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Finite Generation of Adjoint Ring for Log Surfaces

By Kenta HASHIZUME

Abstract. We prove the finite generation of the adjoint ring for
Q-factorial log surfaces over any algebraically closed field.
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1. Introduction
In this paper, we prove

THEOREM 1.1 (Main Theorem). Letw: X — U be a proper morphism

from a normal Q-factorial surface to a variety over an algebraically closed
field and let A®* = (Aq, -+ ,Ay) be an n-tuple of boundary Q-divisors. Then
the adjoint ring of (w, A®)

R(r, A%) = D mOx(Y ] milkx +A)))

(ma, -, mn)€(@so)™ i=1

is a finitely generated Oy -algebra.
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As a corollary, we have

COROLLARY 1.2. Letw: X — U be a proper morphism from a nor-
mal surface to a wvariety over an algebraically closed field and let A® =
(A1, -+, Ay) be an n-tuple of Q-divisors such that (X, A;) is log canonical
for every 1 <i <mn. Then the adjoint ring R(mw, A®) of (w, A®) is a finitely
generated Oy -algebra.

Theorem 1.1 is a generalization of [Ft, Corollary 1.5] and [FT, Corollary
1.3]. In higher dimension, the finite generation of the adjoint ring is known
by Birkar, Cascini, Hacon and M°Kernan [BCHM] when 7 : X — U is a
projective morphism of normal quasi-projective varieties over the complex
number field and A®* = (A+ By, ---,A+ B,,), where A > 0 is a general
m-ample Q-divisor and B; is an effective Q-divisor such that (X, A+ B;) is
divisorial log terminal for any i. We emphasize that (X, A;) is not neces-
sarily log canonical in Theorem 1.1.

Let us summarize the history of Theorem 1.1. In [Ft], Takao Fujita
established Theorem 1.1 under the assumption that X is nonsingular, U
is a point, and n = 1. More precisely, he proved that the positive part of
the Zariski decomposition of Kx + A is semi-ample by using the notion
of Sakai minimality when X is a nonsingular projective surface and A is a
boundary Q-divisor on X, that is, a Q-divisor on X whose coefficients are
in [0,1]. As an easy consequence, he obtained the above mentioned special
case of Theorem 1.1. In [F2], Osamu Fujino established the minimal model
program (MMP) and the abundance theorem for Q-factorial log surfaces
and log canonical surfaces over an algebraically closed field of characteristic
zero in full generality. Theorem 1.1 with n = 1 in characteristic zero follows
immediately from the minimal model program and the abundance theorem
for Q-factorial log surfaces [F2]. We note that Fujino’s approach based on
[F'1] heavily depends on vanishing theorems of Kodaira type. Therefore, we
can not directly apply his arguments in positive characteristic. Fortunately,
in [T], Hiromu Tanaka generalized the results in [F2] for Q-factorial log
surfaces and log canonical surfaces in positive characteristic. Consequently,
we know that Theorem 1.1 holds true over any algebraically closed field
when n = 1.

As we mentioned above, we are now able to use the minimal model
program and the abundance theorem for Q-factorial log surfaces, which need
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not be log canonical. In this paper, we prove Theorem 1.1 in full generality
by using the minimal model program and the abundance theorem for Q-
factorial log surfaces established in [F2] and [T] (see also [FT]). We will
use Shokurov’s ideas in [S] in order to reduce Theorem 1.1 to the case when
Kx + A; is semi-ample over U for every i. Note that we have to use the
minimal model program and the abundance theorem for R-divisors to carry
out Shokurov’s ideas.

The contents of this paper are as follows. In Section 2, we recall the defi-
nition of log surfaces and collect some other basic definitions and notations.
In Section 3, which is the main part of this paper, we discuss a certain cone
decomposition of the cone of pseudo-effective divisors. See Lemma 3.1 for
details. In Section 4, we reduce the proof of Theorem 1.1 to the case where
Kx + A is semi-ample for every i¢. To carry it out, we use some basic prop-
erties of graded rings and rational polytopes, which are rather technical.
In Section 5, we complete the proof of Theorem 1.1 and Corollary 1.2. In
Section 6, which is Appendix, we collect some basic results on graded rings
and rational polytopes used in Section 4 for the reader’s convenience.

Throughout this paper, we work over an algebraically closed field of any
characteristic.

Acknowledgments. The author would like to thank his supervisor
Osamu Fujino for various suggestions and warm encouragement. He is
grateful to the referee for many valuable comments. He also thanks his
colleagues for discussions.

2. Notations and Definitions

In this section we collect some notations and definitions. Let k be an
algebraically closed field. A wvariety is a separated integral scheme of finite
type over k. Let X be a normal variety and let 7 : X — U be a morphism
from X to a variety U.

(1) WDivg(X) is the R-vector space with canonical basis given by the
prime divisors of X.

(2) An R-divisor D on X is Q-Cartier (resp. R-Cartier) if D is a Q-linear
(resp. an R-linear) combination of Cartier divisors.

(3) X is Q-factorial if every Weil divisor is Q-Cartier.
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(4)

()

(10)

(11)

(12)
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Two R-divisors D and D’ on X are Q-linearly equivalent (resp. R-
linearly equivalent), denoted by D ~qg D’ (resp. D ~g D'), if D — D’
is a Q-linear (resp. an R-linear) combination of principal divisors.

Two R-divisors D and D’ on X are Q-linearly equivalent over U
(resp. R-linearly equivalent over U), denoted by D ~qy D’ (resp.
D ~p ¢ D’), if there exists a Q-Cartier (resp. an R-Cartier) divisor £
on U such that D — D" ~q n*E (resp. D — D' ~gp *E).

Two R-divisors D and D’ on X are numerically equivalent over U (or
m-numerically equivalent) if D — D' is R-Cartier and (D — D’)-C =0
for every proper curve C' on X contained in a fiber of .

An R-divisor D on X is pseudo-effective over U (or w-pseudo-effective)
if D is m-numerically equivalent to the limit of effective R-divisors
modulo numerically equivalence over U.

An R-Cartier divisor D on X is nef over U (or m-nef) if (D -C) >0
for every proper curve C' on X contained in a fiber of 7.

An R-divisor D is semi-ample over U (or m-semi-ample) if D is an R>o-
linear combination of semi-ample Cartier divisors over U, or equiva-
lently, there exists a morphism f : X — Y to a variety over U such
that D is R-linearly equivalent to the pullback of an ample R-divisor
over U.

For a real number «, its round down is the largest integer which is not
greater than a. It is denoted by |a]. If D =" «;D; is an R-divisor
and the D; are distinct prime divisors, then the round down of D,
denoted by | D], is > || D;.

An R-divisor D on X is a boundary R-divisor if D is effective and
whose coefficients are not greater than one.

Let K x be the canonical divisor on X and let V' be a finite dimensional
affine subspace of WDivr(X). Then we define (V) as

Eu(V)={A €V | Kx + A is m-pseudo-effective}.
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(13) A pair (X, A), where X is a normal variety and A is an effective R-
divisor on X, is said to be log canonical if Kx + A is R-Cartier and
for any proper birational morphism f : Y — X from a normal variety
Y, every coefficient of Ky — f*(Kx + A), where Ky is the canonical
divisor on Y such that f,Ky = Kx, is greater than or equal to —1.

(14) Let D®* = (Dy, -+, D,) be an n-tuple of Q-divisors on X. Then we
define the sheaf of Op-algebra R (7, D®) as

R(m, D*) = ey mOx (1) mi(Kx + Di)))

(ma, -y mn)E(Zso)" i-1

and call it adjoint ring of (m : X — U, D®). We note that R(mw, D*)
is a finitely generated Oy -algebra if there is an affine open covering
{Vi = Spec A4;}icr of U such that R(mw, D®) |y, is the sheaf associated
to a finitely generated A;-algebra for every i € I.

Next, we recall the definition of log surfaces.

DEFINITION 2.1 (Log surfaces). Let X be a normal surface and let A
be a boundary R-divisor on X such that Kx + A is R-Cartier. Then the
pair (X, A) is called a log surface.

Finally, we recall the definition of weak log canonical models and mini-
mal models of log surfaces.

DEFINITION 2.2 (cf. Definition 3.6.1 [BCHM], Definition 3.6.7
[BCHM]). Let 7 : X — U and n’ : Y — U be projective morphisms
from a normal surface to a variety. Let f : X — Y be a birational mor-
phism of normal surfaces over U and let D be an R-Cartier divisor on
X such that f.D is also R-Cartier. Then f is D-non-positive (resp. D-
negative) if E = D — f*f.D is an effective f-exceptional divisor (resp. an
effective f-exceptional divisor and the support of E contains supports of all
f-exceptional divisors). Let (X, A) be a log surface and f : X — Y be a bi-
rational morphism over U. Then f is a weak log canonical model (resp. min-
imal model) of (X, A) over U if f is (K x + A)-non-positive (resp. (Kx +A)-
negative) and Ky + f.A is nef over U.
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REMARK 2.3. Letw: X —U,n:Y —-Uand f: X —Y be as above
and let V be a finite dimensional affine subspace in WDivg(X). Then we
can easily check that the set

{A € V| f is a weak log canonical model of (X, A) over U}
is a closed convex subset in V.
3. Cone Decomposition

In this section, we discuss a certain cone decomposition of the cone
of pseudo-effective divisors by using the minimal model program and the
abundance theorem for QQ-factorial log surfaces. This cone decomposition
will play a crucial role in Section 4. For the definition of rational polytopes
and their faces, see Definition B.1.

LeMMA 3.1 (cf. [S]). Let m: X — U be a projective morphism from
a normal Q-factorial surface onto a quasi-projective variety. Let V be a
finite dimensional affine subspace of WDivr(X), which is defined over Q,
and let V' be the set of the boundary R-divisors on X contained in V. Let C
be a rational polytope in V'. Then there are finitely many proper birational
morphisms f; : X — Y; over U and finitely many rational polytopes W; such
that CNEy (V) = U;W; and if A € W, then f; is a weak log canonical model
of (X,A) over U. In particular, C N Ey (V) is also a rational polytope.

ProOF. Without loss of generality, we may assume that C spans V by
replacing V with the span of C. We proceed by induction on the dimension
of C.

If dim C = 0, then we may assume that {D} = CNEy (V). Then, by [FT,
Theorem 1.2], there exists a minimal model f : X — Y of (X, D) over U.
By Definition 2.2, a minimal model of (X, D) over U is a weak log canonical
model of (X, D) over U. Thus f and W = {D} satisfy the conditions of the
lemma. So we may assume that dimC > 0.

We show the assertion in the lemma assuming that there is an R-divisor
Ag € CNEy(V) such that Kx + Ag ~r ¢y 0. We first show that there is
a Q-divisor A" in C N &y (V) such that Kx + A’ ~qu 0. Indeed, we may
write Kx +Ag = Zle a;(fi) + Z;’:l Bjm*F; for some oy, B; € R, principal
divisors (f;) and Cartier divisors F; on U. Let T be the finite dimensional
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R-vector space in WDivr(X) spanned by (f;) and 7*F;. Then T is defined
over Q. Therefore, the set

{AeC|Kx+AeT}

is a rational polytope and contains Ag. In particular, this set is a non-
empty rational polytope. Then a rational point A’ in this set satisfies Kx +
A" ~r 0, and so A’ € Ey(V). Since Kx + A’ is a Q-divisor, we obtain
Kx 4+ A" ~@ u 0. By replacing Ag with A’, we may assume that A is a
Q-divisor and Kx + Ag ~q,v 0. Pick D € C with D # Ag. Then there is a
divisor D" on the boundary of C such that D — Ag = A\(D’ — Ag) for some
0< A <1. Then

Kx—i—D:)\(Kx—f—D/)—i—(l—)\)(Kx—i-Ao) ~R U )\(Kx—i-Dl).

In particular, Ky + D is pseudo-effective over U if and only if Kx + D’ is
pseudo-effective over U. Moreover, the pairs (X, D) and (X, D’) have the
same weak log canonical model over U by [BCHM, Lemma 3.6.9]. Let 9C
be the boundary of C. Since OC consists of finitely many rational polytopes,
there are finitely many proper birational morphisms f; : X — Y; over U
and finitely many rational polytopes W/ such that 9C N &y (V) = U;W/ and
if D € W/, then f; is a weak log canonical model of (X, D) over U. Let W;
be the cone spanned by Ag and W/. Then f; and W; satisfy the conditions
of the lemma. So we are done.

We now prove the general case. Since V' is compact and C N Ey (V) is
closed in V', it is sufficient to prove the lemma for every Ay € C N Ey (V)
and a sufficiently small neighborhood Cy of Ag in C, which is also a rational
polytope. By [FT, Theorem 1.2], there exists a minimal model fy : X — Y
of (X, Ap) over U. Since a minimal model of (X, Ag) over U is (Kx + Ag)-
negative, possibly shrinking Cy, we may assume that for any A € Cy, fy is
(Kx +A)-non-positive. We put W = fo.(V) and C’' =fo.(Cp). Then C' ¢ W
is a rational polytope containing fp+Ap and dimC’ < dimC.

By [F2, Theorem 8.1] and [T, Theorem 6.7], Ky, + fo+A is semi-ample
over U. Then there exists a projective morphism ¢y : Yo — Zy onto a
quasi-projective variety Zy over U and an ample R-divisor A over U such
that Ky, + fo«Qo ~R ¢jA. Since Ky, + fo«Qo ~R z, 0, there are finitely
many proper birational morphisms h; : Yy — Y; over Zy and finitely many
rational polytopes W; such that ¢’ N Ez, (W) = U;W; and if D € W, then
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h; is a weak log canonical model of (Y, D) over Zy. Possibly shrinking Cp,
we may assume that fp.Ag € W; for any i. Let ¢; : Y; — Zy be the induced
morphism. Pick a vertex A of W;. Then Ky, + hjA is nef over Zy and by
[F2, Theorem 8.1] and [T, Theorem 6.7], Ky, + hixA is semi-ample over Zj.
Therefore Ky, 4+ hixA +n¢; A is semi-ample over U for a large integer n. In
particular Ky, + hixA + ng; A is nef over U. If 0 < e < 1/(n+ 1), then

hi*(KYo + €A + (1 - 6)fO*AO) ~R G(KYi + hi*A) =+ (1 - 6)¢Z<A

is nef over U. Considering all vertices of all W;, we may find a sufficiently
small neighborhood C” of fy«Ag in C’, which is a rational polytope, such
that if D’ € C""NW;, then h; is a weak log canonical model of (Yy, D) over U.
Then Ky, +hi D' is nef over U. In particular, K Y; +h; D' is pseudo-effective
over U. Since h; is (Ky, +D’)-non-positive, Ky, + D’ is also pseudo-effective
over U. On the other hand, a pseudo-effective divisor over U is also pseudo-
effective over Zy. Therefore, U;(C" N W;) = C" N Ez (W) = C" N Ey(W).
Set C = (fo.)"H(C") N Cy and W; = (fou) {(Wi N C") N Cy. Then C is a
neighborhood of Ay in Cy and a rational polytope. If A € cn Eu(V), then
fosA € C" N Ey(W). Therefore we have A € U;Wi. On the other hand, if
A € U;W;, then fo. A € C" N Ey(W). In particular, Ky, + fo«A is pseudo-
effective over U. Since A € Cp, fo is (Kx + A)-non-positive. Therefore
A € 5U,(Y)' Thus, we see that Ccn Eu(V) = LJJ/N[/Z We can also check that

if A € Wy, then h; o fj is a weak log canonical model of (X, A) over U. So
we are done. [J

4. Reduction to the Special Case

In this section, we reduce Theorem 1.1 to the case where Kx + A; is
semi-ample over U for every 1 <1 < n.

We put D; = Kx + A, for every i. We note that 7 : X — U is projective
since X is a Q-factorial surface (see [F2, Lemma 2.2]). By taking the Stein
factorization, we may assume that 7,Ox = Op. Furthermore, we may also
assume that U is an affine variety by the definition of finitely generated
Oyp-algebras. Set A = HY(X,0x) = H°(U,Oy). Then it is sufficient to
prove that

R(m, A®%) = &b HY(X,0x(])_miDi)))

(m1, -, mn)€(Lso)™ i=1
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is a finitely generated A-algebra. Let V (resp. C) be the affine subspace
(resp. convex hull) in WDivr(X) spanned by Ay, -+, A,,.

LEMMA 4.1. To prove Theorem 1.1, we may assume that dimV =
dimC=n-1,

PROOF. We prove it with several steps.

Step 1. In this step, we reduce Theorem 1.1 to the case that A; is a
vertex of C for every ¢ and A; # A, for any i # j.

Suppose that there is an index 4 such that A; is not a vertex of C or
there are two indices 7 and j such that i # j and A; = A;. By changing
indices, we may write A,, = Zle(ai/q)Ai forsome 1 <k <n-—1,a; € Zg
and ¢ € Z~o such that Zle(ai/q) = 1. Then we have ¢D,, = Zle a; D;.
By Lemma A.2, it is sufficient to prove the finite generation of

k n—1
P HX 0 miaDi+ Y miD; +magDy))))
(m1, -, mn)€(Lso)™ i=1 i=k+1

as an A-algebra. By Lemma A.3, it is sufficient to prove that

k n—1
. H(X,0x(|(Y " mia;iDi+ Y miDi +mugDy)]))
j =1 i=k+1

(ma, Ve mn)E€(Zs o)1 1#]

is a finitely generated A-algebra for every 1 < j < k and moreover we can
reduce it to the finite generation of

n—1
@ HO(X’ Ox (L( Z m;Di +mpDy)]))
(ma, -, mj—1,mjq1, -, mp)€(Lzo)" " i=1,i#]

as an A-algebra for any 1 < j < k by using Lemma A.2 again. By repeating
this discussion, we may assume that A; is a vertex of C for any i and A; # A;

for any i # j.

Step 2. Assume that A; is a vertex of C for every i and A; # A; for
any 7 # j. In addition, suppose that dim V + 1 < n. The goal of this step
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is to decrease n, the number of the boundary Q-divisors, under the above
assumption.

Let C; be the convex hull spanned by Ay, -+, A;_1,Aj4q, -+, A, for
every j. We can pick a Q-divisor A, such that A, € C; for any 1 <
j <n by Lemma B.2. Set Dy,y; = Kx + Ap4q. If

n+1
% HO(X, Ox (| miDi]))
(mlv"'amn+1)€(Z20)n+l i=1

is a finitely generated A-algebra, then it is obvious that R(m, A®) is also a
finitely generated A-algebra. Moreover, by Lemma A.2 and Lemma A.3, it
is sufficient to prove that

n+1
® ol 5 mo)
(m1,---,m1—1,mj+1,-",mn+1)€(Zzo) i=1,i#]

is a finitely generated A-algebra for any 1 < j < n. Since A, € Cj,
by using Lemma A.2 and Lemma A.3 again, we can reduce it to the finite
generation of

n+1

& "X, 0x(L Y. muDi)))

P i=1,i#j, 3’
(may Yoo i mp 1) €(Zso)

as an A-algebra for any 1 < j, 5/ < n with j # j'.

Step 3. By repeating the discussion of Step 1 and Step 2, we may
assume that dim V' + 1 =n. So we are done. [J

By Lemma 4.1, we may assume that dimV = dimC = n — 1, or equiva-
lently, any point of V is represented uniquely by the R-linear combination
of Ay, ---,A,, where the sum of coefficients is equal to one. Next we prove
the following lemma. For simplex coverings, see Remark B.4.

LEMMA 4.2. Suppose that there is a finite (n — 1)-dimensional rational
simplex covering {Xx}aea of C such that

(i) C=UxeaX), and
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(i) if Way, -+, Uy, are the vertices of ¥y, then
R = . HYX,0x (1> mi(Kx + ¥xi)]))
(ma, -, mn)€(Zxo)™ i=1

s a finitely generated A-algebra for any A.

Then R(mw,A®) is also a finitely generated A-algebra.

PrOOF. By hypothesis, for any A € A and any 1 < ¢ < n, we may
write A; = Z?Zl(a,\ij/p)\ll,\j and ¥, = Zgzl(bAz‘j/Q)Aj, where ay;; € Z,
brij € Z>0, D, q € Zo and Z?Zl(an/p) = Z?Zl(ij/q) = 1. Then

n

A, = zn: a;ij Uy, = zn: Axij zn: b)ZTjkAk _ Z(Zn: a)\ijb)\jk>Ak.
j=1 k=1

=1 P =1 =1 P4

Since every A; is represented uniquely by the R-linear combination of

Ay, -+ ,A,, where the sum of coefficients is equal to one, we have
Z;L:l(a,\iijjk/pq) = 6;5, where 6;;, is Kronecker delta.
Pick (my, -+ ,mp) € (Z>0)" such that m = > ; m; > 0. Then there

exists a A" € A such that Y ;" (m;/m)A; € ¥y. Then

> pamili =mpg Y (mi/m)A;
=1 i=1

is uniquely represented by the R>p-linear combination of Wy, ---, Wy,
where the sum of the coefficients is equal to mpg. On the other hand,

n n

n n n .
> pgmidi = pgmiy a;w Uy = (Z qa}\’z‘jmi) T
i=1 i=1

j=1 j=1 i=1

and > ;' | qayi;m; € Z. Therefore > 7" | gay;jm; € Z>( and so
HY(X, 0x (1> mipg(Kx + A:)]))
i=1

= H(X, OXQZ q(z axiimi)(Kx +Yyj)]))

j=1 =1
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can be identified with the A-module of homogeneous elements of certain de-
gree in Ry Let ¢y : HO(X, Ox ([0 mipa(Kx + Aq)])) — R, where

(¢ (¢
m = (my, -+ ,my), be the natural morphism of A-modules. Similarly, for
any (m}, ---,ml) € (Z>o)", since
n n n
D miqUai = (O byiymi)A,
i=1 j=1 i=1

where )" | byi;m; € Z>g, we get the natural ring homomorphism
TN Rf‘;) — R. By the definition of ¢py and 7y, for any f €
HO(X, Ox (207 mipg(Kx + A)])), v 0 dmr (f) = f.

By the hypothesis, R is a finitely generated A-algebra. Then Rf‘q/) is
also a finitely generated A-algebra by Lemma A.2. Let g1, -+, gak,, be
the generator of R)‘(; . Then there exists an A-polynomial F €
A[Xy, -+, Xg,,] such that ¢mx (f) = F(gax1, -+, 9wk, ). Then we have
f = F(TA/ (g>\/1), e, TN (ngA’)) and so R(pq) is generated by TN (g)\/l), where
N e Aand 1<1<ky. Then the lemma follows from Lemma A.1. [J

LEMMA 4.3.  To prove Theorem 1.1, we may assume that each Kx +A;
1s semi-ample over U.

PROOF. Recall that C is the rational polytope spanned by Aq, -+, A,
and V is the finite dimensional affine subspace of WDivr(X) spanned by C
such that dimV =n — 1. By Lemma 3.1, there are finitely many proper bi-
rational morphisms f; : X — Y; over U and finitely many rational polytopes
W; such that CNEy (V) = U;W; and if A € W;, then f; is a weak log canon-
ical model of (X, A) over U. By applying Lemma B.3 to C, C N &y (V) and
W;, there is a finite (n — 1)-dimensional rational simplex covering {Xy}xea
of C such that C = U)Xy and for any A € A, &/(V) N X, is a face of
>\ and is contained in W; for some j. By Lemma 4.2 it is sufficient to
prove the case where Ay, --- , A, are vertices of ¥y for some \. By chang-
ing indices if necessary, we may assume that A, --- A € Ey(V) and
Ak, - Ap & Ey (V). We note that if m; > 0 for every 1 < ¢ < n, then
HY(X,Ox(|X0, mi(Kx + A;)])) # 0 implies that myq = -+~ = m, = 0.
Indeed, in this case we see that m; is zero for all ¢ or > 1" ;(m;/m)A; is in
Eu(V) when m = 37" | m; > 0. Therefore we may assume that A; € Ey (V)
for any 1 <4 < n. Then we can find j such that A; € W; for any 1 <1i < n.
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Pick a positive integer d such that d(Kx +A;) and d(Ky; + fj«A;) are both
Cartier for any 1 <4 <n. Then

HO(X,0x(>_mid(Kx + Ai))) 2 H(Y;, Oy, () mid(Ky, + fjx1\)))
i=1 i=1

and by Lemma A.2, it is sufficient to prove that

@ HO(Yj,OYj(LZ mi(Ky, + fj=04)]))

(m1, - ,mn)€(Z>o)™ i=1

is a finitely generated HO(Yj, Oy, )-algebra. Since f; : X — Yj is a weak log
canonical model of (X,A;) over U for any ¢, by replacing X with Y; and
Kx + A; with Ky, + [j+A; respectively, we may assume that Kx + A; is
nef over U for any 1 <i < n. Then by [F2, Theorem 8.1] and [T, Theorem
6.7], Kx + A, is semi-ample over U for any 1 <i <n. O

5. Proof of the Main Theorem and Corollary
Now we complete the proof of Theorem 1.1 and Corollary 1.2.

PROOF OoF THEOREM 1.1. It is sufficient to prove that

n

R(m, A®) = & HY(X,0x(])_miDi)))

(ma, - ,mn)€(Zso)™ i=1

is a finitely generated HY(X, Ox)-algebra, where D; = Kx + A; is semi-
ample over U for any 1 < ¢ < n and U is an affine variety. This follows
immediately from the following lemma. [

LEMMA 5.1. Letw: X — Spec A be a proper morphism from a normal
variety to an affine variety and let Dy, --- , D, be w-semi-ample Q-Cartier
Q-divisors on X. Then

R= D HO(X,0x(1Y_ miDi]))
=1

(ma, -, mn)€(Zzo)™

18 a finitely generated A-algebra.
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PrOOF. By Lemma A.2, we may assume that D; is Cartier and free
over Spec A for any 1 < i < n. Thus we may assume that D; is base point

free for any 1 < ¢ < n. Then there is a surjective morphism EB(’)X —
Ox(D;) for some positive integer r; for every i. Suppose that n > 2.
Set &€ = Ox(D1) @ --- ® Ox(Dy). Then there is a surjective morphism

é(’)x — &, where r = > ;1. Let p : Px(€) — X be the projective
bundle over X associated to £. Then there is a natural surjective mor-
phism p*€ — Op,(g)(1). Therefore there exists a surjective morphism

é@px(g) — Opy(e)(1) and so [Op, ()(1) | is base point free. Moreover,
there is a canonical isomorphism of the graded O x-algebras

D r.0p (= P B  oxO_ mb)

ZEZZO ZEZZO mi+-+mn=I =1

Therefore
R= P HYPx(E),0p, (1)

ZGZZO

as A-algebras. So we may assume that n = 1 and then the lemma is clear. []

Let us prove Corollary 1.2.

PrOOF OF COROLLARY 1.2. Let f : Y — X be a resolution of X.
Then we may write

Ky +T; = f*(KX -l—Ai) + E;,

where I'; > 0 and F; > 0 have no common components, f.I'; = A; and E;
is f-exceptional. Then I'; is a Q-divisor for any i and

R(m, A%) = R(r o f,T*)

as graded Op-algebras. Moreover, by the definition of log canonical pairs, T';
is a boundary Q-divisor for every i. Therefore we can reduce it to Theorem
1.1. 0O

6. Appendix

In this section we collect some basic results for the reader’s convenience.
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Appendix A. Graded Ring
In this part, let k£ be an algebraically closed field and let A be a finitely
generated k-algebra such that A is an integral domain. Let

R = @ Riay, - an)
(a1, ,an)€(Z>o)"

be a graded A-algebra such that R is an integral domain with R, ... gy = A
and let R4y be the d-th truncation of R. More precisely,

Ry = @ Rday, -, dan)-

(a1, an)€(Zxo)"

For any a € (Z>0)", we identify R, with a homogeneous part of R by the
natural inclusion R, — R of A-modules. For any f € R,, we define the
degree of f as deg(f) = a.

We introduce two well known results. For the proofs, see [ADHL, Propo-
sition 1.1.2.4] and [ADHL, Proposition 1.1.2.5].

LEMMA A.1l.  Suppose that there are x1, --- ,x, € R such that R is
a A-subalgebra of R' = Alxy, -+ , x| for some positive integer d. Then R
is a finitely generated A-algebra.

LeMMA A.2 (cf. [ADHL, Corollary 1.1.2.6]). For any
d= (dla T 7dn) S (Z>0)n7

the graded ring

R[d] = @ R(dlal,“'ydnan)
(ah Tty a”)E(ZZO)n
is a finitely generated A-algebra if and only if R is a finitely generated A-
algebra.

We close this part with the following technical result.

LEMMA A.3. Let ey, - - ,e, be the canonical basis of Z™. We set
e = Y., e, where j; # jy for i # i'. Then the following conditions
are equivalent:
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(i) The ring
R = @ R(al,-n,an)—i—be

(al’ ©ty An, b)G(Zzo)"+1

s a finitely generated A-algebra.

(ii) For any i such that 1 <i <m, the ring

-t
R = @ R(a17'“7aji71707aji+1»“'7an)+be

(a1, ,a5,-1,a5,41, ", an,b)€(Zx0)"

s a finitely generated A-algebra.

Proor. For any homogeneous element f €
R(ala‘“7aji*1:07aji+1»"':an)+be7 we put deg;(f) = (a1, -+, Aji—15 Agi+15 "7
an, b) € (Z0)" and we will call it the degree of f in R'. Similarly, for any
homogeneous element f € R, ... a,)+be We Put Deg(f) = (a1, -+, an, b) €

(Z>0)"*! and we will call it the degree of f in R. Note that R’ can be iden-
tified with the A-subalgebra of R generated by all homogeneous elements
of R whose j;-th component is zero. If R is generated as an A-algebra by
finitely many elements of R, which can be assumed to be homogeneous el-
ements, then R’ is generated as an A-algebra by the generator of R whose
Ji-th component is zero. Thus RZ is also a finitely generated A-algebra.

Conversely, suppose that R’ is a finitely generated A-algebra for any
1 < ¢ < m. For simplicity, suppose that j; = ¢ for any 1 < i < m.
Let gi1, -+, gir() be a generator of R', where gij is homogeneous for any
1<j<r(i), and let

(g ... ¥ i RO % Ry X%
a”’ = (ay, s A1y Gty , arl, b'7)

be the degree of g;; in R'. Then

For any 0 < s < b, let gij(s) be the element of R such that

g”( ) 9ij (E R(a?%”v"vaﬁ_n”’”’b”’aﬁiﬂﬁb”v""“%”’”’“E%Hw“"“15)> ’
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and

Deg(gij(s)) = (ar +67 =5, - di_y) +67 =5, 87 =5

(Z+1)+b -~,a?n—l—bij—s,aéznﬂ),---,ai{,s).
Then we prove that R is generated as an A-algebra by all g;;(s), where
1<i<m,1<j<r(i)and 0<s<bY.

Pick any homogeneous element f € R and let (a1, --- ,an,b) be the
degree of f in R. Pick an [ which satisfies @ = min{a; | 1 < i < m}.
Without loss of generality, we may assume that [ = 1. Let f’ be the element
of R" such that f' = f as an element of Ra,+o, - ) and

'7am+b’am+1y“‘7an
degl(f') = (GQ —ai, -, Qm — A1, Am+1, ", Qp, A1 +b)-

By the hypothesis there exists a polynomial F' € A[X1, ---, X,(1)] such that
f''= F(g11, -+ ,91r(1)). Taking the homogeneous decomposition, we may

assume that for any monomial a X" - Zgl)) of F', where o € A\ {0},

r(1) r(1) r(1)
degl(agill 91;((11) (Zt ay', -, Z n ) Zt blj)

Jj=1
:(a2_a’17"'7am_alaam+1>"'7an, a1+b)

= degl(f/) .

Then Zr(l)t bY = a; + b > b. Therefore, for each 1 <j <r() and
1 <\ <tj, we may find 0 < s;, < b' such that Z Z)\ 1 5jx = b. Then

Deg(aH Al )H)\ 1915(851))

r(1) t; r(l) t;
<§:§:bU—SA §:§:a”+bu—sk) ,

j=1 =1 j=1 =1
r(1) tj (1) r(1) t;
ZZ 1‘7—|-bl’—5],\ tamH,'- Zta ZZSJ)\>
j=1 =1 j=1 j=1x=1

= (a17 Tty Gp, b)
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Considering all monomials of F', f is expressed as a polynomial of g;;(s)
with coefficients A. Thus, R is generated by all g;;(s) as an A-algebra. [J

Appendix B. Rational Polytope
In this part, we collect the definition and some basic properties of ratio-
nal polytopes.

DEerFINITION B.1 (Rational polytopes). Let C be a subset in a finite
dimensional R-vector space. Then C is a polytope if C is compact and the
intersection of finitely many half-spaces, or equivalently, the convex hull
of finitely many points. C is a rational polytope if C is a polytope defined
by rational half-spaces, or the convex hull of finitely many rational points.
F C Cis a face if whenever Zle ryv; € F, where rq,--- ,r are positive real
numbers such that Zle r; = 1 and vy, - -+ ,vg belong to C, then vy, -+ , v
belong to F. We call F proper face of C if F C C.

By the definition, a face of a polytope (resp. rational polytope) is also a
polytope (resp. rational polytope).

LEMMA B.2. Let C be a rational polytope in R™ such that dimC = n
and let p1, -+ ,pm be its vertices. For every 1 < i < m, let C; be the
rational polytope spanned by p1, -+ ,Pi—1,Dit1s " ,Pm- If m >n+1, then
there exists a rational point p in C such that p € N*,C;.

Proor. We prove this lemma in several steps.

Step 1. In this step we reduce the lemma to the case where m = n + 2
by the induction on m.

Suppose that the statement is true in the case of m vertices. Then
there exists a rational point p in C such that p € N“,C;. In the case
of m + 1 vertices, by changing indices if necessary, we may assume that
dimCpq1 = dimC = n. Let C be the rational polytope spanned by
Pls 3 Pi—1,Pit1, -+ ,Pm for every 1 < i < m. Then we have C, C C;
and C, C Cpy4q for every 1 < ¢ < m. By the induction hypothesis, there is
a rational point p such that p € N7,C!. Thus p € N7,C/ C N*11C; and so
we are done. Therefore we may assume that m =n + 2.
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By an appropriate affine transformation and changing the indices if nec-
essary, we may assume that pp, --- , p, are canonical basis of R™ and p,41
is the origin. Then we may write p,y2 = (a1, - -+ ,a,), where a; € Q.

Step 2. We first prove the case where a; > 0 for any 1 < ¢ < n. In this
case, we have > | a; > 1. Indeed, if Y71 ; a; <1, then ppio =Y ;| aip; +
(1—=3"" 1 ai)pn+1. This contradicts to the hypothesis that p1, - -+, ppyo are
the vertices of C. Set a =" ; a; and let p be (ai/a, -+ ,a,/a). Then pis
a rational point in C and

n
a; .
p:Z;Zpi (eCifori=n+1, n+2)
i=1

1 1
= (a)pmz + (1 — a)pn-i-l (€ Ciforany 1 <i <mn).
Thus p € ﬂ?jf(fi.

Step 3. We prove the case where a; < 0 for some i. By changing indices
if necessary, we may assume that ay, --- ,a; < 0 and aj41, -+ ,a, > 0 for
some I. Set a = — >} a; and b = Do Ui

If 14+ a < b, then let p be (0, ---,0,a;41/b, - -+ ,a,/b). Then p is a
rational point in C and

p= Z (%)pi (eCifori=1,---,l,n+1,n+2)
i=1+1

l
1 14+a
=3 (_Zaipi +Pn+2) + (1 i )pn+1
i=1
(e Ciforany I+ 1 <i<n).

If1+a>b, thenset p=(0,---,0,a141/(1+a), - ,a,/(1+a)). Then
p is a rational point in C and

- a; b
p Z<1+a)pZ+< 1+a/Pmtt

i=l+1

(eCifori=1,---,l,n+2)

l
1

— 1+a<—Zaipi+pn+2) (eCiforany l+1<i<mn+1).

i=1
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Thus, p € ﬂ?:"'f(fi. O

LEMmMA B.3. Let C, D, Dy, ---,D, be rational polytopes in R™ such
that dimC = n and C O D = U]_D;. Then there exists a finite n-
dimensional rational simplex covering {¥\}x of C such that C = U\X) and
for any X\, DN Xy is a face of ¥ and contained in D; for some 1 < i <r.

REMARK B.4. In Lemma B.3, the word “a simplex covering” means a
covering by simplices. In particular it does not mean a triangulation. Sim-
T

ilarly, the covering D = U]_,D; of D by {D;}/_, need not be a subdivision
of D by {D;}7_,.

Proor or LEMMA B.3. We prove it by the induction on the dimension
of C. In the case of dimC = 0, the statement is trivial. So we may assume
that dimC > 0.

Since D is a rational polytope, there are finitely many affine functions
Hy, ---, Hj such that D is the intersection of these half spaces (H;)>o =
{x € R" | Hj(x) > 0}. Set (Hj)<o = {x € R" | Hj(x) < 0} and consider
C; = (Hj)<o N C. Note that if dimC} < n for some j, then C} is a proper
face of C. Therefore, if we pick all indices j satisfying the condition that
dimC} = n, then we have C = (U;C}) UD.

Pick an index j such that dimC; = n. We note that C; N D is a rational
polytope contained in a proper face of C;-. Fix an interior rational point p
of C and let F be an (n — 1)-dimensional face of C;. Then F N D and each
FND; is empty or a rational polytope in R* ! and F D FND = Ui FND;.
Therefore F, F N D and F ND;, where 1 < ¢ < r, satisfy the induction
hypothesis. So there is a finite (n — 1)-dimensional rational simplex covering
{24 }n of F which satisfies the conditions of the lemma. Let X%, be the
convex hull spanned by p and X),. Then {X4,}, is a finite n-dimensional
rational simplex covering of the convex hull spanned by p and F satisfying
the conditions of the lemma. Considering all (n—1)-dimensional faces of C7,
we may find a finite n-dimensional rational simplex covering of Cj’. satisfying
the conditions of the lemma.

Considering all C;- and a triangulation of each D;, where 1 < i < r, we
get a desired covering. [
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