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Properties of Minimal Charts and
Their Applications IV: Loops

By Teruo NAGASE and Akiko SHIMA

Abstract. We investigate minimal charts with loops, a simple
closed curve consisting of edges of label m containing exactly one white
vertex. We shall show that there does not exist any loop in a minimal
chart with exactly seven white vertices in this paper.

1. Introduction

Charts are oriented labeled graphs in a disk which represent surface
braids (see [1],[5], and see Section 2 for the precise definition of charts, see
[5, Chapter 14] for the definition of surface braids). In a chart there are three
kinds of vertices; white vertices, crossings and black vertices. A C-move is
a local modification of charts in a disk. The closures of surface braids are
embedded oriented closed surfaces in 4-space R* (see [5, Chapter 23] for the
definition of the closures of surface braids). A C-move between two charts
induces an ambient isotopy between the closures of the corresponding two
surface braids.

We will work in the PL category or smooth category. All submanifolds
are assumed to be locally flat. In [11], we showed that there is no minimal
chart with exactly five vertices (see Section 2 for the precise definition of
minimal charts). Hasegawa proved that there exists a minimal chart with
exactly six white vertices [2]. This chart represents the surface braid whose
closure is ambient isotopic to a 2-twist spun trefoil. In [3] and [10], we
investigated minimal charts with exactly four white vertices.

A loop of label m in a chart is a simple closed curve consisting of edges
of label m which contains exactly one white vertex.

In this paper, we investigate properties of minimal charts and need to
prove that there is no minimal chart with exactly seven white vertices. In
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particular we investigate a minimal chart containing a loop which bounds
a disk containing three white vertices in its interior (see Lemma 3.2). We
shall show the following theorem:

THEOREM 1.1. There does not exist any loop in a minimal chart with
exactly seven white vertices.

Let I' be a chart. If an object consists of some edges of I', arcs in edges
of I' and arcs around white vertices, then the object is called a pseudo chart.

The paper is organized as follows. In Section 2, we define charts and
minimal charts. In Section 3, we give pseudo charts in a disk bounded by
a loop in a minimal chart (Lemma 3.1 and Lemma 3.2). And we review
a k-angled disk, a disk whose boundary consists of edges of label m and
contains exactly k& white vertices. In Section 4, we give useful lemmata
and introduce notations. In Section 5, we give a proof of Lemma 3.2. In
Section 6, we discuss about a solar eclipse, two loops with exactly one white
vertex. In Section 7, we discuss about two kinds of subgraphs containing
two loops of label m, one called a pair of eyeglasses and the other called a
pair of skew eyeglasses. In Section 8, we prove Triangle Lemma(Lemma 8.3)
for a 3-angled disk. In Section 9, we prove Theorem 1.1.

2. Preliminaries

Let n be a positive integer. An n-chart is an oriented labeled graph in
a disk, which may be empty or have closed edges without vertices, called
hoops, satisfying the following four conditions:

(i) Every vertex has degree 1, 4, or 6.
(ii) The labels of edges are in {1,2,...,n — 1}.

(iii) In a small neighborhood of each vertex of degree 6, there are six short
arcs, three consecutive arcs are oriented inward and the other three
are outward, and these six are labeled ¢ and ¢ + 1 alternately for some
1, where the orientation and the label of each arc are inherited from
the edge containing the arc.

(iv) For each vertex of degree 4, diagonal edges have the same label and
are oriented coherently, and the labels ¢ and j of the diagonals satisfy
li —j] > 1.
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Fig. 1. (a) A black vertex. (b) A crossing. (¢) A white vertex.

We call a vertex of degree 1 a black vertex, a vertex of degree 4 a crossing,
and a vertex of degree 6 a white vertex respectively (see Fig. 1). Among
six short arcs in a small neighborhood of a white vertex, a central arc of
each three consecutive arcs oriented inward or outward is called a middle
arc at the white vertex (see Fig. 1(c)). There are two middle arcs in a small
neighborhood of each white vertex.

Now C'-mowves are local modifications of charts in a disk as shown in
Fig. 2 (see [1], [5], [12] for the precise definition). These C-moves as shown
in Fig. 2 are examples of C-moves.

Let I' be a chart. For each label m, we denote by I';, the ’subgraph’ of
I' consisting of all the edges of label m and their vertices. An edge of I" is
the closure of a connected component of the set obtained by taking out all
white vertices and crossings from I'. On the other hand, we assume that

an edge of I'y, is the closure of a connected component of the set
obtained by taking out all white vertices from I',,.

Thus any vertex of I, is a black vertex or a white vertex. Hence any
crossing of I' is not considered as a vertex of I'y,.

Let I" be a chart, m a label of I'; and e an edge of I' or I'j,,. The edge
e is called a free edge if it has two black vertices. The edge e is called a
terminal edge if it has a white vertex and a black vertex. The edge € is a
loop if it is a closed edge with only one white vertex. Note that free edges,
terminal edges, and loops may contain crossings of T

Two charts are said to be C-mowve equivalent if there exists a finite se-
quence of C-moves which modifies one of the two charts to the other.
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Fig. 2. For the C-III move, the edge containing the black vertex does not contain a
middle arc in the left figure.

For each chart I', let w(I') and f(I') be the number of white vertices,
and the number of free edges respectively. The pair (w(T'), —f(T")) is called
a complezity of the chart (see [4]). A chart I is called a minimal chart if its
complexity is minimal among the charts C-move equivalent to the chart I’
with respect to the lexicographic order of pairs of integers.

We showed the difference of a chart in a disk and in a 2-sphere (see [6,
Lemma 2.1]). This lemma follows from that there exists a natural one-to-
one correspondence between {charts in 52} /C-moves and {charts in D?}/C-
moves, conjugations ([5, Chapter 23 and Chapter 25]). To make the argu-
ment simple, we assume that the charts lie on the 2-sphere instead of the
disk.

ASSUMPTION 1. In this paper, all charts are contained in the 2-sphere
S2.
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We have the special point in the 2-sphere 52, called the point at infinity,
denoted by oo. In this paper, all charts are contained in a disk such that
the disk does not contain the point at infinity oco.

Let I" be a chart, and m a label of I'. A hoop is a closed edge of I
without vertices (hence without crossings, neither). A ring is a closed edge
of I';,, containing a crossing but not containing any white vertices. A hoop
is said to be simple if one of the two complementary domains of the hoop
does not contain any white vertices.

We can assume that all minimal charts I' satisfy the following five con-
ditions (see [6],[7],[8]):

ASSUMPTION 2. No terminal edge of Ty, contains a crossing. Hence
any terminal edge of Iy, contains a middle arc.

ASSUMPTION 3. No free edge of Iy, contains a crossing. Hence any
free edge of 'y, is a free edge of T'.

ASSUMPTION 4. All free edges and simple hoops in T' are moved into
a small neighborhood Uy, of the point at infinity co. Hence we assume that
I' does not contain free edges nor simple hoops, otherwise mentioned.

ASSUMPTION 5. Fach complementary domain of any ring and hoop
must contain at least one white vertez.

ASSUMPTION 6. The point at infinity oo is moved in any complemen-
tary domain of I

In this paper for a set X in a space we denote the interior of X, the
boundary of X and the closure of X by IntX, 0X and CI(X) respectively.

3. k-Angled Disks

Let ¢ be a loop of label m in a chart I'. Let e be the edge of I';,, containing
the white vertex in ¢ with e # ¢. Then the loop ¢ bounds two disks on the
2-sphere. One of the two disks does not contain the edge e. The disk is
called the associated disk of the loop ¢ (see Fig. 3).

Let I' be a chart, m a label of I', D a disk, and k£ a positive integer.
If D consists of k edges of I'y,, then D is called a k-angled disk of T,,.
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Fig. 3. The gray region is the associated disk of a loop #.
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Fig. 4. C-moves keeping thicken figures fixed.

Note that the boundary 0D may contain crossings, and each of two disks
bounded by a loop of label m is a 1-angled disk of I';,.

Let I and IV be C-move equivalent charts. Suppose that a pseudo chart
X of ' is also a pseudo chart of I". Then we say that I' is modified to I by
C-mowes keeping X fizxed. In Fig. 4, we give examples of C-moves keeping
pseudo charts fixed.

Let I be a chart, and m a label of I'. Let D be a k-angled disk of T',,,
and G a pseudo chart in D with 0D C G. Let r: D — D be a reflection of
D, and G* the pseudo chart obtained from G by changing the orientations
of all of the edges. Then the set {G, G*,r(G),r(G*)} is called the RO-family
of the pseudo chart G.

Warning. To draw a pseudo chart in a RO-family, we draw a part of
' N here N is a regular neighborhood of a k-angled disk D. For example,
we draw the pseudo chart in Fig. 5(a) for a pseudo chart in a RO-family in
Fig. 5(b).

Let X be a set in a chart I'. Let

w(X) = the number of white vertices in X,

¢(X) = the number of crossings in X.
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Fig. 5. The gray region is a disk D", the thick lines are edges of label m, and e € {41, —1}.

LEmMA 3.1 ([7, Lemma 4.2 and Lemma 8.1]). Let I' be a minimal
chart with a loop £* of label m with the associated disk D*. Let € be the
integer in {+1,—1} such that the white vertex in €* is in Tpye. Then we
have the following:

(1) w(TNIntD*) > 2 and w(T' N (S? — D*)) > 2.

(2) Ifw(I'NIntD*) = 2, then D* contains a pseudo chart of the RO-family
of the pseudo chart as shown in Fig. 5(a) by C-moves in D* keeping
0D* fized.

Let I' be a minimal chart, and m a label of I'. Let D be a k-angled
disk of I'y,. The pair of integers (w(I'NIntD), c(I' N 9D)) is called the local
complexity with respect to D. Let S be the set of all minimal charts obtained
from I' by C-moves in a regular neighborhood of D keeping 0D fixed. The
chart I' is said to be locally minimal with respect to D if its local complexity
with respect to D is minimal among the charts in S with respect to the
lexicographic order of pairs of integers.

The following lemma will be proved in Section 5.

LEMMA 3.2. Let I' be a minimal chart with a loop £ of label k. Let
p be the integer in {+1, =1} such that the white vertex in £ is in T'jy,.
If T' is locally minimal with respect to the associated disk D of £ and if
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Fig. 6. The thick lines are edges of label k + p where p € {+1,—1}.

w(I'NIntD) < 3, then D contains a pseudo chart of the RO-families of the
five pseudo charts as shown in Fig. 5(a) and Fig. 6.

Let T" be a chart, and m a label of I'. An edge of I';, is called a feeler of
a k-angled disk D of T',, if the edge intersects N — 0D where N is a regular
neighborhood of 8D in D.

The following lemma will be used in the proofs of Theorem 1.1 and
Lemma 3.2.

LeEMMA 3.3 ([8, Theorem 1.1]). LetI' be a minimal chart. Let D be a
2-angled disk of I, with at most one feeler such that I' is locally minimal
with respect to D. If w(I'NIntD) < 1, then D contains a pseudo chart of
the RO-families of the five pseudo charts as shown in Fig. 7.

Let T" be a chart, and D a k-angled disk of I',,,. If any feeler of D is a
terminal edge, then we say that D is special.
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Fig. 7. (a), (b), (d), (e) 2-angled disks without feelers. (c) A 2-angled disk with one
feeler. The thick lines are edges of label m, and ¢, € {+1,—1}.
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Fig. 8. The thick lines are edges of label m, and € € {+1, —1}.

The following lemma will be used in Case (e) and Case (f) of the proof
of Lemma 3.2.

LeMMA 3.4 ([8, Theorem 1.2]). Let I' be a minimal chart. Let D be
a special 3-angled disk of Ty, such that ' is locally minimal with respect to
D. If w(I'nIntD) = 0, then D contains a pseudo chart of the RO-families
of the two pseudo charts as shown in Fig. 8.

4. Useful Lemmata

Let T be a chart. Let D be a disk such that

(1) 0D consists of an edge e; of I',, and an edge es of 'y, 41, and
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(a) (b)

Fig. 9.

(2) any edge containing a white vertex in e; does not intersect the open
disk IntD.

Note that 0D may contain crossings. Let wi and wy be the white vertices
in e;. If the disk D satisfies one of the following conditions, then D is called
a lens of type (m,m + 1) (see Fig. 9):

(i) Neither e; nor eg contains a middle arc.

(ii) One of the two edges e; and ey contains middle arcs at both white
vertices wy and we simultaneously.

The following lemma will be used in Case (a), Case (d) and Case (e) of
the proof of Lemma 3.2.

LeMMA 4.1 ([6, Theorem 1.1]). Let T’ be a minimal chart. Then there
exist at least three white vertices in the interior of any lens.

LeEMMA 4.2 ([7, Lemma 6.1]). LetT be a minimal chart. If a connected
component G of I'y, contains a white vertex, then G contains at least two
white vertices.

Let a be an arc, and p, g points in a. We denote by «[p, ¢] the subarc
of a whose end points are p and gq.

Let I" be a chart, and m a label of I'. Let a be an arc in an edge of I'y,,
and w a white vertex with w ¢ «. Suppose that there exists an arc g in I’
such that its end points are the white vertex w and an interior point p of
the arc a. Then we say that the white vertex w connects with the point p of
« by the arc (3.
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Fig. 10. Case (1): k> m and ¢ = +1.

The following lemma will be used in Case (c) of the proof of Lemma 3.2.

LEMMA 4.3 ([6, Lemma 4.2]) (Shifting Lemma). Let I be a chart and
a an arc in an edge of I'y,. Let w be a white vertex of I'y N T'y, where
h=k+ee e {+1,—1}. Suppose that the white vertex w connects with a
point p of the arc o by an arc in an edge e of I'y. Suppose that one of the
following two conditions is satisfied:

(1) h>k>m.
(2) h<k<m.

Then for any neighborhood V' of the arc e[w, p| we can shift the white vertex
w to e—elw, p| along the edge e by C-I-R2 moves, C-I-R3 moves and C-I-R/4,
moves in V keeping U Ditic fized (see Fig. 10).

i<0

The following lemma will be used in Case (d) in the proof of Lemma 3.2
and Step 3, Step 6 and Step 8 in the proof of Theorem 1.1.

LEMMA 4.4 ([6, Lemma 54|). If a minimal chart T' contains the
pseudo chart as shown in Fig. 11, then the interior of the disk D* con-
tains at least one white vertex, where D* is the disk with the boundary
* * *
esUeyUe”.

We use the following notation:
In our argument, we often need a name for an unnamed edge by using
a given edge and a given white vertex. For the convenience, we use the
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Fig. 12.

following naming: Let €', e;, €’ be three consecutive edges containing a white
vertex w;. Here, the two edges ¢’ and €¢” are unnamed edges. There are six
arcs in a neighborhood U of the white vertex wj;. If the three arcs ¢’ N U,
e; NU, €' NU lie anticlockwise around the white vertex w; in this order,
then ¢’ and €” are denoted by a;; and b;; respectively (see Fig. 12). There
is a possibility a;; = b;; if they are contained in a loop.

Let I" be a chart, and v a vertex. Let o be a short arc of I' in a small
neighborhood of v with v € da. If the arc « is oriented to v, then « is called
an tnward arc, and otherwise « is called an outward arc.

Let I" be an n-chart. Let F' be a closed domain with 0F C T'p_; UT', U
[k41 for some label k of T, where I’y = () and T, = (). By Condition (iii) for
charts, in a small neighborhood of each white vertex, there are three inward
arcs and three outward arcs. Also in a small neighborhood of each black
vertex, there exists only one inward arc or one outward arc. We often use
the following fact, when we fix (inward or outward) arcs near white vertices
and black vertices:
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Fig. 13. The thick lines are edges of label k + p where p € {+1, —1}. The gray region is
a 2-angled disk D;.

The number of inward arcs contained in F NIy is equal to the number
of outward arcs in FNTY.

When we use this fact, we say that we use [0-Calculation with respect to
I'y in F. For example, in a minimal chart I', consider the pseudo chart as
shown in Fig. 13 where p € {+1,—1} and

(1) D is the associated disk of a loop ¢ of label k with w(I'NIntD) = 3,
(2) wo,ws,wy are white vertices in IntD with wa, w3, ws € Iy,

(3) none of the four edges ass, b33, a4, byg contains a middle arc at ws nor
wy (by Assumption 2 none of them is a terminal edge).

By (2), we have w; € I'y or w; € I'jyo, for each i = 2,3,4. Let F =
Cl(D — Dy). Then we can show that

if wy € I'gqou, then ws,wy € 'y, or w3, wy € T'yyg,.

For if not, then one of w3, w4 is in I'y, and the other is in I'y19,. If wg € I',
and wy € I'y19,, then considering 9D = ¢ contains one inward arc and one
outward arc, by (3) the number of inward arcs in F' N I’y is one, but the
number of outward arcs in F'NT, is three. This is a contradiction. Similarly
if wg € I'yy9, and wy € T'y, then we have the same contradiction. Thus if
wy € T'gyoy, then ws,wy € T'y or wg,wy € I'pqg,. Instead of the above
argument, we just say that
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(a) (b) (c)

Fig. 14.

if wy € T'iyoy, then we have w3, wy € I'y or w3, wy € T'yqo, by 10-
Calculation with respect to I'y, in F'.

In our argument we often construct a chart I'. On the construction of
a chart I', for a white vertex w, among the three edges of I',,, containing
w, if one of the three edges is a terminal edge (see Fig. 14(a) and (b)),
then we remove the terminal edge and put a black dot at the center of the
white vertex as shown in Fig. 14(c). Namely Fig. 14(c) means Fig. 14(a) or
Fig. 14(b).

5. Proof of Lemma 3.2

We start to prove Lemma 3.2. Let I' be a minimal chart with a loop ¢
of label k such that I' is locally minimal with respect to the associated disk
D of ¢. Suppose w(I'nIntD) < 3. By Lemma 3.1, we only need to examine
the case w(I'NIntD) = 3. In this section we assume that

(1) w; is the white vertex in the loop ¢ of label k, and
(2) p is the integer in {+1, =1} with wy € Iy

By Lemma 3.1(1), the condition w(I'NIntD) = 3 implies that the disk D
contains at most one loop of label k + . Thus we can easily prove that the
disk D contains a pseudo chart of the RO-families of the six pseudo charts
as shown in Fig. 15. We use the notations as shown in Fig. 15 throughout
this section. There are six cases (see Fig. 15).

Case (a). Suppose that the disk D contains the pseudo chart as shown
in Fig. 15(a), where

(a-1) the loop ¢; is of label k + p, and bounds a disk D;.
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(a) 0

Fig. 15. The thick lines are edges of label k + p where p € {+1,—1}.

Since w(I'NIntD) = 3, by Lemma 3.1(1) the disk D; contains exactly two
white vertices in its interior, say ws, wy. Further by Lemma 3.1(2) the disk
D1 contains a pseudo chart of the RO-family of the pseudo chart as shown
in Fig. 5(a). Comparing Fig. 5(a) and Fig. 15(a), we have D* = D;,m =
k+ p,w = wy and

(a-2) e},e5 C Tippte, €3, €4, €5, 5 C Tippqoe where e € {+1,—1} and

(a-3) nomne of €3, e}, ef, ef contains a middle arc at w3 nor wy (hence none
of €3, e}, ef, ef is a terminal edge by Assumption 2).

We claim that all of €3, e}, ef, eg intersect £ = 0D. If not, then there exists
a lens in D not containing any white vertices in its interior, because e3 # e
and e; # ei. This contradicts Lemma 4.1. Hence all of the four edges
must intersect dD. Thus 2 < |[(k+ p + 2¢) — k| = |u + 2¢|. Hence e = p
because €,u € {+1,—1}. Thus by (a-2), we have ej,e5 C T'yi9,, and
e3, ey, e5,e5 C I'pisy. Therefore we have the pseudo chart as shown in
Fig. 6(a).

Case (b). Suppose that the disk D contains the pseudo chart as
shown in Fig. 15(b), where
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(b-1) Dy is a 2-angled disk of I';4,, with one feeler.

Since w(I'NIntD) = 3, we have w(I'NIntD;) < 1. Thus by Lemma 3.3, the
disk Dp contains a pseudo chart of the RO-family of the pseudo chart as
shown in Fig. 7(c) because the only pseudo chart contains a feeler. Com-
paring Fig. 7(c) and Fig. 15(b), we have m = k 4+ p,w = wa and

(b-2) €7, €5 C T'ypye where € € {+1,—1},
(b-3) e, €ei C Trypyas, €5 C Tipp, €5, €5 C Tigpys where 6 € {+1,—1}.

We shall show 1 = e = 6. If ¢ = —p, then we have e}, e5 C I',. Thus
e, e5 C Cl(D—Dy). Hence whether ef C I', or not, we have a contradiction
by 10-Calculation with respect to I'y in Cl(D—D;). Thuse = p. If § = —p,
then we have e3, e} C I'y,_,,. Thus ez, ej C D. Since e7, e5 C I'g42, and since
er C I'y,, we have a contradiction by 10-Calculation with respect to I'y_,, in
D. Thus we have 6 = u. Hence by (b-2) and (b-3), we have

(b-4) e}, €5 C Tryop, €5, €5 C Tiysy, and ef, €3 C Typo,.
Therefore we have the pseudo chart as shown in Fig. 6(b).

Case (c). Suppose that the disk D contains the pseudo chart as shown
in Fig. 15(c) where

(c-1) Dy is a 2-angled disk of I';4,, without feelers,
(c-2) the edges in 9Dy are oriented from wy to w3, and
(c-3) each of edges agg, bag, ass, bss is of label k or k + 2u.

Let w4 be the white vertex in IntD different from wy and ws. We show
that we can push wy out D by C-moves. Since w(I'NIntD) = 3, we have
w(I'NIntD;) < 1. Thus considering the orientations of edges in 9D, by
(c-1), (c-2) and Lemma 3.3, the disk D; contains a pseudo chart of the
RO-families of the two pseudo charts as shown in Fig. 7(a) and (b). Hence
wq € D—D;y. Let s be the label with wy € I'sNI'g;1. There are three cases:

(i) for each j = s,s 4 1 none of edges of I'; containing wy intersect 0D,

(ii) for each j = s,s + 1 there exists an edge of I'; containing wy and
intersecting 0D,
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(iii) otherwise.

Case (i). By Lemma 4.2, for each j = s,s + 1 the connected compo-
nent of I'; containing w4 contains another white vertex ws or wsz. Hence
there exists an edge e} of I'; with e} S wy containing we or ws. Here one
of e} and e/ | is agp or bys and the other is asz or bzs. Thus by (c-3), the
difference of labels of €} and €/, ; is 0 or 2. This is a contradiction, because
e}, is of label s and €/, is of lable s 4 1. Hence Case (i) does not occur.

Case (ii). We have |s —k| > 2 and |(s + 1) — k| > 2, because ¢ = 0D
is of label k. Hence we can show s < s+1 < kor k < s < s+ 1. By
Shifting Lemma(Lemma 4.3) we can push the white vertex wy from IntD
to the exterior of D by C-moves. However this contradicts the fact that I’
is locally minimal with respect to D. Hence Case (ii) does not occur.

Case (iii). Let e be the edge I's or 'y 1 with e 3 wy and eNdD # (),
and ¢ the label of e. Then t € {s,s + 1}. Let j € {s,s + 1} be the label
different from ¢. Then ¢t = j+ 6 for some § € {41, —1} and none of edges of
I'; containing w, intersects 0D. In a similar way to Case (i), we can show
that there exists an edge €} of I'; with €/ 5 wy containing wy or ws. Here €/
is agg, baa, ass or bss. By (c-3), we have j = k or j = k + 2u. Thus we have
t=k+6ort=Fk+2u-+06. Since the edge e of label t intersects the loop
¢ = 0D of label k, we have |t — k| > 2. Hence p =6 and t = k + 3u. Thus

(0—4) wy € FkJr?# N Fk+3u'

There exists an arc § in a regular neighborhood of e;- UDjUeaUes in D
connecting the vertex wy and a point x in 0D such that Int( intersects I'
transversely and

(c-5) BN Thpy = 0.

Let p be a point in Intg with T' N Blwy, p] = wy. By C-I-R2 moves, in a
regular neighborhood N of [p, x| we can push all the arcs of NN (U;j>2lk44y)
from D along (3 so that (8 —w4) NTjy4, =0 (i > 2), and by (c-4) and (c-5)
we can push the white vertex w4 along § from IntD to the exterior of D
by C-I-R2 moves and C-I-R4 moves (cf. [6, Corollary 4.5]). However again
this contradicts the fact I' is locally minimal with respect to D. Hence the
disk D does not contain the pseudo chart as shown in Fig. 15(c).
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Case (d). Suppose that the disk D contains the pseudo chart as
shown in Fig. 15(d). Since w(I'NIntD;) = 0, considering the orientation
of edges on 0D1, Lemma 3.3 assures that the disk D; contains a pseudo
chart of the RO-families of the two pseudo charts as shown in Fig. 7(a)
and (b). So we have the pseudo chart as shown in Fig. 13 used for the
explanation of I0-Calculation, here

(d-1) none of edges agg, bag, ass, bss, asq, byg contains a middle arc at wq, w3
nor wy (by Assumption 2 none of them is a terminal edge).

Since wz € I'g4y, we have also wo € I'y or we € T'pyg,. If wo € Ty,
then wy € 'y, by I0-Calculation with respect to I'y, in C1(D — D;). Hence
w3 € T'40, by I0-Calculation with respect to I'y, in CI(D — Dy). Thus by
(d-1), we have age = byg and bag = aygq. Since ws, w3, wy are all the white
vertices in IntD, the disk Dy bounded by a9y U e; U ez does not contain
any white vertices in its interior. This contradicts Lemma 4.4 by setting
D* = Dy,e] = e4,€5 = ez,e* = ag,e3 = e1,e; = ez in Fig. 11. Hence
wy € I'gq2,. Thus as we have done in the explanation of IO-Calculation, we
have w3, wy € I'y, or w3, wy € I'y40, by I0-Calculation with respect to I'
in Cl(D — Dy). If ws,wy € Tk, then there exist two lenses of type (k, k+ p)
in D not containing any white vertices in their interiors. This contradicts
Lemma 4.1. Thus w3, wy € I'yy2,. Looking at Fig. 13, we have the pseudo
chart as shown in Fig. 6(c).

Case (e). Suppose that the disk D contains the pseudo chart as shown
in Fig. 15(e) where

(e-1) ws,wy are contained in terminal edges of label k + p, say es, e4,

(e-2) the edge ey does not contain a middle arc at we (hence ey is not a
terminal edge by Assumption 2),

(e-3) the edge es contains an outward arc at ws.

By (e-1), any feeler of D; is a terminal edge. Thus the disk D; is a special
3-angled disk of I'yy,. Hence w(I'NIntD;) = 0 and Lemma 3.4 imply that
the disk D7 contains a pseudo chart of the RO-families of the two pseudo
charts as shown in Fig. 8 each of which has no feeler. Hence neither es nor
eq is a feeler. That is
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(8—4) ez Uey C Cl(D — Dl).

Comparing Fig. 8 and Fig. 15(e), we have m = k + u, and by (e-2) the edge
ez is an edge of label m + ¢ with two white vertices where ¢ € {+1,—1}.
Hence

(e-5) the edge ey is an edge of I'yy,ye with Jes = {wo, w3} or dey =
{wa, wq}.
If Jea = {wa, w3}, then by (e-3) the edge ey is oriented from wg to ws. This

contradicts Condition (iii) of the definition of a chart. Hence des = {wa, w4}
(see Fig. 16). Thus

(e-6) wa,wy € Tigpye.
On the other hand, by (e-1), we have
(e-7) ws € Fk-f—/t NIy or w3 € gy N Tggo,.

Suppose = —e. Then wy,wy € Ty by (e-6). If ws € T'g, then we have
as3 = by in Fig. 16 because the loop £ is of label k. Hence there exists a
lens of type (k,k + p) in Cl(D — D;) containing w3, w4 but not containing
any white vertices in its interior. This contradicts Lemma 4.1. Hence ws €
I'j42, by (e-7). But we have a contradiction by I0-Calculation with respect
to 'y in CI(D — D1). Thus p = e.

By (e-6), we have wa, wy € I'y4o,. If wz € T'y, then we have a contradic-
tion by 10-Calculation with respect to I'y in CI(D — Dy). Hence w3 € I'j19,
by (e-7). Therefore we have the pseudo chart as shown in Fig. 6(d).

Case (f). Suppose that the disk D contains the pseudo chart as shown
in Fig. 15(f). Since w(I'NIntD2) = 0, by Lemma 3.3 the 2-angled disk Do
contains a pseudo chart of the RO-families of the two pseudo charts as shown
in Fig. 7(a) and (b). Hence both the two edges in 0Dy are oriented from
ws to wy. Thus

(f-1) the boundary of the 3-angled disk D; is oriented clockwise.

On the other hand, the disk D; does not have any feelers. Thus the disk
D; is special. Since w(I'NIntD;) = 0, by Lemma 3.4 the disk D; contains
a pseudo chart of the RO-families of the two pseudo charts as shown in
Fig. 8. This contradicts Condition (f-1). Hence D does not contain the
pseudo chart as shown in Fig. 15(f).

Therefore we complete the proof of Lemma 3.2. [J
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Fig. 16. The thick lines are edges of label k + pu where p,e € {41, —1}.

6. Solar Eclipses

LeMmMA 6.1 ([7, Corollary 1.3]). Let T’ be a minimal chart with at most
seven white vertices. Then there is no lens of .

A subgraph of a chart is called a solar eclipse if it consists of two loops
and contains only one white vertex.

LEMMA 6.2 ([7, Lemma 8.4]). Let ' be a minimal chart with at most
seven white vertices. If there exists a solar eclipse, then the associated disk
of each loop of the solar eclipse contains at least three white vertices in its
interior.

LEMMA 6.3. Let D be the associated disk of a loop £ of label m in a
minimal chart I' with w(I') = 7 such that T' is locally minimal with respect
to D. Let ¢ be the integer in {+1,—1} such that the white vertex in € is in
[yve. Then we have the following:

(1) If w(NIntD) = 2, then w(I'y42: N (S? — D)) > 2.
(2) If w(INIntD) = 3, then w(Tpi2: N (S? — D)) > 1.

(3) If w(I'NIntD) = 3 and if the disk D contains one of the two pseudo
charts as shown in Fig. 6(a) and (b) here m = k and € = p, then
w(Tpa3e N (S2— D)) > 1.
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PrOOF. We show Statement (1). By Lemma 3.1(2), the disk D con-
tains a pseudo chart of the RO-family of the pseudo chart as shown in
Fig. 5(a) here D = D*. Since none of the four edges e3, e}, ez, e of I'yioc
in Fig. 5(a) contain a middle arc at a white vertex in IntD, all of four edges
e;, e), ex, es are not terminal edges by Assumption 2.

If w(Tyq2: N (S? — D)) =0, then e = ef and e} = ef. Thus there exist
two lenses of type (m + e, m + 2¢). This contradicts Lemma 6.1.

Now suppose that w(Iy,12:N(S?— D)) = 1. Let D; be the 2-angled disk
of 'y poe in D. Since w(Ty12:N(S?—D)) =1 and w(Tyy2:N(D—D1)) = 0,
there exists only one white vertex of I',,49. in S? — D;. Thus we have
a contradiction by I0-Calculation with respect to I'y,19. in C1(S? — Dy).
Hence w(Tyy12: N (S% — D)) > 2.

We show Statement (3). Suppose that the disk D contains the pseudo
chart as shown in Fig. 6(a) here k = m and pu = . Then the loop ¢; of
label m + ¢ in D bounds the associated disk D; with w(I'NIntD;) = 2. By
Lemma 6.3(1), we have w(D(;4c)40- N (S? — D1)) > 2. Since w(Tyse N
(D — Dy)) = 0, we have w(T'y43: N (S? — D)) > 2. Thus clearly w(Ty,13: N
(S - D)) > 1.

Suppose that the disk D contains the pseudo chart as shown in Fig. 6(b
here k = m and u = e. By Lemma 4.2, the condition w(Ty,43. N D) =
implies w(Ty43: N (S? — D)) > 1.

We show Statement (2). Now suppose that

(i) w(Tproe N (S%2 = D)) = 0.

Since w(I'NIntD) = 3, by Lemma 3.2 the disk D contains a pseudo chart of
the RO-families of the four pseudo charts as shown in Fig. 6 where k = m

)
1

and p =e¢.

Suppose that the disk D contains the pseudo chart as shown in Fig. 6(a).
By (i), we have a loop ¢ of label m + 2¢ so that ¢; U £ is a solar eclipse.
But the associated disk of ¢; contains only two white vertices in its interior.
This contradicts Lemma 6.2.

Suppose that the disk D contains the pseudo chart as shown in Fig. 6(b).
Let D; be the 2-angled disk of T4 in D. Since w(I'y42: N (D — D1)) =0,
the condition (i) implies that w(Ty,12: N (S% — D1)) = 0. Hence we have a
contradiction by IO-Calculation with respect to I'y, 1o in CI1(S? — Dy).

Suppose that the disk D contains the pseudo chart as shown in Fig. 6(c).
Let D; be the 2-angled disk of I';,, 4. in D. Since there exists only one white
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vertex of I'y,19: in D — Dy, the condition (i) implies that w(Ty,42: N (S —
Dq)) = 1. Hence we have a contradiction by I0-Calculation with respect to
[pntoe in CU(S? — Dy).

Suppose the disk D contains the pseudo chart as shown in Fig. 6(d).
Let D be the 3-angled disk of T',,1¢ in D. Since w(Ty,42: N (D — Dy)) =0,
the condition (i) implies that w (T, 42- N (S? — D1)) = 0. Hence for the edge
e} in Fig. 6(d) we have €] = ¢}, ¢} = ¢} or €] = ¢€). If €] = €}, then there
exists a lens of type (m + e, m + 2¢) containing w3, wy. This contradicts
Lemma 6.1. If €] = ¢4 or €] = ¢}, then the edge ¢ separates the disk
CI(S% — Dy) into two disks. Let D’ be the disk of the two disks containing
the edge €. Then we have a contradiction by IO-Calculation with respect
to Typage in D',

Therefore we have a contradiction for any cases. Hence w (T, 10- N (5% —
D)) >1.0

ProrosITION 6.4. There is no solar eclipse in a minimal chart with
exactly seven white vertices.

PROOF. Suppose that there exists a solar eclipse G in a minimal chart
I’ with w(I') = 7. Then G consists of two loops ¢; and ¢y with ¢; C T, and
ly C I'yy1 for some label m. We can assume that I' is locally minimal with
respect to the associated disks Dy and Ds of the loops £1 and #5 respectively.
By Lemma 6.2, we have w(I'NIntD;) > 3 and w(I'NIntD2) > 3. Since
w(I') = 7and w(f1Uly) = 1, we have w(I'NInt D) = 3 and w(I'NIntDy) = 3.
By Lemma 3.2, the two disks D1 and Ds contain pseudo charts of the RO-
families of the four pseudo charts as shown in Fig. 6. For ¢5 C I';;,+1 where
=4y, k=m++1,u= -1 in Fig. 6 we have

(1) w((Ty UTyp_1) NIntDs) = 3.

Since S? — Dy DIntDs, by (1) we have w((T'y, U Typeq) N (S? — Dy)) >
w((Ty, UT—1)NIntDy) = 3. Setting £ = ¢; C I'y, and € = 1 (because the
white vertex in ¢; is in I, 41), applying Lemma 6.3(2) we have w(I';,42 N
(82 — D)) > 1. Hence we have

w('N(S* = D1)) > w((Tym UTp_1) N (8% = D1)) + w(Tge N (5% — Dy))
>3+4+1=4.
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Thus
w(l) = w(l1) + w( NIntD;) +w(@T N (S? —D1)) >1+3+4=38.

This contradicts the fact w(I') = 7. Therefore there is no solar eclipse in
r.0d

LEMMA 6.5. Let £ be a loop of label m in a minimal chart T with
w(T) =7, and D the associated disk of £. Then w(T'y, N (5% — D)) < 2.

PROOF. Suppose that w(I',, N (S? — D)) > 3. We shall show w(I") > 8.
It suffices to prove the case that I' is locally minimal with respect to D. Let
¢ be the integer in {+1, —1} such that the white vertex in £ is in I, .. By
Lemma 3.1(1) we have w(I'NIntD) > 2.

If w(I'NInt D) = 2, then by Lemma 6.3(1) we have w(Ty,42:N(S%2—D)) >
2. Since w(I',, N (8% — D)) > 3, we have w(I' N (S? — D)) > 3+ 2. Thus

w(T) = w(l) + wT NIntD) +w(T N (S* - D)) > 14+2+ (3 +2) =8.

If w(I'NInt D) = 3, then by Lemma 6.3(2) we have w(Ty, 42N (S?— D)) > 1.
Similarly we can show w(I') > 1+3+ (34 1) =8. If w(I'NIntD) > 4, then
we can show w(I') > 1+ 4+ (34 0) = 8. Hence we have w(I') > 8. This
contradicts the fact w(I') = 7. Therefore w(T,, N (S? — D)) < 2.0

7. Pairs of Eyeglasses and Pairs of Skew Eyeglasses

LeEMMA 7.1 (cf. [7, Lemma 6.2]). Let ' be a minimal chart, and m a
label of I'. Let G be a connected component of I'y, containing a white vertex
and a loop. If G contains at most three white vertices, then G is one of the
three subgraphs as shown in Fig. 17.

We call the subgraph as shown in Fig. 17(a) a pair of eyeglasses. We
call the subgraphs as shown in Fig. 17(b) and (c) pairs of skew eyeglasses
of type 1 and 2 respectively.

LEMMA 7.2. Let G be a pair of eyeglasses in a minimal chart I with
w(I') = 7. Let D1, Dy be the associated disks of loops in G. If T' is locally
minimal with respect to the disks D1 and Do, then w(I'NIntDy) = 2 and
w(INIntDy) = 2.
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(a) (b) (c)

Fig. 17.

ProOOF. Since w(I'NIntD;) +w(I'NintD2) +w(G) < w(I') = 7, we have
w(I'NIntDy) + w(I'NIntDy) < 5. Thus by Lemma 3.1(1) we have

(w(TNIntD;), w(I' NIntDy)) = (2,2),(2,3) or (3,2).

Suppose that (w(I'NIntD;), w(I'NIntD3y)) = (2,3). Then by w(I') =7,
we have

(1) U}(F N (SQ — (Dl U Dg))) =0.

Further by Lemma 3.1(2) the disk D; contains a pseudo chart of the RO-
family of the pseudo chart as shown in Fig. 5(a) (see Fig. 18(a)). Without
loss of generality we can assume that the edge e; of 'y, is oriented from wy
to wi. We use the notations as shown in Fig. 18(a). Hence

(2) w(Tymie N Dy) = 3.

One of the two edges aj1,b11 of 'y in Fig. 18(a) does not contain
a middle arc at wi, one of the two edges is not a terminal edge by As-
sumption 2. Thus by (1), there are three cases: aj; = bi1,a11 2 we or
b11 O we. But if a1y = b1y, then ay; U £y is a solar eclipse. This contradicts
Proposition 6.4. Hence we have

(3) wy € a1 C Fm+5 or wg € by C Fm_l’_g.

Since w(I'NIntDy) = 3, by Lemma 3.2 the disk Ds contains a pseudo
chart of the RO-families of the four pseudo charts as shown in Fig. 6. By
(3), for the label k£ and p € {+1,—1} in Fig. 6 we have k = m and p = ¢.

Suppose that Dy contains one of the two pseudo charts as shown in
Fig. 6(a) and (b). Then we have w(Ty,13:N(S%—Ds)) > 1 by Lemma 6.3(3).
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Further S? — Dy © Dy and (2) imply that w((Tpyye Ul 43:) N (S%— Dy)) >
341 = 4. Thus we have w(I' N (S? — D)) > 4. Hence

w(T) = w(le) + w(T NIntDy) + w(l' N (S? — Dy)) > 1+3+4=38.

This contradicts the fact w(I') = 7.

Suppose that Do contains the pseudo chart as shown in Fig. 6(c) (see
Fig. 18(b)). Now let E; be the 2-angled disk of I';,, 1. in D; for i = 1,2. Since
(D1UDy)— (E1UE,) contains only one white vertex of ', 42-, the condition
(1) implies w(T'y,10: N (S? — (E1 U E))) = 1. Hence we have a contradiction
by I0-Calculation with respect to I'y,12: in CI(S? — (Ey U Ey)).

Suppose that Dy contains the pseudo chart as shown in Fig. 6(d) (see
Fig. 18(c)) where

(d-1) none of €7, e}, €5 in Fig. 18(c) contains a middle arc at w} or wi (by
Assumption 2, none of e}, e, e} is a terminal edge),

(d-2) by (3) all seven white vertices are contained in the same connected
component of Ty, ..

CramM. All of e}, e3, e3 contain white vertices in IntD;.

For, by (1) and (d-1), for the edge e}, there are four cases: e} = e},
e] = eg, the edge e] is a loop or the edge e] contains a white vertex in
IntDl.

If ef = €} or e} = eZ, the edge e} separates the disk CI(S? — D3) into two
disks, here Dj is the 3-angled disk of I, 4. in Dy (see Fig. 18(c)). Let D’
be one of the two disks contains the edge e5. Then we have a contradiction
by 10-Calculation with respect to I'y,qo. in D', If e} is a loop, then the
associated disk D* of e} contains ws. Further by (d-2), the disk D* must
contain the three white vertices in D;. Hence S? — (D3 U D*) does not
contain any white vertices. Thus ej = e} and e5 = e;. Hence there exists
a lens of type (m + e,m + 2¢). This contradicts Lemma 6.1. Therefore e}
contains a white vertex in IntD;. Similarly we can show that each of the
two edges €3, e5 contains a white vertex in IntD;. Thus Claim holds.

But the three edges e], €3, 3 of I';, 4o are oriented outward at the same
white vertex in IntD;. This is a contradiction.

Thus we have a contradiction for any cases. Hence (w(I'NIntD;),
w(lNIntDy)) # (2,3). In a similar way as above, we can show
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Fig. 18. (a) The gray regions are disks D1, D2. (b), (d) The gray regions are disks
E1, Es. (c) The gray region is a 3-angled disk Ds.

that (w(I'NIntDy),w(I'NIntD2)) # (3,2).  Therefore (w(I'NIntD;),
w(I'NIntDy)) = (2,2). This completes the proof of Lemma 7.2. OJ

PROPOSITION 7.3. There is no pair of eyeglasses in a minimal chart
with exactly seven white vertices.

PROOF. Suppose that there exists a pair of eyeglasses G in a minimal
chart I' with w(I') = 7. Without loss of generality we can assume that
I' is locally minimal with respect to the associated disks D; and Dy of
loops in G. By Lemma 7.2, we have (w(I'NIntD;), w(I'NIntD3)) = (2,2).
By Lemma 3.1(2) each of the disks D; and D contains a pseudo chart of
the RO-family of the pseudo chart as shown in Fig. 5(a) (see Fig. 18(d)).
Moreover there exists exactly one white vertex in S? — (D U Ds), say w'.

If w' € T',,, then this contradicts Lemma 4.2. Thus w’ & I'y,.

If w' € T'yp2e, then there exists only one white vertex w’ of T'yy1oc
in S2 — (E; U E») where E; is the 2-angled disk FE; in D; for i = 1,2.
Hence if wg € Tpyye (resp. wy & Uiy, 6. wy € Tyyy—c) then we have a
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contradiction by I0-Calculation with respect to I'y, 19 in C1(S? — (B UEy))
(resp. CI(S? — Ey)). Thus w' & Tppyo-.

Similarly we can show w' & I',,_2.. Now w’ & I'j, U 'yypo. implies
w' & Tymte, because a white vertex in 'y, is also in I'y_1 or I'yy1. Hence
the vertex w’ is contained in I'y for some label k with k # m,m +¢,m +
2¢. However T'j, contains exactly one white vertex w’. This contradicts
Lemma 4.2. Therefore there is no pair of eyeglasses in I'. [J

ProrosiTiON 7.4.  There is no pair of skew eyeglasses of type 2 in a
minimal chart with exactly seven white vertices.

PROOF. Suppose that there exists a pair of skew eyeglasses G of type
2 in a minimal chart I' with w(I') = 7. We only show that the edge
eg of I',, is oriented inward at ws. We use the notations as shown in
Fig. 19(a). By Lemma 3.1(1), the condition w(I') = 7 implies (w(I'NIntDy),
w(I'NIntDy)) = (2,2). Thus

(i) w(TN(S? - (GU D, UDy))) =0.

For the edge as3 of Iy, in Fig. 19(a), there are five cases: (1) ags = aiz,
(2) aszs — 1)11, (3) as3 = a2, (4) aszs — 522, (5) ass 1S a 100p.

Case (1). The union ass U e; bounds a lens. This contradicts
Lemma 6.1.

Case (3). We have bs3 = bgo. Thus b3z U eg bounds a lens. This
contradicts Lemma 6.1.

Case (4). The union ass U ey bounds a disk D’ containing the edge
bss. By (i), we have w(I'NIntD’) = 0. Thus we have a contradiction by
I0-Calculation with respect to I'y,4c in D'.

Case (5). We have b33 > wa because the edge b3z does not contain
a middle arc at ws (the edge bss is not a terminal edge by Assumption 2).
Thus we € T'yy4e. Hence whether w; € Ty, or wy € I'yyye, we have
a11 = b11, because one of a1 and b1 does not contain a middle arc. Thus
a11 U #1 is a solar eclipse. This contradicts Proposition 6.4.

Hence Case (2) occurs. Similarly we can show b3z = age. Thus the two
edges a11,boe are terminal edges. By Lemma 3.1(2), both of D; and Do
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(a) b,, b33 5 a1l m (b) m
doo m+ P mt2¢ m+2¢
mte mté

Fig. 19. The gray regions are disks D1, D2, m is a label, and ¢ = £1.

contain pseudo charts of the RO-family of the pseudo chart as shown in
Fig. 5(a) (see Fig. 19(b)). There are four edges of I',, 2. intersecting 0Dy,
say e}, ey, e, ¢). By Lemma 6.1, we have e; # € for i # j. Thus the four
edges must contain white vertices in IntDs. However it is impossible that
Int(ef)NInt(e;) = 0 for each pair i, j with 1 <7 < j < 4. Therefore there is
no pair of skew eyeglasses of type 2 in I". [J

8. Triangle Lemma

Let T" be a chart, and D a disk. Let a be a simple arc in dD. We call a
simple arc 7 in an edge of I'y a (D, «)-arc of label k provided that 0y Clnta
and Inty CIntD. If there is no (D, a)-arc in I, then the chart I' is said to
be (D, a)-arc free.

Let T be a chart and D a disk. Let o be a simple arc in dD. For each
k=1,2,---, let ¥} be the pseudo chart which consists of all arcs in D NI
intersecting the set C1(0D — «). Let ¥, = Ug Y.

The following two lemmata will be used in the proof of Lemma 8.3.

LeMMA 8.1 ([6, Lemma 3.2]) (Disk Lemma). LetI" be a minimal chart
and D a disk. Let o be a simple arc in OD. Suppose that the interior of «
contains neither white vertices, isolated points of DN T, nor arcs of DNT.
If IntD does not contain white vertices of I, then for any neighborhood V
of a, there exists a (D, «)-arc free minimal chart T obtained from the chart
I by C-moves in V U D keeping %, fixed (see Fig. 20).

LEMMA 8.2. Let T be a chart, e an edge of T'y,, and wy,ws the white
vertices in e. Suppose w1 € I'yy—1 and wo € T'yq1. Then for any neighbor-
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Fig. 20.

hood V' of the edge e, there exists a chart T obtained from the chartT" by C-I-
R2 moves, C-I-R3 moves and C-I-R4 moves in'V keeping U'y,—1 UL, Ul 41
such that the edge e does not contain any crossings.

PROOF. Let b be a point in Int(e). Since Int(e) N (Ty—q1 UT41) = 0,
all the crossings of I'; (i < m — 1) in the edge e can be moved into the arc
elb, ws] by C-I-R2 moves and C-I-R3 moves. Similarly all the crossings of
I (¢ > m+1) in the edge e can be moved into the arc e[w, b] by C-moves.

Since the white vertex wy is in I';;, N T'y,,—1, we can push each crossing
in the arc e[wy, b] to the side of w; along the edge e by C-I-R2 moves and
C-I-R4 moves. Similarly we can push each crossing in the arc e[b, ws] to the
side of wo along the edge e by C-moves. Hence the edge e does not contain
any crossings. U

The following lemma will be used in Step 1 and Step 8 of the proof of
Theorem 1.1.

LeEMMA 8.3 (Triangle Lemma).

(1) For a chart T, if there exists a 3-angled disk Dy of Iy, without feelers
in a disk D as shown in Fig. 21(a) and if w(I'NIntDy) = 0, then there
exists a chart obtained from I' by C-moves in D which contains the
pseudo chart in D as shown in Fig. 21(b).

(2) For a minimal chart T', if there exists a 3-angled disk Dy of Ty, without
feelers in a disk D as shown in Fig. 21(c), then w(I'NIntD;) > 1.
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Fig. 21. The gray regions are 3-angled disks D;. The thick lines are edges of label m,
and € € {+1,—-1}.

PrROOF. We show Statement (1). We use the notations as shown in
Fig. 21(a).

CramM 1. DiNTp—e Ul Ul qe) =eUe UOD;.

For, if D1 contains a ring or a hoop of label m —e, m, m+¢, say C, then
C bounds a disk in Dj not containing any white vertices. This contradicts
Assumption 5. Hence the disk D; contains neither hoop nor ring of label
m — e,m,m + €. Since the disk D; does not contain any free edges by
Assumption 4, Claim 1 holds.

CramMm 2. We can assume that neither e; nor e contains a crossing by
C-moves.

For, w; € T'jyqe and wo € I'y,—.. Thus by Lemma 8.2 we can assume
that the edge e; of I'y,, does not contain any crossings. Moreover we can
push the crossings in e to the side of ws by C-moves as follows. Since the
label of the edge e is m — e, we have Int(e) N (I'y,—2¢ UTy,) = 0. Hence
Claim 1 implies that we have Int(e) N (T'y—2: Uy, U, 4c) = (0. Since the
white vertex ws is in I';,_. N IT';,, we can push each crossing in the edge e
to the side of w3 along e by C-I-R2 moves and C-I-R4 moves. Hence Claim
2 holds.

CramM 3. We can assume that D1 NI'=eU e’ UID; by C-moves.
For, Claim 2 assures that by applying Disk Lemma(Lemma 8.1) twice,
we can assume that I' is (D1, eg)-arc free and (D1, e3)-arc free. Since D; does
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Fig. 23. The thick lines are edges of label m, and € € {+1, —1}.

not contain free edges, hoops nor rings by Assumption 4 and Assumption 5,
we have D1 NI =eU e’ UOD;. Hence Claim 3 holds.

As shown in Fig. 22, we can deform by C-moves in D from I' to a chart
containing the pseudo chart as shown in Fig. 21(b).

We show Statement (2). Suppose that a minimal chart I contains the
pseudo chart as shown in Fig. 21(c). If w(I'NIntD;) = 0, then as shown in
Fig. 23, by the help of Triangle Lemma(Lemma 8.3(1)), we can reduce the
number of white vertices of I' by C-moves. This contradicts the fact that I’
is a minimal chart. Hence w(I'NIntD;) > 1. O

9. Proof of Theorem 1.1

Now we start to prove Theorem 1.1. We show the theorem by con-
tradiction. Suppose that there exists a minimal chart I" with w(I") = 7
containing a loop £ of label m. Let D; be the associated disk of £. Then
w(lp, N (S%2 — Dy)) < 2 by Lemma 6.5. Thus the loop £ is contained in a
connected component G of I';,, with w(G) < 3. By Lemma 7.1, the graph G
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a2 by,

Fig. 24. The pair of skew eyeglasses G is the thick lines of label m, the gray regions are
the disks D1, Da.

is a pair of eyeglasses or a pair of skew eyeglasses. By Proposition 7.3 and
Proposition 7.4, the graph G is a pair of skew eyeglasses of type 1.
From now on, throughout this section, we assume that

(i) ¢ is the loop of label m in the pair of skew eyeglasses G of type 1,
(ii) w; is the white vertex in ¢ with wy € ', N Ty where € € {+1, -1},

(iii) T is locally minimal with respect to Dy and Dy where Dj is the asso-
ciated disk of £ and Dy is the 2-angled disk of I',,, with wy & D2 (see
Fig. 24).

We shall prove Theorem 1.1 by eight steps: If necessary we change all
orientation of edges, we can assume that the edge e; of label m is oriented
from ws to wi. We show only the case that ¢ is oriented anticlockwise. We
use the notations as shown in Fig. 24.

Step 1. The disk Dy is a 2-angled disk without feelers (i.e. Fig. 24(b)).

Step 2. There exists at least one white vertex of I',,_1 UT,,11 in S? —
(Dl U Dg), say wr.

Step 3. w(I'NIntD;) = 2.

Step 4. There exists a white vertex in S? — (D1 U Ds) different from
wr, say we, and we, w7 € Lyye N g2 and wo, w3 € Tpyge.

Step 5. The edge a1 contains one of the white vertices wg, wr.
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Without loss of generality we can assume wg € a12.

Step 6. The edge b33 contains the white vertex ws.

Step 7. The edge ass contains the white vertex ws.

Step 8. There does not exist a pair of skew eyeglasses of type 1.

PROOF OF STEP 1. Suppose that D» is a 2-angled disk with one feeler.
We use the notations as shown in Fig. 24(a).

We shall show that I' contains a pseudo chart as shown in Fig. 25. By
IO-Calculation with respect to I'yy41 in Do and CI(S? — (D1 U Dy)), there
exists a white vertex of I';,—1 U '), 41 in IntDs, say wg, and there exists a
white vertex of I'y, 1 UT 41 in S? — (D1 U Dy), say wy. Now

7 = w()
) = w(NIntDy) + w(I' NIntDy)
(1) +w(G) +w( N (S* = (D1 UDy)))

> w@NIntDy) +1+3+1.

Hence we have w(I'NIntD;) < 2. By Lemma 3.1(1), we have w(I'NIntD;) =
2. Thus by (1)

(2) w(INIntDy) =1 and w(I' N (S? — (D1 U Dy))) = 1.

Since D3 is a 2-angled disk with one feeler, by (2) and Lemma 3.3 the disk
D> contains a pseudo chart of the RO-family of the pseudo chart as shown
in Fig. 7(c) (see Dy in Fig. 25).

For the edge b7 in Fig. 24(a), there are two cases: bj; = aqy or by O wr.
But if b17 = aq1, then we have a solar eclipse b17 U £. This contradicts
Proposition 6.4. Hence b1 2 wr.

For the edge a1 in Fig. 24(a), there are two cases: aj2 = ajj or aj2 3 wy.
If a12 = ay1, then the edges e; and a12 separate the annulus C1(S? — (Dy U
Dy)) into two regions. Let F' be one of the two regions with wy & F. By (2),
we have w(I' N IntF’) = 0. Thus we have a contradiction by I0-Calculation
with respect to I'y,+- in F'. Hence ajo 3 wy.

Since a12 and by are oriented inward at w7, we have by F w7. Thus we
have b1 = a11, because b1o does not contain a middle arc at wo. Let e; be
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Fig. 25. The gray region is a 3-angled disk Ds.

the edge of I'y, e containing wy different from a1 and by;. Then (2) implies
that e; is a terminal edge.

We shall show w7 € I'y49¢. Since wy € by C I'yqe, we have wy € Ty,
or wy € I'yyqo.. If wy € Ty, then there exists a connected component of 'y,
containing exactly one white vertex wy. This contradicts Lemma 4.2. Thus
wy € Lipyoe.

Let D3 be the 3-angled disk bounded by a11 U b1 U a1o with e; C Ds,
If ez C D3, then we have a contradiction by IO-Calculation with respect to
[nt2e in D3. Thus we have e7 ¢ Ds (see Fig. 25). Since wy € S2—(D1UD>),
(2) implies that

(3) w(PNIntDs) = 0.

Thus the edge of I'), 2. containing w7 in D3 is a terminal edge. Therefore
I" contains a pseudo chart as shown in Fig. 25.

However in a neighborhood of Ds, the chart I' contains the pseudo chart
as shown in Fig. 21(c). Now (3) contradicts Triangle Lemma(Lemma 8.3(2)).
Hence D is a 2-angled disk without feelers (see Fig. 24(b)). This completes
the proof of Step 1. I

PRrROOF OF STEP 2. By Step 1, the chart I' contains the pseudo chart as
shown in Fig. 24(b). We use the notations as shown in Fig. 24(b). Suppose
that there do not exist any white vertices of I';,_1 UT 41 in S% — (D1 U Ds).
By Assumption 2, the edge b11 is not a terminal edge. Thus there are three
cases: (1) bll = aii, (2) b11 = ass, (3) bll = b33.

Case (1). We have a solar eclipse b;; U ¢. This contradicts Proposi-
tion 6.4.
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Case (2). We have b3z = aj2. Hence the union b33 U ez bounds a lens.
This contradicts Lemma 6.1.

Case (3). We have wi,ws € I'yye, because b1y = {wi,ws}. By
Assumption 2, the edge aq2 is not a terminal edge. Hence ai;s = aq; or
ajo = ags. Thus ajs intersects the edge by1. Since w; € ajo N by or
w3 € a12MNby1, the two edges a2 and b1y are of label m +e¢. This contradicts
Condition (iv) of the definition of a chart.

Hence we have a contradiction for any cases. Thus there exists a white
vertex of Iy, 1 UT,,41 in S? — (D1 U Dy). This completes the proof of
Step 2. I

PrOOF OF STEP 3. By Step 2

7 = w()
N > w(NIntDy) +w(I' NIntDy) + w(G)
( ) +w(Fﬂ(82— (D1 U D»))

\Y]

w('NIntD;) +0+3+ 1.

Thus w(I'NIntD;) < 3. By Lemma 3.1(1), we have w(I'NIntD;) > 2. Hence
it suffices to prove w(I'NIntDy) # 3.
Suppose w(I'NIntDq) = 3. By (*), Step 2 and w(I') = 7, we have

(**) w(T'N(S? — (D1 U D3)) =1 and w(T'NIntDs) = 0.

Let wr be the white vertex in $%2 — (D1 U Dy). For the edge b3z in Fig. 24(b),
there are four cases: (1) bss = a12, (2) b3z = bi2, (3) bsg = b11, (4) b3z > wr.

Case (1). The union b3z U ea bounds a lens. This contradicts
Lemma 6.1.

Case (2). The edge b3z separates the annulus CI(S? — (D1 U D>))
into a disk and an annulus. Let F' be one of the disk and the annulus with
wy ¢ F. Since w(I'N (S% — (D1 U D3)) = 1 by (**), we have w(I' N IntF) =
0. Thus we have a contradiction by I10-Calculation with respect to I';+1
in F.

Case (3). We have wi,ws € I'j4c. For the edge ajs in Fig. 24(b),
the edge is of label m — e or m + €. If aq9 is of label m + ¢, then we have
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a12 O wy and azz = bio, because neither ajo nor ass is a terminal edge by
Assumption 2. Thus the union as3z U es bounds a lens. This contradicts
Lemma 6.1. Hence a2 is of label m — e. Since a2 is not a terminal edge,
we have wy € a19 C I'y,_e. Hence wy € I'y,_9c or w7 € Ty, If wy € Ty,
then there exists a connected component of I'y,, containing exactly one white
vertex wy. This contradicts Lemma 4.2. Hence wy € 'y, _oc.

We shall show that I',, 9. contains exactly one white vertex wy. Since
w('NIntD;) = 3, wy € T'yyye, and since I is locally minimal with respect to
D by (iii), all the white vertices in IntD; are contained in 'y, UT 42 by
Lemma 3.2. Thus none of the white vertices in Int D is contained in I';,,_o..
Since w1, wo, w3 € I'y,, none of wi,ws,ws is contained in I';,_o.. Hence
I';,—2: contains exactly one white vertex wy. This contradicts Lemma 4.2.

Case (4). For the edge b1 in Fig. 24(b), there are three cases: by =
ai1, bi1 = ass or by; O wr. If by1 = a11, then we have a solar eclipse by U L.
This contradicts Proposition 6.4. If b1 = asg or bj1 O wy, then we have
a1z 3 wy (see Fig. 26(a)). Since w(I'NIntD2) = 0 by (**), the disk Do
contains a pseudo chart of the RO-family of the pseudo chart as shown in
Fig. 7(b) by Lemma 3.3. Since w(I' N (S? — (D1 U D3)) = 1 by (**), we
have w(I'NIntD3) = 0, here D3 is the disk with dD3 = ea U a12 U b3z and
w1 € Ds. This contradicts Lemma 4.4.

Thus we have a contradiction for any cases. Hence w(I'NIntD;) # 3.
Therefore w(I'NIntDy) = 2. This completes the proof of Step 3. O

PROOF OF STEP 4. By Step 3, we have w(I'nNIntD;) = 2. Since
w(I') =7, we have

(1) w(l'N(S? = Dy)) = 4.

Since wy, ws € S? — Dy and w; € S? — Dy by Step 2, there exists a white
vertex in S? — Dy different from ws, w3, wy, say wg. By Lemma 6.3(1) we
have w(T2: N (S? — D1)) > 2. Since wg, w3 € [y, (see Fig. 24(b)) we have
wa, w3 & 'yyr2:. Hence we have

(2) we, w7 € iyppoe.

Since wy € I'y,—1 U, 41 by Step 2, we have wy € ['yppe N Dipppoe.
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Fig. 26. The gray region is the disk Ds.

By Step 2 and (1), we have
4 = w@n(S? - Dy))
= w(T'NIntDy) +w(l' NIDy) +w(l' N (S* — (D1 U Dy)))
w(l'NIntDy) + 2+ 1.

\

Hence we have w(I'NIntDy) < 1. Since the edges in 0Dy are oriented from
w3 to wy, we have w(I'NIntDs) = 0 by Lemma 3.3 and Step 1. Thus
We € S2 — (Dl U Dg).

By (2), we have wg € T'jpy92:. Thus wg € T'ypqe or wg € T'hpg3.. Suppose
wg € [ypyse. Since w(I'NIntD;) = 2, by Lemma 3.1(2) the white vertices
in IntD; are in I'yye N Ippyoe. Thus T'y,43. contains exactly one white
vertex wg. This contradicts Lemma 4.2. Hence wg € 'y, .. Thus wg €
Fm+€ N Fm+26-

We can show wsg, w3 € T'y,—c or wo, ws € I'y4e by 10-Calculation with
respect to [y, . in CI(S? — (D1 U Dg)). If wo,ws € I'yy_c, then there
exist two lenses of type (m,m — €). This contradicts Lemma 6.1. Thus
wa, w3 € I'yy4e. This completes the proof of Step 4. [

By Step 3, Step 4, Lemma 3.1(2) and Lemma 3.3, we have the pseudo
chart as shown in Fig. 26(b). From now on, we use the notations as shown
in Fig. 26(b).

PRrROOF OF STEP 5. For the edge a2 in Fig. 26(b), there are four cases:
(1) a12 = a11, (2) a12 = ass, (3) aj2 = bss, (4) a12 contains one of wg, wr.

Case (1). The edges aja,e; separate the annulus C1(S? — (D1 U D»))
into two regions. Each region must contain a white vertex in its interior.
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In one of the regions, there exists a loop of label m 4+ ¢ whose associated
disk does not contain any white vertices in its interior. This contradicts
Lemma 3.1(1).

Case (2). The edges a2 separates the annulus CI(S? — (D U Dy))
into two regions. In a similar way to Case (1), we can show that there
exists a loop of label m + ¢ whose associated disk does not contain any
white vertices in its interior. This contradicts Lemma 3.1(1).

Case (3). The union aj2 U ez bounds a lens. This contradicts
Lemma 6.1.

Thus Case (4) occurs. This completes the proof of Step 5. O

PROOF OF STEP 6. For the edge b33 in Fig. 26(b), there are four cases:
(1) bgz = b11, (2) bsz = b2, (3) b3z > we, (4) bsz > wr.

Case (1). The edges b1, e separate the annulus CI(S? — (D; U Dy))
into two regions. Let F' be one of the two regions containing wg € ajo. If
wy € F, then asg = b1o. Hence the union a3 U eq bounds a lens. This
contradicts Lemma 6.1. If w7 & F, then there exists a loop of label m+ ¢ in
F whose associated disk does not contain any white vertices in its interior.
This contradicts Lemma 3.1(1).

Case (2). The edges by separate the annulus C1(S% — (D1 U Ds)) into
two regions. Let F' be one of the two regions containing ass. Then F' must
contain wy. Thus there exists a loop of label m + ¢ in F' whose associated

disk does not contain any white vertices in its interior. This contradicts
Lemma 3.1(1).

Case (3). By Lemma 4.4 the disk D3 bounded by a;2Ubs3Ues contains
at least one white vertex in its interior as shown in Fig. 26(a). Thus wy € Ds.
For the white vertex wy, there are two edges of '), 1 not containing middle
arcs. One contains wg, and the other is a loop. Hence there exists a loop of
label m + ¢ in D3 whose associated disk does not contain any white vertices
in its interior. This contradicts Lemma 3.1(1).

Hence Case (4) occurs. This completes the proof of Step 6. [
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PROOF OF STEP 7. For the edge as3 in Fig. 26(b), there are four cases:
(1) aszz = ()12, (2) aszs — b11, (3) ass > We, and (4) ass3 > Wwry.

Case (1). The union asz U ey bounds a lens. This contradicts
Lemma 6.1.

Case (2). We have bia = aj;. Let e7 be an edge of Ty, . with wy € ey
different from b33 not containing a middle arc at w;. By Assumption 2, the
edge ey is not a terminal edge. Thus e7 is a loop or wg € e7. If e7 is a
loop, then the associated disk of e7 does not contain any white vertices in
its interior. This contradicts Lemma 3.1(1). Hence wg € e7.

There are four edges of 'y, 1o, intersecting 0Dy, say €}, eh, €4, €). Since
there is no lens by Lemma 6.1, each of the four edges must contain one of
we, wy. Thus there are two terminal edges of I';, 4 in the disk D3 containing
wg, wy respectively (see Fig. 27(a)). However it is impossible that for each
pair 1 <4 < j <4 with Int(e;)NInt(e}) = 0.

Case (3). There exists an edge e; of I'y, 4. containing wy different
from b33 not containing a middle arc at wy. In a similar way to Case (2), we
can show wg € e7. Let e/ be the edge of 'y, containing wy different from
b33 and e7. Then 6’7 is a terminal edge. However we have a contradiction by
10-Calculation with respect to I';,+2¢ in the disk D3 bounded by as3UbssUey
containing es (see Fig. 27(b) for the case D3 D e%).

Hence Case (4) occurs. This completes the proof of Step 7. [

PrROOF oOF STEP 8. So far, we have a pseudo chart as shown in
Fig. 28(a). For the edge b1 in Fig. 28(a), there are three cases: (1) b1 = a1,
(2) b11 © wry, (3) b11 2 ws.

Case (1). We have a solar eclipse. This contradicts Proposition 6.4.

Case (2). There exists a loop of label m + ¢ containing wg whose
associated disk does not contain any white vertices in its interior. This
contradicts Lemma 3.1(1).

Case (3). There are two cases: bia 3 wy or bjg = aj1. But if b1y 3 wy,
then the union b1a U assz U eq bounds a disk D’ with w(I'NIntD’) = 0. This
contradicts Lemma 4.4. Hence bjo = aq1.
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Fig. 27. The gray region is the disk Ds.

Let eg be the edge of '), 1 containing wg different from ajs2,b11. Let D3
be the disk bounded by a2 U bis U by with ey C D3. Then

(*) w(INIntD3) = 0.

If e C D3, then we have a contradiction by 10-Calculation with respect to
[ptoe in D3. Thus we have eg ¢ D3 and there exists a terminal edge of
I'p42e containing weg in Ds.

Now eg is a terminal edge or eg 3 wy. If eg is a terminal edge, then in
a neighborhood of D3, the chart I' contains the pseudo chart as shown in
Fig. 21(c). By Triangle Lemma(Lemma 8.3(2)), we have w(I'NIntD3) > 1.
This contradicts (*). Hence eg is not a terminal edge. Thus eg > wy (see
Fig. 28(b)).

Let €], €, e be the edges of I'yy49. incident with the 2-angled disk in
D, in Fig. 28(b). For the edge €/, there are four cases: (3-1) ¢} = €}, (3-2)
el =éf, (3-3) €] = ags, (3-4) €} = beg.

Case (3-1). There exists a lens of type (m + ¢, m + 2¢). This contra-
dicts Lemma 6.1.

Let ¢’ be the edge of I'y, 4. in D; containing wy, and D4 the 2-angled
disk of I'yj4¢ in Dy.

Case (3-2). The edge €} separates the annulus C1(S? — D) into two
regions. Let F' be the one of the two regions containing the edge e,. Then
w(I'NIntF') = 0. Hence we have a contradiction by 10-Calculation with
respect to I'y490 in F.
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Fig. 28. The thick lines are edges of label m. (a) The gray region is the disk D;. (b)
The gray regions are the disks D1, D3. (d) The gray region is a lens.

Case (3-3). The simple arc €} U ¢’ separates the annulus CI(S? — D3)
into two regions. Let F' be the one of the two regions containing the edge bgg.
Then IntF does not contain any white vertices except ws and wy. Hence
we have a contradiction by I0-Calculation with respect to I'y,49. in F.

Thus Case (3-4) occurs. In a neighborhood of Ds, the chart T’
contains the pseudo chart as shown in Fig. 21(a). By Triangle
Lemma(Lemma 8.3(1)), we obtain a chart containing the pseudo chart as
shown in Fig. 21(b) (see Fig. 28(c)). Apply a C-IIT move to the chart as
shown in Fig. 28(c), we obtain a minimal chart as shown in Fig. 28(d). How-
ever there exists a lens of type (m+¢, m+2¢). This contradicts Lemma 6.1.
Therefore there does not exist a pair of skew eyeglasses of type 1. This com-
pletes the proof of Step 8, and the proof of Theorem 1.1. [J
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