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Abstract

Recent developments of the analysis of the second law of thermodynamics by using the infor-
mation theoretic quantities has led to the discovery of the so-called nonequilibrium free energy
and has allowed us to formulate thermodynamic relations for arbitrary nonequilibrium initial and
final states. By using the nonequilibrium free energies, we can quantify thermodynamic costs of
information encoding and erasure processes as well as to quantify the extractable work from infor-
mation heat engines in a unified way. In those general situations, reducing dissipation allows us
to increase the extractable work from the system (or to reduce the work cost), and reducing work
fluctuation allows us to narrow the work probability distribution and to extract a fluctuation-free
work from the system. Suppressing both work fluctuation and dissipation as much as possible
is vital to control mesoscopic and nano systems that work at the level of thermal fluctuations.
Previous studies have searched for a vanishing work fluctuation protocol by using techniques of
quantum information theory, known as the single-shot statistical mechanics (and sometimes called
the deterministic work extraction protocol) and the vanishing dissipation protocol, known as the
thermodynamically reversible protocol by using the second law of thermodynamics.

In this thesis, we address issues concerning a method to control nonequilibrium systems by using
fluctuation theorems and trade-off relation between work fluctuation and fluctuation in dissipation.
We derive quantum fluctuation theorems under measurement and feedback control, which allow
us to study how to suppress dissipation during a general quantum measurement and a feedback
control. We then consider a method to suppress work fluctuation and fluctuation in dissipation
simultaneously as much as possible by showing the trade-off relation between work and dissipation
in terms of their standard deviations and derive an explicit protocol that achieves the lower bound
of the trade-off relation. We show that the explicit protocol reproduces the deterministic work
extraction protocol in the limit of vanishing work fluctuation and the thermodynamically reversible
protocol in the limit of vanishing fluctuation in dissipation.





Acknowledgment

I would like to express my gratitude to my supervisor, Prof. Masahito Ueda for his sincere guidance,
supports, and encouragement. I would like to thank all the group members for an delightful time
in Ueda group.

I was financially supported from JSPS (Grant No. 254105) and through Advanced Leading
Graduate Course for Photon Science (ALPS).

3





Publication List

1. K. Funo, Y. Watanabe, and M. Ueda, Integral quantum fluctuation theorems under measure-
ment and feedback control, Physical Review E 88, 052121 (2013).

2. K. Funo, Y. Watanabe, and M. Ueda, Thermodynamic work gain from entanglement, Physical
Review A 88, 052319 (2013).

3. Y. Murashita K. Funo, and M. Ueda, Nonequilibrium equalities in absolutely irreversible
processes, Physical Review E 90, 042110 (2014).

4. Y. Ashida, K. Funo Y. Murashita, and M. Ueda General achievable bound of extractable work
under feedback control, Physical Review E 90, 052125 (2014).

5. M. Hotta, J. Matsumoto, and K. Funo, Black hole firewalls require huge energy of measure-
ment Physical Review D 89, 124023 (2014).

6. M. Frey, K. Funo, and M. Hotta, Strong local passivity in finite quantum systems, Physical
Review E 90, 012127 (2014).

7. K. Funo, Y. Murashita, and M. Ueda, Quantum nonequilibrium equalities with absolute irre-
versibility, New Journal of Physics 17, 075005 (2015).

8. K. Funo and M. Ueda, Work fluctuation-dissipation trade-off in heat engines, Physical Review
Letters 115, 260601 (2015).

5



Contents

1 Introduction 8

2 Thermodynamics and information processing 11

2.1 Second law of thermodynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2 Szilard engine . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3 Measurement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.4 Information erasure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.5 Some properties of the nonequilibrium free energy . . . . . . . . . . . . . . . . . . . 16

2.6 Quantum case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.7 Some comments on experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

3 Nonequilibrium equalities 22

3.1 Detailed fluctuation theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.1.1 Hamiltonian dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.1.2 Case of a quantum system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3.1.3 Stochastic dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.2 Nonequilibrium work relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.3 Integral fluctuation theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.4 Fluctuation theorems under information processing . . . . . . . . . . . . . . . . . . . 31

4 Quantum fluctuation theorems under measurement and feedback control 33

4.1 Motivation and the setup of the main results . . . . . . . . . . . . . . . . . . . . . . 33

4.2 Detailed fluctuation theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

4.2.1 Detailed fluctuation theorems for the feedback control process . . . . . . . . . 36

4.2.2 Detailed fluctuation theorems for the measurement process . . . . . . . . . . 39

4.3 Integral fluctuation theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4.4 Some discussions on the main results . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

4.4.1 Effect of measurement back action and the information quantity . . . . . . . 44

4.4.2 Relation with the quantum fluctuation theorem for the total system . . . . . 45

4.4.3 Two-point measurement scheme . . . . . . . . . . . . . . . . . . . . . . . . . 46

4.4.4 Definition of work in the quantum regime . . . . . . . . . . . . . . . . . . . . 46

5 Single-shot statistical mechanics 47

5.1 Thermal operation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

5.2 Thermo-majorization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

5.3 Deterministic work extraction protocol . . . . . . . . . . . . . . . . . . . . . . . . . . 49

5.3.1 Extractable work starting from a nonequilibrium state . . . . . . . . . . . . . 50

5.3.2 Work cost of creating a nonequilibrium state from a thermalized state . . . . 51

5.4 Changing Hamiltonians . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

6



5.5 Thermal operation and the detailed fluctuation theorem . . . . . . . . . . . . . . . . 53
5.6 Relations between majorization and thermo-majorization . . . . . . . . . . . . . . . 54
5.7 Proof of (2.41) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

6 Trade-off relation in heat engines 57
6.1 Setup of the main result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
6.2 Trade-off relation between work fluctuation and fluctuation in dissipation . . . . . . 58
6.3 Proof of the main result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
6.4 Equality condition of the trade-off relation . . . . . . . . . . . . . . . . . . . . . . . . 59

6.4.1 Case of an equilibrium final state . . . . . . . . . . . . . . . . . . . . . . . . . 60
6.4.2 Explicit protocols that achieve the lower bound of the trade-off relation . . . 61
6.4.3 The case of a nonequilibrium final state . . . . . . . . . . . . . . . . . . . . . 62

6.5 Explicit protocol and information-theoretic quantities . . . . . . . . . . . . . . . . . 66
6.6 Comparison with the previous studies . . . . . . . . . . . . . . . . . . . . . . . . . . 70
6.7 Application to information heat engines . . . . . . . . . . . . . . . . . . . . . . . . . 70

6.7.1 Trade-off relation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
6.7.2 Equality condition of the trade-off relation . . . . . . . . . . . . . . . . . . . . 71
6.7.3 Explicit protocol . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
6.7.4 Example: the Szilard engine . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

7 Summary and discussion 74

7



Chapter 1

Introduction

The information-theoretic analysis of thermodynamic processes in nonequilibrium statistical me-
chanics and stochastic thermodynamics enable us to formulate the second law of thermodynamics
in arbitrary nonequilibrium situations [1–5]. Owing to this advancement, we can precisely quantify
the work cost of information encoding and erasure as well as the extractable work from the informa-
tion heat engines [6–22]. These studies on information processing in small systems are of extreme
importance to experimentally control nanomachines and biological molecules that work at the level
of thermodynamic fluctuations. They are also related to the fundamental role of information in
thermodynamics, which may elucidate the law of thermodynamic entropy increase and the arrow
of time in macroscopic systems [1].

Recently, information heat engines (the Szilard engine) and the Landauer’s information erasure
process have been demonstrated in mesoscopic and nano systems [23–28]. In those experiments,
work fluctuates in general due to thermal fluctuations, and the work probability distribution is
obtained by repeating the experiments in the same setup many times. For general nonequilibrium
processes, including the experiments above, we want to narrow the width of the work probability
distribution and reduce the work fluctuation, and also shift the center of the work probability
distribution to extract the maximum average work from the system (which is equivalent to reduc-
ing the amount of dissipation during the processes). If we can obtain a method to reduce work
fluctuation and dissipation, we can maximize the efficiency of given thermodynamic tasks and also
we can extract a fluctuation-free work from the system. Thus, suppressing both work fluctuation
and dissipation as much as possible is vital to control mesoscopic and nano systems in a small
(quantum) world.

Previous studies have searched for protocols which suppress either work fluctuation or dis-
sipation. Vanishing work fluctuation protocols are explored by using the single-shot statistical
mechanics [29–39]. Quantum information-theoretic tools such as the noisy operations and majoriza-
tion [40–42] were used to study the transfer of information subjected to noise. Recently, they are
generalized to thermodynamic settings such as the thermal operation and thermo-majorization [30].
By using these information-theoretic tools, we can search for a general state transformation of the
(quantum) system interacting with a heat bath and study the deterministic work extraction proto-
col. Also, the vanishing dissipation protocol is known as the thermodynamically reversible protocol
in nonequilibrium statistical mechanics, which exactly brings the final state of the system back to
the initial one via the time-reversal of the original (forward) protocol. The thermodynamically re-
versible protocol is obtained by searching for a protocol which satisfies the equality condition of the
second law of thermodynamics [1]. Moreover the fluctuation theorems and the Jarzynski equality
can be used for a wide range of classical [43–57] and quantum systems [58–69], including feedback
control [17–19,70–73] and they provide with a method to analyze nonequilibrium dynamics of the
system.
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In this thesis, we derive quantum fluctuation theorems under measurement and feedback control,
which can be used to analyze the extractable work from the system by utilizing the information
about the system via the feedback control. It can also be used to analyze the extractable work from
the measurement device when we perform measurement and obtain the information. The obtained
equalities enable us to study an efficient way of performing a general quantum measurement and a
feedback control and reduce dissipation during those processes.

We then focus on the problem of reducing both the amounts of work fluctuation and dissipation.
We prove a trade-off relation between work fluctuation and fluctuation in dissipation, which gives
a constraint on fluctuating thermodynamic quantities due to the nonequilibriumness of the state
of the system. The explicit protocol which achieves the lower bound of the trade-off relation offers
us a method to reduce both work fluctuation and fluctuation in dissipation as much as possible.
By analyzing the obtained protocol, we recover the deterministic work extraction protocol in the
limit of vanishing work fluctuation and the thermodynamically reversible protocol in the limit of
vanishing fluctuation in dissipation. In particular, we obtain a method to derive the single-shot
results by using the detailed fluctuation theorem and thus give a connection between the single-shot
statistical mechanics and nonequilibrium statistical mechanics.

This thesis is organized as follows. The main results in this thesis are presented in Chap. 4 and
Chap. 6.

In Chap. 2, we review a few selected topics concerning information processing protocols which
are examples of thermodynamic processes starting and/or ending at arbitrary nonequilibrium states.
In Sec. 2.1, we start by formulating the second law of thermodynamics for arbitrary initial and final
states. This is carried out by introducing the nonequilibrium free energy [1–3], which plays the role
of the reversible work in nonequilibrium situation. We use the obtained second law to quantify the
extractable work or the work cost of information processing protocols in the following sections. In
Sec. 2.2, we discuss the Szilard engine [9], which is the simplest model of the information heat engine.
We explain how the acquired knowledge of the system via the measurement is utilized to extract
work from the system. The thermodynamic cost of performing measurement, i.e., the storage of the
measurement outcome in the measurement device is discussed in Sec. 2.3. The thermodynamic cost
of resetting the stored information, known as the information erasure [11] is discussed in Sec. 2.4.
In Sec. 2.5, we discuss some information-theoretic properties of the nonequilibrium free energy. We
show that the nonequilibrium free energy can be related to an information distance between the
state of the system and the canonical distribution. We consider a quantum system in Sec. 2.6 and
review the second law of thermodynamics under measurement and feedback control.

In Chap. 3, we review the nonequilibrium equalities such as the Jarzynski equality [50, 51]
and the detailed fluctuation theorems [52, 53]. These exact equality relations on thermodynamic
quantities offer strong theoretical tools to analyze the nonequilibrium dynamics of the system. We
use these relations to derive one of the main results in this thesis in Chap. 6. In Sec. 3.1, we review
the detailed fluctuation theorem which relates the ratio of the path probabilities of the forward
and backward paths to the total entropy production. Next, we relate the total entropy production
to the extractable work from the system by using the nonequilibrium free energy discussed in
Sec. 3.2. Using the detailed fluctuation theorems, we derive the integral fluctuation theorem and a
generalized Jarzynski equality for arbitrary initial and final states in Sec. 3.3. From the obtained
equalities, we derive the second law of thermodynamics discussed in Chap. 2. In Sec. 3.4, we derive
nonequilibrium equalities which are applicable to information heat engines.

In Chap. 4, we derive quantum fluctuation theorems under measurement and feedback control,
which constitute one of the main results of this thesis. In Sec. 4.2, we derive detailed fluctuation
theorems for both the measurement process and the feedback control process, by introducing path
probability distributions corresponding to the measurement and the feedback control. In Sec. 4.3,
we use the obtained detailed fluctuation theorems and derive the integrated versions of the quantum
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fluctuation theorems and also the quantum Jarzynski equalities. From the obtained equalities, the
second law of thermodynamics under measurement and feedback control is reproduced. We also
discuss the difference between the classical system and the quantum system in Sec. 4.4.

In Chap. 5, we review the single-shot statistical mechanics, which provides a method to construct
a vanishing work fluctuation protocol (namely, the deterministic work extraction protocol). In
Sec. 5.1, we introduce the thermal operation which describes a general state transformation of
the system which interacts with a heat bath. The allowed state transformation via the thermal
operation can be decided by using the thermo-majorization criteria, which is discussed in Sec. 5.2.
In Sec. 5.3, we introduce the so-called work qubit which stores the extractable work from the system
as the excited energy of the work qubit. We show that the deterministic work extraction protocol
can be obtained by considering the thermal operation of the combined system composed of the
system and the work qubit.

In Chap. 6, we derive the trade-off relations between work fluctuation and dissipation in fluc-
tuation, which is the second main result of this thesis as discussed in Sec. 6.2. We show that work
and dissipation cannot take definite values simultaneously, and the degrees of their fluctuations are
bounded from below by the fluctuation in the nonequilibrium free-energy difference, which quan-
tifies the nonequilibriumness of the initial and final states. The explicit protocol which achieves
the lower bound of the trade-off relations is discussed in Sec. 6.5. We also discuss the amount of
dissipation and the extractable work during the explicit protocol and show that they are given by
the information distances which quantify the nonequilibriumness of the state of the system. An
extension to information heat engines is made in Sec. 6.7. In Chap. 7, we summarize this thesis
and discuss future studies.

The results in Chap. 4 are based on Refs. [72,73] which was done in collaboration with M. Ueda,
Y. Watanabe and Y. Murashita. The results in Chap. 6 are based on Ref. [74] which was done in
collaboration with M. Ueda.
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Chapter 2

Thermodynamics and information
processing

In this chapter, we review some examples of thermodynamic processes starting from and ending in
arbitrary nonequilibrium distributions. As we discuss in the main results, we derive the fundamental
bounds on work fluctuation and dissipation in those nonequilibrium situations, and give a method
to control those systems. We start from a general setup and derive second law-like inequalities, and
move to some specific examples such as information erasure and feedback control protocols. We
introduce the nonequilibrium free energy, which is a key information-theoretic quantity to analyze
the nonequilibrium situations described above.

2.1 Second law of thermodynamics

In this section, we consider a general setup and derive second law-like inequalities.

Let us consider a classical system which interacts with a single heat bath whose inverse tem-
perature is β. We denote pini(x) and pfin(y) as the initial and final distributions of the system,
respectively. We also denote 〈Q〉 as the heat absorbed by the system due to the interaction with
the heat bath. At this moment, we do not specify the dynamics of the total system composed with
the system and the heat bath. Some examples of the dynamics of the composite system and also
the definition of heat are presented in Sec. 3.1. Let us introduce the total entropy production which
is defined as

〈σ〉 := S(pfin)− S(pini)− β 〈Q〉 ≥ 0, (2.1)

where

S(p) := −
∑
x

p(x) ln p(x) (2.2)

is the Shannon entropy. The right-hand side of Eq. (2.1) is composed of a change in the Shan-
non entropy of the system and a change in the entropy of the heat bath, if we identify −β 〈Q〉 as
the change in the thermodynamic entropy of the heat bath ∆Sbath. Thus, the total entropy pro-
duction (2.1) quantifies the total amount of entropy produced during the thermodynamic process,
which is always nonnegative as we can derive for general settings if we specify the dynamics of
the composite system. This is carried out in a general way by using the so-called nonequilibrium
equalities in Sec. 3.3.

Let us denote the initial and final Hamiltonians of the system as Hλ0 and Hλ1 , respectively,
where λt is a control parameter of the Hamiltonian. For example, λt specifies a time dependence
of an external potential of the system. If the initial and final states are given by the canonical

11



distributions, i.e., pini = e−βHλ0/Zλ0 and pfin = e−βHλ1/Zλ1 , the Shannon entropies satisfy the
thermodynamic relations:

S

(
e−βHλ0

Zλ0

)
= β 〈Hλ0〉 − βF eq

λ0
, (2.3)

S

(
e−βHλ1

Zλ1

)
= β 〈Hλ1〉 − βF eq

λ1
, (2.4)

where

〈Hλ0〉 :=
∑
x

pini(x)Hλ0(x) (2.5)

=
∑
x

e−βHλ0 (x)

Zλ0

Hλ0(x) (2.6)

is the initial energy of the system and

F eq
λ0

:= −β−1 lnZλ0 (2.7)

is the initial equilibrium free energy, and similar relations hold for the final state. By substituting
Eqs. (2.3) and (2.4) to (2.1), we obtain the second-law like inequality

〈Wext〉 ≤ −∆F eq, (2.8)

where ∆F eq := F eq
λ1

− F eq
λ0

is the equilibrium free-energy difference and the extractable work from
the system is defined as a change in the internal energy of the system plus the heat absorbed by
the system, given by

〈Wext〉 := 〈Hλ0〉 − 〈Hλ1〉+ 〈Q〉 . (2.9)

For nonequilibrium initial and final states, the second-law like inequality (2.8) can be generalized
to nonequilibrium situations by introducing the nonequilibrium free energy defined as [1–3]

F(p,H) := 〈H〉p − β−1S(p), (2.10)

where 〈H〉p :=
∑

x p(x)H(x). The nonequilibrium free energy generalizes the equilibrium free
energy to nonequilibrium distributions. By using Eq. (2.10), the total entropy production (2.1) can
be expressed as

〈σ〉 = β(F(pini,Hλ0)−F(pfin,Hλ1))− β(〈Hλ0〉 − 〈Hλ1〉+ 〈Q〉)
= β(F(pini,Hλ0)−F(pfin,Hλ1))− β 〈Wext〉 , (2.11)

Then, from (2.1), we can derive the second law-like inequality for arbitrary initial and final states
as follows:

〈Wext〉 ≤ F(pini,Hλ0)−F(pfin, Hλ1). (2.12)

We find from (2.12) that the extractable work from the system is bounded from above by the
nonequilibrium free-energy difference. We can interpret the nonequilibrium free energy as the
reversible work in nonequilibrium situations as a counterpart of the equilibrium free energy which
is the reversible work for transitions between thermal equilibrium states.
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n=0 n=1

m=1

m=0

measurement

heat bath

feedback control

n=0
n=1

n=0
n=1

n=0n=1

n=0n=1

n=0n=1

Figure 2.1: Szilard engine. We initially prepare a two-level degenerate Hamiltonian. We assume
that the initial state is given by the canonical distribution (i.e., a maximally mixed state). A mea-
surement is performed to acquire information about the state n of the system, and the measurement
outcome m is recorded in the measurement apparatus. A feedback is performed by the quench of
the Hamiltonian, lowering the energy level of the state n = m relative to that of the other state.
Finally, we let the system interact with the heat bath and quasi-statically bring the Hamiltonian
back to the initial one.

2.2 Szilard engine

The information heat engines utilize the acquired knowledge obtained by the measurement on
the microscopic degrees of freedom and extract work from the system via feedback control. This
work extraction can be done because an increase of the knowledge of the system decreases the
Shannon entropy, and hence the nonequilibrium free energy (2.10) increases. This increase in the
nonequilibrium free energy can be extracted as work by feedback control of the system. In this
section, we consider the simplest model of the information heat engine, called the Szilard engine.
We first explain the explicit protocol (see also Fig. 2.1).

Let us consider a two-level system with an initially degenerate Hamiltonian. We label the states
of the system by n = 0 and n = 1. If we start from a canonical distribution, the initial state is
given by a maximally mixed state

pS(n = 0) =
1

2
, pS(n = 1) =

1

2
. (2.13)

Next, a measurement is performed to distinguish the state n of the system. We denote m as the
measurement outcome, and the probability of obtaining the measurement outcome m is given by

pM (m = 0) =
1

2
, pM (m = 1) =

1

2
. (2.14)

We use the acquired information via measurement and perform the following feedback control.
Depending on the measurement outcome, we quench the Hamiltonian of the system and lower the
energy level of the state n = m relative to that of the other state. After the quench process,
we let the system interact with the heat bath, and quasi-statically change the energy levels of
the Hamiltonian back to the initial degenerate ones. Because of the energy change of the system
during the quench process and also the isothermal work extraction during the quasi-static process,
a positive amount of work can be extracted from the system. In the ideal limit, we can extract〈

WS
ext

〉
= β−1 ln 2 (2.15)
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from the Szilard engine, where ln 2 corresponds to the acquired 1−bit of information via the mea-
surement.

We explain the maximum amount of extractable work (2.15) from the Szilard engine by using
the nonequilibrium free energy (2.10). Here, we introduce a classical two-level system which records
the measurement outcome m and denote this system as the measurement apparatus or the memory
M . If the state of the system is n = 0 (n = 1), the measurement outcome m = 0 (m = 1) is
recorded in M by transforming the state of M to the m = 0 (m = 1) state. After the measurement
outcome is recorded in M , the joint probability distribution of the system S and the measurement
apparatus M is given by

pSM (n = 0,m = 0) = pSM (n = 1,m = 1) =
1

2
, (2.16)

pSM (n = 0,m = 1) = pSM (n = 1,m = 0) = 0, (2.17)

and also the postmeasurement state of the system conditioned on the measurement outcome is
given by

pS(n|m) :=
pSM (n,m)

pM (m)
, (2.18)

where

pS(n|m) = 1 if n = m, (2.19)

pS(n|m) = 0 if n 6= m. (2.20)

Then, the nonequilibrium free energy of the post-measurement state conditioned on the measure-
ment outcome m is given by∑

m

pM (m)F(pS|m,HS) =
∑
m

pM (m)
〈
HS
〉
pS|m − β−1

∑
m

pM (m)S(pS|m), (2.21)

where we take average over m by multiplying pM (m) given by (2.14). In Eq. (2.21), we denote HS

as the initial degenerate Hamiltonian of the system and the conditional Shannon entropy as∑
m

pM (m)S(pS|m) = −
∑
m

pM (m)
∑
n

pS(n|m) ln pS(n|m)

= S(pSM )− S(pM ). (2.22)

The initial equilibrium free energy is given by

FS
eq = F(pS ,HS) =

〈
HS
〉
pS

− β−1S(pS). (2.23)

The measurement process allows us to acquire information about the system and increases the free
energy of the system by ∑

m

pM (m)F(pS|m,HS)− FS
eq = β−1 ln 2, (2.24)

where we use Eqs. (2.13), (2.19) and (2.20) and the relation∑
m

pM (m)
〈
HS
〉
pS|m =

∑
n,m

pSM (n,m)HS(n) =
∑
n

pS(n)HS(n) =
〈
HS
〉
pS

(2.25)

to obtain the right-hand side of Eq. (2.24). This additional amount of the free energy (2.23) can
be extracted as work which is given by Eq. (2.15). For a more detailed derivation of Eq. (2.15),
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Figure 2.2: Venn diagram illustration of the relation between the Shannon entropies S(pS),
S(pM ), the mutual information

〈
ISM

〉
, and the conditional entropies

∑
m p

M (m)S(pS|m),∑
n p

S(n)S(pM |n).

we use the second-law like inequality (2.12), which states that the upperbound of the extractable
work is quantified by the nonequilibrium free-energy difference, given by

〈
WS

ext

〉
≤

∑
m

pM (m)F(pS|m, HS)−F(pS ,HS)

= −β−1
∑
m

pM (m)
∑
n

pS(n|m) ln pS(n|m) + β−1
∑
n

pS(n) ln pS(n)

= β−1
∑
n,m

pSM (n,m) ln
pSM (n,m)

pS(n)pM (m)

= β−1
〈
ISM

〉
, (2.26)

where we use the fact that the final state of the system is also given by the maximally mixed
state (2.13). Here, we introduce the mutual information content in Eq. (2.26), defined as

〈
ISM

〉
:= S(pS) + S(pM )− S(pSM )

= S(pS)−
∑
m

pM (m)S(pS|m)

=
∑
n,m

pSM (n,m) ln
pSM (n,m)

pS(n)pM (m)
. (2.27)

The mutual information quantifies the correlation between two subsystems S and M . The condi-
tional entropy (2.22) quantifies the entropy of the system when we have an additional knowledge
of the system labeled by m. Then, the difference between the entropy of the system S(pS) and the
conditional entropy

∑
m p

M (m)S(pS|m) quantifies the obtained information via measurement (see
Fig. 2.2). From (2.12) and (2.26), the second-law like inequality takes the following form

〈
WS

ext

〉
≤ β−1

〈
ISM

〉
= β−1 ln 2, (2.28)

where the equality condition in (2.28) gives the maximally extractable work (2.15).
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2.3 Measurement

Next, let us analyze the measurement process in the previous section. We assume that the mea-
surement apparatus M is initially in the “standard state” m = 0, which means

pMstd(m = 0) = 1, pMstd(m = 1) = 0. (2.29)

The Hamiltonian of M , denoted by HM is assumed to be degenerate. After the measurement,
the measurement outcome is stored in M , and the probability distribution is given by Eq. (2.14).
The measurement process in this setup can be viewed as a thermodynamic process starting from a
nonequilibrium distribution and ending in a canonical distribution. The measurement cost can be
quantified by applying the second-law-like inequality (2.12) to the joint system SM , given as〈

WM
ext

〉
meas

≤ F(pS ⊗ pMstd,H
S +HM )−F(pSM ,HS +HM )

= −β−1(S(pS) + S(pM )− S(pSM )) + F(pMstd, H
M )−F(pM ,HM )

= −β−1
〈
ISM

〉
+ F(pMstd,H

M )−F(pM ,HM ). (2.30)

In (2.30), we use the relation
〈
WS

ext

〉
meas

= 0 because the state of the system does not change
during the measurement process. If we substitute Eqs. (2.14) and (2.29) to (2.30), we obtain〈

WM
ext

〉
meas

≤ 0, (2.31)

because F(pMstd,H
M )−F(pM ,HM ) = β−1 ln 2 and

〈
ISM

〉
= β−1 ln 2 cancel with each other in this

setup. Note that for a general setup, the minimum amount of the measurement cost −
〈
WM

ext

〉
meas

does not necessarily vanish.

2.4 Information erasure

Here, we consider the cost of resetting the measurement apparatus (information erasure). The
initial state of this process is given by Eq. (2.14) and the final state is given by Eq. (2.29). The
erasure process in this setup can be viewed as a thermodynamic process starting from a canonical
distribution and ending in a nonequilibrium distribution. By directly applying the second-law-like
inequality (2.12), the extractable work by the erasure protocol is given by〈

WM
ext

〉
ers

≤ F(pM ,HM )−F(pMstd,H
M ). (2.32)

If we substitute Eqs. (2.14) and (2.29) to (2.32), we obtain〈
WM

ext

〉
ers

≤ −β−1 ln 2, (2.33)

From Eqs. (2.9) and (2.33), the minimum amount of heat −〈Q〉ers which needs to be dissipated
into the heat bath is given by

−〈Q〉ers = β−1 ln 2, (2.34)

which is known as the Landauer’s bound. Equivalently, the minimum amount of entropy of the
system which is needed to dump into the heat bath is given by ln 2 (see Fig. 2.3).

2.5 Some properties of the nonequilibrium free energy

In this section, we discuss some properties of the nonequilibrium free energy. In particular, we
show that the nonequilibrium free energy gives an information distance between the state of the
system and the canonical distribution.
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Memory

Erasure

Heat bath

Heat bath

Entropy

Standard state “0”

Figure 2.3: Schematic illustration of the erasure process. We start from a maximally mixed
state (2.14) which stores the information obtained by the measurement. We erase this information
by resetting the memory to the “standard state” (2.29). During this erasure protocol, we need to
dump the entropy of ln 2 to the heat bath; equivalently, we dissipate heat of β−1 ln 2 to the heat
bath.

Let us introduce the Kullback-Liebler divergence (relative entropy) which gives the information
divergence between two states p(x) and q(x) as

D(p||q) :=
∑
x

p(x) ln
p(x)

q(x)
. (2.35)

Then, the nonequilibrium free energy (2.10) can be expressed as the equilibrium free energy F eq

plus the relative entropy between the probability distribution of the system p and the canonical
distribution:

F(p,H) = F eq + β−1D(p||e
−βH

Z
), (2.36)

where F eq := −β−1 lnZ = −β−1 ln
∑

x exp(−βH(x)) is the equilibrium free energy. Note that we
use the relation

β−1D(p||e
−βH

Z
) = β−1

∑
x

p(x) ln p(x)− β−1
∑
x

p(x) ln
e−βH(x)

Z

= −β−1S(p)− β−1

(
− lnZ −

∑
x

p(x)βH(x)

)
= −F eq + 〈H〉p − β−1S(p), (2.37)

in deriving Eq. (2.36). Then, a difference between the nonequilibrium free energy and the equilib-
rium free energy can be expressed in terms of the relative entropy as

β−1D(p||e
−βH

Z
) = F(p,H)− F eq. (2.38)

In the following, we review some properties of the relative entropy, and use them to show an
information-theoretic meaning of the nonequilibrium free energy.

The relative entropy is a measure of the difference between two distributions p and q. It is
always nonnegative:

D(p||q) ≥ 0, (2.39)
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where the equality holds if and only if p(x) = q(x). We note that the relative entropy is not
symmetric in general, i.e., D(p||q) 6= D(q||p). Because of this, the relative entropy is not a true
distance. By using (2.39), the nonequilibrium free energy satisfies the following property

F(p,H) ≥ F eq, (2.40)

and the equality holds if and only if the state of the system is equal to the canonical distribution,
i.e., p = e−βH/Z.

As we introduce in detail in Sec. 5.1, the thermal operation gives a general description of the
transformation of the state of the system when it interacts with a heat bath1. We also show in
Sec. 5.2 that the thermal operation transforms the state of the system closer to the canonical
distribution2. This observation can be expressed in terms of the nonequilibrium free energy as

F(p,H) ≥ F(Ethermal(p),H), (2.41)

where the derivation of (2.41) is given in Sec. 5.7. From (2.40) and (2.41), we find that the
nonequilibrium free energy gives an information distance between the state of the system and the
canonical distribution. If the state of the system is far from equilibrium, the nonequilibrium free
energy takes a large value.

2.6 Quantum case

In this section, we consider a quantum system and review the second law of thermodynamics under
information processing [15,18]. Let us denote the initial density operator of the system S and that
of the measurement device M as ρSini and ρMini, respectively. A general quantum measurement is
implemented by a joint unitary transformation USM on SM followed by a projective measurement
PM
k on M , where the projection operator satisfies PM

k PM
l = δk,lP

M
k . Here, we denote the total

Hamiltonian of the system as HS
λ0

+ HM + V SM (t), where HS
λ0

is the initial Hamiltonian of the

system which is fixed during the measurement process, HM is the Hamiltonian of the measurement
device, and V SM (t) is the interaction between the S and M . The interaction V SM (t) is turned on
during the measurement process. Then, the joint unitary transformation is obtained by the time
evolution USM = Texp(−i

∫
dt′HS

λ0
+ HM + V SM (t′)), where T denotes the time ordering. The

probability for the measurement outcome k being obtained is given by

pk := TrSM

[(
PM
k ⊗ 1lS

)
USM

(
ρSini ⊗ ρMini

)
U †SM (PM

k ⊗ 1lS
)]
, (2.42)

and the postmeasurement state for the measurement outcome being k is given by

ρSM (k) :=
1

pk

(
PM
k ⊗ 1lS

)
USM

(
ρSini ⊗ ρMini

)
U †SM (PM

k ⊗ 1lS
)
. (2.43)

Let us introduce an orthonormal basis set ofM as {
∣∣φMk (b)

〉
}k,b. Then, the projection operator can

be expressed as

PM
k =

∑
b

∣∣φMk (b)
〉 〈
φMk (b)

∣∣ . (2.44)

Let us also denote an orthonormal basis set of M as {
∣∣ψM (a)

〉
}a which diagonalizes ρMini as

ρMini =
∑
a

pMini(a)
∣∣ψM (a)

〉 〈
ψM (a)

∣∣ . (2.45)

1The thermal operation is defined to be a state transformation of a quantum system. However, we only consider
quantum states which are diagonal in the energy eigenbasis. Since the off-diagonal elements do not enter into the
argument, we can also use the properties of the thermal operation for classical states.

2To be precise, this is true for a quantum state which is diagonal in the energy eigenbasis.
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By knowing the measurement outcome k, we acquire information about the reduced density matrix
of S after the measurement:

ρS(k) =
1

pk
TrM

[(
PM
k ⊗ 1lS

)
USM

(
ρSini ⊗ ρMini

)
U †SM (PM

k ⊗ 1lS
)]

=
1

pk

∑
a,b

MS
k,a,bρ

S
iniM

†S
k,a,b, (2.46)

where

MS
k,a,b :=

〈
φMk (b)

∣∣USM
∣∣ψM (a)

〉
(2.47)

is a measurement operator satisfying the normalization condition
∑

k,a,bM
†S
k,a,bM

S
k,a,b = 1lS .

Next, we change the protocol of the Hamiltonian depending on the measurement outcome k and
perform a feedback control on the system. Let us denote the Hamiltonian of the system asHλt(k) and

we also consider an interaction with the heat bath: HB+V SB. Here, we assume that the interaction
between S and B is turned on at the beginning of the feedback control process. The composite
system SB evolves in time according to the unitary time evolution USB

k = Texp(−i
∫
dt′(Hλt′ (k)

+

HB +V SB)), where T denotes the time ordering. We assume that the initial state of B is given by
the canonical distribution

ρBcan :=
e−βHB

ZB
, (2.48)

where ZB = Tr[exp(−βHB)] is the partition function. Then, the final state is given by

ρSBfin (k) := USB
k (ρS(k)⊗ ρBcan)U

†SB
k . (2.49)

Now let us define the extractable work from the system in a manner similar to that of the
classical system: 〈

WS
ext

〉
:= Tr[ρSiniH

S
λ0
]−
∑
k

pkTr[ρ
S
fin(k)H

S
λ1
(k)] + 〈Q〉 , (2.50)

where HS
λ1
(k) is the final Hamiltonian of the system and 〈Q〉 is the heat absorbed by the system,

defined as

〈Q〉 := Tr[ρBcanH
B]−

∑
k

pkTr[ρ
B
fin(k)H

B]. (2.51)

In Eq. (2.50), we assume that the interaction V SB is either turned off at the end of the feedback
control or the strength of the interaction is weak such that the interaction energy V SB is negligible
for the final state. The case of the strong coupling is discussed in Ref. [63]. By rewriting the
extractable work, we derive the second law of thermodynamics under feedback control. Let us
denote the initial Hamiltonian of the system as HS

λ0
. Then, the initial nonequilibrium free energy

of the system is given by

F(ρSini,H
S
λ0
) := Tr[ρSiniH

S
λ0
]− kTS(ρSini), (2.52)

where S(ρ) = −Tr[ρ ln ρ] is the von Neumann entropy. The final nonequilibrium free energy of the
system is given by∑

k

pkF(ρS(k),HS
λ0
) :=

∑
k

pk
(
Tr[ρSfin(k)H

S
λ1
(k)]− kTS(ρSfin(k))

)
. (2.53)

Let us introduce the information gain defined as

〈I〉 := S(ρSini)−
∑
k

pkS(ρ
S(k)), (2.54)
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which gives a difference in the von Neumann entropy of the system during the measurement process.
Then, from Eq. (2.50), we obtain〈

WS
ext

〉
+
〈
∆FS

〉
− kT 〈I〉

= kT
∑
k

pk
(
S(ρ(k))− S(ρSfin(k))

)
+Tr[ρBcanH

B]−
∑
k

pkTr[ρ
B
fin(k)H

B]

= kT
∑
k

pk
[
S
(
ρS(k)⊗ ρBcan

)
+Tr[ρSBfin (k) ln(ρSfin(k)⊗ ρBcan)]

]
= kT

∑
k

pk
[
S(ρS(k)⊗ ρBcan) + Tr[ρS(k)⊗ ρBcan ln ρ̃

SB
fin (k)]

]
= −kT

∑
k

pkS(ρ
S(k)⊗ ρBcan||ρ̃SBfin (k)) ≤ 0, (2.55)

where 〈
∆FS

〉
:=
∑
k

pkF(ρS(k),HS
λ0
)−F(ρSini,H

S
λ0
) (2.56)

is the nonequilibrium free-energy difference of the system. We use S(ρ) = S(UρU †) and the
nonnegativity of the quantum relative entropy S(ρ||σ) = −S(ρ)− Tr[ρ lnσ] ≥ 0 in (2.55). We also
introduce the final density matrix of SB for the backward process as

ρ̃SBfin (k) := U †SB
k (ρSfin(k)⊗ ρBcan)U

SB
k . (2.57)

From (2.55), we obtain the second law of thermodynamics under feedback control [18]:〈
WS

ext

〉
≤ −

〈
∆FS

〉
+ kT 〈I〉 . (2.58)

If the initial state of M is given by a pure state (ρMini =
∣∣ψM

0

〉 〈
ψM
0

∣∣) and the projection PM
k is

rank-one, i.e., PM
k = |φk〉 〈φk| and {|φk〉}k is an orthonormal basis set, the measurement MS

k is
said to be a pure measurement. In this case, the information gain is nonnegative (〈I〉 ≥ 0) and
by obtaining the knowledge of the measurement outcome, we can increase the free energy of the
system by kT 〈I〉. Note that this amount of the increased free energy can be extracted as work
during the feedback control.

Next, let us define the extractable work from the measurement device during the measurement
process. Here, we assume that the interaction between the heat bath and M during the measure-
ment process is turned off. In such a case, the extractable work is given by the internal energy
difference: 〈

WM
ext

〉
:= Tr[ρMiniH

M ]−
∑
k

pkTr[ρ
M (k)HM ]. (2.59)

Let us introduce the initial and the final nonequilibrium free-energies of M and derive a second
law of thermodynamics for the measurement process. The initial nonequilibrium free energy of M
is given by

F(ρMini,H
M ) := Tr[ρMiniH

M ]− kTS(ρMini), (2.60)

and the final nonequilibrium free energy of M is given by

F(ρMmeas,H
M ) := Tr[ρMmeasH

M ]− kTS(ρMmeas), (2.61)

where ρMmeas :=
∑

k pkTrS [ρ
SM (k)] is the reduced density matrix of M after the measurement.
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Combining Eqs (2.59), (2.60) and (2.61), we obtain〈
WM

ext

〉
+
〈
∆FM

〉
+ kT 〈I〉

= kTS(ρMini) + kTS(ρSini)− kTS(ρMmeas)−
∑
k

pkS(ρ
S(k))

= kTS
(
USM (ρSini ⊗ ρMini)U

†SM
)
+ kT

∑
k

pkTrSM
[
ρSM (k)

(
ln ρM (k) + ln ρS(k)

)
+ ln pk

]
= −kT∆S + kTS(ρSMmeas) + kTTrSM

[
ρSMmeas ln

(∑
k

pkρ
S(k)⊗ ρM (k)

)]

= −kT∆S − kTS

(
ρSMmeas||

∑
k

pkρ
S(k)⊗ ρM (k)

)
≤ 0. (2.62)

Here,

∆S := S(ρSMmeas)− S
(
USM (ρSini ⊗ ρMini)U

†SM
)
≥ 0 (2.63)

gives an increase in the von Neumann entropy of SM via the projection PM
k [40]. We use (2.63)

and the nonnegativity of the quantum relative entropy and obtain (2.62). From (2.62), the second
law of thermodynamics which quantifies the extractable work via measurement is obtained [15]:〈

WM
ext

〉
≤ −

〈
∆FM

〉
− kT 〈I〉 . (2.64)

From (2.58) and (2.64), we find that the information content which enters into the second law when
we consider measurement and feedback control is given by the information gain 〈I〉. By utilizing
the obtained information, work can be extracted from the system by the amount of nonequilibrium
free-energy difference plus the information gain, whereas the cost −

〈
WM

ext

〉
of performing a mea-

surement to obtain that information is quantified by the nonequilibrium free-energy difference of
the measurement device plus the information gain.

2.7 Some comments on experiments

In this section, we review some experiments on information heat engines and information erasure
protocols.

The first demonstration of an information heat engine (Maxwell’s demon) has been carried
out in Ref. [23], by performing a feedback control on a Brownian particle in a tilted periodic
potential. The Szilard engine has been experimentally demonstrated by a single-electron box [28]
and a colloidal particle using two optical traps [27]. We briefly explain the setup of the experiment
done in Ref. [28] in Sec. 6.7.4, and we also discuss a possible experimental test of the main results
in this thesis by using a single-electron box. The experimental verification of Landauer’s principle
has been carried out in Ref. [24] by using a single colloidal particle in a bistable potential (double
well potential).
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Chapter 3

Nonequilibrium equalities

In this chapter, we review the nonequilibrium equalities which give exact equality relations on
thermodynamic quantities, and also give us insights on the irreversibility of the thermodynamic
processes even when the dynamics are out of equilibrium. These equality relations offer strong
theoretical tools to analyze the nonequilibrium dynamics of the system.

3.1 Detailed fluctuation theorem

The detailed fluctuation theorem relates the ratio of the path probabilities of the forward and
backward paths to the total entropy production as

P [Γ]

P̃ [Γ†]
= eσ[Γ], (3.1)

where Γ and Γ† denote the trajectories of the forward and backward (time-reversed) processes, and
P [Γ] and P̃ [Γ†] are the corresponding path probability distributions. Here,

σ[Γ] := ∆s[Γ]− βQ[Γ] (3.2)

is the total entropy production, where

∆s[Γ] := ln pini(x)− ln pfin(y) (3.3)

is a change in the Shannon entropy of the system, Q[Γ] is the heat absorbed by the system and β is
the inverse temperature of the heat bath. We also denote pini(x) and pfin(y) as the initial and final
probability distributions of the system, respectively. If we assume that the heat bath is very large,
the state of the heat bath does not change during the dynamics. Then, the entropy produced by
the heat bath is equal to −βQ. Thus, Eq. (3.2) can be interpreted as the total amount of entropy
that is increased during the process.

The detailed fluctuation theorem gives a severe constraint on the path probabilities as shown
in Eq. (3.1). The right-hand side of Eq. (3.1) is equal to the exponential of the entropy production,
and we find that the probability of observing the negative entropy production during the forward
process is exponentially suppressed compared with the corresponding backward probability. We
also note that the left-hand side of Eq. (3.1) gives the irreversibility of each stochastic path Γ in
terms of the ratio of the forward and backward probability distributions. Because the left-hand side
of Eq. (3.1) depends on the protocols (i.e., how to drive the system Hamiltonian from Hλ0 to Hλ1),
we can use Eq. (3.1) to search for the right protocol which gives the desired form of the entropy
production σ[Γ]. We exploit this observation when we derive the main results in the following
chapters.
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For multiple heat baths, Eq. (3.2) becomes

σ[Γ] = ∆s[Γ]−
∑
i

βiQi[Γ], (3.4)

where βi and Qi[Γ] are the inverse temperature and the heat absorbed by the system for the i-
th bath. We note that the detailed fluctuation theorem (3.1) for multiple heat baths has been
experimentally verified by using the double quantum dot [46]. For the later purpose, we focus on
Eq. (3.2) and review the derivation of the detailed fluctuation theorem (3.1) in this section. We
note that we need to specify the microscopic dynamics (e.g. the Langevin equation) in order to find
the explicit form of the forward probability distribution P [Γ] and the heat Q[Γ]. In the following
subsections, we derive Eq. (3.1) for some typical examples of the microscopic dynamics.

3.1.1 Hamiltonian dynamics

We will first consider the Hamiltonian dynamics for the composite system of the system and the
heat bath. Let the initial and final Hamiltonians of the system be HS

λ0
and HS

λ1
, respectively, and

the Hamiltonian of the heat bath be HB. We also denote the interaction as V SB. Let the initial and
the final states of the system be pini(x) and pfin(y), respectively. We assume that the initial state of
the heat bath is given by the canonical distribution pBcan(a) = exp(−β(EB(a)−FB)), where EB(a)
is the eigenenergy of the heat bath and FB is the equilibrium free energy. We denote p(y, b|x, a) as
the transition probability calculated from the Hamiltonian dynamics of the composite system, and

P [Γ] := p(y, b|x, a)pSini(x)pBcan(a) (3.5)

gives the forward probability distribution. Since the Hamiltonian dynamics preserves the phase
space volume, the transition probability must satisfy the doubly stochastic property∑

x,a

p(y, b|x, a) =
∑
b,y

p(y, b|x, a) = 1. (3.6)

The final state of the system is given by

pSfin(y) =
∑
x,a,b

P [Γ]. (3.7)

Next, we introduce the backward probability distribution. We start the backward process by a
joint distribution

pSfin(y)p
B
can(b). (3.8)

We denote the transition probability of the backward process as p̃(x, a|y, b), which is generated by
the time-reversal of the forward dynamics. The symmetry in time of the Hamiltonian dynamics
implies

p̃(x, a|b, y) = p(b, y|x, a). (3.9)

Then, the backward probability distribution is given by

P̃ [Γ†] := pSfin(y)p
B
can(b)p̃(x, a|y, b)

= pSfin(y)p
B
can(b)p(y, b|x, a). (3.10)

Now the right-hand side of Eq. (3.1) is given by

P [Γ]

P̃ [Γ†]
=

pSini(x)p
B
can(a)

pSfin(y)p
B
can(b)

= exp(ln pSini(x)− ln pSfin(y)− βQ[Γ]), (3.11)
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where we used the relation

pBcan(a)

pBcan(b)
= exp(−β(EB(a)− EB(b))), (3.12)

and the definition of the heat absorbed by the system as

Q[Γ] := EB(a)−EB(b). (3.13)

Since the right-hand side of Eq. (3.11) is equal to exp(σ[Γ]), Eq. (3.1) is obtained.

3.1.2 Case of a quantum system

Next, let us consider the case of a quantum system. The derivation is similar to that of the classical
system. However, both the underlying dynamics and the explicit form of p(y, b|x, a) are different.
Let the initial and final density matrices of the system be

ρSini =
∑
x

pSini(x)|ψS
x 〉
〈
ψS
x

∣∣ , (3.14)

ρSfin =
∑
y

pSfin(y)|φSy 〉〈φSy |. (3.15)

We also denote the energy eigenvector of the heat bath as |ϕB
a 〉. Then, the transition probability

is given by

p(y, b|x, a) :=
∣∣〈φSy | ⊗〈ϕB

b |U |ψS
x 〉 ⊗ |ϕB

a 〉
∣∣2 , (3.16)

where U is the unitary operator describing the time evolution calculated by the Schrödinger equa-
tion. We can also consider the case in which U is an arbitrary energy-conserving unitary operator.
In this case, Eq. (3.16) gives the forward transition probability of the thermal operation (5.1). The
backward transition probability is given by using the time-reversal of the time evolution operator
U †:

p̃(x, a|y, b) :=
∣∣∣〈ψS

x | ⊗〈ϕB
a |U †|φSy 〉 ⊗ |ϕB

b 〉
∣∣∣2

= p(y, b|x, a), (3.17)

where the last equality results from

〈ψS
x | ⊗〈ϕB

a |U †|φSy 〉 ⊗ |ϕB
b 〉 =

(
〈φSy | ⊗〈ϕB

b |U |ψS
x 〉 ⊗ |ϕB

a 〉
)∗
. (3.18)

The forward and the backward probability distributions are given by Eqs. (3.5) and (3.10), respec-
tively. Then, the detailed fluctuation theorem can be derived in a manner to what is done in the
classical system (3.11). Here, we note that the average value of the total entropy production takes
the form

〈σ〉 =
∑

x,a,b,y

P [Γ]σ[Γ]

=
∑
x

pini(x) ln pini(x)−
∑
y

pfin(y) ln pfin(y)− β
∑
a

pBcan(a)E
B(a) + β

∑
x,a,b,y

P [Γ]EB(b)

= S(ρSfin)− S(ρSini)− β 〈Q〉 , (3.19)

where S(ρ) = −Tr[ρ ln ρ] is the von Neumann entropy and

〈Q〉 := Tr[ρBcanH
B]− Tr[ρBfinH

B]. (3.20)
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Here,
ρBfin = TrS [U(ρSini ⊗ ρBcan)U

†] (3.21)

is the final density matrix of the heat bath.
If we introduce the conditional transition probabilities of the system as

P [Γ|x] := p(y, b|x, a)pBcan(a), (3.22)

P̃ [Γ†|y] := p̃(x, a|y, b)pBcan(b), (3.23)

the ratio of those probabilities follows the detailed balance relation

P [Γ|x]
P̃ [Γ†|y]

= exp(−βQ[Γ]), (3.24)

which holds for the thermal operation (5.1). From this relation (3.24), we can formulate the detailed
fluctuation theorem (3.1) even when the protocol consists of the thermal operation as a part of the
whole protocol.

3.1.3 Stochastic dynamics

Here, let us consider a simple model of a system with a single degrees of freedom (e.g. a colloidal
particle) whose trajectory is denoted by x(t). We follow Ref. [53] in this subsection. We consider
the following Langevin equation which describes the overdamped motion of a system, given as

ẋ = µF (x, λ) + ξ, (3.25)

where F (x, λ) = −∂xV + f is the combination of the force coming from the potential V and the
direct force f , depending on the control parameter λ(t) and µ is the mobility. Here, ξ(t) is the
Gaussian thermal noise satisfying 〈

ξ(t)ξ(t′)
〉
= 2Dδ(t− t′), (3.26)

and we assume the Einstein relation
D = β−1µ. (3.27)

The conditional probability of observing a trajectory x(t) starting from x(0) = xini is given by the
form

p[x(t)|xini] = N exp(−A[x(t), λ(t)]), (3.28)

where

A[x(t), λ(t)] :=

∫ t

0
dτ

[
(ẋ− µF )2

4D
+
µ

2
∂xF

]
, (3.29)

is a quantity similar to the action.
We define the work and the heat as

w[x(t)] :=

∫ t

0

(
∂V

∂λ
λ̇+ fẋ

)
dτ, (3.30)

q[x(t)] :=

∫ t

0
Fẋdτ. (3.31)

Note that the above definition is consistent with the first law of thermodynamics:

w[x(t)] = q[x(t)] +

∫ t

0

(
∂V

∂λ
λ̇+

∂V

∂x
ẋ

)
dτ (3.32)

= q[x(t)] + V (xt, λt)− V (xini, λ0), (3.33)
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where V (xt, λt)− V (xini, λ0) is the internal energy change of the system. Note that the work done
on the system in Eq. (3.30) has two contributions: a change in the potential under fixed position of
the particle and an external force applied to the particle. Now the heat can be expressed in terms
of the forward and backward transition probabilities. We first rewrite the heat as

βq[x(t)] =

∫ t

0

µ

D
Fẋdτ (3.34)

= −
∫ t

0

[
(ẋ− µF )2

4D
− (−ẋ− µF )2

4D

]
dτ. (3.35)

Next, let us introduce the time-reversed quantities as follows. The time-reversed trajectory is
denoted by x̃(t) = x(tfin − t), which is generated by starting from xfin = x(tfin) under the time-
reversed protocol λ̃(t) = λ(tfin − t). Then, the following relation holds

−
∫ t

0

[
(−ẋ− µF )2

4D
+
µ

2
∂xF

]
dτ

=

∫ tfin−t

tfin

[
(ẋ(tfin − τ ′)− µF (λ(tfin − τ ′)))2

4D
+
µ

2
∂xF (λ(tfin − τ ′))

]
dτ ′

=

∫ tfin−t

tfin

[
( ˙̃x− µF (λ̃(τ ′))2

4D
+
µ

2
∂x̃F (λ̃(τ

′))

]
dτ ′

= A[x̃(t), λ̃(t)]. (3.36)

Combining Eqs. (3.36), (3.35) and (3.29), we obtain

βq[x(t)] = A[x̃(t), λ̃(t)]−A[x(t), λ(t)]

= ln
p[x(t)|xini]
p̃[x̃(t)|xfin]

, (3.37)

where we use Eq. (3.28) in deriving the last equality in Eq. (3.37). This expression shows that the
ratio of the transition probabilities between the forward dynamics and the backward dynamics is
related to the stochastic heat q[x(t)].

The total entropy production in this setup is given by

σ[x(t)] := ln
p(xini)

p(xfin)
+ βq[x(t)], (3.38)

where the first term on the right-hand side of Eq. (3.38) is the Shannon entropy difference of the
system. Note the sign convention Q[Γ] = −q[x(t)] in Eq. (3.38). Then, from the definition of the
forward and backward probability distributions

P [Γ] := p[x(t)|xini]p(xini), (3.39)

P̃ [Γ†] := p̃[x̃(t)|xfin]p(xfin), (3.40)

we can derive the detailed fluctuation theorem (3.1) by using Eqs. (3.37) and (3.38) as

P [Γ]

P̃ [Γ†]
=

p[x(t)|xini]
p̃[x̃(t)|xfin]

p(xini)

p(xfin)

= exp(σ[x(t)]). (3.41)
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3.2 Nonequilibrium work relations

Next, we relate the total entropy production to the nonequilibrium work and derive general equality
relations. We denote the canonical distribution as

pcanλ0
(x) := exp(−β(Eλ0(x)− Fλ0)), (3.42)

where Eλ0(x) is the initial energy of the system and Fλ0 is the initial equilibrium free energy. We
also denote the canonical distribution by using the final energy Eλ1(y) and the final equilibrium
free energy Fλ1 as

pcanλ1
(y) := exp(−β(Eλ1(y)− Fλ1)). (3.43)

We introduce the following nonequilibrium free energies which generalize the equilibrium free en-
ergies into the nonequilibrium situations as

Fλ0(x) := Eλ0(x)− β−1s[pini(x)], (3.44)

Fλ1(y) := Eλ1(y)− β−1s[pfin(y)], (3.45)

where s[q(x)] = − ln q(x) is the unaveraged Shannon entropy of the system, pini(x) and pfin(y)
are the initial and the final distributions of the system, respectively. Let us also introduce the
unaveraged relative entropies

Dλ0(x) := ln pini(x)− ln pcanλ0
, (3.46)

Dλ1(y) := ln pfin(y)− ln pcanλ1
, (3.47)

where each of them measures the information distance between the state of the system and the cor-
responding canonical distribution. By using these unaveraged relative entropies, the nonequilibrium
free energies can be expressed in terms of the information distances:

Fλ0(x) := Fλ0 + β−1Dλ0(x), (3.48)

Fλ1(y) := Fλ1 + β−1Dλ1(y). (3.49)

The above expressions show that the nonequilibrium free energy is equal to the sum of the equilib-
rium free energy and the information distance between the state of the system and the canonical
distribution. If we take the average of the nonequilibrium free energy, we obtain

〈Fλ0〉 =
∑
x

pini(x)Eλ0(x)− β−1S(pini)

= Fλ0 + β−1D(pini||pcanλ0
), (3.50)

where S(p) = −
∑

x p(x) ln p(x) is the Shannon entropy and D(p||q) =
∑

x p(x) ln
p(x)
q(x) is the relative

entropy.
By using the nonequilibrium free energies, we can relate the total entropy production to the

extractable work from the system as

σ[Γ] = −βW [Γ]− β∆F(x, y), (3.51)

where
∆F(x, y) := Fλ1(y)−Fλ0(x) (3.52)

is the nonequilibrium free-energy difference and

W [Γ] := Eλ0(x)− Eλ1(y) +Q[Γ] (3.53)
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is the extractable work from the system, which is consistent with the first law of thermodynamics.
Then, the detailed fluctuation theorem (3.1) can be expressed in terms of the nonequilibrium work

P [Γ]

P̃ [Γ†]
= exp [−β(W [Γ] + ∆F(x, y))] . (3.54)

We note that when the initial and the final distributions are given by the canonical distributions,
the nonequilibrium free energies reduce to the equilibrium free energies and Eq. (3.54) reproduces
the relation

P [Γ]

P̃ [Γ†]
= exp [−β(W [Γ] + ∆F )] . (3.55)

We also note that by introducing the work probability distributions

p(w) :=

∫
dΓδ(w −W [Γ])P [Γ], (3.56)

p̃(−w) :=

∫
dΓ†δ(−w − W̃ [Γ†])P̃ [Γ†], (3.57)

we can derive the Crook’s fluctuation theorem

p(w)

p̃(−w)
= exp(−β(w +∆F )), (3.58)

by using the relation

p(w) =

∫
dΓδ(w −W [Γ])P̃ [Γ†] exp [−β(W [Γ] + ∆F )]

=

∫
dΓδ(w −W [Γ])P̃ [Γ†] exp [−β(w +∆F )]

= p̃(−w) exp(−β(w +∆F )). (3.59)

Here, we used the relation dΓ = dΓ† and

W̃ [Γ†] = Eλ1(y)− Eλ0(x)−Q[Γ]

= −W [Γ], (3.60)

in deriving Eq. (3.59). By measuring the work probability distribution of the forward process and
the backward process, we can estimate the equilibrium free-energy difference by using Eq. (3.58).
The authors in Ref. [44] used this relation and estimated the equilibrium free-energy difference
of the RNA molecule by measuring the nonequilibrium work during the folding/unfolding of that
molecule.

3.3 Integral fluctuation theorems

Next, we consider the integrated version of the fluctuation theorem. From the detailed fluctuation
theorem (3.1), we obtain the integral fluctuation theorem as

〈
e−σ
〉

=

∫
dΓP [Γ]e−σ[Γ]

=

∫
dΓP̃ [Γ†] = 1. (3.61)
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Similarly, from Eq. (3.54), we obtain 〈
eβ(W+∆F)

〉
= 1, (3.62)

and for the equilibrium initial and final states, Eq. (3.62) reproduces the Jazynski equality〈
eβ(W+∆F )

〉
= 1. (3.63)

However, it should be noted that Eq. (3.63) can be derived without assuming that the final state
is given by the canonical distribution as in the original derivation of Jarzynski [50,51].

These integrated forms of the fluctuation theorems can systematically reproduce the second law
of thermodynamics and the fluctuation-dissipation theorem as follows. We use the convexity of the
exponential function (the Jensen inequality) given as〈

eX
〉
≥ e〈X〉, (3.64)

where X[Γ] is a stochastic quantity. Then, we combine Eq. (3.61) and (3.64) to obtain

0 = ln 1 = ln
〈
e−σ
〉
≥ ln e−〈σ〉 = −〈σ〉 , (3.65)

which is equivalent to the second-law-like inequality

〈σ〉 ≥ 0. (3.66)

This relation shows that the average total entropy production is nonnegative for all thermodynamic
processes. Equivalently, we can obtain the inequality in which the extractable work is bounded
from above as

〈W 〉 ≤ − 〈∆F〉 . (3.67)

Note that if the initial and the final states are given by the canonical distributions, Eq. (3.67)
reproduces the conventional second law of thermodynamics

〈W 〉 ≤ −∆F. (3.68)

Although the inequalities (3.66) and (3.68) are equivalent to the second law of thermodynamics,
they do not give the microscopic derivation of the irreversibility of the macroscopic thermodynamics
because in deriving those inequalities (3.66) and (3.68), we put the irreversibility by hand in either
the microscopic dynamics or the initial state of the backward process. Still, these inequalities (3.66)
and (3.68) are useful to analyze the irreversibility of the thermodynamic processes. For example, the
thermodynamically reversible protocols can be found by studying the equality conditions of (3.66)
and (3.68). The equality condition in (3.68) is equivalent to the condition W [Γ] = −∆F for all Γ
and from Eq. (3.63) we obtain

P [Γ] = P̃ [Γ†]. (3.69)

This is possible if we quasi-statically change the control parameter λt such that the state of the
system is always at equilibrium during the driving. In this situation, the state of the system at
both the forward and the backward processes take the same canonical distribution and Eq. (3.69)
is satisfied. Then, the upper bound given by the second law (3.68) is achieved and we can extract a
maximal amount of work (i.e., the reversible work −∆F ) from the system, which is consistent with
the macroscopic thermodynamics. Next, we would like to consider the equality condition of (3.67)
or equivalently, that of (3.66). The equality condition is the same as Eq. (3.69):

P [Γ] = P [Γ|x]pini(x) = P̃ [γ†|y]pfin(y) = P̃ [Γ†]. (3.70)
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However, we should note that in this case the initial and final states are different from the canonical
distributions. Thus, if we quasi-statically change the control parameter λt from λ0 to λ1, the
nonequilibrium distribution pini(x) changes into the canonical distribution due to the interaction
between the system and the heat bath. This thermalization produces dissipation and the entropy
production cannot reach the equality condition of (3.66). To avoid this situation, we quench the
Hamiltonian at the initial and the final stage of the protocol. Let us introduce the quenched
Hamiltonians H ′

0 and H ′
1 which satisfy the following relations:

pini = exp(−β(H ′
0 − F ′

0)),

pfin = exp(−β(H ′
1 − F ′

1)), (3.71)

where F ′
0 and F ′

1 are the free energies. If we quench the Hamiltonian from Hλ0 to H ′
0, quasi-

statically change the Hamiltonian to H ′
1 and quench the Hamiltonian back to the final one Hλ1 ,

the relation (3.69) is satisfied and the equality conditions in (3.67) and (3.66) are achieved. Now, let
us focus on the work and the entropy production for each step which achieve the equality conditions
in (3.67) and (3.66). The work extracted from the system during each quench process is given by

〈W q
0 〉 =

∑
x

pini(x)(Eλ0(x)− E′
0(x)), (3.72)

〈W q
1 〉 =

∑
y

pfin(y)(E
′
1(y)− Eλ1(y)), (3.73)

and the work extracted during the quasi-static process is given by the equilibrium free-energy
difference

〈W q-s〉 = F ′
0 − F ′

1. (3.74)

The total extractable work is then given by

〈W q
0 〉+ 〈W q-s〉+ 〈W q

1 〉 = β−1
∑
x

pini(x) ln
pini(x)

pcanλ0
(x)

− β−1
∑
y

pfin(y) ln
pfin(y)

pcanλ1
(y)

−∆F

= −∆F + β−1D(pini||pcanλ0
)− β−1D(pfin||pcanλ1

)

= −〈∆F〉 , (3.75)

which achieves the equality condition of the second law (3.67). Because the quench process and
the quasi-static process are both thermodynamically reversible, the entropy production vanishes
during those processes and

〈σ〉 = 0 (3.76)

also holds. We note that the nonequilibrium free energy (3.45) acquires a thermodynamic meaning
when we have a single heat bath. In this case, the inequality (3.67) shows that the nonequilibrium
free energy is equal to the reversible work (i.e., the extractable work for a thermodynamically
reversible process) for nonequilibrium initial and/or final states.

Next, let us expand the integral fluctuation theorem (3.61) for small σ[Γ] as

0 = ln
〈
e−σ
〉
= ln

(
1− 〈σ〉+ 1

2

〈
σ2
〉)

+O(σ3)

= −〈σ〉+ 1

2

(〈
σ2
〉
− 〈σ〉2

)
+O(σ3). (3.77)

We then obtain the fluctuation-dissipation theorem:〈
σ2
〉
− 〈σ〉2 = 2 〈σ〉+O(σ3). (3.78)
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In particular, for thermalized initial and final states, Eq. (3.78) reduces to〈
W 2
〉
− 〈W 〉2 = 2 〈σ〉+O(σ3), (3.79)

where the left-hand side of Eq. (3.79) is equal to the work fluctuation and the right-hand side
is equal to the dissipation. These relations (3.78) and (3.79) are applicable for small σ, which is
equivalent to the condition that the deviation of the process from the thermodynamically reversible
process is small. Starting from a equilibrium state, the vanishing work fluctuation protocol and the
vanishing dissipation protocol are the same. However, this is not true for nonequilibrium initial
and final states because the work generally fluctuates during the quench process (3.69), which is
needed to construct a thermodynamically reversible protocol with vanishing dissipation.

3.4 Fluctuation theorems under information processing

In this section, we review how the fluctuation theorems can be generalized to the situations involving
information processing. We introduce a measurement device M which records the measurement
outcome. Let the joint distribution of the system S and the measurement device be pSM (x, a),
where the reduced distribution pS(x) =

∑
a p

SM (x, a) is equal to the premeasurement of S and
pM (a) =

∑
x p

SM (x, a) is the probability of obtaining the measurement outcome a. The information
acquired by this measurement process is quantified by the classical mutual information

ISM (x, a) := ln
pSM (x, a)

pS(x)pM (a)
. (3.80)

The total entropy production of the composite system SM is given by

σ[Γ] := ∆sSM [Γ]− βQ[Γ], (3.81)

where

∆sSM [Γ] := ln
pSM (x, a)

pSMfin (y, a)
(3.82)

is the Shannon entropy difference and pSMfin (y, a) is the joint distribution of SM after the feedback
control, which is implemented by changing the control parameter λt(a) depending on the mea-
surement outcome a. By using the classical mutual information (3.80), we can rewrite Eq. (3.81)
as

σ[Γ] = ∆s[Γ]− βQ[Γ] + ISM (x, a)− ISMfin (y, a), (3.83)

where ∆s[Γ] := ln pS(x)− ln pSfin(y) is the Shannon entropy difference of the system and

ISMfin (y, a) := ln
pSMfin (y, a)

pSfin(y)p
M (a)

(3.84)

quantifies the correlation which is left between S and M when the feedback is completed. Note
that if we consider an optimal feedback control protocol, Eq. (3.84) vanishes and the entire correla-
tion (3.80) is utilized to extract work from the system. We apply the detailed fluctuation theorem
to the joint system SM as

P [Γ]

P̃ [Γ†]
= exp(σ[Γ]) = exp

(
∆s[Γ]− βQ[Γ] + ISM (x, a)− ISMfin (y, a)

)
, (3.85)

and the integral fluctuation theorem as〈
e−σ
〉
=
〈
e−∆s+βQ−ISM+ISM

fin

〉
= 1. (3.86)
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The relation between the total entropy production and the Shannon entropy difference of the sys-
tem (3.83) allows us to express the nonequilibrium equalities of the feedback-controlled system by
introducing the information contents as in Eqs. (3.85) and (3.86). If we introduce the postmea-
surement state of the system conditioned on the measurement outcome a as

pS|M (x|a) := pSM (x, a)

pM (a)
, (3.87)

the forward probability distribution can be expressed as

P [Γ] = P [Γ|x, a]pSM (x, a) = pM (a)P [Γ|x, a]pS|M (x|a). (3.88)

Then, Eq. (3.86) can also be expressed as the ensemble average of the system when the measurement
outcome is fixed as

1 =
〈
e−σ
〉
=
∑
a

pM (a)
〈
e−∆s+βQ−ISM+ISM

fin

〉
a
, (3.89)

with

〈X〉a :=

∫
dΓP [Γ|x, a]pS|M (x|a)X[Γ]. (3.90)

By introducing the nonequilibrium free energy (3.38) and use the relation

∆s[Γ]− βQ[Γ] = −β(W [Γ] + ∆F(x, y)), (3.91)

the integral fluctuation theorem (3.86) can be expressed as the generalized form of the Jarzynski
equality as 〈

eβ(W+∆F)−ISM+ISM
fin

〉
= 1. (3.92)

Similarly to Eq. (3.61), we can derive the generalized second law of thermodynamics including the
effect of the measurement and the feedback control:

〈W 〉 ≤ − 〈∆F〉+ β−1(
〈
ISM

〉
−
〈
ISMfin

〉
) (3.93)

where 〈
ISM

〉
:=

∑
x,a

pSM (x, a) ln
pSM (x, a)

pS(x)pM (a)
, (3.94)

〈
ISMfin

〉
:=

∑
y,a

pSMfin (y, a) ln
pSMfin (y, a)

pSfin(y)p
M (a)

, (3.95)

are the classical mutual information measuring the initial and final correlations between S and M .
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Chapter 4

Quantum fluctuation theorems under
measurement and feedback control

In this chapter, we derive fluctuation theorems for a quantum system with measurement and
feedback control, which is the first main result of this thesis [72,73]. The obtained equality relations
offer a strong theoretical tool to analyze the nonequilibrium dynamics of the general quantum
measurement process as well as the feedback control process. In particular, they can be used to
search for measurement and feedback protocols with low dissipation. We expect that the obtained
quantum Jarzynski equalities can be experimentally tested, and also can be utilized to extract
useful information about the thermodynamic quantities in the quantum regime.

4.1 Motivation and the setup of the main results

There have been recent developments in quantum systems which can be used to possess informa-
tion processing, as in trapped ions [78], superconducting qubits [79] and ultracold atomic gases [80].
Performing measurement and feedback control on those systems have attracted great interest from
the viewpoint of state preparation, entanglement generation and quantum computing. Also, in the
future, these techniques may be used to realize quantum information heat engines which extract
work from the system with the help of feedback control. Here, we would like to analyze thermo-
dynamics of the quantum measurement and feedback control processes, which generally go out of
equilibrium. As we reviewed in Sec. 2.6, there are previous studies that analyze the extractable
work during the feedback control and the measurement cost by formulating the second law of ther-
modynamics [15,16]. On the other hand, the fluctuation theorems allow us to consider not only the
average value of the thermodynamic quantities but also the unaveraged version of those quantities,
which depend on the microscopic trajectory of the system. The detailed fluctuation theorem relates
the unaveraged version of the thermodynamic quantities to the forward and backward probability
distributions which realize the microscopic trajectory of the measurement and the feedback control
processes. The detailed fluctuation theorems provides detailed pieces of information of the quan-
tum measurement and feedback control processes and can be used to find protocols which suppress
dissipation during those processes.

Following the above motivation, we would like to derive detailed fluctuation theorems and
Jarzynski equalities which are applicable to quantum measurement and feedback control processes.
Previous studies have generalized the fluctuation theorems to the case of measurement and feedback
control, and also to the general information processing processes in classical systems [14]. As we
discussed in Sec. 2.6, the effect of information exchange between the system and the measurement
device is quantified by the classical mutual information and this information content has been
taken into account in the obtained fluctuation theorems. A generalization of the Jarzynski equality
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Figure 4.1: Schematic illustration of the quantum measurement and feedback control processes.
We show how the density matrices of the composite system change during the measurement and
the feedback control. The basis sets which diagonalize the density matrices of the initial state, the
postmeasurement state and the feedback controlled state are also presented.

to a feedback controlled system in the quantum regime has been carried out in Ref. [70]. The
authors of Ref. [70] have considered a measurement process as a projection measurement on the
system followed by a process with classical error on that measurement outcome. Here, the classical
mutual information between the two outcomes (i.e., the measurement outcome of the projection
and the outcome with classical error) appears in the obtained Jarzynski equality. Apart from the
previous studies, we would like to consider detailed fluctuation theorems under general quantum
measurement and feedback control by using the general framework of the operational quantum
measurement theory [40]. As we discussed in Sec. 2.6, we use the indirect measurement model and
perform a general quantum measurement on the system. Below, we summarize the protocol used
in Sec. 2.6 which is also the setup we consider when we derive the fluctuation theorems.

We consider a joint system composed of the system S and the memory M . The following
process (a)-(c) describes a quantum measurement process which we consider in this chapter. After
the measurement, we attach a heat bath B to the system and consider a feedback control which is
described by (d). See also Fig. 4.1.

(a) Initial state:

ρSini ⊗ ρMini. (4.1)

The Hamiltonian of the composite system during the measurement process is given by HS
λ0

+

HM + V SM (t), where the interaction V SM (t) vanishes at the initial stage and the final stage
of the measurement process.

(b) Correlated state:

USM (ρSini ⊗ ρMini)U
†SM , (4.2)
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where the time evolution operator USM = Texp(−i
∫
dt′HS

λ0
+HM + V SM (t′)) generates a

correlation between S and M .

(c) Postmeasurement state:

ρSM (k) :=
1

pk

(
PM
k ⊗ 1lS

)
USM

(
ρSini ⊗ ρMini

)
U †SM (PM

k ⊗ 1lS
)
, (4.3)

where PM
k =

∑
b

∣∣φMk (b)
〉 〈
φMk (b)

∣∣ is a projection operator and {
∣∣φMk (b)

〉
}k,b is an orthonormal

basis set of M . The postmeasurement state of the system conditioned on the measurement
outcome k is given by

ρS(k) =
1

pk

∑
a,b

MS
k,a,bρ

S
iniM

†S
k,a,b, (4.4)

where MS
k,a,b :=

〈
φMk (b)

∣∣USM
∣∣ψM (a)

〉
is a measurement operator which acts on the system

satisfying the normalization condition
∑

k,a,bM
†S
k,a,bM

S
k,a,b = 1lS . Here, {

∣∣ψM (a)
〉
}a is a basis

set which diagonalizes the initial density matrix of M : ρMini =
∑

a p
M
ini

∣∣ψM (a)
〉 〈
ψM (a)

∣∣.
(d) Feedback controlled state:

ρSBfin (k) := USB
k (ρS(k)⊗ ρBcan)U

†SB
k . (4.5)

At the beginning of the feedback control, we attach the heat bath B to S and consider a
density matrix ρS(k) ⊗ ρBcan. We change the Hamiltonian of the system depending on the
measurement outcome k through the control parameter λt(k). The total Hamiltonian during
the feedback control is defined as Hλt(k) + HB + V SB. Then, the time evolution operator

USB
k = Texp(−i

∫
dt′(Hλt′ (k)

+HB + V SB)) acts as a feedback control on the system.

Using the setup of the quantum measurement and the feedback control described above, we
derive two main results in this chapter. The first one is the detailed fluctuation theorem for the
quantum measurement process (4.47):

p̃meas(x, a, k, y, b)

pmeas(x, a, k, y, b)
= eβ(W

M
ext(a,k,b)+∆FM (a,k,b))+I(x,k,y), (4.6)

and the second one is the detailed fluctuation theorem for the feedback controlled process (4.33):

p̃fb(h, k, y, j, z)

pfb(h, k, y, j, z)
= eβ(W

S
ext(x,h,k,j,z)+∆FS(x,k,z))−I(x,k,y). (4.7)

Both detailed fluctuation theorems relate the ratio of the forward and backward probabilities of
the process to the unaveraged values of the extractable work, nonequilibrium free-energy difference
and the information content (the information gain I(x, k, y) defined in Eq. (4.22)). We also use
this result to derive Jarzynski equalities and also discuss a method to reduce dissipation during
measurement and feedback protocol processes. When we derive Eqs. (4.47) and (4.33), we assume
that the initial and the final density matrices of S and M are diagonalized by their corresponding
energy eigenbases. For the initial and final states which have quantum coherence in the energy
eigenbases, we can derive the detailed fluctuation theorems (4.27) and (4.42) instead of Eqs. (4.6)
and (4.7) by using the dissipated work σSB and σM .

Note that the detailed fluctuation theorems depend on the microscopic trajectories of the system
as in Eqs. (4.6) and (4.7). We define those trajectories by introducing the orthonormal basis sets
which diagonalize the density matrices of the initial state, the postmeasurement state, and the
feedback controlled state (See also Fig. 4.1). Then, we define microscopic trajectories as a transition
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between those bases via the measurement process and the feedback control process and also define
probability distributions which realize those trajectories.

Finally, we would like to discuss some possible generalization of the measurement and feedback
control that we consider in this chapter. The type of measurement and feedback control that we
use are called the measurement-based feedback control in which we apply the projection PM

k on M
followed by a feedback control USB

k on SB. We can also consider the coherent feedback control in
which we apply the joint unitary transformation USBM

fb =
∑

k U
SB
k ⊗PM

k on the composite system.
Note that in this way, we do not discard the information concerning the coherence between S
and M which has some advantage as discussed in Ref. [81]. At this moment, there is a technical
difficulty to treat this situation because the joint density matrix of SM and its marginal density
matrices of S and M do not commute with each other in general and thus a consistent definition of
the microscopic path is hard to introduce. We also note that the feedback control is implemented
by a unitary transformation on SB. We can also consider different operations for the feedback
control process such as the CPTP maps. However, we note that under the state change of the
system by applying the CPTP map, the amount of work that can be extracted from the system
may be larger than the free-energy difference and this process may apparently violate the second
law of thermodynamics. Here, we would like to consider the additional amount of work that can be
extracted from the system with the help of the feedback control. Thus, we implement a feedback
control as a unitary transformation since we can fairly compare the extractable work via this type
of feedback control with the case of the extractable work without feedback control. If we consider
a unital map instead of the unitary time evolution, we can derive a quantum fluctuation theorem
as discussed in Ref. [82] and a similar relation can also be obtained. In Ref. [15], a quantum
second law under feedback control was derived by coupling the system and the heat bath before
the measurement process. A generalization of the main result to this kind of situation may also be
interesting.

4.2 Detailed fluctuation theorems

4.2.1 Detailed fluctuation theorems for the feedback control process

As we derive quantum fluctuation theorems without feedback control in Sec. (3.1.2), we also intro-
duce orthonormal basis sets {

∣∣ψS(x)
〉
}x and {

∣∣ϕS
k (z)

〉
}z which diagonalize the initial and the final

density matrices:

ρSini =
∑
x

pSini(x)
∣∣ψS(x)

〉 〈
ψS(x)

∣∣ , (4.8)

ρSfin(k) =
∑
z

pSfin(z|k)
∣∣ϕS

k (z)
〉 〈
ϕS
k (z)

∣∣ , (4.9)

where ρSfin(k) := TrB[ρ
SB
fin (k)] and ρSBfin (k) is given in Eq. (4.5). Let us also introduce a set of energy

eigenbasis {
∣∣ψB(h)

〉
}h which diagonalizes the initial density matrix of B:

ρBcan =
∑
h

pBcan(h)
∣∣ψB(h)

〉 〈
ψB(h)

∣∣ . (4.10)

Next, let us define define a quantity〈
σSB

〉
:= −β(

〈
WS

ext

〉
+
〈
∆FS

〉
) =

∑
k

pkS(ρ
S
fin(k))− S(ρSini)− β 〈Q〉 , (4.11)

where
〈
WS

ext

〉
and

〈
∆FS

〉
are given in Eqs. (2.50) and (2.56), respectively. Note that

〈
σSB

〉
quantifies the entropy produced by SB (or the dissipated work of the system normalized by β),
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and the combination of
〈
σSB

〉
+ 〈I〉 ≥ 0 quantifies the irreversiblity of the system during the

feedback control as can be seen from the second law of thermodynamics (2.58). Using the relation〈
σSB

〉
= −S(ρSini)− S(ρBcan)−

∑
k

pkTr
[
ρSBfin (k) ln

(
ρSfin(k)⊗ ρBcan

)]
, (4.12)

we can define a quantity σSB from the following argument:〈
σSB

〉
=

∑
x

pSini(x) ln p
S
ini(x) +

∑
h

pBcan(h) ln p
B
can(h)

+
∑
k

pk
〈
ϕS
k (z)

∣∣⊗ 〈ψB(j)
∣∣ ρSMfin (k)

∣∣ϕS
k (z)

〉
⊗
∣∣ψB(j)

〉
ln[pSfin(z|k)pBcan(j)]

=
∑

x,a,h,k,y,b,j,z

p(x, a, h, k, y, b, j, z) ln
pSini(x)p

B
can(h)

pSfin(z|k)pBcan(j)
. (4.13)

In Eq. (4.13), we introduce the forward probability distribution of the total system:

p(x, a, h, k, y, b, j, z) := p(z, j|k, y, h)p(k, y, b|x, a)pSini(x)pMini(a)pBcan(h), (4.14)

where

p(k, y, b|x, a) :=
∣∣〈φSk (y)∣∣⊗ 〈φMk (b)

∣∣USM
∣∣ψS(x)

〉
⊗
∣∣ψM (a)

〉∣∣2
=

1

pMini(a)

∣∣〈φSk (y)∣∣MS
k,a,b

∣∣ψS(x)
〉∣∣2 (4.15)

is the transition probability from the state labeled by x, a to the state labeled by k, y, b during the
measurement process, and

p(z, j|k, y, h) :=
∣∣〈ϕS

k (z)
∣∣⊗ 〈ψB(j)

∣∣USB
k

∣∣φSk (y)〉⊗ ∣∣ψB(h)
〉∣∣2 (4.16)

is the transition probability from the state labeled by k, y, h to the state labeled by z, j during the
feedback process. In Eq. (4.15), we use the orthonormal basis set

∣∣φSk (y)〉 which diagonalizes the
postmeasurement state of the system

ρS(k) =
∑
y

pS(k|y)
∣∣φSk (y)〉 〈φSk (y)∣∣ . (4.17)

We also note that in deriving the last equality of Eq. (4.13), we used the relation∑
k

pk
〈
ϕS
k (z)

∣∣⊗ 〈ψB(j)
∣∣ ρSMfin (k)

∣∣ϕS
k (z)

〉
⊗
∣∣ψB(j)

〉
=

∑
h,k,y,j,z

p(z, j|k, y, h)pkpBcan(h)pS(k|y)

=
∑

x,a,h,k,y,b,j,z

p(z, j|k, y, h)p(k, y, b|x, a)pBini(x)pMini(a)pBcan(h), (4.18)

by noting that∑
x,a,b

p(k, y, b|x, a)pMini(a)pBcan(h) =
∑
x,a,b

Tr
[〈
φSk (y)

∣∣MS
k,a,bρ

S
iniM

†S
k,a,b

∣∣φSk (y)〉]
= pkp

S(k|y). (4.19)
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From Eq. (4.13), we define the stochastic quantity σSB as

σSB(x, h, j, z) := ln
pSini(x)p

B
can(h)

pSfin(z|k)pBcan(j)
= ln pSini(x)− ln pSfin(z|k)− βQ(h, j), (4.20)

where Q(h, j) := EB(h)− EB(j) is the heat absorbed by the system.
From Eq (4.17), the information gain can be rewritten as

〈I〉 = −
∑
x

pSini(x) ln p
S
ini(x) +

∑
k,y

pkp
S(y|k) ln pS(y|k)

=
∑

x,a,h,k,y,b,j,z

p(x, a, h, k, y, b, j, z) ln
pS(y|k)
pSini(x)

, (4.21)

and we define a stochastic quantity I as

I(x, k, y) := ln
pS(y|k)
pSini(x)

. (4.22)

Next, let us consider the combination of σSB+ I, which measures the irreversibility of the feedback
control process as follows:

〈
σSB

〉
+ 〈I〉 =

∑
h,k,y,j,z

pfb(h, k, y, j, z) ln
pS(y|k)Bcan(h)
pSfin(z|k)pBcan(j)

=
∑

h,k,y,j,z

pfb(h, k, y, j, z) ln
pfb(h, k, y, j, z)

p̃fb(h, k, y, j, z)
≥ 0, (4.23)

where we introduce the forward and the backward probability distributions corresponding to the
feedback control process:

pfb(h, k, y, j, z) := p(z, j|k, y, h)pkpS(y|k)Bcan(h), (4.24)

p̃fb(h, k, y, j, z) := p̃(k, y, h|z, j)pkpSfin(z|k)pBcan(j), (4.25)

with

p̃(k, y, h|z, j) :=
∣∣∣〈φSk (y)∣∣⊗ 〈ψB(h)

∣∣U †SB
k

∣∣ϕS
k (z)

〉
⊗
∣∣ψB(j)

〉∣∣∣2
= p(z, j|k, y, h). (4.26)

Note that Eq. (4.24) gives a forward probability distribution starting from the postmeasurement
state of the system and the canonical distribution of the heat bath (ρS(k)⊗ρBcan), and Eq. (4.25) gives
a backward probability distribution starting from the final state of the system and the canonical
distribution of the heat bath (ρSfin(k) ⊗ ρBcan), where the time evolution of the backward process

is given by U †SB
k . From (4.23), we obtain a detailed fluctuation theorem for the feedback control

process given by
p̃fb(h, k, y, j, z)

pfb(h, k, y, j, z)
= eσ

SB(x,h,j,z)+I(x,k,y). (4.27)

Note that the x dependence on the right-hand side of Eq. (4.27) is actually canceled out and
the combination of Σ(h, k, y, j, z) := σSB(x, h, j, z) + I(x, k, y) quantifies the irreversibility of the
feedback control process. However, we can divide this term Σ into σSB and I as in (4.23), where
both terms σSB and I have physically important meanings.
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Next, let us derive a detailed fluctuation theorem which relates the ratio of the forward and
the backward probability distributions and the work. Let us assume that the initial and the final
density matrices of the system are diagonalized by their corresponding energy eigenbases of the
system. Then, the basis sets {

∣∣ψS(x)
〉
}x and {

∣∣φSk (z)〉}z satisfy

HS
λ0

=
∑
x

ES
λ0
(x)
∣∣ψS(x)

〉 〈
ψS(x)

∣∣ , (4.28)

HS
λ1
(k) =

∑
z

ES
λ1
(z|k)

∣∣φSk (z)〉 〈φSk (z)∣∣ . (4.29)

Using Eqs. (4.28) and (4.29), we can define WS
ext, Fλ0 and Fλ1 as follows:

WS
ext(x, h, k, j, z) := ES

λ0
(x)− ES

λ1
(z|k) +Q(h, j), (4.30)

Fλ0(x) := ES
λ0
(x) + kT ln pSini(x), (4.31)

Fλ1(z|k) := ES
λ1
(z|k) + kT ln pSfin(z|k). (4.32)

Note that if the initial density matrix is not diagonalized by the energy eigenbasis, we cannot
use the same label x and the basis set {

∣∣ψS(x)
〉
}x to define the stochastic quantities ES

λ0
(x) and

ln pSini(x) on the right-hand side of Eq. (4.31). We also note that a similar argument also holds for
Eq. (4.32).

From Eq. (4.27), we obtain a detailed fluctuation theorem under feedback control process:

p̃fb(h, k, y, j, z)

pfb(h, k, y, j, z)
= eβ(W

S
ext(x,h,k,j,z)+∆F(x,k,z))−I(x,k,y), (4.33)

where ∆F(x, k, z) = Fλ1(z|k)−Fλ0(x).
We note that Eqs. (4.27) and (4.33) holds for the labels y satisfying p(y|k) 6= 0, and we denote

this set of labels y as Y :
Y := {y|p(y|k) 6= 0}. (4.34)

If p(y|k) = 0, we do not observe a forward trajectory starting from a state labeled by y and thus
we cannot assign a stochastic quantity of the physical variables to that trajectory. Moreover, the
left-hand sides of Eqs. (4.27) and (4.33) formally diverge to ∞ and they are not well defined as
has been pointed out in the classical case in Refs. [54, 55]. Using the probability measure, we say
p̃fb(h, k, y 6∈ Y, j, z) is singular with respect to pfb(h, k, y, j, z) and p̃fb(h, k, y ∈ Y, j, z) is absolutely
continuous with respect to pfb(h, k, y, j, z) following the general argument done in the classical case
in Ref. [56].

4.2.2 Detailed fluctuation theorems for the measurement process

Next, we derive a detailed fluctuation theorem for the measurement process in a similar manner
as we derive Eq. (4.27). We begin by defining a quantity

〈
σM
〉
which quantifies the amount of

entropy that is increased in M (or the dissipated work of M normalized by β) as〈
σM
〉
:= −β(

〈
WM

ext

〉
+
〈
∆FM

〉
) = S(ρMmeas)− S(ρMini). (4.35)

Let us denote pkp
M
meas(b|k) =

〈
φMk (b)

∣∣ ρMmeas

∣∣φMk (b)
〉
. Then, Eq. (4.35) can be further transformed

as 〈
σM
〉

=
∑
a

pMini(a) ln p
M
ini(a)−

∑
k,b

pkp
M
meas(b|k) ln[pkpMmeas(b|k)]

=
∑

x,a,k,y,b

pmeas(x, a, k, y, b) ln
pMini(a)

pkpMmeas(b|k)
, (4.36)
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where

pmeas(x, a, k, y, b) := p(k, y, b|x, a)pSini(x)pMini(a) (4.37)

is the forward probability distribution corresponding to the measurement process. From Eq. (4.36),
we define the quantity σM as

σM (a, k, b) := ln
pMini(a)

pkpMmeas(b|k)
. (4.38)

Next, let us consider the combination
〈
σM
〉
− 〈I〉:

〈
σM
〉
− 〈I〉 =

∑
x,a,k,y,b

pmeas(x, a, k, y, b) ln
pSini(x)p

M
ini(a)

pkpS(y|k)pMmeas(b|k)

=
∑

x,a,k,y,b

pmeas(x, a, k, y, b) ln
pmeas(x, a, k, y, b)

p̃meas(x, a, k, y, b)
≥ 0, (4.39)

where the last inequality results from the nonnegativity of the relative entropy and we also note
that (4.39) is equivalent to the second law (2.64). In (4.39), we introduce the backward probability
distribution of the measurement process as

p̃meas(x, a, k, y, b) := p̃(x, a|k, y, b)pkpS(y|k)pMmeas(b|k)
= p(k, y, b|x, a)pkpS(y|k)pMmeas(b|k), (4.40)

where

p̃(x, a|k, y, b) :=
∣∣∣〈ψS(x)

∣∣⊗ 〈ψM (a)
∣∣U †SM ∣∣ϕS

k (y)
〉
⊗
∣∣φMk (b)

〉∣∣∣2 (4.41)

and Eq. (4.40) gives a joint probability distribution starting from
∑

k pkρ
S(k)⊗ρM (k) and perform

a reversal of establishing a correlation between S and M by applying U †SM . Using (4.39), we
obtain the detailed fluctuation theorem for the measurement process given by

p̃meas(x, a, k, y, b)

pmeas(x, a, k, y, b)
= e−σM (a,k,b)+I(x,k,y). (4.42)

Let us assume that the initial and the final density matrices of the measurement device are
diagonalized by the energy eigenbasis of M and derive a detailed fluctuation theorem which relates
the ratio of the forward and backward probability distributions and the work extracted from M
during the measurement process. Then, the basis sets {

∣∣ψM (a)
〉
}a and {

∣∣φMk (b)
〉
}k,b satisfy

HM =
∑
a

EM (a)
∣∣ψM (a)

〉 〈
ψM (a)

∣∣ , (4.43)

HM =
∑
b,k

EM (b, k)
∣∣φMk (b)

〉 〈
φMk (b)

∣∣ , (4.44)

which means a = (b, k) and
∣∣ψM (a)

〉
=
∣∣φMk (b)

〉
. For example, we can start from a initial state ofM

in the “standard state” k = 0, such that the initial density matrix of M is localized in the subspace
HM

0 spanned by the basis set {
∣∣φM0 (b)

〉
}b (i.e., pMini(b, k) = 0 for k 6= 0) [16]. Using Eqs. (4.43) and

(4.44), we can define the stochastic quantities WM
ext and ∆FM as follows:

WM
ext(a, k, b) := EM (a)− EM (b, k), (4.45)

∆FM (a, k, b) :=
(
EM (b, k) + kT ln[pkp

M
meas(b|k)]

)
−
(
EM (a) + kT ln pMini(a)

)
. (4.46)
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By substituting σM = −β(WM
ext +∆FM ) in Eq. (4.42), we obtain the detailed fluctuation theorem

which relates the ratio of the forward and the backward probability distributions to the extractable
work from the measurement device during the measurement process:

p̃meas(x, a, k, y, b)

pmeas(x, a, k, y, b)
= eβ(W

M
ext(a,k,b)+∆FM (a,k,b))+I(x,k,y). (4.47)

We note that Eqs. (4.42) and (4.47) hold for the labels x, a satisfying pSini(x)p
M
ini(a) 6= 0, and we

denote this set of labels (x, a) as A:

A := {(x, a)|pSini(x)pMini(a) 6= 0}. (4.48)

Because of the same reason as for the feedback control case, if pSini(x)p
M
ini(a) = 0, we do not observe

a forward trajectory starting from a state labeled by (x, a) and thus we cannot assign a stochastic
quantity of the physical variables to that trajectory.

4.3 Integral fluctuation theorems

We derive the integrated version of the quantum fluctuation theorem and the quantum Jarzynski
equality under measurement and feedback control, by using the detailed fluctuation theorems de-
rived in the previous section. We start from the normalization condition of the backward probability
corresponding to the feedback control process (4.25):

1 =
∑

h,k,y,j,z

p̃fb(h, k, y, j, z). (4.49)

Note that we can use the detailed fluctuation theorem (4.27) for y ∈ Y . By decomposing the
backward probability distribution into two parts p̃fb(h, k, y ∈ Y, j, z) and p̃fb(h, k, y 6∈ Y, j, z), we
have

1 =
∑

h,k,y 6∈Y,j,z
p̃fb(h, k, y, j, z) +

∑
h,k,y∈Y,j,z

p̃fb(h, k, y, j, z)

= λfb +
∑

h,k,y∈Y,j,z
pfb(h, k, y, j, z)

p̃fb(h, k, y, j, z)

pfb(h, k, y, j, z)

= λfb +
∑

x,a,h,k,y∈Y,b,j,z
p(x, a, h, k, y, b, j, z)e−σSB(x,h,k,j,z)−I(x,k,y)

= λfb +
〈
e−σSB−I

〉
, (4.50)

where

λfb :=
∑

h,k,y 6∈Y,j,z
p̃fb(h, k, y, j, z)

=
∑

h,k,y 6∈Y,j,z
pk
〈
ϕS
k (y)

∣∣TrB[U †SB
k (ρSfin(k)⊗ ρBcan)U

SB
k ]

∣∣ϕS
k (y)

〉
(4.51)

is the sum of the singular paths of the backward probabilities, where the overlap between the post-
measurement state {

∣∣ϕS
k (y)

〉
}y∈Y and the final density matrix of the backward process TrB[U

†SB
k (ρSfin(k)⊗

ρBcan)U
SB
k ] is zero. Let us introduce the Renyi divergence of order 0 as

D0(p||q) := − ln
∑

x|p(x)>0

q(x). (4.52)
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Then, λfb satisfies the following relation:

1− λfb = e−D0(pfb||p̃fb). (4.53)

We note that q is absolutely continuous with respect to p if and only if D0(p||q) = 0 [77].

We finally obtain the integral quantum fluctuation theorem under feedback control as〈
e−σSB−I

〉
= 1− λfb. (4.54)

Equivalently, using the Renyi divergence of order 0, we have〈
e−σSB−I+D0(pfb||p̃fb)

〉
= 1. (4.55)

If the initial and the final density matrices are diagonalized in their corresponding energy eigenbasis
sets, we can use Eq. (4.33) and obtain the quantum Jarzynski equality under feedback control:〈

eβ(W
S
ext+∆FS)−I+D0(pfb||p̃fb)

〉
= 1. (4.56)

Applying Jensen’s inequality to Eq. (4.55), we obtain an inequality that lower bounds the measure
of irreversibility of the feedback control process as〈

σSB
〉
+ 〈I〉 ≥ D0(p

fb||p̃fb). (4.57)

Note that the left-hand side of (4.57) is related to the relative entropy:〈
σSB

〉
+ 〈I〉 = D(pfb||p̃fb). (4.58)

This quantity vanishes if and only if pfb = p̃fb, which means that the feedback control process
is thermodynamically reversible (D0 also vanishes in this case). We also note that (4.57) can be
directly obtained by using the relation D(p||q) ≥ D0(p||q) [77].

We can also apply Jensen’s inequality to Eq. (4.56) and obtain the second law of thermodynamics
under feedback control: 〈

WS
ext

〉
≤ −

〈
∆FS

〉
+ kT 〈I〉 − kTD0(p

fb||p̃fb). (4.59)

Due to the term D0 on the right-hand side of (4.59), the inequality (4.59) gives a stronger constraint
on the extractable work compared with the second law given in (2.58). By combining Eq. (4.11)
and (4.57), we can obtain (4.59) without assuming that the initial and the final density matrices are
diagonalized in the corresponding energy eigenbasis sets. However, if we want to obtain information
about higher moments of the extractable work, we need to use Eq. (4.56) rather than Eq. (4.55)
since HS

λ0
and ρSini cannot be diagonalized simultaneously in general.

From (2.55), we find that
〈
WS

ext

〉
takes the maximum value if and only if

ρS(k)⊗ ρBcan = ρ̃SBfin (k), (4.60)

which means that the final density matrix of the backward process exactly returns to the post-
measurement state of the system. Let us compare this fact with the term D0(p

fb||p̃fb) on the right
hand side of (4.59) by introducing the quantum Renyi zero divergence as

D(ρ||σ) := − lnTr[Πρσ], (4.61)
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where Πρ is a projection onto the support of ρ. Then, λfb is given by

e−D0(pfb||p̃fb) = 1− λfb =
∑
k

pkTr[ΠρS(k)⊗ρBcan
ρ̃SB(k)]

=
∑
k

pke
−D0(ρS(k)⊗ρB ||ρ̃SB(k)). (4.62)

Then, we find that to increase the extractable work
〈
WS

ext

〉
, we need to choose a feedback control

USB
k such that the overlap between ρS(k)⊗ ρBcan and ρ̃SBfin (k) is large, thereby making D0(ρ

S(k)⊗
ρB||ρ̃SB(k)) small. In this sense, D0(ρ

S(k)⊗ρB||ρ̃SB(k)) and D0(p
fb||p̃fb) quantifies the inefficiency

of the feedback control. Note that using Jensen’s inequality, we also obtain〈
WS

ext

〉
≤ −

〈
∆FS

〉
+ kT 〈I〉 − kT

∑
k

pkD0(ρ
S(k)⊗ ρB||ρ̃SB(k)). (4.63)

Next, we use the normalization condition of the backward probability distribution for the mea-
surement process (4.37) and derive integral quantum fluctuation theorems:

1 =
∑

x,a,y,k,b

p̃meas(x, a, k, y, b). (4.64)

Let us decompose the backward probability distribution into two parts p̃meas((x, a) ∈ A, h, k, y, b, j, z)
and p̃meas((x, a) 6∈ A, h, k, y, b, j, z) and use the detailed fluctuation theorem (4.42) to obtain

1 =
∑

(x,a)6∈A,y,k,b

p̃meas(x, a, k, y, b) +
∑

(x,a)∈A,y,k,b

p̃meas(x, a, k, y, b)

= λmeas +
∑

(x,a)∈A,y,k,b

pmeas(x, a, k, y, b)
p̃meas(x, a, k, y, b)

pmeas(x, a, k, y, b)

= λmeas +
∑

(x,a)∈A,h,k,y,b,j,z

p(x, a, h, k, y, b, j, z)e−σM (a,k,b)+I(x,k,y)

= λmeas +
〈
e−σM+I

〉
, (4.65)

where

λmeas :=
∑

(x,a)6∈A,y,k,b

p̃meas(x, a, k, y, b)

=
∑

(x,a)6∈A,y,k,b

pk
〈
ψS(x)

∣∣⊗ 〈ψM (a)
∣∣ [U †SM (ρS(k)⊗ ρM (k))USM ]

∣∣ψS(s)
〉
⊗
∣∣ψM (a)

〉
= 1− e−D0(ρSini⊗ρMini||ρ̃

SM
fin ) (4.66)

is the sum of the singular paths of the backward probabilities such that the overlap between the
initial density matrix ρSini ⊗ ρMini and the final density matrix of the backward process

ρ̃SMfin := U †SM

(∑
k

pkρ
S(k)⊗ ρM (k)

)
USM (4.67)

is zero. Using the Renyi divergence of order 0 (4.53), we also have

D0(p
meas||p̃meas) = D0(ρ

S
ini ⊗ ρMini||ρ̃SMfin ). (4.68)
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From Eq. (4.65), we obtain the integral quantum fluctuation theorem for the measurement
process as 〈

e−σM+I
〉
= 1− λmeas, (4.69)

and equivalently, 〈
e−σM+I+D0

〉
= 1. (4.70)

If the initial and the final density matrices of M are diagonalized by the energy eigenbasis, we can
use Eq. (4.47) and obtain the quantum Jarzynski equality for the measurement process:〈

eβ(W
M
ext+∆FM )+I+D0

〉
= 1. (4.71)

Applying Jensen’s inequality to Eq. (4.70), we obtain an inequality that lower bounds the measure
of irreversibility of the measurement process as〈

σSM
〉
− 〈I〉 = D(pmeas||p̃meas) ≥ D0(p

meas||p̃meas). (4.72)

We can also apply Jensen’s inequality to Eq. (4.71) or substitute Eq. (4.35) in (4.72) to obtain the
second law of thermodynamics for the measurement process:〈

WM
ext

〉
≤ −

〈
∆FM

〉
− kT 〈I〉 − kTD0(ρ

S
ini ⊗ ρMini||ρ̃SMfin ), (4.73)

which gives a stronger constraint on the extractable work compared with the second law given
in (2.64). Note that the density matrix ρS(k)⊗ ρM (k) is obtained by destroying all the correlation
between S and M from the postmeasurement state ρSM (k). Then, Eq. (4.66) quantifies how well
the decohered state returns back to the initial density matrix by undoing the correlation by applying
the unitary operator U †SM .

4.4 Some discussions on the main results

4.4.1 Effect of measurement back action and the information quantity

The stochastic quantity I(x, k, y) := ln pSini(x)− ln p(y|k) differs from the classical mutual informa-
tion ISM (x, k) := ln pSini(x) − ln p(x|k), where p(x|k) := pSM (x, k)/pM (k) is the postmeasurement
state of the system conditioned on the measurement outcome k. Because of the back action of
the quantum measurement, the postmeasurement state depends on the label y, which is different
from the label x that quantifies the microscopic state of the initial density matrix. Usually we
assume that the classical measurement does not alter the state of the system and this kind of the
measurement back action does not occur. Then, the corresponding information quantity is given
by the classical mutual information and it always takes a nonnegative value because the postmea-
surement state conditioned on the measurement outcome is always “less mixed” compared to the
initial state. However, the density matrix of the system conditioned on the measurement outcome
may be “more mixed” than the initial density matrix due to the effect of the measurement back
action and thus 〈I〉 may take a negative value. We note that we can also consider a measurement
back action in a classical system. In that case, we can use the information gain I(x, k, y) to quantify
the obtained information via the classical measurement and derive fluctuation theorems by using
this information quantity I(x, k, y) instead of the classical mutual information.

Let us also analyze how we can estimate the postmeasurement state of the system from the
knowledge of the measurement device by dividing the information gain into two parts, i.e., 〈I〉 :=
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Igain − Iloss. Here, Igain quantifies the amount of information gain about the system if we know the
microscopic trajectory of the measurement device which is labeled by a, k, b:

Igain := S(ρSini)−
∑
a,k,b

pa,k,bS(ρ
S(a, k, b)) ≥ 0, (4.74)

where

ρS(a, k, b) :=
1

pa,k,b
MS

k,a,bρ
S
iniM

†S
k,a,b (4.75)

and pa,k,b := Tr[MS
k,a,bρ

S
iniM

†S
k,a,b]. Here Iloss quantifies the amount of information loss due to the

measurement back action given by

Iloss :=
∑
k

pkS(ρ
S(k))−

∑
a,k,b

pa,k,bS(ρ
S(a, k, b)) ≥ 0. (4.76)

If we have an additional knowledge about the measurement device and know that the initial state
and the final state of M are given by

∣∣ψM (a)
〉
and

∣∣φMk (b)
〉
rather than the statistical mixtures ρMini

and ρM (k), we can estimate the postmeasurement state of the system given by ρS(a, k, b). Then,
the extractable work is characterized by Imeas. However, we usually do not know the microscopic
trajectory of the measurement device and thus from the obtained measurement outcome k, we can
only estimate that the postmeasurement state is given by ρS(k) =

∑
a,b pa,k,bρ

S(a, k, b)/pk. The
lack of the knowledge of the full microscopic trajectory of M is quantified by Iloss.

In Ref. [56], the sum of the singular path probabilities λ was introduced and the fluctuation
theorems and Jarzynski equalities for classical systems were obtained: 〈e−σ〉 = 1−λ. Furthermore,
the authors of Ref. [56] called the process with nonzero singular paths as an absolutely irreversible
process, and discussed its physical meanings. Here, we use the same technique to treat the singular
paths that naturally arise in the case of the measurement and the feedback control processes.

4.4.2 Relation with the quantum fluctuation theorem for the total system

In this subsection, we consider a composite system of S, M and B, and derive the fluctuation
theorems for the entire process involving measurement and feedback control. Let us first define the
backward probability distribution of the entire process as

p̃(x, a, h, k, b, j, z) := p̃(x, a|k, y, b)p̃(k, y, h|z, j)pkpSfin(z|k)pMmeas(b|k)pBcan(j). (4.77)

Then, the logarithm of the ratio between the forward and backward probability distributions is
related to the total entropy production during the entire process:

σtot := ln
p(x, a, h, k, b, j, z)

p̃(x, a, h, k, b, j, z)

= (σSB(x, h, k, j, z) + I(x, k, y)) + (σM (a, k, b)− I(x, k, y)). (4.78)

The integral fluctuation theorem can be obtained as〈
e−σtot+D0(p||p̃)

〉
= 1, (4.79)

and the second law, which is applicable to the entire system, is given by

〈σtot〉 ≥ D0(p||p̃). (4.80)

Note that the effect of the information exchange between S and M is canceled out, and the infor-
mation gain does not appear in Eq. (4.79). On the other hand, we can divide the total entropy
production into σSB + I and σM − I [71] as in Eq. (4.78) and derive fluctuation theorems for the
measurement process (4.70) and the feedback control process (4.55) separately.
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4.4.3 Two-point measurement scheme

In the quantum regime, the detailed fluctuation theorem is usually obtained by using the so-called
two-point measurement scheme, i.e., we perform energy projective measurements at the beginning
and end of the protocol and define the stochastic energy difference of the system during a single run
of the protocol. In this way, we can assign physical meanings to path probabilities and quantities
for each path and formulate the detailed fluctuation theorem in the same form as that in the
classical system, except that the underlying dynamics is quantum. The work statistics of an isolated
quantum system has been obtained by using this method on a trapped-ion system and the quantum
Jarzynski equality has been verified [47]. We also use this approach to define path probabilities
and physical quantities such as the extractable work and the information gain to each trajectory.
In particular, we need to perform a projection measurement

∣∣ϕS
k (y)

〉 〈
ϕS
k (y)

∣∣ on the system after
the general quantum measurement MS

k,a,b in order to define the quantity I(x, k, y) and also the

path probability pfb(h, k, y, j, z) during the feedback control process. Note that the time-reversal
of the projection measurement (using the basis

∣∣ϕS
k (y)

〉
) at the beginning of the feedback control

implies that we consider a projective measurement using the basis
∣∣ϕS

k (y)
〉
⊗
∣∣ψB(h)

〉
at the end of

the backward process of the feedback control. Then, the backward probability distribution of the
feedback control is given by p̃fb(h, k, y, j, z) and does not depend on x which labels the initial state
of the system.

4.4.4 Definition of work in the quantum regime

There are some different approaches of defining work in the quantum regime [30, 84–88]. We
note that the two-point measurement scheme does not tell us where the extracted work goes and
hence some studies concerning about this problem has been carried out by several authors. Let us
consider a semi-classical model where the system is coupled to a classical field which acts like a
control parameter. Then, energy must be consumed by the classical field to drive the Hamiltonian
and extract the free-energy difference as work. From the energy conservation, it is natural to
consider that the extracted work goes to the classical field as a back-action of the driving. At this
moment, we have a few models which analyze this back-action and relate it to the extracted work.

The authors in Ref. [84] considered a system and an auxiliary system with a time-independent
composite Hamiltonian. They showed that the effective Hamiltonian of the system changes in time,
and the extractable work Wext via an isothermal-like process from a qubit (Wext = kT ln 2 is the
maximum value) is stored in the average energy of the auxiliary system at the end of the protocol
This means that the driving field stores the extracted work as the back-action of the driving of the
system for a specific model.

The authors in Ref. [85] formulated a general framework of the work extraction protocol by
using a measurement based formalism. It allows us to overcome the negative point of the two-point
measurement scheme, and also it is physically reasonable to model a quantum composite system
including the measurement device which detects the extracted work.
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Chapter 5

Single-shot statistical mechanics

In this chapter, we review the recent developments in quantum thermodynamics, using the idea of
resource theory. This framework is used to construct the deterministic work extraction protocol
(and often refereed to as the single-shot statistical mechanics).

5.1 Thermal operation

We begin by introducing the thermal operation, which plays a key role in considering the deter-
ministic work extraction protocol. The thermal operation is expressed as

Ethermal(ρ) := TrB

[
U

(
ρ⊗ e−βHB

ZB

)
U †

]
= σ, (5.1)

where ρ is an input state of the system and σ is the output state of the system after the operation.
We also note that in Eq. (5.1), HB and ZB = Tr[exp(−βHB)] are the Hamiltonian and the partition
function of the heat bath, respectively. Here, U in Eq. (5.1) is an arbitrary energy-conserving
unitary operator:

[U,H +HB] = 0, (5.2)

where H is the Hamiltonian of the system. Note that the unitary operator U is not the unitary
operator exp(−i(H +HB)t) which describes the time evolution of the system. In this framework,

the canonical distribution of the heat bath e−βHB
/ZB is regarded as a free resource, i.e., we assume

that we can freely utilize heat baths at the same inverse temperatures β during the process. Then,
the thermal operation (5.1) gives a transformation of the density matrix of the system by letting the
system interact with the heat bath via the unitary operator U . We note that in this formalism, we
assume that the interaction Hamiltonian V vanishes identically. Instead, we effectively generate the
interaction between the system and the heat bath by mixing those states via the unitary operator
U .

The important property of this thermal operation is that the canonical distribution of the
system is conserved:

Ethermal

(
e−βH

Z

)
=

e−βH

Z
. (5.3)

This can be shown by noting that the unitary operator and the canonical distribution of the entire
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Figure 5.1: Lorenz curve and the thermo-majorization criteria. We plot {
∑k

i=1 e
−βE(yi)/Z}k and

{
∑k

i=1 p(yi)}k in the (X,Y ) plane, where the curve p = ρ is represented by the blue curve, p = σ
is represented by the red curve and p = ρcan = e−βH/Z is represented by the black line. Then,
the thermo-majorization criterion tells us that the state ρ can be transformed into σ via a thermal
operation if the Lorenz curve (σ, e

−βH

Z ) is a subset of the curve (ρ, e
−βH

Z ).

system plus bath commute with each other because of Eq. (5.2). Then,

Ethermal

(
e−βH

Z

)
= TrB

[
U

(
e−βH

Z
⊗ e−βHB

ZB

)
U †

]

= TrB

[(
e−βH

Z
⊗ e−βHB

ZB

)
UU †

]

=
e−βH

Z
, (5.4)

and Eq. (5.3) is obtained. We note that maps which conserves the canonical distribution is called
Gibbs-preserving maps. From Eq. (5.3), the thermal operation is a Gibbs-preserving map, but the
converse is not true in general [37].

5.2 Thermo-majorization

Next, we describe a simple method which can decide whether a transition

ρ→ σ (5.5)

is possible or not by the thermal operation (5.1). In the following, we assume that ρ and σ commute
with the Hamiltonian H. We also denote the diagonal element of ρ and that of σ as p(x) and q(x),
respectively.

Let us arrange the probability distribution p(x) according to the following order:

p(x1)

e−βE(x1)/Z
≥ p(x2)

e−βE(x2)/Z
≥ p(x3)

e−βE(x3)/Z
≥ · · · . (5.6)

Then, we plot the Lorenz curve denoted as (ρ, e−βH/Z) in the (X,Y ) plane as in Fig. 5.1 in which
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each point is given by

(
e−βH

Z
, ρ

)
=

(
e−βE(x1)

Z
, p(x1)

)
,

(
2∑

i=1

e−βE(xi)

Z
,

2∑
i=1

p(xi)

)
,(

3∑
i=1

e−βE(xi)

Z
,

3∑
i=1

p(xi)

)
, · · · , (1, 1)), (5.7)

Note that the ordering (5.6) ensures that the curve (5.7) is convex. The thermo-majorization
criteria [30] allow that the transition (5.5) is possible by the thermal operation if and only if

the curve ( e
−βH

Z , σ) is a subset of the curve ( e
−βH

Z , ρ) (see also Fig. 5.1). Note that the Lorenz
curve (e−βH/Z, e−βH/Z) gives a straight line, and any state can be transformed into the canonical
distribution by the thermal operation. We also find that the thermal operation always brings the
state of the system closer to the canonical distribution i.e., the input state majorizes to a thermal
distribution by the thermal operation.

Let us denote F (t), t ∈ [0, 1] as the curve that upper bounds the Lorenz curve (p, q). Then, the
Renyi divergence is given by:

Dα(p||q) =
1

α− 1
ln

∫ 1

0
(F ′(t))αdt =

1

α− 1
ln

[(
p(x1)

q(x1)

)α

q(x1) +

(
p(x2)

q(x2)

)α

q(x2) + · · ·
]
, (5.8)

which can be seen by noting that the slope of the Lorenz curve is given by

F ′(t) :=
p(xi)

q(xi)
if t ∈

[
i∑

k=1

q(xk),

i+1∑
k=1

q(xk)

]
. (5.9)

5.3 Deterministic work extraction protocol

Next let us introduce a work qubit, whose energy difference is given by w. We denote the ground
state and the excited state of the qubit as |0〉W and |w〉W . The Hamiltonian of the work qubit is
then given by HW = w |w〉 〈w|W . Let us consider a joint state of the system and the qubit given
by ρ⊗ |0〉 〈0|W . Then, we examine whether the following transformation is possible by the thermal
operation:

Ethermal(ρ⊗ |0〉 〈0|W ) = TrB

[
U

(
ρ⊗ |0〉 〈0|W ⊗ e−βHB

ZB

)
U †

]
= σ ⊗ |w〉 〈w|W . (5.10)

If this is possible, we can extract work w by transforming the system from ρ to σ, because energy
is stored in the work qubit. We note that in general, we need to a priori know the amount
of extractable work w and tune the energy level of the work qubit before the operation. Since
the extracted work w does not fluctuates, this work extraction protocol is sometimes called the
deterministic work extraction protocol. We also note that the extracted work w can be determined
by a single measurement of the extracted work. In this sense, we also call this work extraction
protocol (5.10) as the single-shot statistical mechanics.

In the following subsections, we review the results given in Ref. [30], which quantify the amount
of extractable work starting from a nonequilibrium distribution and ending at a canonical distri-
bution, and the amount of work cost needed to create a nonequilibrium distribution starting from
the canonical distribution.
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Figure 5.2: Lorenz curves of Eqs. (5.12) and (5.13). Here, X denotes the support which is equal
to that of ρ. Then, (

∑
x∈X ρcan(x)/Z

W , 1) gives a point in which the Lorenz curve of Eq. (5.12)
first touches the Y = 1 point. The Lorenz curves of Eq. (5.13) is shown by the red solid line.
Using the thermo-majorization criteria, we find that the transformation (5.11) is possible if and
only if

∑
x∈X ρcan(x) ≤ e−βw. Note that we illustrate the case of w satisfying the equality condition∑

x∈X ρcan(x) = e−βw.

5.3.1 Extractable work starting from a nonequilibrium state

Let us consider the amount of extractable work starting from a nonequilibrium distribution ρ and
ending at the canonical distribution ρcan. In this setup, Eq. (5.10) becomes:

Ethermal(ρ⊗ |0〉 〈0|W ) = ρcan ⊗ |w〉 〈w|W . (5.11)

We plot two Lorenz curves (defined by Eq. (5.7))

(ρcan ⊗ ρWcan, ρ⊗ |0〉 〈0|W ) (5.12)

and
(ρcan ⊗ ρWcan, ρcan ⊗ |w〉 〈w|W ) (5.13)

in Fig. 5.2, where ρWcan denotes the canonical distribution of the work qubit. Then, from the
thermo-majorization criteria, the transformation (5.11) is possible if and only if∑

x∈X
ρcan(x) ≤ e−βw. (5.14)

Using the Renyi divergence of order 0 (4.52): D0(p||q) := − ln
∑

x|p(x)>0 q(x), the condition (5.14)
can be rewritten as

βw ≤ D0(ρ||ρcan). (5.15)

We can conclude that the maximum extractable work starting from a nonequilibrium distribution
ρ and ending at the canonical distribution ρcan is given by

wmax
ext = kTD0(ρ||ρcan). (5.16)
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Figure 5.3: Lorenz curves of Eqs. (5.18) and (5.19). Here, the slope connecting two points (0, 0)
and (ρcan(x1)/Z

W , σ(x1)) is equal to ρcan(x1)/(Z
Wρ(x1)). Using the thermo-majorization criteria,

we find that the transformation (5.17) is possible if and only if ρcan(x1)/(Z
Wρ(x1)) ≥ e−βw/ZW .

5.3.2 Work cost of creating a nonequilibrium state from a thermalized state

Let us next consider the work cost of creating a nonequilibrium state ρ starting from the canonical
distribution ρcan. In this setup, Eq. (5.10) becomes

Ethermal(ρcan ⊗ |w〉 〈w|W ) = ρ⊗ |0〉 〈0|W . (5.17)

We plot two Lorenz curves

(ρcan ⊗ ρWcan, ρcan ⊗ |w〉 〈w|W ) (5.18)

and

(ρcan ⊗ ρWcan, ρ⊗ |0〉 〈0|W ) (5.19)

in Fig. 5.3. Then, from the thermo-majoriztion criteria, the transformation (5.17) is possible if and
only if

ρcan(x1)

ZWρ(x1)
≥ e−βw

ZW
. (5.20)

By introducing the Renyi divergence of order ∞:

D∞(p||q) := lnmax
x

p(x)

q(x)
, (5.21)

we can rewrite the condition (5.20) as

βw ≥ D∞(ρ||ρcan). (5.22)

We can conclude that the minimum work cost of creating a nonequilibrium distribution ρ from the
canonical distribution ρcan is given by

wmin
cost = kTD∞(ρ||ρcan). (5.23)
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Figure 5.4: Two Lorenz curves |0〉 〈0|C ⊗ e−βH/Z ⊗ |0〉 〈0|W and |1〉 〈1|C ⊗ e−βH′
/Z ′ ⊗ |w〉 〈w|W .

The former can be transformed into the latter by the thermal operation if and only if Z
Z+Z′

1
ZW ≤

Z′

Z+Z′
e−βw

ZW .

5.4 Changing Hamiltonians

We have considered the thermal operation for a fixed Hamiltonian of the system. However, we
often consider thermodynamic processes by changing the Hamiltonian of the system. The authors
in Ref. [30] introduced a way to treat the change of the Hamiltonian as an effective dynamics
of a fixed Hamiltonian of the larger system. Note that this is different from the time-dependent
Hamiltonian approach in which we drive the control parameter of the Hamiltonian depending on
time.

We introduce a qubit system C which switches the Hamiltonian of the system from H to H ′ by
taking the total Hamiltonian to be

Htot := |0〉 〈0|C ⊗H + |1〉 〈1|C ⊗H ′ + w |w〉 〈w|W , (5.24)

where we also introduce the work qubit W . If the initial state is

|0〉 〈0|C ⊗ ρ⊗ |0〉 〈0|W , (5.25)

and the final state is

|1〉 〈1|C ⊗ σ ⊗ |w〉 〈w|W , (5.26)

the Hamiltonian of the system changes from H to H ′ and the state of the system changes from ρ
to σ by extracting work w.

For example, a transformation between two canonical distributions ρ = e−βH/Z and σ =
e−βH′

/Z ′ is possible if and only if

Z

Z + Z ′
1

ZW
≤ Z ′

Z + Z ′
e−βw

ZW
, (5.27)
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from the thermo-majorization criteria using the Lorenz diagram shown in Fig. (5.4). Then, we can
reproduce the second law of thermodynamics

w ≤ F − F ′, (5.28)

by using the thermal operation. Here, F and F ′ are the initial and final equilibrium free energies.
Note that the reverse operation e−βH′

/Z ′ → e−βH/Z can be done if and only if

Z

Z + Z ′
1

ZW
≥ Z ′

Z + Z ′
e−βw

ZW
. (5.29)

Combining (5.29) and (5.27), we obtain the maximum amount of extractable work from the system
as

w = F − F ′ = −∆F eq. (5.30)

5.5 Thermal operation and the detailed fluctuation theorem

In this section, we consider the relation between the thermal operation and the detailed fluctuation
theorem for a general Hamiltonian (5.24). We assume that the initial and final states are given
by Eqs. (5.25) and (5.26). We denote the diagonal elements of the initial and final states of the
system as p(x) and q(y), respectively. The forward transition probability via the thermal operation
is given by

P [Γ|x] := e−βEB
a

ZB

∣∣〈1|C ⊗〈φy| ⊗ 〈w|W ⊗〈ϕB
b |U |0〉C ⊗ |ψx〉 ⊗ |0〉W ⊗ |ϕB

a 〉
∣∣2 , (5.31)

and the backward transition probability is given by

P̃ [Γ†|y] := e−βEB
b

ZB

∣∣∣〈0|C ⊗〈ψx| ⊗ 〈0|W ⊗〈ϕB
a |U † |1〉C ⊗ |φy〉 ⊗ |w〉W ⊗ |ϕB

b 〉
∣∣∣2 . (5.32)

If we take the ratio of the transition probabilities (5.31) and (5.32), we obtain the detailed fluctu-
ation theorem

P [Γ|x]
P̃ [Γ†|y]

= exp(−βQ[Γ]), (5.33)

where Q[Γ] = EB(a)−EB(b) is the heat emitted from the heat bath. Let us denote E(x) and E′(y)
as the initial and final eigenenergies. Since U is the total-energy-conserving unitary operator, we
obtain the following relation for the forward process with the trajectory Γ:

EB(a) + E(x) = EB(b) + E(y) + w. (5.34)

If we use the definition of the extractable work (3.53) given as

W [Γ] := E(x)− E′(y) +Q[Γ], (5.35)

we find that
w =W [Γ]. (5.36)

Thus, the extractable work is equal to the excited energy of the work qubit. Again, we note that
we have to a priori tune w before the operation which is exactly equal to Eq. (5.36). If we consider
a general work storage system W whose Hamiltonian is given by HW =

∑
iE

W
i |i〉 〈i|W , we obtain

∆EW [Γ] =W [Γ], (5.37)
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where the energy change of the work storage is found to be equal to the extractable work from
the system. If we multiply p(x)/q(y) on both hand-sides of Eq. (5.33), we obtain the detailed
fluctuation theorem

P [Γ]

P̃ [Γ†]
= exp(−βQ[Γ] + ∆s[Γ]), (5.38)

where ∆s[Γ] = ln p(x)− ln q(y) is the Shannon entropy difference of the system. Let us denote

Fρ(x) := E(x) + β−1 ln p(x), (5.39)

Fσ(y) := E′(y) + β−1 ln q(y), (5.40)

as the initial and final nonequilibrium free energies. Then, we combine Eqs. (5.34) and (5.38) to
obtain the detailed fluctuation theorem:

P [Γ]

P̃ [Γ†]
= exp(−βw − β∆F [Γ]), (5.41)

where

∆F [Γ] := Fσ(y)−Fρ(x) (5.42)

is the nonequilibrium free-energy difference. We also note that by defining

P [Γ]can := P [Γ|x] e−βE(x)∑
x:p(x)>0 e

−βE(x)
, (5.43)

P [Γ†]can := P̃ [Γ†|y] e
−βE′(y)

Z ′ , (5.44)

the detailed fluctuation theorem (5.41) can be rewritten as

P [Γ]can

P̃ [Γ†]can
= exp(−βw − β∆F eq +D0(p||e−βH/Z)). (5.45)

Here, we note that P [Γ|x] is defined only when the support of x is equal to that of p(x). We
use this fact and the normalization factor of the canonical distribution is taken into account in
Eq. (5.45). From this relation, we find that the extractable work w via the transition ρ → σ
for a unitary operator U can be obtained by using Eq. (5.45), where the transition is given by
e−βH+D0/Z → e−βH′

/Z ′ by using the same unitary operator U .

In this section, we have shown how we can derive the detailed fluctuation theorem when we
consider the thermal operation. In the next chapter, we will show how we can reproduce the
single-shot results from the detailed fluctuation theorem as a special case of the main results.

5.6 Relations between majorization and thermo-majorization

In this section, we discuss how thermo-majorization generalizes the idea of majorization.

To explain the idea of majorization, we first introduce the noisy operation given as

Enoisy(ρ) := TrA

[
U

(
ρ⊗ 1lA

dA

)
U †
]
, (5.46)

where A is an auxiliary system whose dimension is dA and U is an arbitrary unitary operator on
the total system. Note that we consider a special case in which the dimensions of the input state ρ
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and the output state Enoisy(ρ) are the same as in Eq. (5.46). The noisy operation (5.46) conserves
the maximally mixed state of the system 1l/d as

Enoisy
(
1l

d

)
=

1l

d
, (5.47)

where d is the total dimension of the system. We can interpret the maximally mixed state 1lA/dA as
the noise source, and the noisy operation gives a change in the state of the system when it interacts
with that noise source. The thermal operation (5.1) can be viewed as a generalization of the noisy
operation by replacing the maximally mixed state 1lA/dA of the auxiliary system by the canonical

distribution e−βHB
/ZB of the heat bath.

Now the notion of majorization is introduced as follows. Let us first denote the diagonal element
of ρ and that of σ as p(x) and q(x), respectively. We say p majorizes q if and only if the noisy
operation Enoisy(ρ) = σ is possible. We label x and arrange p(x) in a decreasing order:

p(x1) ≥ p(x2) ≥ · · · ≥ p(xd), (5.48)

where d is the total dimension of the system. Then, p majorizes q (which is sometimes denoted as
p � q) if and only if

k∑
i=1

p(xi) ≥
k∑

i=1

q(yi) for k = 1, 2, · · · , d. (5.49)

If the dimension of the input state ρ and that of the output state σ are different, we use the Lorenz
curve (5.7) given by (

1l

d
, ρ

)
=

(
1

d
, p(x1)

)
,

(
2

d
,

2∑
i=1

p(xi)

)
, · · · , (1, 1). (5.50)

The noisy operation Enoisy(ρ) = σ is possible if and only if the Lorenz curve (1l/d, σ) is a subset of
(1l/d, ρ). This condition is equivalent to that given by Eq. (5.49) when the dimension of ρ and σ
are the same, because the condition (5.49) ensures that each point of the Lorenz curve (1l/d, ρ) is
larger than that of the Lorenz curve (1l/d, σ) in the vertical direction (in the Y plane).

Thus, majorization gives an ordering relation between distributions, which essentially gives an
ordering that brings the distribution closer to a uniform distribution. Thermo-majorization is a
generalization of majorization by extending the uniform distribution to a canonical distribution.

5.7 Proof of (2.41)

To show (2.41), we use the monotonicity of the quantum relative entropy

S(ρ||σ) ≥ S(E(ρ)||E(σ)), (5.51)

where S(ρ||σ) is a quantum relative entropy and E(•) is a completely positive, trace-preserving
(CPTP) map [40]. It is known that a CPTP map can be expressed as

E(ρ) = TrA

[
U(ρ⊗ ρA)U †

]
, (5.52)

where ρA is a density matrix of an auxiliary system A and U is a unitary operator that acts on the
composite system. Note that the thermal operation is a CPTP map because it takes the form of
Eq. (5.52). Then, let us take σ = e−βH/Z and apply (5.51) to the thermal operation, which takes
the form

S(ρ||e
−βH

Z
) ≥ S(Ethermal(ρ)||

e−βH

Z
), (5.53)
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where we use Eq. (5.3). Now let us consider the case in which ρ and Ethermal(ρ) are diagonal in
the energy eigenbasis, and denote their diagonal components by p and Ethermal(p). Because ρ and
e−βH/Z are diagonalized by the same basis, the quantum relative entropy is equal to the classical
relative entropy in (5.53). Then (5.53) takes the following form:

D(p||e
−βH

Z
) ≥ D(Ethermal(p)||

e−βH

Z
), (5.54)

By combining this result with the definition of the nonequilibrium entropy (2.36), we obtain (2.41).
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Chapter 6

Trade-off relation in heat engines

In the previous chapters, we focused on two approaches (single-shot statistical mechanics [29,30] and
the second law of thermodynamics) which search for protocols that minimize either work fluctuation
or dissipation under nonequilibrium situations. We first show a trade-off relation between work
fluctuation and fluctuation in dissipation for arbitrary initial and final states. Then, we give a
method to construct explicit protocols that achieve the lower bound of the trade-off relation, which
reproduces the deterministic work extraction protocol in the limit of vanishing work fluctuation
and the thermodynamically reversible protocol in the limit of vanishing dissipation [74].

6.1 Setup of the main result

Our setup is basically the same as the one discussed in Chap. 3. We consider a system interacting
with a single heat bath with inverse temperature β−1, where the coupling between the heat bath
and the system is constant (we also consider the case in which the coupling can be turned on and
off arbitrary). The dynamics of the system interacting with the heat bath can be arbitrary as far as
the detailed fluctuation theorem (3.1) holds, e.g., the Hamiltonian dynamics (in the quantum case,
the dynamics generated by the unitary time evolution) and the stochastic dynamics. We assume
that we can change the energy level of the Hamiltonian freely during the process, and in particular,
a sudden quench process is assumed. We also assume that we can perform the thermal operation
during the process, while it generally requires a detailed control of the system-bath coupling. We
denote the (given) initial and final states of the system as pini and pfin. The initial and final
Hamiltonians are denoted by Hλ0 and Hλ1 . The extractable work is defined in Eq. (3.53):

W [Γ] := Eλ0(x)− Eλ1(y) +Q[Γ], (6.1)

and dissipation (the total entropy production) is defined in Eq. (3.51):

σ[Γ] := −β(W [Γ] + ∆F(x, y)). (6.2)

Here,
∆F(x, y) := Fλ1(y)−Fλ0(x) (6.3)

is the nonequilibrium free-energy difference and the nonequilibrium free energy is defined in Eq. (3.49):

Fλ0(x) := Eλ0(x) + β−1 ln pini(x)

= F eq + β−1 ln
pini(x)

pcanλ0
(x)

, (6.4)

and a similar relation holds for Fλ1(y). In the following, we derive a fundamental bound on work
and dissipation for arbitrary processes which connect (pini,Hλ0) and (pfin,Hλ1) in Sec. 6.2.
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Figure 6.1: Trade-off relation between work fluctuation and fluctuation in dissipation.
The ordinate shows the normalized standard deviation of dissipation σ and the abscissa shows the
normalized standard deviation of work W . The solid line shows the lower bound of the trade-off
relation (6.5). For thermalized initial and final states, the lower bound shrinks to a single point
in the origin and work fluctuation and fluctuation in dissipation can take arbitrary values. This
figure is taken from Ref. [74].

6.2 Trade-off relation between work fluctuation and fluctuation in
dissipation

The first main result of our work is the trade-off relation between work and dissipation in terms of
their standard deviations (see also Fig. 6.1):

√
〈W 2〉 − 〈W 〉2 + β−1

√
〈σ2〉 − 〈σ〉2 ≥

√
〈(∆F)2〉 − 〈∆F〉2. (6.5)

The right-hand side of (6.5) is equal to the standard deviation of the nonequilibrium free-energy
difference (6.3), which gives the information distance between the initial (final) distribution and
the canonical distribution as discussed in Sec. 2.5. If the initial and final states are far from equi-
librium, the right-hand side of (6.5) takes on a large value. If we want to reduce work fluctuation,
fluctuation in dissipation inevitably takes a large value and vice versa, which implies that work and
dissipation cannot take definite values simultaneously. If the initial and final states are given by
the canonical distributions, the right-hand side of (6.5) vanish and σ and W can take on arbitrary
values. In particular, dissipation and work fluctuation vanishes for a thermodynamically reversible
process starting from equilibrium, and Eq. (6.5) is consistent with the conventional second law of
thermodynamics.

We note that the right-hand side of (6.5) depends on the path probability P [Γ] in general.
Thus, there is a possibility that the left-hand side of (6.5) for a process which satisfies the equality
condition of (6.5) does not give the minimum value of the sum of the standard deviation of work
and that of the total entropy production. If we take pfin(y) = pcanλ1

(y), the right-hand side of (6.5)
depends only on pfin(y) and pcanλ1

(y), and if we take pini(x) = pcanλ0
(x), the right-hand side of (6.5)

depends only on pini(x) and pcanλ0
(x). Thus, if we consider a thermalized final state or an initially

thermalized state, the protocol that achieves the equality condition of (6.5) minimizes both work
fluctuation and the fluctuation in dissipation as much as possible.
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6.3 Proof of the main result

To show the first main result (6.5), we first calculate the variance of σ + βW . By using Eq. (6.2),
we obtain

β2(
〈
W 2
〉
− 〈W 〉2) +

〈
σ2
〉
− 〈σ〉2 + 2β(〈σW 〉 − 〈σ〉 〈W 〉) =

〈
(∆F)2

〉
− 〈∆F〉2 . (6.6)

Next, we consider the property of the variance-covariance matrix defined by

Vij := 〈(Xi − 〈Xi〉)(Xj − 〈Xj〉)〉 . (6.7)

The eigenvalues of Vij are positive semi-definite and thus the determinant of Vij is nonnegative.
By taking X1 = βW and X2 = σ, and from Det[Vij ] ≥ 0, we obtain

(
〈
W 2
〉
− 〈W 〉2)(

〈
σ2
〉
− 〈σ〉2) ≥ (〈σW 〉 − 〈σ〉 〈W 〉)2. (6.8)

Let us take the square root of Eq. (6.8) and obtain

β

√
〈W 2〉 − 〈W 〉2

√
〈σ2〉 − 〈σ〉2 ≥ 〈σW 〉 − 〈σ〉 〈W 〉 , (6.9)

where the above inequality holds trivially in the case of 〈σW 〉−〈σ〉 〈W 〉 ≤ 0. Combining Eqs. (6.6)
and (6.9), we obtain〈

(∆F)2
〉
− 〈∆F〉2 ≤ β2(

〈
W 2
〉
− 〈W 〉2) +

〈
σ2
〉
− 〈σ〉2 + 2β

√
〈W 2〉 − 〈W 〉2

√
〈σ2〉 − 〈σ〉2

=

(√
〈W 2〉 − 〈W 〉2 + β−1

√
〈σ2〉 − 〈σ〉2

)2

. (6.10)

By taking the square root of both hand sides of (6.10), we obtain the trade-off relation (6.5).

6.4 Equality condition of the trade-off relation

The equality condition in (6.5) is satisfied if and only if one of the eigenvalues of the matrix Vij
is zero. Let us introduce some constants a and b, and define new variables X ′

1 := aσ + bβW and
X ′

2 := aσ − bβW , such that the matrix Vij is diagonalized. The equality condition in (6.5) is
re-expressed as Var[aσ − bβW ] = 0, where Var[X] :=

〈
X2
〉
− 〈X〉2. Without the loss of generality,

we can take a ≥ 0.
Let us rewrite Eq. (6.2) as

σ[Γ] = −βW [Γ]− β∆F eq + ln
pini(x)

pcanλ0
(x)

− ln
pfin(y)

pcanλ1
(y)

. (6.11)

Combining the detailed fluctuation theorem (3.1) and Eq. (6.11), we have

aσ[Γ]− bβW [Γ] = bβ∆F eq + (a+ b) ln
P [Γ]

P̃ [Γ†]
− b ln

pini(x)

pcanλ0
(x)

+ b ln
pfin(y)

pcanλ1
(y)

. (6.12)

We set the condition
aσ[Γ]− bβW [Γ] = bβ∆F eq + c (6.13)

to make Var[aσ − bβW ] = 0. Here, we introduced a constant c. Then, Eqs. (6.12) and (6.13) lead
to

P [Γ]

P̃ [Γ†]

(
pini(x)

pcanλ0
(x)

) −b
a+b
(
pfin(y)

pcanλ1
(y)

) b
a+b

= e
c

a+b . (6.14)

If we fix a protocol λt, the forward and backward probability distributions P [Γ] and P̃ [Γ†] are
uniquely fixed. Thus, the lower bound of the trade-off relation can be achieved if and only if there
exists a protocol λt that satisfies Eq. (6.14).
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6.4.1 Case of an equilibrium final state

We first assume pfin(y) = pcanλ1
(y) and show the equality condition of the trade-off relation. We

discuss the case of a nonequilibrium final state in Sec. 6.4.3.
Under this assumption, the condition (6.14) takes the form

P̃ [Γ†] = P [Γ]

(
pini(x)

pcanλ0
(x)

) −b
a+b

e−
c

a+b

= P [Γ|x]p a
a+b

(x), (6.15)

where P [Γ|x] := P [Γ]/pini(x) is the conditional forward probability conditioned on x and we define
the distribution

p a
a+b

(x) := (pcanλ0
(x))

b
a+b (pini(x))

a
a+b e−

c
a+b . (6.16)

This distribution p a
a+b

should be normalized, and the constant c is fixed:

e
c

a+b =
∑
x

(pcanλ0
(x))

b
a+b (pini(x))

a
a+b . (6.17)

By introducing the Renyi divergence [75]

Dα(pini||pcanλ0
) :=

1

α− 1
ln

[∑
x

(pini(x))
α(pcanλ0

(x))1−α

]
, (6.18)

the constant c takes the form
c

a+ b
= −(1− α)Dα(pini||pcanλ0

), (6.19)

with α = a/(a+ b). Using Eq. (6.17), σ and W take the following forms:

σ[Γ] = (1− α)
(
Dλ0(x)−Dα(pini||pcanλ0

)
)
, (6.20)

βW [Γ] = −β∆F eq + αDλ0(x) + (1− α)Dα(pini||pcanλ0
), (6.21)

where Dλ0(x) = ln pini(x) − ln pcanλ0
(x). Note that Fλ0(x) = F eq

λ0
+ Dλ0(x). In particular, the first

and the second terms on the left-hand side of Eq. (6.26) are given by√
〈σ2〉 − 〈σ〉2 = β−1|1− α|

√
〈(Fλ0)

2〉 − 〈Fλ0〉
2, (6.22)√

〈W 2〉 − 〈W 〉2 = α

√
〈(Fλ0)

2〉 − 〈Fλ0〉
2. (6.23)

To satisfy the equality condition in (6.5), α should take the value in the range 0 ≤ α ≤ 1. Note
that the existence of an explicit protocol λt, which satisfies the condition Eq. (6.15), is needed
to achieve the lower bound of the trade-off relation. Substituting Eq. (6.19) into Eq. (6.17), the
condition (6.15) is now described as

P̃ [Γ†] = P [Γ|x]pα(x), (6.24)

with
pα(x) := (pcanλ0

(x))1−α(pini(x))
αe

(1−α)Dα(pini||pcanλ0
)
. (6.25)

We discuss in the next section that the condition (6.24) is satisfied by implementing λt as a ther-
modynamically reversible protocol starting from pα(x) and ending in pfin(y). We conclude that the
equality condition of the trade-off relation for a thermalized final state√

〈W 2〉 − 〈W 〉2 + β−1
√

〈σ2〉 − 〈σ〉2 ≥
√

〈(Fλ0)
2〉 −

〈
F2
λ0

〉
(6.26)

is satisfied if and only if Eqs. (6.20) and (6.21) hold and α takes the value in the range 0 ≤ α ≤ 1.
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6.4.2 Explicit protocols that achieve the lower bound of the trade-off relation

Let us discuss the explicit protocols which satisfy Eq. (6.24). We introduce a Hamiltonian H(pini)
such that the canonical distribution with respect to H(pini) is equal to the initial distribution:

pini(x) =
e−βEpini (x)

Z(pini)
, (6.27)

where Epini(x) is the eigenenergy of H(pini) and Z(pini) =
∑

x exp(−βEpini(x)). Then, the dis-
tribution pα is found to be equal to the canonical distribution with respect to the Hamiltonian
Hα(pini):

pα(x) = e−β(αEpini (x)+(1−α)Eλ0
(x))

exp
(
(1− α)Dα(pini||pcanλ0

)
)

(Z(pini))α(Zλ0)
1−α

=
e−βE

pini
α (x)

Zα
, (6.28)

where Hα(pini) =
∑

x∈X {αEpini(x) + (1− α)Eλ0(x)}, which has the same support with that of the
initial distribution, i.e., X = {x|pini(x) > 0}. We note that

exp
(
−(1− α)Dα(pini||pcanλ0

)
)

=
∑
x

(pcanλ0
(x))1−α(pini(x))

α

=
∑
x

e−β(αEpini (x)+(1−α)Eλ0
(x))

(Z(pini))α(Zλ0)
1−α

=
Zα

(Z(pini))α(Zλ0)
1−α

. (6.29)

As the condition (6.24) shows, we need to construct a thermodynamically reversible protocol start-
ing from (pα, Hα(pini)) and ending at (pcanλ1

,Hλ1), where (p,H) denotes a pair of the state p and the
Hamiltonian H. Noting that pα is the canonical distribution with respect to Hα(pini), we should
change the Hamiltonian from Hα(pini) to Hλ1 in a quasi-static manner and let the system interact
with the heat bath:

(pα, Hα(pini))
quasi-static−→ (pcanλ1

,Hλ1). (6.30)

Then, the condition (6.24) is satisfied. Noting that the protocol λt starts from (pini,Hλ0), one
should consider a protocol that gives a transition

(pini, Hλ0) → (pα,Hα(pini)). (6.31)

Since the transition Eq. (6.30) is associated with vanishing dissipation and work fluctuation, dissi-
pation and work fluctuation during the process (6.31) are given by Eqs. (6.20) and (6.23). Let us
rewrite Eq. (6.20) by using pα:

σ[Γ] = ln
pini(x)

(pcanλ0
(x))1−α(pini(x))αe

(1−α)Dα(pini||pcanλ0
)

= ln
pini(x)

pα(x)
, (6.32)

and also rewrite Eq. (6.23) by using Epini
α (x):√

〈W 2〉 − 〈W 〉2 =

√
〈(Dλ0(x)− σ[Γ])2〉 − 〈Dλ0(x)− σ[Γ]〉2

=

√〈(
ln pα(x)− ln pcanλ0

)2〉
−
〈
ln pα(x)− ln pcanλ0

〉2
=

√〈
(Eλ0(x)− Epini

α (x))
2
〉
− 〈Eλ0(x)− Epini

α (x)〉2. (6.33)
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From Eq. (6.33), we find that the transition (6.31) is partially implemented by quenching the
Hamiltonian from Hλ0 to Hα(pini) by keeping the initial distribution pini(x) fixed. We find from
Eq. (6.32) that we need to change the distribution from pini(x) to pα(x) while the Hamiltonian
Hα(pini) is fixed. This can be achieved by letting the system interact with the heat bath and the
distribution pini(x) thermalize to the canonical distribution pα(x). The complete protocol is deter-
mined by combining the above protocols. The explicit protocol which satisfies the condition (6.24)
and realizes the lower bound of the trade-off relation (6.26) is given by

(pini,Hλ0)
quench−→ (pini,Hα(pini))

thermalize−→ (pα,Hα(pini))
quasi-static−→ (pcanλ1

,Hλ1). (6.34)

If we can turn off the interaction between the system and the heat bath during the protocols, the
quench process can be replaced by an ordinary adiabatic process in which the system is detached
from the heat bath.

In the regime of vanishing dissipation (α = 1), we only need to perform a quench process. By
quenching the Hamiltonian into H(pini), the initial distribution is equal to a canonical distribution
with respect to the Hamiltonian H(pini). Thus, dissipation does not occur when we let the system
interact with the heat bath. This protocol is thermodynamically reversible, i.e., if we perform the
time-reversal of the protocol, the final state pcanλ1

is transformed into pini.
In the regime of vanishing work fluctuation (α = 0), we first need to quench the Hamiltonian

from Hλ0 to Hα=0, which can be done by rising the energy levels which are initially unoccupied
({Eλ0(x)}x6∈X) to infinity. Then, we let the system interact with the heat bath, and then the system
thermalizes. Note that the nonequilibrium free-energy

F0(pini) = F eq
λ0

− β−1 ln

[ ∑
x∈X

pcanλ0
(x)

]

= −β−1 ln

[ ∑
x∈X

exp(−βEλ0(x))

]
, (6.35)

is equal to the equilibrium local free energy whose support X is the same as the initial distribution
pini(x). One can increase the free energy of the system F0(pini) ≥ F eq

λ0
and keep the amount of work

fluctuation vanishing.
For general α, we quench the Hamiltonian by changing the energy levels by mixing the thermo-

dynamically reversible (α = 1) protocol and the single-shot (α = 0) protocol by the ratio α : 1−α.

6.4.3 The case of a nonequilibrium final state

In this section, we consider the case in which the final state is out of equilibrium. Let us derive the
condition which achieves the lower bound of the trade-off relation by rewriting Eq. (6.14) as

P [Γ|x]pα(x) = P̃ [Γ†|y]p′α(y), (6.36)

where we use Eq. (6.25). Here, we define the distribution p′α by

p′α(y) := (pfin(y))
α(pcanλ1

(y))1−αe
c−(1−α)Dα(pini||pcanλ0

)
. (6.37)

Let us introduce a Hamiltonian H(pfin) such that the canonical distribution with respect to H(pfin)
is equal to the final distribution:

pfin(y) =
e−βEpfin

(y)

Z(pfin)
, (6.38)

where Epfin(y) is the eigenenergy of H(pfin) and Z(pfin) =
∑

y exp(−βEpfin(y)). Let us also define
a Hamiltonian Hα(pfin) =

∑
y∈Y ′{αEpfin(y) + (1− α)Eλ1(y)}, which has the same support as that
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of the final distribution, i.e., Y ′ = {y|pfin(y) > 0}. The canonical distribution e−βHα(pfin)/Zα(pfin)
is given by

e−βE
pfin
α (y)

Zα(pfin)
= (pfin(y))

α(pcanλ1
(y))1−αe

(1−α)Dα(pfin||pcanλ1
)
. (6.39)

Then, p′α(y) is equal to the canonical distribution with respect to Hα(pfin) if the support of the
distribution p′α(y) is the same as that of the final distribution pfin(y) by comparing Eqs. (6.37) and
(6.39) and the normalization of p′α:

p′α(y) =
e−βE

pfin
α (y)

Zα(pfin)
if the support of p′α is equal to Y ′. (6.40)

Then, a similar argument in deriving (6.34) suggests us that the explicit protocol to achieve the
lower bound of the trade-off relation is given by

(pini,Hλ0)
quench−→ (pini,Hα(pini))

thermalize−→ (pα,Hα(pini))
quasi-static−→ (

e−βHα(pfin)

Zα(pfin)
, Hα(pfin))

?−→ (pfin,Hα(pfin))
quench−→ (pfin, Hλ1), (6.41)

where the transition

(
e−βHα(pfin)

Zα(pfin)
,Hα(pfin))

?−→ (pfin,Hα(pfin)) (6.42)

needs the time-reversal of the thermalization process. Since this is not possible by a natural
time-evolution of the system which interacts with a single heat bath, we denote this transition

as
?−→. Thus, we need to consider an alternative protocol that replaces Eq. (6.42). From the

conditions (6.13) and (6.14), the work fluctuation is given by〈
W 2
〉
− 〈W 〉2 =

〈
(Eλ0(x)− Epini

α (x))2
〉
− 〈Eλ0(x)− Epini

α (x)〉2

+
〈
(Eλ1(y)− Epfin

α (y))2
〉
− 〈Eλ1(y)− Epfin

α (y)〉2 , (6.43)

which comes from the two quench processes in Eq. (6.41). This observation requires us to construct
an alternative protocol with vanishing work fluctuation. Thus, we consider a thermal operation as
the alternative protocol. We determine a distribution q which can be transformed to pfin by using
the thermo-majorization criteria [30] introduced in Sec. 5.2. As discussed in the following sections,
we have two choices of q: (1) a local canonical distribution p′α(y) with respect to the Hamiltonian
Hα(pfin) whose support is restricted to Y and (2) the joint distribution e−βH′

α/Zα(pfin) ⊗ pAε by
introducing an auxiliary system A whose initial distribution is given by pAε .

(a) The case of preparing a local canonical distribution

Let us consider the first case: prepare a local canonical distribution p′α(y) := e−βHY
α (pfin)/ZY

α (pfin)
whose support is restricted to Y . We plot two Lorentz curves(

pfin,
e−βHα(pfin)

Zα(pfin)

)
(6.44)

and (
e−βHY

α (pfin)

ZY
α (pfin)

,
e−βHα(pfin)

Zα(pfin)

)
(6.45)
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0 0

a b

Figure 6.2: Lorentz curve. (a) We plot two Lorentz curves (pfin,
e−βHα(pfin)

Zα(pfin)
) and

( e
−βHY

α (pfin)

ZY
α (pfin)

, e
−βHα(pfin)

Zα(pfin)
), where the curve e−βHY

α (pfin)

ZY
α (pfin)

is represented by the dashed line and

pfin is represented by the solid curve. The slope of the dotted line is given by
exp

[
(1− α)(D∞(pfin||pcanλ1

)−Dα(pfin||pcanλ1
))
]
. The support Y is defined as the largest support such

that the slope of the line p′α is equal to or larger than that of the dotted line. Then, the thermo-

majorization criterion tells us that the local equilibrium state e−βHY
α (pfin)

ZY
α (pfin)

can be transformed into

pfin via a thermal operation. (b) The case of introducing an auxiliary system. By introducing
an auxiliary system, the joint probability distribution e−βHα(pfin)/Zα(pfin) ⊗ pAε (red line) can be
transformed into pfin ⊗ pAcan (blue dotted curve) if the slope of the former line is equal to or larger

than the largest slope of the latter curve, i.e., pfin(y1)Zα(pfin)/e
−βE

pfin
α (y1). This figure is taken from

Ref. [74].

as in Fig. 6.2. From the thermo-majorization criteria, a transition(
e−βHY

α (pfin)

ZY
α (pfin)

, Hα(pfin)

)
thermal operation−→ (pfin,Hα(pfin)) (6.46)

is possible if the former curve is a subset of the latter curve. This is equivalent to the condition

that the slope of the curve ( e
−βHY

α (pfin)

ZY
α (pfin)

, e
−βHα(pfin)

Zα(pfin)
) is larger than that of the curve connecting two

points: (0, 0) and (e−βE
pfin
α (y1)/Zα(pfin), pfin(y1)) satisfying

1∑
y∈Y (Zα(pfin))−1e−βE

pfin
α (y)

≥ pfin(y1)

(Zα(pfin))−1e−βE
pfin
α (y1)

. (6.47)

We choose the largest support of Y that satisfies the condition (6.47). Now the normalization

condition of e−βHY
α (pfin)

ZY
α (pfin)

given by Eq. (6.37) determines the constant c:

c = (1− α)Dα(pini||pcanλ0
) + (1− α)dα(pfin||pcanλ1

), (6.48)

where
(1− α)dα(pfin||pcanλ1

) := − ln
∑
y∈Y

(pfin(y))
α(pcanλ1

(y))1−α. (6.49)

Using Eq. (6.39), the right-hand side of (6.47) can be expressed as

Zα(pfin)pfin(y1)

e−βE
pfin
α (y1)

=
pfin(y1)

(pfin(y1))α(pcan(y1))1−α
e
−(1−α)Dα(pfin||pcanλ1

)

= exp
[
(1− α)(D∞(pfin||pcanλ1

)−Dα(pfin||pcanλ1
))
]
, (6.50)
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where we used the Renyi divergence of order ∞. The left-hand side of (6.47) can be expressed as

Zα(pfin)∑
y∈Y e−βE

pfin
α (y)

=
1∑

y∈Y (pfin(y1))
α(pcan(y1))1−α

e
−(1−α)Dα(pfin||pcanλ1

)

= exp
[
(1− α)(dα(pfin||pcanλ1

)−Dα(pfin||pcanλ1
))
]
. (6.51)

The condition (6.47) to determine Y is rewritten as

exp
[
(1− α)(dα(pfin||pcanλ1

)−Dα(pfin||pcanλ1
))
]
≥ exp

[
(1− α)(D∞(pfin||pcanλ1

)−Dα(pfin||pcanλ1
))
]
,

(6.52)
which can be further simplified as

dα(pfin||pcanλ1
) ≥ D∞(pfin||pcanλ1

). (6.53)

The explicit protocol to achieve the lower bound of the trade-off relation is given by

(pini,Hλ0)
quench−→ (pini,Hα(pini))

thermalize−→

(
e−βHY

α (pfin)

ZY
α (pfin)

,Hα(pini)

)
quasi-static−→

(
e−βHY

α (pfin)

ZY
α (pfin)

,Hα(pfin)

)
thermal operation−→ (pfin,Hα(pfin))

quench−→ (pfin,Hλ1). (6.54)

Combining Eqs. (6.13), (6.14) and (6.48), the functional forms of the dissipation and the work that
achieve the lower bound of the trade-off relation (6.5) are determined:

σ[Γ] = (1− α)(Dλ0(x)−Dα(pini||pcanλ0
)−Dλ1(y) + dα), (6.55)

βW [Γ] = −β∆F eq + (1− α)(Dα(pini||pcanλ0
)− dα) + α(Dλ0(x)−Dλ1(y)). (6.56)

We also note that the averaged values of Eqs. (6.55) and (6.56) are given as

〈σ〉 = (1− α)(D(pini||pcanλ0
)−Dα(pini||pcanλ0

)−D(pfin||pcanλ1
) + dα(pfin||pcanλ1

)), (6.57)

β 〈W 〉 = −β∆F eq + (1− α)(Dα(pini||pcanλ0
)− dα(pfin||pcanλ1

))

+α(D(pini||pcanλ0
)−D(pfin||pcanλ1

)). (6.58)

(b) The case with an auxiliary system
Let us consider the second case: introduce a two-level auxiliary system A, whose eigenenergies are
given by EA(0) = 0, EA(1) = ε. The excited state of A is denoted by pAε , i.e., p

A
ε (0) = 0 and

pAε (1) = 1. We consider a transition(
e−βHα(pfin)

Zα(pfin)
⊗ pAε ,Hα(pfin)⊗HA

)
thermal operation−→ (pfin ⊗ pAcan,Hα(pfin)⊗HA), (6.59)

whereHA is the Hamiltonian of A, pAcan = e−βHA
/ZA is the canonical distribution and ZA = 1+e−βε

is the partition function. Using the thermo-majorization criteria, this operation is possible if ε
satisfies (see Fig. 6.2. (b))

exp
[
(1− α)(D∞(pfin||pcanλ1

)−Dα(pfin||pcanλ1
))
]
=

pfin(y1)p
A
can(0)

pAcan(0)e
−βE

pfin
α (y1)/Zα(pfin)

=
1

e−βε/ZA
. (6.60)

The introduction of an auxiliary system changes Eq. (6.36) into

P [Γ|x, z]pα(x)pAε (z) = P̃ [Γ†|y, z] e
−βE

pfin
α (y)

Zα(pfin)
pcan(z)e

c−(1−α)(Dα(pini||pcanλ0
)+Dα(pfin||pcanλ1

))
. (6.61)
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Since the probability distribution

pcan(z)e
c−(1−α)(Dα(pini||pcanλ0

)+Dα(pfin||pcanλ1
))

(6.62)

which appears in the right-hand side of Eq. (6.61) should be normalized, the constant c is determined
by

c = (1− α)Dα(pini||pcanλ0
) + (1− α)Dα(pfin||pcanλ1

)− ln pAcan(1). (6.63)

In deriving Eq. (6.63), we note that the support of the distribution in Eq. (6.62) is equal to
Z = {z = 1} by comparing both had sides of Eq. (6.61). Combining Eqs. (6.60) and (6.63), we
obtain

c = (1− α)Dα(pini||pcanλ0
) + (1− α)D∞(pfin||pcanλ1

). (6.64)

The explicit protocol to achieve the lower bound of the trade-off relation is given by

(pini,Hλ0)
quench−→ (pini,Hα(pini))

thermalize−→ (pα,Hα(pini))
quasi-static−→

(
e−βHα(pfin)

Zα(pfin)
, Hα(pfin)

)
add A−→

(
e−βHα(pfin)

Zα(pfin)
⊗ pAε ,Hα(pfin)⊗HA

)
thermal operation−→ (pfin ⊗ pAcan,Hα(pfin)⊗HA)

quench−→ (pfin ⊗ pAcan,Hλ1 ⊗HA). (6.65)

Combining Eqs. (6.13), (6.14) and (6.64), the functional forms of the dissipation and the work that
achieve the lower bound of the trade-off relation (6.5) are determined as follows

σ[Γ] = (1− α)(Dλ0(x)−Dα(pini||pcanλ0
)−Dλ1(y) +D∞), (6.66)

βW [Γ] = −β∆F eq + (1− α)(Dα(pini||pcanλ0
)−D∞) + α(Dλ0(x)−Dλ1(y)). (6.67)

We note that the averaged values of Eqs. (6.66) and (6.67) are given by

〈σ〉 = (1− α)(D(pini||pcanλ0
)−Dα(pini||pcanλ0

)−D(pfin||pcanλ1
) +D∞(pfin||pcanλ1

)), (6.68)

β 〈W 〉 = −β∆F eq + (1− α)(Dα(pini||pcanλ0
)−D∞(pfin||pcanλ1

))

+α(D(pini||pcanλ0
)−D(pfin||pcanλ1

)). (6.69)

By comparing Eqs. (6.57) and (6.68), we find that the minimum amount of dissipation takes a
smaller value if we introduce an auxiliary system, compared to the case without an auxiliary
system by using Eq. (6.53).

6.5 Explicit protocol and information-theoretic quantities

In this section, we analyze the extractable work 〈W 〉 and the dissipated work 〈Wdis〉 = β−1 〈σ〉
during each step of the protocol given in Eq. (6.65) which achieves the lower bound of the trade-off
relation (6.5) (see also Fig. 6.3).

1. Quench process (pini,Hλ0) → (pini,Hα(pini)).

The extractable work during this quench process is given by

〈W 〉1 =
∑
x

pini(x)(Eλ0(x)− Epini
α (x))

= α
∑
x

pini(x)(Eλ0(x)− Epini(x))

= α 〈Fλ0〉 − αF eq(pini). (6.70)
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1. quench

2. thermaliza!on
3. quasi-sta!c

5. quench

4. thermal opera!on

quasi-sta�c process
quench

+ thermaliza�on
quench

+ thermal opera�on

(+ ancirary system)

Figure 6.3: Protocol achieving the lower bound of the trade-off relation. We denote (p,H) as a
pair of the state p and the Hamiltonian H, and a change in the Hamiltonian is shown in a vertical
direction and a change in the state is shown in a horizontal direction.

Note that the nonequilibrium free energy 〈Fλ0〉 is the reversible work (the maximum ex-
tractable work) from a nonequilibrium state. From Eq. (6.70), we find that only a part of
this nonequilibrium free energy α 〈Fλ0〉 can be extracted by the quench process.

2. Thermalization process (pini,Hα(pini)) → e−βHα(pini)/Zα(pini),Hα(pini)).

The extractable work vanishes and the dissipation is given by the nonequilibrium free-energy
difference:

〈Wdis〉2 = F(pini,Hα(pini))−F(e−βHα(pini)/Zα(pini),Hα(pini))

= (1− α)(〈Fλ0〉 − Fα(pini))

= β−1D(pini||e−βHα(pini)/Zα(pini)). (6.71)

Note that before the thermalization process, the unexpended nonequilibrium free energy is
given by (1 − α) 〈Fλ0〉. From Eq. (6.71), we find that this unexpended nonequilibrium free
energy is partly lost during the thermalization and the remaining free energy is given by
(1− α)Fα(pini), where

Fα(pini) := β−1Dα(pini||pcan0 ) + F eq(pcanλ0
) (6.72)

is the α-generalization of the nonequilibrium free energy. This amount of free energy can
be extracted as work by the following quasi-static process. We also note that β−1(1− α)Dα

quantifies the amount of the increased free energy due to the mixture of two Hamiltonians
Hλ0 and H(pini) by the ratio 1−α : α (which means Hα = (1−α)Hλ0 +αH(pini)) as follows:

F eq(e−βHα(pini)/Zα(pini)) = (1− α)F eq(pcanλ0
) + αF eq(pini) + β−1(1− α)Dα(pini||pcanλ0

). (6.73)

This amount of the “increased free-energy” β−1(1−α)Dα corresponds to the extractable work
from the system after the thermalization process ((1− α)Fα(pini)). Also, we note that

〈σ〉2 = D(pini||e−βHα(pini)/Zα(pini)) (6.74)

gives the information distance between the initial state and the auxiliary intermediate canon-
ical distribution e−βHα(pini)/Zα(pini).
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3. Quasi-static process (e−βHα(pini)/Zα(pini),Hα(pini)) → (e−βHα(pfin)/Zα(pfin),Hα(pfin)).

The extractable work is equal to the equilibrium free-energy difference:

〈W 〉3 = F eq

(
e−βHα(pini)

Zα(pini)

)
− F eq

(
e−βHα(pfin)

Zα(pfin)

)
= (1− α)Fα(pini) + αF eq(pini)− (1− α)Fα(pfin)− αF eq(pfin). (6.75)

Here, we use the α-generalization of the nonequilibrium free energy corresponding to the final
state:

Fα(pfin) = β−1Dα(pfin||pcanλ1
) + F eq(pcanλ1

). (6.76)

4. Thermal operation
(
e−βHα(pfin)

Zα(pfin)
⊗ pAε ,Hα(pfin)⊗HA

)
−→ (pfin ⊗ pAcan, Hα(pfin)⊗HA).

The extractable work vanishes and the dissipation is given by the nonequilibrium free-energy
difference:

〈Wdis〉4 = F

(
e−βHα(pfin)

Zα(pfin)
⊗ pAε ,Hα(pfin)⊗HA

)
−F(pfin ⊗ pAcan,Hα(pfin)⊗HA)

= β−1D(pAε ||pAcan)− β−1D(pfin||e−βHα(pfin)/Zα(pfin))

= −β−1 ln

(
e−βε

ZA

)
− β−1(1− α)(D(pfin||pcanλ1

)−Dα(pfin||pcanλ1
))

= β−1(1− α)(D∞(pfin||pcanλ1
)−D(pfin||pcanλ1

)), (6.77)

where we used Eq. (6.60) in deriving the third equality. We note that

〈σ〉4 = (1− α)(D∞(pfin||pcanλ1
)−D(pfin||pcanλ1

))

= D∞(pfin||e−βHα(pfin)/Zα(pfin)) (6.78)

gives the minimum amount of dissipation if we create the final state pfin starting from the
auxiliary intermediate canonical distribution e−βHα(pfin)/Zα(pfin) via the thermal operation.

5. Quench process (pfin,Hα(pfin)) → (pfin,Hλ1).

The extractable work is given by

〈W 〉5 =
∑
y

pfin(y)(E
pfin
α (y)− Eλ1(y)) = −α 〈Fλ1〉+ αF eq(pfin). (6.79)

We conclude that the total amount of dissipation is given by

〈σ〉 = (1− α)(D(pini||pcanλ0
)−Dα(pini||pcanλ0

) +D∞(pfin||pcanλ1
)−D(pfin||pcanλ1

), (6.80)

and it quantifies the amount of dissipation that occurs during the thermalization and the thermal
operation. Equivalently, the average value of the extractable work is given by

〈W 〉 = −α 〈∆F〉+ (1− α)Fα(pini)− (1− α)F∞(pfin), (6.81)

where the first, the second and the third term on the right-hand side of Eq. (6.81) is the ex-
tractable work from the two quench processes, the free energy which remains in the system after
the thermalization and the free energy needed to complete the thermal operation, respectively.
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As we discuss in Sec. 6.2, either by taking the initial state or the final state as the canonical
distribution, the left-hand side of (6.5) is independent of path probabilities and takes a constant
value.

Let us consider the case in which the final state is given by the canonical distribution, i.e.,
pfin(y) = pcanλ1

(y). In this case, the explicit protocol that achieves the lower bound of the trade-off
relation (6.5) is given by (6.34):

(pini,Hλ0)
quench−→ (pini,Hα(pini))

thermalize−→ (e−βHα(pini)/Zα(pini),Hα(pini))
quasi-static−→ (pcanλ1

,Hλ1).
(6.82)

We note this protocol (6.82) minimizes both work fluctuation and fluctuation in dissipation simul-
taneously and they take the values

Var[W ] = Var[αFλ0 ], (6.83)

Var[σ] = Var[(1− α)Fλ0 ], (6.84)

for all α ∈ [0, 1]. We also note that the amount of dissipation and the extractable work satisfies

〈σ〉 = (1− α)(D(pini||pcanλ0
)−Dα(pini||pcanλ0

)), (6.85)

〈W 〉 = α 〈Fλ0〉+ (1− α)Fα(pini)− F eq(pcanλ1
). (6.86)

We can also consider the case of a nonequilibrium final distribution starting from a thermalized
initial state pini(x) = pcanλ0

(x). In this case, the explicit protocol that achieves the lower bound of
the trade-off relation (6.5) is given by (6.34):

(pcanλ0 , Hλ0)
quasi-static−→

(
e−βHα(pfin)

Zα(pfin)
, Hα(pfin)

)
add A−→

(
e−βHα(pfin)

Zα(pfin)
⊗ pAε ,Hα(pfin)⊗HA

)
thermal operation−→ (pfin ⊗ pAcan,Hα(pfin)⊗HA)

quench−→ (pfin ⊗ pAcan,Hλ1 ⊗HA). (6.87)

We note this protocol (6.87) minimizes both work fluctuation and fluctuation in dissipation simul-
taneously and they take the values

Var[W ] = Var[αFλ1 ], (6.88)

Var[σ] = Var[(1− α)Fλ1 ], (6.89)

for all α ∈ [0, 1]. We also note that the amount of dissipation and the extractable work satisfy

〈σ〉 = (1− α)(D∞(pfin||pcanλ1
)−D(pfin||pcanλ1

)), (6.90)

〈W 〉 = F eq(pcanλ0
)− α 〈Fλ1〉 − (1− α)F∞(pfin). (6.91)

From (6.82), we find that a combination of a quench process, thermalization and a quasi-
static process minimize the fluctuation in dissipation and the work fluctuation simultaneously for a
protocol that starts from a nonequilibrium state and ends at a thermalized state. A similar relation
holds in the case of a thermalized initial state and a nonequilibrium final state. In this case, a
combination of a quasi-static process, a thermal operation and a quench process (6.87) minimizes
dissipation and work fluctuation simultaneously. Note that Var[W ] = 0 holds for thermalization
and a thermal operation and Var[σ] = 0 holds for a quench process. We also note that both
Var[W ] = 0 and Var[σ] = 0 holds for a quasi-static process.

69



6.6 Comparison with the previous studies

In this section, we consider the protocol (6.54) that achieves the lower bound of the trade-off
relation (6.5) and compare it with the previous studies (the deterministic work extraction proto-
col [29,30] and the thermodynamically reversible protocol [1, 3, 4]).

For α = 1, the protocol (6.54) consists of two quench processes and a quasi-static process,
which reproduces the thermodynamically protocol with vanishing dissipation. From Eqs. (6.80)
and (6.81), the dissipation and the extractable work are given by 〈σ〉 = 0 and 〈W 〉 = −〈∆F〉,
respectively. Note that these values are equal to the lower bound of the second law of thermody-
namics 〈σ〉 ≥ 0 and 〈W 〉 ≤ −∆ 〈F〉. In this case, the amount of work fluctuation takes a large

value
√
〈W 2〉 − 〈W 〉2 =

√
〈(∆F)2〉 − 〈∆F〉2.

Next, let us consider the case of α = 0. In this case, the protocols (6.82) and (6.87) reproduce the
single-shot protocols [29,30]. Also, Eqs. (6.86) and (6.91) take the form 〈W 〉 = F0(pini)−F eq(pcanλ1

)
and 〈W 〉 = F eq(pcanλ0

) − F∞(pfin), respectively and reproduce the single-shot results. Note that
we can increase the free energy of the system F eq

λ0
≤ F0(pini) by raising the energy levels which

are initially unoccupied. This amount of free energy can be extracted as the “fluctuation-free”
work. Let the initial and final Hamiltonians to be the same and consider a protocol starting from a
nonequilibrium state pini and ending at a thermalized state. Then, the maximal extractable work is
given by F0. If we consider the time-reversal of this process, i.e., start from a thermalized state and
end with pini, the minimal work cost is given by F∞. Since F∞ ≥ F0, we have a clear irreversibility
in this setup [30] because the amount of dissipation cannot vanish during the thermalization process
and also during the thermal operation. Note the method to obtain the protocol (6.82) can be used
to derive the deterministic work extraction protocol from the detailed fluctuation theorem. This
observation may offer us a key relation between two different methods (the fluctuation theorems and
the single-shot statistical mechanics) which are used to analyze thermodynamics of small systems.

Because we consider a single heat bath in our setup, the obtained results cannot be applied
to situations involving multiple heat baths. One crucial reason is that the nonequilibrium free-
energy acquires a thermodynamic meaning only when we let the nonequilibrium system interact
with a single heat bath. We do not know whether we can assign a thermodynamic meaning to the
nonequilibrium free energy for multiple heat baths or we can define a generalized nonequilibrium
free energy for multiple heat baths.

The method we used to derive the trade-off relations can be used to more general settings and
also for different stochastic quantities. We only need an equality relation between two stochastic
quantities to derive an inequality relation which is similar to the first main result (6.5). However,
we note that the existence of the equality condition is nontrivial and that it should depend on the
relations which are satisfied by those stochastic quantities (in the present case, dissipation follows
the detailed fluctuation theorem).

6.7 Application to information heat engines

In this section, we apply the obtained trade-off relations to information heat engines.

6.7.1 Trade-off relation

For simplicity, we consider a classical system and assume that the premeasurement state pS(x) is
given by the canonical distribution. A measurement is done on the system by recording the mea-
surement outcome a on the memory M , where the joint probability distribution of the postmea-
surement state is given by pSM (x, a). We also denote the probability of obtaining the measurement
outcome a as pM (a). Then, the information acquired by this measurement process is quantified by
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the classical mutual information

ISM (x, a) := ln
pSM (x, a)

pS(x)pM (a)
. (6.92)

By performing a feedback control depending on the measurement outcome, one can extract work
from the system up to [18]

〈Wmax〉 := −∆FS
eq + β−1

〈
ISM

〉
, (6.93)

where ∆FS
eq is the equilibrium free-energy difference of the system. We define dissipation as the

difference between the maximum amount of extractable work and the actually extracted work:

σ[Γ] := −β(WS [Γ] + ∆FS
eq) + ISM (x, a). (6.94)

If we introduce the nonequilibrium postmeasurement state conditioned on the measurement out-
come pS|M (x|a) := pSM (x, a)/pM (a), We can define the nonequilibrium free energy

F(pS|M ) := FS
λ0

+ β−1ISM (x, a) = ES
λ0
(x)− β−1S[pS|M (x|a)], (6.95)

which gives the distance between the postmeasurement state and the canonical distribution pS(x) =
exp(−β(ES

λ0
(x)− FS

λ0
)).

By replacing ∆F by ISM in Sec. 6.3, we can derive the following trade-off relation

β

√
〈W 2〉 − 〈W 〉2 +

√
〈σ2〉 − 〈σ〉2 ≥

√
〈(ISM )2〉 − 〈ISM 〉2, (6.96)

showing that the fluctuation in work and dissipation are bounded from below by the degree of
fluctuation in the obtained information. The right-hand side of (6.96) does not depend on the
trajectory of the system, i.e. it only depends on pSM (x, a), pS(x) and pM (a). Note that Eq. (6.96)
is a generalization of the first result (6.5) to information heat engines. If the initial and final states
are out of equilibrium, the quantity ∆F also enters in the right-hand side of Eq. (6.96).

6.7.2 Equality condition of the trade-off relation

Let us consider the equality condition of the trade-off relation for information heat engines. We
use a similar method carried out in Sec. 6.4. We set the condition

ασ[Γ]− (1− α)βW [Γ] = σ[Γ] + (1− α)β∆F eq − (1− α)ISM (x, a)

= (1− α)β∆F eq + c (6.97)

to make Var[ασ − (1 − α)βW ] = 0. Combined with the detailed fluctuation theorem (6.5), we
obtain

P [Γ]

P̃ [Γ†]

(
pSM (x, a)

pS(x)pM (a)

)α−1

= ec. (6.98)

Using the relation P [Γ] = P [Γ|x, a]pSM (x, a), Eq. (6.98) is rewritten as

P [Γ|x, a]pSMα (x, a) = P̃ [Γ†], (6.99)

where
pSMα (x, a) := (pSM (x, a))α(pS(x)pM (a))1−αe(1−α)ISM

α , (6.100)

and c is determined as
c = −(1− α)ISMα . (6.101)

Then, the functional forms of σ and W which achieve the lower bound of the trade-off relations are
given by

σα[Γ] := (1− α)(ISM (x, a)− ISMα ), (6.102)

βWα[Γ] := αISM (x, a) + (1− α)ISMα − β∆FS
eq. (6.103)
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6.7.3 Explicit protocol

Next, let us consider the explicit protocol which achieves the lower bound of the trade-off relation.
First, let us define a Hamiltonian HS

a depending on the measurement outcome a which satisfies

pS|M (x|a) = e−βES
a (x)

Za
. (6.104)

Then, the conditional distribution pα(x, a)/p
M (a) can be written as

pS|Mα (x|a) := pα(x, a)

pM (a)
= (pS|M (x|a))α(pS(x))1−αe(1−α)ISM

α

=
exp(−β(αES

a (x) + (1− α)ES
λ0
(x)))

Zα,a
, (6.105)

which is equal to the canonical distribution with respect to the Hamiltonian Hα,a = αHS
a + (1 −

α)HS
λ0
. Thus, the explicit protocol can be expressed as

(pS(x),HS
λ0
(x))

measurement−→ (pS|M (x|a),HS
λ0
)
quench−→ (pS|M (x|a),HS

α,a)

thermalization−→ (pS|Mα (x|a),HS
α,a)

quasi-static−→ (pcanλ1
(y),HS

λ1
). (6.106)

Note the processes starting from (pS|M (x|a),HS
λ0
) in (6.106) is equivalent to the one given in

Eq. (6.82), where the postmeasurement state pS|M (x|a) corresponds to the initial state in Eq. (6.82).

6.7.4 Example: the Szilard engine

Here, we consider the Szilard engine as an example, following the setup used in the experiment
done in the single electron box to realize the Szilard engine [25,26]. Due to the Coulomb blockade,
one can prepare a system such that only up to a single electron can enter into the quantum dot
at once. Then, we can describe the system as a two-level system with n = 0 (no electron in the
quantum dot) and n = 1 (a single electron in the quantum dot). The internal energy of the system
is given by

E(n) := Ec(n− ng)
2, (6.107)

where Ec is the total charging energy, ng is a control parameter which can tune the energy level
of the system by changing the gate voltage. Here, we consider the case in which the initial and
final Hamiltonians are degenerate i.e., ng = 1

2 . Then, the initial state of the system is given by the
canonical distribution

pS(n = 0) = pS(n = 1) =
1

2
. (6.108)

We next perform a measurement to obtain information about the internal state of the system. Let
the measurement error rate be ε. Then, the joint probability distribution of the system being n
and the measurement outcome being m is given by

pSM (n,m) =
1− ε

2
for m = n;

pSM (n,m) =
ε

2
for m 6= n. (6.109)

We perform a feedback control by lowering the energy level of the state n = m relative to that of
the other state by changing ng. This change of the energy level is done quickly (ideally, we quench
the Hamiltonian). Then, we slowly (ideally, quasi-statically) change the energy levels back to the
degenerate point.
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Note that the postmeasurement state for the measurement outcome m = 0 is given by

pS(n = 0|m = 0) = 1− ε, pS(n = 1|m = 0) = ε. (6.110)

Let us denote the Hamiltonian HS
m=0 that gives a canonical distribution which is equal to the

postmeasurement state:

e−βES
m=0(n)

Zm=0
= pS(n|m = 0), (6.111)

Also, let us define the Hamiltonian

HS
α,m=0 := αHS

m=0 + (1− α)HS(ng =
1

2
). (6.112)

If we quench the initial Hamiltonian into HS
α,m=0, let the system thermalize and quasi-statically

drive the Hamiltonian back to HS(ng = 1
2), we can achieve the lower bound of the trade-off relation

for a given α. If we denote the control parameter nα,m=0 which gives the Hamiltonian HS
α,m=0, the

explicit protocol is given by

(pS(n), ng =
1

2
)
measurement−→ (pS(n|m = 0), ng =

1

2
)
quench−→ (pS(n|m = 0), ng = nα,m=0)

quasi-static−→ (pS(n), ng =
1

2
). (6.113)

where we denote (p, ng) as the pair of the state p and the control parameter ng. For the measurement
outcome m = 1, we can construct an explicit protocol in a similar manner.

We note that the fundamental lower bound of the trade-off relation is independent of the choice
of the feedback control protocol and in this case, the information-theoretic quantities take the form〈

ISM
〉

= ln2 + (1− ε) ln(1− ε) + ε ln ε, (6.114)〈
(ISM )2

〉
−
〈
ISM

〉2
= ε(1− ε)

[
(ln 2ε)2 + (ln 2(1− ε))2

]
, (6.115)

ISMα =
1

α− 1
ln

[
1

2
(2ε)α +

1

2
(2(1− ε))α

]
. (6.116)
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Chapter 7

Summary and discussion

We have studied the quantum fluctuation theorems under measurement and feedback control and
the fundamental bound on work fluctuation and fluctuation in dissipation by using the informa-
tion distances that measure the degrees of nonequilibriumness of the initial and final states. The
obtained results in this thesis provide us with methods to control thermodynamic systems under
nonequilibrium situations and perform quantum measurement and feedback control in an efficient
way as well as to suppress work fluctuation and fluctuation in dissipation as much as possible. In
the following, we summarize these results and discuss some outstanding issues concerning them.

After a brief introduction of the subjects treated in this thesis in chapter 1, we have reviewed
the second law of thermodynamics starting from and/or ending at arbitrary nonequilibrium states
in chapter 2. We have also reviewed a few selected topics of information processing protocols and
analyzed them by using the second law.

In chapter 3, we have reviewed the derivation of the nonequilibrium equalities which are the
basic tools for studying nonequilibrium statistical mechanics.

In chapter 4, we have derived the quantum versions of the detailed fluctuation theorems and
the integral-type fluctuation theorems for both the measurement process and the feedback control
process. From the obtained equality relations, we can analyze the nonequilibrium dynamics of
the general quantum measurement process as well as the feedback control process and search for
protocols which suppress dissipation as much as possible. We have clarified the difference between
the quantum system and the classical system by focusing on the obtained information via the
measurement process. An extension of the fluctuation theorems to the case of initial states which
possess coherence in the energy eigenbasis and also an extension to states that are initially entangled
both remain outstanding issues.

In chapter 5, we have reviewed the single-shot statistical mechanics. The deterministic work
extraction protocol is reviewed, and the extractable work under this protocol has been characterized
by the information-theoretic quantities.

In chapter 6, we have derived a fundamental trade-off relation between work fluctuation and fluc-
tuation in dissipation for arbitrary initial and final states. Furthermore, we have proposed a method
to construct explicit protocols that achieve the lower bound of the trade-off relation. In the regime
of vanishing work fluctuation, we reproduce the deterministic work extraction protocol [29,30]. In
the regime of vanishing fluctuation in dissipation, we reproduce the thermodynamically reversible
protocol [3]. If we either take the initial state or the final state as a canonical distribution, the
obtained explicit protocol is found to minimize both work fluctuation and fluctuation in dissipa-
tion as much as possible, which provide us with methods to control thermodynamic systems under
nonequilibrium situations. We have generalized the trade-off relation to the case of information
heat engines, and show that the obtained information enters into the trade-off relation which mea-
sures the nonequilibriumness of the postmeasurement state of the system. If we fix the amount of
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work fluctuation, the obtained protocol minimizes fluctuation in dissipation, and we expect that
the average value of the dissipation is also minimized by the same protocol. I intend to derive this
relation (the work-fluctuation dissipation trade-off relation) in a future study. We have assumed
that the system interacts with a single heat bath when we derive the main result. For multiple heat
baths, we cannot operationally give a thermodynamic meaning to the nonequilibrium free energy,
and a straightforward generalization of the trade-off relation to the case of multiple heat baths is not
possible. However, the detailed fluctuation theorem is obtained for a system interacting with two
heat baths at different temperatures, which is applicable to the Carnot engine-like processes [89,90].
It is challenging to start from the detailed fluctuation theorem obtained in Ref. [89,90] and derive
a generalized trade-off relation, and also to identify the information-theoretic quantity which takes
place of the nonequilibrium free energy in this multiple heat bath situation. Finding the relation
between nonequilibrium equalities and the single-shot statistical mechanics is interesting, where we
partly show their relation by obtaining a method to derive the single-shot result from a detailed
fluctuatoin theorem in Sec. 6.5.

In the future, I intend to derive trade-off relations for different thermodynamic quantities. Note
that we have only used the property of the variance-covariance matrix to prove the trade-off relation
between work fluctuation and fluctuation in dissipation. This suggests that similar inequalities can
be obtained for two stochastic quantities which are related by some equality relations (in the present
case, the two stochastic quantities are the extractable work and the total entropy production, which
are related by Eq. (3.51)). Since the obtained trade-off relation between work fluctuation and
dissipation generalizes the fluctuation-dissipation relation to a nonequilibrium situation, we expect
that the generalized method of the trade-off relation allows us to analyze the relation between
thermodynamic quantities beyond the linear-response regime.
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