J. Math. Sci. Univ. Tokyo
23 (2016), 727-740.

On the Coefficients of Multiple Walsh-Fourier Series
with Small Gaps

By Bhikha Lila GHODADRA

Abstract. For a Lebesgue integrable complex-valued function f
defined over the m-dimensional torus I'"* := [0,1)™, let f(n) denote the
multiple Walsh-Fourier coefficient of f, where n = (n(l)7 cee n(m)) S
(zt)™, ZT = NU{0}. The Riemann-Lebesgue lemma shows that
f(n) = o(1) as |n| — oo for any f € L'(I"™). However, it is known
that, these Fourier coefficients can tend to zero as slowly as we wish.
The definitive result is due to Ghodadra Bhikha Lila for functions
of bounded p-variation. We shall prove that this is just a matter
only of local bounded p-variation for functions with multiple Walsh-
Fourier series lacunary with small gaps. Our results, as in the case
of trigonometric Fourier series due to J.R. Patadia and R.G. Vyas,
illustrate the interconnection between ‘localness’ of the hypothesis and
‘type of lacunarity’ and allow us to interpolate the results.

1. Introduction

In 1949, N. J. Fine [3] proved using the second mean value theorem that
if f is of bounded variation on [0, 1] and if f(n) denotes its (one dimensional)
Walsh-Fourier coefficient, then f(n) = O(L), for all n # 0. In [11] we have
studied the order of magnitude of Walsh-Fourier coefficients of functions of
various classes of generalized bounded variation and extended the result of
Fine to these classes. Further, in [6] we have studied the order of magnitude
of Walsh-Fourier coefficients of functions of various classes of generalized
bounded variation and given lacunary analogues of our results in [11]. For a
function of two variables several definitions of bounded variation are given
and various properties are studied (see, for example, [12, 1]). In 2002 F.
Méricz [13] studied the order of magnitude of double Fourier coefficients

with the help of Riemann-Stieltjes integral of functions of two variables
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and in 2004 V. Filop and F. Moricz [4] studied the order of magnitude of
multiple Fourier coefficients of functions of bounded variation in the sense of
Vitali and Hardy (see [2]) in a straightforward way without using Riemann-
Stieltjes integral. In [8], we have defined the notion of bounded p-variation
(p > 1) for a function from a rectangle [a1,b1] X -+ X [am, by] to C and
studied the order of magnitude of trigonometric Fourier coefficients of such
functions from [0, 27]™ to C. We have also studied the order of magnitude
of trigonometric Fourier coefficients of functions from [0, 27| to C having
lacunary Fourier series with certain gaps and are of bounded p-variation
only locally [9]. Then in [10] we have studied the order of magnitude of
Walsh-Fourier coefficients for a function of bounded p-variation from [0, 1]™
to C having non-lacunary multiple Walsh-Fourier series. Here we study the
order of magnitude of multiple Walsh-Fourier coefficients of functions from
[0,1]™ to C which are of bounded p-variation locally and having lacunary
multiple Walsh-Fourier series having small gaps. Our results, as in the case
of trigonometric Fourier series [14] and for a single Walsh and Vilenkin-
Fourier series [6, 7], illustrate the interconnection between ‘localness’ of the
hypothesis and ‘type of lacunarity’ and allow us to interpolate the results.
Thus our results of this paper generalizes and gives lacunary analogue of our
earlier results [10, Theorems 3 and 4]. For n = 1, our new results give our
earlier results [6]. Also, for p = 1, our results give the lacunary analogue for
multiple Walsh-Fourier coefficients of the results of Méricz [13] and Fiilop
and Moricz [4], except possibly for the exact constant in their case.

2. Notations and Definitions

In [8] we have defined two concepts of bounded p-variation for functions
of several variables that generalize the definitions of bounded variation for
functions of several variables given by Vitali and by Hardy. For the sake of
completeness, here we rewrite those definitions.

Let R be the rectangle R = [ay, b1] X+ - - X [am, bry]. By a (finite) partition
P of R we mean the set P = {Ry,..., R}, in which R;’s are pairwise disjoint
(no two have common interior) subrectangles of R having their sides (faces)
parallel to the standard coordinate hyperplanes and whose union is R. Let
f = f(x1,...,zy) be a real or complex-valued function on R. For any
subrectangle R’ = [ay, $1] X - X [, Bm] of R with a; < a; < 3; < b; for
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alli=1,2,...,m, we define Af(R’) as follows: when m = 2 we put

Af(R) : = Af([oa, Bi] x [az, Ba])
= f(B1,B2) — f(Br,2) — f(au, B2) + fla1, a2);

for m=3

Af(R) : = Af([ou, 1] X [, B2] X [as, B3])
= [f(B1, B2, 83) — f(Br, 2, B3) — f(au, Ba, B3) + f(a1, 2, B3)]
— [f(B1, B2, a3) — f(B1, 2, 3) — f(a1, Ba, a3) + f(a1, az, as)]
= A[a:sﬂ:s]Af([alel] X |ag, f2]), say;

and successively for any m > 3

AF(R) : = Af([ar, 1] X -+ X [aum, Bm])
= Ajg, 8] A S (la1, B1] X -+ - X [m—1, Bm-1])-

DEeFINITION V. For p > 1 we say that f is of bounded p-variation over
R (written as f € BVy®(R)) if V,(f; R), the total p-variation of f over R,
is finite, where

k 1/p
Vi) = s Y IASRIP)
i=1
in which the supremum is taken over all partitions {Ry, ..., R;} of R.

REMARK 1. As noted in [8], for p = 1 our Definition V is equivalent to
that Vitali (see, for example, [2], [4]). Also, the class BVy®)(R) contains
functions for which the m-dimensional Lebesgue integral over R fails to
exist. The following notion of bounded p-variation is motivated by this
fact.

DEFINITION H. In case m = 2, we say that a function f = f(x1,z2)
is of bounded p-variation over R := [a1,b1] X [ag,b2], in symbol: f €
BV (R), if it is in the class BVy® (R) and if the marginal functions
f(z1,a2) and f(a1,z2) are of bounded p-variation on the intervals I; :=
[a1,b1] and I := [ag, ba], respectively in the sense of Wiener [17].
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In case m > 3, the notion of bounded p-variation over a rectangle R
can naturally be defined by the following recurrence: f € BVH(p)(R) if
fe BVv(p)(R) and each of the marginal functions f(x1,...,ak,..., &) is
in the class BV (R(ay)), where k = 1,...,m and

R(ax) = {(z1, -+, Th—1, Ths1s - -, Trn) eR™ L. a; <z <bj
forj=1,...,k—1,k+1,...,m}.

This definition can be equivalently reformulated as follows: f € BVg® (R)
if and only if f € BVy® (R) and for any choice of (1 <)j; < --- < jn(<
n), 1 < mn < m, the function f(z1,...,aj,,...,a;,,...,%m) is in the class
BVy® (R(aj,, ..., a;,)), where

R(ajl,.. .,ajn) = {(J}gl,. . .,mgm_n) e RM™ ™ a; < T < bj
forj=401,... . lm-n}

and {{1,...,¢y_pn} is the complementary set of {ji,...,J,} with respect to
{1,...,m}.

REMARK 2. When p = 1 our Definition H is equivalent to the definition
given by Hardy (see, for example, [2, 4]).

Let {r,}, n=0,1,2,..., denote the class of Rademacher functions de-
fined by

ro(x) =1 (0<z<1/2), ro(z)=-1 (1/2<z < 1),

ro(z + 1) =7ro(z), rn(z)=70(2"z) (n=1,2,3,...).

The complete orthonormal Walsh system [16], say {¢n}, n =0,1,2,..., as
ordered by Paley [15], is then given by

wo() =1, @n(®) = 10y (B) 70y (7) - - - 7y ()

if n =2"42"24...42™ in which nqy > ng > --- > nyg > 0. For the functions
¥n, deg @, denotes the degree of ¢, defined by : degyg = 0 and degp,, =
ni1 + 1, if @, is represented as the product of Rademacher characters as
in preceding lines. Accordingly, for each j € N we have ¢g;-1 = r;_1 and
deg@yi—1 = degrj_1 = j. The degree of any real linear combination of
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finitely many elements ¢,, (n = 0,1,...) (that is, a polynomial in functions
¢n, on [0,1]) is the maximum of the degree of the elements ¢,, appearing in
it.

For a periodic f = f(x1,...,2y) with period 1 in each variable and
Lebesgue integrable over the m-dimensional torus I"™ := [0,1)™, in symbol
f € LY(I™), its formal multiple Walsh-Fourier series is given by

(2.1)  flx1,...,xm)

o0 [e.9]

~ Z Z f(n(l),...,n(m)) (,On(l)(l’l)--'ﬁpn(m)(mm)

n(1) =0 n(m)=0

where f ( @, ... ,n(m)) = f (n) is the n** multiple Walsh-Fourier coefficient
(see, for example, [5]) of f defined by

/ f@i, o xm)e,m (@) .. @) (Tm)day . .. dXy,.

Given a subset E C (Z)™, a function f € L!(I™) is said to be E-spectral
(or, said to have spectrum E) if and only if f(n) = 0 for all n in (Z+)™\ E.
In what follows, we consider a set E C (Z7)™ described in the following
way: for each j = 1,2, ..., m consider sets EU) = {n(()j) ) n2 ...} CZt
with {ng )}20:1 strictly increasing for each j and Satlsfylng the small gap
conditions

(2.2) (n,gg)l_ny) Sg>1 (k=1,2...;j=12...,m);

and then put £ = J[7*; EU). Now ng = (ngl),ng), . ng:)) denotes the
typical element of E. When m = 1, E will be taken to be E() with the
superscript in n,(cl)’s omitted.

3. Results

We need the following lemmas which are proved in [8].

LEMMA 3. Let f € BVyP)(R), where R = [a1,b1] X -+ X [am,bm].
Let {Ry,..., Ry} be a partition of R. Then f € BVyP(R;) for each i =

., k, and that
k

> (Vulfi R))P < (V£ R))P.

=1
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LEMMA 4. Let f € BVy®(R), where R = [ay,b1] X -+ X [am, bp)].
Then the discontinuities of f are located on a countable number of (m —1)-
dimensional hyperplanes parallel to some of the coordinate hyperplanes.

Here we prove the following theorem.

THEOREM 5. Let E C (Z1)™ be described as above and f : R™ — C
be 1-periodic in each variable. Let f € BVyP)/(I)NLP(I) (p > 1), where I
is the rectangle I = [i127N1 (iy + 1)27M] x -+ X [,,27 V7 (i, + 1)27Vm]
in which 0 < i; < 2Ni and 27N > 1/qj for each j. If f is E-spectral and

ny = (n,(:l), . ,n,&?) € (ZT)™ is such that n,(f]) is sufficiently large for each
7, then

A 1
(3.1) f(og) =0

(H;ﬁ:l n}(gj)) 1/p

REMARK 6. This theorem gives a lacunary analogue of our earlier re-
sult [10, Theorem 3]. Since BVy® (1) ¢ BVy®(I) N LP(I) in view of
Lemma 4 (see [8]), above theorem is true if we replace the assumption
“f e BVyP(I)NLP(I)” by “f € BV®)(I)”. In that case it gives lacunary
analogue of our earlier result [10, Theorem 4] and simultaneously Walsh
analogue of our earlier result [9].

REMARK 7. Observe that n,gj) = k for all k and for each j = ¢; =1
in (2.2) = N; = 0 for each j in above theorem and remark = I =
[i1,41 + 1) X =+ X [im, tm + 1) ~ I"™; and one gets corresponding results for
non-lacunary multiple Walsh-Fourier series [10, Theorem 3 and Theorem
4]. On the other hand, if the multiple Walsh-Fourier series (2.1) of an E-
spectral f € L'(I"™) is such that the sets EU) satisfies more stringent small
gap conditions
(3.2) (n,(j_z —n,(g))—>oo as k—oo (j=1,2,...,m),
then above results hold if the rectangle I is just of positive measure and
of the form as in Theorem 5. Because if |I| > 0, by the form of I, I =
[1127 N0 (i +1)27 M) x o X [iy27Nm | (4, 4+ 1)27Vm] where each N; € N can



Multiple Walsh-Fourier Series 733

be taken as large as required. In view of (3.2), one gets (n,(i)rl - n,(C )) > 2N

for each j and for all & > kg, for a suitable positive integer ky depending on
Ny, ..., Np,. Then adding to f(z1,...,z,) the multiple Walsh polynomial

Z Z ( <(1 --an(m)))¢n(1>($1)--~<ﬁn(m>($m)

n(1=0 n(m)=0

one gets a function g € L!(I"™) whose multiple Walsh-Fourier series is la-
cunary of the form (2.1) which is E-spectral with EU) satisfying the small
gap condition (2.2) with ¢; = 2" and results are true for g. Since f and g
differ by a polynomial, results are true for f as well. Our results thus inter-
polates lacunary and non-lacunary results concerning order of magnitude
of multiple Walsh-Fourier coefficients—displaying beautiful interconnection
between types of lacunarity (as determined by ¢; in (2.2)) and localness
of hypothesis to be satisfied by the generic function (as determined by the
g;j-dependent lengths of sides of I).

In case EU) satisfies the gap condition (2.2) with g; > 4 for each j, then
we have the following theorem.

THEOREM 8. Theorem & holds true if the rectangle I replaced by the

rectangle J = [y1, 1 +4/q1] X+ X [Yms Ym +4/qm)| where 0 < y; <1—4/g;
(j=1,2, ... ,m), if EY) satisfies the gap condition

(3.3) (n,(j) —n,(j))ijzzL (k=1,2,...; j=1,2,....,m).

REMARK 9. We note that Theorem 8 is better than Theorem 5 as far
as the location of the rectangle is concerned. But, unfortunately, it does not
interpolate the results in both extreme cases like Theorem 5 (see, Remark
7). As a particular case, it does give the result when the small gap condition
(3.2) is satisfied and [ is just of positive measure (as in Remark 7), but it
does not give the result as a particular case when the series is non-lacunary.
This is because, when the series is non-lacunary one must take ¢; = 1 for
all j, which is not allowed in gap condition (3.3).
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4.

Proof Of Results
PROOF OF THEOREM 5.

For the sake of simplicity in writing, we carry
out the proof for m = 2. For each j = 1, 2, consider the polynomial P

' ial PY)(x)
defined as follows: if N; = 0, put P(Jj) =1 and if NV; € N then put
N;—1

P ) = TT (L4 (27 ratery)) -
i=0
Then, by definition of r;, we have
zj € [i;27N, (i; +1)277)
- T‘i(l‘j) =1 (Z'j27Nj) forall :+=0,1,

N -1
= 147 (127N ) rg(y) = 1+ (ry (5;27V9)) = 14 (21)2 = 2
forall i =0,1,...,N; —1
N;—1
:>P()(J) H2:2N37
1=0

zj ¢ [i;27N, (i + 1)277)
= ri(x;) #1i (ij2*Nﬂ') for at least one i € {0,1,...,N; — 1}
= 147 (27 ) ri(2;) =1+ (F1)(F1) =1 -1=0
for at least one ¢ € {0,1,...,N; —1}
) () —
— Py, (xj) = 0.

Thus, we have

Py P2 iy € [5,27%, (5 4+ 1)277),
N(xj)_ . . o~ N /- _N.
J 0 if 25 €[0,1)\ [5;2709, (45 + 1)279).
Consider N = (Ny, N3) and put Pn(z1,z2)

- PJ(Vll)(xl)P](V?(QTQ). Then by
the above property of P](\;]) (j =1,2), we have

oN1+N2 - jf (ml,xg |:
(4.1) PN((L'l,{EQ) =

2N17 2N1 > |:

if (z1,20) €12\ [ S ) {i

9Ny 2N1
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We claim that Aif ng = (n](gll),n,(i)) € (Z")? is such that f(ny) # 0 then
(fPn) (ng) = f(ng). In fact, writing (x,y) in place of (z1,z2), we have

(42)  (FPn)(m0) = /Pf(xyy)Pj(\/ll)(x)P](v?(y)SOngl> (2)p,,0 (y)dzdy

Ni—1
= /]12 f(z,y) ( H (1+r (i12_N1) Tz(@))
=0

Na—1
x| TT (047 (02277) ri(y))
j=0
X @, ()¢, o (y)dedy
1 2
. N1—1 ) No—1 R
= f(nk) + Z T (Z‘127N1) f(T’iSOnk) + Z Ty (Z‘227N2) f(rj(»onk)
i=0 Jj=0
N1—1 R
+ Z T (i12_Nl) Tj (i12_Nl) f(rirjgonk)
i,j=0
No—1 )
-+ Z i (i22_N2) Tj (i22_N2) f(T’Z'T'jgonk)
i,j=0
Ni1—1 Na—1 R
+ Z Z T (i12_N1) Ty (i22_N2) f(?“ﬂ'j(,()nk)

=0 j=0
Ni-1 N2—1

+ ( H T (i12_Nl)> H rj (i227"2)
=0 =0

X f(ro C TN =170 - - TNy—1Pmy)-

By our assumption the first term in the right hand side of (4.2) is nonzero.

The characters appearing in the other terms in the right hand side of (4.2)

are of the form (¢ 1))(1p (2)) where ¢ is (a function of z alone) such that
k1 ko

deg ¢ < Nj and 7 is (a function of y alone) such that deg 1) < N5 and the
degree of at least one of ¢ and v is nonzero. In view of the Paley ordering of
Walsh characters, for each j € N there are totally 27! characters of degree
J,namely @oj—1 =11, Qoj-111] = Tj_101, Poi-140 =Tj_102, -+, Poj_1 =
Tj—1P9i-1_1 = Tj_17j—2---T179. Consequently, total number of characters of
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positive degree < N is given by 20421 422 4... £ 2N=1 = 2N _ 1. they are
from 1 to pon_y. It follows that when @ 9 is multlphed by any character
of positive degree < N; the resulting character ©m; 1s such that

()

ng) <my <nd) + 2% —1<nl) 42N <) 4 gy <0l

in view of (2.2) and the fact that g¢; > 2™i. Since either deg ¢ > 0 or
deg ¥ > 0, either my ¢ E; or mg ¢ E5. Therefore (m1,mg) ¢ E. Since f is

E-spectral, f <(8090n§€1))(¢80n22))> = f(emrPmy) = f(m1,ma) = 0. Thus all
1 °2

the terms of the right hand side of (4.2) vanish except the first. This means
that

(4.3) (FPr)"(mie) = f(me) if f(me) # 0.
Now, let nx = (ngl) nlg )) be such that n,(cj) are large enough with

f(ny) # 0 and let m; € N be such that 2" < n( ) < 9mi+l with mj > Nj
for each j = 1,2. For simplicity in notation, let us now write k, ¢, s, and t

for n,(ﬂll), n,(fz), ma, and mo respectively. Then 2% < k < 2571 2t < ¢ < 2t+!
and in view of (4.3) and (4.1) we have

(4.4)  f(nk) = (fPn) (ng)

(i2+1)2= N2 p(ip41)2=M1
N1+Na
— ot / 7 () on(@)pely)dady.

‘227N2 '127N1

For each i = 0,1,2,3,...,2° and 7 = 0,1,2,3,. tput a; = (i/2%),

= (j/2'). Then, as 2° < k < 257! by definition of Walsh functions, @y
takes the value 1 on one half of each of the intervals (a;—1, a;) and the value
—1 on the other half, and hence

(4.5) / on(2)dz = 0, (i=1,2,3,...,29.

i—1

Similarly, as 2! < £ < 2!*1 the function ¢, takes the value 1 on one half
of each of the intervals (bj_1, b;) and the value —1 on the other half, and
hence

bj
(4.6) / wo(y)dy = 0, (j=1,2,3,...,2%.

bj,1
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Next, define three functions fi, fs, f3 on I = [i12*N1, (i1 + 1)2*N1) X
[i92702, (i 4+ 1)2772) by setting

filz,y) = flai—,y) (a1 <@ < ag 19272 <y < (g + 1)2_N2)
for i =125 M 41,4,;257M 42 (i +1)257 0,
fo(z,y) = f(x,bj—1) (127N <z < (i1 + 127N by <y < b))
for j = 920 N2 41,3526 N2 2. (i + 1)287N2; and
f3(z,y) = flai-1,0j-1) (ai-1 <z <ai; bj—1 <y < by)

fori =125 N1 41,0125 N1 12 L (i +1)25 N = 0920 N2 ] p2t N2 4
2,...,(ia + 1)28=2. Then in view of Fubini’s theorem and relations (4.5)
and (4.6) we have

(’i2+1)27N2 (i1+1)27N1
/ / filz,y)or(x)pe(y)dady

22_N2 12_N1

(i2+1)2— N2 (i1+1)25~ N1 a;
/ > Sy [ | o)y =o
i ai—1

i=3125 N1 41

(i2+1)27 N2 a(ip4+1)27M1
/ / fol@, y)or(@)pu(y)deody

22— N2 12— N1

227 N2

(i141)2- N1 | (ia+1)207 72 b;
/ > st [ ewdy| eula)de=o.

~-N .
12 1 ~:i22t—N2+1 b]—l

and

(i2+1)2*N2 (i1+1)27N1
/ / f3(x, y)er(z)pe(y)dedy

22_N2 12_N1

(i14+1)25~ N1 (ig+1)2t=N2

= Z flai—1,b;-1)

i=i125 N1 41 j=ip2t= N2 41

x [ I mx)dx] [ / b w(y)dy] -0,
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Using these equations in (4.4) we get

(i2+1)27 N2 r(i141)2~ M1
/ / F (@ 9)or(@)ely)dady

'227N2 '127N1

[f ()| = 28+

. (ia+1)27 N2 p(i1+1)2-M1
_ oNi+N, / / (f = fi = f2a + f3) (@, y)pr () pe(y)dady

'22_N2 '12_N1

(i2+1)27 N2 p(i14+1)2~M1
Ni+N.
Sy / (= fi = fot fo) (@, y)ldady

102~ N2 12— N1
v [ DN 2N 1/
<ovn ([0 [ = h= ot f)a)Pdady
1927 V2 1127V

X (2—(N1+N2)>1/q,

in view of the Holder’s inequality (when p > 1) since f — fi1 — fa+ f3 € LP(I),
where ¢ is such that 1/p+1/g = 1. Observe that when p = 1, we don’t use
Hoélder’s inequality and in that case we consider the inequality except last
step. In any case, it follows that

(i2+1)27 N2 p(ip+1)2=M1
/ (F = fi = fa+ fo) ) Pdady

g < 28N /

927 N2
(i1+1)257 N1 (ig+1)2t~N2
_ oN1+N: Z Z / / |(f = fr = fo + f3)(z,y)|Pdxdy
i=1125 N1 41 j=ip2t N2 41
(11+1)25~ N1 (ip41)2¢~ N2

oMy / LT

i=1125 N1 41 j=ip2t-Na 4]

'127N1

— flx,bj—1) + f(a;—1,bj_1)[Pdxdy
(i14+1)2°~ N1 (ig+1)2t~ N2
<oMFNe {7 ST (Vplfilaimt, ail x [bj—1,bi]))"
i=i125" N1 41 j=ip2t~ N2 41
x (a; — ai—1)(bj — bj—1)
2N1+N2 2N1+N2+2

< e WD) < ——— (i D))",
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in view of Lemma 3. Thus we get

R 9(N1+N2+2)/p Vio(f5 1)

This completes the proof of Theorem 5. [

PrROOF OF THEOREM 8. For each j = 1,2,...,m, if we take N; as
the largest integer satisfying 27N > 1/g;, ie.,, 27N > 1/q; > 27Ni71)
we have 4/q; > 2 x 27N, Since [yj,y; + 4/q;] is a subinterval of [0, 1]
of length 4/q; there exists an integer i; such that 0 < i; < 27Ni and
[i;27Ni | (i + 1)27Ni] C [y, y; + 4/q;] for each j. But then

T=1[027™ (i1 + 127N 5 oo X 10277 (i + 1)27Vm]
C lyyr +4/a] X - X Y Y + 4/ Gm] = .

Since f € BVy®(J) N LP(J), we have f € BVy®(I) nLP(I). So, by
Theorem 5, (3.1) holds. This completes the proof of Theorem 8. [J
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