 (divisor). A divisor on X is an integer-coefficient finite formal sum of
irreducible curves in X. We denote by Div X the set of divisors on X. An irreducible
curve is called a prime divisor when we think of it as a divisor.

If f is a nonzero rational function, then its zeros and poles define a divisor. This kind
of divisor is called a principal divisor. Two divisors D, D" are linearly equivalent if D — D’
is principal. We denote by “~” the linear equivalence. The quotient group Div X/ ~
is called the Picard group of X and denoted by Pic X. We denote by [D] the linear
equivalence class of D. It is known that the Picard group is finitely generated.

A divisor is effective if its coefficients are all nonnegative. A divisor class is effective if
it can be represented by an effective divisor.

Definition A.8 (intersection number). There exists a unique symmetric Z-bilinear form

PicX x PicX - Z, (F,F)—F-F
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such that every two different irreducible curves C, C" satisfy
Cl-C)= 3 me,

where mp is the multiplicity of the intersection at P. This bilinear form is called the
intersection number. We simply denote F - F by F? [D]-[D'] by D - D’ and so on.

Definition A.9 (numerical equivalence, Picard number). Two divisors Dy, Dy are nu-
merically equivalent if

D1 . D/ = D2 . D/
for every divisor D’. The Picard number is the rank of the quotient group of Div X by
the numerical equivalence, and we denote it by p(X).

It is known that for rational surfaces the numerical equivalence is the same as the
linear equivalence. In this case the Picard group is a free abelian group whose rank is the
Picard number. Since we are only interested in rational surfaces in this thesis, we shall
not strictly distinguish these two equivalences.

Theorem A.10 (Hodge index theorem). The intersection number on a surface X has
signature (1, p(X) —1).

Definition A.11. Let 7: Y — X be the blow-up at P € X.
The strict transform (or proper transform) of an irreducible curve C' C X is

T (C\{P}),
where we denote by Z the closure of Z in Y. If a curve is irreducible, then so is its strict

transform.
The total transform of a prime divisor C' on X is the divisor

mC = C +mp(C)E € DivY,

where C' is the strict transform of C, mp(C) the multiplicity of C' at P and E the
exceptional curve of 7. We define the total transform of a divisor by the Z-linear extension.
For a divisor D’ = Zj a;C5 on Y, we define 7, D" € Div X by

mD = Z a;m(CF).
CIAE

These transforms for a birational morphism can be calculated by decomposing it into
blow-ups.

It should be noted that, while 7* always preserves the intersection number, 7, does not
do so in general.

Proposition A.12. Let 7: Y — X be the blow-up at P € X and let E be its exceptional
curve. Let C'C X be an irreducible curve and let C C'Y 1ts strict transform. Then

E?=-1, E-C=mp(C), C*=0C?*—mp(C)?

where mp(C') is the multiplicity of C' at P.
Let C" C X be another irreducible curve and let C' its strict transform. Then

C-C'=C-C" —mp(Cymp(C").

Definition A.13. Let 7: Y — X be a birational morphism. Since m,: DivY — Div.X
and 7 : Div X — DivY preserve the linear equivalence, we have 7,: PicY — Pic X and
m*: PicX — PicY.
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Proposition A.14. Let m: Y — X be a blow-up and E C Y its exceptional curve. Then
PicY is isomorphic to Pic X & Z[E].

Proposition A.15. If f: Z — Y and g: Y — X are birational morphisms, then
(gof)e=g:fi and (gof) =[f'g"

Definition A.16 (canonical class). Let w be a globally meromorphic 2-form on a surface
X which is not identically zero. The canonical class of X, denoted by K, is the class of
the divisor defined by the 2-form w. It is known that the canonical class does not depend
on the choice of w.

Proposition A.17. If «: X > Xisa blow-up, then we have
K)? = W*KX + [E],
where E is the exceptional curve of .

Proposition A.18. The Picard group of P? is a free Z-module of rank 1. Its generator
is the class of lines, which is denoted by Op2(1). The class of curves of degree d is
Op2(d) = dOp2(1), and the intersection number on P? is determined by

Op2(1) - Opa(1) = 1.
The canonical class of P? is Opz(—3).

Definition A.19. Let A be an invertible square matrix of size 3. Then, the linear
transformation C*> — C? corresponding to A induces an automorphism on P?. This
kind of automorphism is called a projective linear transformation. The set of all these
transformations is denoted by PGL(3).

It is known that any automorphism on P? belongs to this class.

Definition A.20 (degree). Using the homogeneous coordinate (2, : 2z : z3) € P2, a
birational automorphism ¢ on P? can be written as

90(21 PR 2’3) = (901(21722723) : 902(21722723) : <P3(21722723)),

where @1, 9, 3 are homogeneous polynomials of 2y, 29, z3 of the same degree with no
common factors. The degree of ¢ (as a birational automorphism on P?) is defined by

deg ;.
Definition A.21. Let f: X --» Y be a birational map and let 7: X — X be a resolution

of the indeterminacies of f:
X
{IN
X

Then, f, and f* are defined by
fe=g.m"  [f=mg"

It is known that these linear maps do not depend on the choice of 7.
These linear maps do not preserve the intersection number in general.

Proposition A.22. The above f, and f* preserve the set of effective classes.
Remark A.23. Proposition A.15 does not hold if f, g are simply birational maps.
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Proposition A.24. Let ¢ be a birational automorphism on P2. Then
deg o = (¢Op2(1)) - Op2(1) = (¢"Op2(1)) - Op2(1).
Example A.25. Let
r=aWo...onM: X - P?

be a composition of blow-ups. Let e® € Pic X be the total transform of Op(1) and
e € Pic X the total transform of the class of the exceptional curve of 7 fori=1,...,r.
Then we have

PicX = ZeD @ ... @ Ze™.

The intersection number can be calculated by

1 (1=75=0)
e . eV =¢ 1 (i=j+#0)
0 (@#J)
Definition A.26 (geometric basis [10]). Let X be a basic rational surface and (e(?), ... (")
be a Z-basis on Pic X. Then (e®,...,e() is said to be a geometric basis if there is a
composition of blow-ups 7 = 7V o --- 0 7(): X — P? such that e® = 7*Op2(1) and e
is the total transform of the class of the exceptional curve of 7@ for i =1,...,r.

Note that e —el) (7,5 > 0,7 # 7) is effective if and only if i < j and the center of the
j-th blow-up is infinitely near that of the i-th blow-up.

For any geometric basis (e, ..., e() we have
1 (i=j=0)
Ky =-3¢0 4+ 4.4 0.0 =8 1 (i=j#0)
0 (i£])

A birational morphism to P? is determined only by its geometric basis up to automor-
phism on P2, i.e. if two birational morphisms 7, 7': X — P? give the same geometric basis
on Pic X, then there exists f € PGL(3) such that 7" = f ow. In fact, these birational
morphisms are determined only by e, since the set {e™), ..., e} is determined by

{eW, e} ={FePicX|F?=—-1,F-e® =0,F: effective} .

Definition A.27 (cohomology group). Let X be a surface and let D be a divisor on it.
For a divisor D and i = 0, 1,2, there is a finite dimensional C-vector space H*(X, D) (or
simply H*(D)), called the cohomology group of D. We denote by h'(D) the dimension of
HY(D).

It is known that if D and D’ are linearly equivalent, then the corresponding cohomology
groups are naturally isomorphic. Thus, H*(F) and h'(F) are well-defined for F' € Pic X.

Definition A.28 (linear system). The linear system of a divisor D (or its class) is
|D| = {D': effective divisor | D’ ~ D}.

It is known that there is a natural bijection from |D| to (H°(D) \ 0)/C* and thus |D|
becomes a projective space. In particular, D is effective if and only if h°(D) > 1. We
define dim |D| = h%(D) — 1 where D is effective.
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Proposition A.29. Let C,...,C,, be irreducible curves in a surface X such that the
matriz (C; - C})j is negative definite. Then, for all nonnegative integers ay, . .., ay,, we

have

In particular, if an irreducible curve C' has a negative self-intersection, then
R (mC) =1
form >0 and thus the class [C] cannot be written as a nontrivial sum of effective classes.

Proposition A.30. If X is rational, then

ho(me) =0
for allm > 1.
Theorem A.31 (Riemann-Roch). Let F' € Pic X. Then
1
P(F) = 1 (F) + 12(F) = x(Ox) + 5 F - (F = Kx),

where we denote by x(Ox) the Euler-Poincaré characteristic. Since h'(F) is not negative,
we have

R(E) + 12(F) 2 X(Ox) + 3 F - (F = Kx),

which is called the Riemann-Roch inequality. If X is rational, then x(Ox) = 1. Therefore
we have

W(F) = h'(F) + h2(F) = 1+ %F (F = Ky)
and
RO(F) 4+ h*(F) > 1+ %F - (F - Kx).
Theorem A.32 (Serre duality). Let F' € Pic X. Then
RY(F) = h*(Kx — F)
fori1=0,1,2.
Theorem A.33 (genus formula). Let C' C X be an irreducible curve. Then

1
w(C) =1+ 50 (C+ Kox),
where g,(C) = h'(C, O¢) is the arithmetic genus of C.

Proposition A.34. Let C be a (possibly singular) irreducible curve. Then g,(C) = 0 if
and only if C is isomorphic to P!,

Definition A.35 (exceptional curve of first kind). An irreducible curve C' C X is called
an ezceptional curve of first kind if C' is isomorphic to P* and C? = —1. The genus formula
and Proposition A.34 imply that these conditions are equivalent to C? = C' - Kx = —1.

Theorem A.36 (Castelnuovo’s contraction theorem). Let X be a surface and C' C X an
exceptional curve of first kind. Then there exist a surface X' and a birational morphism
m: X — X' such that ©(C) is a point in X' and w is an isomorphism from X \ C to
X"\ n(C). This procedure is called a blow-down. In other words, we can contract an
exceptional curve of first kind by a blow-down.
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Definition A.37 (nef). A divisor D on a surface X is nef if it satisfies
C-D>0

for every irreducible curve C' C X. A class F' € Pic X (or F' € Picg X) is said to be nef
if it satisfies
C-F>0
for every irreducible curve C' C X.
It is known that the self-intersection of a nef class is always nonnegative. It is also
known that Kx cannot be nef for a rational surface X.
The set
{F € Picg X | F': nef}
is a closed convex cone in Picg X, i.e.
e if | F' are nef, then so is ' + F’,
e if F'is nef and a > 0, then aF is also nef,
e the above set is a closed set in Picg X.

The set of all nef classes in Picg X is called the nef cone of X.

Theorem A.38 (Nagata [32]). If a rational surface has infinitely many exceptional curves
of first kind, then it is a basic rational surface.

APPENDIX B. PROOF OF LEMMA 4.7

Proof of Lemma 4.7. Let us extend (—,—) to a Hermitian form on V.

We show (1) in Steps 1-9.
Step 1

First let us consider the case where f has an eigenvalue whose modulus is not 1.

If A is an eigenvalue with |[A| # 1 and v its corresponding eigenvector, then v is always
isotropic since

(v,v) = (fv, fv)
= (A, Av)
= [M*(v,v).
Step 2
Let us show that if A is an eigenvalue whose modulus is not 1, then A is simple.

Let v be the corresponding eigenvector and assume A is not simple. Then there exists
w, linearly independent of v, such that

fw=>Mv or fw=w+w.

In the first case, v and w are orthogonal to each other since
(v, w) = (Av, Aw)
= [A(v,w),

which, together with (v,v) = (w,w) = 0, contradicts Lemma 4.6. Let us consider the
second case. Since

(v,w) = (A\v, \w +v)
= [A*(v,w),

we have
(v,w) = 0.
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In the same way we find
(w,w) = (Aw + v, \w + v)
= [AP*(w, w)
and thus
(v,v) = (v,w) = (w,w) =0,
which again contradicts Lemma 4.6.
Step 3

We show that if A, Ay are different eigenvalues of f with |\;| # 1, then Ay = 1/X;. In
particular, \; must be real numbers.

Let vy, v9 be the corresponding eigenvectors. These vectors are both isotropic by Step 1,
and linearly independent since they are eigenvectors corresponding to different eigenvalues.
Thus it follows from Lemma 4.6 that (v, vs) # 0. Since

(v1,v2) = (Av1, Aavg)
= >\1)\_2(U1, ),
we have
Ay = 1.
Step 4
We show that if f has an eigenvalue whose modulus is not 1, then f is diagonalizable.
We already know that such eigenvalues are simple.
We therefore consider an eigenvalue p of modulus 1 and assume vectors uq, ug satisfy

ful = MUy,
Jug = pug + uy.
Since

(u1,ug) = (py, prug + uy)
= (uyg,ug2) + p(ug,ur),

uy is isotropic. In the same way we find

(Uv ul) = )‘E<U7 ul)
and thus
(v,v) = (v,u1) = (ug,uq) =0,

which contradicts Lemma 4.6. Hence, f is diagonalizable.
Step b

We show that if A € R\ {1} is an eigenvalue of f, then so is 1/A.

Assume that 1/) is not an eigenvalue. Then, since all eigenvalues except A have modulus
1 (Step 3) and f is diagonalizable (Step 4), there exists a basis (v, uy,...,u,) of V¢ such
that

fv = v,
Jui = piui,
where |u;| = 1. Since
(v, ui) = (v, pius)
= A0, i),
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we have (v, u;) = 0. Therefore, using Step 1, we obtain that v is orthogonal to all elements
in V. However, this contradicts the nondegeneratedness of (—, —).

Steps 1-5 show that if f has an eigenvalue whose modulus is not 1, then the Jordan
normal form of f is (4.3). From now on, let us consider the case where all eigenvalues of
f have modulus 1.

Step 6

It is clear that if f is diagonalizable, then its Jordan normal form is (4.1). Thus it is
sufficient to show that if f is not diagonalizable, then its Jordan normal form is (4.2).
Step 7

We show that the size of each Jordan block is at most 3.

Assume that linearly independent vectors vy, vs, v3, v4 satisfy

Jur = vy,
fve = vug + vy,
Juz = vu3 + vy,
fuy = vuy + vs.
Using
(v1,v;) = (v, v + v;q)
= (v1,v;) + v(v1, vim1),
we have (vy,v;_1) =0 for i = 2,3,4. Since
(v9,v3) = (Vvg + V1, VU3 + V)
= (vg, v3) + v(vg, Va),

vy is isotropic, which contradicts Lemma 4.6.
Step 8
We show that f has only one Jordan block whose size is greater than 1. In particular,
the corresponding eigenvalue is +1.
Let u, v be eigenvalues of modulus 1 and let pairwise-linearly independent vectors vy, vy
and wy, wo satisfy
Jur = por, Jwi = vw,
fva = pvy + vy, fws = vws + wy.
It is sufficient to show that v; and w; are linearly dependent.

The same calculation as in Step 4 implies that v; and w; are both isotropic. Therefore,
since

(v1,w1) = (por, vws)
_ K
- V<U1a wl))
it follows from Lemma 4.6 that © = v. However, using

(v1, wa) = (pvr, pws + wy)
= (v, wa) + p(vy, wy),
we have (v, w;) = 0. Hence Lemma 4.6 shows that v; and w; are linearly dependent.

Step 9
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Finally we show that the size of the Jordan block in Step 8 is exactly 3. It is sufficient
to show that the size is not 2.

Assume that (vy,ve,uq,...,u,_1) is a basis on V¢ such that
Jur = vy,
fve = vy + vy,
Jui = pu.
Moreover, we can take vy and vy in V since v = 1. Asin Step 5, we deduce a contradiction
by showing that v; is orthogonal to any of wvy,vs,uq,...,u,_1, baring in mind that a

calculation similar to Step 4 shows that (vy,v,) = 0. Using
(v2,v9) = (Vg + vy, VU + V1)
= (vg,v2) + 2v(v1, va),
we have (vy,v) = 0. Finally we show that (vi,u;) = 0. If v # p;, then
(v, ui) = (vor, piu;)
= VIt (v1, u)
and thus (vy,w;) = 0. If v = p;, then
(vg, u;) = (vvg + v1, vuy)
= (vg, u;) + v(v1, u;)
and thus (vq,u;) = 0.
We now show (2).

Step 10
Let us represent w as

W = a1V1 + AV2 + agvV3 + g bjUj.
J

Since (vy, ..., u,—2) is a Jordan basis corresponding to (4.2), we have
n(n — 1)v"

ffw = (y"al + v nay + 5

a3> vy + (V" ag + V" nas) vy + v azvs + Z by
J

Dividing both sides by v"n? and taking the limit n — +o0, we have

1 as
lim "w = —vy.

n——+oco Y2 2

Thus it is sufficient to show that ag = (w, v1)/(vs,v1). A calculation similar to that given
in Step 9 leads to

(v1,v1) = (v2,v1) = (uj,v1) = 0.
Therefore, we have

(w,v1) = ag(vs, v1)

and thus
(w,vy)
(vs,v1)

as =

We finally show (3) in a similar way as in Step 10.
Step 11
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Let us represent w as

W = a1v] + a9y + E bjUj.

J

Then we have

and

a
f”w = )\nCLlUl + )\—ivz + Z,u?bjuj
J

lim —w = ayv;.
n—+oo \"

Step 1 and a calculation similar to that given in Step 5 lead to

(v1,01) = (vl,uj) =0

and thus we have

1]
2]
3]

a; = (U}, U2> )
(/017 UQ)
O
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