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Kraskiewicz-Pragacz Modules and Piert and Dual

Pieri Rules for Schubert Polynomaials

By Masaki WATANABE*

Abstract. In their 1987 paper Kraskiewicz and Pragacz defined
certain modules S, (w € S ), which we call KP modules, over the
upper triangular Lie algebra whose characters are Schubert polynomi-
als. In a previous work the author showed that the tensor product of
KP modules always has a KP filtration, i.e. a filtration whose each
successive quotients are isomorphic to KP modules. In this paper we
explicitly construct such filtrations for certain special cases of these
tensor product modules, namely S, ® S4(K*) and S, ® A*(K?), cor-
responding to Pieri and dual Pieri rules for Schubert polynomials.

1. Introduction

Schubert polynomials are one of the main subjects in algebraic combi-
natorics. One of the tools for studying Schubert polynomials is the modules
introduced by Kraskiewicz and Pragacz. These modules, which here we call
KP modules, are modules over the upper triangular Lie algebra and have
the property that their characters with respect to the diagonal matrices are
Schubert polynomials.

It is known that a product of Schubert polynomials is always a positive
sum of Schubert polynomials. The previously known proof for this positivity
property uses the geometry of the flag variety. In [8] the author showed that
the tensor product of two KP modules always has a filtration by KP modules
and thus gave a representation-theoretic proof for this positivity. Although
the proof there does not give explicit constructions for the KP filtrations, it
may provide a new viewpoint for the notorious problem in Schubert calculus
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asking for a combinatorial positive rule for the coefficient in the expansion
of products of Schubert polynomials into a sum of Schubert polynomials.

There are some cases where the expansions of products of Schubert
polynomials are explicitly known. Examples of such cases include the Pieri
and the dual Pieri rules for Schubert polynomials ([1], [6], [7], [10]). These
are the cases where one of the Schubert polynomials is a complete symmetric
function hgq(z1,... ,z;) or an elementary symmetric function eq(z1, ... , ;).
The purpose of this paper is to investigate the structure of tensor product
modules corresponding to these products and to give explicit constructions
of KP filtrations for these modules.

The structure of this paper is as follows. In Section 2 we prepare some
definitions and results on Schubert polynomials and KP modules. In Sec-
tion 3 we review the Pieri and the dual Pieri rules for Schubert polynomials.
In Section 4 we give explicit constructions for KP filtrations of the corre-
sponding tensor product modules S, ® S4(K%) and S, @ A*(K*). In Section
5 we give a proof of the main result.

2. Preliminaries

Let N be the set of all positive integers. By a permutation we mean a
bijection from N to itself which fixes all but finitely many points. The graph
of a permutation w is the set {(i,w(i)) : i € N} C N2 For i < j, let t;;
denote the permutation which exchanges i and j and fixes all other points.
Let s; = t; i+1. For a permutation w, let £(w) = #{i < j : w(i) > w(j)}. For
a permutation w and positive integers p < g, if £(wtp) = £(w) + 1 we write
wtpg > w. It is well known that this condition is equivalent to saying that
w(p) < w(q) and there exists no p < r < ¢ satisfying w(p) < w(r) < w(q).
For a permutation w let I(w) = {(i,7) : i < j,w(i) > w(j)}.

For a polynomial f = f(x1,x9,...) and i € N define 9;f = % For
a permutation w we can assign its Schubert polynomial S,, € Z[x1,xa, .. .|
which is recursively defined by

¢ Sy, =a e % ay, g ifw(l) =n,w?2) =n—1,...,w(n) =1 and

w(i) =i (i > n) for some n, and

o Sys;, = 0;6,, if L(ws;) < L(w).
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Hereafter let us fix a positive integer n. Let
S™M — {u : permutation, w(n+1) < w(n+2) <---}.

Note that if w € S™ then I(w) C {1,...,n} x N. Let K be a field of
characteristic zero. Let b = b,, denote the Lie algebra of all n x n upper
triangular matrices over K. For a b-module M and A = (A1,... ,\,) €
Z", let My = {m € M : hm = (\,hym (Vh = diag(hy,... ,hy,))} where
(A, h) = >, Aihi. If M is a direct sum of these M) and these M) are finite
dimensional then we say that M is a weight module and we define ch(M) =
Z/\dimMAx)‘ where z* = :c%l . xﬁ" For 1 <7 <j <nlete;cbbethe
matrix with 1 at the (i, j)-th position and all other coordinates 0.

Let U be a vector space spanned by a basis {u;; : 1 < i < n,j € N}.
Let T = @32, AU. The Lie algebra b acts on U by epqlij = Oigep; and
thus on 7. For w € S™ let u, = Nijyerw) Wis € AU c T. The
Kraskiewicz-Pragacz module S, (or the KP module for short) associated to
w is the b-submodule of A“™ U C T generated by u,. In [5] Kraskiewicz
and Pragacz showed the following:

THEOREM 2.1 ([5, Remark 1.6 and Theorem 4.1]). S, is a weight mod-
ule and ch(Sy) = 6.

Ezample 2.2. If w = s;, then u,, = w;;41 € U and thus S, =
@1§j§i Kujit1 = EBlgjgz‘ Kuj =: K' on which b acts by epqu; = 0q;up.

A KP filtration of a b-module M is a filtration 0 = My C --- C M, = M
such that each M;/M;_, is isomorphic to some KP module.

3. Pieri and Dual Pieri Rules for Schubert Polynomials
DEFINITION 3.1. For w € Sy, 7> 1 and d > 0, let

Xi,d(w) = {tp1q1tp2q2 o lpagy 1P S i, q; > i,
wy <wg < -+ wy(pr) < wa(pe) <o}

and

Yivd(w) = {tp1q1tpzqz “rtpygy T Dj S 2 q; > i,
W] <KWy < -+ ,wl(ql) >w2(QQ) > }
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where w1 = w, wy = Wiy, ¢, W3 = Wy g1 tpages -

Note that the condition for X; 4(w) (resp. Y; 4(w)) implies that ¢, ... , g4
(resp. p1,...,pq) are all different.

THEOREM 3.2 (conjectured in [1] and proved in [10], also appears with
different formulations in [6] and [7]). We have

Sy - ha(z1,... 7)) = Z Suc
CeXs,a(w)

and

Cuw - eq(r1, ... ,x;) = Z S
CeY; 4(w)

where hg and eq denote the complete and elementary symmetric functions
respectively.

The formulation of the Pieri rule here is slightly different from the one
in [1], but they are easily shown to be equivalent through other formulations
such as the one in [6]. It can also be obtained from the dual Pieri rule by
applying the ring automorphism on Z[z1, ... ,2n]/IN = D 5, LZOw given
by Sy — Suwowwy, Where N > 0, wg € Sy is the longest element and Iy is
the ideal generated by all homogenous symmetric polynomials in 1, ... ,zy
of positive degree.

Note here that the permutation ¢ € X; 4(w) (or ¥; 4(w)) in fact uniquely
determines its decomposition into transpositions satisfying the conditions
in Definition 3.1. So we can write, without ambiguity, for example “for
C=tpiqtpygy € Xia(w) define (something) as (some formula involving
p;j and ¢;)”. Hereafter if we write such we will always assume the conditions
in Definition 3.1.

4. Explicit Pieri and Dual Pieri Rules for KP Modules

The author showed in [8] that the tensor product of KP modules always
has a KP filtration. Since S%(K?) and A%(K%) (1 <i < n, d > 1) are special
cases of KP modules, S, ® S4(K%) and S, ® AY(K?) (w € S™) have KP
filtrations. In this section we give explicit constructions for these filtrations.
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For positive integers p < ¢ we define an operator eqp acting on T as
Cup(Uarby N Uaghy N ++) = D3 (-+ A bppyUapq N --+). Let these operators
act on T ® SY(K') and T ® A*(K") by applying them on the left-hand side
tensor component. Also for j > 1 define an operator p; : T®Q*(K') — T'®
R KN (a>1) by u® (1 Qua®- - ) — (tj(v1)Au) @ (V2 ®@v3®- - - ) where
tj(up) = upj (1 < p <i). We denote the restrictions of u; to T ® S*(K*)
and T ® A*(K") (seen as submodules of T ® ®“(K*)) by the same symbol.
It is easy to see that el and p; give an b-endomorphism on 7 ® ®°*(K*)
and thus on T ® S*(K*) and T ® A\*(K?).

For a permutation z and positive integers p < ¢ let myq(2) = #{r >
q:2(p) < 2(r) < 2(q)} and my,(2) = #{r <p:z(p) < 2(r) < 2(q)}. For
C=1tpq  tpygy € Xid(w) (resp. Y; q(w)) define

Mp ;q; (W
,UC = ( pgzquj ] ® H U’pj

Mp_q.(W5) .
=([Terd” ") @ | D up,oy @ @up, ., | €Sw® UK
J ogESy

o mP]qJ w])
V¢ = ( €p;d; ® /\Up]

(| epd” " uw) ® Z SENO - Up, ) @ D Up,
j O'GSd
d .
€Sy ® (K7

)

where wj = wip,q, *++tp, 14, , as in Definition 3.1. Note that these are
also well-defined even if some ¢; are greater than n, since in such a case
myp,q; (w;) = 0. Note also that the products of the operators e, 4, above are
well-defined since the operators ep,q; (pj <1, ¢ > i) commute with each

other. Also, for such ¢, define a b-homomorphism ¢¢ : T'® ®d( K% — T by

m! . (wj)
¢< — IU/Qd e l’qu . H(e:}]p]) q;Pj .
J
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Note that the order in the product symbol does not matter since the oper-
ators €/~ commute.

a;P;
Let < and < denote the lexicographic and reverse lexicographic or-
lex rlex

derings on permutations respectively, i.e. for permutations v and v, u < v

lex
(resp. u < w) if there exists a k such that u(j) = v(j) for all j < k (resp.

rlex

j > k) and u(k) < v(k).
PROPOSITION 4.1.  For ¢, € X, g(w) (resp. Y; q(w)),

o ¢c(v¢) is a nonzero multiple of uye € T, and

o Go(ue) =0 if (w¢) ™! < (W) (resp. (wO) ™! < (w¢) ).

ex

The proof for this proposition is given in the next section. Here we first
see that Proposition 4.1 gives desired filtrations.

For a b-module M and elements z,y,...,z2 € M let (z,y,...,2) de-
note the submodule generated by these elements. Consider the sequence of
submodules

0cC <UC1> - <U417UC2> - C <UC QIS Xi,d(w) (resp, Yi,d(w)»

inside S, ® SU(K7) (resp. Spw ® N (K?)), where (1,Co, ... € Xi.qa(w) (resp.
Y; a(w)) are all the elements ordered increasingly by the lexicographic (resp.
reverse lexicographic) ordering of (w¢)~!. From the proposition we see that
there are surjections (v¢,, -+ ,v¢,)/(vey, 5 v¢_;) = Swe; induced from
¢¢;- Thus we have

dim(S,, ® SY(K")) > dim(v¢ : ¢ € X q(w))
> ) dimSye = dim(S, ® S KY))
¢eX; a(w)
and
d .
dim(S, ® /\(K")) > dim(vc : ¢ € Vi a(w))
d

> Y dimS,e = dim(S, ® A(K7)
C€Y;a(w)
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respectively, where the last equalities are by Proposition 3.2. So the equal-
ities must hold everywhere. Thus (v : ( € X g(w) (resp. Yjq(w))) = Sw ®
SUK?) (resp. Sp ® AY(K?)) and the surjections above are in fact isomor-
phisms. So, in conclusion, we get from Proposition 4.1 the following:

THEOREM 4.2. Let M = S, ® SU(K") (resp. Sp ® NY(K?)). Define v¢
and ¢¢ as above. Then M is generated by {v¢ : ¢ € X; q(w) (resp. Y; q(w))}
as a b-module and

0C <UC1> - <UC1aUC2> c-C <UC :C € Xi,d(w) (7’68]). er',d(w)»

giwes a KP filtration of M, where (1,(a,... € X;q(w) (resp. Y; q(w)) are
all the elements ordered increasingly by the lexicographic (resp. reverse lex-
icographic) ordering of (w¢)~'. The explicit isomorphism (v¢,,--- ,v¢,)/
(V¢ys oo+ 5 0¢,_1) = Swe; 18 given by ¢¢, defined above.

REMARK 4.3. In [9] we related KP modules with the notion of highest
weight categories ([3]) as follows. For A’ C Z™ let Cy/ be the category of
weight b,-modules whose weights are all in A’. Then if A’ is an order ideal
with respect to a certain ordering on Z™ then Cys has a structure of highest
weight category whose standard objects are KP modules. One of the axioms
for highest weight categories requires that the projective objects should have
filtrations by standard objects.

It can be shown that the projective cover of the one dimensional b,,-
module K, with weight A = (A1,...,A\n) € ZY; in the category Czz , is given
by SM (K1) ®---®8* (K™). Thus Theorem 4.2 gives a proof to the fact that
the indecomposable projective modules in Czz o have KP filtrations, which
leads to a different proof from the one in [9, §3] for the axiom mentioned
above (we do not need these results about highest weight structure for b-
modules in the proof of Theorem 4.2 which will be done below).

5. Proof of Proposition 4.1

LEMMA 5.1. Let w € S™ and i > 1. For p,p’ < i and q¢,¢ > i
such that wtpg, wtyy > w (ie.  tpgtyy € Xit(w)), if upy A
ey (e, )" Py, £ 0 then w(p!) > w(p) and w(g) > w(q), and if
(p,q) = (', q) it is a nonzero multiple of Uyt -
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PrOOF. This is essentially the same as [9, Lemma 5.8]. OJ

LEMMA 5.2. Let w be a permutation, i > 1 and d > 0. Let {( =
torgr  tpage € Xid(w) (resp. Yiq(w)) and 1 < a < d. Suppose that there
exists no b < a satisfying p, = pa (Tesp. @y = qa)- Then mp,q, (W) =
Mpaga (W) and my,_, (wa) = my,_, (w) where wy = Wty g = tp, 1q,_, G5 in
Definition 3.1.

PRrOOF. We show the case ( € X; 4(w): the other case can be treated
similarly. First note that pi,...,pa—1 # pa by the hypothesis. Also, as we
have remarked before, ¢i,...,q, are all different. Thus the proof is now
reduced to the following lemma. [

LEMMA 5.3. Letp<gq, p' <q and suppose
e {pa}n{p.d} =2, and
° wtp/q/tpq > wtp/q/ > w.

Then mpg(wtprg) = Mpg(w), my,(Wtyq) = my,(w) and wtpy > w.

q

PROOF. Let us begin with a simple observation: suppose there exist
two rectangles R; and Ro with edges parallel to coordinate axes. Suppose
that no two edges of these rectangles lie on the same line. Then, checking
all the possibilities we see that

#(NW and SE corners of R; lying inside Ry)

— #(NE and SW corners of Ry lying inside Ry)
= #(NW and SE corners of Ry lying inside R;)

— #(NE and SW corners of Ry lying inside R;).

First consider the case R; = [p,q] x [w(p),w(q)] and Ry = [p/,q¢'] X
[w(p"), w(q’)] in the observation above. wty gty > wtyy > w implies that
the first term in the left-hand side and the second term in the right-hand
side vanish (here the coordinate system is taken so that points with smaller
coordinates go NW). Thus all the terms must vanish. In particular the first
term on the right-hand side vanishes and thus wt,; > w.

We have shown that none of the points (p, w(p)), (p, w(q)), (¢, w(p)) and

(g, w(q)) lie in [p,¢'] x [w(p’),w(q)]. Since mpg(w) (resp. myqy(w)) i

n
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the number of points of the graph of w lying inside the rectangle R| =
[g, M] x [w(p),w(q)] (resp. Ry = [=M,p] x [w(p),w(q)]) for M > 0 and
the graphs of w and wt, , differ only at the vertices of the rectangle Ry =
[P, q'] x [w(p'),w(q")], applying the observation to these rectangles shows
the remaining claims. [

PROOF OF PROPOSITION 4.1.
Proof for X;a(w): We assume (w()™! < (w¢’)™' and show that
lex
¢¢r(ve) = 0 unless " = ¢ and ¢¢(v¢) is a nonzero multiple of . Let
¢ = tpigr " tpyq, and ¢’ = ti;ﬁqi'”tpfﬂfi as in Definition 3.1. We write
Wq = wtpl‘h o 'tpa—IQa—l and Wq = wt / / o 'tpa 1q1/1_1'

For ¢ = Hj tp;q; and ¢ = HJ tp/q/ in X; 4(w) we have

d d
00 () = D | o N Ny H H e (x)

ocESy
; m’, s (w))
quj( 5) / g’ pl NI
where E; = ep,q, and E} = (eq,p,) "

I w(ps) < w(ph), then (w¢) ™ (w(p) = @ > pr = (w¢) " (w(pr)) and
(wO)71(G) = wl(j) = (w¢)71(4) for all j < w(py), and this contradicts
the assumption (w(¢)~! l§ (w¢’)~L. Thus w(p1) > w(p)). Also, by a similar
argument, if p; = p} theer)l( o < d).

Fix o € Sq4. Let 1 < a < d be minimal such that p, = py(1). Note that
this in particular implies wg(pa) = w(pa). We have

Upyayay N7 N Upy g, HE HE )
/
Upy(a)d, A upa(z)% A H Ej H Ej ’ ( (14} NE Eluw)
j#a  j#l
/
Up, iy, A A Upy(2)dh A H Ej H E ( Upyq! NE Eluw)
j#a  j#l
/
upo'(d)qél ARERNA upo'(2)qé A H EJ H E]
j#a  j#l

( paql 0t A epazzﬁlqa( )(eqllp’l) ar uw)



268 Masaki WATANABE

where the last equality is by Lemma 5.2 (note that w}] = w by definition).
First consider the case w(p1) > w(p}). We show that the summand in (x)

ishes fi 1 It suffi to sh A mPaqq(w)( / )mqllpll(w) —0
vanisnes 1or all o. suriices to snow Upaqi epaqa eq/lp/ Uy = 0.

We have w(p,) = wa(pa) > w(p1) > w(p})). Thus by Lemma 5.1 we see

Mpgqa (W) m_, (W
Up,q; N Epddy (e;,lp/l) 171 Ty, = 0 (note that wty, 4, >w by Lemma 5.2).

Next consider the case w(p1) = w(p}) and a > 1. In this case we see
N emPaQa(w)(e/l /)m;/lpll (w
1

w(ph).
Next consider the case w(p;) = w(p)), a =1 and ¢; < ¢}. Then since
Wiy, gy Wy g > w it follows that w(q}) < w(g1). So again by Lemma 5.1 we

wqa (W) m’, , (w)
s€e U, g1 A €pege! (e;,lp,l) 1 Ty, = 0.
So the only remaining summands in (x) are the ones with (p1,q1) =
(P}, 1) and a = 1, i.e. py(1) = p1. It is easy to see that the sum of such
summands is a nonzero multiple of the sum of terms with o(1) = 1. If

o(1) =1 we have, by the latter part of Lemma 5.1,

d d

Up, 4y, A Upy(1yd H H
Upo(ayay N7 N Upoayah /N H H
=2

 (tpygy A e ><e;1pl>%m<w>uw>

Uy = 0 since w(py) = wa(pa) > w(p1) =

d d
J— . ... I
= (nonzero const.) - u,, @ds N o (2) @) H H 5 Uty g )-

So, working inductively on d (using wip,q,5 tpygs =+ tpagy and tprgn -ty g1

in place of w, ¢ and ¢’ respectively, noting that if (p1,q1) = (p},¢}) then
(wC)*l S (wcl)il implies ((Wp,q,) * tpogs * tpd‘]d)il = (wC)*l IS (wcl)il =
ex
((wtplql) tohgl --tpfiq:i)*l) we see that:
® Up g\ '/\upa(l)fIi/\(Hj E; Hj Eéuw) vanishes if (w¢)~! 1; (w¢")~1
orif (' = ( and o # id, and

e if (' = ¢ and o = id then it is a nonzero multiple of .
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This finishes the proof for X; 4(w).
Proof for Y; q(w): This proceeds much similarly to the previous case.
Here instead of (%) we use

d d
der(ve) = Z sgn(o) - Up, 4 d, Ao A Up, 1yq, A (H E; H E; CUgy)

oESy j=1 7j=1
d
j— . / .
= Z Upag N Np g /\(HEJHEJ Uyy)
L C)) o (1) ; ”
oESy j=1 7j=1
Mpjq; (wy) ’ ’ m;/_p/_ (w;
where Ej = ep.q, and E} = (eq;_p;_) a%i as before.
We assume (w¢)™! < (w¢’)~!. Fix ¢ and take 1 < a < d minimal with
rlex

9o = ¢, ~1(qy- By an argument similar to the above, it suffices to show that

/
Mpyqq (w), m', , (w) . _ ;N
Up g N epiay (eq;p;) 9ara” 1, is zero unless a = 1 and (p},q;) = (p1,q1),

and in a such case it is a nonzero multiple of wuyp, 4, -
Since (w¢)™! < (w¢’)~! by the hypothesis, we see that w(q1) > w(q}),

rlex

and that if w(q1) = w(q}) then p; < pj.

If w(g1) > w(q}) then the claim follows from Lemma 5.1 since w(q;) >
w(q)) > wl(q,) = w(q,). If w(g1) =w(q}) and a > 1 then the claim follows
from Lemma 5.1 since in this case w(q1) = w(qy) > w(qq) by Wiy, g1 Wty g1 >
w. If ¢1 = ¢}, a =1 and p; < p| the claim follows from Lemma 5.1
since w(p1) > w(p}). Finally if (p1,q1) = (p},q1) and @ = 1 then wuy g A

!
Mpyqy (W) m', , (w) _ Mpyqq (w),
Epiqa ( a.p! ) 9ara Uy = Upgy A €prgy (eq1p1

multiple of thm by Lemma 5.1. [J

/
)Marpn )y, is a constant
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