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1 Introduction 

Quantum chromodynamics (QCD) is now believed to be the theory of strong interac-

tions, that is to say, to describe the hadron physics. Hadrons are composite particles of 

quarks and gluons. QCD describes the interactions between quarks and gluons. Short 

distance behavior of QCD is known as asymptotic freedom [1] and has been extensively 

studied by the perturbation theory, e.g. the quark-parton model [2] which is rigorously 

derived from the short distance behavior. Many people have tried to understand its 

long distance behavior, i.e. the mechanism of confinement, the hadron spectra and 

the hadron-hadron interactions but there has been no satisfactory explanation of them 

apart from numerical simulations based on the lattice gauge theory. 

We can not observe the original interactions between quarks and gluons directly 

because of the confinement. We can only observe hadrons and their interactions. We 

are therefore interested in the connection between the hadron spectra and the original 

interactions and that between hadron-hadron interactions and the original ones. These 

connections have been studied via the constituent quark model [3,4] for example. This 

model has been partially successful in describing hadron spectra [3] and hadron-hadron 

interactions [4] in the real world. The quark cluster model is an example of the model. 

The model assumes that a hadron consists of quarks moving nonrelativistically and 

interacting with each other through the confining potential and some other residual in-

teraction such as the perturbative one-gluon exchange potential. Therefore, the model 

is missing the important properties, that is to say the Lorentz covariance and the chiral 

symmetry. 

One of the difficulties in four dimensional QCD is caused by the existence of active 
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It ·1s known that, by reducing the number of the space-lime dimensions, there gluons. 

are no active gluons in two dimensional QCD (QCD2) [5]. In QCD2, we can find in the 

axial gauge a Hamiltonian which is a sum of the Dirac Hamiltonian for quarks and the 

instantaneous color Coulomb interaction between the quarks without any approxima

tions. Though the appearance of the instantaneous interaction seems to contradict with 

the Lorentz covariance, it is an artifact of choosing a particular gauge and the resulting 

hadron systems are certainly covariant. These are important features that are missing 

in the quark cluster model. In two dimensions the confinement is trivial, and therefore 

t t to U nderstand the mechanism of confinement in four dimensional we can no expec 

QCD. The spontaneous dural symmetry breaking is another important aspect of QCD 

in four dimensions [6] but, according to Coleman's theorem [7], the spontaneous sym

metry breaking does not take place in two dimensions. We will here deal with QCD2 

at the mean field level. At this level, Coleman's theorem is not applicable and there is 

th~ spontaneous symmetry breaking [8,9,10]. In fact the ground state meson is mass

less in the case of massless quark and is considered to be the Goldstone boson [11]. 

For QCD2, analytical or semi-analytical treatments are available and it has still some 

features in common with QCD in four dimensions. QCD 2 gives rise to hadron spectra 

d . t the string structure of hadrons which explains the observed Regge correspon mg o 

trajectories of hadrons in four dimensions [12]. The calculated form factors [13] of the 

two dimensional hadrons are also similar to the observed ones in the real world. Both 

of their asymptotic behaviors are characterized by 1/q2
• Moreover, in two dimensions, 

we can see the relation between QCD and the naive parton model even in the processes 

where long distance effects play an important role [13,14]. We therefore expect that we 

can learn something about the hadron-hadron interactions in four dimensional QCD by 
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studying in QCD 2 [14]-[17]. 

QCD2 has been studied by many theorists since the pioneering work of 't Hooft [12]. 

Using the light-cone formulation he showed that, in the limit of large number of colors, 

the hadronic world in two dimensions consists of non-interacting mesons and the meson 

spectra is given by solving a simple one-variable integral equation called the 't Hooft 

equation. (We note that although the theory is solvable only in the large N (number 

of colors) limit, basic features of hadron spectra seem to remain the same for finite N 

[11].) The interaction between the mesons, which is of order 1/N, has also been studied 

in the light-cone formulation [15,16,17]. Although we can in principle learn from these 

studies the general features of hadronic interactions in the two dimensional world, the 

use of the light-cone formulation discourages us from expressing them in more intuitive 

ways, such as in the form of potentials between hadrons, and at least no one has ever 

tried this. The interactions can be expressed in terms of potentials in the ordinary 

coordinate formulation [5] but the single meson problem becomes appreciably involved 

as we will see later and the calculation of the meson-meson interaction for general cases 

seems too complicated to allow us analytical insights. 

In this thesis, we choose the case which is sufficiently interesting but is simple enough 

to allow us analytical or semi-analytical understanding. For this purpose, we consider a 

heavy meson consisting of a light quark and a heavy antiquark and calculate the inter

action between two such mesons in the large N limi t. We will show that, in such a case, 

the only role of light antiquarks is to give rise to the light meson exchange potential. 

The remaining potential can be described within the framework of the ordinary quan

tum mechanics without light antiquarks, that is to say the exchange of light quarks. 

After all, in QCD2 in the large N limit, the quark exchange and the meson exchange 
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contributions are unified in a natural way. This is the decisive difference between QCD 2 

and the hybrid model based on the quark cluster model [18,19] in which the quark ex

change and the meson exchange are combined artificially to explain the hadron-hadron 

interaction in the real world. QCD2 therefore gives us a concrete example of examining 

the hybrid model in the real world where its theoretical basis has not been established 

so far. 

We discuss the single meson states in Sec. 2. In Sec. 2.1 we will review the ordi

nary coordinate formulation with the axial gauge used by Bars and Green [5] and the 

't Hooft equation as the result of going to the infinite momentum limit . In Sec. 2.2 

we will present the meson spectra and the heavy meson ground state wave functions 

by the numerical calculation. We will discuss the equivalence between heavy meson 

states in the light-cone formulation and those in the usual coordinate formulation be

cause in this case the equivalence is not self-evident. We will also make a comparison 

of spectra in the above two formulations for the light meson to examine the accuracy 

of the Tamm-Dancoff approximation in the ordinary coordinate formulation. Moreover 

we will present the meson energy spectra for finite momentum to examine their Lorentz 

in variance. 

We will then calculate the interaction energy between the two heavy mesons as a 

function of their spatial separations in Sec. 3. The quark exchange potential is dis

cussed in Sec. 3.1. In Sec. 3.2, we calculate the meson exchange potential. We restrict 

ourselves to the cases where the light meson is well described by gij configurations only, 

i.e. in the Tamm-Dancoff approximation. Although the final results are obtained by 

numerical calculations, we try to understand the qualitative features in an analytical 

way as much as possible. We will examine the similarity in their potentials for two and 
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four dimensions. 2 Hadron States 

In Sec. 4, we will summarize the results of our calculation and give concluding re- 2.1 Formulation 

marks. 
The purpose of this thesis is to discuss the hadron-hadron interaction in QCD 2 . First 

we will study single hadron states and review two methods to construct them, i.e. the 

ordinary coordinate treatment in the axial gauge and the light -cone treatment. T he 

latter was used by 't Hooft [12], while the former as well as the equivalence of the two 

have been discussed in more detail by Bars and Green [5]. We will repeat here those part 

of their treatments that are necessary for the construction of light and heavy mesons. 

The theory is defined by the SU(N) locally gauge-invariant Lagrangian 

(2 .1.1) 

where 

(2.1.2) 

(2.1.3) 

Here the indices on the quark fields ,P corresponding to color i (i = 1, ... , N), flavor 

(A,B, .. . ) and Dirac spinor are suppressed. The gluon fields A~ have N 2 - 1 color 

components (a = 1, ... , N 2
- 1). Following Ref. [5], we choose the-y-matrix convention 

in two dimensions as -y0 = u 3 , -y1 = iu2 and 'Ys = -y0-y 1 = u 1 • >.• is an SU(N) color 

generator matrix which is normalized such that 

(2.1.4) 

We use here the Hamiltonian in the usual coordinate based on the axial gauge, i.e. 

A~ = 0 [5]. Using the constraints of the gauge fixing and the Lagrange equation of 
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motion, we can eliminate the gauge field in the Hamiltonian. We refer to Ref. [5] for {d'(k , t) , d1i(k', t)} = 2tr.S(k - k').Sij ' (2.1.11) 

the detailed derivation of the Hamiltonian in the color singlet sector which is given by and all other anti-commutators are zero. We define the vacuum state as follows: 

H = j dx ,P 1
( - ~')'• ~ +1°m).,P- ~ j dxdy p"(x, t)lx - Y IP"(y, t), (2.1.5) (2.1.12) 

where p" = ,P1gf-,P. We will determine the single particle wave functions by minimizing the vacuum 

The ground state of the Hamiltonian (the vacuum state) is known to be given by expectation value of the Hamiltonian [10]. The expectation value in the large N lim'; 

the Hartree-Fock approximation in the large N limit [10]. In fact we will show later is 

that the contributions to the total energy from the diagrams beyond the Hartree-Fock ( 0 I HI 0) = N j dx j ~= [ v1
( - p)(n5 + m1°)v( - p) 

approximation are rugher order in 1/N. We expand a quark field .,P(x) in terms of the ~ J dk t t - 2P (p - k) 2 v (- p)v( - k)v (- k)v( - p)), (2.1.13) 

momentum eigenstates 
where 

(2.1.6) (2.1.14) 

where u(k) and v(k) are single particle wave functions to be specified later and bi and we have used Eq. (2.1.9) and the following relation derived from the normalization 

and d1i are a destruction operator of a quark and a creation operator of an antiquark, of the color generator Eq. (2.1.4): 

respectively. We require single particle wave functions to have the following properties. (2.1.15) 

Orthogonality: 
P stands for the principal value and therefore 

u1(k)u(k) = v1(- k)v( - k) = 1, (2.1.7) 

J 
dk 

p (p- k)2 = 0' (2.1.16) 

u1(k)v( - k) = 0. (2.1.8) 

which has been used in obtaining the expression (2.1.13). Using Lagrange's method of 
Completeness: 

undetermined multipliers, we minimize ( 0 I HI 0) under the condition that the single 
(2.1.9) 

particle wave functions satisfy the orthogonality. We obtain an eigenvalue equation for 

With these properties and the usual anti-commutation relations for the quark fields, the 
the occupied negative energy wave function v( - p) by functional differentiation with 

canonical anti-commutation relations become 
respect to vl(-p). 

(2.1.10) - E(p)v( - p) = [n5 + m·y" - ~ P j (p ~\)2 v( - k)v 1( - k)]v( - p). (2.1.17) 
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This equation is to be solved self-consistently. To do so, we give the explicit form of the the self-consistent equation for 11, Eq. (2.1.23), we get the single particle wave functions. 

single particle wave functions satisfying the orthogonality, Eqs. (2.1.7) and (2.1.8), and Substituting then the obtained II into Eq. (2.1.24), we obtain the single particle energy. 

the completeness, Eq. (2.1.9). Its general forms are given by The solutions are given in Ref. [20}. We have reproduced their results, which are shown 

in Figs. 1 and 2. We see in Fig. 2 that E(p) is not positive definite. This is not surprising 
(2.1.18) 

since the single particle states are colored and therefore their energies, E(p), calculated 

where T(k) is a 2 X 2 unitary matrix in Dirac space. Let us derive the equation that is with the Hamiltonian, Eq. (2.1.5) , which is applicable only to color-singlet states, are 

easier to solve than Eq. (2.1.17). At first we multiply vl( -p) from the right-hand side not real ones. In fact, the single particle states are introduced to define the vacuum 

and write the above equation in a matrix form but they are not observable states themselves. They are neither gauge invariant nor 

-E(p)T(p)(1 - 10 )T1(p) 
covariant. 

= (ry5 + m1° + ~ Pj (p ~\)2 T(k)1'0T1 (k)}T(p)(1 - 10 )T1(p). (2.1.19) 
Let us briefly consider going beyond the Hartree-Fock approximation to confirm 

that the Hartree-Fock energy is dominant in 1/ N expansion. Examples of the diagrams 

We take the single particle wave functions to be real that is sufficiently general for our 
contributing to the total energy which are the next order in perturbation theory are 

considerations ( cf. Ref. [5]). So as to be, we take for the unitary transformation shown in Figs. 3(a) and (b). We calculate the order in 1/N of the contribution of Figs. 

(2.1.20) 
3. The contribution of Fig. 3(a) is proportional to 

We find the following four equations 
(2.1.25) 

~ J dk E(p) cosll(p) = m + 2 P (p _ k)' cos li(k), (2.1.21) 
This is of the order 1 and therefore is of the higher order in 1/ N compared with the 

vacuum expectation value of the Hamiltonian given in Eq. (2.1.13). The contribution 

~ J dk E(p) sin ll(p) = p + 2 P (p _ k)' sin ll(k), (2.1.22) of Fig. 3(b) is proportional to 

. ~ J dk . pcosll(p) - msmll(p) = 2 P (p _ k)' sm[ll(p) -ll(k)J, (2 .1.23) .\ii .x~. .\%; .\~i 1 4 1 ) 
g-g-g-g- = --g N(1 -- . 

2 2 2 2 4 N' 
(2.1.26) 

~ J dk E(p) = m cos ll(p) + p sinll(p) + 2 P (p _ k)' cos[ll(p) - ll(k)J. (2 .1.24) 
This is of the order 1/ N and therefore is even higher in the order of 1/ N compared with 

Among the above four, only two of them are independent and any two of them can be the previous contribution. Similar considerations on the color matrix elements tell us 

derived from the remaining two. We choose the last two decoupled equations to obtain that the ground state of the Hamiltonian is given by the Hartree-Fock approximation 

the quark single particle wave functions and the quark single particle energy. Solving in the large N limit as we referred before. 
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We list up the Feynman rules for the later use. The fermion propagator can be we have for t/1 

obtained by direct calculation, 

(2.1.27) 

with 
Using Eq. (2.1.18), we obtain 

u(p)u(p) v( -p)v( -p) 
S(p") = po- E(p) +if+ p0 + E(p)- if. (2.1.28) 

The interaction in the present formulation is the instantaneous Coulomb potential given 

by the second term on the r.h.s. of Eq. (2.1.5), and its matrix element s can be calculated 

J(r p) = (Pi~ [ 1 + "(0 TA
1
(p)TA(k)J(r,k)T81 (r - k)TB(r _ p) 1 _ 'Yo 

' (p-k)> 2 EA(p)+EB(r-p)-rO 2 

1- -y0 TA1(p)TA(k)J(r,k)T 8 \r- k)T8 (r - p) 1 + -y0 ] 

+ 2 EA(p) + EB(r - p) + ro -2- ,(2.1.34) 

by combining the "gluon propagator" where J is defined by ¢ through two unitary transformations, TA and T 8 , i.e. 

(2.1.29) (2.1.35) 

and the "quark-gluon vertex" From the structure of J in the Dirac space, as given by Eq. (2.1.34), J can be expressed 

(2.1.30) as a linear combination of -y5 and -y 1 • Therefore, we can write 

Now we are ready to derive the equation for mesons which are the color-singlet bound 
(2.1.36) 

states of quark-antiquark pairs. 't Hooft showed that, in the large N limit, we have 

nothing but the ladder diagrams in which all "gauge field" lines must be between the 
where the matrices M± are defined by 

fermion lines and may not cross each other [12]. Thus the equation for the meson wave ± 1 ( 0 M = 2 1 ± -y hs. (2.1.37) 

function, >Ir( r", p"), is given by a Bethe-Salpeter equation, depicted in Fig. 4, whose 
Substituting Eq. (2.1.36) into Eq. (2.1.34), we find a coupled integral equation for the 

interaction kernel consists of the lowest order term of the quark-antiquark Coulomb 
meson wave function 

potential: 

[EA(p) + E 8 (r - p) - r0 ]¢+(r,p) 
(2.1.31) 

where r" is the total momentum of the bound states and p" is the momentum of the 

j dk 
(P (p _ k)2[C(p,k,r)¢+(r,k) + S(p,k,r)t/J_(r,k)J, (2.1.38) 

quark and A and B refer to the flavor. Writing 

J 
dpo 

,P(r,p) = z; 'lr(r",p"), (2.1.32) j dk 
(P (p _ k) 2 [C(p,k,r)tjl_(r,k) + S(p,k,r),P+(r,k)J, (2.1.39) 
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where 

C(p,k,r) = cos[~{IJA(p) -IJA(k)}}cos[~{IJ8(r- p) - IJ8 (r- k)}}, 

S(p, k, r) = - sin[~{IJA(p) - IJA(k)}} sin[~{IJ8(r- p) - IJ 8 (r - k)}}. 
2 2 

(2.1.40) 

(2.1.41) 

Let us rewrite C(p, k, r) and S(p, k, r) to consider their meaning as Bars and Green have 

done, i .e . 

(2.1.42) 

(2.1.43) 

C and S appear in the diagrams shown in Figs. 5(a) and (b), respectively. That is to 

say, C(p, k, r) is associated with particle-antiparticle scattering process while S(p, k, r) 

is associated with the creation or destruction of two particle-antiparticle pairs. These 

are of course the basic processes in constructing a meson as depicted in Fig. 5( c). 

For the light meson, Bars and Green have shown that the well known 't Hooft equa-

tion which is originally obtained by the light-cone coordinates with the light-cone gauge 

formulation can be obtained by taking the limit r--+ oo, which corresponds to going to 

the infinite momentum frame 

2 (m~ -2~ m~ - 2~) lo1 
dy r <f>+(x) = --+-

1
-- <f>+(x)-2~P -( --)2 </>+(y), 

X - X 0 y-x 
(2.1.44) 

and 

<f> _(x) = 0, (2.1.45) 

where x = pj r andy = k/ r. 
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2.2 Results and Discussion 

We will discuss the interaction between two heavy mesons, each consisting of a finite 

mass quark and an infinite mass antiquark. The equation for the heavy meson wave 

function is given by considering the limit of m 8 --+ oo. In this limit (} 8 = 0, E 8 = m 8 . 

Therefore Eqs. (2 .1.38) and (2.1.39) become 

(2.2.1) 

and 

<f>_(r,p) = 0, (2.2.2) 

where p0 = r 0 
- m 8 is the energy of a light quark bound by a heavy antiquark. For 

the heavy meson S(p, k, r) = 0 as the result of the fact (} 8 = 0. This means that the 

backward-moving string structure shown in Fig. 5( c) does not arise. That is to say, we 

have only to use Tamm-Dancoff approximation as long as we treat the heavy meson . 

We will use this fact later in the calculation of the interaction. We also see in Eq. (2.2 .1) 

that the equation for a heavy meson wave function is independent of r and therefore 

the wave function can be written as a product of a function of single variable <f>+(P) 

and an arbitrary function of r. In Figs. 6 we show of the ground state wave function 

in coordinate representation which is the Fourier transformation of <f>+(P) for two cases, 

~ = 0.5m~ and~= 5m~. 

As mentioned in Sec. 2.1, for the light meson, the 't Hooft equation can be obtained 

by going to the infinite momentum frame. The original theory is certainly covariant and 

therefore the meson mass spectra should be independent of the momentum. (In fact 

we will see later in explicit calculation.) Thus the mass spectra for m 8 ~ r should be 

identical with those for r ~ m 8 with a fixed m 8 but we cannot see the equivalence in 
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the form of equations (2.1.44) and (2.2.1) in the limit mn-> oo. We therefore compare relation, (r~) 2 - r 2 = m~, which means the Lorentz in variance of the meson spectra. 

the spectra of the heavy meson calculated by Eq. (2 .1.44) and Eq. (2.2.1). The result s 

are listed in table L We find that the heavy meson spectra are identical with each 

other in these different calculations. (We regard the small differences in the table as 

numerical errors involved in the calculation.) It implies that the gauge in variance of the 

meson spectrum also holds for the heavy mesons . 

The 't Hooft equation is much easier to solve than the coupled integral equations 

given by Eqs. (2.1.38) and (2.1.39) with the single particle equations given by Eqs. 

(2.1.23) and (2.1.24). In calculating the meson exchange interaction, we will neglect the 

contributions from the qij pair moving backward (just as depicted in Fig. 5(c)) for the 

exchanged light meson, which corresponds to using the Tamm-Dancoff approximation 

also for the light meson. (This approximation amounts to neglecting 4>- in Eq . (2.1.38) .) 

I dk 1 A A 1 A A = ( P (p _ k)2 cos [2{0 (p) - 0 (k)}] cos[
2

{o (r - p) - 0 (r- k)}]<f>+(r, k) .(2.2.3) 

We will therefore use the 't Hooft equation to check the accuracy of the approximation 

by comparing the spectra calculated by two methods. The results are listed in table 

2. This shows that the Tamm-Dancoff approximation is good enough to construct the 

light meson for ( = 0.5m~ and ( = 5m~. In the case of a very large value for the ratio, 

e/m~, we are close to the chiral limit and the Tamm-Dancoff approximation is not 

applicable to the light meson. Inclusion of the backward moving diagrams (the random 

phase approximation) for the light meson appreciably complicates the calculation of the 

potential. We will therefore restrict ourselves to not too large values of the ratio. We 

also list the energy spectra, r~ , for finit e momentum, r, in table 3. We can see the 
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3 Interaction between Heavy Mesons 3.1 Quark Exchange Potential 

We now consider the interaction between two heavy mesons. We calculate its potential 
Let us first consider a single heavy meson consisting of a light quark, 1, and a heavy 

as a function of their spatial separations . It is well known that, in the large N limit, the 
antiquark, 1, in the ordinary quantum mechanics. The eigenvalue problem given by Eq. 

theory becomes that of free mesons and the interaction is of the order of 1/ N compared 
(2.2 .1) for the heavy meson is equivalent to that of a system described by the following 

with relevant energy scales such as the light meson masses and the energy eigenvalues, 
Hamiltonian. 

p0
, for the heavy meson. We will restrict ourselves to the first order term in 1/ N. (3.1.1) 

Let us first discuss the role of light anti quarks in this problem. We have seen in Sec. where K 1 is the kinetic energy for the light quark, 1, related to EA(p) as 

2.2 that the light antiquarks do not appear in the wave function for a heavy meson to 
(3.1.2) 

the lowest order in 1/ N since it is described by the Tamrn-Dancoff approximation. The 
where I p) = b1(p)l 0 ). The interaction, VII, can be expressed as 

Hamiltonian for the color singlet sector, given by Eq. (2.1.5), involves the interaction 

term which gives rise to light quark-antiquark pair excitations, resulting in light meson 
(3.1.3) 

clouds surrounding the qQ state for the heavy meson. The mixing amplitudes of such VII in the momentum representation for the quark, 1, is then given by 

light meson clouds in the heavy meson is of the order of 1/ ../N as can be derived from i (PI V;r I q) = J dx1 e-•••• e'•'•uA(p)in°uA(q) 

the general argument of Ref. [21] (the amplitude of a diagram with n meson external x j dk e'k(z, - z, l( - i)!_i.ia . ( - i)novB 
271" k' 

lines is proportional to N(' - n)/' to the leading order, so a 3-point vertex of meson is 

of the order of 1/../N) and also be seen by the explicit calculation in Sec. 3.2. We 

(3.1.4) - ig'--p- cos[~{IIA(p) - IIA(q)}]e-i(p- q)z, 
(p - q)2 2 

where 
therefore expect a light meson exchange interaction between two heavy mesons to the 

order 1/ N. In fact, this is the only contribution that involves light antiquarks in the 
(3.1.5) VB = lim TB ( 0 ) = ( 0 ) . 

mn-oo 1 1 

present problem, and we will calculate it in Sec . 3.2. 
In fact one can see that the eigenvalue problem of ll!I, 

The remaining contribution to the interaction can thus be discussed within the Hlr¢(1, 1) = p0 ¢(1, 1), (3.1.6) 

framework of the ordinary quantum mechanics without particle production. We will for a color singlet state reduces to Eq. (2.2 .1) . We present this derivation briefly. A 

take this approach for the calculation of quark exchange contributions in Sec. 3.1. color singlet state, ¢(1, 1), is represented by its spatial and color parts: 

¢(1, 1) = <p(x 1 - :z:r) ;., 2: 1 i(1),i(1) ) , 
vN , 

(3 .1.7) 
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where cp(x) is the Fourier transformation of the heavy meson wave function, ¢+(p). 

(3.1.8) 

Multiplying -f,;; Lj(j(1),j(I) I(P I from the left hand side of Eq. (3.1.6) and using the 

Eqs. (3.1.2), (3.1.3), (3.1.4) and 

(j(1 ), i(I) I .\~ .\i I i(1 ), i(I)) = .x;,.x;i, (3.1.9) 

we reduce Eq. (3.1.6) to Eq. (2.2.1). 

We now consider a system of two heavy mesons consisting of two light quarks, 1 and 

2, and two heavy antiquarks, I and 2. The Hamiltonian can be written as 

(3.1.10) 

where v,2 is the interaction between the two light quarks and is given in the momentum 

representation as 

27r5(p, + P2 - q, - q2) 

xuA(p1)i9·y"uA(q1)( -i) ( p )
2 

uA(p2)i9·y"uA(q2) 
Pt - q, 

27rc5(p, + P2 - q, - q2) 

· 2 p [1 { A A 1 A A 
Xt9 (p, _ q,) 2 cos 2 () (p 1 ) - () (q1 )}] cos[2{o (p 2 )- () (q2 )}]. 

Vn is the interaction between the two heavy antiquarks and is given by 

20 

(3.1.11) 

(3.1.12) 

(3.1.13) 

- B ( ·) 0 B J dk ik(•t - •>)( ·) p - B ( ·) 0 B v · - t 9/ v -e - t - v · - t 9/ v 
27r k2 

( - i)g' ~ I "'I - "'2 I· (3.1.14) 

Other terms on the r.h.s. of Eq. (3.1.10) can be guessed from Eqs. (3.1.2), (3.1.3) and 

(3.1.4) and need not be repeated here. 

We place the two heavy antiquarks, I and 2, at X/2 and - X/2, respectively, i.e. 

X!= X/2 and x2 = -X/2 and calculate the ground state energy of the two heavy meson 

system. From now on we take cp(x) to be the Fourier transformation of the heavy meson 

ground state wave function in momentum space, <f;(p). To the lowest order in 1/N, the 

energy is just twice the eigenvalue, p0
, of a heavy meson and the wave function is an 

anti-symmetrized product of the two mesons, i.e. 

'll(1, 2 : I, 2) = ¢(1, I)¢(2, 2) - ¢(1, 2)¢(2, I). (3.1.15) 

In calculating the normalization of the wave function, we encounter the following terms 

for the color parts of the overlaps, i.e. 

¢1(2, 2)¢1(1, 1)¢(1, 2)¢(2, I), ¢1(2, I)¢1(1, 2)¢(1, I)¢(2, 2). 

The first one is given by 

¢1(2, 2)¢1(1, I)¢(1, I)¢(2, 2) 

cp2(x 1 - xi)cp 2
( x 2 - x2) ~2 L ( j'(2),j'(2) I ( i'(1 ), i'(I) I i( 1 ), i(I)) lj(2),j(2)) 

i.,j,i',j' 

cp2(x 1 - xr)cp2 (x 2 - x2), (3 .1.16) 

and similarly, the second is ¢1(2, I)¢1(1, 2)¢(1, 2)¢(2, I) = cp 2(x 2 - xr)cp 2(x 1 - x2) . The 

third one is given by 
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rj}(2, 2)¢1(1, I)¢(1, 2)¢(2, I) 

1 """ -X N2 0 '(j'(2),j'(2) I ( i'(1 ), i'(l) I i(1 ), i(2) ) I j(2), j(I)) 
'•'•' ,, 

1 
Ncp(x,- x2)cp(x 1 - xr)cp(x 1 - x2)cp(x 2 - xr), (3.1.17) 

and similarly, the fourth is 

obtain the normalization, 

(WI W) = 2 j dx 1dx 2 [cp2(x1 - X/2)cp2(x 2 + X/2) 

1 
- Ncp(x,- X/2)cp(x, + X/2)cp(x2 + X/2)cp(x2 - X/2)]. (3.1.18) 

We drop the second term in restricting ourselves to the leading order of 1/ N. One can 

use the first order perturbation theory to calculate the energy of the system to order 

1/ N. The energy is thus given by the expectation value of the Hamiltonian, ( qt 1 H I qt). 

Let us calculate this value. We use Eq. (3.1.6) to obtain 

H llt(1, 2: I, 2) = (2p0 + V12 + V12 + V21 + Vll)¢(1, I)¢(2, 2) 

- (2p0 + V12 + VII + V22 + Vll)¢(1, 2)¢(2, I). (3.1.19) 

In calculating the color part of the matrix element qt1(1,2 : I,2)H llt(1,2: 1,2), we 

encounter the following types of the terms, 

t - - 1 . . - .)." .)." - -
</> (1,1)Vl2¢(1,1) = cp(x,- xr)-N I;(t(1),t(1) I _!.2V12 Ij(1),j(1))cp(x1 - xr) 

. . 2 2 

()( I: >.,;O;i = 0 ' 
ij 

>,] 

(3.1.20) 
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which is the example of the direct term and 

¢1(2,2)¢t(1,I)V12¢(1,2)¢(2,I) 

1 .)." .)." 
X N2 . ~ '( i(2), i(2) l(j(1),j(I) 1-{f I i'(1), i'(2) ) li'(2),j'(I) ) 

,,,,. ,, 

which is the example of the exchange term. Thus we obtain 

- j dx 1dx2 cp(x2 + X/2)cp(x 1 - X/2)[2V1r + "C! 2 + V12 ] 

xcp(x1 + X/2)cp(x2 - X/2) . 

The quark exchange potential is then given by 

V(X) = ( q, I HI q, ) - 2 0 
- (wlw ) P · 

(3.1.21) 

(3.1.22) 

(3.1.23) 

There are three types of interactions contributing to the potential, i.e. the interac-

tion between a light quark and a heavy antiquark, VII for example, that between light 

quarks, V12 , and that between heavy antiquarks, V12 as depicted in Figs . 7. We therefore 

decompose the potential into the corresponding three terms: 

V(X) = v.Q(X) + v •• (X) + VQQ(X) . (3.1.24) 

Each terms are expressed in the momentum representation as follows: 
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Similarly, which is obviously negative. Thus 

I dp)dp,dq)dq, v •• (X) = - (
2

,.)4 cos((Pl - q,)Xl<f>(Pl)<f>(p,)<f>(q!)<f>(q2 ) (3.1.33) 

x (Ph p, 1 vl, 1 q" q, l 1 ( w 1 w l , (3.1.26) A similar argument is also applicable to v •• (o). 

VQQ(X) = g 2 ~ I X I [I~~ <l>'(k) cos(kX)l

2 

/( 1¥ I 1¥), (3.1.27) , I dp)dp,dq)dq, 
v •• (o) = - g (

2
,.)• ¢(Pl)<f>(p,)<f>(q!)<f>(q,)2,.o(p1 + p, - q1 _ q,) 

where p [1 A( A 1 A 
X (Pl _ ql)' cos 2{11 p!) - II (ql)}l cos(2 {11 (p2) - IIA(q,)}l 

(3.1.28) = ~I dxdy[ I'Pc(x) I'+ I'P,(x) I'll X- yl(l 'Pc(Y) I'+ I rp,(y) l'l, (3.1.34) 

which is normalized to 1. 
where we have used the definitions (3.1.30) and (3.1.31). Therefore 

We can see analytically the qualitative feature of the quark exchange potentials given 

by Eqs. (3.1.25), (3.1.26) and (3.1.27). VQQ(X) is a product of the linear potential and 
v •• (o) > o. (3.1.35) 

the overlap of the wave functions, cp. Therefore, its behavior is easily foreseen, i.e. The asymptotic feature or the range of the potentials are deterrrlined by the overlap 

linearly rising near the origin, reaching maximum around the spatial extension of the of the ground state wave function, cp. We can see analytically the qualitative feature 

heavy meson and decreasing rapidly as the overlap between the two heavy mesons gets of the potentials from the knowledge of the short range and the asymptotic behavior. 

poorer. Let us consider the remaining potentials, v.Q(X) and v •• (X). To do so, we The signs of the potentials are justified by the following rough estimate. The potential 

discuss at first their short distance behaviors. v.Q(X) originates from vli + vll + "2! + v,2· v!! ~ I xl - X/21 ).~>.!and others are similar 

( ) 
In 2 I dpdq p 1 A A 

v.Q 0 = v2g (211")' <f>(p)<f>(q) (p _ q)' cos(2{11 (p) - II (q)}l. (3.1.29) 
to the above. Taking the color matrix element (result to >.f;>.j,) and multiplying the 

sign -1 which comes from the exchange of the quarks, we know the sign of the V.Q(X). 
This expression can be shown to be negative in following way. We define the Fourier 

The potential v •• (X) originates from V12 . V12 ~ -I x 1 - x 2 1 >.~ >.~. Taking the color 

transforms of <f>(p) cos(~ IIA(p) l and <f>(p) sin (~IIA(P)l as 'Pc(x) and rp,(x), respectively, i.e. 
matrix element and multiplying the sign corning from the quark exchange, the sign of 

'Pc(x) = I dp e'•'<f>(p) cos(~IIA(p)l, 
211" 2 

(3.1.30) the potential is positive. Sirrlilarly, laking the color matrix element to Vn = -I X 1 >.f.>.; 

rp,(x) =I dp e'•'¢(p)sin(~IIA(P)l. 
271" 2 

(3.1.31) 
and multiplying the sign -1, the sign of the potential, VQQ(X), is positive. 

The expression (3.1.29) can then be written as 
We present the results of the explicit calculation for potentials due to the quark 

v.Q(O) =- ~I dx [ I 'Pc(x) I'+ I rp,(x) I'll X I' 

exchange for two cases ( = 0 .5m~ and ( = 5m~ which are shown in Figs . 8. The 

(3.1.32) 
potential, V.., is repulsive and the potential, v.Q, is attractive. The potential, VQQ• is 
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positive definite, being attractive at short distance and repulsive in the relatively long 3.2 Meson Exchange Potential 

distance region while the standard of the clistance being given by the size of the heavy 
Finally we discuss the meson exchange potential. As we will see, the coupling vertex 

meson. The total potential from the quark exchange, Vqq + VqQ + VQQ• is attractive 
of the heavy meson emitting or absorbing a light meson is of the order of 1/ VN and 

at short distance and repulsive in the relatively long distance. This feature of the 
therefore we can restrict ourselves to the one light meson exchange contribution. In the 

potential remains the same for different Cs, and is qualitatively similar to what was 
large N limit, the leacling-order diagrams contributing to the meson exchange potential 

observed in the calculation of meson-meson interaction& based on the quark model in 
are illustrated in Figs. 9. To leading order in • / N, one of the above vertex corresponding 

four dimensions [22]. 
to Fig. 10( a) is 

The range of the potential is determined by the overlap of the wave function, cp. As 

~ increases, the meson wave function gets more localized and therefore the potential 

becomes shorter ranged. The potential strength increases as ~ increases, since the basic 

interactions are proportional to ( 
where the factor -:};;If is the result of *i':JN~-:};; and n is the quantum number of 

a light meson state, the light meson consisting of a light quark and a light antiquark, 

i.e. their flavors being A. Using Eqs. (2.1.32) and (2.1.14), we have 

r~~(P) = 

(3 .2.2) 

Neglecting</>~ 's which corresponds to dropping the contributions from backward-moving 

string structure (the justification of which was given in Sec. 2.2), we find 

(3.2.3) 

where we used Eqs. (2 .1.18), (2.1.20), (2.1.35), (2.1.36) and (2.1.37). The other vertex 

of the heavy meson absorbing a light meson shown in Fig. 10(b) is given by 
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1 N J dq, n r~:;,.(p) = .;N2 21r c/>(q,)c/>+(p,q,) 

J d'q, -A( )' 0( ') p 1{1 ( ~)( ') 0 B (324} 
X ( 27r )' V p - q, tg"( - t ( q, _ p _ q, )' H q1 - t 9"( V , .. 

where 

(3.2.5} 

Write 

(3.2.6} 

then 

1 -i~ J n J dq1 At( )-" ( ) 0 B ( ) f~:;,.(p) = r.;-
2 

dq,c/>(q,)c/>+(p,q,)P ( )'v p - q2'f'Hqt"(V. 3.2.7 
vN ,. q,- P - q, 

In the limit of m 8 -> oo, (} 8 = 0 and T 8 = 1. From Eq. (2.1.35}, we have 

(3.2.8} 

And from Eqs. (2.1.36}, (2.2.1} and (2.2.2}, we get 

~n(P) = c/>(p)M+ · (3.2.9} 

Substituting Eqs. (3.2.8} and (3 .2.9} into Eq. (3.2.7}, we find 

r;:;,.(p) = ~~: J dq, c/>(q,)c/>~(p,q,) 

xPj( dq, )
2

c/>(q1 }sin[-
2

1
{0A(q,) - 0A(q2 - p)}j. 

q, - p - q, 
(3.2.10} 

We finally reach the meson exchange potential, VM(X) = Ln V,W(X), depicted in 

Figs. 9(a)-(d). 

~Jdp iX - 2i [ '"()I' If'"( )I' iVu(X) = L.... -
2 

eP ~ l f3M P + 3M P 
n = l 7r yP2 + m~ 

+ri:;,.(p)r~~f·(p) + r;:;,.(p)fi~/(p) ] , (3.2.11} 
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where the normalization of the meson wave function is 

J
dk 
- Tr c/>1(p, k) c/>(p, k) = 1. 
271" (3.2 .12} 

The first, second, third and forth terms in Eq. (3.2.11} corresponds to Figs. 9(a), 

(b), (c) and (d), respectively. 

We note that the vertices given by Eqs. (3.2.3) and (3.2.10}, in the case that the 

momentum of the exchanged light meson is zero, have the remarkable properties that 

r~:;,.(o) = r~:;..(o) = 0 for odd n and finite for even n because the integrands except for 

the light meson wave function are odd functions of k or q2 • We see from Eq. (3.2.11) 

that VM(O) < 0. We also find that the spatial integral of VM(X) is negative, i.e. 

(3.2 .13} 

The calculated meson exchange potential is shown in Figs. 11 and 12. To get the 

meson exchange potential we have to sum over the contributions from the ground and 

excited states of the light meson which is exchanged between the heavy mesons . We 

find, in Figs. 11(a) and (b }, that the main contributions come from the ground state and 

the first excited state. The ground state contribution has the feature that the potential 

is attractive at short clistance and is repulsive in the relatively long clistance region. Its 

spatial integral being zero since f~1t(O} = r;1t(O} = 0. The ground state meson has 

negative parity and corresponds to either a pseudoscalar meson or a vector meson in 

four dimensions. Our heavy meson also corresponds to either a pseudoscalar meson or 

a vector meson. There is no spin in two dimensions. In comparing the interactions 

in two and four dimensions, we take the average over all possible spin states in the 

latter which is equivalent to considering only the spin-independent central part. The 

pseudoscalar meson exchange gives only a spin-dependent interaction while the vector 
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· · t t t The obtained meson exchange interaction contains a central term as 1ts 1mpor an par · 

h d t t n is similar to feature of the potential due to the exchange of t e groun s a e meso 

that of the vector meson exchange potential when the vector meson is a composite 

particle [19]. The first excited state contribution to the potential is attractive. The 

Corresponds to either a scalar meson or an axial vector meson and first excited state 

the scalar meson exchange gives the central term. The attractive nature is common for 

two- and four-dimensional world. The total contribution, depicted in Figs. 12, has the 

feature that the potential is attractive at short distance and is repulsive in the relatively 

The above feature of the potential is not altered by changing the long distance region. 

The meson exchange potential becomes stronger and of shorter coupling strength ( 

b th the light-meson-heavy-meson coupling and the light ranged as e increases since 0 

meson masses increase with ( 

The quark exchange potent! , · a1 the meson exchange potential and the sum of the 

two are shown in the same scale in Figs. 13. We find the quark exchange potentials are 

fairly larger than the meson exchange potentials in both of the two cases e = 0.5m~ and 

e = 5m~, though the relative importance of the meson exchange contribution increases 

as the ratio e/m~ becomes larger. The meson exchange potential has a longer range 

with exponential tail while the quark exchange potential decreases more rapidly as X 

increases. 
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4 Summary and Conclusion 

We have studied in this thesis some of the features of hadron spectra and hadron-hadron 

interactions in QCD 2 for the purpose of obtaining insights to similar problems in the 

real world. More specifically we have discussed here the interaction between two heavy 

mesons each consisting of a light quark and a heavy antiquark in large N limit. 

For this purpose, we have first solved the meson problem which is explicitly solvable 

in QCD 2 in the large N limit. There have been two ways to construct the meson states, 

i.e. the 't Hooft method in the light-cone formulation and that of Bars and Green in the 

ordinary coordinate formulation. Bars and Green have proved the equivalence of the 

two for the finite constituent quark mass. In the case where one of the quark masses is 

infinitely heavy, however, the equivalence has not been established. We have therefore 

examined the equivalence numerically for the infinite antiquark mass limit and estab-

lished the equivalence. It implies that the gauge in variance of the meson spectrum also 

holds for the heavy mesons. For the light meson, we calculated the energy spectra, r~, 

for finite momentum, r, and saw the relation, (r~) 2 - r 2 = m~, indicating the Lorentz 

invariance of the meson spectra. 

Using the heavy meson wave function obtained in the ordinary coordinate, we turned 

to the problem of the interaction. The light antiquarks do not appear in the heavy me-

son wave function to the lowest order in 1/ N. We considered the interactions which 

take into account the role of light antiquarks separately from the residual interactions. 

The only role of the light antiquarks is to give rise to the light meson exchange po-

tential. The remaining interactions are caused by the exchange of light quarks within 

the framework of the ordinary quantum mechanics. This can therefore be considered 
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as an actual example of the hybrid model for hadron-hadron interactions [18,19] where 

the quark exchange and the meson exchange contributions are unified in a natural way. 

(The hybrid model in which the quark exchange and the meson exchange are combined 

to explain the hadron-hadron interaction has been partially successful in describing 

hadronic interactions in the real world of four dlmensions but its theoretical basis has 

not been established so far .) 

In the quark exchange potentials we showed that there are three types of interac

tions which are the contribution from the Coulomb potential between light quarks, v •• , 

that between light quark and heavy antiquark, VqQ> and that between heavy antiquarks, 

VQQ· We presented the results of the explicit calculation for potentials due to the quark 

exchange as a function of the spatial separation between the two heavy mesons for two 

cases~ = 0.5m~ and ~ = 5m~. The potential, VQQ> is found to be positive definite, 

being attractive at short distance and repulsive in the relatively long distance region, 

the potential, V.Q> is attractive and the potential, v •• , is repulsive. We showed that the 

qualitative features of VQQ> v.Q and v •• can be understood without numerical calcu

lations by studying their short range parts and their asymptotic behaviors. The total 

potential, v •• + v.Q + VQQ> is attractive at short dlstance and repulsive in the relatively 

long distance region. This is similar to what has been observed in the quark cluster 

model calculations of meson-meson interaction in four dlmensions [22]. It seems that 

once we accept the potential picture, the basic features of the hadron-hadron interac

tions do not depend on the dlmensional it y. 

To get the meson exchange potential we have summed over the contributions from 

the ground and excited states of the light meson which is exchanged between the heavy 

mesons. The rough estimate for each contributions, V,W(X), are available analytically. 
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The short distance behavior of these are determined by the inequality V,W(O) < 0. We 

also observe that fdX V,W(X) is zero for odd n and is negative for even n. We pre

sented the results of the explicit calculation for potentials due to the meson exchange 

for two cases~ = 0.5m~ and~ = 5m~. Main contributions are from the ground state 

( n = 1) and the first excited state ( n = 2). The meson exchange potential also has 

several features similar to those in the real world. The ground state contribution to the 

potential is attractive at short distance and repulsive in the relatively long distance re

gion as is inferred from the above observation. The ground state light meson exchange 

corresponds to the exchange of a vector meson in four dimensions and the resulting 

potential has the same behavior as what one expects from the exchange of a composite 

vector meson. The first excited state contribution is attractive as is also inferred from 

the above observation. The exchange of the first excited state meson corresponds to 

that of a scalar meson in four dimensions and the attractive nature is common for both 

dimensions. The total potential for the meson exchange is attractive at short dlstance 

and repulsive in the relatively long distance region. In two cases, i.e. < = 0.5m~ and 

~ = 5m~, the quark exchange potential is dominant in the short and medium range 

parts while the meson exchange potential has a longer tail. The relative importance of 

the latter increases as the coupling strength, ~, increases. 

The present study has thus shown that the hadron physics based on QCD 2 has many 

aspects in common with the hadron physics in the real world and its close examination 

will be useful in getting analytical insights of four dimensional QCD. 
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Table 1. The heavy meson spectra, (r~ - m 8 )/mA, in the axial gauge and those, 

( P, - ms )/rnA, in the light-cone gauge for two different Cs. The values in the first 

column represent quantum numbers of the meson state. 

~ = 0 .5m~ ~ = 5m~ 

n aria! gauge light-cone gauge aria! gauge light-cone gauge 

1 1.73 1.73 3.54 3.54 

2 2.84 2.83 7.47 7.42 

3 3.58 3.56 10.1 10.0 

4 4.20 4.16 12.2 12.2 

5 4.73 4.69 13.9 14.0 
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Table 2. The light meson spectra, r~/mA(r = 0), in the axial gauge and those, .,r;i/mA, 

in the light-cone gauge for two different fs. The spectra in the columns named by axial 

gauge are calculated by Eq. (2.2.3) . 

~ = 0.5m~ ~ = 5m~ 

n axial gauge light-cone gauge axial gauge light-cone gauge 

2.72 2.70 4.13 3.94 

2 4.15 4.15 9.41 9.40 

3 5.18 5.19 13.2 13.2 

4 6.02 6.06 16.2 16.3 

5 6.76 6.81 18.7 18.9 
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Table 3(a). The light meson energy spectra, r~/mA, in the finite momentum calculated 

by Eq. (2.2.3) in the case~ = 0.5m~. 

n r /mA=O rfmA=2 r/mA=4 r/mA=6 r/mA=8 

2.72 3.38 4.82 6.58 8.45 

2 4.15 4.60 5.75 7.30 9.02 

3 5.18 5.54 6.53 7.93 9.54 

4 6.02 6.35 7.22 8.51 10.0 
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Table 3(b). The light meson energy spectra, r~ /mA, in the finite momentum calculated 

by Eq. (2 .2.3) in the case ( = 5m~. 

n r/mA = 0 r/mA = 2 r/mA = 4 r/mA = 6 r/mA = 8 

1 4.13 4.67 5.58 7.19 8.92 

2 9.41 9.71 10.1 11.1 12.3 

3 13.2 13.4 13.6 14.4 15.3 

4 16.2 16.4 16.5 17.2 18.0 
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Figure Captions 

Fig. 1. ll(p) for two cases (a) ( = 0.5m2 and (b) ( = 5m2 • 

Fig. 2. The quark single particle energy as a function of p. (a) ( = 0.5m2 , (b) ( = 5m2 • 

Fig. 3. The next order contributions going beyond the Hartree-Fock approximation 

in perturbation theory to the total energy. 

Fig. 4. Diagrammatic representation of Eq. (2.1.31) . 

Fig. 5. (a) C(p,k,r), (b) - S(p,k,r), (c) an example of the graph constructing a meson. 

Fig. 6. The heavy meson ground state wave function, cp(x), for two cases (a)~ = 0.5m~ 

and (b)~= 5m~ 

Fig. 7. Diagrammatic representations for the quark exchange potentials: The contribu

tions from (a) the Coulomb potential between a light quark and a heavy antiquark, (b) 

that between light quarks and (c) that between heavy antiquarks. 

Fig. 8. The quark exchange potentials as a function of the distance between the heavy 

mesons for two different cases (a)~ = 0.5m~ and (b) ( = 5m~. 

Fig. 9. Diagrammatic representations for the meson exchange potential. 

Fig. 10. The three meson vertices contribute to the meson exchange potential. 

Fig. 11. The meson exchange potentials as a function of the distance between the 

heavy mesons. The contributions from the several states of the light meson are shown 

for two different cases (a) ( = 0.5m~ and (b) ( = 5m~. n is a quantum number of the 

light meson. 
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Fig. 12. The total meson exchange potential. (a) e = 0.5m~, (b) e = 5m~. 

Fig. 13. The quark exchange potential, the meson exchange potential and the sum 

of two. (a) e = 0.5m~, (b) e = 5m~. 
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