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VOLUME RENORMALIZATION FOR THE BLASCHKE METRIC
ON STRICTLY CONVEX DOMAINS

TAIJI MARUGAME

ABSTRACT. We consider the volume expansion of the Blaschke metric, which
is a projectively invariant metric on a strictly convex domain in a locally flat
projective manifold. The coefficient L of the logarithmic term is shown to be a
global projective invariant of the boundary, and we express it as the integral of
affine invariants. We also formulate the geometry of the boundary as conformal
Codazzi structure and define the GJMS operators and Q-curvature. We show
that L agrees with the integral of the @Q-curvature, which is a global conformal
invariant, and derive the variation formulas for the deformation of the domain.

1. INTRODUCTON

Renormalization of the volume of a complete metric has been an important topic
in conformal and CR geometries. In conformal geometry, the complete metric we
consider is the Poincaré-Einstein metric ([G2], [HS]), which generalizes the hyper-
bolic metric on the unit ball. The volume renormalization of Poincaré-Einstien
metric was motivated by theoretical physics and it has been intensively studied
also in mathematical viewpoints ([Al], [An], [GMS]). A Riemmanian metric g4 on
the interior X of a compact manifold with boundary is called a Poncaré-Einstein
metric if it satisfies Einstein equation and 22¢, extends to a metric on X, where z is
a defining function of X which is positive inside. The conformal class of x%g, |rox
is independent of the choice of « and defines a conformal structure [h] on M = 90X,
which is called the conformal infinity of g,. The volume of X with respect to gy is
infinite, but one can renormalize it by expanding the volume of subdomains; A rep-
resentative metric h € [h] determines a special choice of a defining function = with
2294 |rar = h and the volume of each sublevel set of  has the following expansion:

[n/2]—1
o V 4 o(1) (n:odd)
11) Vol({z < ¢}) = € T+
(1.1)  Vol({z < €}) ;) C—n+2;5€ Llogl +V +0(1) (n:even),

where n = dim M. The constant term V', called the renormalized volume, is inde-
pendent of the choice of h € [h] when n is odd. When n is even V' depends on the
choice, but instead the coefficient L of the logarithmic term becomes an invariant
of g4. Moreover, it is shown in [GZ], [FG1] that L agrees with the integral of the
Q-curvature over M, which is a global conformal invariant.

The complex counterpart of this setting is the Cheng—Yau metric on a strictly
pseudoconvex domain with the CR boundary in a complex manifold. The Cheng-
Yau metric is a complete Kéhler-Einstein metric constructed from the solution to
the complex Monge-Ampere equation ([CY2]). In this case, there are two ways
of choosing a defining function for the volume renormalization. Seshadri [Se] uses
a defining function which satisfies a normalization condition analogous to that in
conformal case and shows that the coefficient of the logarithmic term agrees with
the total CR @Q-curvature, though it vanishes for a natural class of contact forms,
namely the class of pseudo-Einstein contact forms. On the other hand, the volume
expansion with respect to the approximate solution to the Monge—Ampere equation

1



is considered in [HMM]. The expansion has no logarithmic term but the constant
term is shown to agree, up to a topological term, with the total )-prime curvature,
which is a global CR invariant defined by Case-Yang [CaY]| and Hirachi [H] for
pseudo-Einstein contact forms.

Conformal geometry and CR geometry are both examples of so called parabolic
geometries. A parabolic geometry is a Cartan geometry modeled on the homoge-
neous space G/ P, where G is a semi-simple Lie group and P is a parabolic subgroup,
and can be treated in a unified way by Cartan connections, tractor calculus, and
BGG machinery ([CG1], [CS], [CSS]).

In this article, we consider the volume renormalization in the setting of another
important example of such geometries: projective differential geometry. Recall
that two torsion-free affine connections are said to be projectively equivalent if
they have the same geodesics up to parametrization. A differentiable manifold NV
equipped with a projective equivalence class [V] (a projective structure) is called
a projective manifold. The flat model is the projective space RP"*! with the
canonical projective structure and we say (N, [V]) is locally flat if it is locally
projectively equivalent to the flat model. We view a locally flat projective structure
as a real analogue of complex structure, and consider a strictly convex domain 2 in
a projective manifold instead of a strictly pseudocovex domain. Along the analogy
to the complex case, we define the real Monge-Ampére equation for a projective
density p € £(2) as

(12) detDIDJpz—l, Q:{p<0}

with the D-operator on the tractor bundle. Then, with the (approximate) solution
to (1.2), we define a projectively invariant metric g on by

_ViVip  VipVjp
= + —

—2p 4p2

where P;; is the projective Schouten tensor of V € [V]. We call g the Blaschke
metric by following Sasaki [Sal]. The Blaschke metric is a generalization of the
Klein (projective) model hyperbolic metric while the Poincaré-Einstein metric is a
generalization of the Poincaré model hyperbolic metric. Fixing a projective scale
7 € £(1), we obtain the same volume expansion as in (1.1) with = = (=2772p)1/2,
and V (resp. L) is independent of the choice of 7 when 7 is odd (resp. even), where
n is the dimension of M = 9Q (Theorem 3.4). We then relate the invariant L to
the geometry of the boundary. If we fix a scale 7, the boundary M is endowed with
several affine tensors such as the affine metric h,g, the affine shape operator S,”,
and the Fubini-Pick form A,p,. Under arescaling 7 = e~ Y7 with T € C*°(N), hag
and A,g, transform conformally and the transformation formula of 5.2 involves
the 1-jet of T along M. Given a 1-jet of a projective scale along the boundary, we
introduce a normalized scale via the tractor parallel transport so that L is written
in terms of the integral of affine invariants (Theorem 4.10).

Although the shape operator S,” is an extrinsic curvature of M, there is an
intrinsic definition of the geometric structure on a strictly convex hypersurface
in a locally flat projective manifold: A conformal Codazzi structure is a confor-
mal structure [h] (or a Mdbius structure when n = 2) together with a trace-free
symmetric tensor Aoy € E(apy), (2] which satisfies certain integrability conditions
called the Gauss—Codazzi equations (see Definition 5.6). This is a special case of the
framework of parabolic subgeometries proposed by Burstall-Calderbank [BC]. They
develop the general theory of parabolic geometry on a submanifold of a generalized
flag manifold, and derive the Gauss—Codazzi equations in terms of Lie algebra ho-
mology and the BGG operators. In this paper, we derive an explicit form of the
equations in a rather direct way based on the comparison of the ambient projective
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tractor bundle and the conformal tractor bundle over the boundary; These two
bundles are canonically isomorphic and the projective tractor connection induces
a connection on the conformal tractor bundle over M, whose flatness corresponds
to the Gauss—Codazzi equations. The form of the equations depends on whether
n=2,3 or > 4. When n > 4, the equations are

(Gauss) 2tf (A0 Apg)”) + Wo}fgw =0,
. 1
(Codazzi) VFaAﬁ]w . (hu[a((SA)B]v + o (5A)ﬁ]u> =0,

where W/, is the Weyl tensor and (64)as = V! Au37. See Proposition 5.3 for
the Gauss—Codazzi equations in n = 2, 3. The differential operator applied to Aqg-
in the Codazzi equation is known as the second BGG operator associated with the
representation SZ(R"*2)* of SO(n + 1,1). Conversely, given a tensor A,g, on a
conformal manifold with the Gauss—Codazzi equations, one can define a local im-
mersion to the projective space such that the induced conformal Codazzi structure
agrees with the original one (projective Bonnet theorem). Thus it contains com-
plete information on the local geometric structure on a hypersurface in a projective
manifold.

We define the ambient metric for a conformal Codazzi structure by the projec-
tive tractor gry = Dy D jp with the approximate solution p to the Monge-Ampere
equation. It is identified with a homogeneous Lorentz metric on the projective den-
sity bundle and we can construct the GJMS operators and the Q-curvature with
this metric as in conformal and CR geometries ([GIMS], [FH]). The GJMS opera-
tor P, is a conformally invariant linear differential operator whose symbol agrees
with that of the power of the Laplacian A}*, and is different from usual conformal
GJMS operator. In particular we can define P, /5,5 for even n, which does not
exist for general conformal manifolds ([GH]). The conformal Codazzi Q-curvature
integrates to a global conformal invariant and we show that it coincides with L.
Recall, however, that the expression of L involves S,?, which is not intrinsic to the
conformal Codazzi structure. To resolve this issue, we introduce a normalization
on the 1-jet of the projective scale by imposing the harmonicity Ar = O(p) with
respect the ambient metric. Any conformal scale on the boundary extends to such
a scale and we call it a harmonic scale. In a harmonic scale, the shape operator
is expressed with the Fubini—Pick form and we obtain a representation of L as
a conformal invariant on a conformal Codazzi manifold (Theorem 5.11). Explicit
formulas are given for n = 2,4 (see (4.22), (5.29)).

We show that the first variation of L for a deformation of a strictly convex
domain is given by the obstruction density O € £[—n — 2], which is a real analogue
of Graham’s obstruction in CR geometry (Theorem 7.1). As a corollary it is shown
that a strictly convex surface in R3 is a critical point of L if and only if it is
projectively equivalent to the sphere (Corollary 7.2). We also show that the second
variation for a deformation parametrized by a density on the boundary is described
by the GJMS operator P, 242 (Theorem 7.6). For the spheres, the operator agrees
with the ordinary GJMS operator, and it turns out that its kernel corresponds to
the deformation via a family of projective linear transformations, which gives a
trivial deformation of the conformal Codazzi manifold.

This paper is organized as follows. In §2, we review basic notions in projective
differential geometry including projective tractor calculus. In §3, we define the
Blaschke metric via the solution to the real Monge—-Ampere equation and consider
the volume expansion to obtain invariants of the domain. In §4, we express the
logarithmic coefficient L as the integral of affine invariants over the boundary. We
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then derive the explicit form of the Gauss—Codazzi equations in §5 and define
the conformal Codazzi structures. We also introduce harmonic scales in order to
represent L as a conformal invariant. In §6, we construct GJMS operators and
Q@-curvature for conformal Codazzi manifolds and show that the total Q-curvature
agrees with L. Finally, in §7 we compute the first and second variation formulas of
L for the deformation of a strictly convex domain.

Notations. We adopt Einstein’s summation convention and assume that

e uppercase Latin indices I, J, K, ... run from 0 to n + 1;
e lowercase Latin indices ¢, j, k, ... run from 1 to n + 1;
e lowercase Greek indices «, 3,7, ... run from 1 to n.

Acknowledgments. 1 would like to express my deep gratitude to my advisor
Professor Kengo Hirachi for his support and encouragement throughout this work.
I would also like to thank Dr. Yoshihiko Matsumoto, Professor Michael Eastwood,
and Professor Bent Orsted for invaluable comments on the results. This research
was partially supported by JSPS Fellowship and KAKENHI 13J06630.

2. PROJECTIVE STRUCTURE AND TRACTOR BUNDLE

2.1. Projective structures. Let N be an oriented C'°°-manifold of dimension
n+1 > 3. We use abstract index notation to denote tensors and tensor bun-
dles over N. For example, £ and & stand for TN and T*N respectively, and
sections of the bundles are denoted by X? or T;. The symmetrization and skew
symmetrization of a tensor T;,;, ;, are denoted by T(; i,..4,) and Tj; 4,...i,) TESPEC-
tively. The corresponding tensor bundles are denoted by & 4,..i,) OF Ejiyiy..in]s
and we also use the same symbols to denote the space of sections of the bundles.
Since N is oriented we can define, for each w € R, an oriented real line bundle
E(w) = (A"HT*N)~(w/n+2) wwhich we call the projective density bundle of weight
w. A connection V on T'N induces a connection on £(w), which we also denote by
V. A positive section of £(1) is called a projective scale. We put (w) to a bundle
to indicate the tensor product with £(w), as in &;;(w).

Let V and V’ be torsion-free affine connections on TN. We say V and V’ are
projectively equivalent when there exists a 1-form p; such that

ViX) =V, X7+ p X7+ pX's7,
where ;7 is the Kronecker delta. We write this relation as V/ = V 4+ p. It is known
that two affine connections are projectively equivalent if and only if they have the
same unparametrized geodesic paths; see, e.g., [CS] for a proof. An equivalence

class [V] is called a projective structure on N. The curvature and Ricci tensors of
V € [V] are defined by

(ViVj — VjVZ‘)Xk = Rijlela Ric;i = Rijil'

Note that the Ricci tensor is not symmetric in general. To deal with this matter,
we introduce a subclass of [V], which consists of Ricci symmetric connections.

Lemma 2.1. For each choice of a projective scale T € E(1), there exists a unique
V € [V] such that VT = 0. Moreover the Ricci tensor of V is symmetric.

Proof. Let V be an arbitrary representative connection. Take a local unimodular
frame {e;} with respect to the volume 7~ (**2) and let ;7 be the connection forms
of V. Then for V =V +p € [V], we have

Vr=((n+2)'&' +p) @

Thus there is a unique p for which V7 = 0. The Bianchi identity Rijkk = 2 Ricyyy
implies that V is Ricci symmetric. O
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From now on, we will restrict ourselves to representative connections given as in
the above lemma. If we change a projective scale as 7 = e~ Y7, T € C®(N), the
connection transforms by V =V +dY. We define the projective Schouten tensor
P;j € &j) and the projective Weyl tensor C’ijkl € E[ij]kl by

1.
PU = ﬁRlCij7 Cijkl == Rukl — 25[1kPJ]l

For a change of the scale 7 = e~ Y7, the projective Weyl tensor is invariant and the
projective Schouten tensor satisfies

Py = Py — ViT; + 1,1},

where T; = dY. A projective structure is said to be locally flat if C’ijkl = 0. This is
equivalent to the condition that on a neighborhood of any point in N there exists
a projective scale such that the corresponding connection in the projective class
is flat. We call such a projective scale an affine scale. From the Bianchi identity
ViiRjk'm = 0 it follows that V;Ci;* = 2(n — 1)V Py, so if [V] is locally flat
V1iPjy; also vanishes.

2.2. Projective tractor bundle and tractor connection. We review the con-
struction of the tractor bundles and tractor connections for projective manifolds by
following [BEG]. We refer to [CG1] for the general construction of tractor bundles
for parabolic geometries.

Let 7 : N — N be the Ry -bundle of positive elements in £(—1). Let R, act
on TN by s-u := s 1(8,),u, where d, is the dilation on N. Then &/ := TN /R,
becomes a rank (n + 2) vector bundle over N, and is called the projective tractor
bundle. We call an element v € £! a tractor. We often identify a section of & with
a vector field on N homogeneous of degree —1. Since the inclusion 7*E(—1) C T N
is Ry-invariant, ET contains & (—1) as a line subbundle, which is the kernel of the
well-defined projection gl — E(—1). Thus we have an exact sequence

(2.1) 0— E(—1) — &L — £H(=1) — 0.

If we choose a projective scale 7 € £(1) then N is trivialized by 77! and accordingly
the sequence (2.1) splits:

and A € £(—1). Let

= e T7r. Then two

So a tractor is represented as v = *(v*, \) with v* € £(—1)
vl = 1(7% \) be the expression in terms of another scale 7
expressions are related as

(22) (?) - ()\ —V;k,yk) '

The inclusion £(—1) < &7 is described as A — AT, where T7 :=1(0,1) € E1(1) is
the Euler field.

The tractor connection is a projectively invariant linear connection on ET defined
by

Vj - Vil/j + )\(Sij
(2:3) Vi (/\> = (vm - Pikuk>
in a chosen projective scale. We can also consider the dual or tensor products

of the projective tractor bundles, and we also call them “tractor bundles”. The
5



transformation laws and the induced tractor connections are computed from (2.2)
and (2.3). For the dual bundle &; = E(1) @ &;(1), we have

(2) = ") () = (00 5
4i pi—Yio )’ C\ 1y Vip; + Pijo )

We define the curvature of the tractor connection by
(ViVj = V; VK = Q% ok,

QinL = ( fvzjk]l) 8) .
TAVESgN
Thus the projective tractor connection is flat if and only if the projective structure
[V] is locally flat.
Let &, (w) denote a weighted tractor bundle with arbitrary tractor indices. The
projective tractor D-operator Dy : £, (w) — Ep,(w — 1) is defined by

Then we have

12~

oy B,
Drf. = <$f) e @ ZE&n(w-1),

where in the second slot, we use the connection induced by the tractor connection
and the flat connection on & (w) relative to a chosen scale 7 € £(1). It is immediate
to check that Dy is a projectively invariant differential operator. A calculation
shows that the commutator of the D-operator satisfies TID[[.DJ]f* = 0 and it
projects to V; V1 f«. Therefore Di; D j f. = 0 for locally flat projective structures.

We can give a characterization of the affine scale via projectively invariant dif-
ferential operators:

Proposition 2.2. Assume that [V] is locally flat and let T € E(1) be a projective
scale. Then the following are equivalent:

(i) The scale T is affine;
(ii) It holds that DyDyr = 0;
(ili) It holds that V;V ;T + Py =0 for any V € [V].

Proof. The equivalence of (ii) and (iii) follows from the equation

0 0
DiDjr = (0 ViVjT—FPijT) ’

If we compute in the scale 7, we have V;V;7 + P;;7 = PJ7, where P]; is the
projective Schouten tensor of the corresponding representative connection V € [V].
Thus V;V;7 + P;;7 = 0 if and only if P;; = 0, which is equivalent to the flatness

of V by Cijkl =0. [l
3. MONGE-AMPERE EQUATION AND BLASCHKE METRIC

3.1. Monge—Ampére equation on strictly convex domains. Let (N, [V]) be
an oriented (n + 1)-dimensional projective manifold. Let © be a relatively compact
domain in N with smooth boundary 092 = M. We say M is strictly convex if the
Hessian (V;V;p)|ra is positive definite for a connection V € [V] and a defining
function p. (Here and after, the defining functions or defining densities are assumed
to be negative inside the domain.) Note that the condition is independent of the
choices of V and p.

In order to formulate the real Monge—NAmpére equation on 2, we will define the
determinant of an element in &;;(w) or £r;(w). Take a projective scale 7 € £(1).
First we define B

det : &j(w) — E((n+ 1w — 2n — 4)
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by
det ¢;; == rntDw=2n-4 qor (77 i5),
where in the right-hand side we take the determinant with respect to the volume

7=(+2) Tt can be shown that det ¢i; is independent of 7. Next we define

det : Er7(w) — E((n + 2)w)

o U o U
det I ) = (2w g [T*M’Q ( J >] .
(“i Ai]’) Wi Aij

Note that each component in the matrix has weight w + 2. One can show that the
determinant is invariant under the change 7 = e~ Y7 by using the transformation
law

by

o i/\j _ o vi+ Yo
i Nij)  \wi+Yio N+ Lip + Tivy + 050 )
Now the real Monge—Ampeére equation for a density p € £(2) is defined by

Jlp] = -1,
(3 {QZ {p <0},

where

_ _ 2p Vip
Jp) = det(D;Dyp) = det <V¢p V.V,p+ QPPij) .

For a defining density p € £(2), we call g;; = D;Dyp a pre-ambient metric. By
strict convexity of M, gy defines a Lorentz metric on N near M which is homoge-
neous of degree 2. Then the Monge-Ampere equation is equivalent to det gry = —1.
Note, however, that the equation does not imply that gy is Ricci flat, unlike in the
Kahler case.

The real Monge-Ampere equation can be rewritten as an equation for a density
u € £(1)|q which is continuous up to M but may not be a defining density. Setting
u = —(—2p)"/?, we have

det(DrDyp) = —(—u)" 3 det(V,;V,u + Piju).
Thus (3.1) is equivalent to

(3.2) (—w)" "3 det(V;Vju + Piju) = 1,
’ u|M =0.

The differential operator V;V; + P;; on £(1) is the projecting part of D;Dj so
it is projectively invariant. It is also known as the first BGG operator associated
with the representation of SL(n + 2,R) on (R"*2)*. The generalization of real
Monge-Ampere equation via the first BGG operator is also considered by Fox in
[Fo].

With a solution p or u to the Monge—Ampere equation, we define a projectively
invariant metric on € by

V.:V.iu
gij = —21— — Py
(3.3) o
ViVip  VibVip <
Ry 4p ij € C(ig)-

We call g;; the Blaschke metric by following [Sal]. In the case where N = R+
and [V] is the canonical flat projective structure, unique existence of the solution
to (3.2) has been proved by Cheng—Yau:
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Theorem 3.1 ([CY1]). Let Q be a bounded strictly convex domain in R" ™. Then
there exists a unique functionu € C(Q)NC(Q) such that (—u)"3 det(0?u/dx0z7)
=1 and u|pq = 0.

For Q = B"*!, the solution is given by u(z) = —(1 — |2[?)'/? and the Blaschke
metric agrees with the Klein model hyperbolic metric.

3.2. Fefferman’s approximate solution. We do not have the existence theorem
for the Monge—Ampere equation on convex domains in general projective manifolds,
but we can construct an asymptotic solution to (3.1) by the method of Fefferman
[Fe] (see also [Sa2] for the real case).

Lemma 3.2. Let p € £(2) be a defining density of Q.
(i) For any positive function f € &, it holds that

(3.4) Jfel = "2 Tpl + O(p).

(ii) Let m > 2 and suppose that p satisfies J[p] = —1+Kp™ ! with K € £(2—2m).
Then for any density ¢ € E(2 — 2m), it holds that

(3.5) Jlp+ép™ =1+ (K —m(n+4—2m)¢)p™ ' +O0(p™).
Moreover, if m > 3 we also have
(36) Tlp+¢p™ = —1+ (K —m(n+4—2m)¢)p™ " + p"Ad+ O(p™ "),

where A = _glJ%[%J is the Laplacian of gy = DD jp.

Proof. (i) Using row and column transformation, we have

B 0 Vip
JIfp| = det (fvip fViVp+ §V(ifvj)p) o

_ 0 IVip
= det (fvip fvi%jp> +0(p)

= "2 TJ[p] + O(p).

Thus we obtain (3.4).

(ii) We note that A¢ = —g7/D;D ;¢ + O(p) holds, since the Christoffel symbols
I, % satisfy g7/T ;% = O(p) by the Monge-Ampere equation. In the following
calculation, we compute modulo O(p™*1) for m > 3 and modulo O(p?) for m = 2.
First, we divide each entry in the matrix D;D;(p + ¢p™) by 1 + mgp™ ! and

perform some row and column transformations to obtain

Tlp+¢p™] = (1+mgp™ )"+
2p+2(1 —m)pp™ (1=2m(m—1)gpp™ ')V;p
+(1=2m)p"V;¢
- det
Vip+ (1 —2m)p™"V;¢ ViV;p+2pPF;;
+p™(ViV;¢+2(1 — m)oP;;)



Then, dividing the first row by 1 — 2m(m — 1)¢p™ !, we have
Tlp+op™] = (1+m(n+2)¢p™ ") (1 = 2m(m — 1)¢p™ ")

29+ 2(1—m)(1 — 2m)ép™  Vip+ (1 - 2m)p™V ;0

A Ve (- 2m)p Ve V.Vip+ 2P,
+p™(V;V;d+2(1 — m)pPj)

= (1—|—m(n+4 2m)opp™” 1) det(grs + p" DD 9)
(1+m(n+4—2m)pp™ )T pl(1 — p"Ag)
1+ (K —m(n+4—2m)¢)p" ! + p"Ad.
Thus we obtain (3.5) and (3.6). O

Proposition 3.3. There exists a defining density p € £(2) such that

-1+ O(p™ if nis odd
j[]:{ +0(p>) if ;

3.7
(8.7) —14+0p™?t if n is even,

where O € E(—n — 2). Moreover, such a density is unique modulo O(p>) for n
odd, and unique modulo O(p"™/**?) for n even.

Proof. Take an arbitrary defining density p € £(2). Since M is strictly convex,
we have J[p] < 0 near M. Using (3.4) with f = (=J[p])~/"*?), we obtain a
defining density p’ such that J[p’] = —14+ O(p’). Then we inductively improve the
approximate solution by using (3.5) up to m = n/2 4+ 1 when n is even and for all
m when n is odd. We use Borel’s lemma to obtain the infinite order approximate
solution for n odd. The uniqueness up to the stated order also follows from (3.5). O

We call a defining density which satisfies (3.7) a Fefferman defining density. By
Lemma 3.2, we can show that O|p; is independent of the choice of a Fefferman
defining density and it vanishes if and only if there exists p such that J[p] =
—14 0(p). We call O the obstruction density.

A pre-ambient metric g;; = DyD jp is called the ambient metric if p is a Feffer-
man defining density.

3.3. Volume expansion of the Blaschke metric. Let p € £(2) be a Fefferman
defining density and set uw = —(—2p)'/2 € £(1). We define the Blaschke metric g;;
by (3.3) near the boundary and extend it to a Riemannian metric on 2. Then the
volume expansion of g;; is given by the following theorem:

Theorem 3.4. Let 7 € £(1) be a projective scale and put u := 7w € £. Then
we have the expansion

[n/2]—1
L V +o(1) (n :odd)
3.8) Vol({u < —¢}) = ntzg€ T
(3.8) Vol({u €}) JE::O C_nyoj€ {Llogi+V+0(1) (n : even).

The constant term V is independent of the choice of T when n is odd while L is
independent of the choice of T when n is even.

We call the constant term V' the renormalized volume of g.

Proof of Theorem 3.4. The approximate Monge—Ampere equation (3.7) is equiva-
lent to
(7U)n+3 det T(Vivju + Pwu) =1+ O(Um),
where m = n + 2 for n even and m = oo for n odd. Thus we have
det -g;; = (—u) 2" *(1 4+ O(u™)).
9



Near the boundary we identify Q with the product M X (—eg, 0), where the second
component is given by p = 77 2p. Take a volume form wvolp; on M, and write
7= +2) — ydp A voly, with v € C%°(M x (—¢g,0]). Then since v is even in u, we
have
voly = (det ,gi;)Y/ 27— (2
= (—u)""2(1 4+ O(u™))vdp A vol s
[n/2] ‘
= ( Z aju"TIA 4 O(l))du Avolyy.
j=0

Integrating both sides, we obtain the desired volume expansion.

Let 7 = e~ Y71 be another projective scale, and set p = 7 2p,% = 7 'u. Near
the boundary, v and u are related as u = b(z, p)u with some b € C*°(M x (—€p, 0]).
Then the difference of the volumes of sublevel sets is

Vol({@ < —€}) — Vol({u < —e})

1

n/2]

71)({1?,7%62)6 [
= / / ( Z aju”"TIN O(l))du Avolyy.
—€ M j=0
When n is odd, we can see that this integral is odd in € so it does not contain the
constant term. Therefore, V' is invariant under rescaling of 7. When n is even, the
difference does not contain the logarithmic term, so L is invariant. O

4. RELATION TO GEOMETRY ON THE BOUNDARY

4.1. Geometry of hypersurfaces in projective manifolds. Let (N, [V]) be an
oriented projective manifold of dimension n 4+ 1, and let Q@ C N be a relatively
compact domain with strictly convex boundary M. We assume that the projective
structure [V] is locally flat. We review the geometric structure induced on the
hypersurface M; see, e.g., [NS] for the detail.

We fix a projective scale 7 € £(1) and a defining function p. Take a vector field
& € T(M,TN) with dp(§) > 0. Then according to the decomposition TN|y =
TM & RE, we have

VxY = VY — h(X,Y),
Vx¢&=85(X)+n(X)¢

for X,Y € I'(TM). Since V is torsion-free, V¢ defines a torsion-free affine connec-
tion on T'M and h becomes a symmetric 2-tensor, called the affine second funda-
mental form. Moreover, strict convexity of M implies that h is positive definite,
so it is called the affine metric. We denote the Levi—-Civita connection of h and
its curvature by V" and R" respectively. The endomorphism S is called the affine
shape operator. These quantities depend on the choice of the transverse field &.
However we can take ¢ canonically by imposing some normalization conditions:

Lemma 4.1. There exists a unique & € T'(M,TN) with dp(§) > 0 such that
(& T_(”+2))|TM = wvoly, and n = 0.

Proof. We take an arbitrary & € T'(M,TN) with dp(§) > 0. Then any other
& € T'(M,TN) such that dp(¢’) > 0 can be written in the form & = ¢£ + Z with
¢ >0and Z € I'(TM). A calculation shows that the corresponding tensor fields are
givenby b’ = ¢~ thand /' (X) = n(X)+¢ 1 X¢—¢~*h(X, Z). Thus we have vol; =
¢~ 2pol;,. On the other hand we have (3¢ T’(”+2))|TM = ¢(& T*(”+2))|TM, SO
there is a unique ¢ such that (SU T_(n+2))|TM = wvolp,. Then since h is non-
degenerate, the condition 1’ = 0 uniquely determines Z. U
10



The transverse vector field £ in Lemma 4.1 is called the affine normal field
associated with the projective scale 7. The transformation laws under rescaling of
7 are given by the following

Proposition 4.2. Let 7 = e~ Y7 be another projective scale. Then it holds that

= V5Y +dY(X)Y +dY(Y)X — h(X,Y)grad, Y,
S(X) = e 2T(S(X) + (€Y — [dY[})X + dY(X) grad, YT — Vgrad, ),
where grad, T denotes the gradient vector field of Y|pr with respect to the metric h.

Since the affine metric transforms conformally under a change of 7, the conformal
structure [h] is well-defined. Recall that the conformal density bundle on M is
defined by E[1] = (A"T'M)~'/". Using affine metric we can define a canonical
isomorphism £(1)|as — &[1] by 7|as — (volp)~ /™. Thus we identify &(w)|yr with
Ew] for each w. The conformally invariant weighted tensor hos = 7%|phas €
E(ap)[2] is called the conformal metric. We raise and lower the indices with hags
and its inverse h®”. We put conformal weight —2 on the affine shape operator and
write S,° = T|X42Saﬁ € £,%[—2]. Note that S,” depends on 1-jet of the scale along
the boundary.

From the transformation laws of the induced connection V¢ and the Levi-Civita
connection V", it follows that their difference 4,57 = V! — V5§, called the Fubini-
Pick form, is a conformally invariant tensor. This tensor is a fundamental invariant
of M, and it is a classical theorem that the Fubini—Pick form vanishes identically
if and only if M is locally equivalent to the sphere (see [NS] for a proof):

Theorem 4.3 (Blaschke-Pick—Berwald). Let M be a strictly convex hypersurface
in a locally flat projective manifold N of dimension n+1. Then the Fubini-Pick form
vanishes identically if and only if for each point p € M there exists a neighborhood
U C N, an open subset V.C R" ™, and a projective equivalent map ¢ : U = V
such that (UNM) =V NS™.

As a consequence of the flatness of the projective structure [V], Aqgy and Sqap
have the following symmetries:

Proposition 4.4. The Fubini-Pick form A.p and the affine shape operator Sqs
satisfy

Aapy = A@pr), Aay” =0, Sjag =0.
Proof. Take a local frame {e,} for TM. Then {es = &, e, } forms a local frame for

TN|p. Let {6°°,0%} be the dual frame. Since & is affine normal, the connection
forms of V satisfy

wol |t = w'”, weflrar = 8,°07, wa™|rm = —hay0,  weo™|rar =0,
where wé,.? is the connection forms of V&. Thus the curvature forms satisfy
QO‘OO|TM = _vihﬁaeﬂ A 9’}/’ Qc>ooo|T]W - _hu,\/s’aﬂg’)’ AN 90‘.

On the other hand, from Cij’“l = 0 we have Rijkl = 26[ikPj]l so that Q,°|ry =
Q™| = 0. Therefore we obtain V[&Hh,y]a = 0 and S, = 0. It follows that

Aap? = (1/2)R7"V4 hg, and Aagy € Eapy[2]. To prove that Aygy is trace-free, it
11



suffices to show Véwol;, = 0. For any X, X1,..., X, € I(TM), we have
0= (Vx7 ") (€ X1, X,)
=X -7 Xy, X)) — T (Ve X, LX)

_ ZT_("+2)(§7X1, o Vx X X))
=1

=X - voln(X1,..., Xn) = Y voln(X1,..., Vi Xi, ..., Xp)
=1

= (V&woln) (X1, ..., Xn).
Thus Aqpy is trace-free. O

4.2. Volume expansion and affine invariants. By an affine invariant of the
boundary, we mean a linear combination of complete contractions of hg, RZ By
Aapy, Sap and their covariant derivatives with respect to V" in a chosen projective
scale. Recall that affine invariants depend only on 1-jet of the projective scale along
the boundary. In this subsection we prove that, given a 1-jet of the projective scale
along the boundary, there exists an appropriate extension of the scale such that the
coefficients ¢; and L in (3.8) can be written as the integrals of some affine invariants
over M.

Let p € £(2) be a Fefferman defining density and g¢;; be the associated Blaschke
metric on ). Until the normalization of the projective scale is involved, we work
in an arbitrary projective scale 7 € £(1). Set p = 772p and let V € [V] be the
representative connection such that V7 = 0. By strict convexity of M, there exists
a unique { € T'(T'N) near M which satisfies

(4.1) Ep=1, EXIVVip=0 if Xp=0.

We call 7 := £°¢9V,;Vp the transverse curvature. If we take a local frame {e,} for
the subbundle Kerdp C T'N, the set {eo = &, e4} forms a local frame for TN. Let
{6 = dp, 0>} be the dual frame. Then we have

(4.2) Vdp = haph® @ 0° 4 rdp @ dp,
where h, s is the affine metric on each level set of p. The ambient metric g;; satisfies
0 1 —rly 1
(4.3) grilm=|{1 rlu ;g = 1 0 7
hag he?

where 7 := 77 2r

Lemma 4.5. The vector filed &|p; agrees with the affine normal field.
Proof. First, using the characterization (4.1) we have
0= X'V, Vp
= X'V;(&V,p) — X'V,;£V,p
= —dp(Vx£)

for X € I'(T'M). This implies n = 0. Next, if we take {{, en} so that the dual
frame {dp, 9} satisfies 7-("*2) = dp A G A --- A 6™, we have

0
—1=Jpllm=det | 1 r = —det hyg.

hap
12



Thus, at the boundary it holds that
voly, = (det hop) 200 A= NG =0 N AT = £ (D),
Therefore |/ is the affine normal field. O
Let F: M x (—€,0] — U C € be the diffeomorphism defined by the flow
generated by £. Since £p = 1 and p|p = 0, it holds that the second component
of F~! equals p and F,.0/0p = £. We regard differential forms on M as those on
M x (—€g,0] by pulling them back with the first projection. Take a local frame

{eq} for Kerdp such that the frame {e.. = £, e,} is unimodular with respect to
7=(+2) "and let {#> = dp, 6} be the dual frame. Then we can write as

Frr=(42) — P*(dp AP A -+~ A O™)
=v(z,p)dp A O rpr Ao AN O™ |1
= v(z, p)dp A voly,

for a function v with v(z,0) = 1. In view of the proof of Theorem 3.4, the coefficients
¢; and L are the integrals of the Taylor coefficients in p of v(z, p) at the boundary.
In order to obtain the expansion of v, we will find a differential equation which v
satisfies. Taking exterior derivatives of both sides of

F*(0' A --- A O™) = v(x, p) voly,
we have

(4.4) F*d(@* A---AO") =

o
dp

We write the connection forms of V as wji = ijif)k. Since V is torsion-free, it
holds that df" = 67 A w;?, and thus we compute as

d@* A A0 = —w I ANOE A A+ T Ydp AOE A AT
= (Do =Ty ) dp AT Ao A O™
From V(dp A O' A --- AO™) = 0 it follows that I'.ox* = 0, so we have Iy =
—T oo™ =7 by (4.2). Therefore we obtain
(4.5) F*d(0* A--- A O™) = F*(trS — r)vdp A voly,

where S is the affine shape operator on each level set of p. From (4.4) and (4.5),
we obtain the following differential equation for v:

(4.6) {gv = (trS —r)v,

dp N\ voly,.

’U|M =1.

Here, we have regarded v as a function on U. Thus the expansion of v is reduced
to those of r and trS. We will work in a special local frame:

Lemma 4.6. Let {e,} be a local frame for TM which is unimodular with respect
to h. If one extends {e.} by the parallel transport relative to V along the integral
curves of €, then it becomes a local frame for Kerdp C TN.

Proof. We set f = dp(ey) for fixed a. By Veeq = 0 and (4.2), we have £f =
(Vedp)(eq) = rf. Thus f is the solution to the ODE &f =rf, f|a = 0. It follows
that f =0 and so e, € Kerdp. (|

We call {ex = &, e} an adapted frame for TN when {e,} is given as above. In
an adapted frame, the connection forms of V are given by
wa? = w7, Woo® = 5,407 + C%dp,
wp™ = —hpy07, W™ = —rdp,
13
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where C® is a function, and w¢,? restricts to the connection form of the induced

connection on each level set and satisfies w,”(¢) = 0. In the sequel, we will derive

equations for the computation of the expansmns of Sa y hapg, C%, 7, and Pj;.
First, the structure equation ;7 = dw;? — w;* A wy? gives

Qoo? = (680" +5278,7 + 75,7 — V,CP)dp A 0> + V4,S,P0% A 67,
Q0™ = (Ehag — Thas + hayS7)07 N dp — Vihay0° N 07,
Qo™ = (CThye +70)dp AN O* + Sy 5607 N6,

= (QREWBQ + oy S,” )07 A 0" mod dp,

where RS #, is the curvature tensor of V¢. Comparing the coefficients of both

S
sides of the above equations and using C;;*; = R;;*; — 26,;* P;j; = 0, we have
(4.8) £8." +8,78,% + 78,7 — V0P 4 607 Povoo = 0,
(4.9) ViaS” = 8" Pyjec = 0,
(4.10) Ehag — Thap + hOWSBfy + Pop =0,
(4.11) C'hya +Ta — Paso =0,
(4.12) RSP0+ 2ha(, S, — 261, Pyo = 0.
The contractions of (4.9) and (4.12) yield
(4.13) (0 — 1) Pace + V5(t15) — V45,7 =0
(4.14) (n— 1)Pap — RicS 5 — Sap + (tr8)hap = 0,

where Rici 5 is the Ricci tensor of V4.
Next, we take the exterior derivatives of both sides of

0,7 = dw,® — w7 A wvﬁ — WX A ws?
and compare the coefficients of dp A 87 A 6" to obtain
01y €Pja + 0157810  Pua = 8157 V5, Pace + hafy0,)” Pocoo = 0,
Taking the trace of the equation, we have
(4.15) EPups + S0 Pys — V&, Psoo — Pocoohas = 0.
We shall derive an equation for r from the Monge-Ampere equation. If we write
77 F2) — Pdp AT A NG
with a function ¢, we have
0= Ver™m?) = (£ — Toey 97 = (gp 4 r)r=(+)
and thus

§p=—.
Let ;7 be the connection forms of the Levi-Civita connection of g;;. Then, since

dlogdet - (g;;) = 21" — 2dep,

we have
(4.16) Elogdet ,(gij) = 2" (&) + 2r.
In an adapted frame, the Blaschke metric is given by

hag
= 9B ga. 9B _op, 0% .d
9==, p+ 1
14
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where fNLQB = hop + 2pP,3. Therefore, setting hed = (Eaﬁ)_l, we have

1 —2rp — 4p* Poooo) /497 —Psoe )
2 * (&) = Elog det <( ~
Y (§) = log h o)
= ¢log det (1 —2rp - 4p2P0000)/4p2 + 2P’FL’YMP’YOORL00 _ *Pﬂoo
0 s /(~2p)

—(n+2)p~! + €logdet(hagp)
+ flog(l —2rp — 4p* Poo oo + 8p° TL'YHPWOOPHOO).
By (4.10) we also have

€log det(hag) = h*P€ hap + Elog det(6,° + 2007 Py,
=nr—trS — ho"BPag + & log det(éaﬁ + 2ph*3“’Pm).

Consequently the right-hand side of (4.16) is written as

2045(€) +2r = —(n +2)p~" + €log(1 = 2rp — 4p” Pocos + 89 7" Pyoc P
+ £ log det (5aﬂ + 2phﬁ7P7a) +(n+2)r —trS — h*’ Pygs.

On the other hand, by the approximate Monge-Ampere equation (3.7), we have
(=2p)"*2det ,(gi;) = 1 — O pV/?H1,

where O = 7720. (We will write the formulas only in the case where n is even;
when 7 is odd, terms which come from @ p™/?*! are replaced by O(p>).) It follows
that the left-hand side of (4.16) satisfies

— n 7 n
(n+2)p~ " + Elogdet - (gij) = —(§+1>Qp 12 4 O(pn/*tY).

As a result we obtain

(4.17)  (n+2)r + Elog(1 — 2rp — 4p> Paoo + 8p° KM Py oo Puos )
+ €logdet (6,” + 2ph Py o) — trS — h*P Py

= 7(% + 1)Qpn/2 +O(p"?th).

Finally we consider the expansion of P, which involves a normalization of the
projective scale. We set

S = {n = (;) eT(M, &) | 7>0, XY(V;m— ;) =0 for X' € TM}.

Note that the condition X*(V,;7 — ;) = 0 is independent of the choice of V € [V]
since it is the projecting part of X¢V;7;. The set S can be viewed as the space
of 1-jets of projective scales at the boundary M, so a choice of an element of &
determines affine invariants on M. For each 77 € S, we construct a projective scale
near M as follows: Take the affine normal field £ along the boundary, which is
determined by 7;. Then we extend 7; by the parallel transport with respect to the
tractor connection along the geodesic paths of [V] with initial velocity £. The top
slot of the extension of 77 is positive near M so it defines a projective scale whose
1-jet is given by 77. We call a projective scale constructed in this way a normalized
scale. A global affine scale 7 is a normalized scale since D;7 is a parallel tractor by
Proposition 2.2.
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Lemma 4.7. Let 7 € £(1) be a normalized scale and ¥V € [V] the corresponding
representative connection. Let ¢ be the geodesic of V whose initial velocity is given
by the affine normal field €. Then the velocity vector field V' of ¢ satisfies

PV'V7 =0,
where Pj; is the projective Schouten tensor of V.

Proof. Let 71 = (7, ;) be the extension of the 1-jet of 7 by the parallel transport
along c. By the normalization condition on 7 it holds that

(4.18) 0=VivV, (;) z (Vivmjvfx}i PW) .
Since VIV,;V? = 0, the first slot of (4.18) implies
0=VIV;(Viu;) = VIV'V,p;.
Then it follows from the second slot of (4.18) that
0=V'VIVu; +VVIPyr =V'VIPyT.
Thus we have P;;V*V7 = 0. O

We write V = V¢4V %, with an adapted frame {{, e, }. Then since V'V = 0,
P,;ViVi =0 and V| = &, we have
VoOLV® 4+ Ve, V® —r(V>®)? — b, VIVH =0,
VeevVe + V”V%V“ + 8, 9VIV + C*(V>)2 =0,

(4.19) (V)2 Poe + 2P, VIV 4 P VIVH =,
VOO|M = ]-7
Valy = 0.

These equations enable us to compute the expansion of P, together with the
expansions of V> and V.

Now we have completed the derivation of all equations that we use in the calcu-
lation of expansions of affine invariants. We will need some commutation relations
in the computations. In the following lemma, we present the commutation relation
for a tensor 3?7, but the equation can be extended in an obvious way for general
type of tensors.

Lemma 4.8. Let {€,e,} be an adapted frame. For a tensor field tg” € T'(Kerdp ®
(Kerdp)*), one has

EVats” = Va(Ets") = Sa’Vits” + (CVhay — 807 Puoo ) ts"
— (C*hapg — 60" Paoo)t,,”.
Proof. We extend tg7 to t;* by setting to? = 5> = t5x>° = 0. By (4.7), we have
Voo Vats? =EVats? + OVt = EVELET — CThy,tsh.
Using Rijkl = 25[/“Pj]l, we also have
Voo Valg? = Vo Veotg” — Rooa 5t + Rooa uts"
= V5(Et37) = 5ot Vits” — hapCht" + Pgocta” — 80" Pusot g

Comparing the above two expressions for Vo, V4t3?, we obtain the desired equation.
O
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Proposition 4.9. Let 7 € £(1) be a normalized projective scale and p € E(2) a
Fefferman defining density. Then in an adapted frame {£, ey}, the boundary values

of
§k+1saﬂa §k+1h(1,@’7 §k+1Paﬂ7 £k+1VOO7 £k+1va’
gkr, kaaOOa €kPooc>0a fkca

are determined by (4.8), (4.10), (4.11), (4.13), (4.14), (4.15), (4.17), and (4.19)
for k < n/2—1 when n is even and for all k when n is odd. Moreover they are
expressed in terms of hag, 5.5, Riczﬁ, Aapy and their covariant derivatives with
respect to V".

The proof is given by the induction on k; we differentiate the equations in the &-
direction repeatedly and use Lemma 4.8 to obtain the Taylor coefficients as tensors
on the boundary. If we differentiate (4.17) k times, the coefficient of £¥r becomes
n — 2k, so when n is even, £¥7|ys is determined up to k =n/2 — 1. When k = n/2,
we obtain the expression of the obstruction O in terms of tensors on the boundary.

By (4.6) and Proposition 4.9, we obtain the following theorem:

Theorem 4.10. Let 7 € E(1) be a normalized projective scale. Then the coeffi-
cients ¢; and L in the volume expansion (3.8) are given by the integrals of linear
combinations of complete contractions of hag, Ricgﬁ, .5, Aapy and their covari-
ant derivatives with respect to V".

4.3. Explicit calculations. We calculate the expansion of v and present an ex-
plicit formula for L when n = 2. Setting p = 0 in (4.14), we have

(n — 1) Pagln = RicS,5 + Sap — (t15)hag
= Ricgﬁ — (0A)ap — Aajw A"’ + Sap — (trS)hag,
where (0A4)qp 1= VQLAO@V. Then setting p = 0 in (4.17) gives

(4.20)

1
T‘M = E(trS - ha’@Pa5|M)

2 2 S ! Scal Al?

_Etr —m(cah_| ‘)
By (4.6) we have

1 9 n—2
Evlp =trS —rly = m(Scalh — A7) + - trS.
Therefore, when n = 2, L agrees with a nonzero multiple of
(4.22) 4y (M) — / | A2voly,
M

by the Gauss—Bonnet theorem.
We will give a formula for L when n = 4 in a suitably chosen scale in §5.5.

5. CONFORMAL CODAZZI STRUCTURE

5.1. Correspondence between projective and conformal tractor bundles.
Let (N, [V]) be an (n+ 1)-dimensional locally flat projective manifold and let M C
N be a strictly convex hypersurface. Then we have two bundles over M: the
restriction of the projective tractor bundle £ and the conformal tractor bundle for
the affine metric, which we denote by £/. We will see that there exists a canonical
isomorphism between these two bundles.
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First we recall the conformal tractor bundle and conformal tractor connection.
For each choice of a conformal scale k € £[1], the conformal tractor bundle is
expressed as

&N
. S
gl = gol-1).
(S5
g[-1]
If we change the scale as K = e~ Yk, the expression transforms as
ok o
(5.1) ne | = ue+ Y%
7] o —Top' — 3T, 170

The tractor metric hyy € £y is a conformally invariant symmetric form defined
by
hUIU/J:h a/5+01+ o
IJ ap K ¥ T Yo,
where UL = (o, u®, ) and U'" =*t(¢’, ;//*, ¢'). When n > 3, the conformal tractor
connection is defined by

o VZO' — U
(5.2) Vo |1 | = VZM‘;;L 5a’3<ph+ Plfo ],
2 Va(p - Pay/’[/’y

where
Scaly,

1
ho_ . h
Fop =03 (Rlcaﬁ T 2(n— 1)haﬁ)
is the (conformal) Schouten tensor of the representative metric hog = £ 2has. The

tractor connection is conformally invariant and preserves the tractor metric. The
curvature of the connection is given by

0 0 0
(5.3) Qo™= |2Yap? W05 0],
0 —2Y,55 0

where

_ h h
Yapy = Vials),

is the Cotton—York tensor and
h h h h
Wasys = Ragys — 2(haia s — hisia Py,

is the conformal Weyl tensor. When n = 2, we need an additional structure on
(M, [h]) in order to define a tractor connection. For a fixed conformal scale x € £[1],
we set

1 1
(5.4) Pos = PZ,B =tfSq5 — 5(5A>ag + ZSCalhhag S g(a5)7

where tfS,3 denotes the trace-free part of S,z with respect to h,s. Then it holds
that

1
P, = §Scalh

and

~

Paﬁ = ]P)ag — VZTB + TQTB — %Tw’ﬁhalg

for a rescaling & = e~ Tk. Thus P,z defines a Mébius structure on (M, [h]) in the
sense of [C], [R]. We denote the set {P5; | 0 < x € E[1]} by [P]. The tensor Pog

satisfies R 5 s = 2h,,Pgs — 2hs. Py

By so it is a 2-dimensional analogue of the

v
18



conformal Schouten tensor. We set Pgﬁ := Pog for a Mobius surface and define the

Moébius tractor connection by (5.2). The curvature is given by (5.3) with Wo’}ﬁﬁ = 0.
Let us denote the inclusion map by ¢ : M — N. The isomorphism between &l |ar

and &7 is given by the following proposition:

Proposition 5.1. Let 7 € £(1) be a projective scale and set J' = 2(+_1)(Scalh -

|A]?) € £]-2] and &' = 772" € E/(—2)| 1, where £ is the affine normal field. Then
the bundle isomorphism

e] _
T|m ® g o i gl(*1)|M o
el ~ af_ « bxfb +U£ ~ ol
o.8 = e 15 |u HQP_;(US_J,)U)e o =&y
[@ | ® E(=1)|m
El-1

is independent of 7. Moreover, if p € £(2) is a Fefferman defining density of M,
it holds that ®*g;y = hry, where gy = Dy D jp is the ambient metric.

Proof. Let T = e~ Y7 be another projective scale. By Proposition 4.2 and (5.1), we
have

L 1Y + 6\? =1, u% + oL, T + o(ﬁi — 1, 7Y)
= Lp™ + Uéia

. 1 1 -
(tr8 = J)5 = ¢ = Ty’ = 50,0 — = (trS Gy S grﬂv)a

S

@_
1 , i
=@ = —(tr§ = J)o = Ti(tup + 0€).

This agrees with the transformation formula for the projective tractor, so ® is
invariant under rescaling. Let p is a Fefferman defining density of M. Using (4.3)
and (4.21), we have

1
(@G U = hamﬂu’ﬁ +r|poo’ + (go (trS — J/)O'>O'/

n
1
+ U(g@’ — —(trS - J’)a’)
n
_ haﬁﬂaﬂlﬁ JrSDU/ JrUgD/
= hr U
for UT =t(o, u®, o) and U’ = t(o’, 1/, ¢'). Thus ®*§;; = hys holds. O

Remark 5.2. The correspondence between the projective and conformal tractor
bundles is also considered by Cap and Gover [CG2] in the context of projective
compactification. In our setting, when V € [V] is a representative connection
corresponding to a projective scale 7 and p = 72p is a Fefferman defining density,
the connection V' = V — (2p)~!dp is projectively compact of order 2 and the
isomorphism described in [CG2} agrees with the one given above.

5.2. Comparison of connections on the conformal tractor bundle. We de-
note by VPrJ the restriction of the projective tractor connection to gl |ar, and set
Vo =@ 1oVPiod. A calculation shows that the flat connection V and the
conformal (Mobius) tractor connection V are related as

0 0 0
(55) VaUJ = VQUJ - AocKJUK; AaKJ = EozB Aa'yB 0],
Fo Ga 0
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where
E.p = —tfS,5 — %J’halg + Pl € Eap)
(5.6) Gop = Pap + %(trS — Jhap — Pl € Eup),
Fo=7"2Pps + %Vg(trs —J) € Eu[-2]

in any projective scale 7 € £(1). By (4.14), it holds that E,” + G,” = 0.
The following proposition asserts that the flatness of the connection V deter-
mines Eog, Gag, Fo and imposes some equations on Aqg-:

Proposition 5.3. Let V be a connection on E' of the form (5.5) with some tensors
Eop € Eap)ys Gap € Eap), Fa € Ea[—2] and Aapy € Eapy),[2] in a fized conformal
scale. We assume that E,Y+G,Y =0. When n = 2, we also assume that tf(Eqp —
Gap) =0. Then V is flat if and only if the following two conditions hold:

i) The tensors Eqp, Gog and F,, satsify
B B

6.1 Bap = =1 (04)s + P,
65) G = = (64)as — P,
(5.9) F, = ﬁ(éﬁl)a + ni CAM (P, = P,
where
pA _ ﬁ (AO‘“”ABW a 2(7”:4121)%/3) (n=>3)
ap

1
APRas (n=2).

(ii) The tensor Aapy satisfies the Gauss equation

(5.10) 2t (A0 dg”) + Wl =0 (n > 4),
1

(5.11) ViL P, + gAM[a(éA)ﬁ]“ ~Yap, =0 (n=3),

(5.12) VEA? + 24" (5A) ) — 8Ya, =0 (n=2),

and the Codazzi equation

1
(5.13) Vi Agpu— = (hu[a(éA)ﬁh +ho(6A) mﬂ) —0 (n > 3),
(5.14) Vi (02A) g +4P) (5A) g1 — 247,V Pl = 0 (n=2).

[ w =

Proof. We denote the curvature of V, and V,, by Qavﬁ X and QZB 2 respectively.
Then we can compute as

(1/2)2350™ = =ViaAgnr™ = A" Appp™ + (1/2)2560, "

0 0 0
- Qaﬁoo’y Qaﬁuw 0 )
Qagooo Qaﬂuo 0
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where

(5.15)  Qapu” = =V, A" —huaEg” = 0" Gajp — Aupa A + %Wgﬁy,
(5.16)  Qupo” = =V, Eg” + Pl Ay — 010" Fg) — E o Ag)" + Yag?,

(5.17)  Qapp” = V]G + PliaAs” — hujaFa) — AupaGp)” — Yopp,
(5.18)  Qapoc” = =V, Fa + Pl Eg” + Pl ,Gg” — E,[.Gp".

v[a

By taking the symmetric part of (5.15), we have

1 1
h
Qaﬁ(/w) = *v[aAB]m - §hu[a(Eﬁ]v + Gﬁh) - §hv[a(EB]u + Gﬂ]u)'

Using the assumption E.” + G.,7 = 0, we see that ,3(,,) = 0 if and only if
Egy 4+ Ggy = —(2/n)(6A)s, and Anp, satisfies (5.13). Note that the equation
(5.13) always holds when n = 2 since a tensor Kap,y = K[og](uy) is determined by
the trace K,3%,. Next we take the skew symmetric part of (5.15) to obtain

2Q0piuy) = —Puta(Bsy — Gay) + Pofa(Egy — Gajp) — 24,10 As," + Wi,

It follows that when n > 3, Q. = 0 if and only if Eg, — Gg, = 2Péfy and
Aqp satisfies (5.10), but in the case n = 3 the equation (5.10) becomes vacuous
since a tensor with the Weyl curvature symmetry automatically vanishes. When
n =2, using W), , = 0 and the fact that a tensor Kop,, with the Riemannian
curvature symmetry is determined by its trace Kagaﬁ , we see that Qqg(,,) = 0 if
and only if E,7 — G, = |A|?. Since we have assumed that tf(Es, — Gg,) = 0, this
is equivalent to Eg, — Gy = (1/2)|Al*hg,.

Thus the condition Qup,, = 0 determines E,3 and Gop as in (5.7) and (5.8),
and imposes the equations (5.10) and (5.13).

By (5.7), (5.8), (5.16) and (5.17), we have

1
Qyp00” + Qwﬂ’yo = 5(5214)5 + ABWL(P/}}V o va) —(n— 1)Fﬂ7
1
Qpoe — Q070 = VEPAY - Vh P 1 — A" (0A)y — 2y
When n > 3, as Yg,” = 0, we see that Q5,7 — 2,57 = 0 follows from (5.13),

so the condition Q44007 = 257" = 0 is equivalent to the equation (5.9). On the
other hand, when n = 2 it holds that

1 1

Qypoc” — Qvﬁ'yo = ZVZ‘AF + §A/3M(5A)w — 2V,

Therefore 2,507 = Q57" = 0 is equivalent to (5.9) and (5.12).
Let us consider the Bianchi identity
vV K_j KoV L vV Kj L

V[VQa,H]M - A[VILI QaB]M + Q[mu;\ Aﬁ}M =0.
When Q,p,, = 0, the above equation for (M,K) = (u,v) and (M, K) = (00,7)
gives
(519) hu[quzﬂ]oo’Y + 5[]/79&[3]}1.0 =0,
(5.20) Vi Qagi00” + 01" agloc” — AysipQagie” = 0.
Taking the traces of (5.19) under the condition Q5,7 = Q,37° = 0, we have

(n — Q)Qa/@oo’y + Qaﬁ’yo =0, Qaﬁoo’y + (TL — Q)Q(XB’YO =0.

It follows that Qqp00” = Qa?° = 0 when n # 3 and that Qugec” +Qaps?® = 0 when

n = 3. Then, when n # 3 the equation (5.20) implies (n — 2)Qng00" = 0 so that

V is flat when n > 4. When n = 2, it follows from (5.18), (5.7), (5.8), and (5.9)

that Qupe0’ = 0 is equivalent to the equation (5.14). When n = 3, the equation
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Qapoc” = Qap™ = 0 holds if and only if Q45007 —Qap?® = 0, which is equivalent to
(5.11), and if the equation holds, Q450" = 0 follows from (5.20). Thus we complete
the proof. O

Remark 5.4. When n = 2 there are surfaces which have the same conformal
structure and the same Fubini-Pick form but have different M&bius structures, so
we need the condition tf(E,3 — Gag) = 0 to fix a Mdbius structure. In the case of
Vo =®"10VPP o, we can directly prove the equations (5.7) and (5.8) by using
(4.14), (5.4) and the fact that Ricas = (1/2)Scalphag, Aauw A"’ = (1/2)|Al*hags.

Comparing (5.6) with (5.7) and (5.8), we obtain the following identities:

(5.21) t£Sa5 = %(M)aﬁ +tf(Phy — Piy),
1 h A
(5.22) tfPog = —;(614)(43 +tf(Pys — Pap)-
Next we compare the Levi—Civita connection V of the ambient metric and the
conformal tractor connection. We decompose Ka 7% into the symmetric and the
skew symmetric parts:

AaJK :AQJK_FA/;JKa ZyJK :Aoz(JK)a AHaJK :Aa[JK]-
Then we have the following proposition:

Proposition 5.5. Let p be a Fefferman defining density and let V; be the Levi-
Civita connection of the ambient metric gry = DyDyp. Then the restriction V is
well-defined and satisfies

P loV,od=V,—A" K

where V, is the conformal (Mébius) tractor connection. In particular, =1 oV, o
® =V, if and only if Aag, = 0.

Proof. Since Dy is ﬂ%t, the connection %1 satisfies %J =Dy +f]JK, where fIJK =
(1/2)D1D;Dgp € E1yx)(—1). It follows that T/V v/ = 0 for any v! € &, so
one can define V;v”/ invariantly and hence V,v” is well-defined on &f|y;. The
projecting part of I'y ;i is computed as

2fijk = ViVijp + 2pVink + 2ijVip + -PijV]gp + R-ijp.

We fix a projective scale 7 € £(1), and work in an adapted frame {e., = £, eq}.
Using (4.7), (4.21), and (5.6), we can show that the identities

- 1 -
Faﬁ’Y = Aaﬁ’)’v Foc,Boo = 7(Eoz,8 + Gaﬁ)a Iioooo = Fo

2
hold on the hypersurface M. It follows that
B 0 0 0 B
O Tos™ = | (B 4+ Ga") Aag? 0] =A%
Fy 3(Bap +Gag) 0
K

Thus we have ® 1oV, 0® =V, + Ao K =V, - 4",
By (5.7) and (5.8), it holds that

N 0 0 0
"aIK = Pcéy 0 0
0 =P 0

Since trP4 = (1/2(n — 1))|A|?, the condition Z’;JK = 0 is equivalent to Anp, =
0. U
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5.3. Conformal Codazzi manifold. As an intrinsic geometric structure of a hy-
persurface in a locally flat projective manifold, we define the conformal Codazzi
structure as follows:

Definition 5.6. Let M be a C*°-manifold of dimension n. When n > 3, a confor-
mal Codazzi structure is a pair ([h], Aagy), where [h] is a conformal structure and
Aapy € Eapy), (2] satisfies the Gauss—Codazzi equations (5.10), (5.13) for n > 4
and (5.11), (5.13) for n =3. When n = 2, a conformal Codazzi structure is a triad
([1], [P], Aapy), where [h] is a conformal structure, [P] is o Mdébius structure and
Aapy € Eapy), 2] satisfies the Gauss—Codazzi equations (5.12), (5.14).

We will call (M, [h], Angy) & conformal Codazzi manifold, suppressing the Mébius
structure [P] when n = 2. On the conformal tractor bundle over a conformal
Codazzi manifold, there is a flat connection V defined by (5.5) with (5.7), (5.8),
and (5.9). We call the connection V the conformal Codazzi tractor connection.

We observe that when A, g, satisfies the Gauss—Codazzi equations, then A7 5 :=
—Aapy also satisfies the equations. We call ([h], A7) the dual conformal Codazzi
structure. The corresponding conformal Codazzi tractor connection V* is given by

Vi =Va— A5+ A%,
and called the dual conformal Codazzi tractor connection. It is the dual connection
of V with respect to the conformal tractor metric hy; in the sense that
VUV = hy (Vo UDVT 4+ by UL(VEVT)

holds for U1, VI e &7,

Recall from [BEG] that the conformal tractor connection is defined via the pro-
longation of the conformal-to-Einstein equation tf(VZVga+P£50) =0foro € &[1].
We will see that when n > 3 the conformal Codazzi tractor connection is also de-
fined via the prolongation of a conformally invariant differential equation. We set

1
Pagp 1= = ~(0A)ap + th(Pls = Pl € Eap)o-

When M is a hypersurface of a locally flat projective manifold, the tensor P,z agrees
with tfP,g by (5.21). We consider a conformally invariant differential equation

(5.23) tf(VEVio) + AaﬁVi{‘J + Papo =0

for a density o € £[1]. Suppose that o is a solution to (5.23) and set p, = Vio.
Then there exists a density ¢ € £[—1] such that

1
(5.24) VZM,@ + Aap” iy + phap + (_E((SA)CM,B + P(iL,B - Pfﬁ)‘f =0.

Thus the 2-jet of o at a point & € M is determined by (04, (tta )z, ©z)- If we change
the conformal scale by T, the triad (o, u®, ¢) transforms as (5.1). Therefore we
have the following isomorphism:

& = {j%0 € JPEN] | tF(VEV)0) + Aag? Vo + Pogo = 0},

where j20 denotes the 2-jet of o and J?£[1] denotes the jet bundle. Taking the
divergence of (5.24) and using (5.13), we have

Vi + (Bay — P + Fao = 0.

It follows that the linear connection on &; defined by the prolongation of the equa-
tion (5.23) coincides with V. Thus, o € £[1] is a solution to (5.23) if and only if
there exist uqy € £4[1] and ¢ € £[—1] such that

o
Valus| =0.

¥
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We shall consider the dual of this construction. We set
1 A
Sag = ﬁ((SA)ag + tf(P(iL/@ — Paﬁ) S 5(a5)0.

The tensor S,p is the dual of P,p and agrees with tfS,s by (5.21) when M is
a hypersurface of a locally flat projective manifold. The dual conformal Codazzi
tractor connection V™ is given by the prolongation of the equation dual to (5.23):

(5.25) tf(Vnga) - AQBVV?{J + Sapo =0.
A conformal scale o € £[1] is a solution to (5.23) or (5.25) if and only if it holds

in the scale o that P,3 = 0 or So3 = 0 respectively. Since V and V™ are flat, such
a scale always exists locally. Thus we obtain the following proposition:

Proposition 5.7. Let (M, [h], Aag) be a conformal Codazzi manifold of dimension
n > 3. Then there exists a local conformal scale for which Pog = 0 holds, and there
also exists one for which Sap = 0.

5.4. Projective Bonnet theorem. We will prove that the conformal Codazzi
structure recovers the local immersion to the projective space and hence it has
complete information on the local geometric structure of a hypersurface in a locally
flat projective manifold.

Theorem 5.8. Let (M, [h], Aapy) be a conformal Codazzi manifold of dimension
n > 2. Then for any point pg € M there exists a neighborhood U C M and
an immersion f : U — RP"™ such that the induced conformal Codazzi structure
agrees with ([h], Aagy)-

Proof. We denote by 7 the conformal tractor bundle over M. Let ¥ € A"2T* be
the volume form of the tractor metric. Then since Aa ;7 =0, the conformal Codazzi
tractor connection V preserves W. It follows from the flatness of V that there exist
a neighborhood U of any point py € M and a frame {e;} for 7|y which is parallel
with respect to V and unimodular with respect to ¥. We write ¢ : 7|y — U x R"+2
for the trivialization via the frame {e;}. Then we have ¢(VxY) = X¢(Y). Since
T contains £[—1] as a line subbundle, we can define the map f : U — RP"*! by
f(p) = [o(E[—1]p)]. Let 7 and £(—1) be respectively the projective tractor bundle
over RP"*! and the projective density bundle of weight —1 over RP"*!. Then T is
the trivial bundle and & (—1) coincides with the tautological line bundle. Moreover
the conformal Codazzi tractor connection on ’i', which we denote by 6, is the
canonical flat connection on RP"t! x R"*2. By the definition of f it holds that

FT=Tu, V=V, f&-1)=¢-1].
Let (2°,...,2""1) be the homogeneous coordinates on RP"*1. As we may assume
that f(U) C {2° # 0}, we identify f with a map to the affine space R" ™! 2 {29 =
1}. The hyperplane {z° = 1} in R"*? defines a section of £(—1) and hence defines
a projective scale 7 € £(1). We decompose T |y by the conformal scale 7 := f*7 as
To=ESTU €.
Setting T := (0,0,1) € I'(T|v), we have f = ¢(T") and hence
[ X = Xo(T) = 6(VxT) = ¢(X)

for any X € I'(TU). Therefore, f, = ¢ : TU — R"*! and f is an immersion.

Let us consider the conformal Codazzi structure induced on the hypersurface
f(U) c R*™. We set YV := (1,0,0) € T|y. Let 7 : Tlgn+1 — TR™™ be the
projection along ¢(T) and set & := w(¢(Y)) € T'(f(U), TR™). We will see that
¢ is identical to the affine normal field on f(U) for the projective scale 7. First,

let h be the affine second fundamental form on f (U) with respect to £&. We note
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that the representative connection V7 for the scale 7 agrees with the canonical flat
connection on R"*. For X, Z € I'(TU), we have
foxfiZ =VypxfZ = [ VxZ=6(VxZ),
where V x Z is of the form
—hapX°ZP
(5.26) VxZ=|X(V}Z* - Ap,"27)

*

with hag := 77 2hag. Since the &-component of ¢(V x Z) equals the Y-component
of VxZ, it follows that f*h = h. We set U= dzO A - Ada" Tt € AVF2T* so that
¢*¥ = W holds. Noting that 7~("*2) = dz' A---Ada" !, ¢(T) = 0/02° 4270/ 0,
and ¢(Y) = £ mod ¢(T), we have
FrEear™ ) pp0y = 6" (V)2 (1) W)l rp 1)

=(YiT19)|ry

= voly,

= f*vol;,.

Thus &4 70'7(n+2))|Tf(U) = volj, holds. Next, for any X € TU we have

T xE=m(Vax)o(Y))
m(¢(VxY)) mod Tf(U),

where V xY is of the form

0
(5.27) VxY = | XP(P}* + £(6A)5™ — P5'®)

*

The &-component of V;* € equals the Y-component of V xY', so it vanishes. Thus
we have proved that £ is the affine normal field.

We already proved that f*h = h. By equation (5.26), we can see that the
induced connection on U is given by V2 — A,57. Therefore, the Fubini-Pick form
is equal to Anp,. When n = 2, it follows from equation (5.27) that the affine shape
operator on U is given by Sap = Pag + (1/2)(64)as — (1/4)|A]?haps, and hence the
induced Mébius structure is tfSqs — (1/2)(0A4)ap + (1/4)Scalphag = Pag. Thus we
complete the proof. O

5.5. Harmonic scales. Let M be the boundary of a strictly convex domain in a
locally flat projective manifold N of dimension n + 1. Then the coefficient L of the
logarithmic term in the volume expansion of the Blaschke metric gives a projective
invariant of M when n is even. We will show that in fact it is a conformal invariant
of the conformal Codazzi manifold (M, [h], Aagy). Recall that trS depends on
the 1-jet of the projective scale along the boundary, and cannot be expressed in
terms of the conformal Cosazzi structure in general. Thus we need to introduce a
normalization condition on the 1-jet of a projective scale. Let A= —’jIJ%]%J be
the Laplacian of the ambient metric gy = DyD jp.

Definition 5.9. A projective scale T € £(1) is called a harmonic scale if it satisfies
AT =0(p).

Note that the definition does not depend on the choice of p. The following
proposition shows that the harmonicity normalizes the transverse derivative of the
scale:
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Proposition 5.10. (i) For any conformal scale k € E[1], there exists a harmonic
scale T € £(1), unique modulo O(p?), such that 7|y = k.
(ii) When 7 € £(1) is a harmonic scale, T = e~ X7 is harmonic if and only if

1
€T = — (AT +[dT[R),

where € is the (weighted) affine normal field for T and Aj, = —h“ﬁvgvg,
(iii) A projective scale T € E(1) is harmonic if and only if
1
(528) trS = m(scalh — |A|2)
holds.

Proof. (i) Let 7 be an arbitrary extension of x and set 7 = 7 + p¢ for a density
¢ € E(—1). Then using Ap = —(n+2) and §'’Dyp = T, we have

AT = A+ —né+ O(p).

Thus there is a ¢ unique modulo O(p) such that AT = O(p).
(ii) By the Monge-Ampere equation det §r; = —1 + O(p™/?*1), the Christoffel
symbols of V satisfy g'/T'1 ;% = O(p™/?). Thus we have

A7 = —g!' D D7 + O(p)
= e Yg"(rD;D;Y — DYDY +2D;YDy7) + O(p).
In an adapted frame {e,, = £, e, } for the scale 7, it holds at the boundary that

T 0
Dir=10], D;r=1| &Y |,
0 VY
0 —£r —VhY
DIDJT = —§T * *

VAT« VAVAY + Aus7VET 4+ (€T)has
Therefore using (4.3) we have
A7 =e Y7 (n€Y — AT — [dY[3) + O(p),

which proves the assertion.
(iii) In an adapted frame for the scale 7, it holds at the boundary that

0 0 0
D[DJT =710 Poooo Pgoo
0 Puw Poup

Thus, by (4.14), we have
~ 1
Arlar = —7h*P Py = T(trS — ——(Scaly - \A|2)),
n—
from which (iii) follows. O

By the above proposition, a conformal scale on M determines the 1-jet of a
harmonic scale and we can extend it to a normalized projective scale. Thus, it
follows from Proposition 4.10 that L gives a conformal invariant of M:

Theorem 5.11. Let M be the boundary of a strictly convexr domain in a locally
flat projective manifold, and let k € E[1] be a conformal scale on M. Then the
coefficient of the logarithmic term in the volume expansion of the Blaschke metric

can be written in the form
L= / Fooly,
M
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where F' is a linear combination of complete contractions of hag, Ricgﬁ, Aagy and
their covariant derivatives with respect to V. Moreover the integral is independent
of the choice of k.

We shall compute the conformal invariant L for n = 4. Let 7 € £(1) be a
harmonic normalized scale. By (4.6), L is given by the integral of

Ev|pr = (&trS — &r 4 (trS — r)?)| ;s

over M. Since 7 is harmonic, we have

1
Tl = EtrS = (Scaly, — |A|?).

o
n(n—1)
By differentiating (4.17) and using (4.10) and (4.15), we have

rl = 5P~ I87) + (div)
where (div) denotes divergence terms. The equation (4.8) gives
£trS|ar = —|SJ2 — i(trS)Q + (div).
Then it follows from (5.21) and (5.22) that
Eoly = —%(|th\2 + [tfP[?) + %(trS)Q + (div)
- é(\wh\z —9IRic"? + ;Scali) - %|Wh|2 - i\AZF + 1—12|A|4
- %|§A|Q + %|A|280alh + %(Rich, A?) + (div),
where the tensor A2 is defined by (A?),5 = AauwAg?”. Thus by the Gauss-Bonnet
theorem, we obtain
L = 4y (M) — /M(é\whﬁ + 11422 = 1AL vol

(5.29) 1 1 1
Z1Al2 Lomiho42y 2
+/M(6‘A| Scaly, + 2<RIC , A7) 16|5A\ )volh.

6. GJMS OPERATORS AND (J-CURVATURE

In this section we construct conformally invariant powers of the Laplacian and
the @Q-curvature in conformal Codazzi geometry by applying the method in [GIMS]
and [FH].

6.1. GJMS construction. Let M be the boundary of a strictly convex domain 2
in an (n + 1)-dimensional locally flat projective manifold N. Let v 1 be the Levi-
Civita connection of the ambient metric gr;y = D;D;p, where p is a Fefferman
defining density of 2. Since Dy is flat, we have V; = D; + I';,% with

~ 1 ~
INSIE §DIDJDKP € iy (—1).
When n is even the Monge-Ampere equation det§ = —1 + Op"/2+! implies

(6.1) L™= 75(% + 1)(9p”/2D1p — 5pn/2+1D1(9 + O(p"/2+2),

while the right-hand side is replaced by O(p>) when n is odd. Since Tlf]JK =0,
we have Ap = —(n + 2).
As in conformal and CR cases, A satisfies the following commutation relations:
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Lemma 6.1. For a density fe E(w) and a positive integer m, we have
A, p™]f = —m(2w +2m + n)p™ ' f,

(6.2) _ _ - -
[A™ plf = —m(2w — 2m +n + 4)A™ £,

By using the above lemma, we can construct conformally invariant differential
operators as follows: Let f € E[w] be a conformal density on M. We extend f to
a density f € £(w) and apply A™. By (6.2), we have

zm(f*' op) = sz— m(2w — 2m + n)ﬁm_l(b + pﬁm(z)

for any density ¢ € £(w — 2). Therefore ﬁ’”ﬂ M 1s independent of the choice of an
extension when w =m —n/2, and defines a differential operator

P, :Em—n/2] — E[-m —n/2],

which we call the (conformal Codazzi) GIMS operator.
The following proposition is proved in the same way as in [GJMS] and [FH]:

Proposition 6.2. Let f € E[m —n/2].
(i) There exists an extension f € E(m —n/2) of f such that
Af=0(p™ ).
Moreover, such an extension is unique modulo O(p™) and satisfies cmpl_mEﬂM =
P f with ¢, = 2m" Y (m — 1)1}2.
(ii) Let 7 € &£(1) be a projective scale and set p = 7~ 2p. Then there exist
Ae&(m—n/2) and B € E(—m — n/2) such that Ay = f and

A(A+ Bp™log|p|) = O(p™).

Moreover, A and B are unique modulo O(p™) and O(p) respectively, and it holds
that ¢, By = P f with ¢, = —2™m{(m — 1)!}2.

Next we examine the dependence on the choice of a Fefferman defining density.
When n is odd, the Fefferman defining density is unique to infinite order, so P,
does not depend on the choice of p. On the other hand, we must restrict the range
of m when n is even:

Proposition 6.3. Let n be even. Then the GJMS operator P,, is independent of
the choice of a Fefferman defining density p if 1 < m < n/2.

Proof. Let p’ be another Fefferman defining density and g7 ; the associated ambient
metric. Since p’ = p+0O(p"/?*2), the Laplacian of g}, satisfies A'=—-g"D;D;+
O(p™'2) = A+ O(p™?). Let f € E[m —n/2]. We extend f to f € E(m —n/2) so
that

Af =¢p™ Y, Yy = Pnf
holds. Then f satisfies A’ f = (p+0(p))p™ ' if m < n/2, so we have P, = P,,. [

By following the CR case ([HMM]), we will introduce a further normalization on
p so that P, /55 is well-defined for n even.

Lemma 6.4. Let n be even. Then there exists a defining density p of Q0 such that
Jlp] = =1+ 0p"**', A0 =O(p),

where A is the Laplacian of g;; = DD jp. Moreover, a defining density p’ satisfies
the same equations if and only if there exists ¢ € E(—n — 2) such that p' = p+
¢p™'?*2 and Ap = O(p).
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Proof. Take a defining density p such that J[p] = —1 + Op"/?>*1. Then any
Fefferman defining density is written in the form p’ = p + ¢p™/?>*? with a density
¢ € E(—n — 2). By (3.6) it holds that

TP = —1+ (0 + pAp)p™/*1 + O(p"/*"?)

so the obstruction density of p’ satisfies O’ = O + pA¢ + O(p?). Using the com-
mutation relation (6.2), we have

(6.3) AO' =AO+ (n+6)Ad+O(p).
Thus, setting ¢ = —(n + 6)"2pA0O, we obtain p’ such that A’Q’ = O(p). The
second statement of the lemma also follows from (6.3). g

A defining density given as in the above lemma is called a strict Fefferman
defining density.

Proposition 6.5. When n is even, the operators P, o49 is independent of the
choice of a strict Fefferman defining density.

Proof. Let p and p’ be strict Fefferman defining densities. By Lemma 6.4, we
can write as p’ = p + ¢p™/?**? with ¢ € £(—n — 2) satisfying A¢ = O(p). The
corresponding obstruction densities satisfy O|y = O'|pr and A(O — O') = O(p),
so it holds that O — O' = O(p?). Thus, from (6.1) we have
(64) EIIJF/]JK _ g]JfIJK — O(pn/2+2)'

The associated ambient metrics satisfy

’g’/IJ :ng _ (g +2> (g + 1>¢TITJpn/2

(6.5) n
_ <§ 4 2) (T'D’¢ + T D' + ¢§I,I)pn/2+1 +O(pn/2+2)'

Let f € £[2]. By Proposition 6.2 (i), there is an extension fof f such that &f:
Yp"/** and ¢, /2409 | 0 = Py jo42f. Then by (6.4) and (6.5), we have

NF_AFL (D n I 7 n/2
AF—Af+ (2 +2>(2 +1)¢>T T/ DD, fp
+ (g + 2) (2T'D?$DD; f — ¢Af)p™/ >t + O(p"/?+?)
—0p" 4 (5 42)(n+2)0fp" 2 + (n+ 9D oD; o/
+ O(p"/2+2),

Thus, setting f/ = f + (n/2 + 2)¢fp™/>T1, we obtain

ANf=Af-— (% + 2) (n+2)pfp™/? + (g n 2)£(¢f)pn/2+l
— ¢pm/2+1 + O(p/n/2+2)’
which implies PT’L/2+2f = Pyjoqaf. 0

It is proved in [G1] and [GH] that on a general even dimensional conformal man-
ifold there is no conformally invariant linear differential operator whose principal
part agrees with that of A7 for m > n/2+ 1. In our case, an additional structure
on M, namely the Fubini-Pick form with the Gauss—Codazzi equations, enables us
to define an over critical GJMS operator.
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As an example, we will compute a formula for Py : £[1 —n/2] — £[-1 —n/2).
We fix a projective scale 7 € £(1), and take an adapted frame {e., = £, e,}. For
an arbitrary extension f € £(1 —n/2) of f € £[1 — n/2], we have

DDy (n/2<n/2 ~1)f —n /29, )

—n/2Vif  ViVif+(1—n/2)P;f
Thus, using (4.3), (4.7), (4.14) and (4.21), we obtain
Pif =-3""DiD;flu

= —hP (Vavngr (1 - g)Paﬁf) + Voo f + g(g - 1)rf
n—2

= A B ————
iy

6.2. Self-adjointness. We will prove that the GJMS operators are self-adjoint.
First we relate the ambient Laplacian A to the Laplacian A of the Blaschke metric.

Lemma 6.6. (i) Let u € C°°(Q) and w € R. We assume du = O(p~!) in local
coordinates around each boundary point. Ifw # 0, we further assume that u = O(1).
Then when n is even we have

66)  2—p) PA((—p)*"u) = (Ay +wn +w))u+ O(p">H).
When n is odd, the error term is replaced by O(p).
(ii) Let f € £(2). Then when n is even we have

(6.7) 20 = (8g+2(n +2)((=p) ') +O(p™/**).

Proof. (i) We consider the case of even n. We set 7/ := (—p)'/2. Then 7’ defines
a projective scale inside 2. We denote by V' the associated connection, which is
singular along the boundary. Since V’p = 0, the Blaschke metric is given by g;; =
—P/;, where Pj; is the projective Schouten tensor of V'. We set u = (—p)*/?u.
Then in the scale 7 we have

~  _(2p 0 (ww—1)u (w—1)Viu
gr7 = ( 0 —2pgi,«) o Prbou= (<w ~ DV ViV uwggu)

Thus, using (6.1) and the assumption on u, we compute as

2(—p)' 2 Au = —g"ViViu+w(n +w)u+ O(p"*).
We shall compare —g“V;V/u with Ayu. Let Bi;* € £.;j)* be the difference tensor
defined by V9 —V’. The flatness of [V] implies V{;g;1, = —(1/2(n— 1)V)Ciite =0,

so it holds that Bijx = 1/2Vig;x € E(ijk), where the index is lowered by g;;. Hence
we have

(Scaly, — |A]*)f.

9" Bij* = "' Byi* = g"vol; ' Vivol,.
The Monge-Ampeére equation gives

—(n 1 " "
voly = (—2p)~ (/2D (1 _ §Op /241 1 O(p /2+3)).

We take a projective scale 7 on N and set p = 7~ 2p. Then the associated connection
V satisfies V = V' + dp/2p, so we have

gklvolg_lvgvolg = gklvolg_lvlvolg + (g + 1)gkl(p_lvl,o)volg
1
= ¢"'v, 10g(1 - §@pn/2+1 n O<pn/2+3))_

By the definition of the Blaschke metric, we have g" = O(p). We also have
g*'Vip = O(p?) as follows: In the projective scale 7/, the top slot of gXZDpp
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equals (—2p)~1g*'V;p. On the other hand, XX Dyp = 772T% + O(p). Thus we
have g*V;p = O(p?). It follows from these estimates that

| 1
9" Bij* = —5g"Vi(0p"* ) + O(p" /)
= 0(p"**%).

Thus, by the assumption that du = O(p™"), we obtain —g" V;Vu = —giijvgu—
99 B;j*Viu = Ayu + O(p™/?+1), which yields (6.6).
(ii) As in the proof of (i), we compute as

Af=-3""DiD;f+ 3" T,/ Dxf
(6.9) = (4 2)(~p) " T~ 3o ViVi((-p) ) - (5 +1)0Fp"?

1~ rs n n
- iglJDIODpr 2L O(pn/21).

(6.8)

By the first equality in (6.8), we have
©j -1 —-1F 1 ij ron n
—g"VV((=p) ) = Ay ((=p) ' f) — 597 VIOV, fp"? + O(p"/272).
Also, calculating in the projective scale 7/, we have
~ ~ ~ 1. ~
="' D1OD; fp T = (n +2)0]p"* + 3¢ VIOV fp" 2.
Substituting these equations to (6.9), we obtain (6.7). O

Proposition 6.7. (i) The GJMS operator Py, is self-adjoint for 1 < m < n/2
when n is even and for all m when n is odd.

(ii) Let n be even and let p be a strict Fefferman defining density. Then P, oo is
self-adjoint.

Proof. (1) We fix a projective scale 7 € £(1) and take an adapted frame {eo, = £, €4}
with the dual {dp, 0%}. We set

hop = has + 2pPag, 0% = 0% + 2ph™ P, o dp,
=1+ 2pPacoc — 4p* W Pyoc Psc,
where P is the inverse of Eag. Then the Blaschke metric is represented as

1—2rp

hag a0 7
=—=2¢>.0° dp®.
g —2p + 4p? P
Thus the outward unit normal filed on each level set of p is given by
—2p ~
v=——"—"—"-(£ —2ph*" Pyeqy

= —-2p(1+ O(p))¢ mod Kerdp.

We identify a neighborhood of M in  with the product M x (—ep, 0] as in Section
4.2. Since

1+ 0(p)
(611) UOlg = de A\ Uolh,
we have
1+ 0(e)
(612) (Z/J UOZg)|TME = W’UOZ}L,

where M, = {p = —¢}.
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Let fi, fo € E[m —n/2]. We take A; € £(m —n/2) and B; € £(—m — n/2) for
j =1,2 as in Proposition 6.2 (ii), and set

uj = (=p)' /22 (A + Bjp™ log o).
Since u; satisfies the assumption in Lemma 6.6 (i), we have
(Ag + (m —n/2)(m +n/2))u; = 2(=p)' /2" D A(A; + Byp™ log |p])
+ O(pn/2+1)
= O(p"/**1)

for even n. When n is odd, the last term is replaced by O(p>®). We shall compute
(6.13) lp/ ({duy, duz)y + (m — n/2)(m + n/2)usus)voly,
{p<—e}

where ‘Ip’ stands for the coefficient of log(1/¢) in the expansion of the integral. By
Green’s formula, this is equal to

lp/ u1 (Ag + (m —n/2)(m +n/2))ugvoly + lp/ (u1 - vug)vavoly.
{p<—¢}

€

The first term equals 0 since the integrand is O(1) for 1 < m < n/2 when n is even
and for all m when n is odd. It follows from (6.10) and (6.12) that the second term
is given by

M

This integral must be symmetric in f; and fo since (6.13) is symmetric in u; and
ug. Thus we have

/M<f1me2 — faPm f1) =0,
so P, is self-adjoint. o
(ii) Let f1,f; € £[2] and take fi, fo € £(2) as in Proposition 6.2 (i), and set
u; = (—p)~'f; (j = 1,2). By Lemma 6.6 (ii), we have
(Ag +2(n+2))u; = 2&((fp)uj) +O(pV/*?)
= 20;p" 21 4 O(p"/*42).
Hence,
(duy, dusz) + 2(n + 2)ujus = uy (Aguz +2(n+ 2>U2) + (div)
= —2f102p"? + O(p"**) + (div).

As in the proof of (i), we see the log term of the integration of this function. Since
the divergence term does not contribute to it, we have

lp/ ((duy, dus) + 2(n + 2)uyuz)vol,,
—e}

3 1+ 0(p)
= lp/ 72f11/;2p”/2 +O(pn/2+1) ————=——dp AN voly
{,60<p<,6}( ) (_QP)n/2+1
= C/ J1Pnj2y2f2,
M
with a nonzero constant c. It follows from the symmetry in u; and us that P, /242
is self-adjoint. O
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6.3. Conformal Codazzi (Q-curvature. Let n be even. We take a conformal
scale o € £[1] on M and extend it arbitrarily to a projective scale 7 € £(1) on N.
We define the (conformal Codazzi) Q-curvature by

Q= 75”/210gt|M € &[—n],

where ¢ is the fiber coordinate of the R -bundle N associated with the trivialization
by 77!. Note that the definition is independent of the choice of 7; If we take a
different extension, then logt¢ changes by a function f € £(0) with f = O(p), so Q
is invariant.

Let & = e~ Yo be another conformal scale. We extend & to 7 = e~

extension T of Y. Then the Q@Q-curvature changes as
Q=—-A"?(logt — ) |M
=Q+ Pn/QT

Since P, /7 is self-adjoint and satisfies P, /51 = 0, the total Q-curvature

a-/[ @
M
is a conformal invariant.
As in the usual conformal case ([FH]), the Q-curvature is related to the harmonic
extension of logt:

Tr with an

Lemma 6.8. Let 7 € £(1) be a projective scale and set p = 7~ 2p, where p is a
Fefferman defining density. Then there exist A € £(0) and B € £(—n) such that
A|]\/[ =0 and

(6.14) A(logt + A+ Bp™'?log|p|) = O(p™).

Such A and B are unique modulo O(p™'?) and O(p™) respectively and it holds that
27/2=1n{(n/2 — 1)!}’Bly = Q.

With this lemma, we show the following proposition:

Proposition 6.9. There exists a nonzero universal constant a, such that
L= an@a

where L is the coefficient of the logarithmic term in the volume expansion of the
Blaschke metric g.

Proof. We fix a projective scale and take A and B as in the previous lemma. It
follows from Lemma 6.6 (i) that

Aglog|p| = —2pAlog |p| + O(p™/*1)
= —2pA(log|p| — 2logt) + O(p™/*+1)
= 2n + 4pAlogt + O(p™/*+1).

Then, multiplying both sides of (6.14) by —2p and using Lemma 6.6 (i) again, we
have

Ay(1/2log |p| — A — Bp™*log|p|) = n+ O(p™**).
Hence by (6.10), (6.11) and (6.12), we obtain

L= lp/ volg
{p<—€2/2}
2 1 oo
=1p-— v- (710g|p|—A—Bp log|p|)1uvolg
n M. 2

= an@
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with a nonzero constant a,,. [l

7. VARIATION FORMULAS

7.1. The first variation formula. Let N be a locally flat projective manifold of
odd dimension n + 1, and let Q2 be a relatively compact domain in N with strictly
convex boundary M. We consider a smooth family of strictly convex domains {€;}
with Qy = Q and compute L = (d/dt)|,—oL;, where L; is the conformal invariant on
09 given by the log term in the volume expansion of the Blaschke metric. We take
Fefferman defining densities p, of {2, which is smooth in ¢ and denote the associated
obstruction density and the Blaschke metric by O; and gfj respectively. We will
omit the subscript or superscript ¢ when ¢t = 0.

The logarithmic term in the volume expansion can be described in terms of Riesz
renormalization (see, e.g., [Al] for the details): We fix a projective scale 7 € £(1)
and set

Gi(z) = /Qt(—/’t)ZUOlgt,

where p; = 772p,. Then (;(z) is holomorphic in z if Rez is sufficiently large and
extends to a meromorphic function on C. Moreover, it has at most simple pole at
z = 0 and satisfies

1
Res (1(z) = lp/ volgt = - Ly.
=0 {pe<—c} 2
Hence we have

1. )
oL = ResGo(2)
d z
=1y | Gl o000l

1 z 2
+1;i:eS ER)t(/Qt(_pt) volgt — /Q(—pt) volgt>.
The limit in the second term in the last expression equals 0 when Rez is large enough

since (—p¢)*(xa, — Xa)volg: is uniformly convergent to 0 in a neighborhood of 99,
where xq, and xq are the characteristic functions. The first term is computed as

d z z ) z d
Eizeg/ﬂa t:O(—Pt) volge zlj:egz/ﬂ(—p) —voly + Res /Q(—p) 7

p z=0
. d
= E{:eg /Q(—p) %’tzovolgz.
Here we have used the fact that the integral
—p)*=wol
[ =L,

has at most simple pole at z = 0. Thus we obtain the following expression for L:

, d
L= 21p/ —
{p<—cy 0t

The approximate Monge-Ampere equation for p, gives

det gt; = (—2p,) ="+ (1 — 0,071,

Vol 4t
t=0 7

vol .
——

so we have
d d
a ztzfl det gt,)1/?
di =% dt t:O( etgi;)
( 1
- —(g n 1) (g +500p" + O(p”/2+1))volg~
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We shall compute p/p by expressing g/ D;Dp in two ways. First we let V' € [V]
be the representative connection with respect to the singular projective scale 7/ =
(—p)'/2, as in the proof of Lemma 6.6 (i). Then near the boundary it holds that
~1.J - p 1 P
g DiDyp=(n+ 2); -39 ]V;V;(;>
Using the first equality of (6.8) and the estimates ¢"'V;p = O(p?), ¢*'VipVip =
4p*(1 + O(p)), we have
e (2) () <o (2)
p p p
1 Vi HV
_ _7(E + 1)Opn/29klvlp<£ _ P ;cp) + O(pn/2+1)
2\2 P P
— (n+2)0pp™2 + O(p"/+1),

Hence
~1J . B (" o on2 1 B n/2+1
(T1)  §DiDsp = (n+2)" <2+1>(’)pp +2Ag(p)+0(p ).

On the other hand, by differentiating the Monge—Ampere equation det(D;D;p,) =

-1+ Otp?/%l, we have

G DiDyp = (=14 0(p™*1)) ™" ((g + 1)Opp"/2 + O(p"/2+1)>

(7.2) .
= (5 +1)0pp" + 0(p"/*).

Comparing (7.1) and (7.2) gives
p 1 p n/2+1
F___ - A(E

which implies that the integral of p/p does not yield a logarithmic term. Conse-
quently the variation of L is computed as

L= —(% + 1) lp/{ Opp”/Qvolg

p<—e}

n , 14+ O(p)
=—(=+1 lp/ Opp™? ——C_dp A woly,
<2 ) {—eo<p<—e} (_Qp)n/2+1

M

where k, = (n/2 + 1)(_2)—11/2—1.
Thus we have proved the following

Theorem 7.1. Let {Q:} be a smooth family of strictly convex domains in a locally
flat projective manifold N of odd dimension n+ 1. Let p, be a Fefferman defining
density of Qy. Then the total conformal Codazzi Q-curvatures Ly on 0 satisfy

d
L=k, / Op,
t=0 M

dt
where O s the obstruction density on M = 0Qy and k, is a nonzero universal
constant.

Consequently, the critical point of L is given by hypersurfaces whose obstructions
vanish. As an example, let us compute the obstruction density for a strictly convex
surface M in R3. We take the canonical affine scale 7 = (da' A dx? A da®)~1/4,
for which P;; = 0. Then we differentiate (4.17) and use (4.8) to obtain 20| =
—|S]2 — r|artrS + 4r2|y + (div). Since 7 is harmonic, 2|y = trS = Scal — |A|? by
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(4.21) and (5.28). Noting that tf Riczﬁ = tf A Ag" = 0 in dimension 2, we also
have t£So5 = (0A)qp from (4.20). Therefore the obstruction is given by

1
Oly = —53AP + (div).

Integrating this over M, we see that O = 0 if and only if §A = 0, or equivalently
tfS = 0. A hypersurface with tfS = 0 in affine scales is known as an affine sphere.
It is a classical theorem of Blaschke (n = 2) and Deicke (n > 3) that a strictly
convex affine sphere in R"*! is projectively equivalent to the sphere (see [NS] for a
proof). Thus we obtain the following corollary:

Corollary 7.2. A strictly convex surface in R? is a critical point of L if and only
if it is projectively equivalent to S>.

7.2. The second variation formula. We will derive a second variation formula
of L for the deformation of €2 parametrized by a density on the boundary M. Let
p be a strict Fefferman defining density of 2. We fix a conformal density f € £[2]

and extend it to a projective density f € £(2) with Af = O(p), where A is the
Laplacian of the ambient metric g;; = DyDjp. We set

X' =3"D,fee1).

Recall that the tractor field X7 can be identified with a vector filed X on N , the
R, -bundle of positive elements in £(—1). Since X is homogeneous of degree 0, it
projects to a vector field X on N. Let Fl; and Fl, be the flows generated by X and
X respectively. We consider the family of strictly convex domains {€2;} defined by
0 =FL(Q).

Lemma 7.3. There exist Fe]jferman defining densities p, of 0 which satisfy py = p
and p = (d)dD)s—o pr = —2f + O(p).

Proof. We put p, = FI*,p. Then it holds that p), = p and p' = — X D;p = —2f.
Since ﬁf = O(p), we have

d ~ .
7|, el = Tlplg" DiDsp’ = Olp),
t=0
which implies 7 [p]| y = —1+O(t?). Starting with p}, we construct a Fefferman

defining density p} by the algorithm described in Section 3.2. Then p} is written
as

o} = (=Tpi) ") pl + ¢u(p})?
with some density ¢, so it holds that p"” = —2f + O(p). Since p and p{ are both

Fefferman defining densities, we can write as pj = p + Yp"/?+2. Thus, setting
p, = p!! — F1* ,(vp"/?>*2), we obtain a family of Fefferman defining densities with

po=pand p=—2f+O(p). O
First we present a variation formula of the obstruction density.
Proposition 7.4. Let p, be the Fefferman defining density of ) given by the

previous lemma. Then the obstruction densities Oy of p, satisfy

d .
(73) %’t:OFlt Oth = ann/2+2f7

where by, is a nonzero universal constant and P, /245 is the GJMS operator.

Proof. Differentiating both sides of J[p,] = —1+ Otp?/QH at t = 0, we have

37DiDyp = _(g i 1) Opp™? — Opn/2+1 4 O(pn/2+2).
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It follows from this equation and (6.1) that
Ap=-3""DiDsp+3"'T 1,5 Dkp

- 1 . n n
_ ((’) -~ 5glrJDIODJp>p /241 | O(p"/2+2),

Then, since p and f satisfy p+2f = O(p) and A(p +2f) = O(p), it holds that
p=—2f+ O(p?). Thus we have

Rp= (O + XTD10)p"/> 1 0(p"/**?),
Applying A2+ o both sides yields

. d
bpPpjasaf = (O+ X'D;O)|y = il

with a nonzero constant b,,. O

FI; O¢|m,
=0

Next, we prepare a lemma on the derivatives of a density ¢ € £(—n — 2). Since
1) is identified with a homogeneous function on N , one can consider the derivative
X1 € E(—n—2). On the other hand ¢ can also be regarded as a form on N via the
isomorphism &(—n — 2) =2 A"TIT* N, so one can consider the Lie derivative £x1).
The following lemma asserts that the two derivatives coincide at M.

Lemma 7.5. For a projective density ¢ € E(—n — 2), we have
Lxp =X
at M under the identification £(—n — 2) =& A\"FIT*N.
Pr0~0f, We take a projective scale 7 € £(1) and let t € Ry be the fiber coordinate
of N associated with the trivialization by 7=!. It can be seen that the determinant

of a tractor in &£;; defined in Section 3.1 is identical to the one with respect to the
volume form

U = ¢"Hge A (012

on N. Here we regard 7~ ("*2) as a form on N by pulling it back by the projection
map. By the Monge—Ampere equation, the volume form of gy ; satisfies

volg = (1+ O(p”/2+1))\11.
Then it follows from Lxwoly = —Afvoly = O(p) that LxV¥ = O(p). Since X is

homogeneous of degree 0, there is a function @ on N such that X = at(9/9t) + X.
Using Xt = at and Lxdt = d(at), we have

LxV = RS PTIN (AC&T_(YH_Z) + (n+ 2)a7_—(n+2))’

and thus
Lx |y = —(n+ 2)ar~ ")y,

If we set ¢ = 7""21), the density 1 is identified with the function ¢t~ ("+2)1). Then
it holds at M that

Lxtp = (X)) 7" 4yl = (Xy — (n +2ag) 7~ "2,
and that
X =7 Xy = (n+2) 7 (X)) = 7 (Xy = (n + 2)ay).

Thus L£x9|a and X|p coincide under the identification £(—n — 2) = A"HT*N.
U

Now we are ready to show the following
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Theorem 7.6. Let p be a strict Fefferman defining density of a strictly convex
domain Q in a locally flat projective manifold N of odd dimension n + 1. If {4}
is the deformation of Q defined from f € E[2], the total conformal Codazzi Q-
curvatures Ly on 0 satisfy
& Li=k P,

ﬁ‘t:o t — n/Mf n/2+2f7

where kj, is a nonzero universal constant and P, 245 is the GJMS operator.

(7.4)

Proof. We fix a projective scale 7 € £(1) and take Fefferman defining densities

p; = T2p; with the obstruction densities O; = 7'_(""’2)@, as in Lemma 7.3. Recall

from the proof of Proposition 7.4 that the derivative p satisfies p = 72f+ O(p?).
By Theorem 7.1, we have

Ly = Owp, = / F1I3 (Orpr volpt),
o0, M

where h! is the affine metric on € with respect to 7. Thus the second derivative

of L; is decomposed as L = (I) + (II) with

d d

I)= — FL; (Oyp Iy, (II) = Op— Flvoly:.

W= [ &l Bi@pvn. 0= [ 05| Fivl,
First we compute (I). Using Proposition 7.4, we have

d
A WX, :7‘ FI; (7704
4| B s = 2| B0
M n n n d * -
= Op(XT") 3t = 207" [ Pujasaf + 70| Flipylar.

Differentiating F1} p, = O(p) gives F1; p, + F1; (X! D;p,) = O(p), so it holds that

Flip, = =X'D1p— XD ;(X"D1p) + O(p)
=0(p).

7l
dt lt=0

Thus we obtain
(7.5) 1T = k;/ an/2+2f+/ Op(XTh)
M M

with a nonzero constant kJ,.

Next we compute (II). For each ¢, we take a vector field £ on N determined by
the conditions &;p; = 1 and gngViVjpt =0 for Z € Kerdp;, where V € [V] is the
representative connection associated with 7. Since p, solves the Monge-Ampere
equation at 0, it follows from Lemma 4.5 that &|sq, is affine normal. Thus,
using Lemma 7.5, we compute as

d
Bl S T —(n+2)

dtli=0—" (eam )

= (€4 Lx)om " peaLyr (M)

= dp(€ + Lx&)voly, — (n +2)7 " X1 voly,.

d .
T t:oﬂt volpt =

Differentiating the equation FL; (&;p;) = 1 and using p = —2f+0(p2) and Xp = 2]?,
we have

dp(§ + Lx&) = —&(p + Xp)
= —¢(r?h+ X(77%p))
=27"1X74+0(p),
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which yields

(7.6) (1) = fn/ Opr ' X1voly, = f/ Op(X7™).
M M
Combining (7.5) and (7.6), we obtain the formula (7.4). O
As an example, we consider the case of the sphere M = S™. Let (£0,... &7+

be the homogeneous coordinates of RP"*1. The projective density bundle £(—1) of
RP™*! is identified with the tautological line bundle, and the D-operator is given
by 8/0¢!. The defining density p = (1/2)(—(£9)24(€1)2+- - -+ (£"T1)2) of M is the
exact solution to the Monge-Ampere equation, so the ambient metric is given by
G = —(d&%)2 + (d€V)? + - - 4 (d€™+1)2. Thus g agrees with the Fefferman-Graham
ambient metric in conformal geometry. In the standard scale on S™, the GJMS
operator is given explicitly by

n/2+2

=TI (305 (3 +5-1) (3-9)

where h is the standard metric on S™; see [FG2] for the derivation of this formula.
Let Ej be the eigenspace of A, with eigenvalue k(k +n — 1) for k > 0, so that
we have the decomposition L?*(S™) = Y, Ek. It follows from the above formula
that Ker P, /519 = Eo © By © Ep and P, 545 is positive definite on (Ker Pn/2+2)l.
The space Ey @ E1 @ Fy has the following geometric interpretation: Since eigen-

functions of Ay are given by the restriction of homogeneous harmonic polynomials
on R™*1 it holds that

Ey® Ey ® By = {F(&) = (ars6"¢”)|sn | arg = ayr € R}

In fact, noting that we may assume that Z?;l a;; = 0 by adding a multiple of p,

we have

F =aqg + 2a0ixi + aijxixj,
where z¢ = £¢1/£0 are the affine coordinates, and each term in the right-hand side
belongs to Ey, E1, Fs respectively. The gradient vector field of F' is given by

o = )
X = —QG()J§J8*50 + 22 aiJ§JaT~i7
i=1

so the flow generated by X is of the form Fl,(§) = (I + tA)¢ with some matrix A.
Therefore, the flow Fl, on RP"*! is a projective linear transformation, which does
not change the conformal Codazzi structure on S™.
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