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HOM COMPLEXES AND CHROMATIC NUMBERS OF GRAPHS

TAKAHIRO MATSUSHITA

1. INTRODUCTION

1.1. Graph coloring problem. A graph is a pair G = (V(G), E(G)) consisting of a set V(G) together
with a symmetric subset E(G) of V(G) x V(G), i.e. (z,y) € E(G) implies (y,z) € E(G). Hence our
graphs are undirected, may have loops, but have no multiple edges. We call a graph simple if it has no
looped vertices. A graph homomorphism is a map f: V(G) — V(H) with (f x f)(E(G)) C E(H).

An n-coloring of G is a map ¢ : V(G) — (n) = {0,1,--- ,n — 1} such that (z,y) € E(G) implies
c(x) # ¢(y). The chromatic number is defined to be the number

X(G) = inf{n > 0 | There is an n-coloring of G.}.

Consider the infimum of the empty set is +oo.

Let K, be the complete graph with n-vertices. Namely, V(K,) = (n) = {0,1,--- ,n — 1} and
E(K,) ={(z,y) | x #y} C V(G) x V(G). Then an n-coloring is identified with a graph homomorphism
from G to K,,. Let f: G — H be a graph homomorphism. If H has an n-coloring ¢ : H — K, then G
has an n-coloring c o f, and hence we have x(G) < x(H).

The neighborhood complexes were introduced by Lovéasz in his proof of the Kneser conjecture. He
related the connectivity of the neighborhood complex of a graph G to the chromatic number of G. This
is the first application of algebraic topology to the graph coloring problem. After that, several complexes
have been considered by many authors in this context.

The Hom complex Hom(T, G) of graphs is a poset assigned to a pair of graphs 7" and G (The definition
will be found in Section 1.3). This is functorial with respect to T and G, and hence if a group I" acts on
T then the Hom complex Hom(7T, G) becomes a I'-poset. We regard K» as a Zs-graph by the exchange
of the two vertices. The box complex B(G) is the Zg-poset Hom (K3, G).

In this thesis, we study how far the chromatic numbers are determined by the neighborhood com-
plexes, the box complexes, and the Hom complexes. A homotopy test graph is a graph 7" such that the
connectivity of Hom(7, G) plus x(T') + 1 is a lower bound for the chromatic number of a graph G. We
show that every bipartite graph is a homotopy test graph. This is conjectured by Kozlov. Next we show
that the homotopy types of the Hom complexes (and hence the box complexes and the neighborhood
complexes) do not determine the chromatic numbers of graphs. Moreover, we show that no homotopy
invariant of Hom(7, G) is an upper bound for the chromatic number of G.

Hence to determine the chromatic number of GG, we need to observe more rigid structures on the Hom
complexes. The box complex B(G) = Hom(K3, Q) is a Zs-poset. We show that the Zs-poset structure of
the box complex B(G) determines the graph G up to isolated vertices. On the other hand, we show that
there are graphs having the same box complexes, the same neighborhood complex, yet different chromatic
numbers. This implies that the non-equivariant poset structure and the neighborhood complex do not
determine the chromatic number. In the paper [30] of the proof of the Kneser conjecture, Lovasz asked
if there is a topological property which is equivalent to the k-colorability. Therefore the above example
gives a negative answer to his question.

To deduce the non-existence of graph homomorphisms, we assign a graph to a the box complex B(G),
and consider that there is a Zs-map between the box complexes. Hence it is interesting to compare
the category of graphs with the category of Zs-spaces. For example, it is important to understand
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that which Zy-homotopy class of Zs-continuous maps between the box complexes is induced by a graph
homomorphism. In general, there is no graph homomorphism from G to H although there is a Zs-map
between their box complexes. In fact the Zs-homotopy type of the box complex does not determine the
chromatic number as was mentioned. However, if we consider the localization of the category of graphs
by the class of graph homomorphisms which induce Zs-homotopy equivalences between box complexes,
then the resulting category and the homotopy category of Zs-spaces are equivalent.

1.2. Neighborhood complex. For a vertex v of a graph G, the set of vertices adjacent to v is denoted by
N (v), and is called the neighborhood of v. The neighborhood complex N(G) of G is the abstract simplicial
complex whose vertex set is the set of non-isolated vertices of G and simplices are finite subsets of V(G)
contained in the neighborhood of some vertex of G. The neighborhood complex is introduced by Lovész
[30], and he showed the following theorem.

Theorem 1.1 (Lovész [30]). If the neighborhood complex N(G) is n-connected, then x(G) > n+ 3.

Lovasz applied the above theorem to solve the Kneser conjecture described as follows. Let X be the
family of subsets having k elements of (n) = {0,---,n — 1}. Consider a partition X into m subsets
X1, , X, for some positive integer m. Kneser conjectured in 1955 that if m < n — 2k + 1, then there
is X; containing two elements which are disjoint as subsets in (n).

Let n, k be positive integers with n > 2k. The Kneser graph KG,, . is defined by

V(KGni) ={o C(n) | #0 =k},

and
E(KGni) ={(o,7)|onT =0}
The Kneser conjecture is equivalent to x(KG, ) = n — 2k + 2. (It is easy to show that x(KGp k) <
n—2k+2.) Lovész proved that N(KG, i) is (n— 2k)-connected and showed that x(KGp ) = n—2k+2,
using Theorem 1.1.
In the next section we shall explain how to obtain obstructions of the exitence of a coloring, using the
Hom complexes.

1.3. Hom complex. A multi-homomorphism from G to H is a map n : V(G) — V(H) which satis-
fies n(v) x n(w) C E(H) for all (v,w) € E(G). We write n < n' if n(v) C n'(v) for all v € V(Q).
The Hom complex Hom(G, H) is the poset of multi-homomorphisms from G to H. Note that a graph
homomorphism f is identified with a multi-homomorphism v — {f(v)}.

Let f: G1 — G5 be a graph homomorphism. Then we have an order preserving map

Hom(Gs9, H) — Hom(G1, H)

corresponding 77 to o f. On the other hand, for a graph homomorphism ¢ : H; — Hs, define the order
preserving map
g« : Hom(G, Hy) — Hom(G, Hs)
by g«(n)(x) = g(n(x)). Thus we have a functor
GPxG—P,(G,H) — Hom(G, H),

where G is the category of graphs and P is the category of posets.

Suppose that a group I' acts on a graph T from the right. Then the functorial property of the Hom
complex implies that Hom(7T, Q) is a left T-poset, and a graph homomorphism f : G — H induces a I'-
equivariant map f, : Hom (7T, G) — Hom(T, H). Hence if there is no I'-equivariant map from Hom(7', G)
to Hom(T', H), then we have that there is no graph homomorphism from G to H.

Consider Ky as a Zs-graph by the involution 0 <+ 1. We often write B(G) instead of Hom(K>, G),
and call it the box complex of G.
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Theorem 1.2 (Babson-Kozlov [1]). The box complex B(G) is homotopy equivalent to the neighborhood
complex N(G).

Theorem 1.3 (Babson-Kozlov [1]). The box complex B(K,,) is Za-homeomorphic to the (n — 2)-sphere
Sn=2,

Here we consider the n-sphere S™ as a Zs-space by the antipodal map.
For a Zs-space X, the Zs-index of X is defined to be the number

ind(X) = inf{n > —1 | There is a Zy-map from X to S™.}.
Corollary 1.4 (Walker [37]). The inequality
V(G) > md(B(G)) +2
holds for every graph G.
For a topological space X, define the connectivity of X to be the number
conn(X) = sup{n > —1 | X is n-connected.}.
Since ind(X) > conn(X), Theorem 1.1 follows from Corollary 1.4.

1.4. Test graphs. To generalize the case of the box complex, Kozlov introduced the notion of test
graphs. A graph T is a test graph if a certain inequality between the chromatic number x(G) and some
homotopy invariant of Hom(7', G) holds for every graph G. There are several type of test graphs. We
deal with homotopy test graphs and Stiefel-Whitney test graphs.

Definition 1.5 (Kozlov [21]). A graph T is a homotopy test graph if the inequality
X(G) > conn(Hom(T, G)) + x(T)
holds for every graph G.

An involution of a graph T is a graph homomorphism « : T — T with o? = idy. The involution « is
flipping if there is a vertex v such that a(v) is adjacent to v. An involution is identified with a Zs-action
on the graph T, and we call a Zs-graph T flipping if its Zs-action is flipping. It is easy to see that if T
is a flipping Zs-graph, then Hom(T, G) is a free Zs-space (see [1] for example).

Let X be a free Zs-space. Let X denote the orbit space of X and suppose that the quotient map
X — X is a double covering. Let w(X) € H'(X;Zs) be the 1st Stiefel-Whitney class of the O(1)-bundle
X — X. The Zs-height of X is defined to be the number

h(X) =sup{n > 0] w (X)" # 0}.
Definition 1.6 (Kozlov). A flipping Zo-graph T is a Stiefel- Whitney test graph if
h(Hom(T, K,)) =n — x(T)
for every n with n > x (7).

Remark 1.7. Dochtermann and Schultz [11] call a flipping Za-graph T a “Stiefel-Whitney test graph” if
the inequality
(1) X(G) = h(Hom(T, G)) + x(T)

holds for every graph G.
Suppose that T is a Stiefel-Whitney test graph in the sense of Definition 1.6. Let G be a graph and
let f: G — K, be an n-coloring of G. Then f induces a Zy-map

f« : Hom(T, G) — Hom(T, K,,).
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This implies that h(Hom(T,G)) < Hom(T, K,,) = n — x(T'). Hence T is a “Stiefel-Whitney test graph”
in the sense of Dochtermann and Schultz [11]. On the other hand, it is not known that these two notions

coincide. In this thesis, we call a flipping Zs-graph T a weak Stiefel-Whitney test graph if the inequality
(1) holds.

Remark 1.8. By the Gysin sequence, we have that A(X) > conn(X). This implies that a weak Stiefel-
Whitney test graph (Remark 1.7) is a homotopy test graph.

There are several results concerning with test graphs. Theorem 1.1 and Theorem 1.2 imply that Ko
is a homotopy test graph. In general, Babson and Kozlov [1] showed that the complete graph K, for
n > 2 is a Stiefel-Whitney test graph. Here we consider the involution of K, as the exchange of 0 and
1. Lovasz conjectured that an odd cycle Cs,41 for a positive integer r is a homotopy test graph, and
this conjecture was proved by Babson and Kozlov [2]. Babson and Kozlov conjectured that an odd cycle
with reflection is a Stiefel-Whitney test graph, and this conjecture was proved by Schultz [34], and was
later solved in [24] and [35]. It is clear that a graph having no edges is not a homotopy test graph. The
first non-trivial example of a non-homotopy test graph is found in Hoory and Linial [17]. For further
references relating to test graphs, we refer to [11].

Kozlov suggested several problems concerning with Hom complexes in [21]. The following are two of
them.

Problem 1.9 (Kozlov, Conjecture 6.2.1 of [21]). Does x(T') = 2 imply that T is a homotopy test graph?

Remark 1.10. The precise statement of the conjecture is “Every bipartite graph is a homotopy test
graph”. Here we should consider that the term “bipartite graph” means a graph with chromatic number
2. In fact it is clear that graphs having no edges are not homotopy test graphs, as was mentioned.

Problem 1.11 (Kozlov, Section 6.1 of [21]). Is there a graph T having two flipping involutions ag and
aq such that (T, o) is a Stiefel-Whitney test graph but (T, aq) is not?

The purpose of Section 3 is to solve the above problems. The following theorem is the answer to
Problem 1.9.

Theorem 1.12. A graph T with x(T) = 2 is a homotopy test graph.

X

Qo

&51

Figure 1.1

Let X be a graph illustrated in Figure 1.1. Let g be the reflection in the horizontal line, and let ay
be the reflection in the vertical line. The following theorem is the answer to Problem 1.11.

Theorem 1.13. Let X be the graph, and let oy and oy be the involutions described in Figure 1.1. Then
(X, ap) is a Stiefel-Whitney test graph but (X, aq) is not.

1.5. Homotopy types of Hom complexes. In his pioneer paper [30], Lovdsz asked that there is
a homotopy, or topological invariant of neighborhood complexes which is equivalent to the chromatic
number. The homotopy case of this question was negatively solved by Walker [37]. He constructed graphs
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G1 and G5 such that their box complexes are Zs-homotopy equivalent but their chromatic numbers are
different (see Theorem 1.3 and Figure 1.2).
In Section 4, we will generalize his result to Hom complexes in the following form:

Theorem 1.14. Let T be a finite graph and let G be a non-bipartite graph. For each integer n, there
is a graph H such that Hom(T,G) and Hom(T, H) are homotopy equivalent and x(H) > n. In case T
is a flipping Zo-graph, we can take H so that Hom(T,G) and Hom(T, H) are Zy-homotopy equivalent.
Moreover, if G is finite or connected, then we can take H to be finite or connected, respectively.

This theorem will be proved in Section 4.

In Section 1.3 and Section 1.4, we mentioned that some homotopy invariants of the Hom complex
Hom(T, G) gives a lower bound for the chromatic number of G. On the other hand, Theorem 1.14
implies that there is no (Zs-equivariant) homotopy invariant of Hom(7T, G) gives an upper bound for the
chromatic number. However, we should say that this result is almost known by Walker [37] in the case
T = K. In fact, he noticed that for every integer n, there is a finite graph G such that x(G) > n and
B(G) is Zo-homotopy equivalent to some 1-dimensional Zs-complex.

1.6. Kronecker double coverings. Therefore to determine the chromatic number, one should observe
more rigid structures of the Hom complex. The next result (Theorem 1.15) concerns with the poset
structure and the Zs-poset structure of the box complex.

Let G and H be graphs. The (tensor or categorical) product G x H of G and H is the graph defined
by

V(Gx H)=V(G)x V(H)
and
E(G x H)={((z,y), (=",9") | (x,2") € E(G), (y,¥') € E(H)}.

It is easy to see that the product G x H is actually the categorical product of the category of graphs.
A graph homomorphism p : G — H is a covering if p|n(,) : N(v) — N(p(v)) is bijective for all
v € V(G). The Kronecker double covering over G is the 2nd projection Ky x G — G. It is easy to see
that the Kronecker double covering is a covering.
The following result shows that there is a remarkable relation between box complexes (or neighborhood
complexes) and Kronecker double coverings.

Theorem 1.15. Let G and H be graphs without isolated vertices. Then the following hold.

(1) The Kronecker double coverings Ko x G and Ko x H are isomorphic if and only if their box
complexes B(G) and B(H) are isomorphic as posets.

(2) The graphs G and H are isomorphic if and only if their box complexes B(G) and B(H) are
isomorphic as Zy-posets.

(3) If the Kronecker double coverings Ko x G and Ko X H are isomorphic, then their neighborhood
complexes are isomorphic. On the other hand, if G and H are stiff (mentioned below), then the
converse holds.

A graph G is stiff if v,w € V(G) and N(v) C N(w) imply v = w.

Let m, n be positive integers greater than 3. In Example 5.16, we construct graphs G and H such that
KoxG=KyxH, x(G) =m, and x(H) = n. It follows from (1) of Theorem 1.15, there are graphs G and
H with isomorphic box complexes and isomorphic neighborhood complex, yet with different chromatic
numbers. As was mentioned, Lovdsz asked if there is a topological property of N(G) which is equivalent
to the chromatic number of G. The above example gives a negative answer to his question.
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1.7. Simplicial methods. The category of graphs is denoted by G. For a non-negative integer n,
define the graph ¥, as follows: The vertex set of X, is [n] = {0,1,--- ,n}, and the edge set of ¥,, is
V(E,) x V(2,). Let T be a graph. Define Sing(T,G) to be the simiplicial set whose n-simplices are
graph homomorphisms from T x %, to G, i.e. Sing(T,G), = G(T x X,,, G). We will show the following
theorem in Section 7.

Theorem 1.16. There is a natural homotopy equivalence
|Sing(T, G)] —— [Hom(T,G)|.

As an application of this theorem, we show that the category G of graphs has a model structure which
is Quillen equivalent to the category of Zs-spaces.

Let SSet be the category of simplicial sets and let SSet”? be the category of Zs-simplicial sets.

Let B(G) be the Zy-simplicial set Sing(Ks, G). We will call B(G) the singular box complex of G. One
can show that B(G) is Zs-homotopy equivalent to the B(G). Then the functor

B:G —s SSet”?

has a left adjoint. (In fact the usual box complex functor B is not a right adjoint functor since B does
not preserve products up to homotopy.) Let A : SSet?2 — G be the left adjoint functor of A. If K is an
ordered Zs-simplicial complex, then it turns out that A(K) is isomorphic to Gk constructed in Csorba
[7]. Namely, the vertex set of A(K) is the vertex set of K. Two vertices v, w are adjacent if and only if
{a(v),w} is a simplex of K, where « is the involution of K.

A graph homomorphism f : G — H induces a Zo-map f : G — H. So it is important to compare
the category of graphs with the category of Zs-spaces. In general, there is not a graph homomorphism
from G to H if there is a Zg-map from B(G) to B(H) (see Section 1.5). However, the following theorem
asserts that the localization of the category of graphs with respect to the class of graph homomorphisms
which induce Zs-homotopy equivalences between box complexes coincides with the homotopy category
of Zo-spaces. Let Sd : SSet — SSet be the barycentric subdivision functor, and let Ex be the right
adjoint of Sd. Then we have the following.

Theorem 1.17. The category G of graphs has a model structure described as follows:
(1) A graph homomorphism f : G — H is a weak equivalence if and only if f. : B(G) — B(H) is a
Zo-homotopy equivalence.
(2) A graph homomorphism f : G — H is a cofibration if there is an inclusion i : K — L of
Zy-simplicial sets such that f = Ao Sd®(i).
Moreover, the adjoint pair

AoSd®:SSet”> — G:Ex’oB

1s a Quillen equivalence.

Recall that the inequality
\(G) = ind(B(G)) + 2

holds for every graph G (see Corollary 1.4). Namely, the chromatic number of x(G) is bounded below by
the Zy-homotopy invariant of B(G). As another application of the singular box complex, we show that
the lower bound ind(B(G)) + 2 is best possible in the following sense: Let u be a Zs-homotopy invariant
of a Zs-space, which assign an integer to a Zg-space, and suppose that x(G) > u(B(G)) for every finite
graph G. Then we have that ind(X) + 2 > u(X). In fact we show that for a finite Zs-complex X, there
is a finite graph G with B(G) ~z, X and x(G) = ind(X) 4 2. However, we should note that this is also
deduced from Theorem 1.6 and Theorem 1.7 in Dochtermann and Schultz [11].
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1.8. Organization of the thesis. The rest of the thesis is organized as follows. Section 3 is devoted to
the proofs of Theorem 1.11 and Theorem 1.12 which answers Problem 1.9 and Problem 1.10, respectively.
Section 4 is devoted to the proof of Theorem 1.13. In Section 5, we review the theory of the Kronecker
double coverings, and prove Theorem 1.14. Here we construct graphs such that their Kronecker double
coverings are isomorphic but their chromatic numbers are different.

In Section 2, we review definitions and facts we will need in Section 3, Section 4, and Section 5. For
the reader who is not familiar with topology, we often give precise proofs.

In Section 6, we review simplicial sets and model categories. In Section 7, we introduce the singular
complex mentioned in Section 1.6 and prove Theorem 1.16 and Theorem 1.17.

1.9. Acknowledgement. I would like to express my gratitude to Toshitake Kohno for indispensable
advice and support. I would like to thank Dai Tamaki for detailed comments on my works and kind
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Hara, Kouyemon Iriye, Kazuhiro Kawamura, Katsuhiko Kuribayashi, and Jun Yoshida for many helpful
comments and suggestions.

2. PRELIMINARIES

2.1. Classical theorems in algebraic topology. Let us recall the following three theorems which are
well-known in algebraic topology.

Theorem 2.1 (Whitehead’s theorem, Theorem 4.5 of [14]). A continuous map f : X — Y between
CW-complexes is a homotopy equivalence if and only if f induces a bijection mo(X) — mo(Y) and an
isomorphism w, (X, x) = m, (Y, f(x)) for everyn >0 and x € X.

Theorem 2.2 (Theorem 4.5 of [14]). For a CW-pair (X, A), A is a deformation retract of X if and only
if the inclusion A — X is a homotopy equivalence.

Theorem 2.3 (Cellular approximation theorem, Theorem 4.8 of [14]). A continuous map f : X — Y
between CW-complexes is homotopic to a cellular map. If f is already cellular on the subcompler A C X,
we can take the homotopy to be stationary on A.

We often use the following property of CW-complexes.

Proposition 2.4 (Proposition A.1 of [14]). A compact subset of a CW-complex is contained in some
finite subcomplex of it.

Proposition 2.5 (Gluing lemma). Let f : X — Y be a continuous map between CW-complezxes, let
Ao and Ay be subcomplexes of X with X = Ag U Ay, and let By and By be subcomplexes of Y with
Y = By, By. Suppose that f(A;) C B; fori = 0,1. If fla, : Ao — Bo, fla, : A1 — Bi, and
flagna, : Ao N Ay — By N By are homotopy equivalences, then f is a homotopy equivalence.

Proof. Tt follows from the cellular approximation theorem that f|a,n4, : AoNA1 — ByN By is homotopic
to a cellular map. The homotopy extension property implies that f is homotopic to a continuous map
g such that gla, ~ fla, : A; — B; for each i = 0,1 and g|a,na, is cellular. Applying the cellular
approximation theorem to each of the maps gla, : A; — B;, we have that there is a cellular map
h : X — Y such that h|s, =~ g|a, for each i = 0,1 and h|a,na, = g|la,na,. Replacing h to f, we can
assume that f is cellular.
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Let My be the mapping cylinder of f. We want to show that the inclusion X — My is a homotopy
equivalence. For ¢ = 0, 1, consider the sequence

A = (Mf|AOnA1 UA;) < M|f|A,;'

The first inclusion and the composition are deformation retracts. Hence the second inclusion is a homo-
topy equivalence. Therefore My, . UA; is a deformation retract of M|y, .
Next consider the sequence

X — (Mf|A0mA1 UX) %Mf = (Mfle UMf‘A1>.

Clearly, the first inclusion is a deformation retract. It follows from the previous paragraph that the second
inclusion is a deformation retract. Hence the composition X — M} is a homotopy equivalence. O

Proposition 2.5 has a vast generalization (see Proposition 6.18).

Proposition 2.6. Let f : X — Y be a map between CW-compleres. Suppose that for every finite
subcomplexes X' of X and Y’ of Y with f(X') CY’, there are subcomplezres A of X and B of Y such
that X' C A, Y' C B, f(A) C B, and fla : A — B is a homotopy equivalence. Then f is a homotopy
equivalence.

Proof. Tt suffices to show that f induces a bijection 7o(X) — m(Y) and isomorphisms 7, (X,z) —
(Y, f(z)) for every € X and n > 0. Here we only prove that the map f, : 7, (X, z) — 7, (Y, f(x)) is
injective for n > 0 since the other parts are similarly proved.

Let a € m,(X,x) and suppose that f.(o) = 1. Let ¢ : S® — X be a representative of o and let
¥ : D" — Y be an extension of f o ¢. By Proposition 2.4 and the hypothesis, there are subcomplexes
A of X and B of Y such that ¢(S") C A, ¥(D"*!) C B, f(A) C B, and f|a : A — B is a homotopy
equivalence. Since f o ¢ is null-homotopic in B and f|4 is a homotopy equivalence, ¢ is null-homotopic.
Hence f, : mp (X, z) — m, (Y, f(z)) is injective. O

Corollary 2.7. If every finite subcomplex of X is contained in some contractible subcomplex, then X is
contractible.

Proposition 2.8 (Infinite version of the gluing lemma). Let f : X — Y be a continuous map between
CW-complexes. Let S be a set, and let {A; | i € S} and {B; | i € S} be S-indezxed families of subcomplezes
of X and subcomplexes of Y, respectively. Suppose that the following conditions hold:

(1) UjesAi =X and ;e Bi =Y.

(2) f(A;) C B; for everyi € S.

(3) For a non-empty finite subset {io,--- ,ix} C S, the map
flagn-na, : AoN---NA; — ByN---N DBy

is a homotopy equivalence.

Then f is a homotopy equivalence.

Proof. First we consider the case S is finite. This follows from the induction on the cardinality of S. Set
S = {io,- -+ ,ix}. For simplicity, we write A; or B; instead of A;; or B;,, respectively.

The case k = 0 is obvious. By the induction hypothesis, we have that

flaguva,_, 1 Ao U UAi_1 = BoU---UBy_
and
f|(AOU.A.UAk71)mAk : (Ao J---u Akfl) NA, — (B() Jy---u kal) N By,

are homotopy equivalences since (Ag U -+ U Ag_1) N A = (AgNAp)U--- U (Ag—1 N Ag) and (By U
-+-UBjp_1)N By = (ByN By)U---U(Br_1 N Byg). It follows from Proposition 2.5 that f|a,u...ua, :
AyU---UAp — B1U---UBy is a homotopy equivalence. This completes the proof of the case S is finite.

If S is infinite, the proposition follows from Proposition 2.4 and Proposition 2.6. ([l
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Let T be a group and let f,g : X — Y be I'maps. A homotopy (h¢)icr is a I'-homotopy if h; is
I-equivariant for every t € I. We call f and g I'-homotopic if there is a I'-homotopy from f to g, and
write f ~r g. A T-map f: X — Y is a ['-homotopy equivalence if there is a I'-map ¢ : ¥ — X with
go f~ridx and fog~pidy.

A T-action on a CW-complex X is free if ye Ne = ) for every cell e of X and v € '\ {1}.

Proposition 2.9. Let f: X — Y be a I'-map between free I'-CW-complexes. Then f is a I'-homotopy
equivalence if and only if f is a homotopy equivalence.

Proof. If T is finite, then this follows from Chapter II of Bredon [6]. However, we will use this theorem
in the case that I is infinite. Although his proof works well if the action is free, we give an alternative
proof for the reader’s convenience.

We write X and Y to indicate the orbit spaces of X and Y, respectively. We show that the map
f : X — Y induced by f is a homotopy equivalence. By the cellular approximation theorem, f is
homotopic to a cellular map. By the homotopy lifting property of covering spaces, we have that f is
I'~homotopic to a cellular map. So we can assume that f is cellular.

Let M be the mapping cylinder of f. Then I' acts freely on My and the orbit space is identified
with the mapping cylinder My of f. Let ¢ : (D", S"71) — (M?, X) be a map of pairs. Since D" is
contractible, there is a lift ¢ : (D™, S"~!) — (M}, X). Since f is a homotopy equivalence, ¢ is homotopic
rel S~ ! to a map with image contained in X. Hence ¢ is homotopic rel S"~! to a map with image
contained in X. This implies that , (M7, X) is trivial and hence f is a homotopy equivalence.

Thus X is a deformation retract of M. By the homotopy lifting property of covering spaces, this
deformation retract lifts a deformation retract (h, : M; — Mj) of My to X. It is clear that h, is a
I-equivariant for every t. U

2.2. Abstract simplicial complex. In this section, we review some definitions relating to the abstract
simplicial complex. We review the strong homotopy theory of simplicial complexes introduced by Barmak
and Minian [5].

An abstract simplicial complex is a pair (V, A) consisting of a set V equipped with a family of finite
subsets of V', and we require the following conditions:

(1) v € V implies {v} € A.

(2) Te Aand o C 7 imply 0 € A.
We often write A to indicate the simplicial complex (V,A). In this terminology, the vertex set of A is
denoted by V(A).

A simplicial map is a map f : V(Ag) — V(A1) such that o € Ay implies f(o) € Ay. Two simplicial
maps [ and g are contiguous if o € Ag implies f(o) U g(o) € Ay. Let ~; be the equivalence relation
generated by the contiguity. Two simplicial maps f and g from Ag to A; are strongly homotopic if
[~ g

As was the case of Hom complexes of graphs, we shall consider the following construction. A simplicial
multi-map from Ag to Ay is a map n: V(Ag) — 2V (A1) \ {0} such that o € Aq implies

U n(v) € As.

veo
For simplicial multi-maps n and n’, we write n < 7' if n(v) C n'(v) for every v € V(Ag). The poset
of simplicial multi-maps is denoted by Map(Ag, A1). Note that a simplicial map is identified with a
minimal point of Map(Ag, Ay).

Lemma 2.10. Let f, g be simplicial maps from Aqg to Ay. Then the following are equivalent.

(1) f and g are contiguous.
(2) The map V(Do) — 2VAIN\ {0}, v {f(v),g(v)} is a simplicial multi-map.
(3) There is an element n € Hom(Ag, A1) with f <n and g <.
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This lemma implies that f and g are strongly homotopic if and only if they belong to the same
connected component of Map(Ag, Aq).

Let K, L, M be simplicial complexes. For n € Map(K, L) and 7 € Map(L, M), define the composition
71 € Map(K, M) by

(ren@) = |J 7).
yen(z)

The composition map is an order-preserving map Map(L, M) x Map(K, L) — Map(K,M). If f : K — L
and g : L — M are simplicial maps, then g * f coincides with the composition g o f of maps.

Let fi : K - L (i=0,1) and ¢g; : L = M (i = 0,1) be simplicial maps. If fy ~ go and f; >~ g1, then
go © fo ~s g1 © f1 since the composition map * is an order-preserving map.

Definition 2.11 (Barmak-Minian [5]). Let K be a simplicial complex. A vertex z of K is a cone point
if there is another vertex y of K such that o € K and z € o imply o U {y} € K.

Let K be a simplicial complex and let S be a subset of V(K). The maximal subcomplex of K whose
vertex set is V(K) \ S is denoted by K \ S. If S = {«} we write K \ x instead of K \ {z}.

Lemma 2.12 (Barmak-Minian [5]). Let K be a simplicial complex and let x be a cone point of K. Then
the inclusion K \ x — K is a strong homotopy equivalence.

Proof. Define the simplicial map f : K — K by the correspondence

_Jy (w=2)
f()_{v (v # x).

Then the pair of f and idx satisfies the condition (2) of Lemma 2.10. O

Let K be a simplicial complex. Let R(V(5)) denote the free R-module generated by V(K). Consider
that the topology of R(V(¥)) is induced by the finitely generated R-submodules. For a vertex v, the
element of R(V(K)) associated to v is denoted by e,. For a simplex ¢ € K, set

A, :{Zavev |ay, >0 (v e o), Zav =1}

veEoT vEOT

The geometric realization of K is the union

K= A,
ceEK
A simplicial map f : K — L induces a continuous map |f]| : |K| — |L|.

The geometric realization functor allows us to assign topological terms to simplicial complexes. For
example, a simplicial map f is a homotopy equivalence if the continuous map |f| induced by f is a
homotopy equivalence.

Let K and L be simplicial complexes. The join K * L is the simplicial complex whose vertex set is
the disjoint union V(K) U V (L), and a subset o of V(K) U V(L) is a simplex of K * L if and only if
ocNV(K) € K and o € V(L).

Let K be a simplicial complex and let o be a simplex of K. The star of o is the subcomplex
{reK|oUT€K}.

2.3. Posets. A partially ordered set is called a poset, for short. A chain of a poset P is a subset ¢ of P
such that for every pair of elements in ¢ is comparable. The order complex A(P) of P is the abstract
simplicial complex whose simplices are finite chains of P. The classifying space of P is the geometric
realization of the order complex, and is denoted by |P|. As is the case of simplicial complexes, we assign
topological terms to posets by the classifying space functor.
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Let P, @ be posets. The product P x @ of posets is defined as follows: The underlying set of P x @
is the direct product of the underlying sets of P and @, and (z,y) < (2/,y’) if and only if z < 2’ and

y<y'
Proposition 2.13. There is a natural isomorphism |P| x |Q| & |P x Q).

Proof. See Theorem 10.21 of Kozlov [22]. O

Let f: P — @Q be an order-preserving map. If ¢ is a finite chain of P, then f(c) is a chain. Hence f
induces a continuous map |f| : |P| — |Q|.

Corollary 2.14. Let f,g : P — Q be order-preserving maps and suppose that f(x) < g(x) for every
x € P. Then |f]| ~ |g].

Proof. Consider [1] = {0,1} as a poset ordered by the usual ordering. Define the order preserving map
F:Px[1]—=Q

to be the map F(z,0) = f(z) and F(z,1) = g(x). Then |F| : |P|x|[1]| £ |P| x[0,1] — |Q| is a homotopy
from | f| to |g|. O

Let P,Q be posets. For a pair of order-preserving maps f,g: P — Q, we write f < g if f(z) < g(z)
for every x € P. The poset of order-preserving maps from P to @ is denoted by Poset(P, Q). We call two
order-preserving maps f,g : P — @ strongly homotopic if they belong to the same connected component
of Poset(P, @), and in this case we write f ~¢ g. An order-preserving map f : P — @ is a strong
equivalence if there is an order-preserving map ¢ : Q — P with go f ~,idp and fo g ~, idg.

In fact, the term “strongly homotopic” is not standard. However, this notion was known in terms
of finite space theory (see Barmak [4]). A finite space is a topological space whose underlying set is
finite. Recall that the category of finite posets is isomorphic to the category of finite Ty-spaces. Then
the order-preserving maps f and g are strongly homotopic if and only if the continuous maps associated
to f and g are homotopic.

Lemma 2.15. Let P, Q, and R be posets. Then there is a natural isomorphism

Poset(P x Q, R) — Poset (P, Poset(Q, R)).

Let f; : P—>Q (i =0,1) and g; : Q — R (i = 0,1) be order-preserving maps. Suppose that fo ~ fi
and gg ~5 g1- Then we have gy o fy ~5 g1 o f1 since the composition

Poset(Q, R) x Poset(P, Q) — Poset(P, R)

is an order-preserving map.
The face poset F'K of an abstract simplicial complex K is the set of non-empty simplices ordered by
inclusion.

Lemma 2.16. Let f and g be simplicial maps from K to L. If f and g are strongly homotopic, then F f
and Fg are strongly homotopic.

Proof. Define the map F': Map(K, L) — Poset(F K, FL) by
Fn(o) = | n().
rEo

The map F is a well-defined order-preserving map. Hence if the simplicial maps f and g belong to the
same connected component of Map(K, L), then F f and Fg belong to the same connected component of
Poset(FK, FL). O
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An ascending closure operator of P is an order-preserving map ¢ : P — P such that ¢ > idp and
2 =c. A descending closure operator of P is an order-preserving map ¢ : P — P such that ¢ < idp and
c® =c. A closure operator of P is an order-preserving map ¢ : P — P such that c is either an ascending

or descending closure operator.

Lemma 2.17. Let ¢ be a closure operator of P. Then the inclusion ¢(P) < P is a strong homotopy
equivalence.

Proof. Suppose that ¢ is an ascending closure operator. Let ¢/ : P — ¢(P) be the order-preserving
map defined by the correspondence 2 — ¢(z). Let i : ¢(P) < P be an inclusion. Then ¢i = idp and
ic’ > idp. Hence the inclusion ¢(P) < P is a strong homotopy equivalence. The case that ¢ is descending
is similarly proved. |

Let P be a poset. An element x is a lower beat point if P., has the maximum. An element x is an
upper beat point if Ps, has the minimum. An element x is a beat point if x is either a lower beat point
or an upper beat point.

Suppose that x( is a lower beat point and let yy be the maximum of P.,. Define the map ¢: P — P

by
_ . (z#m0)
()= {Z/o (z = x0).

Then c is order-preserving, ¢> = ¢, and ¢ < idp. Therefore the inclusion P\ # = ¢(P) < P is a strong
homotopy equivalence.
It is clear that if x is a beat point of P, then x is a cone point of A(P).

Lemma 2.18. Let P and Q be finite posets. Let f and g be order-preserving maps from P to Q. If f
and g are strongly homotopic, then A(f) and A(g) are strongly homotopic as simplicial maps from P to

Q.

Proof. We can assume that f < g. Let {z1,---, 2z} be a linear order of P such that z; < z; implies
i1 <j. For j=0,1,--- ,k, define the map ¢; : P = @ by

o1(a0) = {f(xn (i < J)
’ glas) (P> ).

Then A(p;), A(pj—1) : A(P) — A(Q) are contiguous for j = 1,--- , k. Since pg = g and ¢ = f, we
have that f and g are strongly homotopic. O

Let @ be a poset. A subposet P of @ is an induced subposet if for every z,y € P, x < y in ) implies
x <y in P. Whenever we regard a subset A of @ as a poset, we consider that A is an induced subposet
of @ unless otherwise stated.

Theorem 2.19 (Quillen’s theorem A). Let f : P — Q be an order-preserving map. Suppose that for
every y € Q, the subposet f~1(Q<,) of P is contractible. Then f is a homotopy equivalence.

Proof. The following is essentially the same as the proof of Barmak [3]. A little modification allows us
to generalize his proof to the case that @ is infinite.

We first consider the case that P is an induced subposet of @, f is an inclusion, and @ \ P is finite.
Let {21, - ,x,} be a linear order on @\ P such that z; < x; implies i < j. Fori=0,1,--- ,n, define P;
(i =0,---,n) to be the induced subposet of @ consisting of the elements of P and x;41, - ,2,. Then
we have a sequence

P=P,CP,1C---CPFP=0Q.
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Note that A(F;) Nstap,_,)(@) = A(@>z) ¥ A(P; <z,). Since A(P; <z;) = A(P N Q<y,) is contractible,
we have that A(FP;) Nsta(p,_,(x;)) is contractible. Hence A(F;) is a deformation retract of A(P;_;) =
A(P;) Usta(p,_,y(x;). Thus P is a deformation retract of Q.

Next we consider the case that P is an induced subposet of @ and f is an inclusion. By Whitehead’s
theorem (Theorem 2.1), it suffices to show that every map (D", S"~ 1) — (|Q|,|P]) is a homotopic rel
S™"~1 to a map with image contained in |P|. Let ¢ : (D", S"1) — (|Q|,|P|) be a map. Then there is
an induced subposet @' of P such that ¢(D") C |Q’'| and Q' \ P is finite. If follows from the previous
paragraph that | P| is a deformation retract of |Q’|. Hence ¢ is homotopic rel S"~! to a map with image
contained in |P)|.

Finally, we consider the general case. Define the mapping space construction B as follows. The
underlying set of By is the disjoint union of P and (. Moreover, P and @ are induced subposets of By.
For x € P and y € Q, define z <y in By if f(z) <y. No other ordering is defined.

Define the order-preserving map c: By — @ by

_Jfx) (zeP)
co(z) =
x (x € Q).
Let j : Q@ — By be the inclusion. Then jc is an ascending closure operator and cj = idg. Therefore ¢
induces a homotopy equivalence |B;| — |Q].
Let ¢ : P — By be the inclusion. It follows from the third paragraph of this proof that 7 is a homotopy
equivalence. Hence f = ci is a homotopy equivalence. This completes the proof. O

2.4. x-homotopy theory. In this section we shall review the x-homotopy theory of graphs established
by Dochtermann [8]. The definition of the Hom complex is found in Section 1.3.

Two graph homomorphisms f,g : G — H are x-homotopic if they belong to the same connected
component of Hom(G, H), and we write f ~, g. A graph homomorphism f : G — H is a X-homotopy
equivalence if there is a graph homomorphism ¢g : H — G with go f ~, idg and fo g~ idy.

Let Go,G1,G2 be graphs and let n € Hom(Gop, G1) and ' € Hom(G1,G2). Then the composition
1’ * 17 is the multi-homomorphism from Gy to G5 defined by the correspondence

V(Go) = 2V N\ {0}, v | o/ (w).
wen(v)

The composition gives an order-preserving map
Hom(G1, G2) x Hom(Gy, G1) — Hom(Gy, Gs), (n',n) = n' xn.

Lemma 2.20. Let f,g : G — H be graph homomorphisms. If f ~y g, then f. ~5 g« : Hom(T,G) —
Hom(T, H) and f* ~5 g* : Hom(H, X) — Hom(G, X).

Proof. The following proof is due to the author. We only show f, ~, ¢. since the other is similarly
proved. Consider the composition map

* : Hom(G, H) x Hom(T,G) — Hom(T, H).
By Lemma 2.15, we have an order-preserving map ® : Hom(G, H) — Poset(Hom(7T, G), Hom(T, H)).

Then we have ®(f) = f. and ®(g) = g.. Since f and g belong to the same connected component of
Hom(G, H), f. and g, are strongly homotopic. O

In particular, if f is a x-homotopy equivalence, then both f, : Hom(T,G) — Hom(T, H) and f* :
Hom(H, X) — Hom(G, X) are strong homotopy equivalences.

For a non-negative integer n, define I,, to be the graph whose vertex set is [n] = {0,1,--- ,n} and
x,y € [n] are adjacent in I, if and only if |z — y| < 1. Let f and g be graph homomorphisms. A
X -homotopy from f to g is a graph homomorphism

h:GxI,—>H
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for a non-negative integer n such that h(xz,0) = f(x) and h(xz,n) = g(x) for all x € V(G). Here the
product G x I, is the categorical product in G. Namely, for graphs G, H, the product G x H is defined
by
V(Gx H)=V(G) x V(H)
and
E(G x H) ={((z,y),(a",y)) | (z,2") € E(G) and (y,y) € E(H)}.

Lemma 2.21. Let f,g : G — H be graph homomorphisms. Then f and g are x-homotopic if and only
if there is a X-homotopy from f to g.

This lemma is deduced from the following lemma.

Lemma 2.22. Let f,g : G — H be graph homomorphisms. Then the following assertions are equivalent.
(1) There is a multi-homomorphism n € Hom(G, H) with f <n and g < n.
(2) The map V(G) — 2VUID\ D}, 2 v+ {f(x),g(x)} is a multi-homomorphism.
(3) The map h: V(G x I) = V(H), (2,0) = f(x), (z,1) — g(x) is a graph homomorphism from
Gx1I; to H.

Proof. Tt is clear that (2) implies (1).
Suppose that (1) holds. We show that the condition (3) holds. Let n € Hom(G, H) with f <7 and
g <mn. Let ((z,4),(y,7)) € E(G x I1). Then we have (z,y) € E(G). Since
(h(x, 1), h(y, 3)) € {f(x), g(x)} x {f(¥), 9(y)} € n(x) x n(y) C E(H).

This implies that h is a graph homomorphism. Thus the condition (3) holds.
Suppose that (3) holds. We show that the condition (2) holds. Let (z,y) € E(G). We want to show

that {f(x), ()} x {f(y),9(y)} = {(f(2), 9(2)), (f(x), 9(y)), (f(v), 9(x)), (f (), 9(v))} C E(H). Since f
and ¢ are graph homomorphisms, we have (f(z), f(y)), (9(x),9(y)) € E(H). Note that f(x) = h(x,0),

9(y) = h(y,1), and (z,0) and (y, 1) are adjacent in G x I;. Therefore (f(x),g(y)) € E(H). Similarly, we
can show that (f(y),g(z)) € E(H). Thus the condition (1) holds. O

For a subset S of V(G), we write G \ S to indicate the maximal subgraph of G whose vertex set is
V(G)\ S. If S = {v}, then we write G \ v instead of G \ {v}.

Definition 2.23. A vertex v of G is dismantlable if there is w € V(G) such that v # w and N(v) C N(w).

Lemma 2.24. Suppose that v is a dismantlable vertex of a graph G. Then the inclusion i : G\ v — G
s a X-homotopy equivalence.

Proof. Since v is dismantlable, there is a vertex w € V(G) such that v # w and N(v) C N(w). Define
the graph homomorphism r : G — G\ v by

T (w#v)
()_{w (z =v).

Then the pair of graph homomorphisms idg and ir satisfies the condition (2) of Lemma 2.10. Since
ri = idg\,, we have that the inclusion i : G\ v < G is a x-homotopy equivalence. O

3. TEST GRAPHS

The purpose of this section is to prove the following theorems. The definitions of homotopy test graphs
and Stiefel-Whitney test graphs are found in Section 1.4.

Theorem 3.1 (M. [26]). Every graph T with x(T) = 2 is a homotopy test graph.

Let X be the graph and let ag, a3 be involutions described in Figure 1.1.
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Theorem 3.2 (M. [26]). The flipping Zs-graph (X, «g) is a Stiefel-Whitney test graph but (X, aq) is
not.

As was mentioned in Section 1.3, these theorems give answers to some problems suggested by Kozlov.
We now prove Theorem 3.1. Suppose x(T') = 2. Then K is a retract of T. Since K is a homotopy
test graph (see Section 1.4), it suffices to prove the following lemma.

Lemma 3.3. Suppose that a graph S is a retract of T. If S is a homotopy test graph, then T is a
homotopy test graph.

Proof. Since there are graph homomorphisms between S and T from each to the other, we have x(T') =

X ().
Suppose that Hom(T, G) is n-connected. Since Hom(S,G) is a retract of Hom(T, G), we have that
Hom(S, G) is n-connected. Since S is a homotopy test graph, we have the inequality

x(G) > conn(Hom(S,G)) + x(S5)
> n+x(T).
It follows that T is a homotopy test graph. |

Next we show Theorem 3.2. To prove that (X, ap) is a Stiefel-Whitney test graph, we need the
following.

Theorem 3.4 (Schultz [34]). For a positive integer r, the odd cycle Cariyq with reflection is a Stiefel-
Whitney test graph.

Proposition 3.5 (Kozlov, Proposition 6.1.5 of [21]). Let A, B, and C be flipping Zs-graphs satisfying
the following conditions:
(a) A and C are Stiefel-Whitney test graphs.

(b) x(4) = x(C)
(¢) There are Zg-equivariant graph homomorphisms f: A — B and g : B — C.

Then B is a Stiefel-Whitney test graphs.

Combining Theorem 3.4 and Proposition 3.5, we have that the Zs-graph (T, ap) is a Stiefel-Whitney
test graph, since there are Zs-equivariant graph homomorphisms C5 — X and X — Cs.
Next we prove that (X, «;) is not a Stiefel-Whitney test graph. We first note the following lemma.

Lemma 3.6. Let ¢ and ¢ be graph homomorphisms from G to H. If there is a non-looped vertex v of G
such that p(x) =Y (x) for x # v, then ¢ and 1 belong to the same connected component of Hom(G, H).

Proof. This is deduced from Lemma 2.10. |

From now on, we consider Hom (X, K3) as a Zs-poset by the involution induced by «;. It suffices to
show that w;(Hom(X, K3) # 0. Let f be a graph homomorphism depicted by Figure 3.1. The front
and the back of each arrow in Figure 3.2 satisfy the hypothesis of Lemma 3.6. Therefore f and f o ay
belong to the same connected component of Hom(X, K3). This implies that there is a Zo-map from S*
to Hom(X, K3), and hence wy (Hom(X, K3)) # 0. This completes the proof of Theorem 3.2.

3 2

The graph homomorphism f
Figure 3.1.



Figure 3.2
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4. CHROMATIC NUMBERS AND HOMOTOPY TYPES OF HOM COMPLEXES

The purpose of this section is to prove the following theorem.

Theorem 4.1 (M. [29]). Let T be a finite graph and let G be a non-bipartite graph. For each integer n,
there is a graph H such that Hom(T, G) and Hom(T, H) are homotopy equivalent and x(H) > n. In case
T is a flipping Zo-graph, we can take H so that Hom(T, G) and Hom(T, H) are Zo-homotopy equivalent.
Moreover, if G is finite or connected, then we can take H to be finite or connected, respectively.

To explain the outline of the proof, we review Walker’s remark (Section 12 of [37]). The girth g(G)
of G is the minimal length of cycles embedded into G. Walker showed that if the girth of G is greater
than 4, then the box complex of G is Zs-homotopy equivalent to a 1-dimensional free Zo-CW-complex.
On the other hand, the following famous theorem by Erdds asserts that there is a graph whose girth and
chromatic number are both quite large:

Theorem 4.2 (Erdds [12]). Let n and m be positive integers. There is a finite graph G such that
X(G) > n and g(G) > m.

Since the Zs-index of a 1-dimensional free Zy-CW-complex is smaller than or equal to 1, Walker
showed that the difference of the both sides of the inequality

X(G) > ind(B(G)) + 2

can be arbitrarily bad (see Section 1.3).

Now we write the outline of the proof of Theorem 4.1 in the case T'= K. Let n be a positive integer.
It follows from Theorem 4.2 that there is a graph X such that x(X) > n and g(X) > 4. In Section 4.2,
we show that there are a graph Y and graph homomorphisms f: Y — X and g : Y — G such that f
induces a Zs-homotopy equivalence Hom(K5,Y) — Hom(K5, X). Let k be an integer greater than 2.
The graph H is constructed by attaching the ends Y of the “cylinder” Y x Iy to G and X, respectively.
Since X is a subgraph of H, we have x(H) > x(X) > n.

The reader who is familiar with algebraic topology may notice that this construction is similar to
the homotopy pushout of spaces. In fact it turns out that Hom(Ks, H) is the homotopy pushout of
fv : Hom(K2,Y) — Hom(K>, X) and ¢, : Hom(K2,Y) — Hom(K3,G). Since f, is a Za-homotopy
equivalence, we have that Hom(Ks, G) — Hom(K>, H) is a Zo-homotopy equivalence. This is the outline
of the proof in the case T'= K.

4.1. Deformations of box complexes. Let G be a finite graph. Recall that the box complex B(G)
is isomorphic to the face poset of some regular CW-complexes (see [1]). In fact, let RV(%) be the free
R-module generated by V(G) and let AV(E) be the standard simplex, i.e.,

AV(G):{ Z ayey | ay >0, Z a, =1}

veV(G) veV(G)

Note that there is a 1-1-correspondence between subsets of V(G) and subsimplices of AV(). For a
subset o of V(G), we write A, to indicate the subsimplex associated to o. Then the box complex B(G)
is isomorphic to the face poset of the CW-complex

xX= |J A,xa.
(o,7)EV(G)

In this section we show that some deformations of graphs do not change the Zs-homotopy type of
the box complex B(G). For a positive integer k, define the graph Ly by V(Lg) = {0,1,--- ,k} and
E(Li) ={(a,b) | |a —b] = 1}.

For a pair of vertices x,y of G, the subset {(z,v), (y,z)} of V(G) x V(G) is denoted by {(xz,y).
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Lemma 4.3. Let G be a finite graph and let e = (x,w) be an edge of G. Suppose that either x or w is
non-looped and there is a unique graph homomorphism f from L3 to G \ e which takes 0 to x and 3 to
w, respectively. Then the inclusion B(G \ e) — B(G) is a homotopy equivalence.

Proof. Since B(G) is a face poset of a certain regular CW-complex, one can apply the discrete Morse
Theory (see Section 11 of [22]). Throughout this proof, we identify B(G) with the poset

B(G) = {(o,7) | o and 7 are non-empty subsets of V(G) with ¢ x 7 C E(G).}

ordered by (0,7) < (¢/,7') & o C 0’ and 7 C 7. We want to construct a partial matching of B(G)
whose set of critical points coincides with B(G \ e). Here we consider a partial matching as a pair (M, ¢)
consisting of a subset M C B(G) and an injection ¢ : M — P\ M such that ¢(x) covers x for every
z e M.

Let f: Ly — G\ e be the unique homomorphism joining = to w, and put y = f(1) and z = f(2). We
can assume that x is not looped. Set

A={(o,7) € B(G) |z € o and w € 7.}

and
B={(o,7) € B(G) |w € o and z € 7.}.
Then we have that B(G) \ B(G\ e) = AU B, and AN B = () since z is not looped.

Let (o,7) € A. We show that either (o U {z},7) or (0,7 U {y}) belongs to B(G). Suppose that
neither of these belongs to B(G). Then (o U{z},7) ¢ B(G) implies that there is an element y’ € 7 with
(2,9") ¢ E(G). The condition that y’ is not adjacent to z implies ¢y # y,w. Since y' € 7 and = € g, ¢/
is adjacent to x. Similarly, the assumption (0,7 U {y}) ¢ B(G) implies that there is 2’ € o such that
Z' # x,z and 2’ ~ w. Since y’ € o and 2’ € 7, we have that 3/ and 2’ are adjacent in G. This implies
that the map f’: V(L3) — V(G) defined by the correspondence

flO)=a f()=y, f(2)=%, fB)=w

is a homomorphism from L3 to G \ e. This contradicts the uniqueness of f.
We now construct a partial matching on A. Set

M, ={(o,7) € A|z¢ o and (c U{z},T) € B(G).},
and

My ={(o,7)€ A| (cU{z},7) € B(G) and y & T.}.
Define the matching (M; U Ms, ) on A by

(cU{z},7) ((o,7) € M)
90(07 ) -
(o, 7U{y}) ((o,7) € My).
It follows from the previous paragraph that this matching has no critical points. Since the verification
of the acyclicity is easy, we omit the details.

Let T denote the involution of B(G). Note that T(A) = B. Then we have an acyclic partial matching
(M,4) on AU B defined by

M = (M; U My) UT(M, U M,),

and

feer)  (@nea
Vo) {T(pT(O’,T) ((o,7) € B).

Applying Theorem 11.13 of [22], we have that the inclusion B(G\ e) — B(G) is a homotopy equivalence.
(|
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Remark 4.4. In fact the above acyclic matching is Zs-equivariant in the sense of [36]. Therefore we
have that the box complex B(G \ e) — B(G) is a Za-simple homotopy equivalence (Definition 4.8 and
Proposition 4.9 of [36]).

Let G be a graph and let e = (v, w) be an edge of G. We define the graph G, as follows. The vertex
set of G, is V(G) {0, 1} and the edge set is defined by

E(G.) = (E(G)\ e)u(0,1) U{0,v) U (1,w).

Then we have a natural homomorphism 7. : G, — G defined by the correspondence r.(x) = x for
x € V(G), r.(0) = w, and r.(1) = v. In general r. does not induce a homotopy equivalence between
their box complexes. For example, consider Cs and Cy (B(Cg) ~ S* LU St and B(Cy) ~ SY).

Figure 4.1.

Lemma 4.5. Let G be a graph and let e = (v,w) be an edge of G. If there is no graph homomorphism
L3z — G\ e, then the map r. : G — G induces a homotopy equivalence B(G.) — B(G).

Proof. Let H be the graph defined by V(H) = V(G,) and E(H) = E(G.) U e (see Figure 4.2). Let
Se : H — G be the extension of r.. Since the deletion of a dismantlable vertex does not change the Zo-
homotopy type of the box complex, we have that the inclusion 7 : G — H induces a homotopy equivalence
B(G) — B(H). Since s.i = idg, se induces a homotopy equivalence B(H) — B(G). It follows from
Lemma 4.3 that the inclusion G, — H induces a Zs-homotopy equivalence B(G.) — B(H). Hence the

composition B(G,) — B(H) — B(QG) is a Zs-homotopy equivalence. O
o i
>—{ P
G H Ge
Figure 4.2.

Note that if the girth g(G) of G is greater than 4, then the hypothesis of Lemma 4.5 always holds.

Example 4.6 (Walker [37]). Let G; and G5 be graphs illustrated in Figure 4.3. Clearly they have
different chromatic numbers. On the other hand, applying Lemma 4.5, we have that B(G1) and B(G2)
are Zo-homotopy equivalent.

G1 G2
Figure 4.3.
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4.2. Trees. Let T be a connected bipartite graph having at least one edge, namely, x(T) = 2. The
purpose of this section is to prove Proposition 4.10. This implies that if the girth of G and H are
sufficiently large, then a graph homomorphism f : G — H which induces a homotopy equivalence
f« : Hom(Ks, G) — Hom(K>, H) also induces a homotopy equivalence f,. : Hom(T,G) — Hom(T, H).

Recall that a tree means a connected graph having no embedded cycles. Throughout this thesis, we
assume that a tree has at least one edge.

Let G and H be graphs. A multi-homomorphism 1 € Hom(G, H) is locally finite if n(v) is finite for
every v € V(G). The induced subposet of Hom(G, H) consisting of locally finite multi-homomorphisms
is denoted by Hom¢(G, H).

Lemma 4.7. The inclusion Hom (G, H) — Hom(G, H) is a homotopy equivalence.

This is deduced from Theorem 2.19 and the following lemma.
Lemma 4.8. Let P be a poset. If every finite subset of P has an upper bound, then P is contractible.
Proof. This is deduced from Corollary 2.7. |

Proposition 4.9. Let X be a tree, let T be a finite connected graph with x(T) =2, and let 1 : Ko — T
be a graph homomorphism. Then «* : Hom(T, X) — Hom(K2, X) ~ S is a homotopy equivalence.

Proof. We first consider the case that X is finite. Note that a tree X has a dismantlable vertex if X has
at least three vertices. Since the deletion of a dismantlable vertex does not change the homotopy type
of Hom complexes (see Section 2.4), we have that Hom(7, X) ~ Hom(T, K5) = S°.
Suppose that X is infinite. Let u : X — K3 be a graph homomorphism. Let F be the family of finite
subtrees of X containing u(K5). Then we have
|J Homy (K2, X') = Hom (K2, X)
X'eF
and
U Hom (T, X") = Homg (T, X).
X'eF
Proposition 2.6 implies that u, : Hom (K5, X) — Hom(K2, K3) = SY and u, : Hom(T, X) — Hom(T, K3) =
SO are homotopy equivalences.
Then we have the commutative diagram

Hom (T, X) —%“— Hom(T, K,) = S°
Hom(Ks, X) —2— Hom(Ky, Ko) = S°.

By the previous paragraph, the horizontal arrows are homotopy equivalences. It is clear that the right
vertical arrow is a homeomorphism. Hence the left vertical arrow is a homotopy equivalence. O

Proposition 4.10. Let T be a finite connected graph with x(T) = 2 and let v : Ko — T be a graph
homomorphism. There is a positive integer n such that for every graph X with g(X) > n, the map

¢ : Hom(T, X) — Hom(K>, X)
is a homotopy equivalence.
Proof. Let Xq, -+, X} be the connected components of T. Then we have
Hom(T, X) = Hom(T, X;) U - - - UHom(T, X%),

and g(z;) > g(X) for i = 1,--- , k. Hence we can assume that X is connected. Let A be the diameter
of T. Let n be an integer greater than 2A + 4. Let X be a connected graph whose girth is greater than
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n. Let p: X — X be the universal covering of X. Since the girth of X is greater than 4, p induces a
covering map Hom(T, X) — Hom(T, X). Similarly, Hom(K5, X) — Hom(K5, X) is a covering map.

Note that Hom(T, X) ~ S°, and the complex Hom(T, X) has at least two connected components. We
claim that Hom(T, X) — Hom(7T, X) is surjective and hence Hom(T, X) /71 (X) = Hom(T, X). To see
this, it suffices to show that for each graph homomorphism f : T — X, there is a graph homomorphism
f:T — X withpo f = f. Let f: T — X be a graph homomorphism. Then the image of f is contained
in a certain subgraph Y of X whose diameter is smaller than or equal to A.

Suppose that Y is not a tree. Since Y is a subgraph of X, we have that g(Y) > g(X) > 2A + 4. Let
¢ : Cr = Y be an embedding of a cycle with k = g(Y"). The distance between ¢(0) and ¢([k/2]) in Y is
equal to [k/2]. Let A(Y) denote the diameter of Y. Then we have the inequality

{2A2+ 4

A>AY) > m >

. }:A+z

This is a contradiction.
Therefore Y is a tree and the inclusion Y — X has a lift Y — X. Hence f : T — X has a lift. By the

same way, we can show that p, : Hom(Ks, X) — Hom(K>, X) is a surjective covering map.
Consider the commutative diagram

Hom(T, X) —2— Hom(T,X)

Hom(Kj, X) —2— Hom(Ky, X).

The left vertical arrow i* of the above diagram is a homotopy equivalence (see Proposition 4.7) and is
m1(X)-equivariant. Therefore it follows from Proposition 2.9 that ¢* : Hom(7T, X) — Hom(K3, X) is a
homotopy equivalence. O

4.3. Proof of the main theorem. Let G be a graph. Recall that the odd girth of G to be the number
9o(G) = inf{2r +1 | r is a non-negative integer and there is a graph homomrophism from Cs,11 to G.}.

It is easy to see that if g,(G) > go,(H), then there is no graph homomorphism from G to H.
Let F be a (not necessarily small) family of finite connected graphs and suppose that there is a positive

integer n which satisfies the following conditions:

e The diameter of a graph belonging to F is smaller than n.

e If T' € F is not bipartite, then the odd girth of 7" is smaller than n.
We call a family F uniformly small if such an integer n exists. Note that if F is a finite family of finite
graphs, then F is uniformly small. Let T be a finite graph and let {7}, -, Tk} be the set of connected
components of T'. Then we have

Hom(T,G) =2 Hom(T1,G) X -+ - x Hom(Tk, G).
Hence the non-equivariant part of Theorem 4.1 is deduced from the following theorem:

Theorem 4.11. Let F be a uniformly small family of graphs and let G be a non-bipartite graph. Then
for every positive integer m, there is an inclusion f : G — H such that f induces a homotopy equivalence
Hom(T,G) — Hom(T, H) for every T € F but x(H) > m. Moreover, if G is finite and connected, then
one can take H to be finite and connected.

Proof. Let n be an integer satisfying the following conditions:

e For a bipartite graph T contained in F, we have n > 2A(T")+4. Here A(T') denotes the diameter
of T.

e 7 is greater than the odd girth of a non-bipartite graph belonging to F.
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By Theorem 4.2, there is a finite graph X whose girth is greater than n and x(X) > m. We can
assume that X is connected. Let G be a non-bipartite graph, and let k be the odd girth of G. Define
the graph Y to be the subdivision of X so that each edge of X is subdivided into Ly (see the beginning
of Section 3 for the definition of Lg). It follows from Lemma 4.5 that there is a map f : Y — X which
induces a Zs-homotopy equivalence between their box complexes. Clearly there is a homomorphism from
Y to the k-cycle Cy, and hence there is a homomorphism g from Y to G.

For a pair of integers a,b with a < b, define the graph Ij, 4 by V(I[a4)) = {7 € Z | a < 2 < b} and
E(Iiqp) = {(z,y) | |x —y| < 1}. Define the graph H as the colimit of the diagram

f

X Y Lo Y x I[O,n+1] tn+1 Y g G

in the category of graphs. Precisely speaking, the vertex set of H is the quotient of V(X) U V(Y x
I1o,n417) U V(G) with respect to the equivalence relation ~ generated by the relations f(y) ~ to(y) and
tn+1(y) ~ g(y). Let m denote the quotient map V(X)UV(Y X I,41) UV (G) — V(H). Then two vertices
a and 8 of H are adjacent if there is (z,y) € E(X)UE(Y x Ijg n41)) UE(G) with 7(x) = o and 7(y) = 8.
Since X is a subgraph of H, we have x(H) > x(X) > m. We want to show that Hom(T, G) — Hom(T, H)
is a homotopy equivalence for every T' € F.

Let Hy be the colimit (pushout) of the diagram

!

X
and let Hy be the colimit of the diagram

Y —25 Y x Ijg ),

YV X Ippyy -V —2 G

Here we write ¢, : Y — Y x I, to indicate the injection Y — Y x I,  — (z,k). Note that these are
subgraphs of H and the inclusions X < H; and G < Hy are X-homotopy equivalences (see Section 2.4).

Let T be a graph contained in F. Since the diameter of 7' is smaller than n, a multi-homomorphism
from T to G factors through either H; or Hy. Therefore we have

Hom(T, Hy) UHom(T, Hy) = Hom(T, H)
and
Hom(T', Hy) N Hom(T', Hy) = Hom(T, H; N Ha) = Hom(T,Y x Ij1 ).
Recall that we want to prove that the composition of the sequence

(2) Hom(T,G) — Hom(T, Hy) — Hom(T', H)

is a homotopy equivalence. To show this, it is enough to show that the inclusion ¢ : Hom(T, Hy N Hy) <
Hom(T, H;) is a homotopy equivalence. In fact if 4 is a homotopy equivalence, then Hom(T', H; N H;) is a
deformation retract of Hom(T, Hy) (see Theorem 2.2). Since Hom(T, H1) N Hom(T, Hz) = Hom(7T', H; N
H,), we have that Hom(T, Hs) is a deformation retract of Hom(7T, H) = Hom(T, H,) U Hom(T, Hs).
Since the inclusion G — Hj is a x-homotopy equivalence, we have that the composition of the sequence
(2) is a homotopy equivalence.

Note that the graph homomorphism f : Y — X is the composition of the sequence

Y " ¥ x Iy = Hy N Hy H — X.

Here r : H; — X is the natural retraction of the inclusion X < H;. Since ¢, and r are x-homotopy
equivalences, the inclusion Hom(7T, H; N Hy) — Hom(T, H;) is a homotopy equivalence if and only if
f« : Hom(T,Y) — Hom(T, X) is a homotopy equivalence. Thus it suffices to prove that f. : Hom(7,Y) —
Hom(T, X) is a homotopy equivalence.

Suppose that T is not bipartite. Then there is no graph homomorphism from 7" to X since the girth
of X is greater than the odd girth of 7. Since there is a graph homomorphism r from Y to X, there
is no graph homomorphism from 7" to Y. This implies that Hom(7,Y") and Hom(T, X) are empty and

hence f,. : Hom(T,Y) — Hom(T, X) is a homotopy equivalence.
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Suppose that T is bipartite. If 7" has no edges, then both of Hom(7', Y") and Hom(7', X) are contractible.
Hence f. : Hom(T,Y) — Hom(T, X) is a homotopy equivalence. Thus we assume that T has at least
one edge. Let ¢ : Ko — T be a graph homomorphism. Proposition 4.2 implies that the maps ¢* :
Hom(T, X) — Hom (K3, X) and ¢* : Hom(T,Y) — Hom(K>,Y) induced by ¢ are homotopy equivalences.
It follows from the diagram

Hom(T,Y) —— Hom(K5,Y)

f*l l:

Hom(T,X) —— Hom(K>, X)
that f. : Hom(T,Y) — Hom(T, X) is a homotopy equivalence. O

The equivariant part of Theorem 4.1 is deduced from the following.

Corollary 4.12. Let F be a uniformly small family of flipping Zo-graphs. Then for every graph G with
X(G) > 3 and for every positive integer m, there is an inclusion f : G — H such that [ induces a
Zs-homotopy equivalence Hom(T,G) — Hom(T, H) for every T € F but x(H) > m. Moreover, if G is
finite and connected), then one can take H to be finite and connected.

Proof. If G has a looped vertex, then put H = G. If G has no looped vertex, then the graph H
constructed in the proof of Theorem 4.11 has the desired properties. In fact Hom(7', G) and Hom(T, H)
are free Zy-complexes and i, : Hom(7T, G) — Hom(T, H) is a homotopy equivalence. By Proposition 2.9),
we have that i, is a Zs-homotopy equivalence. O

5. KRONECKER DOUBLE COVERINGS AND BOX COMPLEXES OF GRAPHS

The purpose of this section is to prove the following theorem.

Theorem 5.1 (M. [29]). Let G and H be graphs without isolated vertices. Then the following hold.

(1) The Kronecker double coverings Ko x G and Ko x H are isomorphic if and only if their box
complexes B(G) and B(H) are isomorphic as posets.

(2) The graphs G and H are isomorphic if and only if their box complexes B(G) and B(H) are
isomorphic as Zy-posets.

(3) If the Kronecker double coverings Ko x G and Ko X H are isomorphic, then their neighborhood
complezes are isomorphic. On the other hand, if G and H are stiff (mentioned below), then the
converse holds.

5.1. Kronecker double covering. In this section we shall review the theory of the Kronecker double
coverings. Most of the results mentioned here are essentially known (see [19]). We formulate the theory in
terms of “2-colored graphs” mentioned below. For the sake of our treatment, we have a simple description
provided as Theorem 3.1.

A graph homomorphism p : X — G is a covering if p|n() : N(v) — N(p(v)) is bijective for every
v € V(G). The Kronecker double covering over G is the second projection Ko x G — G. It is clear that
the Kronecker double covering is actually a covering.

If a graph G is bipartite, then its Kronecker double covering is the direct sum G U G. If G is not
bipartite and is connected, then its Kronecker double covering is connected. These facts are easily proved.

A 2-colored graph is a pair (X,e) consisting of a graph X equipped with a graph homomorphism
e: X — Ks. Let (X,ex) and (Y,ey) be 2-colored graphs. A 2-colored homomorphism from (X,ex) to
(Y,ey) is a graph homomorphism f : X — Y which satisfies ey o f = ex. We often abbreviate (X, ¢) to
X.

The category of graphs whose morphisms are graph homomorphisms is denoted by G. If we use
the language of category theory [20], a 2-colored graph is a graph over K5, and a 2-colored graph
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homomorphism is a morphism between graphs over K. So we write Gk, to indicate the category of
2-colored graphs.

Let X be a 2-colored graph. An odd involution 7 of X is a graph homomorphism 7 : X — X such
that 72 = idx and ex o 7(x) # ex(z) for every z € X. Note that this involution is not a morphism in
G/K, if X is not empty.

Consider a triple (X, e, 7) consisting of a 2-colored graph (X,e) with an odd involution 7 of X. A
2-colored homomorphism f : X — Y between such triples (X,ex,7x) and (Y,ex,7y) is equivariant if
Ty o f = forx. Let Q})‘Iig denote the category whose objects are 2-colored graphs with odd involutions,
and whose morphisms are equivariant 2-colored homomorphisms.

Note that for a graph G, the Kronecker double covering Ks X G is naturally 2-colored by the first
projection Ks x G — Ksand the involution (1,z) <> (2, ) is an odd involution. Therefore the Kronecker

double covering gives a functor Ky x (=) : G — Q;’?g‘i. On the other hand, the correspondence (X, 1) —

X/7 gives a functor from g;’;l(dz — G. Here X/7 denotes the quotient graph defined by

V(X/7) = {{z,7(2)} |z € V(X)},
E(X/7) ={(a, ) | a, B € V(X/7), (a x B) N E(X) # 0}.

In terms of these notions, we can formulate the following theorem. The proof is straightforword and
is omitted.

Theorem 5.2. The above two functors give categorical equivalences between G and g;’%‘i .

In particular, there is a natural isomorphism X = Ky x (X/7) for an object (X,e,7) of g;’f{dz.

Next we consider the case of bipartite graphs. Let Gg, be the full subcategory of G consisting of
bipartite graphs. An involution 7 : X — X of a bipartite graph X is odd if for every x € V(X), there is
no path with even length joining x to 7(x). If X is 2-colored and 7 is an odd involution in the sense of
2-colored graphs, then 7 is an odd involution in the sense of bipartite graphs.

Define the category Qféd whose object consists of a pair (X,7) of a bipartite graph X equipped
with an odd involution 7, and whose morphism is an equivariant graph homomorphism. Clearly the

Kronecker double covering gives a functor G — g;'gd, and the quotient (X,7) — X/7 gives a functor

g}’éd — G. However, these functors are not categorical equivalences. Indeed, for an object (X, 7) of g;’(d;l,
the involution 7 : X — X is a morphism of Gk, which induces the identity X/7 — X/7.

However, one can easily show that if (X, 7) is an object of Q‘I’ggd, then there is a 2-coloring ¢ : X — Ky
such that the involution 7 is an odd involution of the 2-colored graph (X, e). In other words the forgetful
functor g;’;lg — G304 is essentially surjective. Hence for an object (X, 7) of G34%, there is an isomorphism
X = Ky x (X/7), but this isomorphism is not natural.

Note that K x G = Ky x H does not imply G = H. In fact Imrich and Pisanski [19] show that
the Desargues graph is not only the Kronecker double covering over the Peterson graph but is also the
Kronecker double covering over the graph which is not isomorphic to the Peterson graph. In Example
4.13 we will construct graphs having different chromatic numbers but having the same Kronecker double
coverings.

We conclude this section with the following proposition. This may be classically known to experts,

but I could not find it.

Proposition 5.3. Suppose that G is connected but is not bipartite. Let p: X — G be a double covering.
If X is bipartite, then X is the Kronecker double covering over G.

Proof. For a vertex x of X, let 7(x) be a vertex of X with 7(z) # « and p(7(z)) = p(z). Then
7:V(X) — V(X) is an involution of X and X/7 = G.

We now show that X is connected. Since X is bipartite and G is not bipartite, X is not isomorphic
to the direct sum G U G of two copies of G. Hence there is € V(X) such that  and 7(x) belong to
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the same connected component of X. Let y be a vertex of X. Since G is connected, there is a path ¢ of
G joining p(y) to p(x). Consider the lift 1 of ¢ whose initial point is y. Then the terminal point of 1 is
either z or 7(x). Since x and 7(x) belong to the same connected component of X, y and = belong to the
same connected component of X. Therefore X is connected.

Suppose that 7 is not an odd involution. Since X is connected, for every vertex x of X, there is no
path joining x to 7(z) with odd length. This implies that there is no graph homomorphism from an odd
cycle to G. This contradicts the assumption that G is not bipartite.

Hence 7 is an odd involution and X = Ky x (X/7) = K5 x G. This completes the proof. O

5.2. Complexes of bipartite graphs. The purpose of this section is to prove Theorem 5.1. We also
construct graphs G and H such that their Kronecker double coverings are isomorphic but their chromatic
numbers are different (Example 5.16).

The category of posets is denoted by P, and the category of Zs-posets is denoted by P%>. Recall that
Gk, denotes the full subcategory of G consisting of bipartite graphs. We start with the construction of
the functor By : Gx, — P which makes the following diagram commute:

G —"— P-
wol
Gr, —22 P

Here the right vertical arrow is the forgetful functor.

Definition 5.4. Let X be a bipartite graph. We define the poset By(X) of X as follows. The underlying
set of By(X) consists of an unordered pair {o, 7} of subsets of V(X)) such that o xT C E(X). For elements
a, B of Byp(X), we write a < § if for each element o of «, there is an element 7 of 8 which contains a.
One can easily show that this relation “<” is actually an ordering, by noting that bipartite graphs have
no looped vertices.

Let (X, ¢€) be a 2-colored graph. Then the poset By(X) is identified with the induced subposet of the
box complex B(X) consisting of a pair (¢,7) € B(X) with ¢ C e71(1) and 7 C e71(2).

Proposition 5.5. For a graph G, there is a natural isomorphism B(G) = Bo(K2 X G) as Za-posets.
Here we consider Bo(Ka x G) as a Za-poset by the involution of Ko X G.

Proof. Consider the correspondence
®: B(G) = Bo(K2 x G), (0,7) — {{1} x 0,{2} x 7}.

Clearly @ is a Zs-equivariant poset map. So it suffices to prove that @ is an isomorphism as posets. Now
we regard By(K3 x G) as the induced subposet of the box complex B(Ks> x G) by the first projection
Ky x G — K, (see the previous paragraph of this proposition). Then & is rewritten as the map
(o,7) = ({1} x 0,{2} x 7). It is easy to see that the map

W Bo(Ks x G) = B(G), (0,7) = (p1(0), (7))

is the inverse of ®. O

Corollary 5.6. Let G and H be graphs. If Ko X G = Ko x H as graphs, then B(G) = B(H) as posets.
Next we consider the converse of Corollary 5.6.

Proposition 5.7. Let X and Y be bipartite graphs without isolated vertices. Then By(X) = By(Y)
implies X 2Y.
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Proof. Let f : Bo(X) — Bo(Y) be an isomorphism of posets. Let x € V(X). We assert that
f{{z}, N(z)}) is written as {{y}, N(y)} for some y € V(H). To prove this we need some prepara-
tion.

Let a be an element of a poset P. We say that a has a finite height if there is a non-negative integer n
such that there is an integer n such that P<, does not have chains with length greater than n. Consider
the following condition concerning an element x of a poset P.

x) For an element y of P<, with finite height, the poset P<, is isomorphic to the face poset of a
< <y
finite dimensional simplex.

Clearly the element {{x}, N(x)} € By(X) satisfies the condition (*). On the other hand, the following
two conditions concerning with an element a of By(X) are equivalent:

(1) The element « is not minimal. Moreover, « is maximal among the points of By(X) satisfying
the condition ().
(2) There is a vertex z such that a = {{z}, N(z)} and the degree of x is greater than 1.

Clearly the vertex x in the condition (2) is unique.

Now we are ready to construct the graph homomorphism g : X — Y. Let x € V(X). If #N(z) > 1,
then we define g(z) by f({{z}, N(z)) = {{g(z)}, N(g9(z))}. Next suppose N(z) = {z'}. If #N(z') > 1,
then define g(z) by f({{z}, {2'}}) = {{9(x)},{g9(z')}}. (Note that we have already defined g(z’).)
Suppose that N(z') = {2}, namely, x and 2’ form a connected component isomorphic to K5. This is
equivalent that {{x}, {2'}} is an isolated point of By(X). Hence f({{z},{2'}}) is also an isolated point
of By(Y). Define g(x), g(z’) simultaneously so that {{g(z)}, {g(z")}} = f({{z}, {z'}}).

Now we show that g is actually a graph homomorphism. Let (z,2') € E(X). It is clear that
(9(x),g(z") € E(Y) if #N(z) =1 or #N(a’) = 1. Suppose #N(z) > 1 and #N(z') > 1. Then

{{z}, {2} € Bo(X) <({a}.N(2)y N Bo(X)<{ary, Ny # 0
and hence
Bo(Y)<{{g(e)}.N (@)} N Bo(Y)<({g()}.N(g(@ )t # 0

This implies that (g(z),g(z")) € E(Y).

Construct the graph homomorphism h : Y — X from f=1: By(Y) — Bo(X) in a similar way. Indeed
gh and hg may not be the identities. (Recall that the homomorphism ¢ is not uniquely determined on
the connected components isomorphic to K3.) However, they become the identities after flipping some
of connected components isomorphic to K5. Hence g is an isomorphism. |

Combining Proposition 5.5 and Proposition 5.7, we have the following.

Corollary 5.8. Let G and H be graphs having no isolated vertices. If B(G) = B(H) as posets, then
Ky x G = Ky x H as graphs.

Next we show that the Zs-poset structure of B(G) determines the graph G.

Proposition 5.9. Let G and H be graphs having no isolated vertices. If B(G) = B(H) as Za-posets,
then G = H as graphs.

Proof. Let X and Y be bipartite graphs without isolated vertices, and let 7x and 7y be odd involutions
of X and Y respectively. Suppose that there is a Zy-poset isomorphism f : Bg(X) — Bo(Y). From the
discussion in Section 3, it is enough to show that there is a Zs-equivariant isomorphism X — Y.
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Let g : X — Y be the homomorphism constructed in the proof of Proposition 5.7. Let x € V(X)) with
#N(x) > 1. Then

{{g(rxa)}, N(g(rx2))} = f({{rxz}, N(7x1)})
= firx{{z}, N(2)})
= 7xf({{z}, N(2)})
Hrxg(2)}, N(rxg(2))}

implies g(7xx) = Txg(z). Next suppose #N(z) = {2’} and #N(z’) > 1. Then we have

{g(rxo)} {g(rxa)}} = f({rxa} {mxa'}}) = = f({{z} {2"}}) = 7x {{g(2)}, {9(2")}}.
Since we have already proved g(7xz') = 7xg(z’), we have Txg(x) = g(Txx).

Suppose that N(z) = {2’} and N(2') = {z}. If {{z}, {2'}} is a fixed point of By(X), then 7x(z) = 2’
and 7x(2') = x. Since f({{z},{2z'}}) = {{9(x)},{g(a’)}} is also a fixed point, we have that Txg(z) =
g(a") = g(rxx) and 7xg(z') = g(x) = g(rxa’). Suppose that {{z},{z'}} is not a fixed point of By(X).
Set y = 7x(x) and 3y’ = 7x(2). If Txg(x) # g(rxx), then we replace g o ¢ to g where ¢ : X — X is the
graph isomorphism exchange z and =’ and fixing the other elements. Then we have g(7xv) = 7xg(v) for
v =2 y,y. After these modifications, we have a Zg-equivariant isomorphism ¢g : X — Y. (If X is
infinite one needs transfinite induction.) O

Next we discuss the case of neighborhood complexes. Let X be a 2-colored graph with a 2-coloring
€: X — Kj. Define N;(X) (i = 1,2) to be the induced subcomplex of the neighborhood complex N (X)
of X whose vertex set is e71(i) N V(N (X)). In general, N1(X) and Na(X) are not isomorphic, but we
will see that N1 (X) and No(X) are homotopy equivalent in Lemma 5.10.

Let B{(X) be the induced subposet of By(G) consisting of an element a € By(X) such that each
element o € « is a finite set. Then the inclusion Bg (X) — B(X) is a homotopy equivalence. This is
shown in the same way as Lemma 4.7, and is the details is omitted.

Lemma 5.10. Let X be a 2-colored graph. Then By(X), N1(X), and No(X) are homotopy equivalent.

Proof. Tt suffices to show that B{(X), N1(X), and Ny(X) are homotopy equivalent. Consider the map
p1: B{(X) = FNy(X), (0,7) + 0.

Let 09 € FN;(X). By Quillen’s lemma A (Theorem 2.19), it suffices to show that p; ' (FN1(X))ss, is
contractible. Define the order-preserving map

¢ py (FN1(X)200) = 21 (FN1(X)20)
by the correspondence (o, 7) — (09, 7). Then ¢ is a descending closure operator. Therefore
(FN1(X)20,) = {(00,7) [ 00 x 7 C E(X)}

is a deformation retract of F'N1(X)>s,. It follows from Lemma 4.8 that ¢(F'N1(X)>,) is contractible.
Hence we have shown that Bg (X) ~ N1(X). The proof of Bg(X) ~ N3(X) is similar. O

On the other hand the following lemma holds. The proof is obvious and is omitted.

Lemma 5.11. Suppose that the 2-colored graph X admits an odd involution. Then N1(X) and Na(X)
are isomorphic. Hence for a graph G, we have that N1(K3 x G) =2 No(Ka x G) =2 N(G).

Proposition 5.12. Let G and H be graphs. If Ko x G = Ky X H as graphs, then N(G) = N(H).
Proof. By Lemma 4.8, we have

N(G)HN(G) = Nl(KQXG)I_lNQ(KQXG)gN(KQXG)
N(KQ X H) = Nl(KQ X H) |_|N2(K2 X H) = N(H) UN(H)

Il
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This implies N(G) = N(H). O

On the other hand, the converse does not hold in general. Consider the path P, with 4-vertices and the
4-cycle C4. Their neighborhood complexes are two copies of a closed interval, but clearly Ko x Py = PyLIP,
and Ky x Cy & Cy4 U Cy are not isomorphic. However, we will show that if N(G) = N(H), then their
Kronecker double coverings are x-homotopy equivalent in the sense of [8].

Now we review the x-homotopy theory established by Dochtermann, following his paper [8]. Define the
graph I,, (n > 0) by V(I,,) ={0,1,--- ,n} and E(I,) = {(z,y) | |]z—y| < 1}. Two graph homomorphisms
f,g9 : G = H are x-homotopic if there are n > 0 and a graph homomorphism K : G x I,, — H which
satisfies K (z,0) = f(x) and K(z,n) = g(x) for every x € V(G). In this case we write f ~y g. A graph
homomorphism f : G — H is a x-homotopy equivalence if there is a graph homomorphism h : H — G
such that hf ~, idg and fh ~ idg.

If f: G — His a x-homotopy equivalence, then for each graph T the poset map Hom(7,G) —
Hom(T', H) induced by f is a homotopy equivalence. Since our box complex is isomorphic to Hom (K>, G),
a xX-homotopy equivalence gives rise to a homotopy equivalence between the box complexes or the neigh-
borhood complexes. A graph homomorphism f : G — H between stiff graphs (see Section 2 for the
definition) is a x-homotopy equivalence if and only if f is an isomorphism.

We are now ready to formulate the precise statement of the converse of Proposition 5.12.

Proposition 5.13. Let G and H be non-empty locally finite graphs. If N(G) = N(H) as simplicial
complezes, then Ko X G~y Ko x H.

Proof. We can assume that G and H have no isolated vertices. Let f : N(G) — N(H) be an isomorphism.
Let g: V(G) = V(H) and h : V(H) — V(G) be maps which satisfy
F(N(z)) € N(g(@)), fT (N(y)) C N(h(z)) (z € V(G),y € V(H)).
Note that such maps exist since G and H are locally finite. Define the graph homomorphisms F' :
KQXG*)KQXH&HdF’ZKQXH%KQXGby
F(l,z) = (1, f(2)), F(2,2) = (2,9(2)),
F'(Ly) = (1,7 (), F'(2.y) = (2, h(y)).

Then we have that F'F(1,) = (1,z) and F'F(2,2) = (2,hg(z)). Since N(z) = f~1f(N(x)) C
F Y (N(g(z))) € N(hg(z)), we have that N(v) C N(F'F(v)) for every v € V(K3 x G). Applying

Lemma 5.14 mentioned below, we have that F'F ~, id. Similarly we can prove that FF' ~ id. |

Lemma 5.14. Let f,g : G — H be graph homomorphisms which satisfy N(f(x)) C N(g(x)) for all
x € V(G). Then f ~y g.

Proof. One can show that the map H : V(G x I) - V(H x I), (z,0) — f(x), (z,1) — g(x) is a graph
homomorphism. O

Note that a graph G is stiff if and only if Ky x G is stiff. Since the maps F and F’ constructed in
the proof of Proposition 5.13 preserve the 2-colorings of their Kronecker double coverings, we have the
following.

Corollary 5.15. Let G and H be locally finite stiff graphs having no isolated vertices. If N(G) = N(H)
as stmplicial complexes, then Ko X G = Ko x H as 2-colored graphs.

Proof of Theorem 5.1. The assertion (1) is deduced from Corollary 5.6 and Corollary 5.8. The assertion
(2) is deduced from Proposition 5.9. The assertion (3) is deduced from Proposition 5.12 and Corollary
5.15. 0

Let m,n be integers greater than 3. We conclude this section with the construction of connected
graphs G and H such that Ky x G = Ko x H, x(G) = m, and x(H). It follows from (1) of Theorem 5.1
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that their box complexes are isomorphic as posets, their neighborhood complexes are isomorphic, but
they have different chromatic numbers.

Example 5.16. Set X; = Xy = Ky x K, and Y; = Y5 = K5 X K,,,. Define the bipartite graph Z by
identifying the following vertices of X; LI X5 UY; U Y.

The vertex (1,1) of X; and the vertex (1,1) of Y;.
The vertex (2,1) of X; and the vertex (1,1) of Y.
The vertex (1,1) of X5 and the vertex (2,1) of ¥7.
The vertex (2,1) of X; and the vertex (2,1) of Y5.

The graphs X, X5,Y7, and Y5 are considered as subgraphs of Z.
Next we define the odd involutions 71, 75 of Z as follows:

e 7 maps X; to X; for each ¢ = 1,2, and m|x, : X; — X, is the natural odd involution of
X; = Ko x K,,. On the other hand, 7, exchanges Y; and Ys. The maps 71|y, : Y7 — Y5 and
Taly, : Y2 = Y7 are the identity of Ky X K,.

e 75 maps Y; to Y; for each i = 1,2, and 72|y, : ¥; — Y; is the natural odd involution of Y; =
Ky x K. On the other hand, 7 exchanges X; and Xs. The maps 72|x, : X1 — X2 and
To|x, : Xo — X7 are the identity of Ky x K.

Set G = Z/m and H = Z/75. Since 71 and 75 are odd involutions, we have that Ky x G & Z and
Ko x H = Z (see the sentence after Theorem 3.1). To complete the proof, we need to show x(G) = n
and x(H) = m. We only prove x(G) = n since the other is similarly proved. However, it is enough to
note that G is obtained by identifying the following vertices of X] U X} U (K x K,;,). Here X| and X}
are the copies K.

e The vertex of 1 € X{ and the vertex of (1,1) of Ky x K,,.
e The vertex of 1 € X} and the vertex of (2,1) of Ko X K,,.

Figure 5.1 describes the graphs G, H, Z in the case n = 4 and m = 3. In this figure the involution 7
is the reflection in the horizontal line, and the involution 75 is the reflection in the vertical line.

PP XX

The graph G. The graph H.

T1

T2

The graph Z.
Figure 5.1.
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5.3. Comparison with another box complex. In this short section we shall discuss the case of
another box complex B’(G) discussed in Matousek and Ziegler [31]. Namely, we consider that theorems
similar to Theorem 5.1 holds for B'(G).

We recall the definition of B’(G). The Zs-subcomplex B’(G) of N(G) * N(G) by

B'(G)={owWT|o,7€ NG),onT =0}

Here we write o W 7 to indicate the subset o x {0} U7 x {1} of V(N(G) * N(G)) = V(N(QG)) x {0,1}.
The involution is given by (z,0) < (z,1). There is a Zs-equivariant inclusion B(G) — FB'(G), and
Zivaljevi¢ showed that this is a Zy-homotopy equivalence [38].
As we constructed By(X) in the case of B(X), we can define the complex B (X) for a bipartite graph
X as follows. Let X be a bipartite graph. Fix a 2-coloring ¢ : X — Kj3. We define Bj(X) to be the
subcomplex
Bi(X)={cwWT|oe€ Ni(X), 7€ No(X),0 x7C E(G)}

of N1(X) * No(X). Clearly this definition does not depend on the choice of 2-colorings. Moreover, it is
easy to see that the following holds.

Theorem 5.17. There is a Zz-poset isomorphism B{(Ks x G) = B'(G) for a graph G.

However, Proposition 5.7 for B fails. Let X and Y be bipartite graphs described in Figure 5.2. Then
we have that Bj(X) and B{(Y) are the 4-dimensional simplex. I do not know that whether the assertion
similar to Theorem 5.1 for B’(X) holds or not.

X N >

Figure 5.2.

6. SIMPLICIAL SETS AND MODEL CATEGORIES

In this section, we review the definitions and facts related to simplicial sets and model categories. For
a concrete introduction to the subjects, we refer to [13], [16], and [18].

6.1. Simplicial sets. For a non-negative integer n, let [n] be the totally ordered set {0,1,--- ,n}. Let
A be the small category described as follows: the objects are the ordered sets [n] for n > 0, and the
morphisms are order-preserving maps. Let Set denote the category of small sets. A simplicial set is a
functor from A°P to Set. A simplicial map is a natural transformation between two simplicial sets. The
category of simplicial sets is denoted by SSet.

For a simplicial set K, we write K, instead of K[n]. An n-simplez of K is an element of K.

Let C be a category. A cosimplicial object of C is a functor from A to C, and a simplicial object of C is
a functor from A°P to C. Suppose that C admits all small colimits, and let A® : A — C be a cosimplicial
object of C. Then we have the functor C(A®, —) : C — SSet defined by

C(A®, X), = C(A"™, X).

Proposition 6.1. If the category C admits all small colimits, then the functor C(A®,—) is a right adjoint
functor.

In fact the left Kan extension of A, : A — C along the Yoneda functor A — SSet is the left adjoint
of C(A®,—).
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The above proposition is easily generalized to the following form. Let J be a small category and let
C be a category which admits all small colimits. We write Cs to indicate the functor category from J°P
to C. Let A® : J — C be a functor. Define the functor C(A®, —) : C — Set s in the same way. Then this
functor is a right adjoint functor, and its left adjoint is the left Kan extension of A® : A — C along the
Yoneda functor A — Set ;. This generalization will be used in the proof of Lemma 7.9.

Example 6.2. We write Top to indicate the category of k-spaces. For a non-negative integer n, we let

A" = {(to, - ta) ER™ 1,20, Yt =1).
i=0
Then A® : A — Top is a cosimplicial object of Top. The functor

Sing := Top(A®, —) : Top — SSet
is called the singular functor. The geometric realization functor
| —|: SSet — Top, K — |K]|

is the left adjoint of the singular functor.

Let K be a simplicial set. We describe the precise construction of the geometric realization |K| of K.
Assign the standard n-simplex A, = A" to each n-simplex o of K. Consider the following equivalence
relation ~ on the disjoint union of all A,: Let f : [m] — [n] be an order-preserving map. Then f induces
a continuous map f, from Ays., = A™ to A, = A™. Then we set « ~ f,(x) for all x € A+,. Then ~ is
the equivalence relation generated by these identification. Then |K| is the quotient space

‘K| = H Aa/ ~ -
n>0,0€K,

It is known that the geometric realization functor preserves equalizers and finite products (see Section
3 of [18]).

6.2. Model categories. Let C be a category and let

A%X

i| E

B2 Y
be a commutative square in C. A lift of the square is a morphism r from B to X which commutes the
diagram, i.e. pr = g and ri = f.
Let 4, p be morphisms in the category C. The map ¢ has the left lifting property with respect to p, or p
has the right lifting property with respect to i if and only if every commutative square such as

A— X

i| |7

B——Y
has a lift. In other words, the natural map

(i*,p«) : C(B,X) — C(A, X) Xc(a,y) C(B,Y)

is surjective.
Recall that an adjoint pair from C to D is a pair of functors F' : C — D and G : D — C such that
there is a natural isomorphism
D(FA, X))~ C(AUX)
as functors from C°P? x D to Set. A natural isomorphism ¢ between the above functors C°? x D — Set
is called an adjunction.
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Lemma 6.3. Let (F,U, ) : C — D be an adjunction. Consider a diagram

FA 1, x

in lp
FB —%2 v

in D. This diagram is commutative if and only if the diagram

A o(f) UX

T

B ©(9) Uy

is commutative in C.
Proof. Consider the commutative diagram

D(FA,X) —2 D(FA,Y) «2“— D(FB,Y)

a a e
C(AUX) —22y C(AUY) «+— ¢(B,UY).
The upper square is commutative, namely, goF'i = pof ifand only if f € D(F'A, X) and g € D(FB,Y) are
taken to the same element of D(FA,Y"). Similarly, the lower square is commutative, namely, ¢(g) o i =

Up o o(f) if and only if ¢(f) € C(A,UX) and ¢(g) € C(B,UY) are taken to the same element of
C(A,UY). O

Lemma 6.4. Let F': C — D : U be an adjoint pair. Let i be a morphism in C and let p be a morphism
in D. Then Fi has the left lifting property with respect to p if and only if i has the left lifting property
with respect to Up.

Proof. Consider the following commutative diagram

D(FB,X) L2 D(FA, X) xppay) DFB,Y)

C(B,GX) ‘P (A UX) xe(avy) C(B,UY).

The upper horizontal arrow is surjective if and only if the lower horizontal arrow is surjective. O

Let S be a (not necessarily small) family of morphisms in C. A map f in C is S-injective if f has
the right lifting property with respect to every map belonging to S. The family of S-injective maps is
denoted by S-inj. A morphism f in C is S-projective if f has the right lifting property with respect
to every map belonging to S. The family of S-projective maps is denoted by S-proj. We write S-cof
instead of (S-inj)-proj. A map belonging to S-cof is called an S-cofibration.

It is easy to show that both S-inj and S-proj are closed under compositions, and contain all isomor-
phisms. S-proj is closed under pushouts. Dually, S-inj is closed under pullbacks.

Lemma 6.5. S-inj = (S-cof)-inj

Proof. Since S C S-cof, we have S-inj D (S-cof)-inj. On the other hand, we have S-inj C ((S-inj)-proj)-inj =
(S-cof)-inj. H

Let P be a poset. We regard the poset P as a small category in the usual way: The object set is the
underlying set of P, and there is a unique morphism from z to y if and only if z < y.
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Let C be a category and let 7 be a small category. The functor category from J to C is denoted by C7 .
A functor from [n] to a category C is identified with a composable sequence (f,,,--- , f1) of morphisms in
C, i.e. the domain of f; coincide with the codomain of f;_; for i =2,---  n. In particular, a functor from
[1] to C is identified with a morphism in C, and a morphism between objects in C!!l is identified with a
commutative square. For a pair of morphisms f,g in C, we call f a retract of g if f is a retract of ¢g in
Cl. A family S of morphisms in C is closed under retracts if a map f in C which is a retract of a map ¢
belonging to S belongs to S. For example, S-inj and S-proj are closed under retracts.

Define 9° : [n] — [n+1] (i =0,1,--- ,n) by the correspondence

Wu)z{j (<)

i+l Gz

Example 6.6. Recall that an object of C!? is identified with a pair (g, f) of morphisms in C such that
the composition g o f is defined. Let d; : CP — CI! denote the dual of 9" : [1] — [2]. Then

do:C = ¢l (g, f) = g,
dy : C — M (g, f) = f,

and
dy M = ¢l (g, f)—go f.

Definition 6.7. A functorial factorization of C is a functor ® : C!*! — €1 such that d; o ® is the identity
functor of C!.

Set 8 = dygo® and @ = dy o @. Then the functorial factorization ® is determined by the pair of
functors 3, : CM1 — €. So we write (8, @) to indicate the functorial factorization ®.
We are now ready to define the model category, following [16].

Definition 6.8. Let M be a category which admits all small colimits and limits. A model structure on
the category M is a triple W, C, F) of (not necessarily) families of morphisms in M which satisfies the
following conditions:

(1) The families W, C, and F are closed under retracts.

(2) Let g and f be morphisms in M such that g o f is defined. If two of f, g, and g o f belong to
W, then so does the third. This axiom is called the two out of three axiom.

(3) A map belonging to C has the left lifting property with respect to every map belonging to WNF.
A map belonging to C N W has the left lifting property with respect to every map belonging to
F.

(4) There are functorial factorizations (8,«) and (d,) which satisfies the following. For every
morphism f in M, B(f) belongs to W N F, «a(f) belongs to C, §(f) belongs to F, and ~v(f)
belongs to CNW.

A model category is a category equipped with a model structure on it. A map belonging to W (C, F,
WNC, or WNF) is called a weak equivalence (cofibration, fibration, trivial cofibration, or trivial fibration,
respectively).

Lemma 6.9 (Proposition 7.2.3 of [16]). Let M be a model category and let (W,C,F) be the model
structure. Then we have C = (W N F)-proj, WNC = F-proj, F = (W NC)-inj, and W N F = C-inj.

In particular, every isomorphism in a model category M is a weak equivalence, a cofibration, and
a fibration. Moreover, a composition of cofibrations (or fibrations) is again a cofibration (or fibration,
respectively).

An initial object is denoted by @) and a terminal object is denoted by *. An object A of M is cofibrant
if ) — A is a cofibration, and A is fibrant if A — x is a fibration. Clearly this definition does not depend
on the choices of an initial object and a terminal object.
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Let M and N be model categories. A left Quillen functor from M to N is a left adjoint functor
F : M — N which preserves cofibrations and trivial cofibrations. A right Quillen functor from N
to M is a right adjoint functor U : N' — M which preserves fibrations and trivial fibrations. Let
(F,U,p) : M — N be an adjunction. Then F is a left Quillen functor if and only if U is a right Quillen
functor (Proposition 8.5.7 of [16]).

Since a left adjoint functor preserves initial objects, a left Quillen functor preserves cofibrant objects. A
Quillen functor preserves weak equivalences between cofibrant objects (Proposition 8.5.7 of [16]). Dually,
a right Quillen functor preserves fibrant objects, and weak equivalences between fibrant objects.

A Quillen adjoint pair F': M — N : U is a Quillen equivalence if for every cofibrant object A of M
and every fibrant object X of A/, a morphism f: FA — X is a weak equivalence in N if and only if the
adjoint A — UX of f is a weak equivalence in M.

Next we recall the transfinite composition. From now on, we assume that the category C admits all
small colimits. A totally ordered set A is an ordinal if every non-empty subset of A has a minimal element.
We write 0 to indicate the minimal element of an ordinal. Let A be an ordinal. A A-sequence in C is a
colimit preserving functor from A\ to C. The composition of the \-sequence Xo : A — C is the natural map

Xy — colim (X,)

For a set X, recall that the cardinality | X| of X is the minimal ordinal x such that there is a bijvection
from k to X. A cardinal is an ordinal k with |k| = k. Let k be a cardinal. An ordinal X is k-filtered if
every cofinal subset A of A has the cardinality greater than or equal to . In other words, a subset A of
A has an upper bound if |A| < &.

Let C be a category and let D be a subcategory. Let  be a small cardinal. An object A of C is k-small
relative to D if and only if for every r-filtered ordinal A and every A-sequence X, : A — C such that the
map

Xa — Xa+1

belongs to D for every a < A, the natural map
colim, < C(4, Xo) — C(A4, colim(X,))

is bijective. An object A is small if it is k-small relative to D for some cardinal k. If C = D, a small
object relative to D is simply called a small object of C.

Example 6.10. A graph G is small if V(G) is a small set. This implies that E(G) is also small. Let G
be the category of (small) graphs. Then every graph is a small object in G.

Proof. Let G be a small graph. Let & be a small infinite cardinal greater than max{|V(G)|, |E(G)|}. Let
A be a k-filtered ordinal and let X, : A = G be a A-sequence. We shall write X to indicate the colimit
of X,. For o, 8 < A with a < 3, the map X, — Xj is denoted by 3., and the natural map X, — X
is denoted by ¢,,. We want to show that the natural map

® : colimy <2 G(G, Xo) = G(G, colim(X,))
is bijective.
Let o < A, and let f and g be graph homomorphisms from G to X, with ¢, 0 f = tng. Let v € V(G).

Since to(f(v)) = ta(g(v)), there is a(v) < A such that a < a(v) and t4()a(f(V)) = ta@w)a(g(v)). Since A
is k-filtered and |V (G)| < k, there is an upper bound 8 < A for {a(v) | v € V(G)}. Then we have that

tga(f(v)) = tpalg(v))

for every v € V(G). This implies that @ is injective.

Next we show that ® is surjective. Let f : G — colim(X,) be a graph homomorphism. For each
element v of V(G), there are a(v) < A and v, € X, such that 1o (v,) = f(v). Let a be an upper
bound for the set {a(v) | v € V(G)}, and let vo = Lo, () (V5,)-
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For each (v,w) € E(G), there is f(v,w) > a such that (tg(v,w),a(Va); ta(ww),a(Wa)) € E(Xgww)). Let
B be an upper bound for the set {3(v, w) | (v,w) € E(G)}. Then (v,w) € E(G) implies (vg, wg) € E(Xg).
Namely, the correspondence V(G) — V(Xg), v — vg is a graph homomorphism fz : G — Xg. Since

tg o fa(v) = 15(vg) = ta(va) = tar (vg) = f(v),
we have 1g o fg = f. This implies that the map ® is surjective. This completes the proof. |

Definition 6.11. Let C be a category and let I be a small family of morphisms in C. We say that I
permits the small object argument if I is a small set and the domains of elements of I are small relative
to I-cell.

Let I be a family of morphisms in C. A map f in C is an I-cell complex if f is isomorphic to the
composition of some sequence X4\ — C from an ordinal A such that

Xo — Xa+1

is the pushout of an element of I. The class of I-cell complexes is denoted by I-cell. The class I-cof of
I-cofibrations is closed under pushouts and transfinite compositions. Hence we have I-cell C I-cof.

Definition 6.12. A model category M is cofibrantly generated if there are small families I and J which
satisfy the following conditions:

(1) I permits the small object argument, and the class of cofibrations coincide with I-cof.
(2) J permits the small object argument, and the class of trivial cofibrations coincide with J-cof.

We call I a set of generating cofibrations and call J a set of generating trivial cofibrations.

Proposition 6.13 (The small object argument, Proposition 10.5.16 of [16]). Let C be a category which
admits all small colimits. Let I be a family of morphisms in C which permits the small object argument.
Then there is a functorial factorization (B,a) : C — CPl such that B(f) € I-inj and a(f) € I-cell for
every morphism f in C.

Theorem 6.14 (Kan, Theorem 11.3.1 of [16]). Let M be a category which admits all small colimits and
limits. Let W be a family of morphisms in M which is closed under retracts and satisfies the two out of

three axiom, and let I and J be small families of morphisms in M. Suppose that the following conditions
hold:

(1) Both I and J permit the small object argument.
(2) J-cof C Wn (I-cof)
(3) I-ing C WnN (J-inj)
(4) Either J-cof =W N (I-cof) or I-inj =W N (J-inj) holds.
Then M has a cofibrantly generated model structure in which W is the family of weak equivalences, I is
a set of generating cofibrations, and J is a set of generating trivial cofibrations.

Theorem 6.15 (Kan, Theorem 11.3.2 of [16]). Let M be a cofibrantly generated model category with
generating cofibration I and generating trivial cofibrations J, and let F : M — N : U be an adjoint pair.
Suppose that N admits all small colimits and limits. Let FI denote the set {Ff | f € I} and FJ denote
the set {F'f | f € J}. Suppose the following conditions hold.

(1) Both FI and FJ permit the small object argument.
(2) U takes an (F.J)-cell complex to a weak equivalence in M.

Then N has a cofibrantly generated model structure with generating cofibrations I and generating trivial
cofibrations J. A map f in N is a weak equivalence if and only if Uf is a weak equivalence in M.
Moreover, the adjoint pair (F,U) is a Quillen adjoint pair with respect to this model structure.



36 TAKAHIRO MATSUSHITA

Example 6.16 (Chapter 2 of [18]). Let Top be the category of k-spaces. We call a continuous map
f: X =Y a weak homotopy equivalence if f induces a bijection wo(X) — mo(Y") and a group isomorphism
fo i (X, z) = (Y, f(x)) for every n > 0 and © € X. Set
D" = {(x1,-- ,2n) | w%_i_..._t'_xi <1}
Define the map ig : D™ < D™ x [0,1] by the correspondence x +— (x,0). Set
I={S""!'< D" |n>0},
J={ip: D" — D" x [0,1] | n > 0}.

Then Top has the cofibrantly generated model structure with generating cofibrations I and generating
trivial cofibrations J. The class of weak equivalences coincides with the class of weak homotopy equiv-

alences. Note that a continuous map f is a fibration if and only if f is a Serre fibration. If (X, A) be a
pair of CW-complexes, then the inclusion A — X is a cofibration.

Example 6.17 (Chapter 3 of [18]). Let SSet be the category of simplicial sets. For a non-negative integer
n, we write A[n] € SSet to indicate the Yoneda functor [m] — A([m],[n]). Define the subcomplexes
OA[n] and A,[n] (0 <r <n) of Aln| as follows:
OAN)y = {f : [m] — [n] | f is order-preserving and Im(f) # [n].},
Apn)m = {f : [m] = [n] | f is order-preserving and Im(f) U {r} # [n].}.
Set
I ={0A[n] — A[n] | n > 0},
J={A;[n] = An] |n>1,0<r <n}.

The category SSet of simiplicial sets has the cofibrantly generated structure with generating cofibra-
tions I and generating trivial cofibrations J. A simplicial map f is a weak equivalence if and only if ithe
continuous map |f| : |K| — |L| induced by f is a homotopy equivalence. A simplicial map i : K < L is
a cofibration if and only if ¢ is an inclusion. A fibration of SSet is called a Kan fibration, and a fibrant
object is called a Kan complex.

The geometric realization functor
| — | : SSet — Top

is a Quillen equivalence. Moreover, it is known that the geometric realization functor preserves fibrations
(see Chapter 3 of [18]).

The following lemma is a generalization of the gluing lemma (Proposition 2.5).

Proposition 6.18 (Proposition 15.10.10 of [16]). Let C be a model catgory and let

A+—— B C
fAl fBl Lfc
A c’

be a commutative diagram in C. Suppose that all objects appearing in the above diagram are cofibrant,
and i and i’ are cofibrations. Then the natural map

AUBC—) A Upr c’
18 a weak equivalence.

Proposition 6.19. Let C be a model category. Let k be an ordinal, let Xo,Ys : kK — C be k-sequences,
and let u : Xo = Yy be a natural transformation. Moreover, suppose the following conditions.

(1) For every a < K, tug : Xo — Yo 18 a weak equivalence.
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(2) Xo is cofibrant and X, < Xot1 is a cofibration for every a < k.
(3) Yy is cofibrant and Y, < Yoy1 is a cofibration for every a < k.

Then the colimit ueo : Xoo — Yoo 0f u is a weak equivalence.
Proof. The proof is almost the same as the proof of Proposition 15.10.11 of [16]. g
We will use the following criterion to prove the Quillen equivalence.

Proposition 6.20 (Corollary 1.3.16 of [18]). A Quillen adjoint pair F : M — N : U is a Quillen
equivalence if and only if both of the following conditions hold:

(1) Let f: X =Y be a map between fibrant objects in N'. If Uf is a weak equivalence, then f is a
weak equivalence.
(2) For a cofibrant object A of M, the composition

A—-UFA—URFA

is a weak equivalence.

6.3. Model structure on SSet”2. The category of Zs-simplicial sets is denoted by SSet?2. For a
Zo-simplicial set K, the subcomplex of fixed points of K is denoted by K?%2. Note that K?2 is the
equalizer of the identity of K and the involution of K. We call a Zs-simplicial map f : K — L a Zy-weak
equivalence if both f : K — L and f?2 are weak equivalences in SSet.

If we regard a simplicial set K as a Zs-simplicial set, we consider the Zs-action on K is trivial
unless otherwise stated. Let i : SSet — SSet?? be the inclusion functor. Then i is the left adjoint of
(—)% : SSet” — SSet. We often abbreviate i(K) to K.

Regard Zs as a Zy-simplicial set consisting of two vertices A[0] L A[0] whose involution is the exchange
of the vertices. Consider the composition

SSet —— SSet? 22X, gget?z,

which is also denoted by Zs x (—). Then Zy x (=) : SSet — SSet” is the left adjoint functor of the
forgetful functor SSet?? — SSet.
In Example 6.17, recall that we set

I ={0A[n] — Aln] | n >0}
and
J={A;n] = An]|n>1,0<r<n}.
Set I' = (Zy x I) Ui(I) and J' = (Zy x J) Ui(J). The purpose of this section is to prove the following
proposition.
Proposition 6.21. The category SSet?? of Z,-simplicial sets has the cofibrantly generated model struc-

ture with generating cofibrations I' and generating trivial cofibrations J'. Moreover, the classes of weak
equivalences, cofibrations, and fibrations are described as follows:
(1) The class of weak equivalences is the class of Zq-weak equivalences.
(2) The class of cofibrations is the class of inclusions.
(3) A Zsy-simplicial map p : X — Y is a fibration in SSet?2 if and only if both Up : X — Y and
p?2 . X725 Y72 gre Kan fibrations.

Proposition 6.21 seems well-known to the experts (see Appendix of [15]). In fact the proof is straight-
forward. However, I could not find the proof of Proposition 6.21. So we write the proof here to make the
thesis self-contained.

Lemma 6.22. A Zs-simplicial map i is an I'-cofibration if and only if i is an inclusion.

Proof. The proof is almost the same as the case of usual simplicial sets (see Section 3 of [18]). O
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Lemma 6.23. Let p be a Zy-simplicial map. Then p is J'-injective if and only if both Up and p?? are
Kan fibrations.
Proof. Suppose that p is J'-injective. Consider a commutative square

Avfn] —— UX

(3) fl lUp
Aln] —— UY

in SSet. Then the associated diagram

Zo x Apln] —— X

l l

Zo x Aln] —— Y
in SSet” commutes (Lemma 6.3) and has a lift. Hence the diagram (3) has a lift (Lemma 6.4). This
implies that Up is a Kan fibration. On the other hand, consider a commutative square

Avfn] —— X%

(4) l lp%

Aln] —— Y2
in SSet. Then the associated diagram

i(Ar[n]) —— X

l l

i(An])) —— Y

in SSet”? commutes (Lemma 6.3) and has a lift. Hence we have that the diagram (4) has a lift (Lemma
6.4). This implies that p?2 is a Kan fibration.

On the other hand, suppose that both Up and p?? are Kan fibrations. Consider a commutative diagram
such as

Zy x M) —— X

(%) | |

Zo x Aln] —— Y
in SSet”. By Lemma 6.4, this has a lift if and only if
Arln] —— X

| I

Aln] —— Y
in SSet. Since Up has a lift, we have that the diagram (5) has a lift. In a similar way, we can show that

a commutative diagram such as
Arn] —— X

l

Aln] —— Y
has a lift. 0

The following lemma is similarly proved.
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Lemma 6.24. Let p: X — Y be a Zy-simplicial map. Then p is an I'-injective map if and only if both
Up and p”™ are I-injective in SSet.

We write W to indicate the class of Zs-weak equivalences in SSet”2.
Corollary 6.25. I'-inj = W' N (J'-inj)

Lemma 6.26. The fized point functor (—)%2 : SSet?? — SSet commutes with the transfinite composi-
tion. Namely, for a A-sequence Xq : A — SSet?2, the natural map

® : colimgyr(X22) — (colim(X,))%
s an isomorphism.

Proof. The colimit of X, is denoted by X, for simplicity. The generator of Zs, is denoted by 7. For
a, B < A with a < 8, the natural map X, — X3 is denoted by tg,. We write ¢, to indicate the natural
map X, — X).

Let o < X and let 09,01 € XZ2 with 14(09) = ta(01). Then there is oy > « such that 4,4 (00) =
taya(01). This implies that ®,, is injective.

Next let o be an n-simplex of X%? Since 0 € (X)\)n, thereis a < XA and o’ € X, such that ¢, (0') = 0.
Since tq(0') = 1o(70"), there is § > a such that tga(0") = tga(70") = TLga(c’). Therefore o’ = 14 (0”)
is contained in ng and tg(c”) = o. This implies that ®,, is surjective.

Lemma 6.27. The class W' of weak equivalences in SSet?? is closed under the transfinite compositions.

Proof. This is deduced from Lemma 6.26 and the fact that the class of weak equivalences in SSet is
closed under transfinite compositions. O

Lemma 6.28. J'-cof C W' N (I'-cof)

Proof. Recall that we have already shown that J'-cof C I'-cof. If f : K — L is a pushout of an
element of J', then |f| : |K| — |L| is a Zs-homotopy equivalence. Hence Lemma 6.27 implies that J-cell
complexes are Zo-weak equivalences. Since a J'-cofibration is a retract of a J'-cell complex, we have
J'-cof CW'. O

This completes the proof of Proposition 6.21
We close this section with the Quillen equivalence between SSet” and the category Top”2 of Zy-k-
spaces. It is similarly shown that TopZz has the model structure described as follows:

(1) A Zy-continuous map f : X — Y is a weak equivalence if and only if f and f%2 : X%2 — Y72 are
weak homotopy equivalences.

(2) A Zy-continuous map p : X — Y is a fibration if and only if f and f%2 : X%2 — Y?2 are Serre
fibrations.

Moreover, if (X, A) is a Zy-CW-pair, then the incluion A < X is a cofibration in TopZ"‘.

Lemma 6.29. Let J be a small category and let F : C — D : U be an adjunction between categories.
Then F, : C7 — DI : U, is an adjoint pair.

Proof. Let ¢ be the adjunction
PA,X D(FA7X) i) C(Aa UX)7 f — Qp(f)

Let A®*: J — C and X°* : J — D be functors. Let f®: F,A®* — X* be a natural transformation. Define
the natural transformation (f*) by j = ¢(f?) for an object j of J.
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We want to show that this is actually an natural transformation. Let « : j — j’ be a morphism in J.
Since the diagram

FAI f_1> X7

pae] [

y a’ y
Fai I xi
commutes, the diagram

o(f7)

AJ UXi
v Joxe
Aj’ e(f7) UXJ’
commutes. This implies that ¢(f®) is a natural transformation. ]

Proposition 6.30. The adjoint pair
| — | : SSet” — Top”? : Sing
18 a Quillen equivalence.

Proof. Let K be a Zy-simplicial set, let X be a Zs-space, and let f : |K| — X be a Zs-continuous map.
Let ¢(f) : K — Sing(X) be the adjoint. We show that the adjoint of f22 : |K%2| — X22 is

o(f)%2 : K% — Sing(X%2).
To see this, consider the commutative diagram

|KZQ | f—72> XZZ

l !

Then the diagram

By taking the fixed point subcomplex, we have that ¢(f%2) = o(f)?2.

Suppose that f : |K| — X is a Zy-weak equivalence. Then f = Uf and f%2 are weak equivalences in
SSet. Since | — | : SSet — Top : Sing is a Quillen equivalence, we have that o(f) and ¢(f%2) =2 (f)%
are Zo-weak equivalences. This implies that ¢(f) : K — Sing(X) is a Za-weak equivalence. Similarly,
we can show that if p(f) is a Zs-weak equivalence, then f is a Zs-weak equivalence. By definition, this
shows that | — | is a Quillen equivalence. O

Let X be a Zy-CW-complex and let Y be a Zs-space. Then the Zso-maps f,g : X — Y are left
homotopic in Top?? if and only if they are Zo-homotopic. Since every object in Top?? is fibrant, we
have the following.

Proposition 6.31 (Bredon [6]). A Zs-map f : X — Y is a Za-homotopy equivalence if and only if
f: X =Y and f% : X% — Y722 gre Zoy-homotopy equivalences.

Of course, Proposition 6.31 is directly proved in an obvious way.
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6.4. Barycentric subdivision. Consider the set 2["1\ {)} of non-empty subsets of [n] as a poset ordered
by inclusion. Define the simplicial set Sd(A[n]) to be the nerve of 2"/ \ {#}. Then we have a functor

A — SSet, [n] — Sd(A[n]).

The barycentric subdivision functor Sd : SSet — SSet is the left Kan extension of this functor along
the Yoneda functor A°? — SSet. The right adjoint of Sd is denoted by Ex.
Note that the poset map
2P\ {0} — [n], o — max(o)
induces a simplicial map Sd(A[n]) — A[n], and induces a natural weak equivalence v : Sd — id, i.e.
ug : Sd(K) — K is a weak equivalence for every simplicial set K. Let h : K — Ex(K) be the adjoint of
u:Sd(K) — K.

Lemma 6.32 ([13]). For a simplicial set K, the simplicial map h : K — Ex(K) is a weak equivalence.
Let Ex*°(K) be the colimit of the sequence

K —" Bx(K) —— BEx*(K) —— -
Since the class of weak equivalences in SSet is closed under transfinite compositions, we have that
K — Ex™(K) is a weak equivalence.

Proposition 6.33 ([13]). The simplicial set Ex™(K) is a Kan complex for every K € SSet.

Next we consider the barycentric subdivision of SSet?2.

We start with the following general argument: Let F' : C — D : G be an adjoint pair and let J be
a small category. Then F induces a functor F, : CY — D’ and G induces a functor G, : DY — C7.
Moreover, the pair F, : C7 — DY : G, is an adjoint pair.

Consider the group Zy as a small category in the usual way. Namely, the object set of Zo is the
one point subset {*}, and the morphisms set from * to * is Zs. The composition law is defined by the
group multiplication of Zy. Then the Zo-simplicial set is identified with a functor from Z, to SSet, and
a Zs-equivariant simpilcial map coincides with a natural transformation. Hence the category SSet”?
of Zs-simplicial sets is identified with the functor category from Zs to SSet as the notation indicates.
Hence the adjoint pair

Sd : SSet — SSet : Ex

induces an adjoint pair
Sd : SSet”™ — SSet” : Ex.

Consider the adjoint h : K — Ex(K) of u : Sd(K) — K.
Lemma 6.34. For a Zy-simplicial set K, the map SA(K%*2) — Sd(K)%2 is an isomorphism.

Proof. See the following commutative diagram

SA(K%)| —=— |K%|

Lk

[SA(K)%| —— |K[>.
The horizontal arrows are natural homeomorphisms. The left vertical arrow is a homeomorphism since
the geometric realization preserves equalizers. Hence the left vertical arrow is a homeomorphism. It is
easy to see that a simplicial map f : K — L which induces a homeomorphism from |K| to |L| is an
isomorphism. O

Corollary 6.35. Let K be a Zs-simplicial set. Then the natural map map u : SA(K) — K is a Zs-
homotopy equivalence.
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Proof. It suffices to see that u?2 : Sd(K)%2 — K”2 is a homotopy equivalence. Consider the diagram

Sd(K?%) —=— K%

! |

Sd(K)?2 —— K%z
The left vertical arrow is an isomorphism by Lemma 6.34. Hence the map u?? : Sd(K)% — K%2 is a
homotopy equivalence. O

Lemma 6.36. For a Zy-simplicial set K, the map h : K — Ex(K) is a weak equivalence in SSet”2.

Proof. For a simplicial set K, we write h(K) to indicate the natural weak equivalence K — Ex(K). We
want to show that h(K) : K — Ex(K) is a Zo-weak equivalence. It suffices to show that h(K)% : K% —
Ex(K)% = Ex(K??) is a weak equivalence. Consider the diagram

2
K7 M2 gy

K 25, pyK).
in SSet”?. Here we consider that K% and Ex(K??) are Zy-simplicial set by the trivial Zs-actions. By

taking the fixed point subcomplexes, we have the diagram

P

|

K7

Ex(K?2)

|=

Z
MEZ, Bx(K)2.

Since h(K?%2) is a weak equivalence, we have that h(K)%2 is a weak equivalence. O

Since the class of the Zy-weak equivalences of SSet” is closed under transfinite compositions, we have
that the map K — Ex™(K) is a Zo-weak equivalence.

Lemma 6.37. For a Zy-simplicial set K, the Zy-simplicial object Ex*(K) is fibrant in SSet”.

Proof. By Proposition 6.33, the simiplicial set Ex*(K') is a Kan complex. Since Ex preserves equalizers,
we have that Ex(K??) = Ex(K)%. Since the functor (—)? : SSet” — SSet preserves transfinite
compositions we have

Ex*(K)% = colim,, o0 (Ex" (K)?2) 2 colim,, _, o (Ex"(K?2)) = Ex>(K?2).

By Proposition 6.33, the simplicial set Ex* (K )% is a Kan complex. This completes the proof. a

7. SIMPLICIAL METHODS

7.1. Singular complex. In this section we shall introduce a simplicial set associated to a pair of graphs,
which will be called a singular complex. The main result showed that singular complexes and Hom
complexes are homotopy equivalent. The results mentioned here are found in [27].

Let X, be the graph defined by V(3,,) = [n] and E(Z,,) = V(Z,) x V(Z,). We often write 1 instead
of ¥g. Note that 1 is the terminal object of G and hence 1 x G ¥ G x 1 = G.

Let T, G be graphs. The singular complex Sing(T, G) is the simplicial set

Sing<T7 G)n = g(T X Y, G)

with obvious face and degeneracy maps. The purpose of this section is to prove the following theorem.
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Theorem 7.1 (M. [27]). There is a natural homotopy equivalence
® : [Sing(T,G)| —— |[Hom(T, Q).
Remark 7.2. Let T be a graph and let P be the category of poset. Then the functor
G — P, G— Hom(T,G)
is not a right adjoint functor since it does not preserve products. On the other hand, the functor
G — SSet, G — Sing(T, G)

becomes a right adjoint functor. To see this, apply Proposition 6.1 to the cosimplicial object A — G,
[n] =T x X,.

Let G, H be graphs. The exponential graph H® is defined by
V(HS) = {f| f is a map from V(G) to V(H).},
B(HO) = {(J.9) | ( x 9)(B(G)) € E(H)}
The following proposition is a well-known fact (see [8] for example).
Proposition 7.3. There is a natural isomorphism
G(T x G,H) = G(T,HY).
Corollary 7.4. There is a natural isomorphism
Sing(T x G, H) = Sing(T, HY).
Proof. For each non-negative integer n, we have an isomorphism

Sing(T' x G,H),, = G, xTxG,H)
G(Z, x T,H®)
= Sing(T,H®),

IR

The naturality of the isomorphism of Proposition 7.3 implies that the sequence (®,,),, : Sing(T'xG,H) —
Sing(T, H®) is an isomorphism of simplicial sets. O

Proposition 7.5 (Dochtermann [8]). There is a natural homoropy equivalence
Hom(T, HY) —=— Hom(T x G, H)

Proof. The following proof is the same as the original proof of [8]. Here we give the proof for the reader’s
convenience.
Define the order-preserving map

® : Hom(T x G, H) — Hom(T, HS)
by the correspondence
o(n)(z) ={f: V(G) = V(H) |v e V(G) = [f(v) € n(z,v)}.
for n € Hom(T x G, H) and = € V(T'). On the other hand, define the order-preserving map
¥ : Hom(T, H®) — Hom(T x G, H)

by the correspondence

U(n)(z,v) ={f(v) | f €nlz)}
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for n € Hom(T, H®) and x € V(T). We want to show that ¥ o ® = id and ® o ¥ > id. For n €
Hom(T x G,H), x € V(T), and v € V(G), we have that

Vod(n)(x,v) = {f(v)|[feem)(z)}
{f(v) | f:V(G) = V(H) is a map such that v € V(G) implies f(v) € n(x,v).}
= n(z,v).
Hence we have W o ® = id. On the other hand, for n € Hom(T, H%) and for z € V(T), we have
= f(0) € Wl)(.v))
= f) € {gv) | g € n(@)}}

PoVU(n)(z) = {f:V(G)=V(H)|veV(G
= {f:V(G)=V(H)|ve V(G
{f:V(G) = V(H) | fenx)}
= ().
Hence we have ® o U > id. O

—_ ~—

Y

Recall that a multi-homomorphism 7 € Hom(G, H) is locally finite if n(v) is finite for all v € V(G),
and the induced subposet of Hom(G, H) consisting of locally finite multi-homomorphisms is denoted by
Homy(G, H). The inclusion Hom(G, H) — Hom(G, H) is a homotopy equivalence (see Lemma 4.7).

A clique of a graph G is a subset ¢ C V(G) with o x 0 C E(G). The clique complez C(G) of G is the
abstract simplicial complex whose simplices are cliques of G. Note that a finite clique of G is identified
with a locally finite multi-homomorphism from 1 to G. Moreover, the face poset of C(G) is isomorphic
to Homy(1, G). Hence there is a natural homeomorphism

IC(G)] —=— [Hom(1,G)|.

Hence we have homotopy equivalences

Sing(G, H)| —— [Sing(1, HY)]
and
|C(G)| —— [Homy(1, HS)| —=— |Hom(1, H%)| —=— [Hom(G, H)|.

Hence it suffices to prove the following proposition, which will be proved in Section 5.4.
Proposition 7.6. There is a natural homotopy equivalence
|Sing(1, &)| —— [C(G)].
In the rest of this section, we use the notation Sing(X) instead of Sing(1, X).
Lemma 7.7. If X is a non-empty and E(X) = V(X) x V(X), then [Sing(X)| is contractible.

Proof. Note that |Sing(1)] is the one point space. This implies that if a graph homomorphism f : G — H
is constant, then the map |f.| : [Sing(G)| — |Sing(H)| is also constant.

First we show that Sing(X) is connected. Let a and b be O-simplices of Sing(X), namely, graph
homomorphisms from ¥y to X. Define the graph homomorphism u : ¥; — X by the correspondences
u(0) = @ and u(1) = b. Then dou = b and dyu = a. Hence Sing(X) is connected.

Let xp € V(X). Define the graph homomorphism 7 : X x 3; by

N Jr (i=0)
(’){.’170 (Z 1).

Since Sing(X x ;) = Sing(X) x Sing(X;) and Sing(X;) is connected, we have that the identity of
|Sing(X)| is homotopic to the constant map. Therefore |Sing(X)]| is contractible. O
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We are now ready to prove Proposition 7.6.
Let X be a graph and let o be a clique of X. Define the map @, : A, — |C(G)] by the correspondence.

O(ageo + -+ + anen) = aoeo(0) + -+ Aneo(n)-
If f:[m] — [n] is an order-preserving map, then the diagram
Apy —Ls A,
ol
1C(G)] IC(G)]

is commutative. Hence the maps @, inudces a continuous map ®¢ : [Sing(G)| — |C(G)|. It is easy to

see that ®4 is natural.
Let og,- - , 0, be finite cliques of G. We identify o; with the clique subgraph of G whose vertex set
is ;. By Proposition 2.8, it suffices to show that the restriction

Doy, 0 [Sing(0)[ N -+ - N [Sing(aw )| = |Clao)[ N ---N [Clom)]
of &g is a homotopy equivalence. Note that
|Sing(oo)| N - - - N|Sing(oy)| = |Sing(co N --- Noyp)|
and
|C(o0)|N---N|C(on)] = |ClooN---Nay)l.
Hence if o9 N--- N o, = 0, then the source and range of @, ... 5, are empty and hence @, ... ,, is a

homotopy equivalence. If cpN---No,, # 0, then Lemma 7.7 implies that the source and range of ®,, ... »

sOn

are contractible and hence ®,, ... , is a homotopy equivalence. This completes the proof of Proposition

7.6, and the proof of Theorem 7.1.

n

7.2. Singular box complex. Let G be a graph. The singular box complex B(G) of G is the Zg-simplicial
set Sing(Ks, G). The Zs-action is induced by the flipping Zs-action on K.

Lemma 7.8. The map P, : |B(G)| — |B(G)| in Theorem 7.1 is a Zo-homotopy equivalence.

Proof. The naturality of the map ® in Theorem 7.1 implies that the map ® is Zs-equivariant. By
Proposition 6.31, it suffices to show that both ®g, and @%(22 : |B(G)|%2 — |B(G)|** are homotopy
equivalence. Theorem 7.1 asserts that ®g, is a homotopy equivalence. On the other hand, consider the

commutative diagram.
[Sing(1, G)] —— [Sing(K>,G)|

o o,

|Hom(1,G)] —— |Hom(K32, G)]
whose horizontal arrows are induced by the graph homomorphism Ky — 1. The commutativity of the
diagram follows from the naturality of ®. It is easy to show that the map Sing(1,G) — Sing(Ks, G)
is an inclusion of simplicial sets and its image coincide with the fixed point subcomplex Sing(K», G)%2.
Similarly, the map Hom(1, G) — Hom(K3, G) is an inclusion and the image coincide with the fixed point
subposet Hom(K>, G)?2. Since the geometric realization functor of simplicial sets and the classifying space
functor of posets preserve equalizers, we have |Sing(K», G)|?2 = |Sing(K2, G)%2| and [Hom (K, G)[#2 =
|[Hom (K>, G)%2|. Since ®; : |Sing(1,G)| — |Hom(1,G)| is a homotopy equivalence, we have that @%2 :
|Sing (K2, G)|%? — |Hom (K>, G)|?2 is a homotopy equivalence. O

Lemma 7.9. The singular box complex functor B : G — SSet? has a left adjoint.
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Proof. Regard Zy as a small category in a usual way. A Zo-simplicial set with a functor from Zs to
SSet. Since a simplicial set is a functor from A°P to the category Set of small sets, a Zo-simplicial set
is identified with a functor from A°P x Zs = (A x Z2)°P to the category Set of small sets. Define the
functor Ks X 3¢ : A X Zg — G by [n] — Ky x 3", Since B(G) = Sing(K2,G) = G(K3 X %,,,G), the
functor B has the left adjoint (see the paragraph after Proposition 6.1). |

We write A to indicate the singular box complex functor B : G — SSet?2. We shall describe the precise
construction of A. Let K be a Zs-simplicial set. The vertex set of A(K) is the set Ky of O-simplices
of K. Let « denote the involution of K. Two vertices z,y € V(A(K)) = Kj are adjacent if there is a
1-simplex connecting x with a(y).

If K is a simplicial complex, the same construction was obtained by Csorba in [7]. Precisely speaking,
for an abstract simplicial complex K, he defines the graph G as follows: The vertex set of Gk is the
vertex set of K. Two vertices = and y are adjacent if and only if {z,a(y)} is a 1-simplex of K. The
Zs-action a on a simplicial complex K is free if a(c) No = () for every o € K. Csorba showed the
following:

Theorem 7.10 (Csorba [7]). For a free Zy-simplicial complex K, there is a natural Zo-homotopy equiv-
alence

|B(Gsar))| —— |K].

As a corollary, he showed that for every free Zs-simplicial complex K, there is a graph G with
|B(G)| ~ |K].
We conclude this section with the following remark. Recall that the inequality

X(G) > ind(B(G)) + 2

holds for every graph G. We show that this is the maximal lower bound given by the Zs-homotopy type
of the box complex. For the precise statement, see Corollary 7.12.

Proposition 7.11. Let X be a finite Zo-CW-complex. Then there is a finite graph G with B(G) ~z, X
and x(G) = ind(B(G)) + 2.

Proof. Let K be a finite ordered Zsy-simplicial complex with |K| ~7, X. We regard K as a Zy-simplicial
set in the usual way. Set n = ind(X). Since |B(K,42)| ~z, S™, there is a Zs-continuous map |K| —
|B(G)]. Since SSet” and Top”? are Quillen equivalent and K — Ex*(K) is a fibrant replacement in
SSet”2, we have that there is a Zy-simplicial map f from K to Ex™ (B(K,42)). Since K is finite, f factors
through Ex™(B(Kp+1)) for some m > 1. Since Ex is the right adjoint of the barycentric subdivision,
there is a Zo-map from Sd™(K) to B(K,2). Therefore we have that there is a graph homomorphism

A(SA™(K)) = Knaio.

It follows from Theorem 7.10 that |[Bo AoSd™(K)| and | K| are Za-homotopy equivalent. This completes
the proof. O

Corollary 7.12. Let u be a Zs-homotopy invariant which assigns a Zso-space to an integer. Suppose
that x(B(G)) > u(G) for every finite graph G. Then we have that ind(X) + 2 > u(X) for every finite
Zo-CW-complex X.

We note that this corollary is obtained by combining Theorem 1.6 and Theorem 1.7 in Dochtermann
and Schultz [11].
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7.3. Strong homotopy deformation retract. In this section, we consider the deformation retract of
finite simplicial complexes and finite posets in the sense of strong homotopy theory. We also consider
the deformation retract of graphs in the sense of x-homotopy theory. This construction is necessary to
describe the cofibrations in the category of graphs.
Let f: L — L’ be a simplicial map between simplicial complexes. Let K be a subcomplex of L. The
image f(K) of f is the subcomplex {f(c) | o € K} in L'
A subcomplex K of a simplicial complex L is a strong deformation retract if there is a finite sequence
fo, f1,+ -+, fr of simplicial maps from L to L which satisfies the following properties:
(1) fQ =1idy and fk(L) CK.
(2) fi(x) =a forevery z € V(K)and ¢ =0,1,--- , k.
(3) fi and f;_1 are contiguous for i = 1,--- , k.
A typical example of strong deformation retracts of simplicial complexes is the deletion K \ v of a cone
point v (see Section 2.2). On the other hand, the following holds.

Proposition 7.13. Let L be a finite simplicial complex, and let K be a subcomplex of L. Then K is a
strong deformation retract of Q if and only if there is a linear order {x1,--- ,xzr} on V(L) \ V(K) such
that x; is a cone point of the simplicial complex L\ {x1, -+ ,x;_1}.

Proof. The proof of the case K = () is found in [5], and the general case is similarly proved. However, we
write the proof for the reader’s convenience.

The proof is obtained by the induction on the cardinality of V(L)\V (K). The case #(V(L)\V(K)) =0
is trivial. Suppose #(V (L) \ V(K)) =mn > 0. Since K is a strong deformation retract of L and K # L,
there is a simplicial map f : L — L such that f|x = idg, f # idr, and f and idj, are contiguous. Let
x € V(L) with f(x) # x. Note that f|x = idx implies x ¢ V(K).

Let o be a simplex of L which contains z. Since id;, and f are contiguous, we have that o U f(o) is a
simplex of L. Therefore o U {f(z)} is a simplex of L. Thus z is a cone point of L. O

A subposet P of a poset @Q is a strong deformation retract if there is a finite sequence fo, f1,--- , fr of
order-preserving maps from @ to ¢ which satisfies the following properties:

(1) fo =1idg, and fx(Q) is contained in P.

(2) fi(z)==x for every z € Pand i =0,1,--- k.

(3) f; and f;—1 are comparable in the poset Poset(Q, Q) (see Section 2 for the definition for the
definition of Poset(Q, Q)).

A typical example of strong deformation retracts of posets is the deletion P \ z of a beat point = of
P. On the other hand, the following holds.

Proposition 7.14. Let P be a subposet of a finite poset Q). Then P is a strong deformation retract of
Q if and only if there is a linear order {xy1, - ,xr} on Q\ P such that x; is a beat point of the poset

Q\{xlv'“ 7Ii—1}f0ri:15"' ak'

Proof. The proof of the case P = () is found in [4], and the general case is similarly proved. However, we
write the proof for the reader’s convenience.

The proof is obtained by the induction of the cardinality of @\ P. The case #(Q \ P) = 0 is obvious.
Suppose that #(Q \ P) = n > 0. It suffices to show that there is a beat point  of @ not contained in P.
Since P is a strong deformation retract of Q and P # @, there is an order-preserving map f : Q — @ such
that f >idg or f <idg. Suppose f >idg. Let 2y be a maximal element of the set {x € Q | f(x) # z}.
Since f|p = idp, we have 2 ¢ P. We want to show that z( is an upper beat point. Let y € Q with
y > . The maximality of z implies f(y) = y. Hence we have y = f(y) > f(z¢) > xo. Therefore f(xo)
is the minimum of Ps,,. This completes the proof in the case f > idg. If f < idg, let 1 be the minimal
element of {x € Q| f(x) # x}. In a similar way, we can show that z; is a lower beat point of Q. O
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Proposition 7.15. Let K be a subcomplex of L. If K is a strong deformation retract of L, then the face
poset FK of K is a strong deformation retract of the face poset FL of L.

Proof. Let A(L, K) be the induced subposet of Map(L, L) (see Section 2) consisting of simplicial multi-
maps 7 such that n(z) = {«} for every z € V(K). Let Ag(L, K) be the connected component of A(L, K)
containing the identity map idy. Clearly, K is a strong deformation retract of L if and only if Ag(L, K)
contains a simplicial map f: L — L with f(L) C K.

Let P be an induced subposet of Q). Let A(Q, P) be the induced subposet of Poset(Q, Q) consisting
of order-preserving maps f : Q@ — Q with f(z) = z for every x € P. Let Ay(Q, P) be the connected
component of A(Q, P) containing the identity map idg. Then P is a strong deformation retract of @ if
and only if Ag(L, K) contains an order-preserving map f : Q — Q with f(Q) C P.

The natural order-preserving map F' : Map(L, L) — Poset(FL, FL) (see Section 2.3) maps A(L, K)
to A(FL,FK). Suppose that there is f € Ay(L,K) with f(L) ¢ K. Then Ff(FL) C FK and
Ff e Ay(FL,FK). This completes the proof. |

Proposition 7.16. Let P be a subposet of a finite poset Q. If P is a strong deformation retract of @,
then A(P) is a strong deformation retract of A(Q).

Proof. Tf x is a beat point of @, then z is a cone point of A(P). Moreover, A(P\ z) = A(P) \ z. Hence
the proposition follows from Proposition 7.14. O

Recall that the barycentric subdivision of a simplicial complex K is denoted by SA(K). Since Sd(K) =
A(FK), we have the following.

Corollary 7.17. Let L be a finite simplicial complex and let K be a subcomplex of L. If K is a strong
deformation retract of L, then SA(K) is a strong deformation retract of SA(L).

Next we consider the x-homotopy deformation retract. An induced subgraph G of a graph H is a
x -homotopy deformation retract if there is a x-homotopy K : H x I, — H such that K(z,i) = x for
every z € V(G) and K(y, k) € V(G) for every y € V(H).

A folding is a typical example of the x-homotopy deformation retract.

Proposition 7.18. Let G be a subgraph of a finite graph H. Then G is a x-homotopy deformation retract
of H if and only if there is a linear order {x1, -+ ,xn} on V(H)\ V(G) such that x; is a dismantlable
vertex of H \ {x1, -+ ,xi_1}.

Proof. The proof of the case G = () is found in [8], and the general case is similarly proved. However, we
write the proof for the reader’s convenience.

The proof is obtained by the induction on the cardinality of V(H)\V (G). The case #(V(H)\V(G)) =0
is obvious. Suppose #(V(H) \ V(G)) =n > 0. It suffices to show that there is a dismantlable vertex of
H not contained in V(G). Since G is a x-deformation retract of H and G # H, there is n € Hom(H, H)
such that n(v) = {v} for every v € V(K), n > idy (see Lemma 2.22). Let x € V(G) with n(z) # {z}.
By the assumption on 7, we have that € V(G). Let y € n(x) \ {z}. If (z,2") € E(H), then we have

(') € n(@) x n(a’) C E(H).
Therefore x is a dismantlable vertex. ]
Let Az be the left adjoint of the functor
Sing(T, —) : G — SSet,

see Remark 7.2.

Let K be a simplicial complex. There is an ordering of V(K') which satisfies A(V(K)) = K. We write
N(V(K)) to indicate the nerve of the poset V(K). We write Ar(K) instead Ap(N(V(K))). The graph
Ar(K) is independent of the choice of the ordering of V(K).
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Proposition 7.19. Let K be a subcomplex of a finite simplicial complex L and let T be a finite graph.
If K is a strong deformation retract of L, then Ar(K) is a X-deformation retract of Ar(L).

Proof. Consider the case T = 1. Then A; (K) is the graph whose vertex set is V(K) and z,y € V(K) is
adjacent in Az (K) if and only if {z,y} is a simplex of K.

We show that if x is a cone point of K, then x is a dismantlable vertex of A; (K). In fact, suppose
that x is a cone point. There is y € V(K) \ {z} such that 0 € K and x € ¢ imply o U {y} € K. Let 2’
be a vertex of K and suppose that « and z’ are adjacent in Ay (K). Since {z,z'} is a simplex of K, we
have that {z,2’,y} is a simplex of K. Hence {z’,y} is a simplex of K. Thus we have that 2’ and y are
adjacent in Az (K). This implies that = is dismantlable vertex of Aj (K).

Thus it follows from Proposition 7.18 that A4 (K) is a x-deformation retract of A; (L). The general
case follows from Ar(K) =T x A1 (K). O

Recall that A denotes the left adjoint functor of the singular box complex B : G — SSet?. For the
definition of B, see Section 7.2.

Corollary 7.20. Let L be a finite simplicial complex and let K be a subcomplex of K. Suppose that K
s a strong deformation retract of L. Then the following hold.
(1) Regard K and L as Zg-simplicial complexes by the trivial Za-actions. Then we have that A(K)
is a X-deformation retract of A(L).
(2) A(Z2 x K) is a x-homotopy deformation retract of A(Zs x L).

Proof. Let K be a simplicial complex. Consider K as the Zs-simplicial complex whose Zs-action is
trivial. In this case we have A(K) = A;(K). (Consider the construction of A and A;.) Therefore (1)
follows from Proposition 7.19 in the case T = 1. On the other hand, since A(Zs x K) = Ak, (K), (2)
follows from Proposition 7.19 in the case T = K. |

7.4. -NDR. Let f: G — H be a graph homomorphism. Consider the pushout diagram such as

¢ L H

Lo

X — Y.
This induces a commutative diagram

B(G) —— B(H)

l |

B(X) —— B(Y).
In general, this square is not homotopy cocartesian even if the map f is an inclusion. However, if f is a
2-NDR mentioned below, then the diagram is homotopy cocartesian.
Let K be a subcomplex of a simplicial complex L. Set

V(N(K)) ={ve V(L) | There is w € V(K) with {v,w} € L.}.
Define N'(K) of H to be the subcomplex induced by V(N (K)), that is, ¢ C V(N (K)) is a simplex of
N(K) if and only if ¢ € L. The r-neighborhood N,.(K) of K is defined inductively by
M(K) = N(K), Ni11(K) = NN (K)).

Definition 7.21. An inclusion K < L is an 7-NDR if there is a subcomplex A containing N, (K) such
that K is a strong deformation retract of A.

A simplicial map f : K — L is an »-NDR if f is an injection as a set map from V(K) to V(L) and
the inclusion f(K) < L is an r-NDR.
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Recall that the barycentric subdivision of a simplicial complex K is denoted by Sd(K). Let A™ denote
the abstract simplicial complex ([n], 2["]).

Proposition 7.22. Let K be a subcomplex of A™. Then the inclusion Sd*(K) < Sd*(A") is a 1-NDR.

Proof. Note that Sd(A™) is the simplicial complex whose simplices are chains of 2["\ {#}. Hence FSd(A™)
is the poset of non-empty chains of 2"\ {§}. Set

X ={o C[n]| o is not a simplex of K.}.
Then we have that
FSA(K) ={a € FSA(A™) |an X = 0}.
Define P to be the induced subposet
P={aec FSd(A") |a ¢ X}

of FSA(A™). Then A(P) is the 1-neighborhood of Sd*(K) in Sd*(A™). By Proposition 7.16, it suffices
to show that F'SA(K) is a strong deformation retract of P.
Fori=2,3,--- ,n+1, set

Bi={ceP|#c=1i,cNnX #0}.

Define the induced subposet P; of P inductively by Py = P, P, = P;_1 \ Bjy1 fori =1, -+ ;n. It is easy
to see that B;1o is a set of lower beat points of P;. Hence we have that Py, is a strong deformation
retract of P;. Therefore we have

P,=P\(BaU---UBy41)={c€P|cnNX =0} =FSAK)
is a strong deformation retract of P. This completes the proof. O
Lemma 7.23. If f: K — L is an r-NDR, then Sd(f) : SA(K) — Sd(L) is a (2r)-NDR.
Combining Proposition 7.22 and Lemma 7.23, we have the following.

Corollary 7.24. Let K be a subcomplex of A™. For a positive integer r, the inclusion Sdr“(K) —
Sd"t'(A™) is an r-NDR.

Let G be a subgraph of H. Define the subgraph N (G) of H as follows. A vertex of N(G) is a vertex
of H adjacent to some vertex of G. Two vertices v and w of N'(G) are adjacent if and only if either v or
w belongs to V(G). Then N, (G) is defined inductively by

Ni(G) = N(G), Niy1(G) = N(N(G)).

Definition 7.25. Let G be a subgraph of a graph H. Then the inclusion G — H is an 7-NDR if there
is a subgraph A of H containing N,.(G) such that G is a x-deformation retract of A.

A graph homomorphism f : G — H is an r-NDR if it is injective as a set map between vertex sets,
and the inclusion f(G) < H is an r-NDR.

The following proposition is the main result in this section.
Proposition 7.26. Consider a pushout square

¢ — o m
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in the category of graphs. Suppose that f is a 2-NDR. Then the square
|B(G)| —— |B(H)
|B(X)| —— [B(Y)
18 homotopy cocartesian in the category of Zs-spaces. In other words, the natural map
|B(H)| V(e |B(X)] = [B(Y)]
18 a Zo-homotopy equivalence.

Proof. Throughout the proof, we assume that the notation B(G) indicates the classifying space of the
box complex of G, for simplicity.

Without loss of generality, we can assume that G is a subgraph of H and f is an inclusion. Let A be
a subgraph of H such that G is a x-homotopy deformation retract of A. Let Ay denote the subgraph
X Ug Ain H. Let H \ G denote the maximal subgraph of G whose vertex set is V(H) \ V(G). We also
define A\ G and Y \ X in a similar way. Note that every multi-homomorphism from K» to Y factors
through either Ag or Y\ X & H \ G. Hence we have

B(Y)=B(A)) UB(H\ G).
Define Y’ to be the colimit of the diagram

X2 G -2 saGxI +2— @G H.

Here 1y : G — G x I (k =0,1) is the injection v — (v, k). Let A’ be the subgraph X Ug (G x I1) Ug A
in Y’. Then X is a x-deformation retract of Aj. Attaching the graph homomorphisms

1: X =Y, j:H-=>Y,

and the composition of G x I; — G — Y, we have a graph homomorphism F : Y’ — Y.
We show that F : B(Y') — B(Y) is a Zy-homotopy equivalence. Note that

B(Y') = B(A,) UB(H \ G)
and
B(Y) = B(Ap) UB(H\ G).

The graph homomorphism F' induces isomorphisms B(H \ G) — B(H \ G) and B(Aj) N B(H \ G) =
B(A\ G) = B(Ap) N B(H\ G) = B(A\ G). The commutative diagram

B(AL) IETR B(Ao)
0 0

:T Tg

B(X) —— B(X)

shows that F'| 4, : B(Aj) — B(Ay) is a Zz-homotopy equivalence. It follows from the gluing lemma for
Zso-spaces (see Proposition 6.18 and Proposition 6.21) that B(Y') — B(Y') is a Zs-homotopy equivalence.
Next let X’ denote the subgraph X Ug (G x I;) of Y. The commutative diagram

B(G) —L— B(H)

| I

B(X") —— B(Y")
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induces a map B(X') Upq) B(H) — B(Y'). Next we show that this map is a Zs-homotopy equivalence.
Note that B(Y’) = B(A’) U B(H) and B(A") N B(H) = B(A). By the gluing lemma for Zy-spaces, it
suffices to show that all of the vertical arrows of the diagram

B(X') +—— B(G) —— B(H)
I l H
B(A") +—— B(A) —— B(H)

are Zo-homotopy equivalences. However, this is clear since G (or X') is a x-deformation retract of A (or
A’ respectively). Hence B(X') Up(q) B(H) — B(Y’) is a Zy-homotopy equivalence. Then F': Y’ =Y
defines the commutative diagram

B(X') Up(a) B(H) —— B(Y")
B(X) Up(a) B(H) —— B(Y)

We have already proved that the right vertical arrow and the upper horizontal arrow are Zs-homotopy
equivalences. It follows from the gluing lemma for Zs-spaces that the left vertical arrow is a Zs-homotopy
equivalence. Therefore the lower horizontal arrow is a Zs-homotopy equivalence. This completes the
proof. O

In a similar way, we can show the following proposition. Since we will not need it, we omit the proof.

Proposition 7.27. Let T be a connected graph and suppose that the diameter is smaller than r. Consider
a pushout square

GL)H

o) E

X ——vY
such that f is an r-NDR. Then the square
|[Hom(T,G)| —— |Hom(T\, H)|

l l

|Hom(T', X)| —— |Hom(7T,Y)]
1s homotopy cocartesian. In other words, the natural map
[Hom(T, H)| Ujttom(r,69 [Hom(T, X)| — [Hom(Z, Y)|
18 a homotopy equivalence.
7.5. Model structure. First we recall the notation of Section 7.3. We set
I ={0Aln] <= Aln] | n > 0},
Zo x I ={Zy x OA[n] — Zs x A[n] | n > 0},
J={Adn] = Afn) [n =1, 0< 7 < n}
Zox J=A{Zsx Ap[n] = Za x Aln] |n>1, 0 <r <mn},

I'=TU(Zy xI),and J = JU(Zz x J). The purpose of this section is to prove the following theorem.
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Theorem 7.28. The category G of graphs has a cofibrantly generated model structure with generating
cofibrations AoSd®(I') and generating trivial cofibrations AoSd*(J'). A graph homomorphism f : G — H
is a weak equivalence of this model structure if and only if the Zo-map f. : B(G) — B(H) is a Zs-
homotopy equivalence for every f. Moreover, the adjoint pair

AoSd®:SSet” - G :Ex*oB
18 a Quillen equivalence.

We first show that the graph G has a cofibrantly generated model structure with generating cofibrations
Ao 8d*(I') and generating trivial cofibrations A o Sd*(.J').

Let f: G — H be a graph homomorphism. Then f,. : B(G) — B(H) is a Zy-homotoopy equivalence
if and only if the map

Ex® o B(f) : Ex® 0 B(G) — Ex® o B(H)
is a Zo-homotopy equivalence. This follows from Lemma 6.36 and Lemma 7.8.

Hence it suffices to check the hypothesis of Theorem 6.15. Since every object of G is small, both
Ao Sd3(I') and A o Sd*(J’) permit the small object argument. Therefore we want to show that if
f:G — His a J'-cell complex, then Ex® o B(f) is a weak equivalence. By Lemma 6.36, it suffices to
show that f. : B(G) — B(H) is a Zy-homotopy equivalence.

Proposition 7.29. Let f : G — H be a graph homomorphism. If f is a pushout of an element of
AoSd3(J), then B(f) is a Zy-weak equivalence.

Recall B(G),, = G(K3 x 3,,G). Hence if f : G — H is an inclusion, then f, : B(G) — B(H) is also
an inclusion. Recall that a Ao Sd®(.J’)-cell complex is a transfinite composition of pushtouts of elements
of AoSd*(J’). Therefore Proposition 7.29 implies that if f : G — H is an A o Sd®(J)-cell complex, then
f« : B(G) = B(H) is a Zs-homotopy equivalence. Thus it suffices to show Proposition 7.29.

Recall that A" denotes the simplicial complex ([n],2[™). Define the subcomplex A™ of A" whose
simplex is a subset o of [n] such that o U {r} # [n]. Suppose n > 1. Let x be the simplicial complex
consisting of one vertex *. Then we have the map i, : ¥ — A}, * — n. We also denote by 4, the inclusion
* — A" % — r. By the following lemma, we have that the inclusions i, : * < A™ and 4, : * < A are
strong deformation retracts.

Lemma 7.30. Let K be a finite simplicial complex. Let CK be the join of x and K. Then the inclusion
x — CK 1is a strong deformation retract.

Proof. This is proved by the induction on the cardinality of V(K). The case V(K) = () is obvious.
Suppose that #V(K) > 0 and let 2 € V(K). Let ¢ be a simplex of CK which contains z. If o contains
%, then clearly o U {*} € CK. If o does not contain *, then o U {} is a simplex of CK by the definition
of join. Hence z is a cone point of CK and hence (CK) \ z is a strong deformation retract of CK. By
the induction hypothesis, we have that * is a strong deformation retract of (CK) \ z = C(K \ z). O

Corollary 7.31. For every n > 1 and 0 < r < n, both the maps Sd°(i,) : ¥+ — SA*(A") and Sd®(i,) :
% < SA®(A™) are strong deformation retracts.

By Corollary 7.20, we have the following.

Corollary 7.32. Let n be a positive integer and let r be an integer with 0 < r < n. Then the following
hold.
(1) The inclusions
Ao8Sd?(i,) : Ao Sd*(x) < AoSd*(A")
and
AoSd*(Zy x iy) : AoSd?(Zy) — Ao Sd?(Zy x A™)

are X -homotopy equivalences.
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(2) The inclusions
Ao8Sd?(i,) : AoSd?(x) — AoSd*(A")
and
AoSd*(Zy x i) : Ao Sd3(Zy) — Ao Sd?(Zy x AT)

are X -homotopy equivalences.

Lemma 7.33. Let n be a positive integer and let r be an integer with 0 < r < n. Then the inclusions
jr: Ao SA3(A?) — Ao Sd3(A™)
and
Ky X jp: AoSd*(Zy x A7) < Ao Sd*(Zy x A™)

are weak equivalences in G.
Proof. Consider the sequence

1=AoSd%x) — AoSd*(A") —— AoSd*(A™).
By Corollary 7.32, the first arrow and the composition of the sequence are x-homotopy equivalences, and

are weak equivalences. By the two out of three axiom, we have that j,. is a weak equivalence of G. O

We are now ready to prove Proposition 7.29. Let n be a positive integer and let r be an integer with
0 < r < n. We first note that the graph homomorphism A o Sd*(A,[n]) — A o Sd*(A[n]) is isomorphic
to the graph homomorphism A o Sd*(A”) < A 0 Sd*(A™). Consider the pushout diagram

AoSd*(A?) —— AoSd*(A™)

! !

G —_— H
in G. By Corollary 7.24, we have that the inclusion Sd*(A”) < Sd*(A™) is a 2-NDR. Hence the upper
horizontal arrow of the above diagram is a 2-NDR. It follows from Proposition 7.26 that the natural map

B(G) Up(aosa®(an)y) B(AoSd*(A™)) — B(H)

is a Zy-homotopy equivalence. Note that the map B(A o Sd*(A?)) — B(A o Sd*(A™)) is an inclusion of
Zo-CW-complexes, which is a Zs-homotopy equivalence. It follows from the gluing lemma for Z,-spaces
(see Proposition 6.18 and Proposition 6.21) that the inclusion

B(G) = B(G) Up(aosas(any) B(AoSd*(A™))

is a Zs-homotopy equivalence. Hence the inclusion B(G) < B(H) is a Zs-homotopy equivalence. This
completes the proof of Proposition 7.29.

Next we show that the adjoint pair Ao Sd® : SSet?? — G : Ex® o B is a Quillen equivalence. We want
to show that for every Zs-simplicial set K, the map

K — Ex®oBoAoSd*(K)
is a Zo-homotopy equivalence. Hence it suffices to show the following.
Proposition 7.34. Let K be a Zo-simplicial set. The counit map
Sd3(K) — Bo A(Sd*(K))
18 a Zo-homotopy equivalence.

Lemma 7.35. Sd*(9A™) — Bo A(SA*(DA™)) and SA*(Zy x A™) — Bo A(Sd*(Zy x A™)) are Zy-homotopy
equivalences.
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Proof. Since the latter is simialarly proved, we only prove the former.
We prove this by the induction on n. The case n = 0 is clear. Suppose n > 0. Then we have
OA™ = A" LU A" and A1 N A = A" L. Thus we have the pushout diagram

A(Sd*(0Am)) ——  A(SA*(AD))
! l
A(SA* (A" 1) ——— A(SA*(0A™)).
Since the upper horizontal arrow is a 2-NDR, we have that the map
Bo AoSd*(AL) Upe sosas(gan-1) Bo Ao Sd* (A" ™) — Bo Ao Sd*(0A™)
is a Zs-homotopy equivalence. Next consider the diagram
Sd*(An—1) — Sd*(9A1) — Sd*(A™)
| l l
BoAoSd*(A" ') «—— BoAoSd*(0A" ') —— BoAoSd*(A7).
By the gluing lemma for Zs-spaces, we have that the map
Sd*(0A™) — Bo Ao Sd*(A) Upegosasaan-1y) Bo Ao Sd*(A™1)
is a Zo-homotopy equivalence. Hence we have that the map
SA*(DA™) — Bo Ao Sd3(8A™)
is a Zs-homotopy equivalence. O

Lemma 7.36. Let K be a Zo-simplicial set and let K — L be a pushout of an element of I' (see the
beginning of this section). Suppose that the counit map

SA*(K) — Bo Ao Sd*(K)
1s a Zo-homotopy equivalence, then the counit map

Sd*(L) — Bo AoSd*(L)
18 a Zo-homotopy equivalence.

Proof. Suppose that the inclusion K < L is a pushout of the inclusion dA[n] < Aln]. Then we have a
pushout diagram
AoSd*(0An)) —— AoSd*(An))

l !

AoSd*(K) —— AoSd(L).
Since the upper horizontal arrow is a 2-NDR, we have that the map
BoAo SdS(K) UBOAoSd3(0A[n]) BoAo Sd?’(A[n]) —BoAo SdS(L)
is a Zs-homotopy equivalence. Consider the commutative diagram

SA*(K)  «——  Sd*0A[n]) —— Sd*(A[n])

! l l

BoAoSd*(K) +—— BoAoSd*(dA[n]) —— Bo.AdoSd*(An]).

By the gluing lemma for Z,-spaces, we have that the map

Sd*(L) = Bo Ao Sd*(K) Upo sosa?(aafn)) Bo Ao Sd*(An])
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is a Zo-homotopy equivalence. Hence we have that the map
Sd*(L) — Bo Ao Sd3(L)

is a Zo-homotopy equivalence.
The case that the inclusion K < L is a pushout of the inclusion Zy x dA[n] < Zg x A[n] is similarly
proved. O

We are now ready to prove Proposition 7.34.

Let K be a Zs-simplicial set. Let A be an ordinal and let X4 : A — SSet? be a A-sequence such that
Xa — Xa+1 is a pushout of an element of I’ for every av < A and colim(X,) = K. By Lemma 7.35, we
have that the map Sd*(X,) — Bo Ao Sd*(X,) is a Zy-homotopy equivalence. Let av < A and suppose
that for every 5 with § < «, the map

Sd*(X3) — Bo AoSd*(Xp)

is a Zs-homotopy equivalence.
Suppose that @ — 1 does not exist. Since the singular box complex functor B commutes with the
transfinite composition, we have that

colimg,Bo Ao Sd*(Xs) = Bo Ao Sd*(X,).

Hence Proposition 6.19 implies that Sd*(X,) — Bo Ao Sd*(X,) is a Zy-homotopy equivalence.

Next suppose that o — 1 exists. It follows from Lemma 7.35 that Sd*(X,) — Bo Ao Sd*(X,) is a
Zs-homotopy equivalence.

By the transfinite induction, we have that the map

SA*(K) — Bo Ao Sd3(K)

is a Zs-homotopy equivalence. This completes the proof of Proposition 7.34 and hence the proof of
Theorem 7.28.
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