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Abstract 

We study various weak boson and top quark production processes at the Japan Linear 
Collider (JLC), a TeV e+e- collider being planned at KEK. We evaluate the matrix elements 
of all the relevant processes exactly at the tree-level up to order a 4 • For this purpose, we 
first develope a systematic method to evaluate numerically the matrix elements of arbitrary 
tree-level Feynman diagrams, and we prepare an efficient parametrization of the phase space 
variables to deal with processes with severe t-channel singularities. Distributions of final 
state particles are discussed from the view point of the collinear singularities, and schematic 
figures of the typical kinematical configurations are presented for all the processes. The 
most dominant reaction in e+e- collisions above 1 TeVis found to be the single weak boson 
production processes, e+e- -+ e±v.(v.)W", e+e- Z and v.v.z. Details of these distributions 
are useful as means of a possible luminosity monitoring and also as backgrounds for certain 
signals of the Higgs boson if its mass is around the weak boson masses. Effect of the 
Higgs boson exchange in the final states w+w- Z and ZZZ is found to be significant only 
when its production and decay into a weak boson pair are both kinematically allowed. The 
S/N ratio can be improved substantially by introducing a longitudinally polarized electron 
beam. The final state tiZ is affected little by the Higgs boson and its Yukawa coupling 
to the top quark. The detection of the top quark Yukawa coupling requires not only the 
"lucky" situation 2m, < mH < ,fi - mz but also the measurement of the top quark 
helicities. The W-fusion production of the Higgs boson leads to a large effect in the final 
states v.v. w+w-, v.v.ZZ and v.v.tf. The effects of virtual Higgs boson exchanges can be 
significant in these reactions, which may allow us to study sy=etry breaking physics in a 
more general ground. The process e+e- -+ e±v.(v.)W"Z gives rise to a serious background 
to the final states v.v.w+w- and v.v.ZZ, whose total cross section is roughly three-times 
as that of v.v. w+w- in the worst case. However we can expect to remove it in the hadronic 
decay modes by distinguishing Z- from W-boson in the di-jet invariant mass spectrum. 
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Chapter 1 

Introduction 

Feasibility of an e+e- linear collider reaching the energy region of TeV has been discussed 
seriously in recent years [1,2,3]. Though there are projects of super pp colliders {LHC and 
SSC) which can reach several tens of Te V, the importance of a Te V e+ e- collider has been 
repeatedly emphasized, especially because of its cleaner environment . Furthermore, there is 
a general expectation that an e+ e- collider at the c.m. energy 1- 2 Te V is promising enough 
to compete with or even supercede the capabilities of the super pp colliders. Although it has 
been pointed out that the advantage of a clean environment at e+ e- colliders will diminish 
at very high energies due to the beamstrahlung effect, the studies in Refs . [1-4] have shown 
that the effect does not destroy the advantage of the e+ e- colliders, which will still be able 
to provide us with high precision measurements. 

In Japan, there has been serious studies on the physics capability of an e+e- linear 
collider JLC (the Japan Linear Collider) [3,4], which has been considered as a future high 
energy project at KEK (National Laboratory for High Energy Physics, Tsukuba). According 
to the recent study [4], JLC is aiming at three phases of the colliding e+ e- energies, 0.5 
TeV (JLC-1), 1 TeV (JLC-11) and 1.5 TeV (JLC-III) with the luminosity 3-6x1033cm-•s-1

• 

These parameters are based mainly on the feasibility studies of the accelerator physics, 
and no serious studies on the particle physics requirements for the collider parameters have 
been presented so far. In fact, we found that even the tree-level cross sections of the most 
important processes at TeV e+e- colliders are not known, without which no serious study 
of the physics capability of such a collider is possible. 

In this paper, we develope a technique to evaluate cross sections of all the relevant 
reactions exactly in the tree-level, and present distributions of all the relevant processes 
up to order a 4 • We believe that the exact cross sections of all the following processes 
are new: e+e---> e±v.(v.)W'~', e+e- z, v.v.Z (Chap. 4), tlZ (Chap. 6), v.v.ZZ, v.v.tl, 
e+e-tl, e+e- ZZ, e±v.(v.)W'~' Z (Chap. 7). We present for completeness discussions of all 
the essential processes of order a', a 3 and a\ at a Te V e+ e- collider. When presenting 
distributions, we chose the proposed JLC energies, 0.5 TeV, 1 TeV or 1.5 TeV. However, 
the contents of this report should be useful for the studies of any e+e- colliders at the TeV 
energy range. 

In order to discuss physics capability of future e+ e- linear colliders, we should first 



consider what kinds of physics are expected at TeV energies. 

1.1 Very Quick Review of Particle Physics Today 

In this section, we review the most essential part of our present knowledge on the physics 
of elementary particles very quickly. 

We know that there are four vector bosons which transmit interactions among leptons 
and quarks: 

1 , z, w±, 9 . {1.1) 

The gluon g mediate the strong QCD interaction which confines the quarks inside the 
hadrons at its long wave-length. The photon -y mediate the electro-magnetic interaction, 
whose theory (QED) is surprizingly successful in describing the anomalous magnetic mo
ment of the electron or mmm [5]. Both QCD and QED possess gauge invariance, which 
ensures the universality of the coupling between the vector boson and the fermion fields. 

We further know that W- and Z-bosons as well satisfy a high degree of universality of 
the coupling with the fermion fields. We quote a quantity shown by Sirlin [6] 

IVudl' + IVu.l' + IVu~.l' = o.997o ± o.oo16, {1.2) 

where the error comes mostly from the complexity of the nuclear physics. The remarkable 
agreement of the above quantitiy with unity shows that the charged current coupling be
tween the w±-boson and the fermion fields are highly universal both in lepton and quark 
sector. 

This is the end of our very quick review. 

1.2 Physics Behind the Universality 

We, at present, can think of only two possiblities to explain the high degree of universality 
mentioned in the previous section. 

The first one is the SU(2)L x U(l)y gauge sy=etry, like that of QED and QCD. The 
gauge sy=etry, however, should be broken since the vector bosons w± and Z are massive. 
Some dynamics is necesary to generate the order parameter,' where the dynamics has not 
been experimentally accessible so far. In fact, all the mass terms of quarks, leptons, w±_ 
bosons and Z-boson are prohibited by the gauge sy=etry. These masses will be generated 
by coupling the fields to the order parameter of the sy=etry-breaking. 

The second one is the compositeness, where the quarks, leptons and the vector bosons 
have the same constituents, or preon3, and their coupling can be universal in analogy to 
the idea of the vector meson dominance in low-energy dynamics of the hadrons. The 

1We generically call the vacuum condensate of some operator which breaks SU(2)L x U(l)y symmetry as 
'order parameter'. 
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preons should be confined2 inside the quark/lepton/vector particles due to some unknown 
dynamics. All the masses should be explained by this unknown dynamics. 

Let us discuss what kind of the signals of the physics behind the universality may appear 
at Te V e+ e- linear colliders for the two scenarios separately. 

1.2.1 SU(2)L x U(l)y Gauge Theory 

The gauge theory forces us to start with strictly massless vector bosons, since their mass 
terms are forbidden due to the gauge in variance. However, we know that W±- and Z-bosons 
are massive. The only mechanism which can give masses to the gauge bosons is the Higgs 
mechanism. 

We assume that the SU{2)L x U{l)y SJ=etry will be broken down to U{l)QED, with 
some order pararmeter, where the sy=etry breaking of the continuous sy=etry will 
produce massless Goldstone bosons. Here the number of the generators is reduced from 
four to one, thus there will be three Goldstone bosons. The Goldstone bosons can fully mix 
with the gauge bosons since they are both massless, and the mixing produces three mauive 
vector bosons. The mass scale comes from that of the order parameter of the sy=etry
breaking. Since all the masses of quarks, leptons, w± and Z bosons are generated from 
coupling of these fields to the order parameter, the heavier particles couple stronger to the 
order parameter, hence more sensitive to the physics of sy=etry-breaking. 

There are two scenarios how the Higgs mechanism is operating. Hereafter we call the 
particles and interactions which generate the order parameter generically as "Higgs sector". 

Weakly Coupled Higgs Sector 

The order parameter arises from the self-interaction of the seemingly elementary scalar 
particle, where its potential has the minimum where the scalar field has non-zero value. Thus 
the potential should have the famous "wine-bottle" shape, and the scalar field condenses in 
the vacuum to have non-zero vacuum expectation value. This vacuum expectation value of 
the scalar field v is the order parameter of the sy=etry-breaking, and has a dimension of 
mass. The shape of the potential allows the "radial" fluctuations around the vacuum with 
the broken sy=etry. This "radial" mode, often referred to as Higgs boson, acquires mass 
from the curvature of the potential near the minimum, which means that the mass of the 
Higgs boson is a measure how strongly it couples with itself due to the </>4 potential. If we 
call the self-coupling constant A, there will be the relation 

{1.3) 

where the precise normalization is fixed once we write down the explicit form of the potential. 
Thus the heavy Higgs boson means that the coupling with itself is strong. 

In the scenario of the weakly coupled Higgs sector, we assume that the perturbation 
theory is good, just like in QED and QCD at hard processes. The weakness of the coupling 

2Here we do not use the word 'confine' in its strict sense as in QCD. We merely mean that the preons are 
still not liberated at the low-energy experiments. 
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leads to light Higgs boson from the above discussion. The validity of the perturbation theory 
will break down if the higher order terms are comparable to the lowest order term. If the 
prediction of the lowest order calculation is near to the unitarity limit on the S-matrix, 
then we know that the higher order terms should be comparable to the lowest order one t o 
ensure t he unitarity of the S-matrix at the full order. Thus the requirement of the 'good ' 
perturbative expansion prohibit the lowest order prediction to be near the unitarity limit. 
One may require that the lowest order amplitude on the vector boson scattering processes 
does not exceed the limit 

- ~ < ReA < ~ 
2 2' 

(1.4) 

where A is a partial wave amplitude, which leads to a limit on the mass of the Higgs boson 
[7] 

mH $ 780GeV. (1.5) 

The most important aspect of the mass of the Higgs boson is that it tells us the scale 
of new physics. Since the scalar self-coupling is asymptotic non-free, the coupling constant 
will blow up at some scale if we follow the renormalization group flow. One can draw the 
conclusion that there should appear new particles or new interactions before we reach the 
scale where the scalar self-coupling will blow up. For example, if we find the mass of the 
Higgs boson to be around 400 GeV, then we will know that there should be an 'intermediate' 
scale between the weak scale and the Planck scale. If we find the mass of the Higgs boson 
lighter than 200 Ge V or so, the blow up of the scalar self-coupling will not occur below the 
Planck scale, which may lead to an exciting possibility that our SU(3)Qco x SU(2)L X U(1)y 
gauge theory will remain to be valid up to the Planck scale! In fact, supergravity models 
with only doublet and singlet Higgses predict that the lightest Higgs boson should be lighter 
than 150 GeV [8]. 

Strongly Coupled Higgs Sector 

We assume that the breakdown of the SU(2)L x U(1)y symmetry occurs dynamically. Since 
the dynamical breakdown of the symmetry is a non-perturbative effect, we need some strong 
interaction. The scenario is based on the analogy with the BCS theory of superconductivity, 
whose idea is introduced to the field theory by Nambu and Jona-Lasinio [9]. Here, the strong 
interaction causes condensation of the particles, which breaks the symmetry. The 'radial' 
mode will not be necessarily present. The Higgs bosons need not exist in general . A 
well-known model along this scenario is the technicolor model [10], though it has not been 
phenomenologically successful so far. 

In this scenario, we expect that the coupling between the quanta of the Higgs sector is 
non-perturbative. Since the longitudinal components of the w±_ and Z-bosons originate 
from the Goldstone bosons of the Higgs sector, we can expect non-perturbative couplings 
between them. Furthermore, top quark is now known to be heavier than 90 GeV [11], and 
we expect that top quark is as sensitive to the physics of the symmetry breaking as the 
w±_ or Z -bosons. Thus we will be able to draw information on the strongly coupled Higgs 
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Figure 1.1: The angular dependence of the absolute value of the amplitude for the process 
WtWi -> WtW£, at c.m. energy 1 TeV. (a) Without the Higgs exchange amplitudes. 
(b) The Higgs exchange amplitudes with mH = 100 GeV. (c) Total amplitude with Higgs 
exchange. 

sector by investigating the couplings bet ween 

w±, z, t. {1.6) 

Note that we know t he energy scale where they start t o couple non-perturbatively. Recall 
the discussion on the mass of t he Higgs boson from the lowest order amplitude. We know 
if t he lowest order prediction of the amplitude approach the bound from the unitarity like 
{1.4), t he interaction will be non-perturbative. Thus, we can estimate the scale where the 
non-perturbative nature will show itself in the couplings between the three particles above 
in t he absence of the Higgs bosons. The authors of Ref. [7] give the value mww = 1.2 Te V 
where the non-perturbative nature of their interaction will appear. 

One important remark is that we can prove this scenario without establishing the non
perturbative nature directly. If we know that the gauge invariance is present , and if we 
further know that there is no Higgs boson at all, we can conclude that the Higgs sector 
breaks the symmetry without producing the Higgs boson. Then we know that the Higgs 
sector is indeed strongly coupled. To demonstrate this point, we show the absolute value of 
the amplitude for theW-boson scattering w+w- -> w+w- in Fig. 1.1 at mww = 1 TeV. 
Here all the W-bosons are taken to be longitudinally polarized. The Fig. 1.1(a) shows the 
amplitude without the Higgs boson exchange. The forward peak is the Coulomb pole due to 
the !-channel photon exchange solely from the low-energy physics, hence not our concern. 
One observes large contribution of the J = 0 and J = 1 partial waves like 1 +cos 8, which 
actually grow like GF~ at high enough energy. This part will violate the unitarity limit 
{1.4) above 1.2 TeV. However, if there exists a light Higgs boson, the amplitudes of the 
Higgs boson exchange cancel this part completely. The Fig. 1.1(b) shows the amplitude of 
the Higgs boson exchange, which behaves as 1 + cosfJ just like that of Fig. 1.1(a). This 
amplitude has in fact the different sign as the non-Biggs amplitude which will cancel each 
other. The Fig. 1.1{c) shows the amplitude after cancellation, where only the forward peak 
is left. Thus, the ab•ence of the Higgs boson is directly related to the increaJing lowest-order 
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amplitude, and somewhere the amplitudes of higher order or some new interactions should 
appear as we increase the energy. 

1.2.2 Compositeness 

Another scenario to explain the high degree of universality is to assume quarks, leptons, 
W±- and Z-bosons are all composite particles with the same constituent preons. The preons 
are confined in these particles due to some unknown dynamics. 

The models in this scenario are constrained by the conditions: 

1. U(1)QED gauge invariance, 

2. SU(2) (?) global sy=etry, 

3. single pole dominance at low-energy. 

From the conditions 2. and 3., the ff'V vertex will satisfy universality at low energy (here 
we are talking about "low" energy compared to the multi-TeV scale). Furthermore, the 
following constraint should be imoposed on the scenario: 

4. approximate unbroken chiral sy=etry, 

to ensure the "lightness" of the fermions compared to the scale of compositeness, and the 
(almost) massless fermions must satisfy the anomaly matching condition [12]. One interest
ing model which satisfies these constraints is the "strongly coupled Standard Model" [13] 
where one should assume that the SU(2) gauge theory has the confining, though chirality 
conserving phase. 

We expect the deviation from the SU(2)L x U(1)y gauge theory at high energy. Recall 
that in the Yang-Mills theory, the coupling between the gauge bosons is completely fixed 
from the gauge invariance and renormalizability as that in the three-vector boson vertex 
shown in App. A. In particular, the vertex is totally antisy=etric under the exchange 
of the three vector bosons which is the consequence of the anti-symmetry of the structure 
constant in the compact Lie algebra. However in the composite scenario, the only gauge 
boson is photon, and neither SU(2)L X U(1)y gauge invaria.llce nor the renormalizability are 
imposed. We cannot talk about the "sy=etry" between photon and other "vector mesons" 
since they are completely different objects. Thus we expect that there will be substantial 
deviation of the three vector boson coupling from the Yang-Mills ones. For example, we 
expect the interactions like 

(1.7) 

in the w+w- 1' vertex. Once we find anomalous couplings between the vector bosons or 
form factor suppression, we will acquire a very important clue, i.e., the scale where the 
composite dynamics will show itself. 
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1.3 Where to look for? 

To prove or disprove the scenarios discussed in the previuos section, it is quite clear what 
kind of processes should be studied. 

If the gauge theory describes the real world, Higgs mechanism should be operating. Thus 
the search for the Higgs boson is the most urgent task. The search for the Higgs boson can 
be made at the processes 

e+e- --+ 

--+ 

--+ 

which are the main concern of this paper. 

ZH, 

VeVeH, 

e+e- H, 

(1.8) 

(1.9) 

(1.10) 

If the Higgs boson is lighter than twice theW-boson mass, it decays mainly into bb with 
very narrow width. However if it is heavier, it will decay mainly into w +w - , ZZ or tl. 
Then the Higgs boson may have very large width compared to its mass; the Higgs boson in 
the minimal Standard Model of mass mH = 600 GeV has a width rH = 100 GeV, where 
the ratio rH/mH is already as large as that of p-meson! Thus the production processes of 
the relatively heavy Higgs boson should be discussed including its decay. 

Then the processes we should study will be 

e+e- --+ w +w - z, (1.11) 

--+ zzz, (1.12) 

--+ ttZ, (1.13) 

for the process (1.8), 

e+e- --+ v.v.w+w- , (1.14) 

--+ v.v.ZZ, (1.15) 

--+ Veiietf, (1.16) 

for the process (1.9), and 

e+e- --+ e+e- w+w-, (1.17) 

--+ e+e- zz, (1.18) 

--+ e+e-tl, (1.19) 

for the process (1.10). 
If the gauge theory is correct though there is no Higgs boson, or in other words the 

Higgs sector is strongly coupled, then we should disprove the existence of any Higgs r o.,on 
and study the vector boson scattering processes. Their scattering can be stt!-'..:cd in the 
same processes as that of the Higgs search, and additionally at 
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If the composite scenario is the correct one, then we should measure the couplings 
between the vector bosons in the processes 

e+e- -+ 

-+ 

-+ 

w+w-, 
e±v.(v.)W"', 

VeiieZ• 

(1.21) 

(1.22) 

(1.23) 

Thus in all scenarios, what we should study are the the processes where the W-, Z
bosons or the top quark are produced. 

1.4 Organization of the Paper 

The aim of this paper is to study the processes which are relevant for the study discussed 
in the previous section. Though the systematic study is required to discuss the signal as 
well as the backgrounds, even the total cross sections have not been known for most of the 
processes so far. Therefore what is required at present is not the detailed study of cuts and 
detector simulations. We should underJtand these processes first. The total cross sections 
and qualitative understanding of the distributions are of the first priority to be discussed. 
No study including the event generation is made in this paper. 

We categorized the processes into several classes, and discuss them separately in the later 
chapters. For the purpose, we need a systematic method to evaluate all the differential 
distributions for many processes. We first present our method we used in our study in 
Chap. 2. 

The first class we discuss includes the processes where the final state is two-body.3 They 
are discussed in the Chap. 3. Though these processes are already well-understood, we try 
to explain their distributions from the view point of the collinear singularity. This view 
point proves to be effective in understanding the processes of later chapters. 

Though the two-body production processes have been the most-dominant ones at the 
e+e- colliders, they cease to be dominant at sub-TeV energy where the single W/Z produc
tion processes will have much larger cross section. Chap. 4 discusses this class of processes, 
where the main interests in them are that they can be important backgrounds due to their 
large cross sections. However, they serve a useful place to acquire intuitions on the distri
butions, since all types of the collinear singularities except the two-photon type one appear 
in these processes, and we discuss them in detail. 

We discuss the Higgs production processes in Chap. 5 with the zero-width approximation 
for the Higgs boson. Though the discussions in this chapter should be regarded as qualitative 
one due to the approximation, it will be useful to understand the typical distributions of 
the Higgs production. 

We study in Chap. 6 the processes where the Higgs boson exchange is present like in 
ZH production. Thus the processes necessarily include the Z-boson in the final state. Here 
we discuss various cuts to make the Higgs boson signal clearer. The role of the longitudinal 

3We do not consider the decays of W- and Z-bosons throughout this paper, to make physics clearer. 
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polarization in the electron beam is shown to be important in the studies of relatively heavy 
Higgs boson. 

The processes relevant to the search for the Higgs boson via (1.9) or (1.10) are discussed 
in Chap. 7. The total cross sections of all processes are presented. The discussions are not 
as thorough as the ones in the other chapters, though we believe they are already worth to 
include. Chap. 8. is devoted to conclusions. 

The appendices deal with some technicalities. App. A describes briefly the method 
we used to evaluate the helicity amplitudes, which is summarized in the HELAS system. 
The phase space integrations are done with the variables defined in App. B. An interesting 
selection rule for helicity of the final state vector boson is discussed in App. C which was 
found empirically while studying the various processes. 
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Chapter 2 

Method 

One of the reasons that systematic study on the physics at linear e+ e- collider has been 
minor so far is that there is no systematic method to obtain the cross sections and the 
distributions of the multi-body processes. In particular, the singularities appearing in the 
processes with the t-channel photon exchange should be treated very carefully. The effective 
particle approximations are quite useful to avoid this problem. They are however sometimes 
mis-used in the literature, where small-PT distributions are not given correctly. Furthermore, 
the collinear approximation fails to deal with the high-PT tails of the photon exchange, which 
will be essential in dealing with the single weak boson production processes as backgrounds 
of the Higgs hunting. 

We describe briefly the methods we used in this paper. More details are presented in 
the appendices. The aim of this chapter is to present the rough idea of our methods. 

2.1 Helicity Amplitudes 

The most conventional way to obtain the cross sections and distributions has been to use 
the trace technique [14]. The advantage of the technique is two-fold. First, it proceeds in a 
manifestly Lorentz invariant way. We fix the frame only after obtaining the spin-summed 
invariant amplitudes. Second, it is completely free of convention, in the sense that we do not 
have to specify whether we work in the Pauli-Dirac representation, Majorana-representation 
or Weyl-representation of the Clifford algebra. 

Despite the advantages, it is not as useful as it has been for the processes we discuss in 
this paper. The reason is that the number of the Feynman diagrams grows very fast as the 
number of the final state particles increases, and the traces we have to take grow like the 
•quare of the number of the diagrams. For example, in the process e+ e- -> v.v. w+ w-, 
there are 28 Feynman diagrams for the t-channel type alone in the lowest order, and therefore 
28·(28+ 1)/2 = 406 independent traces. In the process e+e- -> e+e-w+w- which is known 
as the two-photon background to the above process, there are 49 Feynman diagrams, giving 
1225 independent traces. It is clear from these examples that we cannot proceed in this 
way. 
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Since the number of the digrarns grow rapidly, it will be much better to compute the 
amplitude• directly as complex numbers, and simply sum them up to give the total ampli
tudes. Then we have to sum only 28 complex numbers for e+e- -> v.v. w+w-, and 49 
complex numbers for e+e- -> e+e-w+w-. To compute the amplitudes, however, we need 
to fix the spin states of the external lines, often taken to be the helicity eigenstates. Thus 
we are led to discuss the helicity amplitudes. 

There is another advantage of the helicity amplitudes in electroweak physics. Since the 
V - A interaction distinguishes the negative helicity particles from the positive one, the 
different helicity states behave quite differently in the real physics. For example, though 
it seems first that we have 2 x 2 X 3 X 3 different helicity combinations in the process 
e+ e- -> v.v. w+w-, the positive helicity electron and the negative helicity positron do 
not contribute at all due to the V - A interaction, and we are left with only 9 different 
helicity combinations. Even for e+e--> e+e-w+w-, 20 diagrams drop due to the V-A 
interaction for the positive chirality sector. 

Though the Lorentz invariance is not explicit in the course of computation, it is still an 
advantage, since it supplies a very non-trivial method to check the final results. 

To describe our method to evaluate helicity amplitudes, let us discuss the single weak 
boson production processes as examples. We show in Figs. 2.1(a) to (c) Feynman diagrams 
for the processes 

e-e+ e-vw+, (2.1) 

-> e-e+z, (2.2) 

-> VeVeZ, (2.3) 

respectively. The three processes have both e+e- annihilation (diagrams s1 to s5 in Fig. 2.1) 
and t-channel vector boson exchange (diagrams tl to t5 in Fig. 2.1) contributions. The 
annihilation contributions, part of which can be expressed as the production of vector 
boson pairs (w+w-, ZZ and -y*Z) and their subsequent decays into leptons (W--> e-v, 
Z -> e-e+, v.v. and -y* -> e-e+), give cross sections which decrease as 1/ s, with .jS 
being the center of mass energy of the colliding e+ e- system. On the other hand, the non
annihilation contributions with t-channel vector boson exchange give rise to cross sections 
which do not decrease with rising beam energies and they dominate the single weak boson 
production processes at asymptotic energies. Interference effects between the annihilation 
and the non-annihilation amplitudes are expected to be relevant only below the vector boson 
pair production threshold. 

The diagrams listed in Fig. 2.1 suggest that all the amplitudes can be evaluated in terms 
of a few common subamplitudes. We follow the basic technique [15,16] of evaluating helicity 
amplitudes numerically. In this paper, we present a generalization of the subamplitudes and 
the crossing relations that were introduced in Ref. [16], which systematize the evaluation of 
arbitrary tree amplitudes with massive fermions and non conserved currents. We first present 
the· complete helicity amplitudes keeping all the external and internal fermion masses finite 
and then explain the simplification which can be made to evaluate cross sections up t~ 
corrections of order m~fs. The exact expressions are found to be no more complicated 

11 



(a) e-e+-e-;:;.w+ 

1 ~·r v.·v·r· 
M i'v.j fwl 
e- ( t \l e' e- (1 2 ) e• e- tt 3 l e• 

)(')(' ~' 
. - ts 1 l e' .- tS 2l e' e- tS3 l e+ 

Figure 2.1: Feynman diagrams of the single weak boson production processes. (a) 
e+e--> e-v.w+, (b) e+e--> e+e-z, (c) e+e--> v.ii.Z . 
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Figure 2.2: HELAS Feynman rules . Basic subamplitudes for the F F -> V and FV -> F 
vertices 

than the corresponding massless expressions, the only practical difference being twice the 
computing time needed for their evaluation, and we introduce a notation which allows 
straightforward replacements of the subamplitudes with massless fermions and those with 
massive fermions. The exact amplitudes can be used for testing the order m~ / s contributions 
or with a suitable modification, for associated production of a heavy fermion pair and a 
weak boson. 

In Figs. 2.2, 2.3 and 2.4 we show the basic subamplitudes in terms of which all the 
amplitudes discussed in this paper can be obtained. All we need is to express these sub
amplitudes in terms of the external particle four-momenta and helicities in a closed form. 
Our notations for fermion and vector boson wave functions and for the subamplitudes of 
Figs. 2.2, 2.3 and 2.4 are su=arized in Appendix A. 

In the framework Ref. [17), the HELAS basis, helicity amplitudes for an arbitrary tree 
diagram ar~ calculated as follows. First, all the external wave functions of fermions and 
vector bosons are calculated in terms of their four-momenta and helicties, according to the 
convention of Refs. [15,16). Second, these external lines (either scalar, spinor or vector 
lines) are combined with a basic vertex of the theory to give an off-shell line. These off-shell 
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W3 = cosBw Z + sinBw A 

Figure 2.3: HELAS Feynman rule. Basic subamplitude for vector boson three-point 
self-coupling. 

(b) 

W3 = cosBw Z + sinBw A 

Figure 2.4: HELAS Feynman rules. Basic subamplitudes for vector boson four-point 
self-couplings. The vertex includes the four-point contact diagram as well as the vector 
boson exchange diagram via two three-point vertices. (a) Vertex of four W±-bosons. (b) 
Vertex of two W±-bosons and two W 3-bosons. 
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lines can again be combined by another vertex to make a new off-shell line. This process 
ends when all the off-shell lines meet, and we obtain a complex number for the amplitude. 

We show examples of the procedure in the process 

We have two initial spinors 

ie(k11 u 1 , + )).,, 
(e(k2 , u2 ,-)!.,, 

and two spinors and a vector in the final states 

(e(p11 .\11 +)I .. 
lv.(p2, .\,, - )).,, 
f"(pw, .\w, + ). 

(2.4) 

(2.5) 

(2.6) 

The spinor and the polarization vector conventions are summarized in App. A. The sign 
factors distinguish a particle ( +) from an antiparticle ( - ) in case of a fermion, and an 
outgoing ( +) froni an incoming (-) particle in case of a vector boson. Each spinor consists 
of two Weyl spinors with different chiralities (a= ±1). Hence, both spinor and vector wave 
functions have four complex components. 

The HELAS Feynman rules of Fig. 2.2 then allow us to make an off-shell fermion line 

(2.7) 

and off-shell vector lines 
(2.8) 

that appear in the diagram (tl) of Fig. 2.1a. These off-shell lines are evaluated numerically 
by eqs. (A21) and (A.26) of the Appendix A. They can again be used as inputs of the 
HELAS Feynman rules in Fig. 2.2. For example, the off-shell spinor (2.7) and the initial 
positron spinor (e2 ! of (2.5) can be combined by the rule Fig. 2.2d to make off-shell vector 
lines 

(2.9) 

A truncated off-shell vector line (i) is chosen simply to avoid a double counting of the 
vector boson propagator factor in the amplitude (tl) of Fig. 2.1a, 

- L J((e3 jV!e1 )) • i(h!Vie, W,v4 )), (2.10) 
V=.,.,Z 

which is simply made of contractions of the off-shell vector currents, (2.8) and (2.9). The 
diagrams (t2), (t3), and (s1) to (s3) have a similar structure. 

In order to evaluate the diagrams (t5) and (s5) with the three weak boson couplings, we 
find it convenient to introduce the W 3 current such as 
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The diagram of (t5) is then simply expressed as 

(2.12) 

according to the HELAS Feynman rule of Fig. 2.3, with eqs. (A.34), (A.35) of the Appendix 
A. 

With these preparation, it is straightforward to express the amplitudes that are listed 
in Figs. 2.1a, b, c. The helicity amplitudes for the process e-e+-+ e-v.w+ (Fig. 2.1a) are 
expressed as 

(2.13) 

where the amplitudes are split ted into two classes, one with the initial e- e+ annihilation 
depicted as MA (a-channel i or Z exchange diagrams (s1) to (s3) and (s5) of Fig. 2.1a) 
and the other depicted as MNA without annihilation (diagrams (tl) to (t3) and (t5) with 
t-channel {, Z or W exchange in Fig. 2.1a). They are expressed as 

MNA= L J((e.!VIe,)) · i((e2IV!e, W,v.)) 
V=.,.,Z 

+ J( (e.!Zie1 )) • i( (e2 , W, v, IZiv•)) 

+ J((e2!Wiv4)) · i((esiWiv, W,e,)) 

+ fwws (J((e,IWiv•)), W,J((esiW3Ie,))), (2.14) 

MA= L: J( (e,IVIe"' )) · i( (e,IVIe, w, v.)) 
V=.,.,Z 

+ J((e,!Z ie,)) · i((e3, W,viZ!e,)) 

+ J((e31Wiv.)) · i((e,, W,v!Wie,)) 

+ fww• (J((e21Wiv•)), W,J((e2IW3 Ie,))). (2.15) 

A direct application of the HELAS Feynman rules Figs. 2.2 and 2.3 gives i times the 
transition amplitude M. The relative sign factor between MNA and MA is due to the 
anti-commutation of the fermion operators, which should be fixed by hand. 

Helicity amplitudes for the CP conjugate process e+e- -+ e+v.w- are obtained simi
larly. Under CP invariance, helicity amplitudes of OF-conjugated processes differ only by 
an overall phase. For example, the identity 

IM( e-(k, u1 ), e+(k2, u2), e- (k3 , u3 ), v(k4 , u4), w+( q, >.))1 

= IM( e-(k,, -u2), e+(k2, -u,), e+(A;., -u.), v(k., -u.), w-( q, ->.)1 
(2.16) 

holds under CP invariance, where p = (p0 ,-p) is the parity conjugate momentum of 
p = (po,p), and use has been made of the fact that k1 = k2 , k2 = k1 in the e-e+ c.m. frame. 
Such identities are useful in checking the numerical programs. 
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Similarly the helicity amplitudes for the processes e-e+ -+ e-e+z (Fig. 2.1b) and 
e-e+ -+ v.v.Z (Fig. 2.1c) are also classified into the contributions of diagrams with (MA) 
and without (MNA) initial e-e+ annihilation. For the process e-e+-+ e- e+z (Fig. 2.1b), 

we find 

MNA = L J((e•IVIe•)) · [i((e,IV!e,Z,e.)) + i((e.,Z,e!Vje. ))j 
V =.,.,Z 

+ L J((e2 1Vje.)) · [i((e3 ,Z,e1VIe1 )) + i((es1VIe, Z, e1))j, (2.17) 
V=.,.,Z 

MA = L J((e•IV Ie,)) · [i( (e•IVIe, Z, e.))+ i( (es, Z, e!VIe•) )] 
V =.,.,Z 

+ L J((e.!VIe.)) · [i( (e,,Z,e!VIe,)) + i ((e. !V Ie,Z, e, ))j. 
V=.,.,Z 

For the process e+e+-+ v.v.Z (Fig. 2.1c), we find 

MNA = J((v31Wie,)) · [i((e21Wiv,Z,v•)) + i((e,,Z,e!Wiv•))] 

+ J((e.!Wiv.)) · [i((v.,Z,v!Wie,)) + i((vsiWie,Z,e, ))j 

+ fww.(J((e,IWiv.)),J((v.IWie,)),cosBwZ), 

MA = J((e2 1Zie1 ) ) • [i((v31Ziv,Z,v4)) + i((v3 ,Z,v1Z iv• ))j 

+ J((vs1Ziv4)) · [i((e2,Z,eiZie,)) + i((e,IZ ie,Z,e,))j . 

(2.18) 

(2.19) 

(2.20) 

The compact expressions (2.15)-(2.16), (2.18)-(2.21) and (2.23) give complete helicity 
amplitudes of the single weak boson production processes of (2.1) to (2.4), representing the 
Feynman diagrams of Figs. 2.1. The differential cross sections for unpolarized beams are 
then obtained as 

(2.21) 

with {3 = (1 - 4m~/ 3 ) 112 and the invariant phase space factor 

(2.22) 

Efficient parametrizations of the above invariant phase space are presented in App . B. A 
more general distribution for arbitrary polarized e+ e- beams is found in Ref. [16] in the 
massless eltctron limit. 

The compactness of the helicity amplitude expressions in the HELAS basis as presented 
above greatly reduces the chance of making errors in the numerical programs. We have 
nevertheless performed the following checks of the programs. 
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First, the same Feynman amplitude can have several different expressions in the HELAS 
basis, whlch serves as a nontrivial test. For instance, the diagram of Fig. 2.1a ( t1) expressed 
above as eq. (2.10) can also be written as 

- L (e,,J((eaiV/et))/e, W,v4 ), (2.23) 
v~~.z 

whlch is now made of scalar products of two spinors, (e2 , J( (e3 IV/e1 ))/ and /e, W, v4 ). The 
equivalence of the two expressions is a good test of an amplitude for each Feynman diagram. 

Secondly, C P in variance of the amplitudes such as the identity (2.17) has been tested 
for all the helicity amplitudes. The test has been found to be especially powerful for CP 
self-conjugate processes, e+e- -+ e+e- Z, v.ii.Z. 

Thirdly, gauge in variance of the amplitudes are tested by making use of the BRS identity 
[18] 

(phy&; out/ (O"V,.- ~vmvxv) /phy&; in)= 0, (2.24) 

where ~v is the covariant renormalizable gauge parameter and xv the Goldstone mode 
associated with the vector boson V. It follows from the anticomutation relation of the BRS 
charge [19] and the anti-ghost operator 

{ Q BRs, cv} = O"V,. - ~vmvxv, (2.25) 

and the physical state conditon 

QBRS /phyJj in) = (phylj out/ QBRS = 0. (2.26) 

The identity (2.24) leads to an exact relationship between the S-matrix elements of the 
four-divergence of the vector boson and those of the associated Goldstone boson 

(phy•, Vs; out/phy•; in) = -(phy•, Xvi out, /phy•; in), (2.27) 

where Vs denotes the "scalar" component of the vector boson. Eq. (2.27) relates an 
amplitude with a Vs emisision, whlch is obtained from the vector boson emission amplitude 
with the replacement 

~(Pv, .\v, Sv)-+ fl:, , (2.28) 
mv 

to that with the associated Goldstone boson Xv emission. The amplitudes with a Goldstone 
boson emission are often very simple and can easily be evaluated numerically in the HELAS 
system [17], or in some cases even analytically. The test of the identity (2.27) turns out 
to be very useful in checking the numerical accuracy of the program for those amplitudes 
with a longitudinally polarized vector boson emission , which contains a t very hlgh energies 
( yS ~ m y) a numerical cancellation associated with the identity. In case of the z boson 
emission processes, e-e+ -+ e-e+ Z and v.ii.Z , the right hand side of the identity (2.27) 
turns ?ut to be proportional to the electron mass , whlch is reproduced exactly by the 
numertcal program. 
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The above three independent tests of the numerical programs leave only the overall nor
malization of the amplitudes to be tested. Those of the s-channel annihilation amplitudes, 
MA's in eqs. (2.16), (2.19) and (2.21), are tested easily by the associated vector boson pair 
production cross sections (e+e--+ w+w- and e+e--+ ZZ) times the relevant branching 
fractions. Normalization of the t-channel vector boson exchange amplitudes, MNA 'sin eqs. 
(2.14) and (2.17) are tested by comparing the exct cross sections and those obtained by 
the equivalent real particle (photon or electron, dependent on the process) approximations. 
It is straightforward to replace the external Z boson by a real photon in the numerical 
programs. The amplitudes of the processes e+e- -+ v.ii.Z and "'f"'fZ are tested against the 

. known cross sections of the process e+e- -+ v.ii."'f [20]. 
We have chosen the unitarity gauge for the gauge sector. One may wonder why we have 

chosen a gauge with 'bad high-energy behaviour'. There are three reasons. First one is 
from physics. Since our main concern is to study the symmetry breaking sector, we wish to 
vary the mass of the Higgs boson, even up to infinite. However, the Higgs mass is directly 
related to the scalar self-coupling constant, whlch diverges in the limit of infinite mass 
Higgs boson. In the renormalizable gauges, we have to include all the Goldstone boson 
diagrams, and indeed the scalar self-coupling may appear. In these gauges, the limit of 
the infinite mass Higgs boson is taken by cancelling the scalar self-coupling and the Higgs 
mass squared in the denominator of the Higgs propagator. In the unitary gauge, all the 
Goldstone bosons have formally infinite mass, and there is no need to worry about tills 
problem. The infinite mass Higgs simply means that we omit the Higgs exchange diagram. 
Second one is of technical reason. The number of diagrams in the unitary gauge is much less 
that that in the renormalizable gauges. Thirdly, the 'bad' high-energy behaviour does not 
become important for most of the processes, since the gauge bosons are usually connected 
to the fermion current, whlch conserve in the vanishing fermion mass limit. Thus the 'bad' 
high-energy behaviour comes always proportional to the fermion masses, whlch will not be 
important except the top quark. In fact, we have found no numerical problems with the 
choice of the unitarity gauge. 

Furthermore, the previous discussion on the BRS identity in checking the amplitudes 
can be used in the unitarity gauge as well. The BRS identity Eq. (2.24) involves the gauge 
parameter ~v explicitly, where the unitarity gauge is defined by the formal limit ~v -+ oo. 
However, the relation between the matrix elements Eq. (2.27) does not include the gauge 
parameter ~v explicitly, hence does not change in tills limit. 

There is one point we have to be careful in the choice of the gauge when we have collinear 
photons. The naive Feynman rule gives the off-shell photon wavefunction which approaches 
the pure gauge in the collinear limit. We treat tills problem by changing the gauge of the 
photon wavefunction, as discussed in the App. A. Tills procedure is justified by another 
BRS identity 

(phy• ; out/ o"A,. /phy•; in) = 0, (2.29) 

where A,. is the photon field. Tills identity is proved again by the anti-co=utation rela t ion 

(2.30) 

For the process whlch involve only one t-channel photon, for example in the process 
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e+e- _, e-v.w+, the t-channel photon exchange diagrams (tl) and (t5) can be rearranged 
into the form 

(2.31) 

where the current ]" is the off-shell photon wavefunction (2.8). We change the gauge of 
the current by subtracting a vector proportional to its four-momentum q" : 

J" _, J"- J: q". 
q 

Thus, this change will subtract a term proportional to 

(2.32) 

(2.33) 

which vamsh from the BRS identity as far as the initial positron, final anti-neutrino and 
the w+ boson remain on-shell physical states. 

For the processes where t-channel photon is exchanged twice, we need only a little 
algebra 

O"A,.(:z:) 8"Av(Y) 
{Qsns, cA(:z:)}{Qsns, cA(y)} 

= QsnscA(:z:)QsnscA(Y) + cA(:z:)QsnscA(y)Qsns + QsnscA(:z:)cA(y)Qsns, (2.34) 

where we made use of the nilpotency of the BRS charge Q1ns = 0. This identity ensures 
that the double gauge transformation does not cause any harm as far as the external lines 
are all on-shell, since the BRS charges at the left-most or right-most annihilates the out
or in-state respectively. Thus the use of the gauge transformation eq. (2.32) of the off-shell 
photon wavefunction is completely justified. 

All the distributions in this paper are obtained from the helicity amplitudes using 
HELAS. 

2.2 Phase Space 

To obtain the total cross sections and distributions, we should perform the phase space 
integrations on the final state particles. Since most multi-body final state does not allow 
us to make the integration analytically, we need some efficient method to perform the 
integration numerically. 

For the two-body final states as discussed in the Chap. 3, the only non-trivial degrees 
of freedom is the polar angle. We can perform this one-dimensional integration using the 
Simpson formula, after carefully choosing the angular variable. The choice of the angular 
variable, however, is a non-trivial point which is the main concern in App. B. We find it 
often convenient to use rapidity-like variables. 

For the multi-body final state discussed in Chap. 4, 5, 6 and 7, the situation will be 
much more complicated. In fact, we cannot choose good variables without knowing the 
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singularities running in the multi-dimensional phase space. We should under•tand the 
regions and strengths of the singularities before we do the actual numerical integrations. 
For this purpose, we discuss in Chap. 3 the 'strengths' of the collinear singularities. Only 
after getting rough ideas on the singularities, we can choose good phase space variables 
which are discussed in App. B. They proved to be useful in all processes we discuss in this 
paper. 

In the processes e+e--> e-v.w+ and e+e- Z discussed in the previous section, t-channel 
photon exchange appeared. In fact, naive application of HELAS breaks down for these 
processes, due to severe numerical cancellations especially in the denominator of the t
channel photon propagator. We treat this singularity with a special care, as discussed in 
App. A, which are already incorporated in the HELAS system. The essence lies in that 
we take cos(0/2) and sin(0/2) rather than the conventional cos 0 as the inputs to compute 
the off-shell photon wavefunctions. Thus, we need suitable phase space variables which are 
directly related to cos(0/2) and sin(0/2). The rapidity-like variables defined in App. Bare 
made to satisfy this requirement. The combination of special subroutines in the HELAS 
system explained in App. A and the use of the phase space variables of App. B make the 
quantitative study of the singular processes possible. 

Once we know the correct choice of the phase space variables, we utilize the important 
sampling method of Monte-Carlo integration, conveniently summarized in the FORTRAN77 
package BASES25, an updated version of the BASES package [21). All the histrograms and 
scatter plots are made by BASES25. 

2.3 Parameters 

The set of electroweak parameters we used in this paper is as follows: 

a 1/128, 

sin2 0w 0.23, 

mz 91.17 GeV, 

mw 80.0 GeV, 

rz 2.5 GeV, 

rw 2.0 GeV. 

(2.35) 

(2.36) 

(2.37) 

(2.38) 

(2.39) 

(2.40) 

Though the use of the Thomson limit a = 1/137 is more appropriate in some cases, we 
stick to the use of the fine structure constant at the weak scale throughout the paper. 

We have not included the effects of beamstrahlung, since we wish to present the cross 
sections and distributions which do not depend on the details of the collider parameters. 
Thus our results can be useful for any Te V e+ e- colliders. 
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Chapter 3 

Two-Body Production 

In this chapter, we discuss the processes where the initial electron and positron annihilates 
to produce two-body final states. 

This class of processes at e+ e- collider have been the most familiar ones, such as the 
lepton/quark pair production at PEP /PETRA/TRISTAN, Z-boson production and its two
body decay at SLC/LEP, and W-pair production expected at LEP-II. At TeV linear colliders 
like JLC, this class of processes will remain to be the most important ones, especially its 
discovery potential of new particles with masses up to ..,IS /2, or even to ~ ..,IS for several 
cases like excited electron etc. 

The essential difference from the lower energy colliders is two-fold. One is that the cross 
section decreases with energy like 1/3 1 which is a simple consequence of the partial wave 
unitarity. Thus, both the signal and the background decreases with energy, though S/N 
ratio will remain to be 0(1) if only the 8-channel processes are concerned. On the other 
hand, the single weak boson production processes, though being higher order in the coupling 
constants, have non-decreasing cross section due to the t-channel vector boson exchange. 
Thus the two-body production processes do not remain to be the dominant processes above 
..,IS ~500 GeV. The other t-channel processes, such as e+e- -t e+e-w+w- will also have 
the cross sections of 0(1) pb. 

The decrease of the cross section of the 8-channel processes requires larger luminosity at 
higher energies. The integrated luminosity of the order of 10 fb- 1 fyr will be the minimum 
requirement for the TeV linear colliders. This point is the strongest restriction to the design 
of the accelerator. 

The second difference is that the number of the final state jets is much larger than the 
lower energy colliders, due to the copious production of the weak bosons and top quarks. 
The weak bosons1 mainly decay into two jets, and the final state will have four-jets structure. 
The top quarks will decay in a cascade; t -t bw+ followed by w+ -t two jets. Thus the 
event has six jets at least! The hadron calorimentry with good energy and angular resolution 
is required. 

1We refer to theW and Z bosons as the "weak bosons" throughout the paper. 
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Figure 3.1: Feynman diagrams for the two vector boson production processes. (a) 
e+e- -t w+w-, (b) e+e- -t ZZ, (c) e+e- -t Z-y and (d) e+e- -t 'Y'Y· 

3.1 Physics Interests in the Processes 

All the processes have different interests from the physics point of view. We will discuss 
the interests in each processes separately. 

The pair-production of theW-boson will be first observed at LEP-II. The precise measure
ment of the mass and the width will be made there. The TeV linear colliders will have no 
advantages in the measurements of the mass and the width compared with LEP-II. The 
Feynman diagrams of this process are shown in Fig. 3.1(a). 

The interest in theW-pair production at TeV linear collider concerns the detailed study 
of the interactions of the W -bosons. One of the interest lies in the study of the gauge 
boson self-interactions with photon and Z boson which appear in the first Feynman dia
gram. The self-interactions are completely determined by the Yang-Mills structure of the 
SU(2)L x U(1)y gauge theory, though they are expected to deviate from the Yang-Mills 
type couplings if the W and Z bosons are composite objects with inner structures. The 
capablitiy of the JLC in studying the anomalous couplings like anomalous magnetic mo
ment or electric quadrupole moment of W-boson will be discussed in the Ref. [28]. Another 
interest lies on the interaction of the W-boson with themselves, which appear as the final 
state interactions after its pair production. The effect of the strongly interacting Higgs 
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sector or the contribution from techni-p like resonances are discussed by Iddir et a/. (22]. 
The re-scattering in the strongly-interacting case was also discussed by Hikasa (23]. 

There is another aspect in which this process is important. Since many new physics 
signals contain W-bosons in the final state, e+e- -+ w+w- can be a serious background 
due to its large cross section. For example, this process will be a background for Higgs 
hunting in the process e+e- -+ v.v. w+w-, where some portion of energy may be lost due 
to the beamstrahlung effect. 

Another interest in this process arises as the luminosity monitor of the machine. As will 
be discussed in the following sections, the largest contribution of the W-pair production 
comes from the forward peak, which will be little affected by exotic physics, such as anoma
lous couplings or rescattering effects. Thus the total cross section of W-pair production 
may be useful as luminosity monitor. 

The Feynman diagrams of this process are shown in Fig. 3.l(b). This process, in itself, 
has no interesting physics, since there appear only the couplings between the Z-boson with 
the electron which is already well-tested at LEP. Furthermore the re-scattering effect is 
small since the final Z bosons are dominantly transversely polarized, hence not sensitive 
to po~sible strongly-interacting Higgs sector. However, this process is important in that it 
constitutes the largest background to the Higgs production via e+e--+ ZH. 

The lack of new physics signals enables this process to serve as the luminosity monitor. 
It will be also important to use this process for the calibration of the hadron clorimentry. 
For this purpose, we should have longitudinal polarization of the electron beam to select 
out the positive chirality sector to reduce the large background from e+e--+ w+w-. 

3.1.3 e+e- -+ Z1, 11 

The Feynman diagrams of these processes are shown in Fig.3.l(c) and (d). There appear 
only the well-tested coupling of eeZ and ee-y. We therefore expect no interesting physics in 
these processes at the tree-level. However, it is claimed that the charged current radiative 
correction to the process e+e- -+ Z1 is as large as -25% (24]. 

The top quark is expected to be discovered at Tevatron or LHC before any TeV linear 
colliders start operation. Thus we will know the rough value of its mass at that time. 

The study of the threshold region oft he top quark pair production will be one of the main 
goals at first stage e+ e- linear collider (25,26,27]. The threshold behavior of the top quark 
production will be very different from the familiar charm or bottom production, where 
many sharp resonances like J /..P or T with typical width of the order keV are observed. 
Since the top quark is known to be heavier than the W-boson (11], it decays into real W 
unlike the decay into virtual W of charm or bottom quark. The width of the top quark is 
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Figure 3.2: Feynman diagram of the process e+ e- -+ tl. 

very large, typically of the order of GeV, which makes the formation of sharp 0 resonances 
impossible. Thus the threshold region of tl production has an interesting interplay between 
the electroweak physics (top decay) and QCD (tl potential), and the theoretical analysis can 
be done fairly confidently due to the applicability of perturbative QCD to the short-distance 
part of the tl paten tial. 

The interests in the study of the threshold behavior lies on precise measurements of the 
mass of the top quark, the width or IVu.l from the width of the would-be resonances, the 
QCD strong couplings constant a, from the spectra, and even the Higgs-bason exchange 
potential. In particular, the measurement of the Kobayashi-Ma.skawa matrix element IVu.l 
has a high discovery potential. If it is much less than unity, it signals the existence of the 
fourth generation. If it is larger than unity, it signals an exotic decay channel, like the decay 
into a charged Higgs boson via t -+ bH+, or into the superpartner t -+ i.:y which may be 
much lighter than the top quark itself. This threshold behavior of the top-pair production 
will not be discussed further in this paper. 

There are many interests in the open top-pair production. The main interest is the 
measurement of the vector and axial vector coupling of the top quark to the Z-boson from 
total production rate and the forward-backward asy=etry (Fig. 3.2). The axial vector 
coupling may deviate largely from the tree-level coupling when the Higgs sector, which 
generates the mass of the top quark, is strongly interacting. Vertex corrections from the 
Higgs exchange or extended technicolour interactions may be observable. The study of its 
decay t -+ bW+ is interesting here again, since the effect of the strongly interacting sector 
may show up in the ratio r(t-+ bWt)jr(t-+ bW:f"). 

3.2 Cross Sections and Distributions 

We first concentrate on the vector boson two-body production processes. The tl production 
will be discussed in the sequel. 

The energy dependence of the total cross sections is shown in Fig. 3.3. Here the "point" 
cross secti<:.n O"pt is shown for comparison. The sharp peak of the cross section of the 
process e+ e- -+ Z1 just above the threshold is due to the soft singularity in the limit 
where the energy of the photon goes to zero E., -+ 0. In fact, the cross section diverges 
in this limit since the denominator of the t-channel electron propagator will vanish. The 
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Figure 3.3: Energy dependence of the two-body production cross sections. The point cross 
section defined in eq. (3.1) is shown for comparison as the dashed line. The fine structure 
constant is fixed to be a = 1/128 for all processes except for <Tpt· Electroweak parameters 
of eqs. (2.36-38) are used. 

singularity should be handled by the summation over the multi-photon emission processes 
to "exponentiate" the singularity; hence the curve shown here should not be taken seriously 
very near the threshold .j8 ~ mz. The 'point' cross section <Tpt is shown for comparison, 
where it is defined to be 

(3.1) 

At all energies much above mw and mz, the angular distribution for the w+w-, Z1, ZZ 
and 11 production is strongly peaked in the collinear region due to the t-channel electron 
or neutrino propagator. Since the treatment of the collinear singularitie~ is essential in 
dealing with the processes in the later sections, let us discuss the 'strengths' of the collinear 
singularities briefly. The point is that one can estimate the typical angles in the forward 
region as follows. 

For the processes involving photons, e+e- -> 11 and Z1, the denominator of the electron 
propagator behaves like 

-2p.- . p~ 

-2E.-E-r(1 - (3 cos 0) 
2m2 

- 2E . - E-r(1 - cos 0 + -·) 
s 

(3.2) 

in t he collinear (cos O-> 1) region, where E-r = E.- in 11 case and E-r = E.- (1- m~/s) in 
Z1 case. On the other hand, there is a universal selection rule that the emitted vector boson 
has dominantly the helicity of the same sign as that of the electron in the collinear limit . 
One can check this easily by evaluating. the helicity amplitudes. See App. C for further 
details. We show one example for the case e+e- -> Z1 in Fig. 3.4, where the initial electron 
beam is longitudinaly polarized to have negative helicity. This example clearly exhibits the 
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Figure 3.4: Pseudo-rapitidy distribution of the final photon in the process e+e- -> Z1. The 
elctron beam is left-handed. The contribution from various helicity combinations are shown 
separately. The helicities are labeled in the order (Z, I)· The positive z-direction is taken 
to be the same as the direction of e- beam. 

above selection rule. This rule prohibits the emission of a vector boson in strictly collinear 
direction cos 0 = 1, where the amplitude vanishes like sin(O /2) due to the conservation of 
angular momentum. Thus the cross section behaves in the collinear region like 

du 1- cosO 
d cos 0 ~ (1 -cos 0 + ~)2' 

(3.3) 

where ~ = 2m!/ s in this case. Thus the singularity in the collinear region persists to the 
angles where 1- cos 0 ~~'and there appears a flat region (plateau) in the pseudo-rapidity 
distribution. 

In the weak boson pair production processes e+e- -> w+w- and ZZ, the singularity 
is much 'weaker' due to the large weak boson mass. The denominator of the t-channel 
neutrino/electron propagator behaves like 

(p.-- Pv) 2
- m~ - 2p.- · py + m~ 

-2E.- Ev(1 - f3vf3. cos 0) 

2 ( 2m~) 2m~ - 2E.- 1 - -- (1 - cosO + --) 
s s 2 (3.4) 

neglecting the electron mass and expanding in the powers of m~ / s in the last line. Here, 
V is either W or Z . Thus the 'strength' of the collinear singularity here is described by 
~ = 2m~/s2 • 

The pseudo-rapidity distribution at ..ji = 500 GeV is shown in Fig. 3.5 to illustrate the 
above discussion. Here, the pesudo-rapidity is defined as usual by 

y = ~log (1 +cosO). 
2 1-cosO 

(3.5) 
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Figure 3.5: Pseudo-rapidity distributions of the two-body production processes. The curves 
for '"('"( and Z Z should be integrated only over the region 0 ~ cos 8 ~ 1 to avoid double 
counting. 

One can see the wide plateau for the photon emission processes, which gives the logarithmic 
enhancement factor to the total cross section. The wide plateau suggests that the picture 
of the equivalent electron approximation is valid here, in which the off-shell electron af~er 
the emission of the collinear photon can be regarded as on-&he/1. This is indeed the essence 
of the treatment of the initial state radiation of the photons from the electron beam. The 
typical rapidity y = ±(1/2) log/::,. is shown by the arrows in the top of the figure. We 
see that the 'strength' of the collinear singularity is indeed described by the .C.'s obtained 
above. The structure of the plateaux is hardly visible for w+w- and ZZ final state; which 
can be understood by the large weak boson masses, and the plateau indeed appears above 
V3 >5 TeV or so. The remarkable flatness of the distribution, especially for the photon 
case, is useful in dealing with the collinear singularities for the higher order processes, where 
the rapidity-like variable defined in the App. B is really a good choice for the phase space 
variable. 

Though the plateaux in the pseudo-rapidity distribution is still not clearly visible for 
the weak boson production, the selection rule for the helcities can be seen clearly for the 
w+w- final state as well. We show the cos 8 distribution for each helicity combination 
separately. One can see that the helicity state ( -, + ), wh<:re the first one corresponds to the 
w- and the second to w+, dominates the cross section in the collinear region. Recalling 
that the collinear singularity comes from the t-channel propagator of the Feynman diagram 
Fig. 3.1(a)(1), and that the diagram is absent for the positive chirality electron, we see that 
the collinear singularity comes solely from the negative chirality electron, where the initial 
e- has negative helicity -1/2 and e+ has 1/2. Thus the selection rule holds here as well. 
One can observe similar selection rule for ZZ production; however we should longitudinally 
polarize the electron beam to separate out the contribution from different chiralities to 
observe the selection rule. 

There is one more remark for the helicity combinations in theW-pair production process. 
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Figure 3.6: Angular distribution of the process e+e- ---+ w+w- . The contributions of 
various helicity combinations are shown separately. The helicites are labeled in the order 
(w-, w+). 

We are expecting that most new physics signals come from longitudinally polarized W
bosons (WL), since they originate from the Goldstone bosons which are direct products of the 
symmetry-breaking. For the non-gauge theories like composite W/Z-boson scenarios, the 
anomalous couplings between the vector bosons show up most strongly for WL's. One can 
see from the Fig. 3.6 that the WL contribution is sizable for the backward region, though it 
is negligible in the forward region where the ( -, +) helicity combination dominates because 
of the selection rule mentioned above. In fact, one sees that the effect of the anomalous 
couplings show up in the angular distribution at the backward region [28). The forward peak 
is completely insensitive to new physics, and may even be used for one of the luminosity 
monitors. 

We show the transverse momentum (pr) distribution in Fig.3.7 for V3 = 500 GeV and 
..(3 =1 TeV. The sharp peak in the large PT region is purely kinematical Jacobian peak. 
The small PT region reflects the dynamics of each processes, with peaks with typical PT 
of the order 0( m.) for the photon emission processes and 0( m} /E.-) for the weak boson 
production processes. Note that this typical PT is just the typical 'mass' of the virtual 
particle exchanged in the t-channel, where 'mass' of a virtual particle is defined by the 
square root of the denominator of its propagator. 

Summarizing this chapter, we show the 'typical' kinematical configuration in the Fig. 3.8 
where the cross section is dominated. Here the readers are warned not to confuse these 
figures as Feynman diagrams. In particular, we cannot select out one Feynman diagram 
only as the representative to claim that particular one is dominant, since such an artificial 
treatment will break gauge invariance. However, it is often true that the intuition from the 
'typical' Feynman diagram gives the correct qualitative, even quantitative, understanding 
of the exact results which can be obtained only after adding the whole set of the Feynman 
diagrams. In this sense, though these figures should be understood as only schematic ones, 
we can read off the 'typical' PT or angular distributions. We show similar figures for all the 
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Figure 3.7: Transverse momentum distributions of twobody production processes at c.m. 
energy of (a) 500 GeV and {b) 1 TeV . 
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Figure 3.8: Typical kinematical configurations for the twobody production processes. (a) 
e+e--> w+w-. (b) e+e--> ZZ. (c) e+e--> Z-y. {d) e+e--> -y-y. The arrows in the 
figures show the energy flow, not the fermion number. 
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Figure 3.10: Angular distribution in the tl pair production at c.m. energy of 500 GeV, for 
m1 = 100, 150 and 200 GeV. 

processes discussed in this paper. 
Now we come to the top quark. Here we deal only with the tree-level amplitudes without 

QCD corrections. The corrections from QCD to a rapidly decaying particle like top quark is 
a non-trivial problem, since the naive inclusion of the width into the top quark propagator 
will violate the QCD gauge invariance. We stick to the tree-level predictions here. 

The total cross section of the tl open production is shown in Fig. 3.9. Much larger 
cross section than the 'point' cross section <Tpt is a consequence of the coru;tructive -y - Z 
interference above the Z-boson pole. 

The angular distributions of the tl production are shown in the Fig. 3.10. One observes 
that the forward-backward asy=etry is quite large. At the TeV linear colliders, the 
contributions from photon exchange and the Z-boson exchange are comparable, and the 
effect of the interference will remain very large. At very high energies well beyond the 
Z-boson pole, the forward-backward asy=etry reaches its asymptotic value. The energies 
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we discuss here in this paper, 500 GeV to 1.5 TeV, are already nearly in the asymptotic 
region. 
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Chapter 4 

Single Weak Boson Production 

At Te V energies, the cross sections of all S-channe! processes like those discussed in the 
previous chapter drop as 1/ s up to some logarithms. Thus the typical cross section at TeV 
e+e- linear colliders will be of the order of 0{1) fb to 0{100) fb. However, the single weak 
boson production processes discussed in this chapter have very large cross section at Te V 
region of the order of 0{1) pb or even up to 0{10) pb! Their cross section is non-decreasing 
with s, since there are vector bosons exchanged in the t-channel. 

The copious production of the weak bosons from this class of processes will be a serious 
background to the Higgs search or to the study of vector boson scattering if we look for the 
leptonic mode of the weak bosons, W -+ e±v. or Z -+ vv mode. For example, the process 
e+e- -+ ZH, followed by Z-+ vv and H-+ bb suffers from the backgrounds to which all 
the single W/Z production processes will contribute. 

Though this class of processes will be the dominant ones at Te V linear colliders, system
atic study has not been made so far. The process e+e- -+ e±v.(v.)W'~' was studied from the 
interest in the anomalous WW-y vertex [29]. The process e+e--+ e+e-z has been studied 
only from equivalent photon approximation [30]. No study on the process e+e--+ v.v.z is 
made as far as we know. The difficulty in the study stems from the t-channel singularities, 
which renders the naive numerical evaluation of the exact matrix elements unreliable. The 
detailed study can be made only by a systematic method treating the t-channel singularities 
both for the amplitudes and the phase space, like the one discussed in App. A and B. 

4.1 Physics Interests in the Processes 

Although the main interests in this class of the processes are that they can consitute im
portant backgrounds for various studies due to their large cross sections, they do have some 
intrinsically interesting aspects. We discuss them separately. 

4.1.1 e+e----> e±v.(v.)W'~' 

As noticeable from the Feynman diagrams shown in Fig. 2.1{a), there appear three-point 
vector boson self-couplings. The detailed study of the anomalous WW 1' vertex is possible 
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Figure 4.1: Total cross sections for the single weak boson production processes. The cross 
sections for W -prur and Z-prur production as well as the point cross section are shown for 
comparison. 

thanks to the large cross section, which has been the mrun concern in the past literatures. 
Aside from the interests in the anomalous vector boson couplings, the process is indeed 

the most dominant one at e+e- collider above 600 GeV except for the small angle Bhabha 
scattering. Thus this process serves as an ideal place for the calibration of hadron calorime
try on the W-boson, which will turn out to be essential in the study of the vector boson 
fusion processes. 

In the Feynman diagrams Fig. 2.1(b), we see that there appear only the familar couplings 
ee-y and eeZ vertices. Thus there will be no new physics signal unless the electron itself 
shows its composite structure. If this occurs, we may expect a peak in eZ invariant mass 
corresponding to an excited electron, or large angle events due to t-channel excited electron 
exchange, etc. 

4.1.3 e+e- __, v.o.z 
The Feynman diagrams are shown in Fig. 2.1(c). There appears WWZ coupling in the 
diagrams (t5), while other diagrams have only the familiar ffV vertices. Thus this process 
measures the coupling between W and Z bosons exclusively, where the process e+e- _, 
w+w- measure a certrun combination of the WW-y and WWZ vertices. The sensitivity 
to the anomalous couplings expected in the composite models will be discussed in Ref. [28] . 

4.2 Cross Sections and Distributions 

The total cross sections are shown versus the c.m. energy of the initial e+ e- in Fig. 4.1. 
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Figure 4.2: Pseudo-rapidity distributions of final state particles in t he process 
e+e- _, e-v. w+ at c.m. energy 1 TeV. 

One observes the cross-over where the B-channel processes, whose cross sections drop 
like 1/ B, cease to be the dominant processes, and the single weak boson production will 
be the most dominant processes at e+e- collider. The cross-over occurs around 600 GeV, 
where the cross section for the single W production will dominate others, except for the 
small angle Bhabha scattering. 

In order to see the structure of the collinear singularities of these processes, we show the 
pseudo-rapidity distributions of the final e+, e-, v., v. and the weak bosons in the Figs . 4.2 , 
4.5 and 4.10 for .j8 = 1 TeV. 

Let us discuss the case e+e- -t e-v.w+ first. The wide plateau of the pseudo-rapidity 
distribution of the scattered e- is just the one expected, which shows that the process is 
indeed dominated by the t-channel photon exchange. The 'strength' of the singularity as 
discussed in the previous chapter is estimated by the t-channel photon propagator: 

2m~ - 2~earnx(1 - (3;{3 1 cos II) 
B - 2xfJ;{J1(1- cos II+ f>(x)), 

where x is the energy fraction of the final e- viz. ~ = xEbearn• and 

A() m~ (1-z)2 o(m~)2 
L> X =2----+ -

B x2 s 

Here, x can become as large as m2 
Zmax = 1- _____!!., 

B 

( 4.1) 

(4.2) 

(4.3) 

which leads to a very small number t.(xmax) = 2 x 10-17 at .j8 = 1 TeV! This f>(x ), indeed, 
describes the end of the plateau in the pseudo-rapidity distribution if x is fixed. The edge 
of the plateau will be smeared after the integration over x due to the :~:-dependence of the 
f>(x). 
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Figure 4.3: The energy distribution in the process e+ e- -+ e- v. w+. 

This flat region can be handled with equivalent photon approximation quite accurately, 
which approximates the other parts of the matrix elements as constant while integrating 
over cos 9 in the above singular region. If this approximation is valid up to a larger angle 
1 - cos 9 ~ U, the integration gives the well-known logarithmic factor 

a 1 + z 2 (l U + ~( z) ) --- og -1 
21r 1-z ~(z) · (4.4) 

The upper limit U should be chosen carefully in a process-dependent way so that it repro
duces the exact results. We refer to Ref. [31] for the detail. In this case, it is appropriate 
to set U = m:V I~, which shall be clear after the discussion of the 'mass ordering' rule. 

The energy distribution Fig. 4.3 of the final electron clearly supports the above picture, 
where it behaves like 11(1 - z) in the limit z -+ 1. 

The reach of the pseudo-rapidity distribution of the anti-neutrino .:;. can be understood 
by considering the subprocess -ye+ -+ v. w+ neglecting the 'mass' of the photon. This 
subprocess is governed by the t-channel W-propagator, which gives the singularity with the 
'strength': 

(p~ - Pw+ )2 
- m:V -2p~. Pw+ 

-~ (1 + ~:V) f3w (1- cosO+ 2m9:V), (4.5) 

_:vhere s is the invariant mass of the subprocess. Thus, the 'strength' of the singularity 
IS always less than m:V I 8 and the pseudo-rapidity of the scattered anti-neutrino is indeed 
spread within the width (112)log(m:VI 8). The peak of this distribution is shifted to the 
negative direction, due to the Lorentz boost from the c.m. frame of the subprocess to the 
laboratory frame. The pseudo-rapidity of the w+ is fixed by balancing with the electron 
and anti-neutrino. We show the 'typical' configuration in Fig. 4.4 to su=arize the above 
discussion. Here, the t-channel photon is emitted first form the electron, the electron losing 
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Figure 4.5: Pseudo-rapidity distribution in the process e+ e- -+ e+ e- Z . 

little energy. The photon collides with the positron beam, to produce w + and JJ. by 
exchanging the W-boson in the t-channel. This is consistent with the peak in the EP. at 
high energy and softness of the final w+. 

The pseudo-rapidity distribution in the process e+ e- -+ e+ e- Z requires more expla
nation. The Fig. 4.5 shows that there are two singular regions, where the initial electron 
runs into the forward direction (y > 0), or backward direction (y < 0) . One should look 
at the scatter plot (Fig. 4.6) to see the situation. Here, the doubly differential distribution 
d2o-ldy.-dy.+ is shown, normalized such that the bin with the largest differential cross sec
tion has the value 10 (denoted by * ). We see that both e- and e+ prefer to run into the 
same direction (the same sign of the pseudo-rapidity). 

This process can be understood in the following "parton" picture, where the electron 
beam is regarded as a 'composite' object of an electron, photons and e+e- pairs, in precise 
analogy to the quarks in the hard scattering processes. See Fig. 4. 7. Here, suppose that 
the positron beam is the 'probe' of the structure of the 'electron'. First, the initial electron 
(or positron) emits the t-channel photon, revealing its structure as the photon-electron 
composite. Here the initial electron does not lose much of its energy, and flies away. Then 
the photon again reveals its deeper 'structure', that it has a component as an e+e- pair. 
The electron, which is the 'constituent' of the photon, will undergo a hard collision with the 
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Figure 4.6: Scatter plot on the plane (x, y) = (y.-, Y.+) in the process e+e- -> e+e- z. 
The plot exhibits the "angular ordering" [32) where all the dominant regions lie below the 
diagonal y.- = y.+. 
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Figure 4.7: The typical configurations in the process e+e- -> e+e- Z. (a) The "structure" 
of the electron as a composite of the "valence" e- and "sea" e-e+ pair. (b) ":he posit~on 
beam collides hard on the "sea" e- inside the electron beam. (c) The ladder diagram With 
the "mass ordering" rule. 
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Figure 4.8: Scatter plots in the process e+e- --+ e+e- Z. (a) (z, y) =(log lt1 1, log lt 2 1) plot, 
where two singular regions are well separated. (b) (o:, y) = (log It I, log IDI) plot which 
exhibits the "mass ordering" rule. 

positron beam to produce the Z boson. Thus the positron beam has revealed the 'structure' 
of the electron as composed of two electrons and one positron. The scatter plot shows that 
the secondary electron cre~ted from the t-channel photon has always larger angles compared 
to the primary electron which has emitted the photon. This is an example of the "angular 
ordering" rule where the 'parton' which is produced nearer to the hard process has larger 
angles. 

Now it is the right place to discuss the 'mass' ordering rule. This rule states the dominant 
kinematical configurations in the successive emission of the collinear particles lies in the 
region where the 'mass' of the primary one is smaller than the 'mass' of the secondary (or 
deeper) one, which makes a ladder where the partons will be successively more virtual. In 
fact, the large logarithms in the leading-log approximation appear from this kinematical 
region. To check this ordering, we should first know which ( e- or e+) acted as the hard 
scatterer. 

We first show the scatter plot of the momentum transfers, or the 'mass' of the pho
tons, computed from the final electron and positron four-momenta in Fig. 4.8(a). Two 
singular regions are well-separated, the region spreading horizontally corresponds to the 
case where the electron has emitted the collinear photon, while the region spreading ver
tically corresponds to the opposite case. Thus we can distinguish quite well which of the 
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Figure 4.9: Energy distribution in the process e+ e- --+ e+ e-Z. 

electron/positron has emitted the collinear photon from the kinematics of the final state 
particles. Let us suppose without losing the generality that the e- has emitted the collinear 
photon. Then we know the 'mass' of the photon, which is a 'parton' inside the electron, 
to be ltl = q2 = -(p1 - k1 )

2 using the notations of App. B. We compare this 'mass' of 
the photon ltl with the 'mass' of the electron IDI = -(q- p 2 )

2 + m!. We show the two 
dimensional plot in log It I and log IDI, where t is the denominator of the t-channel photon, 
and Dis the denominator of the t-channel electron, both in the same scale in Fig. 4.8(b). 
Since IDI is always larger than m!, the allowed region lies above the line IDI = log(m!). 
The region ltl < IDI is almost flat, though the cross section i=ediately vanishes when we 
cross the line ltl = IDI. This scatter plot clearly supports the idea of the 'mass ordering'. 

Thus, in integrating over the angles of the final electron, the upperbound of the angle 
is determined from this rule. This rule can be applied quite generally to many processes, 
and indeed the upperbound 1- cosO = m'iv/8 in the process e+e- --+ e-z~.w+ can be 
understood from this rule since the absolute value of the denominator of the t-channel 
W-boson propagator is larger than m'iv. 

The distributions of the energies of final state particles match the above idea (Fig. 4.9). 
The energy of the electron has a sharp singularity as ., --+ 1, where it behaves like 1/(1-., )2

, 

one factor of 1/(1- z) coming from the photon luminosity function, and another 1/(1- z) 
from the subprocess. The Z boson has an energy ~ Ebeam, since it is produced by the soft 
electron, produced from the t-channel photon, colliding hard on the other incoming beam. 

The last process we discuss here is e+ e- --+ v.v.Z. We again show the pseudo-rapidity 
distribution of the final state particles (Fig. 4.10). The reach of pseudo-rapidity can be 
completely understood just like in e-z~.w+, where the t-channel W-boson exchange leads 
to a singularity of 'strength' of m'iv/8. Here the spread of the pseudo-rapidity distribution 
of the final neutrino and anti-neutrino is indeed explained by (1/2)log(m'iv/8). The Z
boson is produced centrally. This process is a proto-type of the W-fusion process, which 
we encounter again in e+e- --+ v.v.H and vector boson fusion processes. The distribution 
in the logarithm of the t-channel W-boson propagator is shown in Fig. 4.11. Since the 
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Figure 4.10: Pseudo-rapidity distribution of the process e+ e- -> v.v.Z. 

Figure 4.11: The distribution in the logarithm of the denominator in the t-channel W-boson 
propagator. 
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Figure 4.12: Typical kinematical configurations in the process e+ e- -> v.v.Z. 
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Figure 4.13: Energy distribution of the final particles. 

denominator of the W-boson propagator always has a larger absolute value than m:V (or 
smaller than -m:V ), the distribution may start at log(m:V ). However, it starts with a rising 
behaviour. This behaviour can be explained if we recall that there is sin(0/2) factor in 
the matrix element to emit a transverse vector boson. Though there may be longitudinal 
W-bosons to propagate in t-channel, the figure shows that this process is dominated by the 
fusion of transverse W's. The 'typical' configuration is shown in Fig. 4.12. This picture is 
consistent with the energy distributions of the final state particles in Fig. 4.13. 

Now we show several distributions at ..JS = 1 TeV which will be necessary to discuss 
these processes as backgrounds. The qualitative character is the same at 500 GeV or at 
1.5 TeV. The whole curve will be shifted upwards as we raise the c.m. energy. 

The first one is the energy distribution of the vector bosons (Fig. 4.14). The general 
behaviour is just the one discussed above for each processes. The transverse momentum 
distribution of the vector bosons is shown in Fig. 4.15. The typical PT for e+ e- Z is of 
order electron mass, while it is of order W-boson mass for e±v.(v.)W'~' and v.v.Z. Due 
to the large cross section of these processes, the large PT component is still sizable at Te V 
energies. 
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Figure 4.14: Energy distribution of the vector bosons in the single weak boson production 
processes at c.m. energy 1 TeV. 
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Figure 4.15: Transverse momentum distribution of the vector bosons in the single weak 
boson production processes at c.m. energy 1 TeV. 
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Chapter 5 

Higgs Boson Production 

The search for the Higgs boson and the detailed study of its character is, undoubtedly, the 
main goal of the TeV linear collider. In this chapter, we discuss the production processes of 
the Higgs boson in the Standard Model, with the zero-width approximation. Though the use 
ofthe zero-width approximation cannot be justified for resonances with large widths, it gives 
us qualitative idea of the production cross section and the distributions of the final state 
particles when the resonance is produced. For heavy Higgs bosons above 500 Ge V, the result 
using the zero-width approximation should be regarded only as a guide. However, for lighter 
Higgs bosons, the width is indeed smaller than 10% of its mass, and the approximation can 
be justified if we are not interested in the detailed threshold behaviours. 

The whole process, including the decay of the Higgs boson into w+w-, ZZ and tf is 
discussed in Chap. 6 and 7. The results in this chapter will be useful when we discuss the 
cuts which will reject the 'continuum' background while retaining most of the signal. There 
is one more advantage to know the Higgs boson production process without its decay; one 
can make the consistency check of the results of the later chapters. 

5.1 Physics Interests in the Processes 

All the discussions on the Higgs production in this chapter is based on two assumptions. 
(1) The minimal structure of the Higgs sector, and (2) zero-width approximation for the 
Higgs boson. 

The production of the Higgs boson heavily depends on the parameters of the Higgs 
sector. However, there are some reasons to concentrate on the minimal Higgs sector. First 
of all, it is the simplest solution to produce gauge boson masses. Secondly, the constraint 
from the p-parameter requires that the largest portion of the SU(2)L x U(1)y breaking order 
parameter belongs to the representation (2, 1/2). Thus, the assumption of the "doublet" 
should be, at least, a good approximation. Thirdly, there is a possibility that there are 
many doub:ets/singlets which may mix after the sy=etry breaking, as expected in the 
supersy=etric version of the Standard Model. Though it is a very interesting and even 
exciting possibility, the total cross section to produce any kind of Higgs bosons well above 
their threshold is determined completely from the requirement that they are responsible 
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Figure 5.1: Feynman diagrams of the processes (a) e+e--+ ZH, (b) e+e--+ v.v.H and (c) 
e+e- -+ e+e-H. 

for the weak boson masses mw and mz. Thus, we can obtain a good idea even on the 
non-minimal models by discussing the Higgs boson production in the minimal Standard 
ModeL 

The Higgs hunting for relatively light Higgs bosons will be made mainly using this process. 
If the Higgs boson is lighter than twice theW-boson mass mw, which is called the "inter
mediate mass" Higgs boson, it mainly decays into a bb pair. Thus, the main background 
will be Z Z if we detect the Z boson by a lepton ( e or p) pair, or both Z Z and w+w- if we 
search through the hadronic mode. If the Higgs boson is heavier than twice the W-boson 
mass, it decays mainly into a W-pair, and the continuum production of w+w- Z and ZZZ 
is its main background. This process will be discussed in Chap. 6. 

There is only one Feynman diagram (Fig. 5.1(a)) in this process. Since the production 
occurs via the s-channel Z-boson exchange, the cross section decreases like 1/ s as the energy 
increases. Thus this process is important at relatively low ·energies. However, its discovery 
limit for Higgs mass reaches nearly up to .JS- mz thanks to the two-body phase space. 

5.1.2 e+e---+ v.v.H 

There is again only one Feynman diagram (Fig. 5.1(b)), which is at-channel W-boson fusion 
process. Since the gauge bosons are exchanged in the t-channel, it has an increasing cross 
section as the c.m. energy is increased. The search for the heavy Higgs bosons is mainly 
done with this process. Since heavy Higgs bosons decay mainly into w+w- and ZZ, the 
production of v.v.w+w-, v.v.ZZ should be discussed if we go beyond the zero-width ap
proximation. Here, the main background will be e+e-w+w-, e+e- ZZ, and e±v.(v.)W"' Z. 
They will be discussed in Chap. 7. If we use the leptonic modes of theW, Z decay, the single 
W/Z production processes discussed in the previous chapter will be serious backgrounds as 
well. 
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Figure 5.2: Higgs mass dependence of the total production cross sections via the processes 
e+e--+ ZH, v.v.H and e+e-Hat c.m. energies (a) 500 GeV, (b) 1 TeV and (c) 1.5 TeV. 

5.1.3 e+e- --+ e+e-H 

This process is at-channel Z boson fusion process (Fig. 5.1(c)) where Z-boson substitutes 
the role of the W -boson in the previous process. This process has also an increasing cross 
section at high energy due to the t-channel vector boson exchange. If we can tag the elec
tron/positron in the forward region, it will be a quite unambiguous event. The continuum 
production of e+e-w+w- and e+e- ZZ will be the main (and large!) background. 

5.2 Cross Sections and Distributions 

We first ·show the total cross section of the processes e+e- -+ ZH, v.v.H and e+e-H in 
Fig. 5.2 at three energies, (a) .JS = 500 GeV, (b) 1 TeV and (c) 1.5 TeV. One general 
character at all energies is that the t-channel processes drop more rapidly than the ZH 
production as the mass of the Higgs boson is increased. The reason is that the two-body 
phase space behaves like ex {3 near the threshold where {3 is the velocity of the final state 
Higgs boson, while the total cross section of the v.v.H and e+e-H behave like {35 near the 
threshold where the factor of (33 comes from the three-body phase space and another factor 
of {32 from the soft eletron/neutrino wavefunction. 

The ZH production has cross sections which decrease with s, while v.v.H production 
has increasing cross section. The v.v.H cross section is larger for a light Higgs boson 
already at .JS = 500 GeV. This light Higgs boson decays into bb, which resembles to its 
two-photon production. However, it may be detectable by applying a cut on the transverse 
momentumofthe b-and I>-jets [33,34]. The situation will be much better by the introduction 
of a sophisticated vertex detector by tagging b-events. For the heavier Higgs boson which 
decays into w+w-, the cross section of ZH production is larger than that of v.v.H. Thus 
the Higgs hunting at .JS = 500 GeV can be performed both by ZH and v.v.H production. 
At higher energy .JS = 1 TeV, the v.v.H cross section is larger for almost all masses of the 
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Figure 5.3: Total cross section of the process e+ e- -+ Z H for various mass of the Higgs 
boson. 

Higgs boson. However, even at this energy, the ZH production will play an important role 
to serve a cross-check to establish the Higgs boson. 

Now we discuss the distributions of the final state particles separately. 

As discussed in the beginning of this section, this process is indeed the most importan~ 
process at a .j8 = 500 GeV collider, and will also be useful at .j8 = 1 TeV. 

We show first the energy dependence of the total cross section for various Higgs boson 
masses in Fig. 5.3. One observes that the cross section reaches the asymptotic curve rapidly 
above the threshold. The point cross section <Tpt is shown for comparison. All curves drop 
like 1/ a at high energy. 

The differential cross section du / dcosO is in Fig. 5.4. We observe that almost all events 
occur at large angles . The reason is very simple. Recall that the coupling between the 
Z-boson and the Higgs boson comes from the Lagrangian density 

1 
£ = 2gzmzHZ"Z,., (5.1) 

which has a dimensionful coupling constant gzmz . Here gz is defined by gz = e/ sin Ow cos Ow. 
From the naive dimensional analysis, processes including the dimensionful coupling constant 
die away very rapidly at high energies. However, this discussion is too naive, and the dimen
sionful coupling constant can be cancelled by the 1/mz factor in the Z-boson p~larization 
vector only for its longitudinal component . Thus at a high enough energy, almost no trans
verse Z-bosons are produced, following the naive dimensional analysis argument, and only 
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and (b) 1 TeV. 

00 

(a) Ys = 500 GeV 

to-2 
100 150 2<JO 
p., [GeV) 

BOO 

I TeV 

10- 3 L--.i.:.....t.lOO:.,z: __ 200~--300~---~-----' 

p., [GeV] 

Figure 5.5: Transverse momentum distribution in the process e+e- -+ ZH at c.m. energy 
(a) 500 GeV and (b) 1 TeV. 

the longitudinal Z-bosons remain. Then the final state has zero-helicity, where Higgs boson 
does not have any helicities and Z-boson is longitudinal, which gives a d-function propor
tional to sinO. In other words, Z and H cannot be produced into the forward direction 
due to angular momentum conservation. One can clearly observe this trend comparing the 
figure at (a) 500 GeV and (b) 1 TeV, where the contribution of the transverse component 
in the forward region will indeed die away. 

The transverse momentum distributions have Jacobian peaks (Fig. 5.5) due to the two
body kinematics. The peak position is easily obtained by simple kinematics: 

.j8 / m~ + m~ (m~- m~)2 

PTipw = 2V1- 2 s + s• . (5.2) 

These Jacobian peaks will be one of the clue to the Higgs hunting. There is one more 
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important clue from the simple two-body kinematics, th_at the energy of the Z-boson is 
completely fixed to be 

Ez = - 1 + 2 - __!!_ , ..fi ( m
2 

m
2

) 
2 ~ • 

(5.3) 

which can appear as a peak in the Ez distribution even with the decay of the Higgs boson. 

5.2.2 e+e- -+ v.v.H , e+e-H 

As discussed in the beginning of this section, the v.v.H production will be the main place 
to study the Higgs boson production at high energy. We show the energy dependence of 
the t otal cross section for various mH in Fig. 5.6. One observes the increasing cross section. 

The cross section of e+e- His always by a factor of 10 smaller than that of the v.v.H, 
though the dependence on mH is almost the same. This can be understood by the smaller 
coupling of the Z-boson to the electron compared to theW-boson. The coupling factor for 
v.v.H final state is 

(5.4) 

since only the left-handed electron and right-handed positron contribute, while for e+ e- H 
all helicities contibute to give 

[g~(gzmz)]' [ ( -~ + sin
2 

Ow r + 2 ( -~ + sin
2 

Ow r (sin2 Ow )2 + (sin2 Ow )4] • (5.5) 
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Figure 5.7: Pseudo-rapidity distribution in the process e+e- -+ v.v.H at c.m. energy 1 TeV, 
where the mass of the Higgs boson is set to be equal to mz. 

There is an additional factor from the WL and ZL luminosity functions both from the 
electron and positron current, which behave like (s/m~ )2 and (s/m~) 2 respectively. These 
factors of the luminosity functions cancel the WW H and ZZH couping constants gwmw 
and gzmz precisely. Then these factors combine to give the ratio of 9.4, which is roughly 
correct . 

To see the typical event shape, we show the pseudo-rapidity distribution of the final 
state particles for v.v.H for mH = mz and ..ji = 1 TeV in Fig. 5.7 to compare with the 
process e+e--+ v.v.Z discussed in the previous chapter. The distributions for the e+e- H 
final state does not show any difference and hence omitted. These distributions show the 
typical characteristics of the W-boson fusion or Z-boson fusion process, which are very 
similar to that of the process e+e- -+ v.v.Z (Fig. 4.10). The typical pseudo-rapidity of the 
final leptons are of the order (1/2) log(s/m} ), where my = mw or mz which does not make 
any difference. The Higgs boson is produced centrally. 

The energy distributions ofthe final state particles (Fig. 5.8) is consistent with the naive 
picture of the W-fusion as well. Both the finalv. and v. favour larger energies, while the 
Higgs is produced with low energy to make the denominator of the t-channel W-boson as 
small as possible. 

The distribution of the logarithm of the t-channel virtuality It I + m:V is shown in the 
Fig. 5.9. There is one difference with the case v.v.z, that the curve i=ediately starts 
decreasing at the boundary log( m:V ). This fact shows that there does not appear the factor 
sin(0/2) discussed in Chap. 3 and 4, which was the consequence of the helicity selection 
rule and the angular momentum conservation. Here, the absence of the sin(0/2) factor is 
reasonable, since the W or Z bosons exchanged in the t-channel is mainly longitudinal, 
which does not violate the angular momentum conservation even in the strictly forward 
direction. 

The characteristics in the above discussion does not change at all for any value of mH· 
We show two examples. The first one is the energy EH distribution, which we show for 
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Figure 5.8: Energy distributions in the process e+e- -+ v.-v.H. 
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propagator. 
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Figure 5.11: Transverse momentum distribu.ion of the Higgs boson in the process 
e+e- -+ v.v.H at (a) 1 TeV and (b) 1.5 TeV. 

various fflH at ..ji = 1 TeV and 1.5 TeV (Fig. 5.10). The Higgs boson is always produced 
softly, however with typical PT of the order O(mv) as seen below. 

The second one is the transverse momentum distribution shown in Fig. 5.11, which 
demonstrates that the typical PT is of the order O(mv ). This fact supports the expectation 
that typical PT is determined by the 'mass' of the particles exchanged in the t-channel, as 
we discussed in Chap 3. and 4. 

Summarizing these distributions, we expect that the decay products have peaks in the 
energy distribution around E ~ .j(mH/2)2 + p} with substantial acoplanarity due to the 
PT(H) ~ O(mw). 
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Chapter 6 

it may not be correct if it is very different from the massless Higgs boson case. It turns 
out that whether rna = 0 or rna = oo does not make any difference to the w+w- Z final 
state, while the massless Higgs boson acts comtructively to the other diagrams in the ZZZ 
and tlZ final states. Thus we can be quite confident to discuss the case rna = oo as the 
"continuum". However, the massless Higgs exchange acts de•ctructively to other diagrams 
in the w+w- Z final state if we polarize the electron beam to be right-handed. We show 
both rna = 0 and rna = oo cases there. 

Pair Production with an Additional z 6.Ll e+e---+ w+w-z,zzz 

Boson 

We discuss O(a3
) processes in this chapter, with the final state of w+w- Z, ZZZ and tlZ. 

All of these are annihilation processes, which have decreasing cross section at asymptotic 
energy. However the three-body phase space approaches the asymptotic region very slowly, 
hence the cross section is maximum at sub-TeV energies. Our main concern is to detect the 
effect of the Higgs boson exchange. In all processes, the effect is found to be negligible if 
Higgs boson is off-shell. For on-shell Higgs boson exchange, where Higgs boson is produced 
by e+ e- -> Z H and decays into w+ w-, Z Z or tl, the effect can be observed. Longitudinal 
polarization of the electron beam significantly improves S/N ratio in the final state w+w- Z 
and ZZZ by a factor of~ 100, while selection of top quark helicities is necessary in ttZ 
final state to study the effect of Yukawa coupling. 

6.1 Physics Interests in the Processes 

All processes in this class have a Higgs boson exchange diagram, where the ZH production 
is followed by the decay of the Higgs into w+w-, ZZ or tf. Recall that the ZH production 
is the main source of the Higgs boson at ../8 = 500 GeV, and is still important at higher 
energies. Then the other diagrams will be the main "continuum" background to Higgs 
hunting, and it is important to understand this "continuum" background completely. 

There is a subtlety in the notion of the "continuum". Since the theory of the spon
taneously broken gauge theory cannot be perturbatively renormalizable without the Higgs 
boson, the naive computation omitting the Higgs boson exchanges may lead to some incon
sistencies. The famous example is the WW scattering [35], where the tree-level amplitudes 
will violate the unitarity at high energy if we omit the Higgs boson exchanges. The "con
tinuum" should be regarded as a reference which has a completely safe high-energy limit. 
Thus, we should understand that the case with massless Higgs boson i• the "continuum" 
when we discuss the vector boson fusion processes like e+e- -> v.v. w+w-. It is not as 
clear in the case of the processes discussed in this chapter. We discuss the case first where 
the Higgs boson exchange is omitted in the unitarity gauge as the "continuum", however 
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There is another interest in the process e+e- -> w+w- Z; this is the lowest order process 
where the four-point self-coupling of the vector bosons appears. See the Feynman diagrams 
shown in Fig. 6.1. Indeed, we have found a delicate cancellation between the diagrams 
for the longitudinal vector bosons. This may serve as another place to study the possible 
compositeness of the w;z bosons. 

The process e+ e- -> Z Z Z has only the familiar couplings between the electron and the 
z boson (Fig. 6.2). There will be no other interests than the Higgs search in this process. 

The three vector boson production processes were discussed by Barger, Han and Phillips 
[36] in detail, though they didn't go further to discuss the observability of the Higgs boson. 

The Feynman diagrams are shown in Fig. 6.3. They fall into three gauge-invariant subsets. 
One is the initial state Z-boson radiation diagrams, the second is the final state Z-boson 
emission, and the last one is the Higgs boson exchange. 

The process e+ e- -> tlZ has not been discussed so far. Since this process is the lowest 
order process with the Yukawa coupling, the sensitivity to the Yukawa coupling is here the 
main concern. In fact, this is almost the unique place to study the effect of the Yukawa 
coupling at y8 = 500 GeV, except the detailed study at threshold region of the tf produc
tion. For higher energies, combined analysis together with e+ e- -> vvtl and e+ e-tf will be 
necessary. 

6.2 Cross Sections and Distributions 

The total cross section without the Higgs boson contribution is shown in the Fig. 6.4. All 
processes are e+e- annihilation processes, and hence have decreasing cross section at high 
energy. Here we took the value of the top quark mass to be Tnt = 100, 150, and 200 Ge V for 
the demonstration. The three-body phase space reaches the asymptotic (massless) phase 
space only far above the threshold. 

Now we discuss each process separately. 
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exchange diagrams are omitted. 

Before going into the discussion on the effect of the Higgs boson, let us concentrate first on 
the case without the Higgs boson to understand the 'continuum' background completely. 
The first figure Fig. 6.5 is the angular distribution of the final w+, w- and Z bosons 
at ,fi = 1 TeV. The events occur dominantly in the collinear region, where w- boson 
is emitted into the forward (or the direction of the e- beam) and w+ into the backward 
direction. On the other hand, the helicity combinations in which w- has helicity - and 
w+ has + have largest cross section, which is more than 50% of the total at ,fi = 1 TeV. 
Recalling the fact that the W-bosons can couple to the fermion line directly only if the 
electron is left-handed, and from the helicity selection rule discussed in Chap. 3 and App. C, 
we imagine that the dominant configuration is that the w- is emitted directly from the 
inital e- , w+ from e+, both collinear. This situation seems to be just the same as in the 
w+w- production. 

The energy distribution (Fig. 6.6) of the w+ and w- shows that they are emitted 
very energetically. A question arises whether this distribution is consistent with the above 
picture derived form the angular distribution. . 

One may anticipate that the collinear emission of a vector boson from the fermion line 
favours that the vector boson is soft. However, it is not true for massive vector bosons. 
For the photon emission from an electron line, the soft photon produces the singularity 
as we encountered in the Z-y production. This point can be understood by evaluating the 
minimum possible value for the off-shell electron propagator, which tells us simply that 
the soft limit of the photon does not take out any momenta from the electron line, giving 
completely on-shell electron in the limit. However, this argument does not apply to the 
massive vector bosons, where the soft limit doe1 take out non-zero four-momentum from 
the electron line to give large virtuality to the off-shell electron line. Let us demonstrate 
this fact explicitly by evaluating the denominator of the electron propagator as we did in 
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Figure 6.6: The energy distribution. 

We take the initial four-momentum of the electron to be 

lc~ = E(1, 0, 0, 1), (6.1) 

neglecting the mass of the electron. The four-momentum of the vector boson emitted from 
the electron can be rotated to lie in the zz plane 

where 

p~ = zE(1, {3 sin 8, 0, {3 cos 8), 

~ 
fJ=y!-~. 

Then the denominator of the electron propagator is 1 

(lc.- pv) 2 m}- 2/c. ·pv 

m} - 2zE2(1 - {3 cos II) 

-2zE2{3(1- cos II)- m} ( V 2 
-1). 

"'+ z 2
- m~/E2 

(6.2) 

(6.3) 

(6.4) 

The terms in the last large bracket is a monotonically decreasing function of z, which 
gives the conclusion that the massive vector boson emitted from the electron line favours 
to be energetic. Since the helicity selection rule will be clearer for the energ~tic_ vec:or 
boson emissions, the observations on the helicity combination and the energy distnbutwn 
is completely consistent. 

The modest peak in the Ez distribution at its highest possible energy indicates that 
the singularity due to the Z-boson emission from the initial electron or positron is also 

1Note that the 'energy fraction' z can be larger than unity in general if the kinematics allows. Indeed, 
such situations arise in the processes e+e--+ e+e- Z or Z"'(. However, z is always smaller than unity here. 
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Figure 6.7: Dalitz plot of the final state w+w- Z, where the horizontal axis corresponds 
to Ez and vertical axis to Ew- . The singular region lies along the boundary of the kine
matically allowed region. The unit of energy is 100 GeV for both z andy axis. 

present, though subdominant . This type of configurations give the small rise in the angular 
distribution for the backward direction (W-) or forward direction (W+). However, it is 
clear from the Ez distribution that the contribution from the lower energy Z boson is much 
larger t han the peak of the energetic Z , which is consistent with the much sharper peak of 
the Ew distribution at its maximum compared to that of the Z boson. 

The whole situation is very clear in the Dalitz plot of the final vector bosons (Fig. 6. 7) , 
where the dominant configurations appear at the boundary of the kinematically allowed 
region . The three edges correspond to t he cases where one of the vector bosons are emitted 
energetically while the other two forming a small mass running into the same direction with 
roughly the same energy. The three corners correspond to the cases where two of the vector 
bosons are emit ted energetically from the intial state, and then the two off-shell fermion 
lines meet to produce a soft vector boson. Both cases are singular from the above discussion 
on the t-channel propagator, and they combine to lie along the boundary in the Dalitz plot. 

The typical configuration can be visualized as in the Fig. 6.8. Thus the 'typical' diagrams 
are just those of the process e+ e- -> ZZZ, which has only the diagrams where the final 
state vector bosons are attatched to the electron line directly. We can check this point in 
the next subsection. 

The transverse momentum distribut ion of all three vector bosons is shown in Fig. 6.9. 
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Figure 6.8: Typical configurations in the process e+ e- -> w+w- Z, where V, Vi and V3 
corresponds to one of the three vector bosons respectively. Most dominant combination is 
Vi = w-' Vi= w+ and v3 = z. 
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Figure 6.9: Transverse momentum distribution. 

The typical PT is of the order my, which supports the above picture again since the 'mass' 
of the t-charmel electron or neutrino is of the order m} . 

We discussed in the previous section that there is an interest in this process as the 
lowest order process which contains the four-point vector boson self-coupling of Fig. 6.1 (8) 
- (10) . In fact, all the diagrams should be included to obtain gauge-invariant results. The 
correct high-energy behaviour for the longitudinal vector bosons can be assured only after 
summing all these diagrams where delicate cancellations occur. We show one example in 
Fig. 6.10, where the cos Bz distribution is shown for some subsets of the diagrams separately, 
and their interference term. They are normalized in such a way that they all sum up to 
give the correct differential cross section. The helicities of the vector bosons are chosen 
to be all longitudinal to demonstrate the cancellation. The diagrams are separated into 
three groups. First group includes the diagrams where all three vector bosons are attatched 
directly to the fermion line (Fig. 6.1 (1)- (3)), which is named AWWZ. The second group A3 
includes the diagrams with three-point vector boson self-couplings with t-charmel fermion 
(Fig. 6.1 (4) - (7)). The last group A4 includes the diagrams Fig. 6.1 (8) - (10), which is 
summarized as the four-point vertex in the HELAS system. The notations like 'A3/ A WWZ' 
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Figure 6.10: cos fJz distribution in the process e+ e- --+ WtWi ZL, where the contributions 
from various diagrams are shown separately. See text. 

refer to the interference terms. The figure clearly shows the delicate cancellations among 
the three groups. This delicate cancellation wjll lead to a large sensitivHy to the vector 
boson self-coupling in this process. 

Now we come to the main interest, the effect of the Higgs boson exchange. We show 
the dependence of the total cross section on the mass of the Higgs boson in Fig. 6.11, at 
the energy .j8 = 500 GeV and 1 TeV. One first observes that there is almost no effect 
below the Higgs decay threshold (mH < 2mw ), which means that the off-shell Higgs boson 
exchange is not important. Even above the threshold, the cross section wjl! not get affected 
drastically, especially for the .j8 = 1 TeV case. Thus we should find an efficient way to 
single out the Higgs boson signal by applying cuts. 

The angular distribution of Z boson is plotted for various mH in Fig. 6.12. The forward 
peak receives little effect from the Higgs boson exchange, while the large angle cross section 
is substantially increased at .j8 = 500 GeV. This observation is completely consistent with 
the ZH production discussed in Sect .5.2. We expect that the signal can be made clear by 
applying a cut on cos fJz. On the other hand, the effect is hardly visible at .j8 = 1 TeV. 

The peaks in the mww-distribution (Fig. 6.13) are clearly seen at .j8 = 500 GeV, after 
applying thP. cut I cos fJzi < 0.85. We can observe the effect near to its kinematical limit of 
the Higgs boson production. The situation is much worse for .j8 = 1 TeV. The peak of the 
Higgs boson below mH < 400 GeV is quite clear, however the peak of 600 GeV Higgs is 
hardly seen. Here we show the energy distribution of the Z boson as well in Fig. 6.14 since 
it is experimentally simpler to measure, although it is equivalent to the m~w distribution 
due to the relation 

(6.5) 

The transverse momentum distribution Fig. 6.15 has also the Jacobian peak due to the 
two-body kinematics of the ZH production, with the same cuts. Here again the peaks at 
.j8 = 1 TeVis not clear. 
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Figure 6.11: Higgs mass dependence of the total cross section at two energies, (a) 500 GeV 
and (b) 1 TeV. The arrows indicate the cross section where the Higgs exchange diagram is 
omitted (mH = oo). 
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Figure 6.13: The invariant mass distribution of w+w- system with various mass of the 
Higgs bosons at c.m. energy of (a) 500 GeV, (b) 1 TeV. A cut on the angle of Z boson 
I cos liz I < 0.85 is applied. 
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Figure 6.14: Energy distribution of the final Z-boson with various mass of the Higgs boson 
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Figure 6.15: Transverse momentum distribution of the Z boson with various mass of the 
Higgs boson after the I cosllzl < 0.85 cut, at c.m. energy (a) 500 GeV and (b) 1 TeV. 

To make the signal clearer at Js = 1 TeV, one may try to cut off the 'typical' continuum 
production process of Fig. 6.8 where the w- and w+ are emitted collinearly, by applying 
cut on the angles of all three vector bosons. However, we have checked that the triple cut 
does not make the situation better. Since the cross section of the continuum production is 
huge compared to that of the ZH production, the tails for larger angles are still sizable. Here 
we propose the following way which is motivated from the understanding on the 'continuum' 
background obtained above. We can throw away the W-boson emission from the electron 
line, which is t.he dominant configuration which has nothing to do with the Higgs boson, 
without loosing much of the signal, by longitudinally polarizing the electron beam to be 
right-handed. Then the diagrams of Fig. 6.1 (1) - (3) and (6), (7) will be simply absent , 
while the signal (11) is almost the same! In fact, the ZH production will be reduced only 
by the factor 

( 
1 . 2 ll ) 2 ( • 2(1 )2 - 2 +sm w + sm w 

2( sin2 llw )2 = ug (6.6) 

by polarizing the beam. 
The distributions of the final state particles will be completely different from the case 

of the unpolarized beam. Let us again discuss the case without the Higgs boson exchange 
first. Note that for the positive chirality sector, the Feynman diagrams fall into two gauge
invariant subsets. The first one is the initial state Z-boson radiation from the electron line 
(diagrams of Fig. 6.1 (4) and (5)), and the other is the final state Z-boson emission from 
theW-boson (diagrams of Fig. 6.1 (8)- (10)). 

From the discussions on the t-channel electron propagator at the beginning of this sec
tion, we can deduce the final state distributions for the first gauge-invariant subset . Here, 
the Z-boson is emitted from the initial state energetically, and the off-shell electron col
lides with the other beam to produce the w-w+ pair. Indeed, the sharp peak in the Ez 
distribution Fig. 6.16 at very high energy corresponds to this subset. The w+ and w -
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Figure 6.16: Energy distribution of the final vector bosons where the electron beam is 
longitudinally polarized to be right-handed. 
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Figure 6.17: Angular distribution when the electron beam is longitudinally polarized to be 
right-handed. 

tends to run into the same direction with a very energetic Z-boson in the other side, which 
can be checked in the scatter plot though we do not show it here. The whole picture is 
consistent with the angular distribution in the Fig. 6.17, where the forward peak is sharp 
only for the Z-boson, where both w+ and w- are produced relatively larger angles. The 
small forward-backward asy=etry seems to be an effect of the s-channel process of the 
second subset. 

For the second subset, where the w+w- pair creation occurs and the Z-boson is emitted 
from one of them, we discuss its distribution by considering the s-channel propagator of 
the W-boson. The denominator of the W-boson propagator is simply the invariant mass 
of the W/Z system minus squared W-boson mass, and the amplitude will be maximized 
if the invariant mass of the W/Z system is minimized. This condition is equivalent to the 
requirement that the energy of the other W-boson is maximum. However this process does 
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Figure 6.18: Two typical configurations of the process e+e--+ w+w- Z from right-handed 
electron beam. The configuration of (a) initial state Z-boson emission is dominant, while 
the configuration of (b) final state emission is sub dominant. 

not seem to be dominant as seen from the Ew distribution in Fig. 6.16. The contributions 
from both subsets are summarized in the Fig. 6.18. 

The longitudinal polarization selecting the positive chirality sector to kill the initial 
state radiation of the W-bosons is really very effective. We show its dramatic effect in the 
Fig. 6.19, where the total cross section is plotted again for varying mH. One sees that the 
effect of the Higgs boson is very clear compared to the unpolarized case. Even a Higgs 
boson with 600 Ge V mass will enhance the cross section substantially. 

We show the mww distribution first in Fig. 6.20, again after the cut on the cos liz for 
several m 8 . Even the m 8 = 800 GeV Higgs boson shows its peak in the distribution. The 
peak of the m 8 = 600 GeV Higgs is now very clear , compared to the case of the unpolarized 
beam. The Ez distribution (Fig. 6.21) is shown with the same cut. Here, we observe that the 
contribution of the massless Higgs boson is desctructive to the other diagrams, comparing 
the curves m 8 = 0 and m 8 = oo. We do not have any idea yet whether this cancellation is 
required from the unitarity. 

The Jacobian peaks in the PT(Z) distribution (Fig. 6.22) is very clear now as well. 

6.2.2 e+e- ---+ ZZZ 

We discuss the distributions for the process e+e- -> ZZZ, though it should be already 
clear to the careful readers what kind of distributions are expected. Since there are only 
diagrams where the final Z-bosons are directly attached to the electron line, the situation 
is just the same as the 'typical' diagrams in the case of e+ e- -> w-w+ Z. 

We show first the angular distribution of the Z bosons (Fig. 6.23). Here, the curve 
is normalized in such a way that the integration over -1 ~ cos li ~ 1 gives three times 
the total cross section, or in other words, this is the differential cross section for the any 
Z-boson, first, second or third. We see again the forward and backward peaks which shows 
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Figure 6.19: Higgs mass dependence of the total cross section from the right-handed electron 
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Figure 6.21: Energy distribution of the Z boson after the cut. 
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Figure 6.22: Transverse momentum distribution of the Z boson after the cut. 
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Figure 6.23: Angular distribution of the Z boson in the process e+e--+ ZZZ. 
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that the Z-bosons are emitted collinearly from the initial electron/positron. The energy 
distribution (Fig. 6.24) has a peak at rugh-energy, and a long tail for the lower energjes. It 
is checked that the collinear Z bosons are indeed energetic, and less energetic Z-bosons are 
produced at large angles, by making scatter plots. The helicity combinations favoured are 
( +, -, ±)or ( +, -, 0), where we can interpret that the first two are the Z-bosons emitted 
from the initial state, and the last one is produced softly in the middle. The Dalitz plot 
(Fig. 6.25) has also dominant region at the boundary of the kinematically allowed regjon. 

Now we come to our main interests, the effect of the Higgs boson exchange. We first 
show the dependence of the total cross section varying the Higgs boson mass. Thanks (?) 
to the small cross section of the continuum production, the effect of the Higgs boson is very 
large (Fig. 6.26). Thus, we expect quite clear peaks in the mzz, Ez and PT distributions 
after the cuts I cos Ozl < 0.85. 

We show the energy Ez distribution first since it is the simplest to explain. The curves 
are made after the cuts I cosOzl < 0.85 for all three Z-bosons. The curves shown in Fig. 6.27 
have complicated shapes. However, it can be understood in the following way. First, we 
see the peaks with the energy 

(6.7) 

as discussed at the end of the subsection 5.2.1. Thus, the Z-boson with this energy can be 
regarded as the Z-boson wruch is produced associated with the Higgs boson. Note that the 
energy of the Higgs boson is fixed as well 

En = - 1 + _!!_ - -E. . .jS ( m2 m2) 
2 s s 

(6.8) 

wruch of course satisfies Ez + EH = .jS. 
The other structure is the flat regjon, wruch is especially clear in the case .jS = 500 GeV 

and m 8 = 200 GeV. Tills flat regjon requires a bit kinematics. Though it is well-known in 
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Figure 6.25: Dalitz plot of two Z bosons. The unit is in 100 GeV. 
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Figure 6.26: Higgs mass dependence of the total cross section at two c.m. energies, (a) 
500 GeV and (b) 1 TeV. 
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Figure 6.27: Energy distribution of the Z boson after the cut at c.m. energy (a) 500 GeV 
and (b) 1 TeV. A cut I cos Bz l < 0.85 is applied on all three Z bosons. 
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the examples like r--> 11"-v,., let us briefly explain its origin to make the paper self-contained. 
Recall that both the energies of the Z and H bosons in the ZH production were fixed by 
the simple kinematics. Then the Higgs decays into two Z's, isotropically in its rest frame, 
since it carries no spin. The four-momentum of the final Z boson in the Higgs rest frame is 

?z = E(1, PsinO, 0, pcosO), (6.9) 

where 

(6.10) 

The distribution is fiat in cos ii. Note that E, p are both completely fixed by the kinemat
ics. Now we boost the four-momentum to the laboratory frame to give the energy in the 
laboratory frame 

Ezllab = ;E(l + fJP cos 0), (6.11) 

where ; and {J are boost factors 

i 

{J = (6.12) 

using EH defined in eq. (6.8). Since the numbers E, p,; and {J are completely fixed above, 
the only variable is the cos 8, which has a flat distribution. Thus the distribution in Ezhab 
is also flat, since it is only linearly dependent on cos ii, in the region 

;E(1 - fJP) < Ezhab < ;E(l + {JP). (6.13) 

Now, this structure should be evident to the readers on all curves. They all are composed 
from a peak and a flat region. In some curves like ..,fS = 500 GeV and mH = 300 GeV, they 
appear at a same region. In the case ..,fS = 1 TeV and mH = 600 GeV, both structures are 
smeared due to the large width. However, the same type of the structures can be seen in 
all the curves. 

We show the invariant mass mzz distribution in Fig. 6.28 (a) and (b), again with the cut 
I cos Bzl < 0.85 for all three Z-bosons. Since the invariant mass of two Z-bosons is related 
to the energy of the remaining Z-boson Ezl.,,. by 

E I ..,fS ( m~ mh) z,..,.=- 1+---- , 
2 s s 

(6.14) 

the structures discussed above appear here as well. 
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Figure 6.28: Invariant mass mzz distribution after the cut at (a) 500 GeV and (b) 1 TeV. 
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Figure 6.29: Transverse momentum distribution after the cut at (a) 500 GeV and (b) 1 TeV. 
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Figure 6.30: Angular distribution for the process e+ e- --+ tlZ without the Higgs boson 
exchange diagram. 

The Jacobian peaks in PT distributions Fig. 6.29 (a), (b) are indeed present . However it 
may not be as useful as in the case e+ e- --+ w- w+ z 0 

Here, one co=ent follows. Though the search for the Higgs boson through this process 
e+e- -> ZZZ seems to be promising, we should deal with its hadronic decay modes because 
of the large branching ratio and small total cross section. Then, the background from the 
continuum w-w+ Z is also serious here. We cannot expect that the hadron calorimetry 
may be able to separate the contributions from w-w+z and ZZZ, since the cross section 
of w-w+z is more than one order of magnitude larger than that of ZZZ. We should 
use the possibility discussed in the previous section anyway, to longitudinally polarize the 
electron beam to be right-handed. We, at present, find no other solutions to this problem. 

We first discuss the general distributions of the final state particles t, land Z in the absence 
of the Higgs boson diagram. Recall that the Feynman diagrams fall into two gauge-invariant 
subsets, one is the initial state radiation of the Z-boson, and the other is the final state 
emission of the Z-boson after the pair-production of the top quark. Careful readers already 
notice that the situation is just the same as in the e+e- -> w-w+ Z where the electron 
beam is right-handed. Thus we expect similar distributions. 

From the angular distribution Fig. 6.30, we observe the forward and backward peaks 
in the distribution of the Z-boson. We can read off that the gauge-invariant subset of the 
initial state radiation diagrams is dominant in this region. Here the invariant mass of the t[ 
should tend to be low and both t and l have a co=on direction; the energy of the Z boson 
will be as energetic as possible. This trend is checked in the scatter plot for this subset only. 
Thus the situation is just the same as the gauge-invariant subset in the e+e- -> w-w+ Z 
with the right-handed electron beam, where the Z-boson is emitted directly from one of the 
beam, and the off-shell line collides with the other beam to produce a w-w+ pair. 
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Figure 6.32: Typical configurations for the process e+ e- -+ tfZ . 

However, we see the long tail for the low-energy Z-boson in the Fig. 6.31. This part 
comes from the other gauge-invariant subset of the diagrams with final state Z-boson emis
sion. Here, the invariant mass of the tZ or fZ will tend to be low to make the denominator 
of the s-channel t (or f) propagator as small as possible. Thus there appears a peak in the 
E, distribution at the highest energy. We can check this idea easily again by making the 
distributions for the subsets separately. The the forward-backward asy=etry of the top 
quark in the angular distribution Fig. 6.30 is of the same origin as that of the tl production 
Fig. 3.10, and the magnitude is roughly the same. The situation resembles that of the 
e- e+ -+ w-w+z for the right-handed elctron beam again. However, here the contribu
tions from two subsets are comparable, while the initial state Z-emission dominated in the 
w+w- z final state. 

Since the effect of the Higgs exchange diagram Fig. 6.3(e) is of our main concern, we show 
its effect for the total cross section in Figs. 6.33(a) and 6.33(b) for varying Higgs boson mass 
with three top quark masses m 1 = 100, 150 and 200 GeV. It is found from the figures that 
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Figure 6.33: Higgs mass dependeces of the total cross section. 
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Figure 6.34: Higgs mass dependence of the cross section for various helicity combinations 
separately. m, is set to 150 Ge V. 

its effect is visible only above the H -+ tf threshold where both the real Higgs production 
and its subsequent decay into a top quark pair are kinematically allowed. Shown by the 
arrows are the total cross sections in the absence of the Higgs boson exchange diagram. 
The virtual effect of the Higgs boson is always negligible. However, it is worth noting that 
the total cross sections with a light Higgs boson (e.g. mg = 0 values in Figs. 6.33(a) and 
(b)) are larger than those without the Higgs boson shown by the arrows. This indicates 
that the Higgs boson exchange diagram of Fig. 6.3(e) interferes constructively with the 
other diagrams above the Higgs pole ( m 1c > mg ), while it interferes destructively below the 
Higgs pole (m1r < mg). The effect is, however, negligible quantitatively. Even at .,j8 = 1 
TeV (Fig. 6.33(b)), the total cross sections with mg = 0 are larger than those without Higgs 
boson only by the order of 0.1 fb. At .,j8 = 500 GeV (Fig. 6.33(a)) for m 1 = 200 GeV, the 
Higgs boson effect is nowhere seen because the real production and decay are phase space 
suppressed. 
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Figure 6.35: Angular distribution of the Z boson with various mass of the Higgs boson at 
c.m. energy of (a) 500 GeV and (b) 1 TeV. 

In Figs. 6.34(a) and (b), the effects of the Riggs-exchange are shown separately for 
each combination of the final state helicities. Since the effect shows itself only in the real 
production of the Higgs boson via the process e+e- -+ ZH, only the longitudinal component 
of the Z boson (ZL) is expected to be sensitive to the effect, at least at high enough energies 
where ZL couples strongly to the Higgs boson. The helicity of the top quark and the anti-top 
quark should be the same since they have to make the J = 0 state. Thus the combination 
(tLfL + tntn) · ZL is expected to have the largest sensitivity to the Riggs-exchange effect . 
We fix the top quark mass to be 150 GeV in the following demonstrations. 

At.,;:;= 1 TeV (Fig. 6.34(b)), the result clearly supports the above expectation. Almost 
all the Higgs boson mass dependence is confined to the combination (tdL + tntn) · ZL . 
The "wrong" combination of the top quark 'helicities (tLtn + tRh) · ZL is affected by the 
Riggs-exchange only through the mixing of the helicities due to the Lorentz-boost from the 
Higgs boson rest frame (where only the combinations tL[L and tR[R can contribute) to the 
laboratory frame (where all the helicities are defined in the HELAS basis). Its Higgs mass 
dependence is hence significant only for light enough Higgs bosons where the boost effect 
is appreciable. The transverse component of the Z boson couples very weakly to the Higgs 
boson, its dependence on mH being the same as that of the longitudinal component. 

For a lower energy at .,;:; = 500 GeV (Fig. 6.34(a)), the sensitivity of the combination 
(tL[L +tntR)·Zr is comparable to that of the "right" combination with ZL, (tLtL+tRtR)· ZL· 
The situation can be understood if one examines the kinematics of the Z H production. Here 
with the Higgs boson heavier than 300 GeV to produce a pair of 150 GeV top quarks, the 
Z boson is not fully relativistic, and the distinction between its longitudinal and transverse 
components is not clear in their couplings to the Higgs boson [37]. 

Since the forward and backward peaks from the initial state Z radiation are not of 
our main concern, we may apply a cut in I cos Ozl to make the Higgs boson signal clearer. 
The fact that only the large angle events have sensitivities to the Riggs-exchange effect is 
especially clear at the higher energy Vs = 1 TeV (see Fig. 6.35(b)). A cut I cos 92 1 < 0.85 
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Figure 6.37: Invariant mass distributions of the tt system after the cuts. 

retains most of the signal while rejecting a major part of the bremsstrahlung Z bosons. 
This observation is consistent with the Z H production discussed in the previous chapter as 
well. 

From the above considerations, the signal will be made clearer by applying the cut 
I cos Ozl < 0.85, and simultaneously, by selecting the events with the helicity combinations 
which are most affected. In Figs. 6.36(a) and (b) we show the effects of these selection 
criteria for the rna distributions with a Higgs boson contribution. In Fig. 6.36(a) at Vs = 
500 GeV, the Higgs boson peak with the mass mH = 350 GeV is clearly visible in the 
distribution, and the peak will be made sharper after the cuts. The situation at a higher 
energy Vs = 1 TeV as shown in Fig. 6.36(b) is more drastic, where the peak of the 600 
GeV Higgs boson in the total distribution is hardly visible. Only after the selection of the 
relevant helicities the peak can be made evident. 

In Figs. 6.37(a) and (b), mu distributions are shown for various Higgs boson masses after 
the cut I cos 92 1 < 0.85 and the selection of the ttZ helicity combinations are applied. At 
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.J8 = 500 GeV (Fig. 6.37(a)), a Higgs boson with masses 325, 350 or 375 GeV is clearly 
visible as a peak in the m 1r distribution, whereas the Higgs boson with mn = 300 GeV 
is hardly visible since the decay H --+ tt is not allowed. The m 1r distribution with a 400 
GeV Higgs boson is indistinguishable from that without the Higgs boson since the ZH 
production is phase space suppressed severely near the threshold. The difference between 
the mn = 400 GeV and no Higgs case is barely observable if we further single out the 
longitudinal Z boson. The difference between the mn = 300 GeV and 400 GeV curves 
shows the constructive interference effects above the Higgs pole (m1r > mn). At ../8 = 1 
TeV (Fig. 6.37(b)), a Higgs boson of mass below 700 GeV and above the H--+ tt threshold 
is appreciable as a peak in the m 1r distribution. A heavier Higgs boson (mn;::_ 700 GeV) is 

more difficult to observe because of its larger width and the phase space suppression of the 
e+e---+ ZH mode. 

It is amusing to note that the positions of the peaks in the m 1r distributions as shown in 
Figs. 6.36 and 6.37 are slightly shifted upwards as compared to the real mn. This is a conse. 
quence of the destructive interference below the Higgs pole ( m.r < mn) and the constructive 
interference above the Higgs pole (m1r > mn) between the Higgs boson exchange diagram 
(Fig. 6.3(e)) and the rest. The effect would probably of academic significance because of 
the very small cross section of the order of 1 fb (see Fig. 6.33). 
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Chapter 7 

Vector Boson Fusion Processes 

1n this chapter, we discuss the 0( a 4
) processes where vector bosons are emitted in the 

t-channel from the electron and positron beam, which collide to produce weak bosons or 
top quarks, in the final state of 

e+e- --+ v.v.w+w-, (7.1) 

--+ v.v.ZZ, (7.2) 

--+ Veiietl, (7.3) 

--+ e+e-w+w-, (7.4) 

--+ e+e-tt, (7.5) 

--+ e+e-zz, (7.6) 

--+ e±v.(v.)W'~' Z. (7.7) 

We present total cross sections for all these processes. Our main concem in this chapter is 
to study the Higgs boson signal and WW-scattering in the first two processes. Indeed, we 
show explicitly that the background from eq. (7.7) can be reduced to the level where we 
can expect that the hadron calorimetry will be able to separate v.v.w+w- final state. 

7.1 Physics Interests in the Processes 

The vector boson fusion processes, where photon, W and Z bosons are meant as vector 
boson, are important processes due to their increasing cross section at high energy. Indeed, 
we have seen that the cross section of the Higgs production via W boson fusion is indeed 
increasing with energy, and overcomes that of the lower order process e+e- --+ ZH below 
y'8 = 1 TeV. The understanding of the "continuum" is essential in the studies. 

The analysis using the exact matrix element have been done only on e+e---+ v.v.w+w
and e+e-w+w- by Gunion and Tofighi-Niaki [38]. However, even the total cross section 
has not beea. known. The other processes have not been discussed at all, except the studies 
using the effective W approximation. 

H the Higgs sector is strongly-interacting, the study of the vector boson scattering is 
essential to gain information on the sector. These processes serve as the unique place 
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to study the J = 0 sector of the w+w- scattering. The process e+e- --+ w+w- can 
study the J = 1 partial wave where techni-p like resonances may appear. However, it is 
possible that there are no light resonances in the J = 1 sector, since its existence is not a 
direct consequence of the Higgs mechanism, and depends on the dynarrUcs of the strongly 
interacting sector. On the other hand, the J = 0, I = 0 sector reaches its perturbative 
unitarity limit very soon, around mww ~ 1.2 TeV. Thus we can expect Aome new physics 
signal will appear in the J = 0 sector below that energy. The J = 0 partial waves can be 
studied at e+e- --+ v.v.w+w-, v.v.ZZ, e+e-w+w- and e+e- zz. Of course, the J = 1 
partial wave can be studied as well, in the above processes and e+e---+ e±v.(v.)W'~'Z. 

There is one comment in studying the 'continuum' in these processes. It is well known 
that the vector boson scattering processes do not have the correct high-energy behaviour 
unless Higgs boson exchange amplitudes are included [35]. Since it is an intriguing pos. 
sibility, that there do not exist the light Higgs boson at all as in the strongly-interacting 
scenarios, the effect of the non-ezi•tence of the light Higgs boson should be regarded as a 
•ignal, while the case with the light Higgs boson should be regarded as a reference. Thus, 
we consider the case with the massless Higgs boson as the 'continuum' production, and 
discuss the effect of the Higgs boson from the difference with the m 8 = 0 case. 

The diagrams of this class of the processes fall into two classes; s-cbannel diagrams and t. 
channel diagrams. Since they are gauge-invariant separately, we can discuss them separately 
as well. The results in this chapter are obtained only for the t-channel diagrams. Most of 
the s-channel processes can be understood as the creation of the vector bosons (including 
off-shell photon -y•) and their subsequent decays into the fermions, like e+e- --+ w+w- z 
followed by Z --+ v.v •. Other lUnematical regions have very small cross sections, since we 
are discussing the processes of O(a~) here, and can be quite safely neglected. Thus our 
results in this chapter are expected not to get modified much, except the regions of the 
vector boson productions mentioned above. 

7.1.1 e+e--+ v.v.w+w-, v.v.ZZ 

These processes are the most discussed processes as promising places to study the Higgs 
boson signal and the w+w- scattering process. Both play fundamental roles in studying 
the physics of the symmetry brealUng. The Feynman diagrams are shown in Fig. 7.1 and 
7.2. The diagrams cannot be separated into smaller gauge-invariant groups and should be 
evaluated all together. This problem bas been malUng the study hard. 

Among all the processes at TeV e+e- collider, the final state v.v.w+w- is most sensitive 
to the Higgs boson signal. First, the Higgs boson production via e+e- --+ v.v.H bas the 
largest cross section above 1 TeV as discussed in the Chap. 5, and the Higgs boson bas the 
largest branching ratio into w+w- while that into zz is its half. 

7.1.2 e+e- -+ v,v.tf 

This process is expected to be effective in testing the Yukawa couping of the top quark 
to the Higgs boson. Though the Higgs boson decays mainly into w+w- and ZZ, the 
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Figure 7.1 : Feynman diagrams of the process e+e---+ v.v.w+w-. 
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Figure 7.2: Feynman diagrams of the process e+e--+ v.v.ZZ. 
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Figure 7.3: Feynman diagrams for the process v.v.tf. 

branching ratio into tf may be not very small if the top quark is heavy. For the top quark 
with mass ffit = 150 GeV, the branching ratio of the 1 TeV heavy Higgs boson is as large 
as 7%. Thus we can expect a large effect of the Higgs boson exchange. Since the process 
e+e- -+ tfZ was not effective enough in measuring the Yukawa coupling, this process is the 
most promising one in studying the origin of the fermion masses. Even if the Higgs sector 
is strongly coupled, the J = 0 partial wave of the tf system will show its strongly coupled 
nature, which can be studied only in this process. 

The Feynman diagrams are shown in Fig. 7 .3. They compose a minimum gauge invariant 
set of the diagrams which cannot be separated into smaller goups. 

The Feynman diagrams are shown in Fig. 7.4. Here again the whole diagrams consitute 
the minium gauge-invariant set and cannot be separated into smaller groups. Only if the 
electrons have positive chirality, the diagrams can be grouped to smaller sets. This provides 
a useful check of the computation by treating the smaller sets separately. However we should 
deal with all of them for the negative chirality electrons. 

This prvcess acts as the "two-photon" background to the final state v.v. w+w- . Since 
the cross section of this process is huge, we should make an efficient cut to reduce this 
background. Gunion and Tofighi-Niaki [38], however, showed that this background can 
be efficiently removed by vetoing the forward electron/positron and a cut on the trasverse 
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Figure 7.4: Feynman diagrams of the process e+ e- -+ e+ e-w+ w-. 
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Figure 7.5: Feynman diagrams of the process e+e--+ e+e- tl. 

momentum of the w+w- system. 
This process has the Higgs boson contribution as well. We may be able to detect the 

effect by requiring double tagging on the forward electrons to select out the events with 
large momentum transfers of ltl ~ O(m~). More study is necessary. 

The Feynman diagrams are shown in Fig. 7.5. This process is the two-photon background 
to the final state v,v,tl, just as e+e-w+w- is to v.v.w+w-. The cross section of this 
process is not so huge compared to that of e+e-w+w-, and can be indeed rejected by 
applying the same type of cuts as that mentioned on e+e-w+w-. 

This process is the unique process which posseses the safe mn -+ oo limit among the 
processees discussed in this chapter. The Z Z scattering can be indeed strongly coupled, 
however the amplitude does not blow up due to the duality of a-, t- and u-channels, where 
the amplitudes in these channels will sum up to a safe amplitude: 

87 



The Feynman diagrams are shown in the Fig. 7.6. They fall into several gauge invariant 
sets which allow us to study them separately. We have found little interests in this process. 

7.1.6 e+e- --+ e±v,(v,)W=F Z 

After the work by Guruon and Tofighi-Niaki, background from the two-photon production 
of W's is known to be safely rejected, however this process may serve a serious background 
to the Higgs hunting, since the hadron calorimetry will be able to separate the W- and 
Z-bosons only if they are comparable in their numbers. Thus the cross section at large 
angles is important for this process. 

The Feynman diagrams are shown in Fig. 7.7. 

7.2 Cross Sections and Distributions 

We show first the case with the massless Higgs boson, to obtain the full understanding of 
the 'continuum' production. The total cross sections are shown vs. c.m. energy of the e+ e
in the Fig. 7.8, where the mass of the top quark is set to m 1 = 150 GeV. 

All the cross sections grow as the energy increases. The large cross section of the process 
e+e- -> e+e-w+w- is quite remarkable, which is almost the two-photon contribution. 
Other processes have the cross sections of several tens of femto-barns, whose study requires 
the integrated luminosity of the order of 10 - 100 fb- 1 • 

7.2.1 e+e---+ v.v.w+w-, v.v.ZZ 

As we did in the previous chapters, we show the angular distribution of the final state 
particles at first. The pseudo-rapidity distributions in the Fig. 7.9 of the process e+e- -+ 

v.v.w+w- suggest that the process is completely a W-fusion type process, just like the 
e+e- -> v.v.z as discussed in the Chap. 4. The distributions of the v.v.ZZ final state 
are similar. The final neutrinos are emitted into the forward direction with recoil with a 
typical PT of 0( mw) from W -emission, and the anti-neutrions into the backward direction 
similarly. The w+w- system and ZZ system are produced centrally. In v.v.w+w- final 
state, the t-channel W-bosons emitted from the beams collide to materialize into the on· 
shell states, where they exchange -y or Z both in 3- and t-channel. To make the t-channel 
propagator factor as large as possible, the collision favours small angles, and the w- boson 
emitted from the initial e- beam will not be scattered much to appear mainly in the forward 
direction. The same applies to the w+. Though the photon is exchanged in the t-channel, 
there does not appear the Coulomb pole which gives infinite cross section if present, since 
the t-channel W-bosons from the electrons are off-shell and the photon has to transfer 
energies to materialize the W's. 

In v.v.ZZ final state, W-bosons emitted from fermion lines exchange W-boson in the 
t- and u-channel to materialize. This vector boson exchange in the t-channel again favours 
small angles to the beam direction where both forward and backward are equally 'small 
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Figure 7.6: Feynman diagrams of the process e+e--> e+e-zz. 
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Figure 7. 7: Feynman diagrams of the process e+e- -> e- v. w+ Z. 

90 

10• 

103 m8 = 0 

~ 
102 

l 101 b 

100 
~ 

~ 

' ' 
to- 1 ' 

500 1000 1500 2000 
..fS [GeV) 

Figure 7.8: Total cross sections of the vector boson fusion processes, whlth mH = 0. The 
mass of the top quark is set m, = 150 GeV throughout. 
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Figure 7.9: Pseudo-rapidity distribution of the final state particles in the process 
e+ e- -> v.v. w+ w-, at c.m. energy of 1.5 Te V and mH = 0. The symbol X stands 
for the w+w- system. Solid curve shows the distribution of neutrions, where the curve 
with peak at positive y is that of v., and that at negative y is of v •. The dashed curve is the 
distribution of X. The distribution of final W-bosons are shown by dotted lines, of which 
the one with a peak at positive y belongs to w-. 
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Figure 7.11: Typical kinematical configurations in the processes (a) e+e- --+ v.v.w+w
and (b) e+e---+ v.v.ZZ. 

angles' due to the simultaneous existence of the t- and u-channel exchanges. This is of 
course the consequence of the Bose sy=etry of final Z-bosons. 

The distribution of the t-channel W-propagator (Fig. 7.10) shows that the process is 
indeed analogous to thee+ e- --+ v.v.Z, where the distribution in log( It I +m~) rises linearly 
first, where the e+e- --+ v.v.H does not have the rising part. Thus in the continuum 
production with massless Higgs boson, the t-channel W-boson exchange is dominated by 
the transverse components. 

The typical kinematical configurations are shown in Fig. 7.11. 
Now we come to our main concern, the effect of the Higgs boson. We show the de

pendence of the total cross section to the mass of the Higgs boson in Fig. 7.12. As is 
evident from the figure, the effect of the Higgs boson is enormous, compared to the case 
of e+ e- --+ w+ w- Z or Z Z Z. One very interesting point is that the mH = 0 case and 
mH = oo case is clearly different in the total cross section with 4 fb in v.v. w+w- and 2 fb 
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Figure 7.12: Higgs mass dependences of the total cross sections for three final states, 
v.v.w+w-, v.v.ZZ and e±v.(v.)W'~'Z at c.m. energy 1.5 TeV. The values shown by 
the arrows are those of the case mH = oo. 

in v.v.z Z final state, which is the effect of the 'unitarity cancellation' [35]. 
Signals of the Higgs boson will be enhanced by applying cuts to require the W- or Z 

bosons are produced at large angles. We show a scatter plot in the plane ( mww, cos Ow) 
in Fig. 7.13, for the case mH = 400 GeV and ../3 = 1.5 TeV. The angle Ow is defined in 
the laboratory frame. One observes the flat distribution from the Higgs boson signal and 
forward peak from the continuum scattering. Even in case of the strongly coupled Higgs 
sector, the non-perturbative nature will show itself in the J = 0 partial wave at first, which 
will also contribute to the flat distribution in the laboratory frame. Thus the study on the 
J = 0 partial wave made by applying a cut on cos Ow, selecting only the large angle events 
will be important in studying the physics of the sy=etry breaking. 

7.2.2 e+e- ---+ v.v.tf 

The process is again of theW-fusion type. We only show the Higgs mass dependence of the 
total cross section in Fig. 7.14. One observes that the effect of the Higgs boson exchange 
is large, much larger compared to that of the process e+ e- -+ ttZ discussed in the previous 
chapter. We expect that the study of the Yukawa coupling can be done in this process. 
Here again the cases mH = 0 and oo (shown by the arrow) are clearly different, where the 
'unitarity cancellation' is present. 

The typical kinematical configuration is shown in Fig. 7.15. 

7.2.3 e+e----+ e±v.(v.)W'FZ 

We show the pseudo-rapidity distribution of the final state particles in Fig. 7.16. The wide 
plateau of the distribution comes from the t-channel photon exchange which we encountered 
in the process e+ e- --+ e- v. w+. In fact this process is completely analogous, if we replace 
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Figure 7.13: Scatter plot in the plane (z, y) = (mww, cos Ow) at c.m. energy 1.5 TeV for 
the process e+e--+ v.v.w+w-. The mass of the Higgs boson is set to mH = 400 GeV. 
The unit for z-axis is TeV. 
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Figure 7.14: Higgs mass dependence of the total cross section at the c.m. energy of 1.5 TeV. 
Here the mass of the top quark is set m, = 150 GeV. 
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Figure 7.16: Pseudo-rapidity distribution ofthe process e+e- -+ e±v(v)W'~' Z at c.m. energy 
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Figure 7.17: Typical kinematical configuration for the process e+e----> e±v(v)W'~'Z. 
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Figure 7.18: The invariant mass distributions of two weak bosons, in e+e- ---+ v.v.w+w
and e+e----> e±v.(v.)W'~'Z for various mH at c.m. energy 1.5 TeV. Only the events wjth 
large angle weak bosons are selected while forward electrons are vetoed if E. > 50 GeV and 
B. > 150 mrad. 

the w+ Z system (X) by a single w+ boson. This point should be clear by comparing the 
pseudo-rapidity distribution of the e-v. w+ final state. 

We can understand this process pictorially as follows. The electron emits a photon, and 
the positron emits a w+ boson, both in the t-channel. The photon and w+ boson scatter 
by exchanging W-boson in the t-channel, where the photon will be transformed into w+ 
and w+ into Z. Thus the final w+ tends to appear in the forward direction (positive 
pseudo-rapidity) and Z in the backward direction (negative pseudo-rapidity). 

The total cross section is almost independent on the mass of the Higgs boson (Fig. 7.12), 
since no resonance contribution appears in Feynman diagrams of Fig. 7.7, and it couples 
only to the t-channel Z-boson whose effective luminosity is very small due to the small Zee 
coupling. Furthremore, if we veto the forward electron/positron, the Z-boson exchange can 
be neglected due to the small 'mass' of the t-channel vector boson, which makes the effect 
of the Higgs exchange completely negligible. 

The important point here is that the total cross section of this process is not huge, only 
three-times as large as the cross section into v.v. w+w- with massless Higgs exchange whose 
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Figure 7.19: Distribution in Ete in the process e+e----> e+e-{i. 

case has the minimum cross section (Fig. 7.12). When we wish to separate v.v.w+w- final 
state, we cannot reject this process by a cut on the transverse momentum, since PT of W± Z 
system is of 0( mw) due to the t-channel W -exchange. Pseudo-rapidities of the final vector 
bosons are comparable with those of v.v. w+w- as well. Thus the kinematical cuts will not 
be effective to drop this background. The only method we can think of so far is to separate 
W- and Z-bosons by calorimentric method. This requires that the numbers of W- and 
Z-bosons are comparable, unless the tail of their natural width will make the distinction 
completely obscure. Recall that the Higgs boson signal and strong WW-scattering signal 
always comes in J = 0 wave, which gives almost isotropic distribution in the laboratory 
frame as seen in the Fig. 7.13. After selecting large angle events only, the v.v. w+w- signal 
and e±v.(v.)W'~' Z background can be comparable. We show one example in Fig. 7.18, where 
mww and mwz distributions are presented for various mH. Here, even the mH ---> oo case 
has S/N - 0(1)! Studies including the detector simulations are necessary to see how well 
this distinction can be done in actual experimental situations. 

If the Higgs sector is strongly coupled, the J = 1 partial wave of this process may 
become strongly interacting. The p-like vector resonance may appear in this process. To 
study the effects, forward electron should be tagged to select the events where the Z-boson 
is exchanged in the t-channel as well as photon. However, it may be to small to be observed 
due to the small effective Z-luminosity. 

Both processes are dominated by the two-photon singularities. However, as can be noticed 
from the Feynman diagrams of the process e+ e- ---+ e+ e- ti, only the diagrams of Fig. 7 .5( t5) 
and ( t6) give the two-photon singularity while the other diagrams have the singularity with 
the same type as in the process e+e- ---> e+e- Z. The coexistence oftwo types of singularities 
is most clearly exhibited in the energy distribution of the ti system (E1c) (Fig. 7.19), where 
the two-photon singularity gives a smooth, slowly dropping curve, while the e+e- Z type 

97 



(O) 
~ .... · 

-~-~=="===-~~=----~-·-.-

.-

(b) 

.-

•. ------=~~"':...c==,·~~----·· 
w'~ 

-~ e· " .. 
w' 

___...---- t .. t 

------~~~~~~-~~---------~ 
~ .. -----~---:-=~==--==~~-~---·· ·-·------

Figure 7.20: Typical kinematical configurations for t he processes (a) e+e- -> e+e-w+w
and (b) e+e- -> e+e-tf. The first ones are the two-photon type processes, and others are 
the singularities similar to those of the process e+e- -> e+e- Z. The latter singularities 
appear also in the OF-conjugate kinematics. 

singularity gives a sharp peak around E,l ~ ~earn· This peak can be understood in the 
same way as e+ e- Z, that the positron beam collides on the "sea" electron inside the electron 
beam to produce tf pair. The situation is just the same in the process e+e- -> e+e-w+w-, 
though the contribution from the e+ e- Z type singularity is much less than the two-photon 
contributions there. 

Thus there are three typical kinematical configurations for both processes as shown in 
Fig. 7.20. 

7.2.5 

The distributions of this process is well summarized in the scatter plot on the (log lt1 1, log lt2 1) 
plane (Fig. 7.21), where t1 and t2 are the squared momentum transfers of thee- and e+ re
spectively. One observes very similar structure to that ofthe process e+e--> e+e- Z, where 
the horizontally spread band corresponds to the singularity where the positron collides on 
the "sea" electron to produce Z Z pair, and the vertically spread band to the converse situ
ation. One new feature which was absent in the e+e- Z case is there is a small area where 
both ltd and lt21 are of the order m~. This part comes from the ZZ scattering process 
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Figure 7.21: Scatter plot on the (log ltd, log lt2 1) plane for the process e+e--> e+e- ZZ at 
c.m. energy of 1.5 TeV. Higgs mass is set to mH = 0. 
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Figure 7.22: Typical configurations for the process e+e---> e+e-zz. 

where the Higgs boson is exchanged in all s-, t- and u-channels. 
The typical configuraitions are shown in Fig. 7.22. 
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Chapter 8 

Conclusions 

We have calculated matrix elements of all the standard model processes that have significant 
cross sections at a TeV e+e- collider up to and in the a• order exactly in the tree level, 
by making use of a newly developed systematic method (HELAS) of evaluating helicity 
amplitudes numerically (Chap. 2). Typical distributions of all the final states have been 
discussed, with the emphasis to under&tand the dominant kinematical configurations of each 
process. Indeed, we have established an intuitive picture of all the final state configurations 
that were studied in this report, which should be useful when we go on to study event 
generations and to simulate real experiments. 

In Chap. 3, we first discussed the order a 2 vector boson pair production processes, 
e+e- --> w+w-, ZZ, Z-y and -y-y, emphasizing the role of the collinear singularity due 
to the t-channel electron/neutrino exchange. Here we found a semi-quantitative method 
to measure the 'strength' of the singularity, by evaluating the minimum possible value of 
the denominator of the t-channel propagators. An interesting selection rule on the helicity 
of the vector bosons is found, and an explanation of the rule is given in App. C. Large 
Forward-Backward asymmetry is expected for the proccess e+e- --> tl. 

At the order a 3 level, we first studied the single weak boson production processes 
(Chap. 4), e+e- --> e±v.(v.)W±,e+e-z and v.ii.Z. The study on these processes were 
mainly motivated by our desire to understand the serious backgrounds from these large cross 
section processes in the Higgs hunting and for possible new physics dicoveries. However, 
the technique we developed to evaluate these cross sections exactly proved to be essential 
in dealing with the vector boson fusion processes of Chap. 7, because all the proto-types of 
the singularities we encounter later appeared already in Chap. 4, except for the well-known 
two-photon type singularities. Pseudo-rapidity distributions of the weak bosons were found 
to be effective in demonstrating the structure of these singularities. Long high-PT tails of 
W's and Z's assosiated with high-PT neutrinos will make serious backgrounds in the Higgs 
hunting if its mass is around the weak boson masses. 

Real production of the Higgs boson was studied in Chap. 5. Only at relatively low 
energies and at high values of the mH/../8 ratio the order a 2 process e+e- --> ZH leads to 
a larger cross section than that of the order a 3 process e+e- --> v.ii.H. 

The order a 3 annihilation processes into triple weak bosons, e+ e- --> w+w- Z and 
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ZZZ, are found to be dominated by the initial state vector boson emissions (Chap. 6). 
The effectiveness of a longitudinally polarized electron beam was stressed, as a unique way 
to make the Higgs boson signal clear in these processes, which improves S/N ratio by a 
factor of 100. Even the difference of mn = 0 and oo can be made significant if the electron 
beam is 100% right-handed. There is no similar way to single out the effect of the Yukawa 
couping in the ttZ final state, where the measurement of the top quark helicities seems to be 
essential to establish the signal. Another curiosity on the final state w+w-Z is that all the 
ten Feynman diagrams of Fig. 6.1 without the Higgs boson exchange contribute to cancel 
each other to ensure the safe high-energy behavior, which makes this process sensitive to 
the gauge boson self-interactions. 

In Chap. 7 we studied all the order a 4 virtual vector boson fusion processes with a 
pair of outgoing leptons: e+e- -+ v,v,(e+e-)W+w-, v,v,(e+e-)ZZ, v,v,(e+e-)tt, and 
e±v,(v,)W'~'Z. A systematic way to obtain distributions of these vector boson fusion 
processes was established. The finding, that the cross section of the process e+ e- -+ 

e±v,(v,)W"' Z is not too large to jeopatize the Higgs boson signal in the v,v, w+w- or 
v,v,ZZ channels, is a good news for the Higgs hunters. Although the effect of ZZ scatter. 
ings via a Higgs boson exchange can be observed on the scatter plot of the e+ e- Z Z final 
state, the production cross section is found to be too small to be of practical interests. We 
can distinguish between the two extreme limiting cases, mn -+ oo and mn = 0, in the 
cross sections of all the W-fusion processes, where the 'unitarity' cancellation between the 
diagrams with and without a Higgs boson exchange is taking place at TeV energies. In 
particular, the effect of the Yukawa coupling is found to be surprizingly large in the v,v,tl, 
even if the Higgs boson is very heavy. 
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Appendix A 

HE LAS 

In this appendix, we briefly review the minimal contents of the helicity amplitude evaluation 
scheme, HELAS (17], in order to make the paper sell-contained. In the HELAS system, 
an arbitrary tree-level Feynman diagram is evaluated numerically by CALLing a sequence of 
FORTRAN77 subroutines. 

A.l Basic Idea 

Let us first discuss the general characteristic of the tree-level diagrams. As notable from 
the terminology 'tree', they have a common structure. There may be many external lines, 
however, as they approach the center of the Feynman diagrams, the external lines meet to 
give an off-shell internal line, they meet again to make another internal lines, untill when 
all the lines meet at a single point. 

The basic idea of HE LAS is to begin with the external lines by giving the wavefunctions 
explicitly under fixed notation, and give rules to join the lines. One may suppose that there 
may be too many possiblities to give joining rules, however, it can be classified to a finite 
set in the renormalizable theories. We show all the possible rules in the renormalizable 
theories in the Tab. A.l. 

Thus the whole package consists at least from two parts: wavefuctions and vertices. Then 
the amplitudes can be computed as follows. First, the external wave functions are evaluated 
as functions of the particle momenta and helicities. Second, off-shell scalar/spinor/vector 
( S / F /V) lines obtained from the external lines via renormalizable vertices are evaluated 
as functions of the external wave functions. This second step can be repeated to evaluate 
internal off-shell lines as functions of external off-shell lines, untill all the off-shell lines meet. 
We first present our notations for external fermion and vector boson wave functions, and 
then give the vertices which we need in this paper. We explain them separately in the 
following sections. 
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input output interaction 
FF v vector or axial vector couplings 

s Yukawa couplings 
FV F vector or axial vector couplings 
FS F Yukawa couplings 
vv v Yang-Mills couplings 

s Higgs interaction 
vs v Higgs interaction 
ss v scalar gauge couplings (current) 

s scalar self-couplings 
vvv v Yang-Mills couplings 
vvs s scalar gauge couplings (seagull) 
vss v scalar gauge couplings (seagull) 
sss s scalar self-couplings 

Table A.1: List of the possible vertices in the renormalizable theories. All these vertices are 
incorporated in the HELAS system. 

A.2 Wavefunctions 

An external fermion wave function is calculated in the Weyl basis of Ref. (15]: 

lf)a - lf(Pf>O"J,St)}a 
St Wa.,1 (pJ) X.,1 (pj) (A.1) 

for a fermion with its fermion number flowing-in to a diagram, and 

(fla = (IJ}a)1 (A.2) 

for a fermion with a flowing-out fermion number. These states are depicted in Fig. 2.2a. The 
fermion four-momentum and helicity (in units of 1/2) are denoted by Pi and Uf, respectively, 
and the sign factor S1 takes +1 if the fermion f is a particle and -1 otherwise. We find it 
convenient to define momentum and helicity along the fermion number flow 

(A.3) 

The suffix a denotes the chirality of the spinor, If) a being the non-vanishing two components 
of the eigen-four-spinor of the chirality projection operator 

Pa 
__ 1 + U')'s 

2 
(a=±l), (A.4) 

in the Weyi ( chiral) basis (15]. In this basis, the Dirac four-spinor is expressed as 

·'· _ (If)_ ) 
'I'!- if)+ (A.5) 
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where t/;1 is either a u-spinor (S1 = +1) or a v-spinor (S1 = -1). The phase convention [15) 

S _ { 1 for S1 = +1 
f- au1 for S1 = -1 (A.6) 

fixes the relative phase between the spinors of a particle and its antiparticle (which is an 
unobservable phase if the particle number is conserved but is essential when dealing with 
Majorana particles [39]). The normalization factor 

(A.7) 

fixes the large and small chirality component, and the helicity eigenspinor reads [15) 

1 ( )p) + p. ) 
j2)p)()p) + p,) Pz + ip• ' 

X-(P) = 1 ( ·p2 + ip• ) 
j2)p)()p) + p.) )p) + p. ' 

(A.S) 

in an arbitrary reference frame. When a particle is moving along the negative z axis ( -n.), 
the above expressions are ambiguous and we choose 

X+(-n.) = ( ~1 ) , X-(-n.) = ( ~), (A.9) 

by convention. A fermion spinor is thus specified uniquely by four indices, its four momen· 
tum (p ), helicity ( u 1 ), chirality (a), and the sign factor (Sf) which distinguishes between a 
particle and an antiparticle. In the massless limit, the spinor (A.1) simplifies to [16) 

(A.10) 

which exhibits the helicity selection rule (chirality conservation) for massless fermions. 
In the actual program, the four complex components of each spinors and the four real 

components of its four-momentum ji carried along the fermion number flow are combined 
to a single six-dimensional complex array. 

An external vector boson wave function is expressed in the Cartesian basis [15,40) as 

E"(p,A = 1) 

E"(p, A= 2) 

E"(p, A= 3) 

()P)PT ( 1(0,pzp.,p.p., -p}), 

(PT ( 1 (0, -p.,pz, 0), 

(E/m)p))(lp) 2 
/ E,pz,p.,p.) 

(A.ll) 

for PV = (E,p) = (E,p2 ,p.,p.) and PT = (P! + P!)112
• Helicity eigenvectors are obtained 

from the above as 

E"(p, A=±) 

E"(p, A= 0) 

'F ~[E"(p, A= 1) ± ie'(p, A= 2)), 

E"(p, A = 3). 
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(A.12) 

In the limit of vanishing transverse momentum (P:r = 0), we define 

E"(p, ,\ = ±) = 'f' ~(0, 1, ±sgn(p,)i, 0). (A.13) 

For a vector boson with momentum py, we introduce the flowing-out four momentum jiy 
as defined by 

jiy = Svpy, (A.14) 

where the sign factor Sv takes +1 if the vector boson is outgoing and -1 if it is incoming. 
It is convernient to introduce an associated flowing-out polarization vector f'V : 

f'V(py,.\v,Sv = +) 
f'V(py, .\v, Sv = -) 

~(py, Av )* (outgoing), 

~(py, .\v) (incoming). (A.15) 

The polarization vectors with the above fixed notations are evaluated as the functions 
of the four-momentum and helicity, which forms a four-dimensional complex array. Then 
it is combined with the flowing-out four-momentum jiv to give a six-dimensional complex 
array. Then this six-dimensional array contains all the necessay information to be put into 
the vertices. 

There is no notion of the wavefunction for the scalar particles, since it has only one 
component and no helicity. However, we can assign a complex number (or one-dimensional 
array) "1" as the ezternal wavefunction, and can combine it with its flowing-out four
momentum to form a three-dimensional complex array. This treatment will be useful to 
deal with the off-shell scalar lines, which should carry the scalar emission amplitude and/or 
its propagator as a off-shell wavefunction, while it is just one complex number. 

A.3 Vertices 

External fermion (F) and vector boson (V) wave function are now fixed, and we can calcu
late internal off-shell lines via the vertices FV-> F (Fig. 2.2b,c) and FF-> V (Fig. 2.2d,e). 
We further need vertices where two vector boson fuse to give an off-shell vector VV -> V. 
However here it is often more useful to have the scalar product of the three weak bosons 
[17) (Fig. 2.3). The vertices of four vector bosons are treated in a special way, which will 
be described later briefly. The vertices containing the scalar particles are quite trivial. 

The transitions FV -> F and F F -> V occurs via the interaction Lagrangian 

Non-vanishing couplings in the standard model are 

gl" = eQ,, 
g!" = gzQJ sin2 Bw, g~ff = gz[T3f- Q, sin2 Bw), 
g"!~' = g"!'~ = }.gw, 

Wuid'j ( Wd;ua)• 1 TT 
9- = 9- = 7>9W Yij· 
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(A.16) 

(A.l7) 



where e = J41U; is the magnitude of the electron charge, 

e e 
gw = sin Ow' gz = sin Ow cos Ow' (A.18) 

and V.; denotes the Kobayashi-Maskawa matrix element [41] between the mass eigenstates 
(u1 ,u2,u3 ) = (u,c,t) and (d,d2 ,d3 ) = (d,s,b). 

An off-shell fermion line associated with the transition FV -+ F (Fig. 2.2b) is then 
expressed as 

IV,J) .. - IV(pv,Av,Sv),J(p,,u,,S,)) .. 

g_"~f(1}-olf}-a, 

if the fermion number is flowing-in to the diagram, and 

(A.19) 

(A.20) 

if the fermion number is flowing-out. Here the use are made of the flowing out wave function 
(A.15) of the vector boson. Off-shell fermion lines including the propagator factor (solid 
blob in Fig. 2.2c) are expressed as 

If'. V,J) .. 

(!, V,J'Ia 
DJ'(P~•) [(PJ')-aiV, f)-a+ mf' IV,!} .. ], 

Df'(P~·) [(!, Vl-o(P!'l-a + mf'(J, VIal· (A.21) 

In the HELAS Feynman rules (Fig. 2.2), the solid blob denotes the propagator factor 

(A.22) 

while the cross symbol denotes that the line is truncated. The slashed quantities in (A.19-
21) are 2 x 2 complex matrices as defined by 

( 
a0 'f a3 'f(a1

- ia2) ) 
( ji)± = u~a,. = 'F( a1 + ia2 ) a0 ± a3 ' 

(A.23) 

where 
u~ = (1, ±u), (A.24) 

with u being the Pauli matrices. Off-shell two spinors (A.19-21) are easily evaluated by a 
successive multiplication of 2 X 2 matrices of the form (A.23) on the external spinors (A.1-
2). It should be noted that the off-shell bra-spinor (A.20) is not in general the Hermitian 
conjugate of the off-shell ket-spinor (A.19). The off-shell spinors including the propagator 
factor (A.21) reduce to those of Ref. [16] in the massless fermion limit (m1 = m1• = 0). 

An off-shell vector line of Fig. 2.2d for the F F -+ V transition is calculated as 

i"( (f,(p2, o-2, S2)IVI!J(p,, ,.,, S,)) 

L 9: hit (J2Ia( u")alft)a• 
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(A.25) 

The off-shell vector line including the propagator factor is then expressed as 

in the unitary gauge. The latter term in the brace is absent for conserved currents. The 
unitarity gauge is found to be more suited [17] for studying consequences of a wider range 
of theories than the renormalizable gauges. The bispinor current (J2I .. (u")alf1 ) 0 of (A .25) 
has a simple analytic expression in the current rest frame for a timelike current with p} > 
(m11 + m12 ) 2 • In general, it is expressed in terms of the complex components of the two 
spinors 

(A.27) 

as 

(!2 Ia (u")a I Ma 
[(a2a4Ja + b,abia), a(a2abla + b2a4ia), -ia(a2abla- b,aaia), a(a2a4ia - b2ab, .. )], 

(A.28) 

for a given chirality, a. 
The vertices FV -+ F (A.19-21) and FF -+ V (A.25-26) can be applied succesively 

to generate more internal off-shell lines. For example, a successive application of the rules 
(A.19-21) give an off-shell fermion line with a multiple vector boson emission depicted as 

1!2, Vi,!" v" !)a IJ2. v2. (If,, v,, !) ))a, 
(!, V,,J,, V2,J2Ia = (((!, V,,J21), V2,!2la· 

Also an internal off-shell vector line is obtained from an external and an off-shell fermion 
line as 

1"((!31 V2IJ2, v,,!I)) 

1"((!3, V2.f21 v, IM) 

LY:'''"(Jsla(u")alh, Vl!!I}a, 

LY:•hf• (!3, V2,J2Ia(u")aiMa· (A.30) 

In Eqs. (A.29) and (A.30), off-shell spinors replace the external spinors of Eqs. (A.21) and 
(A.25), respectiverly. Likewise, a vector boson decay (V -+ Jd2 ) is obtained simply by a 
substitution 

~(pv,Av,Sv) --+!"((f2IVIMl· (A.31) 

In ofer to close two off-shell fermion lines, we introduce the scalar product of two spinors, 

(A.32) 

Here the spinor products in the r.h.s. are calculated in terms of the components of (A.27) 
as 
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Two off-shell vector boson lines can be closed simply by the dot-product of two complex 
four-vectors. 

Finally, the gauge boson three point vertex as depicted by the Feynman rule of Fig. 2.3 
is expressed as 

(A.34) 

with 

[Da/l(P. - Pr.).., + o~~-r(Pr.- Pc)a + 0-,a(Pc- p.)/l] V.avtvc.., 
V. · Vb (p. - P,) · V., + V~· Vc (~- Pc)· V. + Yc · V. (Pc- p.)· V~ (A.35) 

where the four-vector V." is either a boson polarization vector or a current, with the flowing
out momentum Poi 

(A.36) 

This rule is to join three lines to make the single amplitude at the end of all the procedure. 
If we wish to continue by joining two vector boson lines to give a single vector boson 
line VV -> V, we make one free index in the expression r(V., Vb, V.,) to give J"(V., V,). 
The vector boson names are also defined by the flowing-out quantum numbers. With the 
substitution rule 

W 3 = cos8wZ + sin8wA, 

the two triple vector boson couplings of the standard model are 

o..,ww = ow sin 8w = e, 
ozww =ow cos8w = e cot 8w. 

(A.37) 

(A.38) 

We find that the numerical program can be made efficient by arranging the vertex function 
(A.35) as 

(A.39) 

with 
d) 

P, = fl:- ~0 V;" (i = a,b,c) (A.40) 

where the factors with pf /V,0 are introduced to avoid large numerical cancellations among 
the three terms of Eq. (A.35) when dealing with longitudinally polarized vector bosons or 
currents at very high energies. 

The four-point coupling of the vector bosons require some care. Recall first that there 
come always three diagrams together once if the four-point coupling appears (see Fig. 2.4). 
One is the contact four-point coupling among the vector bosons, and the other two are 
8-, t- or u-channel vector boson exchange diagram with the three-point couplings. Since 
we expect severe cancellations among these diagrams, we have put these three diagrams 
together into the single vertex, which is written in the higher precision. 
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A.4 Collinear Singularities 

For many processes including the t-channel photon exchange or initial state photon emission, 
naive application of HELAS will break down due to severe numerical cancellations. For 
example in the process e+ e- -> e- v. w+, the t-channel photon exchange determined the 
character of the whole distributions as we discussed in the Chap. 4. There a wide plateaux 
appeared in the pseudo-rapidity distribution of the final e-, which goes up to a very forward 
region 1- cos 8 ~ 10-17• To require this accuray, we need the quadruple precision, which 
makes the CPU time enormously large. 

To avoid this problem, we supply special subroutines to deal with the collinear singular
ities which include the t-channel photon exchange and initial state soft photon radiation. 

First let us explain our treatment of the t-channel photon exchange. From the general 
framework of HELAS, all we need is the off-shell (though almost on-shell) wavefunction of 
the t-channel photon. From the HELAS Feynman rules described above, we need 

(A.41) 

with high degree of the numerical accuracy. The problem is two-fold. The denominator of 
the propagator factor Dv, and the matrix element i~'. 

From the standard notation of the Dirac spinors, we can write the current as 

i"((J.!Aift)) = (-e)u(p,u')'y"u(k,u), (A.42) 

for the t-channel photon emission from the electron current. Since the problem is limited 
to the case that the initial state is the electron (or positron, which will be discussed later) 
beam, we completely fix the frame in the followings . We take the four-momenta to be 

k" 

where 

E(1, 0, 0, (3) 

zE(1, (3' sin 8 cos¢, (3' sin 8 sin¢, (3' cos 8), 

(3' = 

~ 
V 1 - w' 
~ 
vl-~. 

Now we write down the expression explicitly. 
For the helicity non-flip case u = u', the truncated current reads 

- r= ( 8 8 . </> 8 . • 8) J"' = (-e)vz{2E) cos- , sin-e-w , iusin-e-w, cos- , 
2 2 2 2 

(A.43) 

(A.44) 

(A.45) 

where the terms of the order O(m!/E2
) are neglected. One can check the conservation of 

the current by contracting with the four-momentum of the photon 

p~ = k" - P" 
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E(1 - z, -z/31 sin 0 cos</>, -z/3' sin 0 sin ,P, {3- z/3' cos 0) 

E(1- z, -z sinO cost/>, -z sin 0 sin</>, 1- z cos 0) + 0 ( ";!) , 

to the accuracy of the order 0( m!/ E 2
). 

~A.46) 
Since the problem lies in the collinear limit cos 0 -+ 1, it is instructive to give the 

expression in the limit, 

i" vz(2E)(1, o, o, 1), 

E(1- z, 0, 0, 1- z). (A.47) 

Here the truncated current is completely proportional to its four-momentum, or in other 
words, it is pure gauge! In analytic evaluatation of the amplitudes, the appearance of the 
pure gauge current does not cause any harm, however it requires the cancellation among 
the diagrams. For the numerical evaluation of the amplitudes, we wish to avoid the possible 
cancellations as much as we can. Since we can change the gauge of the photon freely as 
discussed in the Chap. 2, we subract a four-vector proportional to the four-momentum py 
to make its largest component (zeroth component) vanish. Thus, the modified truncated 
current reads 

0 ( . 2z 0 
( - e)vz(2E) sin 2 0, e-""~ + 

1 
_ z cos2 

2 cos ,P, 

. "'"' 2z 2 0 . _. 2z 0 . 0) •ue- + 
1 

_ z cos 2 sm 'I'> -
1 

_ z cos 2 sm 2 , (A.48) 

which has the safe vanishing limit in the cos 0 -+ 1 with the expected behaviour ~ sin( 0 /2). 
Note that the expression is safe if we knew the sin( 0/2) with high accuracy, and cos 0 is not 
a suitable input here. Recall that we have to know 1 - cos 0 up to the accuracy of 10-17! 
Thus, we always take the set 

. 0 0 ) sm 2, cos 2 (A.49 

as the inputs of the current. This completes the treatment of the matrix element, which is 
now completely safe numerically. 

Now comes the treatment of the photon propagator. If one may naively take the square 
from the expression of PV Eq. (A.46), we obtain a vanishing result. This is due the fact 
that we have neclected the terms of the order O(m!/E) in the expression. We have to go 
back to the original definition PV = k" - p" to compute 

Dv(P~t1 (k- p)2 

2m!- 2k ·p 

-z(2E2)/3/3'(1- cosO)- tmin(z), 
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(A.50) 

with the notation 
(1 z)

2 (m') tmin(z) = m!-=;-- + 0 E• (A.51) 

defined in App. B. Note that the relevant combination is again 1 - cos 0, which can be 
rewritten by 

1- cos 0 = 2 sin2 
;, (A.52) 

which will be numerically safe once we adopt sin(0/2) as the input. 
Combining the truncated current and the propagator factor, we have now a special 

purpose current J" for the t-channel photon exchange. The case for the positron current 
goes just analogously, using 

k" E(1, 0, 0, - {3) 

zE(1 , sinOcos,P, sinOsin,P, cosO), (A.53) 

the helicity non-flip current reads 

(A.54) 

We obtain the similar expressions for the modified current by subracting a four-vector 
proportional to the photon four-momentum to make the zero-th component vanish. It can 
be worked out easily from the above expression. 

We have discussed the helicity-conserving case so far . The helicity-flip currents are 
much more straight-forward to obtain, since there is no large pure gauge part. We give the 
expressions of the truncated currents below: 

i" =(-e) m. 
.fi 

for the electron, and 

( 
0 . "' 0 -u(1 + z) sin 2e"' , u(1 - z) cos 2, 

0 0 . ~) i(1 - z) cos 2, -u(1- z) sin 2e"'"' (A.55) 

(A.56) 

for the positron current. Though they are proportional to the electon mass due to the 
helicity flip, they survive in the total cross section since the the small denominator of the 
!-channel photon propagator will become as small as m!(l- z) 2/z. 
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The treatment of the t-channel photon is completed so far. The treatment of the collinear 
emission of the photon is much simpler. For the emission from the electron, we need the 
off-shell wavefunction of the electron after the emission of the photon: 

U = g ~ m. (e·f")E~(p, A)u(p, u) (A.57) 

according to the HELAS Feynman rules. Again we separate the propagator factor and the 
matrix element to 

u 

(J 

1 -_2 ___ 2u, 
q -m. 

(I+ m.)( e-y")E~(p, A)u(p,u). 

Here we adopt the notation similar to the photon case 

k" E(l, 0, 0, {3), 
p" :z:E(l, siniJcos<fo, sin IJsin<fo, cosfJ), 

q" k"- p". 

We give the relevant formulae for u = ± separately. For u = +, 

and for u = -, 

(J = eAVE m. ~:z:e'"(I +cos IJ)(l +A) ' 

[ (
-siniJ(l+~:z:(l+A)))l 

E siniJ(-2+:z:(1-A))) 
:z:e'"(1- A)(1- cosiJ) 

(J-- AVE [ E ~ :z:e~:~~2+_A!~; ~ ~))IJ) ) l 
- e !:z:e-'"(1- A)(1 + cosfJ) ) · 

m. siniJ(l + !:z:(l- A) 

The same is done on the positron spinor in the frame 

k" E(1, 0, 0, {3), 
p" :z:E(1, siniJcos<fo, siniJsin<fo, cosfJ), 

q" p" - k", 

we compute the truncated spinors 

(A.58) 

(A.59) 

(A.60) 

(A.61) 

(A.62) 

(A.63) 

where the last -y0 is multiplied to be compatible with the HELAS notation wruch always 
has the negative chlrality components in the first two entries. 
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The formulae read for u = +, 

V= -eAVE [E(sin1J(-2+:z:(1-A)), -:z:e-"'(1+cos 1J)(1-A)), 

m. (sin 9(1 + ~:z:(1 +A)), ie-"'(1- cos 9)(1 +A))]. 

and for u = -, 

V= eAVE [m.(-ie'"(1-cos1J)(1-A), sin1J(l+i(1-A)), 

E (:z:(1 + cosfJ)(l+ A)e"', sinfJ( -2 + :z:(l+ A))]. 

(A.64) 

(A .65) 

The propagators should be treated separately just as in the case of the currents, and we 
use 

2 2 2 ( 1m~ ) q -m.=-2:z:E 1-cosfJ+ 2E
2

cosiJ, (A.66) 

for the emission from the electron, and 

2 2 2 ( 1m~ ) q -m.=-2:z:E 1+cosfJ- 2E 2 cosfJ , (A.67) 

for the emission from the positron. Both have again safe expressions if we adopt the set 
cos(IJ/2) and sin(IJ/2) as the inputs. 

A.S Some Simplifications 

In terms of these subamplitudes, we can express complete helicity amplitudes of all processes 
in this paper in a compact form. Cross sections are then obtained by summing helicity 
amplitude squareds over all final state polarizations and by making an appropriate averaging 
for initial state polarizations. 

For massless fermions, the su=ation over fermion polarization can be made very sim
ple. In our notation, the chlrality index (a) is associated with an each fermion line and 
the summation over a is made either in each 'current' subamplitude (A.25-26) or in each 
bispinorial scalar product ( A.32), for fixed external fermion helicities (the summation is of 
course absent for a current with definite crurality, as in the case of the charged current of the 
standard model). When all the fermion masses are neglected, the selection rule (A.10) fixes 
the external fermion helicities in terms of the crurality index associated with the fermion 
line. For instances, the bispinor current (A .26) reduces in the massless fermion limit to 

(A.68) 

wruch is essentially the current employed in Ref. [16}. Therefore, in massless fermion limits, 
the chlrality index is fixed uniquely by the external fermion helicities and the su=ation 
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over helicities can be restricted to those combinations of helicities which are consistent with 
the chirality selection rule along all the fermion lines. 

There may appear further simplification in the massless fermion limit . Then the V-A 
interaction of the charged current will be absent for the positive chirality fermion line. 
Hence many diagrams will drop for the certain helicity combinations. This fact will make 
the computor programs much faster. 
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Appendix B 

Phase Space 

Evaluation of single weak boson production and vector boson fusion cross sections in this 
paper requires the use of appropriate phase space variables to achieve a good numerical 
accuracy. We present in this appendix our choice of integration variables, which may be 
useful in a more general ground for processes with collinear singularities associated with 
colliding particles. 

We treat all the single weak boson production processes 

(B.1) 

with a common set of kinematical variables. The state X is either a single WI Z state, pair of 
the WIZ bosons or top quark, or their decay products, and hence does not necessarily have 
a fixed invariant mass. We paramatrize the four-momenta of the particles in the laboratory 
(e+e- c.m.) frame: 

k" 2 

.fi 
2(1,0,0,,8) 

.fi 
2(1, 0, 0, -,B) 

.;; :Z:t(1,.Bt sin ll1 cos cP1,,81 sin ll1 sin cP1,,81 cos 111) 

..;; :z: 2(1,,82 sin 11 2 cos ,P2 ,,82 sin 112 sin ,P2 ,,82 cos 112 ) (B.2) 

with ,8 = (1 - 4m!l 8 )
112 and ,8; = (1 - 4m~ I sxl)112

, where m; is either m, or 0 depending 
on the processes in (B.1). In the following, we retain the electron mass only when its finite 
value affects the integrated cross sections in the m:l 8 -> 0 limit. 

The invariant phase space volume 
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(B .3) 

can be decomposed as 

(B.4) 

with 

(B.5) 

The partial phase space d~x is simply 

(B.6) 

in the zero width approximation of the weak boson. When the decay 

(B.7) 

is incorporated, it is expressed most conveniently as 

d~ x = 
32

1
7r2 .B ( ~~, ~!) d cos B3d~3 (B.8) 

in the decaying X rest frame with the two body phase space factor 

,B(a,b) = [1- 2(a +b)+ (a- b) 2
]
112

• (B.9) 

The Breit-Wigner resonance is accounted for by a choice of variable 

3 = tan --- . d • (s - m~Y+(mxrx)2 d( _1 .!-m~) 
mxrx mxrx 

(B.10) 

The remaining p 1 and p 2 phase space volumes in (B.4) are parametrized in the laboratory 
frame (B.2) as 

in them!/ 3 --+ 0 limit. Solving the delta function for :z: 2 gives 

32 :z: 1 (1-:z:1 -s/s) 
d~ = (41r)" 

11
_ :z:,( 1 - cos0,,)/2]> d:z:,dcos8,dcos82 dr/>1 dr/>2 dsd~x. (B.12) 
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The angle 812 is the opening angle between p 1 and p 2 in the laboratory frame (B.2) whose 
cosine is given below in Eq. (B.19). The collinear singularities at cos 8, = ±1 are accounted 
for by introducing variables 

1 1 (1 +cosO,+ 2t:::.t) Yi = - og for i = 1, 2 
2 1 - coso, + 2t:::., (B.13) 

with a process dependent regulator t:::.f- ; 

(B.14) 

for processes with a t-channel photon or electron propagator, and 

(B.15) 

when the initial e± emits a neutrino. When there appears no t- or u-channel singularity in 
the initial e± channel, the regulator t:::.f- can take arbitrary positive numerical value of 0(1) 
or larger. 

The phase space volume takes its final form as 

with 
cosO, = (1 + t:::.t + L:::.;-) tanh(y,) - t:::.t + t:::.;- for i = 1, 2, 

q,, = q,, + ,P, 

cos 812 = cos 81 cos 82 - sin 81 sin 82 cos ,P, 

1-:z:,-s/3 

(B.16) 

(B.17) 

(B.18) 

(B.19) 

(B.20) 

The regulator factor t:::.r in Eq. (B.l6) can be neglected when it is of the order of m!/ s, in 
accordance with our high energy approximation (B.11). The integration region is as follows: 

(L m,)2 < s < ( .jS- m, - m,)2 , (B.21) 
it:X 
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The constraint 
2m2 

Z] >--.;; (B.25) 

should be imposed by hand because of the neglect of the electron mass in Eq. (B.20). 
There are four co=ents in order. First, the numerical accuracy of the photon or 

electron propagator factor 

(k1- PJ.)2 
2 2 • 

m. + m 1 - 2z1(1-{3{31cos91) 

• -2z1{3{31(l - cos9,)- tmin(z,) (B.26) 

with 

(B.27) 

requires a careful treatment in the collinear limit, cos 91 = 1. For instance, the minimum of 
the photon propagator factor in the process e- e+ -+ e- e+ Z ( m 1 = m.) leads to the small 
ratio 

(B.28) 

which can become as small as 3 x 10-19 at .fi = 2 TeV for z1 ~ 1-m~/s, where the cross 
section is largest . A meaningful evaluation of the propagator factor (B.26) hence requires a 
cancellation of more than 20 digits in the difference 1 - cos 91. For the electron propagator 
factor in the process e-e+-+ 11Z (m1 = 0), the relevant ratio is 

tm;,.(z,) +m; = m;~ = m:z, + o(m!)' 
s s 1 + {3 s s 2 

(B.29) 

which can also become very small for a soft photon (z1 << 1). In order to avoid the huge 
numerical cancellation within the factor 1 ± cos 9; in the collinear limits (cos 9; = 'fl), we 
should evaluate these factors directly in terms of our integration variables y; as 

1 ± cos9; 

2 
l+t.t+t.i -M 
1 + exp('f2y;) ' · 

(B.30) 

The above numerical factors are also used in the evaluation of the matrix elements associated 
with the ee1 vertices [17]. 

Second, a statistical factor of 1/2! is required for two photons in the process e- e+ -+ 

{{Z. We find it most convenient to restrict the phase space for kinematically distinct two 
photons by requiring either 

(B.31) 
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or 
(B.32) 

The equivalence of the two results can be used to test the numerical program. 
Third, we find it more efficient in the processes e-e+ -+ e-e+z and e-e+ -+ v.v.Z 

to interchange the role of z 1 and z 2 (and hence to choose z 2 as an integration variable) 
depending on the kinematics of the final lepton pair. We choose z1 as an integration 
variable when the inequality 

(B 33) 

holds, and choose z 2 otherwise. This interchange makes the phase space volume respect 
manifestly the CP invariance of the processes. 

Fourth, we list below for each process our optimal choice of the integration variables, 
6.f and t.:, as well as the function f(z,) that parametrizes the z 1 integral 

For the process e- e+ -+ e- e+ Z, we find 

t,_- tm;,.(z1) m; (1- z 1)2 
1 • • Z1 

t,.+ tm;,.(z7) m! (1- z 2)
2 

2 • Z2 

t,.+ - m! 
6.2 = -, 1 • 

f(z,) 
1 

1- z, 

For the process e- e+ -+ e- v. w+, a good choice is found to be 

t,_- tm;,.(z,) m! (1- z 1)2 

I • • z1 

t,.+ m~ 
2 • 

t,.+ 1 t.; = 1, 

f(z,) log(1- z1). 

(B.34) 

(B.35) 

(B.36) 

(B.37) 

(B.38) 

(B.39) 

(B.40) 

(B.41) 

(B.42) 

Here the choice of t.t = 6.2 = 1 is rather arbitrary, where any positive number in excess 
of unity is appropriate because of the absence of t- or u-channel singularity. The role of 
:z:1 and z2, and that of 6.1 and t.t should be interchanged for the CP conjugate process 
e-e+ -+ v.e+w-. 
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For the process e- e+ -> v.v.z, we find that the choice 

"+- m~ 
L.l.2 - , 

8 

LJ,.-
1 

LJ.) = 1, 

log(1- z 1), 

is effective. Again, any large positive number works as well for LJ.{ = LJ.). 
Finally for the process e-e+-> "Y"""fZ, we find that the choice 

LJ,.- m~ 
1 -zl, 

8 

LJ.+ 
2 

m~ 
-z2, 

s 

LJ.+ - m! LJ., =-, 1 s 
f(z1) logz1, 

(B.43) 

(B.44) 
(B.45) 

(B.46) 

(B.47) 

(B.48) 

(B.49) 

makes an efficient integration. The integration region in this process depends on the final 
state cuts that we impose, since without a cut-off the integral is divergent. When the Z 
boson energy (Ez) in the Lab. frame is required to satisfy the condition 

(B.50) 

the integration region of z 1 (see Eq. (B. 22)) is restricted to 

(B.51) 
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Appendix C 

1 Helicity Selection Rule 

We explain the helicity selection rule for the collinear vector bosons emitted from the initial 
state fermion . We discuss the treatment of the off-shell wavefunctions first. Then we apply 
the technique to the relevant case. 

Recall that the unitary gauge propagator of massive vector boson can be regarded as 
a sum over the possible intermediate state. Consider the case of the time-like momenum 
first. Then the unitary gauge propagator reads 

i ( "" q"</') 
-.---. -g + -.- ' q -my my 

(C.1) 

where my is the mass of the vector boson and q" is its (timelike) four-momentum. 
It is well-known that the projection operator on the transverse (in the four-dimensional 

sense) components can be written as a sum over the polarization vectors: 

q"qv 1 

- g"" + -. = :E e'(q, ~v·(q, ~l 
q A=-1 

(C.2) 

where the index ~ corresponds to the helicity. Using this decomposition, we can re-write 
the case of the unitarity gauge propagator similarly. 

"" q"qv q• - m} q"qv 
-g +-+-----

q• m} q• 

1 • q• - m} q"qv 
:E e'(q, ~v (q, ~l + --. ---. , 

.\=-1 my q 
(C.3) 

which leads to the observation that for off-shell massive vector boson there are four polar
ization state propagating, where one of them is the ocalar polarization. 

The case for the space-like four-momentum differs from the above decomposition only 
to add the factor ( -1).\+1 to take account of the negative norm polarization vector. 

We wish to have similar decomposition in the fermion case. The propagator of fermion 
field reads . . 

t • 
p-m

1 
= p2 -m}(p+m,), (C .4) 
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where we wish to rewrite the last bracket as a sum over the intermediate states. 
First recall that if we once fix the mass of the fermion m 1, the Dirac spinors are the 

functions of the three-momentum only, which we write 

u.(p, u), v(p, u). (0.5) 

Here the four-momentum of the off-shell fermion is denoted as 

pi'= (E, PJ. (0.6) 

The explicit form of the spinors are defined in App. A. For later convenience, we define the 
on-shell energy computed from the three-momentum as 

where it may differ from the zero-th component of the four-momentum E. 
From the famous technique by Casimir [14], the following identity is well-known: 

L u.(p, u)u(p, u) ="Pon +mt = Eon/0
- p·f+mt, (0.8) 

u=± 

L v(p, u)v(p, u) =Pon- fflJ = Eon/0
- p· f- fflJ, (0.9) 

cr=± 

for the Dirac spinors normalized as 

u(p, u)u.(p, u) = -v(p, u)v(p, u) = 2mt· (0.10) 

We start from these identities to obtain the decomposition of p + m 1. 
Now it should be trivial to obtain the identity 

E+Eon"" (- )-(- ) E-Eon"" ( _ )-( _ ) 
~ L..J u. p, .,. u. p, .,. + ~ L..J v -p, .,. v -p, .,. 

on u=± on cr=± 

E+Eon(E o -- ) E-Eon( o __ 
2Eon on/ -p·i+mt + 2Eon Eon/ +P·i+mt) 

E,o_p·f+mJ 

p+m,. (0.11) 

Thus we have obtained a very simple decomposition of the spinor propagator in terms of 
the intermediate states, although the decomposition is not Lorentz invariant. The lack 
of Lorentz invariance, however, does not cause any problems on the discussions in this 
appendix since we will dicuss the helicity selection rule which indeed depends on the frame. 

The physical interpretation of our formula is very clear. Let us take the on-shell limit 
E --> Eon, then the v-spinor part drops, recovering the identity (0.8). The other limit 
E--> -Eon will make the u.-spinor part to drop giving the identity (0.9). Since the on-shell 
energy Eon is always positive, the u.-spinor dominates in the formula if E > 0, and v-spinor 
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dominates if E < 0. Thus the off-shell spinor with positive energy can be regarded as almo•t 
fermion and with negative energy as almo•t anti-fermion. 

Now we can discuss the collinear emission of a vector boson. Our strategy is to keep 
the electron mass only in the denominator of the propagator, however drop all the terms 
proportional to m. in the matrix element. Then our discussion can be universal to all vector 
bosons since the only difference lies in the denominator of the propagator which explicitly 
depends on the mass of the vector boson. What we wish to know is the difference between 
the helicity states of the vector bosons, and the propagator factor is common to all helicities. 
Thus we have to discuss the matrix element only. 

From now on, we do not specify the vector boson nor the coupling constant. What we 
should know is the dependence on the helicity of the vector boson of the matrix element 

p ;'(q, A)u.(k, u) (0.12) 

where the propagator factor is dropped, and the mass of the electron (or neutrino) is 
neglected. One may wonder that the discussion will depend on the mass of the vector 
boson since the polarization vector has its four-momentum as the argument. However, 
if we concentrate on the transverse components, the dependence lies solely on the •pace 
momentum q. So we can keep the universal character of our discussion. The dependence 
of the factor p on the mass of the vector boson will be irrelevant as well, as shown in the 
followings . 

The four-momenta are written down in the laboratory frame: 

k E(l, O, 0, 1), 

q zE(1, f3v sin 8, 0, f3v cos 8), 
p E(l - z, -zf3v sin 8, 0, 1 - zf3v cos 8). 

Now we decompose the factor pas the sum over the intermediate states 

.J ""(po+IP1 (- ')_(_ ')+po-IP1 (- ')-(- ')) I'= uf:'± ~u. p, <7 u. p, <7 ~V -p, <7 v -p, <7 , 

(0 .13) 
(0.14) 
(0.15) 

(0.16) 

where IP1 corresponds to Eon in our formula eq. (0.11). Since we have neglected m., the 
chirality is conserved, and the wrong chirality helicity will drop from the above sum, giving 

p f(q, A)u.(k, u) 

(
P

0
+ IP1 (- )-(- ) P

0

-IP1 ( - )-( - )) "( ') (k ) = ~u p, u u. p, u + ~v -p, -u v -p, -u /,.f q, " u. , u 

(0.17) 

The dependence on the helicity of the vector boson is confined to the matrix elements 

u(p, u) f( q, A )u.( k, .,. ), (0.18) 

and 
v(-p, -u) f'(q, A)u.(k, u). (0.19) 
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Thus we are lead to discuss the above matrix elements only, and see which A is domi
nating in the collinear region. Now we fix the helicity of the initial electron to be positive: 

u=+ (C.20) 

without loosing the generality of the discussion. After straight-forward computation, we 
obtain 

u(p, +)((q, A)u(k, +)= E (-siniJ)[v'1-2zcosiJ+z2 +(1+Az)], (C.21) 
)21P1(1P1 + p.) 

and 

v(-p, -) ((q, A)u(k, +) = V E (-siniJ)[V1-2zcosiJ+z2 -(l+Az)]. (C.22) 
2IP1(1P1- p.) 

Note the factor sin IJ due to the angular momentum conservation. 
Now we know the dependence on the helicity of the vector boson. If the vector boson is 

emitted soft ("' ~ 0), then the dependence on the helicity drops due to the combination A:t. 
Thus there appears no selection rule if the vector boson is emitted softly, as in the case of 
the soft photon radiation. However, if the vector boson is emitted hard (:t ~ 1), then the 
factor 

v'1- 2:t cosiJ + :t 2 ~ 11- zl + -
1 
-"'-

1
(1- cosiJ) 

1-:t 

in the collinear limit is small(~ 11- zl), while the terms 

1 + A:t 

(C.23) 

(C.24) 

will remain large if A = 1. Thus the energetic vector boson emitted from the O" = + electron 
favours A = +, hence has the same sign helicity as the initial state electron has. This proves 
the helicity selection rule of the hard vector boson emission from the initial state. Since the 
massive vector boson favour to be energectic from the discussion in Chap. 6, the selection 
rule is very clear for the W- and Z-bosons. 

We did not discuss the case of the massive vector boson with longitudinal polarization. 
We do not know how to discuss in a universal way to treat the longitudinal component, 
since it requires cancellation among the diagrams to satisfy the BRS identity (see Chap. 2). 
The only statement we can show here is that the longitudinal components do not seem to 
be favoured in collinear emission processes, however we do not know the reason at present. 
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