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Clifford Quartic Forms and Local Functional

Equations of Non-Prehomogeneous Type

By Takeyoshi Koa1so* and Fumihiro SATO*

Abstract. It is known that one can associate local zeta functions
satisfying a functional equation to the irreducible relative invariant of
an irreducible regular prehomogeneous vector space. We construct
polynomials of degree 4 (called Clifford quartic forms) that cannot
be obtained from prehomogeneous vector spaces, but for which one
can associate local zeta functions satisfying functional equations. The
Clifford quartic form is defined for each finite dimensional represen-
tation of the tensor product of the Clifford algebras of two positive
definite real quadratic forms and cannot be a relative invariant of any
prehomogeneous vector space except for a few low dimensional cases.
We also classify the exceptional cases of small dimension, namely, we
determine all the prehomogeneous vector spaces with Clifford quartic
forms as a relative invariant.

Introduction

Let (G, p, V) be an irreducible regular prehomogeneous vector space de-
fined over R and let (G, p*, V*) be the dual of (G, p, V). Then, there exists
an irreducible homogeneous polynomial P(v) (resp. P*(v*)) on V (resp. V*)
such that the complement © (resp. Q%) in 'V (resp. V*) of the hypersurface
defined by P(v) (resp. P*(v*)) is a single G-orbit. Let Qi,...,Q, (resp.

T, ... ,Q%) be the connected components of QN V(R) (resp. 2N V*(R)).
For a rapidly decreasing function ® (resp. ®*) on V(R) (resp. V*(R)) and
1=1,...,v, the local zeta functions are defined by

(s, ®) = /Q P@)F B(o)dv, ¢ (5,8) = /Q P () o

i
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These integrals are absolutely convergent for R(s) > 0 and can be continued
to meromorphic functions of s in C. The fundamental theorem in the theory
of prehomogeneous vector spaces ([30], [23], [17]) states that the local zeta
functions satisfy a functional equation

v

(0.1) G (,8) = D796 (=5 — 5, @),

J=1

where ® is the Fourier transform of ® n =dimV, d = deg P, and the
gamma-factors ;;(s) are meromorphic functions of s independent of ®.

Since the local zeta functions can be defined for an arbitrary polynomial
P, it is natural to ask whether there are any polynomials other than the
ones obtained from the theory of prehomogeneous vector spaces satisfying
a functional equation of the form (0.1). Such polynomials, if exist, should
be analytically and arithmetically interesting objects.

In [8, Chapter XVI], Faraut and Koranyi constructed polynomials having
a functional equation of the form (0.1) from representations of Euclidean
Jordan algebras and observed that the polynomials cannot be obtained from
prehomogeneous vector spaces for the simple Euclidean Jordan algebras of
rank 2 (apart from some low-dimensional exceptions). This result gives the
first example of non-prehomogeneous polynomials satisfying local functional
equations. However it seems still unclear when the polynomials are actually
non-prehomogeneous.

In [25], the second author considered the pullback of local functional
equation by non-degenerate dual quadratic mappings. Let P (resp. P*) be
a homogeneous polynomial of degree d on a C-vector space V (resp. V*)
with R-structure V' (resp. V*). Here V* is the vector space dual to V.
Let @ : W — V and Q* : W* — V* be non-degenerate dual quadratic
mappings (in the sense explained in §1). If the local zeta functions attached
to P and P* satisfy a local functional equation of the form (0.1), then the
local zeta functions attached to the pullbacks P = P o Q and P* = P* o Q*
also satisfy a similar functional equation (see Theorem 1.2). This generalizes
the earlier result of Faraut and Koranyi (see [25, §2.2]).

In this paper, we examine the case where dimV = p+ ¢ > 3 and
P(w) = vi+ - +v3 -0l —--- —v2,, and classify the self-dual non-
degenerate quadratic mappings @ to the quadratic space (V,P). As a
result, we can obtain many examples of polynomials having local functional
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equations, but they are not obtained from prehomogeneous vector spaces.
Our main results are summarized as follows:

e The self-dual quadratic mappings to (V, P) defined over R are in one
to one correspondence to (not necessarily irreducible) representations
of Cp, ® Cy, where C), and C; are the real Clifford algebras of the posi-
tive definite quadratic forms v+ - -—i—vf, and vgﬂ—i—- : -+v§+q (Theorem
2.2). For a representation p of C, ® C; on a real vector space W =
W(R) = R™, we may assume that the images S; = p(e;) of the stan-
dard basis e, ... ,ep4q4 are symmetric matrices. Then the quadratic
mapping @ : W — V given by Q(w) = (‘wSiw, ... ,'wSpiw) is
self-dual, and we call the polynomial

p p+q
P(w) =PQw)) =Y (‘wSw)>— > ('wSjw)?,
i=1 Jj=p+1

the Clifford quartic form associated with p. In the special case where
(p,q) = (1,q) and S; is the identity matrix, P coincides with the
polynomial that Faraut-Koranyi [8] obtained from a representation of
the simple Euclidean Jordan algebra of rank 2.

e The quadratic mapping @ given above is non-degenerate, if and only
if the associated Clifford quartic form P does not vanish identically,
and then the local zeta functions for P satisfy functional equations of
the form (0.1) (Theorem 2.13). For simplicity we give here an explicit
formula for the functional equation for p > ¢ > 2. For a rapidly
decreasing function ¥ on W, the local zeta functions are defined by

C~+(87\Il) = /]5( 150

Cw = [ [Pw)
P(w)<0
and they satisfy the functional equation
54- S, \i'
¢ (s0

S

P(w)| ¥(w)dw,

U(w) dw,

_ ods+m/2_—4s—2—m/2 n
2 r F(s+1)F(s+2>

m — 2n m
r 1 r( —)
X <s+ + 1 > S+4




794 Takeyoshi KoGiso and Fumihiro SATO

) sinw(s—i— %) —2sin%cos%
X sin s g o —q
—2511170087 sm7r(s+ T)

X <§+ (_g B S’\II)> ,
-
where m = dim W and W is the Fourier transform of ¥. The degen-
erate cases, in which P(w) = 0, appear only for

(p,q,m)
=(2,1,2),(3,1,4),(5,1,8),(9,1,16), (2,2,4), (3,3,8), (5,5, 16)

(Theorem 3.1).

e We completely determine when the Clifford quartic form P(w) be-
comes a relative invariant of some prehomogeneous vector space (The-
orem 3.2). In particular, if p + ¢ > 12, then, there exist no prehomo-
geneous vector spaces having P as a relative invariant. If p+q <4,
then, P is always a relative invariant of some prehomogeneous vector
space. If 5 <p+¢g <11 and p+ g # 6, then, P is a relative invariant
of a prehomogeneous vector space only for very low-dimensional cases.
Thus most of the Clifford quartic forms are non-prehomogeneous.

e To classify the cases related to prehomogeneous vector spaces, we need
solid knowledge on the group of symmetries of the Clifford quartic
form P. The group contains Spin(p, q) x H, 4(p) where H, ,(p) is the
intersection of the orthogonal groups O(S1),...,O0(Sp+q). Except for
a few low-dimensional cases, the Lie algebra of the group of symmetries
of P coincides with so(p,q) x Lie(H,4(p)) (Theorem 3.3), and the
structure of Lie(H) 4(p)) can be determined explicitly (Theorem 3.4).

Thus our results show that the class of homogeneous polynomials that
satisfy local functional equations of the form (0.1) is broader than the class
of relative invariants of regular prehomogeneous vector spaces. The charac-
terization of such polynomials is an interesting open problem. In relation to
this characterization problem (in a more general form), Etingof, Kazhdan,
and Polishchuk ([7]) considered the following condition for a homogeneous
rational function f on a finite-dimensional vector space V:

v — grad f(v) defines a birational mapping of P(V) — P(V*).
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They called this condition the projective semiclassical condition (PSC). A
function satisfying PSC is often called homaloidal. It is observed that the
condition PSC is closely related to the existence of local functional equation.
For example, regular prehomogeneous vector spaces have homaloidal relative
invariant polynomials, and it is difficult to construct non-prehomogeneous
homaloidal polynomials. The classification of homaloidal polynomials is a
difficult problem and of considerable interest in algebraic geometry ([3], [5],
6]).

For a homaloidal homogeneous rational function f, there exists a ratio-
nal function f* satisfying the identity f*(grad log f(v)) = 1/f(v), which is
called the multiplicative Legendre transform of f. In [7], the authors raised
the following question and answered it affirmatively for cubic forms:

“Is it true that any homaloidal polynomial whose multiplicative
Legendre transform is also a polynomial is a relative invariant
of a prehomogeneous vector space?”

However, it can be easily proved (Theorem 2.14) that every Clifford quartic
form is homaloidal and its multiplicative Legendre transform coincides with
the original Clifford quartic form (up to a constant multiple). Thus, the
answer to the question above is negative, since Clifford quartic forms are
nonprehomogeneous in general.

The organization of this paper is as follows: In §1, we will recall the
pullback theorem of local functional equations in [25]. In §2, we introduce
Clifford quartic forms, and calculate the functional equations satisfied by
the local zeta functions of the Clifford quartic forms. In §3, we formulate the
main theorems (Theorems 3.1, 3.2) and describe an outline of the proofs.
The proofs of the main theorems will be given in §4, §5, §6 and §7. In §4,
we classify the degenerate cases. In §5 and §6, we make a precise investiga-
tion on the group of symmetries of Clifford quartic forms. Classification of
prehomogeneous cases will be done in §7.

As in the case of relative invariants of prehomogeneous vector spaces, the
Clifford quartic forms are expected to enjoy rich arithmetic properties. In
fact, with the Clifford quartic forms, we can associate global zeta functions
satisfying a functional equation, which are analogues of genus zeta functions
of quadratic forms. For the polynomials constructed by Faraut-Koranyi,
Achab defined global zeta functions and proved their functional equations
([1], [2])- In her argument, it is crucial that Q! (v)r (P(v) # 0) is compact.
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Her method does not apply to our general setting. Our method is based on
the theory of automorphic pairs of distributions on prehomogeneous vector
spaces ([32], [33]). We discuss the global zeta functions in a separate paper

([26]).

Acknowledgment. We thank H. Ochiai for helpful discussions and his
suggestions for improvements in exposition. We also thank H. Ishi and
T. Yoshino for informing us their works [11] and [18], respectively, and for
interesting discussions.

Notation. We denote by R, C and H, respectively, the field of real num-
bers, the field of complex numbers and the Hamilton quaternion algebra.
For K =R, C, H, we write

M(m

K) for the matrix algebra of size m over K,

M (m,n; K) for the set of m by n matrices with entries in K,
)
)

Sym(m;K) = {XGM(m;K)‘tX:X},
Als(m;K) = {X e MmK)|'X =-X}.

For a w € R™ and an S € Sym(m,R), we put S[w] := 'wSw. We say
that the signature of S (or of the quadratic form S[w]) is (p, q), if S is non-
degenerate and has exactly p positive and ¢ negative eigenvalues. For square
A
matrices A € M(m;K) and B € M(n;K), we put A L B := (0 g) €
M (m+n;K). The identity matrix and the zero matrix of size m are denoted
by 1,, and 0, respectively. We write 1,, for 1, L —1,. We put e[z] :=
exp(2my/—1z). For a real vector space V, we denote the space of rapidly
decreasing functions on V by S(V'). We use the same symbols as those in [9,
Chapter X, §2.1] to denote real classical Lie algebras. When we consider a

complex classical group as a linear algebraic group, we use the corresponding
bold face letters; e.g., GL(m) = GL(m, C).

1. Pullback of Local Functional Equations by Quadratic Map-
pings

In this section, we recall the main result of [25].
Let V (resp. W) be a complex vector space of dimension n (resp. m)
with real-structure V' (resp. W) and V* (resp. W*) the vector space dual
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to V (resp. W). The dual vector space V* (resp. W*) of the real vector
space V (resp. W) can be regarded as a real-structure of V*(resp. W). Let

P (resp. P*) be an irreducible homogeneous polynomial of degree d on V
(resp. V*) defined over R. We put

Q={veV|Pw) #0}, Q=QnYV,
Q" ={v" e V| P*(v")#0}, Q"=Q"'NnV™
We assume that

(A.1) there exists a biregular rational mapping ¢ : & — Q* defined over
R.

Let
Q=QU---UQ,, Q=QU---UQ,

be the decomposition of €2 and 2* into connected components. Note that
(A.1) implies that the numbers of connected components of 2 and Q* are
the same and we may assume that

DV=¢(Q) G=1,....,v)

Suppose that we are given quadratic mappings Q : W — V and
Q* : W* — V* defined over R. The mappings By : W x W — V and
Bg+ : W* x W* — V* defined by

Bg(wi, w2) := Qw1 + wz2) — Q(wr) — Q(wa),
Bo+(wi, w3) = Q*(wi + w3) — Q" (w}) — Q" (w3)

are bilinear. For given v € V and v* € V*, the mappings Q.+ : W — C
and @, : W* — C defined by

Que(w) = (Q(w),v"),  Qy(w”) = (v, Q" (w"))

are quadratic forms on W and W*, respectively.

Let g(w) and ¢*(w*) be non-degenerate quadratic forms on W and W*,
respectively. Fix a basis of W and the basis of W* dual to it and denote by
S and S§* the matrices of ¢ and ¢*, respectively. We say that ¢* is dual to
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q(w), if S* = S~L. Duality for quadratic forms can be extended to quadratic
mappings.

DEFINITION 1.1. (1) The quadratic mapping @ (resp. Q*) is said to be
non-degenerate, if the open set € := Q~(£2) (resp. 0 = Q*71(92%)) is not
empty and the rank of the differential of Q (resp. Q*) at every w € € (resp.
w* € Q) is equal to n. (It is obvious that m > n, if Q is non-degenerate.)

(2) The quadratic mapping Q* is said to be dual to @ with respect to
the biregular mapping ¢ in (A.1), if the quadratic form Q}(w*) on W* is
dual to the quadratic form Qg (w) on W for any v € £2.

We assume that

(A.2) @ and Q* are non-degenerate and dual to each other with respect to
the biregular mapping ¢ in (A.1).

REMARK 1.1. (1) By the assumption, there exist non-zero constants
«, (0 satisfying
det(Q¥) = aP(v)™?,  det (M> = BP(v)~ 24,
311]'
(2) In [25], the assumptions (A.1) and (A.3) (=(A.2) in the present pa-
per) are erroneously formulated only by referring to real structure. Moreover
Q and Q* in [25, p.167, Lines 21 and 22] should be € and Q*.

The main result in [25] is that, in the above setting, if P(v) and P*(v*)
satisfy a local functional equation, then the pull backs P(w) := P(Q(w))
and P*(w*) := P*(Q*(w*)) also satisfy a local functional equation. Let us
give a precise formulation.

For an s € C with R(s) > 0, we define a continuous function |P(v)]
V by

s

]Ol’l

s ’P<v)’s> UEQ',
|P(v)]; = ’
0, v §Z Qj.
The function |P(v)|§ can be extended to a tempered distribution depending

on s in C meromorphically. Similarly we define [P*(v*)[] (s € C).
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We denote the spaces of rapidly decreasing functions on the real vector
spaces V and V* by S(V) and S(V*), respectively. For & € S(V) and
o* € S(V*), we define the local zeta functions by setting

G(5.9) = [ 1P 9w .
¢ (s, @%) = /V* |P*(v")]] @*(v*) dv* (i=1,...,v).

It is well-known that the local zeta functions (;(s, ®), ¢ (s, ®*) are abso-
lutely convergent for R(s) > 0, and have analytic continuations to mero-
morphic functions of s in C. We assume the following:

(A.3) A local functional equation of the form
* T - n .
(1) Glad) =Y TG —52) (=1....»)
j=1

holds for every ® € S(V'), where I';;(s) are meromorphic functions on
C not depending on ® with det(I';;(s)) # 0 and

d(v*) = /VCI)(U) exp(—2mv/—1{v,v*)) dv,
the Fourier transform of ®.
We put
P(w) = P(Q(w)), P*(w*) = P*(Q*(w"))
Q= Q) U =Q N (=1, ).

Some of €;’s and Q}’s may be empty. We define )ﬁ(w)’s and ‘ﬁ*(w*) S in
]

the same manner as above. For ¥ € S(W) and ¥* € S(TZ/V*), we define the
zeta functions associated with P and P* by

o) = [ [P wtwydu. G0 = [

s

P*(w*)| U*(w*) dw*.

We denote by U the Fourier transform of U:

U (w*) = /W T (w) exp(2mv/—1{w, w*)) dw.
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THEOREM 1.2 ([25], Theorem 4).  Under the assumptions (A.1), (A.2),

(A.3), the zeta functions (;(s,V) and @*(s,\lf*) satisfy the local functional
equation

G (59 - jz:jlfixs)@ (-2 —w).

where the gamma factors f‘ij(s) are given by

r 2ds+m/2 |, 11/2 —1V Pr — qk m — 2n
[ij(s) = 2%+ /2 | / 13| kz_le [ 3 ] Lk (s)k; <s+ ¥ > ,
where a, B are the constants defined in Remark 1.1 (1) and (pg,qx) is the

signature of the quadratic form Q} for v € .

REMARK 1.2. (1) The signature (p, gx) of @} (w*) does not depend on
the choice of v, since ) is connected.

(2) In [25], the theorem is formulated for multi-variable zeta functions.
Here we restrict ourselves to single variable zeta functions for simplicity.

The theory of prehomogeneous vector spaces (see [28], [30], [23], [17])
provides a lot of examples of P and P* satisfying (A.1) and (A.3). There-
fore, if one can construct dual non-degenerate quadratic mappings to a
prehomogeneous vector space, then by Theorem 1.2, one obtains a new lo-
cal functional equation. In [8, Chapter XVI], Faraut and Koranyi proved
that, starting from a representation of a Euclidean Jordan algebra, one can
construct polynomials satisfying local functional equations (see also Clerc
[4]). Theorem 1.2 generalizes their result (see [25, §2.2]).

The Faraut-Koranyi construction is especially interesting in the case of
the simple Euclidean Jordan algebras of rank 2, since the polynomials P
obtained in this case are not relative invariants of prehomogeneous vector
spaces except for some low-dimensional cases, as is noticed in [4] (without
specifying the low-dimensional exceptions explicitly). Let us explain this
non-prehomogeneous example without referring to Jordan algebra. Let V
be the ¢ + 1-dimensional real quadratic space of signature (1,q). We fix a

basis {eg, €1, ... ,eq} of V, for which the quadratic form is given by
P(v):vg—v%—'--—vg.
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Denote by C, the Clifford algebra of the positive definite quadratic form
v%+- . -+v§ and consider a representation S : Cy — M (m;R) of Cy on an m-
dimensional R-vector space. We may assume that S; := S(e;) (i =1,...,q)
are symmetric matrices. We denote by W = R™ the representation space
of S, and define a quadratic mapping @ : W — V by

Q(w) = (fww)eg + Z Si[wle;.
i=1

Then, if P(w) = P(Q(w)) = (fww)? — >>%, (S;[w])? does not vanish identi-
cally, @ is a self-dual non-degenerate quadratic mapping and, by Theorem
1.2, P satisfies a local functional equation. In the next section, we gener-
alize this construction by classifying the self-dual non-degenerate quadratic
mappings to real non-degenerate quadratic spaces of arbitrary signature.

REMARK 1.3. In [11], Ishi proved that, if V' is the underlying vec-
tor space of a semisimple (not necessarily Fuclidean) Jordan algebra, P
is the determinant of the Jordan algebra and @ : W — V is a self-dual
non-degenerate quadratic mapping, then the mapping v — @} induces a
representation of the Jordan algebra V.

2. Local Functional Equations of Clifford Quartic Forms

2.1. Self-dual quadratic mappings and representations of Clifford
algebras
Let p, ¢ be non-negative integers, V a real p+ ¢-dimensional vector space
and consider a quadratic form P(v) of signature (p, q) on V. We often write
n =dimV = p+4 q. We assume that n = p+ ¢ > 3. Then the quadratic
form P(v) is absolutely irreducible. Fix a basis {e1,...,eptq} of V, which
is called the standard basis, satisfying

ptq P
_ 2 2
P E vie; | = E vy — E Uptj
=1 =1 7j=1

We identify V with RP*Y with the standard basis, and also with its dual
vector space via the standard inner product (v,v*) = vivf +-- -+ Vpt+qUptq-
Put Q@ =V \ {P = 0}. We determine the quadratic mappings Q : W — V
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that are self-dual with respect to the biregular mapping ¢ : Q —  defined
by

1 1
o(v) = §gradlog P(v) = m(vl, e 3 Upy —Uptls - —Uptq)-

By a quadratic mapping Q of W = R™ to V = RP™4, we mean a mapping
defined by

Qw) = (Si[wl;..., Sprqlw])

for some real symmetric matrices Si,...,Sp44 of size m. For v =
(01, ., Vptq) € RPTY we put

pt+q

S(’U) = Z ’Uzsl
=1

Then, by definition, the mapping @ is self-dual with respect to ¢ if and only
if

S)S(¢(v)) =1 (v EQ).
If we put
1 1< <
(2.1) . (L<i<p)
-1 (p+1<i<p+q),
this condition is equivalent to the polynomial identity
P q
ZU?S? — Zv}%-i-j‘s’lg-'-j + Z ViV (EjSiSj + 815]51) = P(U)lm.
i=1 J=1 1<i<j<p+q
This identity holds if and only if
(22) Sf=1, (1<i<p+q),

SiS; (I<i<p<j<p+qorl<j<p<i<p+gq)
=8;S; (1<i,j<porp+1<i,j<p+q). '

(2.3) 5;8; = {

This means that the linear map S : V' — Sym(m;R) can be extended to a
representation of the tensor product of the Clifford algebra C, of v3 +- - -—i—vg
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and the Clifford algebra Cy of v}% L1+ +viy,. Wedenote the tensor product
Cp®Cy by Ry 4.

Conversely, if we are given a representation p : Ry, , — M (m;R), then
we can obtain a self-dual quadratic mapping @ : W = R™ — V. Indeed,
the images of the standard basis S1 = p(e1), ... ,Sp+q = p(ep+q) satisfy the
relations above. (We always identify e;®1 (resp. 1®e;) with e; for 1 <i <p
(resp. p+1 < i < p+¢q).) Moreover, since R, , is semisimple, p is a direct
sum of irreducible representations. Any irreducible representation of R, 4 is
a tensor product of an irreducible representation of C), and an irreducible
representation of Cj,. Hence, S; is of the form (p1 ® pf)(e;) L -+ L (pr ®
ph)(e;) for some representations pi, ..., p, of C}, and some representations
o1, -, py of Cy. Therefore, by the following lemma (applied to the positive
definite case), we may take symmetric matrices as St,... ,Spyq (by taking
conjugate, if necessary), and then the mapping Q(w) = (Si[w], ... , Spiqw])
is self-dual.

LEMMA 2.1. Let P be a quadratic form on V. = RPT4 of signature
p+aq

(p,q) and let eq, ..., epiq be the standard basis of V' such that P(Z vie;) =
i=1

P q
Zv? — Zviﬂ-. Denote by Cp, 4 the Clifford algebra of the quadratic form
i=1 j=1

P and let p : Cpq — M(m;R) be a representation of Cpq4. Then, in the
equivalence class of p, there exists a representation with the property that
p(ei) is a symmetric matriz for 1 < i < p and a skew-symmetric matriz for
pt+1<i<p+g.

Proor. By the definition of the Clifford algebra Cp 4, we have

e2=1 (1<i<p), e&=-1 (p+1<i<p+yq),
eie; = —eie; (1 # 7).

Hence, the multiplicative group G generated by {—1,e1,...,ep4} is a finite
group and p gives a group-representation of G on R". Therefore, if we
replace p by an equivalent representation if necessary, we may assume that
every element in G is represented by an orthogonal matrix. Then p(e;) =
plei) ™" ="p(e;) for 1 < i < p, and p(e;) = —p(e;) ™" = —p(e;) for p+1 <
t<p+gq. O



804 Takeyoshi KoGiso and Fumihiro SATO

Thus we have proved the following theorem on the correspondence be-
tween self-dual quadratic mappings and representations of R, 4.

THEOREM 2.2. Self-dual quadratic mappings QQ of W = R™ to the
quadratic space (V, P) correspond to representations p of Ry, = Cp @ Cy
such that p(V') is contained in Sym(m;R).

We call the symmetric matrices S1 = p(e1),. .. , Sprq = p(ep+q) the basis
matrices of p.

REMARK 2.1. The construction above is a generalization of the
quadratic mappings obtained from representations of simple Euclidean Jor-
dan algebra of rank 2 in the theory of Faraut-Koranyi [8]. In the case
(p,q) = (1,q), we have C; = R@ R and R, = C1 ® C; = C; & (.
Hence representations of R;, can be identified with the direct sum of two
Cyg-modules W, and W_. On W, (resp. W_), e; acts as multiplication
by +1 (resp. —1). The quadratic mappings given by the Faraut-Koranyi
construction correspond to representations of Ry, for which W_ = {0}.

Later we need the following lemma on canonical forms of basis matrices.

LEMMA 2.3. Assume that p > 2 and let p be a representation of R, 4.
Then the dimension m of p is even. Put d = m/2. Let S; = p(e1),...,
Sptq = pleptq) be the basis matrices of p. Then the signature of S; (1 <1 <
p) is (d,d) and (by replacing p by an equivalent representation, if necessary, )
we can take the basis matrices of the form

(1a 0 (0 B _
Sl—<0 _1d>7 SZ_<tBZ' 0> (QS'LSp)u
A 0 }
Serj:(Oj Aj> (1<j<q).

Here Ay,..., Ay are the basis matrices of some d-dimensional representation
of Rog = Cy, Bo =14, and Bs, ... , B, are orthogonal and skew symmetric
matrices. Moreover they satisfy the commutation relations

AiAj = —Ain (1 <i1<3< q), BZB] = —BjBi (3 <1<y Sp),
AiB; =BjA; (1<i<gq, 3<j<p).
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PROOF. Since S% = 1,,, we may assume that S = 1, ,,—,. Then, by
the anti-commutativity 5;5; = —S5;.5;, the symmetric matrices S; (2 < i <
p) are of the form

0, B;
J— B M —r:R).
SZ (tBZ Omr> ’ ’ < (T7 mn T7 )

Since 52‘2 = 1,n, we have r = m — r and B; is orthogonal. This shows that

m is even and the signatures of Si,..., 5, are equal to (d,d) (d = m/2).
Put By = !By 1 14. By replacing all the S; by BgSiBgl, we may assume
that S; = 134 and By = 13. The commutation relations S2.5; = —5;52

(3 <i < p) imply that B; (3 < i < p) are skew-symmetric. The remaining
part of the lemma is also a straightforward consequence of the commutation
relations (2.2) and (2.3). O

2.2. Structure of R, ,
It is well-known that the structure of C}, depends on p mod 8 as the
following lemma shows (see [21], [22], [34]):

LEMMA 2.4. The structure of Cp is given by the following table:

p Cp

p=0 (mod 8) M(2P/%;R)

p=1 (mod38) | M(2P~V/%R) e M(2P-Y/%R)
p=2 (mod 8) M(2P/%;R)

p=3 (mod 8) M(2(r—D/2;C)

p=4 (mod 8) M(Q(P*Z)/Q; H)

p=5 (mod8) | M(2P~3/2;H) e M(2P=3)/2;H)
p=6 (mod 8) M (2(P=2)/2, )

p=T (mod 8) M(2P=1/2,C)

We denote by R; , the subalgebra of R, , consisting of all the even
elements, namely, the subalgebra generated by e;e; (1 < i < j < p+ q).
The structure of R, , and R;: ¢ 1s easily seen from Lemma 2.4.
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LEMMA 2.5. Put n = p+ q. Then the structure of R,, and R;q 18
given by the following table:

Type | (Rpq, RY,) ¢ r (K,K) {p mod 8, ¢ mod 8}

on/2 2n/2=1 | (R,C) {0,2},{4,6}

; ) o(n=1)/2 | on=1)/2 | (C,R) | {0,7},{2,3},{3,4},{6,7}

(T,77) 2(n=1)/2 | on=1)/2=1 | (C H) | {0,3},{2,7},{3,6},{4,7}
on/2-1 on/2-1 (H, C) {0,6},{2,4}

i 721 2n/i 2n/271 (R,R) | {0,0},{2,2},{4,4},{6,6}
on/2-1 2n/2=2 | (H,H) {0,4},{2,6}
2(n=1)/2 | o(n=1)/2 | (R R) | {0,1},{1,2},{4,5},{5,6}

IIT | (2T,T") on/2-1 on/2-1 (C,C) | {1,3},{1,7},{3,5},{5,7}
2(n=3)/2 | o(n=3)/2 | (H,H) | {0,5},{1,4},{1,6},{2,5}

w | eror 2"/2_1 2"/2_1 (C,R) {3,3},{7,7}
on/2-1 2n/2=2 | (C,H) {3,7}

v | o 2"/271 2"/271 (R,R) {1,1},{5,5}
on/2-2 2n/2=2 | (H,H) {1,5}

where T (resp. T') denotes the matriz algebra M (¢;K) (resp. M (r;K')), and
2T (resp. 21", AT ) denotes T ® T (resp. T' T, TOT ST dT).

The number of inequivalent irreducible representations of R, , is equal
to the number of simple components, namely, 1 for type I and II , 2 for
type III and IV, and 4 for type V. The dimension over R of the irreducible
representations of R, , is given by ¢dimrK, which is a power of 2. As in
Lemma 2.1, we denote by C), , the Clifford algebra of the quadratic form P
and by C’; 4 the subalgebra of €, ; of even elements. Then the algebra R;, q
is isomorphic to C'F

P,
isomorphism of R}, to C)f is given by e;ej — €;€;€;, where &; denotes the

while R, ; is not necessarily isomorphic to Cp, 4. The

element e; € V viewed as an element in C),, and ¢;’s are the same as in
(2.1).

Let €, , be the real vector space spanned by e;je; (1 <i < j < p+q).
Then &, , is a Lie subalgebra of R, , with bracket product [X,Y]:= XY —
YX.
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LEMMA 2.6. The Lie algebra €, , is isomorphic to
s0(p,q) = {X € M(p+ ¢ R) | 'X1pq +1,,X =0}

and a representation p of Ry, , on a vector space W induces a Lie algebra
representation of €, 4, which is a direct sum of real (half-) spin representa-
tions of so(p,q). The self-dual quadratic map Q : W — V' corresponding
to p is Spin(p, q)-equivariant. Here, Spin(p, q) denotes the real spin group,
which is a double covering group of the identity component of the orthogonal

group SO(p, q).

Proor. ForY €&,,, we have

IR ]| = ()it SupV )] (w e W),

In case Y = e;e; (i # j), the relations (2.2) and (2.3) imply that

0 (k #1,7),
'p(Y) Sk + Skp(Y) = 1(SiS5) Sk + Sk(SiS)) = { 28; (k= 1),
—261'8j5i (]{J = ])

This shows that a Lie algebra isomorphism f of €, ; onto so(p, ¢) is defined
by

f(eiej) = Xij = 2E1J — 25i5jEji (1 <i<j<p+ q)

(E;j; is the matrix unit) and @ satisfies the identity

CQexpltp(V )| = S exp(tf(V)Qw)
t=0 t=0
This shows that @ is Spin(p, ¢)-equivariant, since Spin(p,q) is connected
for p 4+ ¢ > 3 (see [34, Theorem 5.4.7]). The representation of ¢, , on W
generates the representation p of the algebra R;f ¢ Which is isomorphic to
the even Clifford algebra C;T 4 Hence the representation of &, , on W is
equivalent to a direct sum of real (half-) spin representations. O

The following distinction between representations will play an important
role later.
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DEFINITION 2.7. For a representation p of R, 4, denote by pc the com-
plexification of p, which is a representation of R, , ® C. p is called pure, if
the restriction of pc to RI‘; ¢ ®C is isotypic, namely, it is a direct sum of sev-
eral copies of a single irreducible representation of R;; ¢ ® C. If pc contains
inequivalent irreducible representations of R; ¢ @ C, then p is called mized.

2.3. Clifford quartic forms and local zeta functions

Let p, g be non-negative integers satisfying n = p 4+ ¢ > 3. Since R, 4 is
isomorphic to Ry, and the results are symmetric with respect to p and g,
it is sufficient to describe our results only for the case where p > gq.

Let S1,...,Sp+q be the basis matrices of an m-dimensional representa-
tion p of R, 4, and define the quadratic mapping @ : W = R™ — V = RPT¢
by

Qw) = (Sifuwl. ... Speglw])  (w € W).

We put

p

p q
P)=> v} =Y v, Pw)=PQw)) =Y Siw?®=>" Sy,w?
j=1 j

=1 =1 J=1

We call the polynomial P (w) of degree 4 the Clifford quartic form associated
with p.

LEMMA 2.8. The quadratic mapping @ is non-degenerate if and only
if the Clifford quartic form P(w) does not vanish identically.

PrROOF. The only if part is obvious. Let us prove the if part. By
Lemma 2.6, GL(1) x Spin(p, q) acts on V' (resp. W) as the vector representa-
tion (resp. (a direct sum of several copies of) the spin representation) and @
is GL(1) x Spin(p, ¢)-equivariant. Moreover the action of GL(1) x Spin(p, q)
on V gives a prehomogeneous vector space and the open orbit €2 is given by
{v € V|P(v) # 0}. Hence, the if part follows from [25, Lemma 6]. (J

By Theorem 1.2 and Lemma 2.8, if the Clifford quartic form P does not
vanish identically, then the local zeta functions of P satisfy a local functional
equation with an explicit gamma factor. We see later in Theorem 3.1 that
the quadratic mapping Q) corresponding to an m-dimensional representation
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of R, 4 is non-degenerate and P does not vanish identically, if and only if
(p,q,m) is different from any one of

(2,1,2),(3,1,4),(5,1,8),(9,1,16), (2,2,4),(3,3,8), (5,5, 16).
Now we describe the explicit formula for the local functional equations.

LEMMA 2.9. Forp>q >0 withp+q > 3, we put

p q

2 2
E vy — g Vpp j-
i=1 j=1

Q={veR| Pv)#0}, P(v)

Then, the decomposition of 2 into connected components is given as follows:

(1) If (p,q) = (p,0) with p > 3, then Q is connected and we have Q =
Q4 :={veRP| P(v)>0}.

(2) If (p,q) = (p,1) with p > 2, then we have @ = QL UQ_ L UQ_ _,
where

Qp = {veRt| P(v) >0},
Q_ 4 ={veR| P(v) <0,vp41 >0},
Q__ ={veR| P(v) <0,up41 <0}.

(3) If p,q > 2, then we have Q = Q1 UQ_, where

Qy ={veR| P)>0}, Q_={veRF| Pv)<0}.

Put Q4 = Q'(Q4) and Q_ 4+ = Q (Q_ 4). Then, for ¥ € S(W), the
local zeta functions of the Clifford quartic form P is defined by

(+(5,9) :/Qi

(x(s,0) = /Qi

(2.4)
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By the general theory in §1, the local zeta functions (. (s; ¥), §_¢(s; )
can be continued to meromorphic functions of s in C, and satisfy the func-
tional equations in Theorem 1.2. Let us calculate several constants appear-
ing in the gamma factors I';;(s) in Theorem 1.2.

For v € RPT? with P(v) # 0, the signature of the symmetric matrix
S(v) = SP*04;8; depends only on the connected component to which v
belongs. For each connected component Q,, Q_, (n = +1) we define v =

Tn» V—m by

. Oy —0—
7_e|: 8 :|>

where o4 and o_, respectively, are the numbers of positive and negative
eigenvalues of S(v) for a point v € Q,, or Q_,. An explicit formula for the
constants v is given by the following lemma.

LEMMA 2.10. Assume that p > g > 0.
(1) If p >3,q=0, then v = 1.

(2) Ifp>2,q=1, then

(V=T)ntk+=h=) - (p = 2)
=1, yop= (—Dk=k= (p=3)  (n==),
1 (p>4)

where ki (resp. k_) is the multiplicity in p of the irreducible repre-
sentations of Ry1 for which epi1 acts as multiplication by +1 (resp.

1),

(3) Ifp>q>2, then vy =~- = 1.

PROOF. The constant v does not depend on the choice of a representa-
tive v of Q). Hence we may take v = *(+1,0,...,0) or v =%(0,...,0,£1).
Then S(v) = £857 or £Sp44.

(1) If p > 2, by Lemma 2.3, the signature of Sy is (%, 5). Hence we
have v = 1.

(2) The proof of v+ = 1 is quite the same as that for (1). Let d be the
dimension of irreducible representations of C),. (Note that all the irreducible
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representations are of the same dimension.) Then Spy1 = Iy +,dk_ and we
have 04 —o_ = d(k+ —k_). Since d = 2 for p =2, d = 4 for p = 3, and 8|d
for p > 3, this implies the fourth assertion.

(5) The last assertion is obvious from Lemma 2.3. OJ

LEMMA 2.11.  The constants «, 3 defined in Remark 1.1 (1) are given
by
a==1, B=(-1)"

ProoOr. Put n := p+qg = dimV. For v € V, we put ev =
(1v1, ... ,Envy), where g;’s are given by (2.1). Then, by (2.2) and (2.3),
we have S(v)S(ev) = P(v)l,, and detS(v)det S(ev) = P(v)™. Since
det S(v) = aP(v)™/?, and det S(ev) = aP(sv)™? = aP(v)™/?, this proves
that o = +1. The Jacobian

er O 0
1 0 £9

= det m ' S
0 0 e,
(e101)? (e1v1)(g202) (e1v1)(envn)

2 (e2v2)(e1v1) (e2v2)?
P(v)? : (En—1Vn—1)(Envn)
(envn)(e1v1) e (envn)(en-1vn-1) (envn)?

is an SO(p, g)-invariant homogeneous rational function of degree —2n and
is equal to 3P(v)~™. We can obtain 3 easily by taking v =*(1,0,...,0). O

We define the local zeta functions for the quadratic form P(v) by (the
analytic continuations of) the integrals

Ci(s,q)):/g |P(v)|® ®(v) dv,

(s, ®) = /Q P B(v)dv (@ € SR™)).
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LEMMA 2.12. For any ® € S(R") (n =p+q), the following functional
equations hold:
(1) Assume that (p,q) = (n,0). Then

C+ (s, é) = g~ @t/ D 4 1T (s + g) sin (sm) (4 (—s - g, @) .

(2) Assume that (p,q) = (n—1,1). Then

C i (s,®) | =n@/240p(s 4 1)D (5 + g)
C—— (s, d
—cos(sm) —cos (%) —cos (%)
x : e[ E] ge[H]
3 ze [ ge -2
CJr (_8 - %7 @
X C_’_;’_ (—S — %, (I))
C_v_ (—S - %7 (b)
(3) Assume that p,q > 2 and put n =p+q. Then
L
Gt (s i _ 7r_(25+”/2+1)I‘(s+ )0 <S i ﬁ)
(s, @ 2
y sin (LS;(]M) sin (%)
sin (47) — sin <(28;p)w)

Proor. The first and the third functional equations are well-known
(see, e.g., [17, §4.2]). The second functional equation can be derived from
the two-variable functional equations given in [20, §, Theorem 2| or [24,
Theorem 3.6] by specialization of a variable. (It is also contained in [31].) O
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Now we have all the necessary data for the description of the local func-

tional equations satisfied by the Clifford quartic forms.
For simplicity, we give explicit formulas for the local functional equations

under the assumption that

(2.5) “the constants 7 are equal to 1 and m = dim W > 8.”

If Q is non-degenerate and the assumption (2.5) is

THEOREM 2.13. e L
satisfied, then the local zeta functions (+(s,¥), ¢~ +(s,¥) (¥ € S(W))

satisfy the following local functional equations:
(1) Assume that (p,q) = (n,0). Then

§+ (57\1,) _ 24s+m/27r—4s—2—m/2r(8 + l)F (8 + g)
m — 2n m

r 1 r( —)
X (s +1+ 1 > s + 1

x sin(ms) sin <s - g) Ch (—% — s, \IJ) .

(2) Assume that (p,q) = (n—1,1). Then

EJr (Sa‘ij)
5—,4— 87@
i (s
— /22 s ) (s 4 2) T (s 1+ 2”) r(s+7)
—sinm (s — %) 0 0
X sin s —sin "7) —sin7 (s + %) 0
_gin (%) 0 —sin7r(s—|— %)
e (-5
o I
~_7_ (_% -5 \Il)
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(3) Assume that p,q > 2 and put n =p+q. Then

A

54- 87\:[1
¢ (5,0

-2
_ 245+m/2ﬂ.—48—2—m/21—w(8 +1)T (s + g) T (s 1 m n) r (S " %)
o sins (sinw (s+ %2)  —2sin 7P cos %) <C~+ (-2 - 3,111)) '

—2sin Hlcos " sinw (s + 1) (=% —s,0)

2 2

REMARK 2.2. The non-degenerate cases that are excluded by the as-
sumption (2.5) are

(p, Q) = (2’ 1)7 (37 1) and (p, q’m) = (37074)‘

In these cases, the Clifford quartic forms are relative invariants of preho-
mogeneous vector spaces of rather simple structure (see Theorems 3.1 and
3.2) and the local functional equations are well-known. As we shall see in
Theorem 3.2, the Clifford quartic form is not a relative invariant of any pre-
homogeneous vector space except for some low-dimensional cases, for which
the local functional equations are new.

2.4. The Clifford quartic forms are homaloidal
A homogeneous rational function f on a finite-dimensional vector space
V is called homaloidal, if

the mapping P(V) — P(V*) defined by v — grad f(v) is bira-
tional, equivalently,

the mapping V. — V* defined by v +— gradlog f(v) is bira-
tional.

For a homaloidal homogeneous rational function f, there exists a ratio-
nal function f* satisfying the identity f*(grad log f(v)) = 1/f(v), which
is called the multiplicative Legendre transform of f. Following [6], we call
a polynomial f a homaloidal EKP-polynomial if f is homaloidal and its
multiplicative Legendre transform f* is also a polynomial.

By definition, a regular prehomogeneous vector space has homaloidal
relatively invariant polynomials. As we mentioned in the introduction, it
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is rather difficult to construct homaloidal polynomials that are not relative
invariants of prehomogeneous vector spaces and the classification of homa-
loidal polynomials has been done only for some special cases:

e Cubic homaloidal EKP-polynomials are classified by Etingof-
Kazhdan-Polishchuk ([7]).

e Homaloidal polynomials in 3 variables without multiple factors are
classified by Dolgachev ([6]).

e In [3]. Bruno determined when a product of linear forms is homaloidal.

All the homaloidal polynomials classified in these works are relative in-
variants of prehomogeneous vector spaces, and Etingof, Kazhdan and Pol-
ishchuk ([7, §3.4, Question 1]) asked whether homaloidal EKP-polynomials
are relative invariants of regular prehomogeneous vector spaces.

The following theorem shows that the Clifford quartic forms are counter
examples of degree 4 to the question raised by Etingof, Kazhdan and Pol-
ishchuk, since most of Clifford quartic forms are non-prehomogeneous as
will be shown in Theorem 3.2.

THEOREM 2.14. Let S1,...,Sp+q be the basis matrices of a represen-
tation Ry 4. Then the Clifford quartic form

p q
=D Sifwl’ = Spislw
i=1 j=1

is a homaloidal EKP-polynomials, unless it vanishes identically. The mul-
tiplicative Legendre transform of P coincides with P itself up to a constant
factor.

PROOF. Since grad S;[w] = 2S;w, we have

- aP aP R
grad P(w) = (811)1 w),. ,M(w)> =2 Z'_ZlezS@[w]S@w

where ¢; (1 <i < p+ q) are defined by (2.1). Let us calculate

ptq
P(grad P(w Z £:S;[grad P(w)]?
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For any i, we have

pt+q

2748;[grad P(w)] = S; Zst][w]S]w
=1

pt+q

S w55 [u]

J=1

+ Z ajEij[w]Sk[w](SjSiSk + SkSZ‘Sj) [w] .

1<j<k<p+q
From the commutation relations (2.2) and (2.3), it follows that
S, = ).
5SS = (Z. ‘].)
—eigjSi (1 #7),
0 G#Fk j#LEFD),

SjSiSk + Sk;SiSj = ZS]' (k = i),
25k (j =1).
Hence
2748 [grad P(w)] = Si[w]® — ;S Z ;S [w])* + 2¢;S; Z €S
J# J#i
= Siw 3468 il Zsj
JFi

= eiSi[w]P(w).
Thus we obtain
P(grad P(w)) = 2°P(w)®.
In other words,
P(grad(log P)(w)) = P(P(w)~'grad P(w)) = 2°P(w)~!

This shows that the multiplicative Legendre transform of P coincides with
P itself (up to a constant factor). Consequently, by [7, Proposition 3.6], P
is a homaloidal EKP-polynomial. [
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REMARK 2.3. Some examples of non-prehomogeneous homaloidal
polynomials are constructed by Ciliberto, Russo, and Simis ([5, §3]). Other
examples of non-prehomogeneous (reducible) homaloidal rational functions
are given by Letac and Massam ([19]).

3. Clifford Quartic Forms and Prehomogeneous Vector Spaces

3.1. Main results

Let p be a representation of R, , on an m-dimensional real vector space
W and let P(w) be the associated Clifford quartic forms. Then, P(w) is
not a relative invariant of any prehomogeneous vector space except for some
low-dimensional cases, and the local functional equation satisfied by ]5(11))
in Theorem 2.13 is not covered by the theory of prehomogeneous vector
spaces. In this section we determine when P(w) is a relative invariants of a
prehomogeneous vector space.

The main results are the following;:

THEOREM 3.1. The quadratic mapping () associated to p is non-degen-
erate (equivalently, the Clifford quartic form does not vanish identically), if
and only if

(p.g;m) #(2,1,2),(3,1,4),(5,1,8),(9,1,16), (2,2,4), (3,3,8), (5,5, 16).

THEOREM 3.2. (1) A Clifford quartic form is not a relative invariant
of any prehomogeneous vector space if and only if

p+qg=>5 m>S§;

p+q=06, m>16 and p is mixed;
p+q=7,89, m> 16;

p+q =10, m > 32, orm = 32 and p is mized,
p+qg=11, m > 32;

p+q=>12.

(For the definition of mized representation, see Definition 2.7.)

(2) The prehomogeneous vector spaces having Clifford quartic forms as
a relative invariant are the spaces listed in Table 1 in p.819. In Table 1, we
denote by Ay the standard representation of gl(k,K) on K* for K = R, C, H.
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We also denote by A1 the representations of classical groups obtained from
the following natural inclusions

SO(ki,ky) — GL(ky + k2, R), SO(k,C) — GL(k,C),
SO*(2k) — GL(k, H),
Sp(ki,k2) — GL(k1 + ko, H), Sp(k,R) — GL(2k,R),
Sp(k,C) — GL(2k, C),
U(ky, ko) — GL(k1 + k2, C),

and by Ae (resp. A,) the even (resp. odd) spin representation of Spin(p,q).
Moreover the action of GL(1,R) is the scalar multiplication.
(3) The Clifford quartic forms are absolutely irreducible, if and only if

(p+q,m) # (3,2),(3,4), (4,4), (4,8), (5,8), (6,8), (8,16), (9, 16), (10, 16).

3.2. Structure of the groups of symmetries of Clifford quartic
forms and strategy of the proofs of Main theorems
For the proofs of Theorems 3.1 and 3.2, it is necessary to determine the
structure of the group

Gra(p) = { 9 € GLOW) | P(gw) = P(w)},

the group of symmetries of P. If (GL(1,R) x G, 4(p), W) is not (a real form
of ) a prehomogeneous vector space, then there exist no prehomogeneous
vector spaces with P as a relative invariant.

Let gpq(p) be the Lie algebra of G, 4(p). Differentiating the identity
P(exp(tX)w) = P(w) (X € gl(W)), we have

Opa(p) = {X € gl(W)

pt+q
> eiSiw|({X S + 8 X)[w] = o} :
=1

where ¢;’s are as in (2.1).
First note that the group Spin(p,q) is contained in G, 4(p), since, by
Lemma 2.6, we have

P(gw) = P(Q(gw)) = P(9Q(w)) = P(w) (g € Spin(p, q)).
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Table 1. Prehomogeneous vector spaces having Clifford quartic forms as a relative in-

variant.
‘ (p,q) ‘ prehomogeneous vector space ‘
(3,0) (GL(1,H) x SO*(2k), A1 ® A1)
(2,1) (GL(2,R) x SO(k1,k2), A1 ® A1)
(4,0) (GL(1,H) x GL(1,H) X GL(k,H),(A1 ® 1@ A1) ® (1 ® A1 ® AT))
(3,1) (GL(2,C) x SU(k1,k2), A1 ® A1)
(2,2) (GL(2,R) x GL(2,R) x SL(k,R), (A1 ®1® A1) & (1 ® A1 @ AY))
(5,0) (GL(1,R) x SO(8), A1)
(4,1) (GL(1,R) x SO(4,4), A1)
(3,2) (GL(1,R) x SO(4,4), A1)
(6,0) (GL(2,C) x SU(4), A1 ® A1)
5.1) (GL(2,H) x Sp(ki,k2), A1 @ A1) (k1 + k2 > 2)
’ (GL(1,R) x SL(2,H) x SU(2) x SU(2),(A1 ® A1 ®1) ® (AT ®1® A1)
(4,2) (GL(2,C) x SU(2,2), A1 ® A1)
3.3) (GL(4,R) x Sp(k,R), A1 ® A1) (k> 2)
’ (GL(1,R) x SL(4,R) x SL(2,R) x SL(2,R),(A1 ® A1 ® 1) ® (A] ® 1® A1))
(7,0) (GL(2,R) x SO(8),A1 ® A1)
(6,1) (GL(1,H) x SO*(8),A1 ® A1)
(5,2) (GL(1,H) x SO*(8),A1 ® A1)
(4,3) (GL(2,R) x SO(4,4), A1 ® A1)
(8,0) (GL(1,R) x SO(8),A1 ®1) & (GL(1,R) x SO(8),A1 ® 1)
(7,1) (GL(1,C) x SO(8,C), A1)
(5,3) (GL(1,C) x SO(8,C), A1)
(4,4) (GL(1,R) x SO(4,4),A1 ®1) & (GL(1,R) x SO(4,4),A1 ® 1)
(9,0) (GL(1,R) x SO(16), A1)
(8,1) (GL(1,R) x SO(8,8),A1)
(5,4) (GL(1,R) x SO(8,8), A1)
(9,1) (GL(2,R) x Spin(9,1),A1 ® Ay) (f=e,0)
(7,3) (GL(1,H) x Spin(7,3),A1 ® Ay) (t=e,0)
(5,5) (GL(2,R) x Spin(5,5),A1 ® Ay) (f=e,0)
(10,1) (GL(1,R) x Spin(10,2),Ay) (=-e,0)
(9,2) (GL(1,R) x Spin(10,2),Ay) (t=-e,0)
(6,5) (GL(1,R) x Spin(6,6),Ay) (t=-e,0)
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Hence the Lie algebra £, , ( = so(p,q)) of Spin(p, ¢) is contained in g, 4(p).
Here we identify €,, with the image p(¢,,) C gl(IW), which is the Lie
subalgebra of gl(W) spanned by {S;S;| 1 <i<j <p+q}.

There exists another group contained in G, 4(p). Put
p+q
Hyq(p) == {g € GL(W) | Silgw] = Si[w] 1 <i<p+q)}=()O(S)
i=1
Then, it is obvious that Hp,(p) is also contained in G, 4(p). Since g —

S;'g71S; (1 < i < p+q) are involutions commuting with each other, H, 4(p)
is a reductive Lie group. The Lie algebra b, 4(p) of Hp4(p) is given by

bpa(p) = {X €gl(W) | 'XS;+SX=0(i=1,....p+q)}.
Since 5;5;X = X.5;5; for any X € b, 4(p), we have [€,4,hp4(p)] = {0}.

Moreover, from Lemma 2.6 it follows that £,, N b, 4(p) = {0}. We define
the subalgebra g, ,(p) of g, 4(p) by

9pq(P) = g + bpq(p) = 50(p,q) & by q(p).
The following two theorems are the key to the proof of our main results.

THEOREM 3.3. Let p be an m-dimensional representation of Rp,.
Then, we have

9p.q(P) = 8,.4(p)

except for the following low dimensional cases.

p+q| 3] 41]5] 6 [7[8]9] 10 |11
m | 2,44,8[8[8,16|16|16 |16 16,32 | 32

THEOREM 3.4. The Lie algebra by, 4(p) is isomorphic to the reductive
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Lie algebra given in the following table:

(Rpq: R, | (K, K) {p mod 8, ¢ mod 8} Hp.q(p)
(R,C) {0,2},{4,6} so(k,C)
, (C,R) [ {0,7},{2,3},{3,4},{6,7} sp(k,R)
(T H) {031,427}, (3,6}, {4,7) o0 (20)
(H, C) {0,6}, {2,4} sp(k, C)
, (R,R) | {0,0},{2,2},{4,4},{6,6} gl(k,R)
(T.2T) M,y {0,4},{2,6) al(F, H)
(R,R) | {0,1},{1,2},{4,5},{5,6} s0(k1, ko)
(2T7 T/) (C,C) {173}7{1a7}7{375}7{577} (klka)
(HvH) {075}7{174}7{176}7{275} (klﬂkQ)
“TCR (33077} 5p(kz1, R) & sp(ka, R)
GT.2T) ¢, H) (5.7} o* (2k) @ s0° (2k2)
: (R,R) {1,1},{5,5} 50(k1, ko) @ so(ks, kq)
(UT.2T) =g (1,5} ap(kr, ka) @ 5p (3, )

Here k, ki, ko, ks, kg are the multiplicities of irreducible representations in
p. More precisely, if Ry, =T, then Ry, has only one irreducible represen-
tation p1 and k is the multiplicity of p1 in p; if Rpg =T @ T, then Ry,
has two irreducible representations p1, pa and ki, ks are the multiplicities of
p1,p2 m p; if Rpg =TT T T, then Ry, has four irreducible rep-
resentations p1, p2, p3, P4 and RJr has two irreducible representations (the
even and the odd half-spin representations) Ae, Ay. We may assume that
pl‘R+ = p2|R+ = A and ,03|R+ = p4\R+ = A Then k’l,k‘z,k‘g,kz; are
the multzplzcztzes of p1,p2, P3, P4 in p-

For the proofs of Theorems 3.1 and 3.2, we have to know how the Lie
algebra so(p, q) @ by 4(p) acts on W. To describe the result, we need some
notational preliminaries. We denote by A; the standard representation of
gl(k,K) on KF for K = R, C,H. We also denote by A; the representations
of the classical Lie algebras obtained from the following natural inclusions

s50(k1, ko) — gl(k1 + ko, R), so(k,C) — gl(k,C), s0"(2k) — gl(k,H),

5]3(]431, k?) — g[(kl + k?aH)a ﬁp(kaR) — g[(2kaR)7 ﬁp(kv C) — g[(2kv C)a
u(k:l, k‘g) — g[(k:1 + k‘z, (C)
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In case R;’ q 15 a simple algebra, then we denote by A the representation
of &, 4 = so(p,q) induced by the unique irreducible representation of R;I p
Namely A is the spin representation. In case R;: ¢ 1s the direct sum of two
simple algebras, then we denote by A, and A, the irreducible representations
of £, , = so(p,q) induced by the two irreducible representations of R; o
Namely A, and A, are the even and odd half-spin representations. Moreover
we denote by 1 the trivial representation of a Lie algebra.

THEOREM 3.5.  Put g, ,(p) = 50(p,q) @ bpq(p). Then g, ,(p) acts on
the representation space W of p as follows.

(Rp,q, R;',q) (K,K") | {p mod 8, ¢ mod 8} Representation of g, ,(p)
(R7(C) {072}7{476} (5°(p7Q)EBSU(k7(C)7A®A1)
cr | SIEY (s0(p, q) @ sp (ky R), A @ A1)

(T, T7) (0,3}, (2,7} ;
(C,H) 13,6}, {17} (so(p,q) ®s0™(2k), A ® A1)
(H,C) {0,6},{2,4} (so(p,q) ®sp(k,C),A @ A1)
001122 | oo :
(T, 2T’) (R,R) {4,4},{6,6} (s0(p, @) © gl(k,R), Ae ® A1 + Ay ® A7)
(H,H) {0»4}»{2’6} (so(p,q)@g[(k,]HI),As®A1 +A0®AT)
(R,R) ﬁg%% (s0(p, q) @ so(k1, k2), A ® Aq)
err) | ©o | (il (s0(p,q) ®ulkn, k), A @ )
(|, H) E?:g%:g:g% (so(p,q) @ sp(k1,k2), A® A1)
(50(p, Q) ®5p(k17R) @Ep(kz,R),
, (€.R) 3.31{7.7) Ae@A @1+ A, ®1® A1)
(2T, 21") . .
((C H) {3 7} (50(p7q)@50 (2k1)€Bso (2k2)7
' ' Ac@M @14+ A, ®1® A1)
(so(p,q) ®so(k1,k2) ® so(ks, ka),
, (R,R) {1,1},{5,5} Ae® M ©1+ A @10 A
(4T, 2T")
(L, ) (1,5} (so(p,q) @ sp(k1,k2) @ sp(ks, ka),
’ ' Ac@M @14+ A, ®1® A1)

The remaining sections §4 — 7 are devoted to the proofs of Theorems 3.1
— 3.5. The outline of the proofs is as follows. First we prove the “if”-part of

Theorem 3.1 in §4. Theorem 3.3 is proved in §5. We shall prove Theorem
3.4 in §6. From the proof of Theorem 3.4, we can easily read how the Lie
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algebra so(p,q) @ bp4(p) acts on W. So Theorems 3.4 and 3.5 are proved
at the same time.

The proofs of the “only if”-part of Theorems 3.1 and Theorem 3.2 are
given in §7. In the proof we distinguish the following three cases:

1) (p,q,m) = (2,1,2),(3,1,4),(5,1,8),(9,1,16), (2,2,4), (3,3,8),
(5,5,16).

1) (p+q,m) = (3,4),(4,8),(5,8), (6,16), (7,16), (8,16), (9, 16), (10, 32),
(11,32).

(ITI) The remaining cases.

For Case (I), we prove in §7.1 that the gl(1,R) @ g, ,(p)-module W gives
a prehomogeneous vector space with no non-trivial relative invariants. Since
the Clifford quartic form is a relative invariant of the prehomogeneous vector
space, it vanishes identically. This proves the “only if”-part of Theorem 3.1.

For Case (IT), we prove in §7.2 that g, 4(p) is strictly larger than gj, .(p)
and the gl(1,R) & g, 4(p)-module W gives a prehomogeneous vector space
except when p+ ¢ = 10, m = 32 and p is mixed.

For Case (III), we have g, ,(p) = g, ,(p), since the union of Case (I)
and Case (II) is precisely the exceptional parameters (p,q,m) in Theorem
3.3. So, by the results of the classification of (not necessarily irreducible)
prehomogeneous vector spaces ([29], [12], [13], [14], [15]), we can characterize
the cases where the gl(1,R) & g, ,(p)-module W gives a prehomogeneous
vector space. This is done in §7.3.

Finally, in §7.4, we prove the irreducibility result (Theorem 3.2 (3)). The
proof is based on the classification in Theorem 3.2 (2) and the calculation
of the multiplicative Legendre transform in §2.4. This completes the proof
of Theorem 3.2.

3.3. Non-prehomogeneous example: (p,q) = (3,2)

By Theorem 3.2, non-prehomogeneous Clifford quartic forms appear
first for p + ¢ = 5. We consider here this non-prehomogeneous case for
(p,q) = (3,2) in some detail. The algebra R3, has a unique irreducible
representation pg of degree 8. We may choose the basis matrices S; = po(e;)
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(1 <i<5) as follows:

0 0 0 1y 0 0 J 0
0 0 -1, 0 0 0 0 —J
Si=1, 1, 0 o0} 2=1_700 o]
I, 0 0 0 0 J 0 0
0 0 0 J 0o 0 0 H
0 0 J 0 0 0 —H 0
S=10 7 ool = |o g o ol
~J 0 0 0 H 0 0 0
0 0 0 K
0 0 —-K 0
S5=10 _xk o ol
K 0 0 0

0 -1 -1 0 0 1
vvhereweputJ-(1 0>,H—<0 1>,K—<1 O>.Thenwehave

miti={ () 3) | ¥emem],

sp(2,R) = {X € M(4;R) ‘ tXJ2+J2X = 0},
where €3 is the Lie algebra spanned by e;e; (1 <4 < j < 5) and Jy =
J L J. We identify the representation space Wy of pg with M(4,2;R) by
w = (Z) — (uv). Then the action of €32 is given by the left multiplication

of sp(2,R). Consider a reducible representation p = pgak. If £ > 2, then by
Theorems 3.1 and 3.2, the Clifford quartic form

3 k

5
- P
Plw) =3 SP w2 =3 5P w2, s =5 1L
=1 i=4

is non-prehomogeneous and satisfies the functional equation (Theorem 2.13)
<+ S, v

9
3 ) — 24S+4k_17T_4S_4k_2F(8 + 1)1’\ <S + _>
(— (s, W 2

xF(s+2k%>F(s+2k)
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. (—sin(2ms) —dsin(ws) Ch (—2k — s, ) .
( )( )

0 sin(27s) ) \(_ (—2k — s, 0)

In this case, the Clifford quartic form has an expression in terms of more
popular invariants. By Theorems 3.3, 3.4 and 3.5, P is invariant under the
action of the group Gz 2(p) with Lie algebra

93,2(p) = 5]3(2,R) @EP(k,R),
sp(k,R) = {X € M(2k;R) | *XJp + JuX =0},

k

—~~
where Jp = J L --- L J. We identify the representation space of p with
M (4,2k;R). Then the action on M (4,2k;R) is given by w — Xw + w'Y
(x € sp(2,R), YV € sp(k,R)) (see §6.2).
In the following lemma, we use the symbols M(4, 2k) and Alt(4), re-
spectively, to denote M (4,2k;C) and Alt(4;C) viewed as the affine spaces
of dimension 8k and 6.

LEMMA 3.6. We define the polynomials Py, P» on M(4,2k) by
Py (w) = the Pfaffian of wJy'w, Pa(w) = tr(JowJy 'w).

Then the ring C[M(4,2k)|SP)*SP(k)  of Sp(2) x Sp(k)-invariants is
generated by Pi, P> and is isomorphic to the polynomial ring of 2
variables.

ProOOF. The Sp(2)-equivariant mapping ¢ : M(4,2k) Alt(4)
(p(w) = wJg'w) induces an isomorphism M/(4,2k)//Sp(k) Alt(4),
namely, ¢* : C[Alt(4)] — C[M(4,2k)]SP(*) is a C-algebra isomorphism.
Hence, ¢* : C[Alt(4)]SP?® =, C[M(4,2k)]SP@>*SP() Pyt 1, = C.J,
and Vo = {Y € Alt(4) | tr(J2Y) = 0}. Then V; and V, are simple Sp(2)-
modules and Alt(4) = V4 & V. It is known that (GL(1) x GL(1) x
Sp(2), Alt(4)) is a regular prehomogeneous vector space and the funda-
mental relative invariants are given by the Pfaffian Pf(Y) and tr(J2Y)
(see [12]). Here the first (resp. second) factor of GL(1) x GL(1) acts of
Vi (resp. Vi) as scalar multiplication. This shows that C[M(4, 2k)]SP(2) =
C[Pf(Y),tr(JyY)] and hence C[M(4,2k)|SP(2*Sp(k) — C[Py, P,], since
Py = ¢*(Pf(Y)) and P» = ¢*(tr(J2Y)). The fundamental relative in-
variants are algebraically independent ([29, §4, Lemma 4], [17, Lemma 2.8])

R |
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and this implies that C[M(4, 2k)]SP(2)*SP(¥) is isomorphic to the polynomial
ring of 2 variables. [

The polynomial P; is of degree 4 and the polynomial P; is a quadratic
form of signature (4k,4k). By Lemma 3.6, the Clifford quartic form is
written as a linear combination of P; and P?. Indeed we have

P(w) = —16P; (w) 4+ Pa(w)?.

Note that Pj(w) is the irreducible relative invariant of the prehomogeneous
vector space (GL(4) xSp(k), Ay ®A1, M(4, 2k)) and is viewed as the Clifford
quartic form for (p,q) = (3,3). Hence P; also satisfies a local functional
equation. The polynomial P22 also satisfy a local functional equation, since
P, is a quadratic form. We define the local zeta functions C:l,:t( f;s,9)
(resp. fg,Jr(f; s5,W)) for P (resp. P#) as in §2. Then we obtain the following
functional equations from Theorem 2.13 for P; and Theorem 2.12 for P§:

(4 (80
5 + \i] _ 243+4kﬂ_74574k72r(8 + 1)F (S + 3)
1,— 'S,
xI'(s+2k—2)T (s + 2k)
“ sin(ms)? 0 Cig (—2k —5,0) _
0 sin(ms)?) \G1— (—2k —5,¥) )’
- R 1
Cot (5,0) = —pterihmtgmiamtioy <s + 5) T(s+1)

1
xI'(s+2k)T (s+2k+§>
x sin(2ms)Ca 4 (—2k — 5, ).
4. Proof of the “If”’-Part of Theorem 3.1

The “if”-part of Theorem 3.1 is an immediate consequence of Lemma
2.8 and Lemma 4.1 below.

LEMMA 4.1. If the Clifford quartic form P(w) vanishes identically,
then (p,q,m) is equal to one of

(2,1,2),(3,1,4),(5,1,8),(9,1,16), (2,2,4), (3,3,8), (5,5, 16).
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PROOF. Assume that P(w) vanishes identically. Then, by differentiat-

ing P(w), we obtain

ptq

Silw -2 Silw 0.
aw] Z awj 2 [w] =

i=p+1
Since S;[w] are non-degenerate, aiiji [w] are non-zero linear forms. Hence
it is sufficient to prove that, if there exist non-zero linear forms f;(w) (i =
1,...,p+ q) satisfying the identity

p+q

(4.1) Z Silw] fi(w) =0,

then (p, g, m) belongs to the list in the lemma.

We may assume that p > ¢ and p > 2. Then, by Lemma 2.3, m is even.
Put d = m/2 and we may assume that Si, ..., Sp4q are of the form given
in Lemma 2.3. Then the identity (4.1) takes the form

(4.2) 0= (u” —v?) fi(w) + 2 (u, Biv) fi(w)
1=2
q
- > (4 [W]) fp+s(w),
J=1

where we put w = <Z> (u,v € RY) and (u,v) = tuv, u? = (u,u), v> = (v,v).

If ¢ = 0, then the term that does not contain the variable v (resp. u) is
given by u?fi(u,0) (resp. v2f1(0,v)). Hence, by (4.2), we have fi(u,0) =
f1(0,v) = 0 and fi(w) = fi(u,0) + f1(0,v) = 0. This contradicts the
assumption that fi(w) # 0. Therefore the relations of the form (4.1) implies
that ¢ > 1.

Consider the case where ¢ = 1. Moreover we may assume that (p, g, m) #
(2,1,2). Then m = 2d > 4. Since fi(w) # 0, we have fi(u,0) # 0 or
f1(0,v) # 0. Let us assume that f1(0,v) # 0, since the case fi(u,0) # 0 can
be treated quite similarly. Comparing the terms of degree 3 with respect to
v on the left- and right-hand sides of the identity

(43) 0=’ —v))fi(w) + 2 (u, Bw) fi(w) = (Aifu] + Ai[o]) fpe1 (w),

=2
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we obtain
—v2f1((), v) — A1[v] fp41(0,v) = 0.

Since d > 2 and v? is an irreducible polynomial over R, v? divides A;[v].
Moreover it follows from the relation A2 = 1, that

(4.4) Ay ==1g,  fpr1(0,v) = F£1(0,v).

Now compare the terms of degree 2 and 1 with respect to u and v, respec-
tively, in (4.3). Then we get

p
0 =u?f1(0,v) + 2 (u, Biv) fi(u,0) — Aq[u] fp11(0,v).
=2
From (4.4), it follows that
p
u?f1(0,v) = =Y _(u, Biv) fi(u, 0).
=2

Since f1(0,v) # 0, we can choose v € R? such that f;(0,v) > 0. Then, for
such a v, the quadratic form of u on the left-hand side is positive definite
and of rank d. The number of positive eigenvalues of the quadratic form of
u on the right-hand side is not greater than p — 1. Thus we get

d<p—1land m=2d<2(p-—1).

Note that Si, ..., 5, defines a representation of the Clifford algebra C),, and
the dimension dy of irreducible representations of C), is given by the table,

P 2[3T4al5]6[ 7809 10<p
do 21418[8]16]16]16]16|20-D/2 < ¢4,
2p—1)|2]4]6[8]10[12]14][16]| 2(p—-1)

which we can get easily from Lemma 2.4. If p > 10, then 2(°~1/2 > 2(p—1).
Hence, the possibilities of p > 2 and m for ¢ = 1 are

(271’2)7 (37174)’ (5’ 178)7 (9’]‘716)7
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which are precisely the cases for p > 2 and ¢ = 1 found on the list in Lemma
4.1.

Finally we consider the case for p,q > 2. Look at the terms in (4.2)
including only u or only v to get

0= u2f1 <u7 O) - Aj [u]fp+j(u7 0)7

M- L0

J

0=—v2f1(0,v) =Y Ai[v]fp4;(0,v).

1

<.
I

One of these 2 identities should give a non-trivial relation for the d-
dimensional representation of R, defined by S; = A; (j = 1,...,¢) and
Sq+1 = 14. By what we have proved for ¢ = 1, this implies that

g>2andd=2, g>3andd=4, g>5andd=8, ¢>9 andd=16.

But, if d = 2, (resp. 4,8,16), then ¢ < 2 (resp. 4,8,16). Hence we have
(q,d) =(2,2),(3,4),(5,8),(9,16). If we change the role of p and ¢, we also
have (p,d) = (2,2),(3,4),(5,8),(9,16). Hence the possibilities of (p, g, m)
are

(2,2,4), (3,3,8), (5,5,16), (9,9,32).
The case (9,9, 32) cannot occur, since the dimension of the irreducible rep-

resentations of Ry is equal to 2% (see Lemma 2.5), much bigger than 32.
Thus we have obtained the list of (p,q,m) in Lemma 4.1. [J

5. Proof of Theorem 3.3

The following lemma gives a sufficient condition for g, 4(p) to coincide
with Eé,q(P) = £p,q © Bpq(p).

LEMMA 5.1. Let p be a representation of R,  such that the quadratic
mapping associated to p is non-degenerate. If the basis matrices S1,S2, ...,
Sptq of p satisfy the condition () below, then gpq(p) = @), 4(p):
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p+q
(1) if ZSi[w]Xi[w] =0 for Xi,...,Xptq € Sym(m;R) (m = degp), then
i=1

Pty
we have X; = Zaiij (t=1,2,...,p+ q) for some a;; with a;; =
j=1
—Qjj.
Proor. First note that, if p is non-degenerate, then Si,...,Sp44 are

linearly independent. If not, the image of the associated quadratic mapping
is contained in a hypersurface and the quadratic mapping can not be non-
degenerate. For X € g, ,(p), the assumption (f) implies that

p+q
XS+ 85X = ayS; (i=1,....,p+4q),
j=1

a;; = —¢gigjaz (1<i<j<p+q).
The coefficients a;; defines an element (a;;) in so(p, ¢) and the mapping

f : gp,q(P) - 50(pa Q)y X = (aZ])
gives a Lie algebra homomorphism. The mapping so(p,q) > (ai;) —

> i @ijSiS; € p(tpq) is a section of f (see Lemma 2.6). It is obvious
that

Ker(f) = {X € gpq(p)| 'XSi+SX=0(1<i<p+q)}= bp.a(p)-

This proves that g, 4 = g, ,- O

Theorem 3.3 is an immediate consequence of Lemma 5.1 and the follow-
ing lemma.

LEMMA 52. Ifp>q>0,p+q >3 and m > 4(p+ q) — 8, then the
condition () in Lemma 5.1 holds for every m-dimensional representation

of Rpq.

Indeed, denoting by mg the smallest dimension of representations of
Ryn—p (p=0,1,...,n), we have by Lemma 2.5 the following table.

n=p+q |3[4][5]6]7]8[9][10]11]12
Ap+q) —8 |48 12162024 |2832]36 40
2[4 881616161632 64

mo
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Moreover mg > 4(p+q) — 8 for n = p+¢ > 12. By Lemma 4.1 (“if”-part of
Theorem 3.1), if p+ ¢ > 3 and m > 4(p + ¢) — 8, then the quadratic map-
ping defined by an m-dimensional representation of R, ; is non-degenerate.
Hence Theorem 3.3 follows immediately from Lemma 5.2.

We prove Lemma 5.2 by induction on n = p + ¢q. Though we are inter-
ested in the case p + g > 3, we need the cases p+ ¢ = 1,2 as the starting
point of the inductive argument. Namely, we later use the fact that

the condition (f) in Lemma 5.1 holds for p + ¢ = 1,2, unless
pzqzlandSlziSQ.

For p + ¢ = 1, this is obvious. For p + ¢ = 2, this follows from that Si[x]
and So[z] are coprime in R[W] unless p = ¢ =1 and S; = £55.

Now we consider the case p+¢q > 3 with p > ¢ > 0 and m > 4(p+¢q) —8.
Since p > 2, we may choose the basis matrices Si,...,S,+q as given in
Lemma 2.3. Then, the assumption Y 77 S;[w]X;[w] = 0 in (§) can be
written as follows:

(5.1) {(u,u) — (v,v) } X7 [w] + ZZ(U, B;v) X;[w]

where we put w = < (u,v € R?) with d = m/2 and Y; = X, 1;. We write

the matrices X1,..., X, Y1,...,Y, in the form
1 3 2
;XY x® e sym(d,R), X € M(d,R),

)

(1) 1@
Y. Y.
Y; = ( j o ) . Y v esym(dR), ¥ € M(d,R).

(5.2) (u, ) X (] + YAV [u] = 0,
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(5.3) (00X + 34,1y, =0,
j=1
(u, ) X P o] = (0,0) X P[] 43" (u. Bio)(u XPv)

S A YO+ Ay D)) =0,
=1

(G4) () X{P0) + (0,0) X3 ] + Y (, Bio) X[ u)

+ Z Aju](u, Yj(Q)v) =0,

j=1
(5.5) —(v,v)(u,Xf)v) + (u,v) X2(3 |+ Z u, B;v)

q

+3 A5 (w, Y P) = 0.

j=1
It is convenient to rewrite the third identity as follows:

p

(5.6) — 4> (u, Bw)(u, XPv)

1=2

= (u, ) XP o] = (v,0) XY +i u]Y, o] + A ]y [u)).
7j=1

The following lemma is a consequence of the identities (5.2), (5.3) and
(5.6).

LEMMA 5.3. There exist a;; € R satisfying a;; + aj; = 0 and

q
= a1p454;,
=1

1 .
ViV = a1l + > apipnde (1<5<0),
k=1
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q
3
XY = > a4y,
j=1

(5.8) q
Y = —apijila+ Y apejpieds (1<5 <),
k=1
p
(59) Xi(z) = Zaiij (2 <1< p).
j=2

PRrOOF. First note that, from (5.7) and (5.8), we see that the right-
hand side of (5.6) is identically zero and

p

Z(u, Biv)(u,Xi(Q)v) = 0.

=2

This implies the identity (5.9), since, by the induction assumption, the
condition (#) holds for the 2d-dimensional representation of Cp_; determined
by Sa,...,Sp. Hence it is sufficient to prove the identities (5.7), (5.8). In
the subsequent discussion, we have to distinguish two cases, namely, the
case where ¢ = 1 and A; = +1, and the case where ¢ # 1 or A; # +15. We
refer to the first case as Case A and the second case as Case B.

Case A: We put A) =¢ly (e = £1). Then the identities (5.2) and (5.3)
become

(u,u)XF)[u] + &(u, u)Yl(l)[u] =0, —(v,v)ng) [v] + E(U,v)Yl(?’) [v] = 0.
This implies that
(5.10) Y = —exV, v® =ex®),

We substitute (5.10) to (5.6) to get

~23 " (u, Biv) (u, X)) = (u,u) XV [0] — (v,0) X1 [u].
=2

Fix v and consider the left-hand side of this identity as a quadratic form
of u. Then the rank of the quadratic form is not greater than 2(p — 1).



834 Takeyoshi KoGiso and Fumihiro SATO

Since d > 2(p+ 1) — 4 = 2(p — 1) by the assumption of Lemma 5.2, it is a
degenerate quadratic form of u. Hence by the expression on the right-hand
side we have det(XfB) [v]1g— (v, v)X{l)) = 0. Since v is arbitrary, this shows
)

that X§3) = Aly for some eigenvalue A of Xfl), namely, X{g is a scalar

matrix. Similarly we can prove that X 1(1) is also a scalar matrix and we get

Xfl) = a1 p4+141, ng) = b1 pt141

for some constants ai py1,b1,p+1. Then, since (u, u)X{?’) [v] — (v, v)X{l)[u] is
degenerate, we have

a1,p+1 = bip1-
Furthermore (5.10) implies that

1 3
YV = —ca1p1 Al = —arppila, VP = carpndl = arpila
Hence putting ap41,1 = —a1 p4+1, we obtain
1 3
YV = apiiale, VP = —apirala

and ap4+1p+1 = bpt1p+1 = 0. This proves the identities (5.7) and (5.8).

Case B: In this case, since ¢ > 1 or A; # +14, by the induction hypothe-
sis, we may assume that the d-dimensional representation of R , determined
by 14, A1,. .., Ay satisfies the condition (). Indeed, if ¢ = 1 and A; # %14,
we have already seen it. If ¢ > 2, then it is enough to note that the quadratic
mapping defined by 14, A1, ..., A4 is non-degenerate. This is a consequence
of the inequality d > 4¢ — 4 = 4(¢ + 1) — 8 and Lemma 4.1 (“if”-part of
Theorem 3.1) applied to the case (q,1). Hence from the identities (5.2) and
(5.3) we have

( q
1
X1 =3 apeidy;
(5.11) = g
) .
Y;( ) = ap+j711d + Zap+j,p+kAk (1 <J< q)7
\ k=1
(3) -
X = Z bLp+id;s
(5.12) = g
Yj(3) = —bpyjala+ Z bpripredr (1 <5 <q),
k=1
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where a;j, bj; satisfy that a;; + aj; = 0, bj; + bj; = 0. We rewrite the
right-hand side of (5.6) by using (5.11) and (5.12) to get

p
(5.13) —4 Z(u, Biv)(u,XZ-@)v)

i=2

q
= —(u,u) Y (apja + bipy;)Aj0]
j=1

_l’_

q
J=

Ajlul {(al,pﬂ' + bptj,1) (v, v)
1

q
= (ptjprk + bpthpri) An [U]} :
=1

As in Case A, the quadratic form of u (for an arbitrarily fixed v) defined
by the left-hand side of (5.13) is degenerate. Indeed, if ¢ = 0, then the
right-hand side vanishes, and if ¢ > 0, then the rank of the quadratic form
is not greater than 2(p—1) ( < 2(p+¢q) —4 < d). The linear combination of
(u,u), Aq]u], ..., Ag[u] on the right-hand side of (5.13) is degenerate, only
when

q

(5.14) D (aprjn +bipy)Ajlv]
=1

B Z {(al,pﬂ' +bp+5.1) (v, )

q
Jj=1

q 2
- Z(%ﬂ}p% + bp+k,p+j)Ak[v]} =0.
=1

If g =1 and Ay # +14, then this follows from that ¢ Aj[u] — ca(u,u) is
degenerate only when ¢; = +co, since the eigenvalues of A; are 1. If
g > 2, then, since the quadratic mapping defined by 14, A1, ..., A4 is non-
degenerate and self-dual, this follows from the identity

d/2

q q
det | colg + chAj =+ cg - Zc? ,
j=1 Jj=1
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which is obtained by Remark 1.1 (1) and the proof of Lemma 2.11. Fur-
thermore in Case B, the quadratic forms (u,u), Aq[u],..., A4[u] are alge-
braically independent. Indeed, as we have already noted, if ¢ > 1, then
the quadratic mapping defined by 14, A1,..., A, is non-degenerate. Since
the image of a non-degenerate quadratic mapping can not be contained in
a low-dimensional algebraic set, this implies the algebraic independence. If
q =1, then A? = 15 and A; # +14. Hence it is obvious that (u,u) and
Aq[u] is algebraically independent. Therefore, comparing the coefficients of
(v,v)? on the both sides of (5.14), we obtain

(@145 + bprja)? =0.

q
=1

J

Since the constants a1 p+j, bpyj1 are real numbers, we have
@ ptj+bprj1 =0 (1<j<gq).
and, by the skew-symmetry of a;;, b;j,
apyji+bipr; =0 (1<5<q).
Hence, by (5.14), we get
q q 2
> { (@ptjpth + Oprkprs) Ak [v]} = 0.
j=1 (k=1
This implies

q
D (Optjprk + bprrprg) Aklr] =0 (1< j <q).
k=1

Since the basis matrices Aq,..., A, are linearly independent, we have

Aptjpik + 0pikpr; =0 (1 <,k <q).

By using the skew-symmetry of a;;, b;;, we also have

(5.15) ap+j,1 = bptj1,  Aptjp+k = bptjptk-
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Now the identities (5.7) and (5.8) follow from (5.11), (5.12) and (5.15). O
To proceed further, we need the following lemma.

LEMMA 5.4. We assume that the identity
(5.16) Xu)(u,v) — (u,u)(u, Xv) ZY (u, Biv)

holds for X, Y1,...,Y, € Sym(d,R) and By, ..., B, € Alt(d,R). Let s be the
number of symmetric matrices Y; that are not scalar matrices. If d > 2s,
then X is a scalar matriz and the both sides of (5.16) are identically zero.

PROOF. We may assume that X is a diagonal matrix with diagonal
entries \; > --- > A\y. Then, since

(Xullg — (u,u)X)u = —ZYJU]BM
i=1

by comparing the k-th entries of the left- and right-hand sides, we have

> = uf | uk ZY Jhik (u

i#k

where ¥;x(u) is the linear form of w that gives the k-th entry of Bju. The
left-hand side of this identity is of degree 1 with respect to ug. Since B;
is a skew-symmetric matrix, u; does not appear in ¥;;(u). We consider
Yi[u] as a quadratic polynomial of ug and denote by ¢;x(u) the linear form
of uy,... , up—1,ug+1,...,uq appearing as the coefficient of ur. We may
assume that Y; are scalar matrices for i > s + 1. Then ¢;(u) = 0 for
1> s+ 1 and we have

> (i = u szk )ik (u

itk

Note that the number of positive eigenvalues and that of negative eigenval-
ues of the quadratic form on the right-hand side are smaller than or equal to
s. Consider the case where k = 1. Then the left-hand side of this identity is
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negative semidefinite. Hence the multiplicity of A; is not smaller than d —s.
Similarly, if we consider the case where k = d, the left-hand side of this
identity is positive semidefinite and the multiplicity of Ay is at least d — s.
Therefore, if X has distinct eigenvalues, then d > 2(d — s) namely 2s > d.
This contradicts the assumption d > 2s. Hence, X is a scalar matrix and
the both sides of (5.16) are identically zero. [J

Let us return to the proof of Lemma 5.2 and examine the identities (5.4)
and (5.5). Substitute v = u to (5.4) and (5.5). Then, since B; (i > 3) are
skew-symmetric matrices and hence (u, B;u) = 0, we obtain

(5.17) (u, u)(XP + X§V) =0,

(5.18) (u, u)(XY — XP[u

i

Here we have to treat Case A and Case B separately as in the proof of
Lemma 5.3.

Case A: In this case, ¢ =1, A =¢€ly (¢ = £1) and the identities (5.17)
and (5.18) become

()X + XV + e ) =0, (u,u) (X — XxP 1 ey @)] = 0.

Hence, putting
(5.19) 1

we have

This yields that

3)

(5.20) xP =zt o x v =z + xPP 4 ev®.
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By substituting (5.20) to (5.4) and (5.5), we get
p
(. 10) (. ZF ) + () XV ur] = (), X{P0) + > (u, Biw) XV u] = 0,
=3
b p b
—(v,0)(u, Z3 ) + (u,0) X5V [o] — (v,0) (u, X0) + 7 (u, Bo) X P[] = 0.
We rewrite these identities as follows:
p
(u,v)XQ(U[u] — (u, u)(u,Xél)U) —(u,u)(u, Z]v) Z u, B;v) X(1
p
(u,v)Xz(g)[v] - (v,v)(u,X§3)v) = (v,v)(u, Z, v) Z u, B;v) X(3

=

Lemma 5.4 can apply to these identities, since s in Lemma 5.4 is not greater
than p — 2 and d > 2(p + ¢q) — 4 > 2s. Thus we obtain for some «, 3

(5.21) xM = alyg, = Blg,
p

(5.22) (u, w) (u, Z ) +Zqu u] =0,
=3
p

(5.23) (v, 0)(u, Z;v) = Y _(u, Bi) X [o] = 0.
1=3

Summing (5.22) (resp. (5.23)) and the identity obtained by exchanging u
and v in (5.22) (resp. (5.23)), we get

(u, Bo)(XV[u] — XV [u]) = 0,

M=

(5.24)  {(u,u) — (v,v)} (u, Z v) +
3

..
Il

(u, Biw) (X [u] = XP[o]) = 0.

2

(5.25)  {(u,u) — (v,v)} (u, Z, v) —

M-

N
Il
w

Since the condition (f) holds for the 2d-dimensional representation of R,_1 g
determined by S1, 53, ...,.S, by induction hypothesis, there exist constants



840 Takeyoshi KoG1so and Fumihiro SATO

Vi1, V1, 01,015 € R (3 <4 < p) satisfying vi1 = —71,4, 6i1 = —01,; and

p p
(5.26) Zf =Y miBi, Z, =) 61:Bi,
1=3 1=3
(5.27) XM =114, Xi(S) =—=b61lqg (3<i<p).

From (5.20), (5.21) and (5.26), we have

p p
Zt=—alg+ Y yiBi, Z7=PBlg+ Y 61:B;.
=3 =3

Then, since X1(2) =1zt +27), YI(Q) = 5(Z* — Z7), we obtain

P P

(5.28) X{m = Zal,z’Bh Y1(2) = Zap+1,iBi>
i=2 i=2

where we put

1 €
aio = 5(5 — ), Gpy12= —§(a +5)

g .
(i —015) (3<i<p).

1
ay; = 5(71,1‘ +614), Qp1i= 5

Now the identity (5.27) takes the form

(5.29) XY = (a1 + eapii)la,
X = (a1 +eapr)la 3<i<p).

Furthermore, by (5.21), we have

1 3
Xg( ) = —a12lg — apt10¢€ly, XQ( ) = a1 21q — apy12elq.
Then, putting a1 = —a1,2, a2 p+1 = —apy1,2, We obtain
(5.30) Xél) =ag1lg+ azpriely, X2(3) = —az1lq + aspi1€ly.

Lemma 5.2 for Case A follows from Lemma 5.3, (5.28), (5.29) and (5.30).
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Case B: We consider (5.17) and (5.18) for Case B, namely, under the
assumption g # 1 or A; # £14. Put

2 1, ¢ 2 2 1 @ 2
X = L x®), x@ = L _ex)

@ _ 1@ 2 @ _1v@ @
Yio =57 +7Y7), Yo =5 Yi ).

Since, by the induction assumption, the condition () holds for d-dimensional
representations of R; 4 for Case B, we have from (5.17) and (5.18)

XX = X X =Y a4,
(5.31) . =1

Yz(g) = —lyg+ ZaijAj (@ij = —aji).

By substituting (5.31) to (5.4) and (5.5), we obtain

(5.32) (uy ) (s X{200) + (1, ) (u, X200) — (u,0) X {2 [u]
+ Z(u, Biv)Xi(l) [u] + Z A;iul(u, Y;(z)v)
) =1

—i—Za” ul(u, Ajv) =0,

1,j=1
(5.33) —(0,0) (1, X)) — (0,0)(u, X{20) + (u,0) X [0]
g q
+ Z<u, Bo)X Vo] + 3 Aifo](u, Y, 2v)
3 =1
+ Z a;jAi[v](u, Ajv) = 0.
1,j=1

Let us prove that
aij =0 (1<1i,j<gq).

Denote by fi(u,v) (resp. fa(u,v)) the left-hand side of (5.32) (resp. (5.33))
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and consider fi(u,v) + fi(v,u) + f2(u,v) + f2(v,u). Then we obtain

2((u, u) — (v, U))(u, X(2)v)

+ i(u, Bo){(X" — X)) — (x{ - X))}
=3

q
+2 Z aU(AZ[u] + Al[v])(u, Aj’l)) =0
ij=1
This can be written as
P

0
T AR T
0 —5(x - x)
q
0 A
Tpij = Zaﬂc <Ak Ok> (1<i<q)

Since, by the induction assumption, the condition (#) holds for 2d-dimen-
sional representations of R, _1 4, every T; (i # 2) is a linear combination
of S1,83,...,Spt+q- Then, for j (1 < j < g), the matrix > {_; ajz A, the
off-diagonal block of T}, ;, is a linear combination of Bz, ..., B,, which is
skew-symmetric. Since Zzzl o Ay is symmetric, this equals 0. The linear
independence of Ay, ..., A, implies that o, =0 (1 < j, k < q). Moreover,
from (5.31), we get

(534) Yf) = ap+z-721d,

7

where we write a,;2 for —a;. By a;; = 0, the identities (5.32) and (5.33)
become
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2

~ (u, v)X{?,? [0] + (v, 0) (u, X{v)
= —(v,v —i—Zqu Mol + 3 Aifv](u, Y Dw).
=3 =1

We can apply Lemma 5.4 to these identities, since s in Lemma 5.4 is not
greater than p+ ¢ — 2 and d > 2(p + ¢ — 2) > 2s. Therefore we have

(5.35) X = aply
for some constant a2, and
p
(u, ) (u, X1 o0) + > (u, Bio) XV [u] + ZA w, Y, 2v) =0
=3
p
—(0,0)(u, X{00) + > (u, Bo) XV [v] + ZA u, Y, 2v) = 0.
=3

Summing these two identities, we obtain

((u u) — (v, v))(u X1 v +Z u, Biv (X(l)[ ]—f—XZ-(S)[v])

=3
+ Z o) (u, Y2 0) = 0.
We can rewrite this as follows:
p+q
Si[w] Zifw] + > Sifw] Zi[w] = 0,
i=3

(2 1)
0o x? xM g |
Zy = ( x® g ) L= ( 0 X(s)) (3<i<p),

Since any 2d-dimensional representation of R,_; 4 satisfies the condition (f)
by the induction assumption, we obtain

p+q
Z; = Zam (t=1,3,...,p+4q)

#2
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for some constants a;; with a;; = —a;;. This identity together with Lemma
5.3, (5.31), (5.34) and (5.35) implies Lemma 5.2 for Case B.

6. Proof of Theorems 3.4 and 3.5

In this section we calculate the Lie algebra b, ,(p) and prove Theorems
3.4 and 3.5. Our calculation is based on the following Lemma.

LEMMA 6.1. Let p: Ry, — M(m;R) be a representation of R, 4 such
that the basis matrices S; = p(e;) (1 <1 < p+q) are symmetric matrices.
Put

A= Apq(p) = {X € M(m;R) | p(Y)X = Xp(Y) (VY € R},)}.

If r € (Rpq)™ is an odd element, then we have

bpa(p) = {X € A| 'Xp(r) + p(r)X =0} .

PrROOF. By the definition of l‘)p,q(p)7
Bpa(p) = { X € M(m;R) | 'XS; +5,X =0 (1<i<p+q)}.
If X € bpq(p), then
SiSiX = —Si'XS; = X 5;5;.

Since S;S; (1 <i < j < p) generate p(R,! ), X is in A. Thus b, 4(p) C A.
Put 7" = e;r. Then 1’ is an element of (R, ,)*. Hence, for X € A, we have

Xp(r)+p(r)X = "Xp(e)p(r') + pei)p(r') X
= "Xple)p(r') + ples) X p(r')
= ("XS;+ S X)p(r').

Thus, if X € A, we have

Xp(r) +p(r)X =0 < 'XS; +5,X =0 for some i
= XS+ S X=0foralli<= X €hb,,p).

This proves the lemma. [
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Note that, we may take r = e;. Then we have p(r)?> = 1 and the
map X +— —p(r)tXp(r)~! = —S;*XS; is an involutive automorphism of
A. Hence (A, b,4(p)) is a symmetric Lie algebra, if we regard A as a Lie
algebra (see (6.1) below).

Let 7" and K’ be as in Theorem 3.4. It is often convenient to consider
the representation space W = R™ as a K’-vector space. Then the algebra
A is of the form

M (k;K') = gl(k,K) if R;,q =T,
(6.1) A= M(ki;K') @ M(k; K') = gl(k1,K') @ gl(k2,K')
iR, =T &T,

where k, ki, ko are the multiplicities of irreducible representations corre-
sponding to the simple components of R]‘; g pl R, In the sequel we denote
the transpose of X € A as a matrix in M (m;R) by TX to distinguish it from
the transpose as a matrix in M (k;K’). Then X corresponds to X* = X
in M (k;K’), where X +— X denotes the conjugate in K'.

We put

ep:el...ep fq:ep+1ep+q

Then it is easy to check the following identities

2 {1 (p=0,1 (mod 4)),
p - J— =
(6.2) 1 (p=2,3 (mod4)),
P2 = 1 (¢g=0,1 (mod 4)),
¢ -1 (¢=2,3 (mod 4)),
(6.3) eiép A: (—1)p_1flief (1= 1’, RN R
eptifqg = (1) feepri (i=1,....9),
eptiCp = épepyi (1=1,...,q), elfq fqel (t=1,...,p).

Now we are in a position to prove Theorems 3.4 by case by case exam-
ination. Theorem 3.5 on the action of g, ,(p) is an immediate consequence
of the description of b, ,(p) below.
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6.1. The case: (T,7"), (K,K') = (R,C)
In this case, {p,q} = {0,2},{4,6} and

Rpq=M(2"%R) D R, =M@2"22C) (n=p+q).

We may assume that p =0 (mod 4) and ¢ = 2 (mod 4). Then &2 = 1, f‘qQ =

—1. The center of R; ¢ Which is isomorphic to C, is given by R + Ri
2

i:= épfq), since i* = —1 and i is a central element of R . Let Wy be a

simple R, ,module (unique up to isomorphism). Then Wj is simple also

2/

as an RZ smodule and naturally identified with . More generally,

k

——
a not necessarily simple R, ;-module W = Wy @ --- @& Wy is identified with
M(2("=2)/2 k. C). Under the identification, A = M (k,C) and the action of
X € Aonw e W is given by

X-w=(wi,...,w;)'X
(X e A= M(K,C), w= (w,... ,wp) € W=M2""D/2 | C)).

Let us take e; as r in Lemma 6.1 and calculate
bpg = {X € A| TXp(r) + p(r)X =0} .
For « = a +bi € C, by (6.3) , we have
e1 = ael + belépfq =ae; — bépfqel = @ey.
From this relation, we have

("X p(er) + plen)X) - (wr, ., wp)
= (eqwi, ... ,eqw) X + el((wl, ... ,wk)tf()
= (eqw1, ... ,erwp) X + (eqwi, ... ,eqwy) ' X
= (eqwy, ... ,erw)(X +'X).

Thus we have
TXple1) +p(e)X =0 <= 'X+X=0 (in M(k;C))
and

bpg = { X € M(k;C) | 'X + X =0} = so(k, C).
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6.2. The case: (T,7"), (K,K') = (C,R)
In this case, {5, ) = {0,7}, 12,3}, {3,4}, {6,7) and

Ry, = M(Q("—U/?;(C) ) R;q _ M(Q(n—l)/2;]R)'

We may assume that p = 3 (mod 4), ¢ = 0 (mod 2). By (6.2), é2 = —1.
Since p is odd, i := €, is a central element of R, , and the center of R, , is

given by Clym-1,2 = R+Ri. Let Wy be a simple R, ;-module. Then Wy =

—1)/2 —-1)/2 . —1)/2 . : ]
c2" Y = r2UTY2 L R2"TY g a direct sum of simple R} ,-modules.

k

——
In general a not necessarily simple R, ,module W = Wy@--- & Wy is
identified with M (2("~1)/2 2k;R). Under this identification, A = M (2k;R)
and the action of X € 4 on w € W is given

X -w=(wr,...,wyu)X
(X € A=M@2kR),w=(w,... ,wy) €W = M2 D/2 2k R))

Since p is odd, we may take i as r in Lemma 6.1 and
bpg = { X € A| TXp(i) + p(i) X =0} .
Since
i(lu+iv)=—-v+iu (u,v € R2(7L71)/2),

the action of r =i on W coincides with the action of
k
—_— —
(64)  Joi=Th Lo L e M2kR) = A, J = (? 01>
on W. Thus we have
TXp(r)+ p(NX =0 <= 'XJ.+ X =0.

Hence,

bpg = { X € M(2k;R) ‘ 'XJp + JpX =0} = sp(k,R).
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6.3. The case: (T,7), (K,K') = (C, H)
In this case, {p,q} = {0,3},{2,7},{3,6},{4, 7}, and

Ry = M2 V/2,C) 5 Rf, = M (20372 1),

We may assume that p = 3 (mod 4), ¢ = 0 (mod 2). As in the case of
(K,K') = (C,R), the center of Ry, is given by Clym-1),2 = R + Ri with
i:=é,. We write H=C + Cj. Then oj = ja for a € C.
Let Wy be a simple R, ;-module. Then Wy = CQM_QW and Wy is also
simple as an R, -module. We identify Wy with e = 2
k

n— . . ,_/—
jCQ( 2”2 Then a not necessarily simple R, ,-module W =Wy @ --- & Wy

is identified with M (2("=3)/2 2k; C). Then, A = M (k; H) may be considered
as a subalgebra of M (2k;C). Since H is identified with

{5 2)

we have

a,ﬂeC}:{XGM(Q;(C)\ LXJT =X},

A=M2k;C)” ={X € M(2k;C) | o(X) = X}, o(X)=LpXJ ',

where Jj, is the skew symmetric matrix given by (6.4). The action of X € A
on w € W is then given by

X -w=(wi,...,w)X.
Since p is odd, we may take i as r in Lemma 6.1 and
Bpq = { X € A| TXp(i) + p(i) X =0}
Since
i(u+jv) = (u—ju)v—1 (u,ve Cz(n73)/2)7

the action of r =i on W coincides with the action of v/—1Hj € A, where
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Hence we have
TXp(r)+p(r)X =0 <= 'XH,+ H,X=0.
Therefore

bpg = {X€A|'XH,+H,X =0}
= {X € A|"XHpJ, + HJyX =0} .

Put

k

w5 ) )

Then ‘U U, = HyJg. The mapping X — Y = UkXUk_1 stabilizes A =
M (k,H) in M (2k;C) and gives an isomorphism

bpg = {YeEA|'Y+Y =0}
= {YeMQ@kC)| 'Y +Y =0, 'V, + JpY =0} = s0*(2k).

6.4. The case: (T,7"), (K,K') = (H,C)
In this case, {p,q} = {0,6},{2,4} and

Ryq = M(Q(n—2)/2; H) > R;:q - M(Q(n—Q)/Q; C).

We may assume that p = 0 (mod 4) and ¢ = 2 (mod 4). Then, é]% =1, qu =

—1. Hencei:= ¢, fq satisfies that i2 = —1 and the center of RI‘; ¢ 18 given by

Clym-1)/2 = R4+Ri. Let Wy be a simple R, ;-module. Then Wy = 2P

decomposes to the direct sum of two isomorphic simple R; gmodules: Wy =

2" Y% = 207 L 225 In general, a not necessarily simple Ry -
k

———
module W = Wy @ ---® Wy is identified with M (2(*=2/2 2k;C). Under
this identification, A = M (2k,C) and the action of X € A on w € W is
given by

X~w:(w1,... ,wk)tX.
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Since j := jlym-2)/2 anticommutes with i = épfq, j is an odd element of
R, 4. Hence we may take j as r in Lemma 6.1 and

bpg =1 X € -A| TXp() + p(G)X =0}.

Denote by ¢ the complex conjugation on W = M (2(»=2)/2 2k;C). Then,
since

jlu+vj)=-v+uj (u,ve (CQ(n_Q)/Q),
the action of r = j on W coincides with the action of Jiyc. Hence we have

TXp(r) +p(r)X)-w = ()X +jw'X)=w'JX +w'X ],
H)(thX + tXth).

Then we have
TXp(r)+p(MX =0 = 'XJ+ JX=0.
Therefore
Bp.g = sp(k,C).

6.5. The case: (T.T'®T’)
In this case,

(5.4} = {0,0},{2,2},{4,4},{6,6} (K=K =R)
b= {0,4},{2,6} (K=K =H)

and
R,,=M(;K) D R;q = M(r;K) @ M(r;K),

where £, r are as in Lemma 2.5.
We have p = ¢ (mod 4). Then

1 ~
=3 (1% 60/

are central orthogonal idempotents of R} . For an R, ,-module W, put
W+ = ¢*W. Then W are the isotypic components of W as R; gmodule
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and W = WH @ W~. If Wy is a simple R, ;-module, the decomposition
Wo = Wy & W; gives two (non-isomorphic) simple R;} -modules. Then we
have the following decomposition

k k k
- N
W:WO@...@WO:WJ@...@WS‘@WO—@...@WE

and the action of A = M (k;K) on W is given by
(X1, Xa) - (wy,w-) = (wy' X1, w"Xa) (X1, X2) € M(k;K) @ M(k; K)).
Since p is even, we have
echr =c e, ec = c*el.
Hence p(ep) induces a linear isomorphism
¢ Wy — Wy, W, — W
Since e? = 1, we have ¢ = ¢~!. Hence the action of e; on W is given by

er- (i, ..., wiwy,...,wy)

= (@ ()0 (W), o), d(w])).
Taking e; as r in Lemma 6.1, we have, for X = (X7, Xs) € A,

("Xp(r) + p(r)X) (wh,w™)
= (o7 (wT) X1 + ¢ Hw " Xa), p(wh) Xy + (w1 X7).

Hence, we have
TXp(r)+p(MX =0 <= Xo=—-¢o'Xj0¢ L
Therefore

bpa(p) = {(X1,—¢0'X10¢7") | X1 € M(k,K)} = gl(k,K).
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6.6. The case: (T T,T")
In this case,

{0,1},{1,2},{4,5},{5,6} (K=K =R)
{p,q} = {1,3},{1,7},{3,5},{5,7} (KZK,:C>
{0,5},{1,4},{1,6},{2,5} (K=K =H)

and
Ry q = M;K)® M(¢;K) D R;q = M(r;K),
where £, r are as in Lemma 2.5. We may assume that p =1 (mod 4). Then

Ci:

(1+eép)

N =

are central orthogonal idempotents of R,,. For an R,,-module W, put
W+ = ¢*W. Then W are the isotypic components as R, ;-module and
W =WT@®W~. Let W (resp. W) be the simple R, ,-module contained
in Wt (resp. W~). Then we have

k:1 k?2

A A

W+:WJ@"'@WJ= W =W, & oW,

for some k1, ko. Since W0+ is isomorphic to W~ as R; ,module, we have
A = M(k1 + ko; K). The action of A = M(k; + ko; K) on W is then given
by

X -w=wX, X &Mk +k;K).
Since p is odd, we may take €, as r in Lemma 6.1. Then we have

ret = 4+t

Hence, the action of r on W (resp. W™) is +1 (resp. —1) and the action
of r on W coincides with the action of

1y 0
Iy iy = ( 0 1k2> c A.



Clifford Quartic Forms 853

Hence we have
TXp(r) + p(T)X = tXIli@ + Ikl,/@X'
Therefore
bpa(p) = {X € M(ky+ ko H) | *XTiy oy + Iy 5, X =0}
50(]61, kg) (K = R),
= u(kl, k‘g) (K = (C),
sp(kl, /-(52) (K = H)

6.7. The case: (T®T,T"®T")
In this case,

|
o
7

o {3,31,{7, 7} (K,K') =
{p,a} = )
{3,7} (K, K') = (C,H)
and
Ry, =M(;K)® M(;K) D R;;q = M(r;K')® M(r;K'),
where /,r are as in Lemma 2.5. Since p = ¢ = 3 (mod 4), we have &2 =

Y P
qu = —1and
1 .
= (1j:épfq)
2
are central orthogonal idempotents of R, , and of R; g~ The algebra R4
has two (non-isomorphic) simple modules T/VOJr , Wi~ which satisfy

W =Wy, Wy ={0}, W ={0}, W, =W;.
Similarly R; q has two(non-isomorphic) simple modules W1+ , W~ which are
not isomorphic which satisfy

ctwit =wit, W ={0}, W ={0}, W =W,.

In the case where K’ = R, the R, ,-simple modules W are the direct sum

of two copies of the simple R; gmodule Wli, and, in the case where K’ = H,
I/VOjE are simple as R;; gsmodule:
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A (not necessarily simple) R, ;-module W is written as

k:1 k?2

-~

W=Wia oW, oW, & oW,
and we have

) M2k R) @ M(2k2;R) (K" =R),
Mk H) © Mk H) (K = H).

Since p is odd, we may take é, as 7 in Lemma 6.1. Then, by the calculation as
in §6.2 or §6.3, the action of r on W coincides with the action of (Jy,, Ji,) €
A or (Hy,, Hy,) € A according as K’ = R or K’ = H. Therefore

f) ()_ 5p(k1,R)@5p(k:2,R) (KI:R),
PO ] s0%(2ky) @ s0*(2k) (K = H).

6.8. The case: (ToToTdT, T'®T")
In this case,

5.4} = {1,1},{5,5} (K=K =R)
PO 1,5 (K = K’ = H)
and
Ry, = M(K)e M(GK) e M(GK) @ M4 K)
> R, =M(;K)®M(r;K),

where £, r are as in Lemma 2.5. Since p = ¢ =1 mod 4, we have éIQ) = qu =

(1j:fq).

=c,¢, € =c,¢

1 and €, fq are central elements of R, ,. Put

1 .
cljfza(l:l:ep), cf]t:

| =

Then the elements

At
¢ =cycy,

t— At
T =cc, cC

give central orthogonal idempotents of R, ; and the elements

1 A 1 .
c+:c+++c__:§(1+épfq), c_:c+_+c+_:§<1—épfq)
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give central orthogonal idempotents of R;r, g The algebra R, has 4 (non-
isomorphic) simple modules Woii corresponding to the idempotents ¢+,
The simple R, ;-modules W™ and W, ~ (resp. W~ and W; ™) are iso-
morphic and simple as R}‘; gmodule. A not necessarily simple R, -module

W is written as
k1 ke ks
W o= Wite aWitew, a-aW, eW, & ---aW
kq

oWy Te---aW;t.

Since Wt 2 Wy~ and W™ 2 W, as R} ,-module, we have

A= M (ki + ko; R) & M (ks + kg;R) (K =R),
M(ky + ko; H) @ M (k3 + kg H) (K = H).

Since p is odd, we may take €, as r in Lemma 6.1. Then, by the calculation
as in §6.5, the action of r on

kl k2

wT ;:WOJFJF@...@WJJF@W&*@...@WO**7
k3 k?4

Wo=W"a oW oW, Te - --aw,*

coincides with the action of Iy, k,, Ik, k,, respectively. Therefore

B,.0(p) = {50(7417/@)6950(193,144) (K' = R),
o sp(ki, ko) @ sp(ks, ka) (K = H).

7. Proof of Main Theorems

A prehomogeneous vector space (over C) is, by definition, a triple
(G, 7, W) of a connected linear algebraic group G defined over C, a finite-
dimensional complex vector space W and a rational representation 7w of G
on V with a Zariski-open G-orbit. For basic results on prehomogeneous
vector spaces, refer to [17] and [29]. We say that a finite dimensional repre-
sentation (g, 7, W) of a complex Lie algebra g is a prehomogeneous vector
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space, if g = Lie(G) and = is the infinitesimal representation of a preho-
mogeneous vector space (G, m, W). Here, by abuse of notation, we use the
same symbol 7 to denote the infinitesimal representation.

Denote by 7 the representation of g, ,(p) on W given in Theorem 3.5
and consider the triple (gl(1,R) @ g, ,(p), A1 ® 7, W), where gl(1,R) acts on
W as scalar multiplication.

7.1. Case (I)
Let us consider Case (I), namely, the cases

(p+aq,m) =(3,2),(4,4),(6,8),(10,16).

In these cases, by Theorem 3.5 the triple (gl(1,R) @ g, ,(p), A1 @ 7,W) is a
real form of the following prehomogeneous vector space:

(p+am)=(3,2) (gl(2,C),A1,C?);
(p+q,m)=(44) (gl(2,C),A;,C?) & (gl(2,C),A;,C?);
(p+q)=(6.8) (gl(4,C) ®sl(2,C), Ay ® A1, M(4,2;C));
(p+gq,m)=(10,16)  (gl(1,C) @ 50(10,C), A1 ® Az, C'%)) (# = e, 0).

These prehomogeneous vector spaces have no relative invariants (see [29,
§7]). Thus we have proved the “only if”-part of Theorem 3.1. Since the
“if”-part of the theorem was proved in Lemma 4.1, this completes the proof
of Theorem 3.1.

7.2. Case (II)
Let us consider Case (II), namely, the cases

(p+q,m) = (3,4),(4,8),(5,8),(6,16),(7,16), (8, 16),
(9,16), (10, 32), (11, 32).

By Theorem 3.5 the complexification of (gi(1,R) @ g, ,(p), A1 @7, W) is
given by

(p+q,m)=(3,4)  (gl(2,C) ®s0(2,C), Ay ® A1, M(2;C));

(p+q,m)=(4,8) (gl(1,C) @ sl(2,C) @ sl(2,C) & gl(2,C);
Me(Meleod)e (1A @A),
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M(2;C) & M(2;C));
C)agl(2,C), Ay ® A1, M(4,2;C));
C)@sp(2,C),A\1 ® A1, M(4;C)), or

C) ®sl(4,C) & sl(2,C) ¢ sl(2,C);
R(AMR1A) G (AT®A ®1)),
M(4,2;C) ® M(4,2;C));

(p+q,m) = (7,16) (s0(7,C) @& gl(2,C), A ® Ay, M (8,2;C));
(p+q,m) = (8,16) (g[(l, C) ®s0(8,C) @ gl(1,0C),

® (A1 ® A1) @ (A ® A})),C° @ C®);
) @s0(9,C), Ay ® A, CL0);
) @ s0(10,C),
@ (Ae ® Ae),C*® @ C9), or
) @& 50(10,C),
)

(p+q,m)=(58) (sp(2,
(p+gq,m)=(6,16)  (gl(4,
(gl(1,
Ay

(p+gq,m) = (10,32) (9[(1 C
gl(1,C

( (
® (Ao @ A,), C1® ® C19), or
(g[(l C) @ 50(10,C), A1 ® (Ae ® A,), CL6 @ C19);
(p+q,m)=(11,32)  (gl(1,C) @s0(11,C),A; ® A4, C*?) (4 =e,0).
These representations give prehomogeneous vector spaces except (gl(1,C) ®

50(10,C), A1 ® (A ® A,),C6 @ C!6). This can be easily seen for p + ¢ =
3,4,5,6,8 and we have:

(p+aq.,m) CQF Gp.q(p) ©C

(3, 4) (detw)? (w € M(2;0)) s1(2,C) @ s1(2, C)
(4,8) det wy det wy ((wy,ws) € M(2;C) sl(2,C) @ s1(2,C)

’ oM (2;C)) 2sl(2,C) & gl(1, C)
(5,8) Pf(Jaw])? (w € M(4,2;,C)) s0(8,C)
(6,16) detw (w € M(4;C)) sl(4,C) & sl(4,C)
(6,16) det(*wiws) (w1, ws) € M(4,2;C) sl(4,C) @ 5l(2,C)

’ ©M(4,2;C)) @5[(2 C) @g[(l C)

(8,16)  q1(w1)ga(wa) ((w1,ws) € C¥ @ C?) s0(8,C) ®s0(8,C) @ gl(1,C)
Here “CQF” means “Clifford quartic form”, Pf denotes the Pfaffian of an
02
1o

. . -1 . .
alternating matrix, Jy = < 0 2), and ¢1,qe are quadratic forms in 8
2

variables.
For p + g = 7 the triple is the prehomogeneous vector space (17) in
[29, §7, T)] and the Clifford quartic form is given by its irreducible relative
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invariant, which is the same as the irreducible relative invariant of the space
(15) in [29, §7, I)]. Hence we have g, 4(p) ® C = s0(8,C) & s((2,C).

For p+ ¢ = 9 the triple is the prehomogeneous vector space (19) in [29,
§7, I)] and its fundamental relative invariant is a quadratic form. Hence
the Clifford quartic form is the square of a quadratic form and we have
8p.qa(p) ® C = 50(16, C).

For p + ¢ = 10, if the two direct summand is equivalent (namely, p is
pure over C), then the triple is the prehomogeneous vector space of type
(17) on the list in [12, §3]. Hence the Clifford quartic form is the same as
the irreducible relative invariant of the space (20) in [29, §7, I)] and we have
gp.q(p) ® C = 50(10,C) @ s[(2,C). If the two direct summand is inequiva-
lent (namely, p is mixed), then we have g, 4(p) = s0(10) @ gl(1) by direct
calculation and hence (gl(1) & gp4(p), A1 ® 7,7W) is not a prehomogeneous
vector space (see [12, Proposition 2.24]).

For p 4+ ¢ = 11 the triple is the prehomogeneous vector space (22) in
[29, §7, I)] and the Clifford quartic form is given by its irreducible relative
invariant, which is the same as the irreducible relative invariant of the space
(23) in [29, §7, I)]. Hence we have g, 4(p) ® C = s0(12,C).

Thus we have proved that, in Case (II), g, ,(p) is always strictly larger
than g;,q(p). Hence the converse of Theorem 3.3 also holds. Moreover
the triples (gl(1,R) @ g, 4(p), A1 ® 7,W) are prehomogeneous vector spaces
except the case where (p 4+ ¢, m) = (10,32) and p is mixed.

7.3. Case (III)

For Case (III), by Theorem 3.3, we have g, ,(p) = g, ,(p). We determine
when (gl(1,R) & gpq(p), A1 ® 7,W) is a (real form of a) prehomogeneous
vector space.

First we consider the low-dimensional cases p+q < 6 and p+q = 8, where
the (half-) spin representations of so(p, ¢) are equivalent to the standard or
rather simple tensor representations of classical Lie algebras (see [9, Chapter
X, §6.4]).

The case p+q =3
In this case, the representation 7 is a real form of the representation
(gl(1,C) @ 50(3,C) @ s0(k,C),A1 @ A® A1, M(2,k;C))
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This representation gives a prehomogeneous vector space of type (15) in [29,
§7I)]. The fundamental relative invariant is of degree 4 and it is the Clifford
quartic form.

The case p+q=14
In this case, the representation 7 is a real form of the representation

(gl(1,C) @ sl(2,C) @ s1(2,C) @ gl(k, C),
AM@((Me1oA)® (1A ®AY)),
M(2,k;C)® M(2,k;C)), (k> 3).

This representation gives a prehomogeneous vector space and the fundamen-
tal relative invariant is det(w; ‘ws) (w = wy,wq) € M (2,k;C) & M (2, k; C))
and this is the Clifford quartic form.

The case p+qg =5
In this case, the representation 7 is a real form of the representation

(al(1,C) @ s0(5,C) @ sp(k,C),A; ® A ® Ay, C8)
= (gl(1,C) ®5p(2,C) @ sp(k, C),
A1®A1®A1,M(4,2]€;C)), (kZQ)

By the classification of irreducible prehomogeneous vector spaces ([29, §3,
Proposition 21)), this does not give a prehomogeneous vector space.

The case p+q =26
In this case, the representation 7 is a real form of the representation

(91(1,C) ® s1(4,C) ® sp(k1, C) & sp(k2, C),
MO(MRA 1) S (A ®1®AL)), M(4,2k;C) © M(4,2ks)).

Note that k; + ko > 3 for Case (IIT). We may assume that k; > ky. Then
the representations above give prehomogeneous vector spaces only when
ke = 0, equivalently, the representation p is pure over C. In this case the
prehomogeneous vector space is of type (13) in [29, §7 I)] and its funda-
mental relative invariant is the Clifford quartic form. By the classification
of 3-simple prehomogeneous vector spaces in [16] (or direct calculation
using [29, §3, Proposition 21]), one can check that the representation is
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nonprehomogeneous for k; > 1 (the case where the representation p is
mixed).

The case p+q =28
In this case, the representation 7 is a real form of the representation

(gl(1,C) ® 50(8,C) @ gl(k, R),
A @ ((Ae @A) B (A @A), M(8,k;C) ® M (8, k; C)).

Note that k& > 2 for Case (III). Then, by the classification of 2-simple pre-
homogeneous vector spaces ([13], [14], [15]), these are not prehomogeneous
vector spaces.

The case p+g=7orp+q>9

By [29] (see also [13, Theorem 1.5]), the irreducible prehomogeneous vec-
tor spaces (defined over C) containing the spin or half-spin representations
of Spin(p+q) (p+q=7, or >9) are given by

(Spin(7) x GL(k),A @ A,) (k=1,2,3,5,6,7),
(Spin(9) x GL(k),A ® A1) (k=1,15),
(Spin(10) x GL(k), Ay ® Ay) (k=1,2,3,13,14,15, § =¢,0),
(7.1) (Spin(11) x GL(k),A ® A1) (k=1,31),
(Spin(12) x GL(k), Ay ® Aq) (k=1,31, t =e,0),
(Spin(14) x GL(k), Ay ® Ay) (k=1,63, § =e,0),
(Spin(p + q) x GL(k), Ay ® A1) (k> degAy, f=e,0).

By Theorem 3.5, the complexification of the representation 7 of gl(1) ®

9p.q(p) = gl(1) © g, ,(p) on W is equivalent to one of the following:
(a) (pl(1) @ so(p+q) Dso(k),A1 ®A.®A1) (p+q=1,3 (mod 8)),
(b) (gl(1) ®so(p+q) D sp(k),A1 @A @A) (p+¢=5,7 (mod 8)),
(c) (gl(1) ®so(p+q) Dgl(k),A\1 @ (Ae @A DA, ®AT)) (p+qg=0,4

(d) g[(l)6950(p+q)6950(k1)6950(k2) AMRARAMR1BA,®1RAT))
p+¢q=2 (mod 8)),

)

q=

(e) (gl(1 @50(p+Q)@5P(k1)@5p(k2) AM@AcAM@16A, @1 A7)

) =
(
(
(
(mod 8)),
(
(
(
( 6 (mod 8)).

p+
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Assume that (gl(1) © g;,,(p), A1 ® 7, W) is a prehomogeneous vector space.
Then, every direct summand is also a prehomogeneous vector space and it
must coincide with one of the representations in (7.1). Hence, for Cases (a),
(b), and (d), we have

k=1,p+q¢=911 (Case (a)),
k=1p+q=7 (Case (b)),
ki,ka =0,1,p+q =10 (Case (d)).

These cases belong to Case (I) or Case (II). Therefore the representation
7 belonging to Case (III) does not give a prehomogeneous vector space in
Cases (a), (b) and (d). For Case (e), the direct summand of 7 does not
coincide with any one of prehomogeneous vector spaces in (7.1). Hence no
prehomogeneous vector spaces appear in Case (e). Finally let us consider
Case (c). If deg A, = deg A, < k, by [14, Proposition 1.15], the representa-
tion does not give a prehomogeneous vector space. If deg A, = degA, > k
and if a direct summand of the representation coincides with one of preho-
mogeneous vector spaces in (7.1), then we have p+ ¢ =12 and k = 1. This
does not give a prehomogeneous vector space by [12, Proposition 2.32].

Summing up the results in §7.1, §7.2, and §7.3, we obtain Theorem 3.2,
(1) and (2).

7.4. Irreducibility of Clifford quartic forms

Let us prove Theorem 3.2, (3). It is sufficient for the proof to consider
everything over C. As we have seen in Theorem 3.1, the Clifford quartic
form P(w) vanishes identically for (p + ¢, m) = (3,2), (4,4), (6,8), (10, 16).
The case by case examination in §7.2 shows that P(w) is a product of two
quadratic forms for (p + q,m) = (3,4),(4,8),(5,8), (8,16), (9,16). By the
classification of the cases where P(w) is a relative invariant of a prehomo-
geneous vector space (see Table 1), P(w) is absolutely irreducible for the
other prehomogeneous cases.

Now we consider the cases where p(w) is not a relative invariant of any
prehomogeneous vector space, namely Case (III) treated in §7.3 and the
case where (p + ¢,m) = (10,32) and p is mixed. We prove that P(w) is
absolutely irreducible in these cases. Since deg P(w) = 4, it is sufficient to
prove that

(a) P(w) does not have a linear factor, and
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(b) P(w) is not a product of two irreducible quadratic forms.

(a) Assume that a linear form £(w) divides P(w). Then, £(w) is also
gpq(p)-invariant, and the kernel of ¢(w) is an invariant subspace of codi-
mension 1. Recall that g,4(p) = g,,(p) for Case (III), and g, 4(p) =
so(p,q) ® gl(1) D g,,(p) = so(p,q) for the unique non-prehomogeneous
case (p + ¢,m) = (10,32). By Theorem 3.5, no g 4(p)-invariant subspaces
of codimension 1 appear in these cases. This implies that ]S(w) does not
have a linear factor.

(b) Assume that P(w) = qi(w)ge(w) for irreducible quadratic forms
q1(w) = T1[w], g2(w) = To[w]. Here T} and Ty are symmetric matrices of size
m = dimW. If ¢ (w) and ¢o(w) are proportional, then P(w) is a relative
invariant of the prehomogeneous vector space (GL(1) x SO(T1),A;, W).
Hence we may assume that ¢;(w) and ¢o(w) are coprime. It is obvious
that gp4(p) = so(T1) N so(Ty). First we show that T} and 75 are non-
degenerate. If r = rank 7} < m, then there exists some g € GL(m,C) such
that (*gT1g,%gTsg) is of the form

™ o\ (1" TP
0 0/’ tT2(2) T2(3) ’
Tl(l) € Sym(r; C), Tl(l) # 0, TQ(I) € Sym(r; C),
T2(2) € M(r,m—r;C), T2(3) € Sym(m — r; C).

Since the Hessian of a homaloidal polynomial does not vanish identically, it

(2) g3
follows from Theorem 2.14 that det T2(3) #0. Put h = (% _521 S > .

Then (*(gh)Ti(gh), (gh)T>(gh)) is of the form

Y1 0 Yo 0
((0 O)’(O Y3>),detY17é(), det Y3 # 0,

and the Lie algebra gy, ,(p) is isomorphic to (so(Y7)Nso(Y2))@®so(Y3). Hence
0p.q(p) has a subalgebra isomorphic to so(Y3) and the restriction to the sub-
algebra of the representation of g, ,(p) on W includes the vector represen-
tation of s0(Y3). In the cases we are now considering, this can not happen.
Indeed Theorem 3.5 implies that, if p 4+ ¢ > 5, this can happen only for the
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case (p+ ¢,m) = (8,16), which is a case where P(w) is a relative invariant
of a prehomogeneous vector space. Hence 17 and 75 are non-degenerate.
By differentiating the identity P(w) = q1(w)ga(w), we have

grad(P(w)) = qi(w)grad(ga(w)) + gz2(w)grad(g: (w))
= 2T1[w}T2w+2T2[w]T1w.

Hence, by the relation P(grad(P(w))) = 28P(w)? proved in Theorem 2.14,
we have

T [Tl [w]Tgw + 15 [w]le} Ty [Tl [’LU]TQU} +T5 [’LU]Tl’LU = 24T1 [w]3T2 [w]3

This implies that there exist an integer 7 (0 < ¢ < 3) and a non-zero constant
c satisfying

(7.2) T [T1 [w]Tow + T [w]le] = Ty [w] To[w]3 .
By expanding the left-hand side of this identity, we have

(7.3) T [w(ToTyTy)[w] + Ty [w]Ta[w] (T2 + ToT?) [w] + To[w]* T3 [w]
= T [w] Ty [w]? .

By exchanging 17 and T5, if necessary, we may assume that ¢ = 0, 1. Then,
the first term of the left hand side is divided by T[w]. Since Ti[w] and
Th[w] are coprime, ToT 1 Th[w] is a constant multiple of Th[w]. Hence there
exists a non-zero constant ¢; # 0 such that 157175 = ¢1T>. Since Ty is
non-degenerate, this implies that 7175 = ¢11,,, and the relation (7.3) can
be written as

31T [w])* To[w] + To[w])?*TE[w] = T [w] Ty [w]®> .

However, since Ti[w]? does not divide the right hand side, this is a con-
tradiction. Thus we have proved that P(w) cannot be a product of two
irreducible quadratic forms. This completes the proof of Theorem 3.2.
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